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Ex. 1 (Banach Alaoglu for (separable) Hilbert spaces)
Let (#, (-,-)) be a Hilbert space with a Hilbert basis (e)ren. This means that for any = € H,
we have

T = Z <€k,$> €k, <ek, ej> = 514;,]
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We want to show that if {x}} C H is a bounded sequence, then it has an accumulation point for
the weak convergence.

. Justify that for all £ > 1, the sequence of numbers {(eg, )}, is bounded.
. Justify that there exists ¢1 : N — N strictly increasing such that {{e1,z, (n))}n converges.

. Justify that there exists 2 : N — N strictly increasing such that {(ex, Zy,op,(n)) }n converge

for k € {1,2}.

. We construct by induction, {¢;}1<j< strictly increasing, such that {(ex, Zg, (n)) }n converge

for all 1 < j <k, where ® = ¢ 0--- 0. Show that {zg, ()} has a weak limit in H. One
will be careful in proving that the weak limit actually belongs to H.

Ex. 2 (The dual of LP(Q), for 1 < p < oo) Here we consider 2 C R™ a measurable set and we
will denote LP = LP(2,R) for 1 < p < oo. For simplicity we consider real valued function but the
proof adapts easily when R is replaced by C. We want to show that (LP)" can be identified to 54
where 1/p + 1/p’ = 1. We assume to know that

bounded sequences in LP are precompact for the weak-convergence (meaning they have weak
limits up to extracting a subsequence)

and that LP is uniformly convex, that is that for all € > 0, there exists § > 0 such that for
all f,g € LP, with [|fll, <1, [lgll, <1 and |[f —gllp > 6 then [|(f +9)/2[[, <1 —e.

. Let @ € (LP)', that is ® : LP — R, linear and bounded (sup e\ (o3 [2(N)I/Ifll, < +00).

Define K = {f € LP, ®(f) = 0}. Show that K is a (strongly) closed and vector space.

. Let f € LP\ K and define d = inf{|| f — g||, g € K}. Justify that d > 0.

. Let {fn} C K, such that ||f — f,||, = d as n — co. Define g,, = (f — fn)/|lf — fullp- Show

that 2(|gn + gml|lp — 1 as n,m — oco.

Deduce from this that {g, } is Cauchy and that there exists fo € K such that || f — fxl|, = d.



. Justify that for any g € K, t € [-1,1]

/\f—fo’pﬁ/!f—fo+t9|p

and show that for all g € K,
[ 18- 208 = g o

. Let g € LP and denote g = g1 + g2, with

_ %)
o(f - fo)

Show that go € K and deduce from it that there exits u € L?', independent of ¢, such that
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