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Problem 33. Let H be a Hilbert space and let A,B ∈ B(H) be self-adjoint. Assume that
O 6 A 6 B and λ > 0. Prove:

(i) A+λI and B+λI are invertible, and (B+λI)−1 6 (A+λI)−1 for all λ > 0.

(ii) If A is invertible then B is invertible too, and B−1 6 A−1.

Problem 34 (Stone’s formula). LetH be a Hilbert space and let A ∈ B(H) be self-adjoint.
Prove for a, b ∈ R, a < b, that

1

πi

∫ b

a

(
(A−λ−iε)−1 − (A−λ+ iε)−1

)
dλ −→ χ[a,b](A) + χ(a,b)(A) (∗)

strongly, as ε→ 0+. Both sides are defined via the measurable functional calculus.

Problem 35. Let A ∈ B(L2([0, 1])) be such that A > 0 and

A2014eAf(x) = ef(x) + e

∫ x

0

f(y) dy ,

where e := exp(1). Find σ(A). Moreover, calculate the limit (∗) in Problem 34 for a = 0,
b = 1, and the operator A from this exercise, and show that it is even in operator norm.

Problem 36 (Discrete Laplacian). Let −∆ : `2(Z)→ `2(Z) be given by

(−∆x)n :=
∑
m∈Z,
|m−n|=1

(xn−xm) ∀n ∈ Z.

(i) Show that −∆ is bounded and self-adjoint.

(ii) Show that O 6 −∆ 6 4I

(iii) Compute ‖ −∆‖.

(iv) Determine σ(−∆).

(v) Find a measure space (M, µ), an isomorphism U : `2(Z)→ L2(M, µ), and a function
F :M→ R such that U(−∆)U−1 is the operator of multiplication by F .

For more details please visit http://www.math.lmu.de/˜gottwald/14FA2/
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