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The algebraic approach to duality

1. Known facts - the algebraic approach to duality in discrete spaces.

2. Non-discrete spaces?

Joint work with
» Sabine Jansen (LMU Munich)
» Simone Floreani (University of Oxford)



Symmetric inclusion process (SIP) on a finite set

E finite set, o, €Ny, z € E, Czy >0, z,y € E symmetric, p € (0,1).
Lfm) = > oy (=0 +8) = F) (g + ) = Y CayLayf(n), neWNy
z,yeE {z,y}CE
- L -1+ 0.0 , Qzy
Loy = kiky + ky ki — 2k0K0 4+ 2220
1 _
kif(n) = %f(n — 0) 7z ki f(n) = /pf(n+ 0x)(az + n2)

Qg

K1) = £ (55 + )

» Representation of su(1,1) Lie algebra:

ki, kf1=0 [k, k] =0 [ky, k1= 0,
[ky k] = 1,y 2K, [k:g,k;] = Loeykt, [0 k)] = —Loeyky, z,y € F

» k" and k; adjoint in L?(p,.a); reversible p, o := ®,cpNegativeBinomial(p, o).



Duality

Z kr, Z K2, Z k,  commute with L

z€FE el el
= Uggp:=exp <§ Z kf —¢€ Z k;) exp <2i¢ Z kg)
zel zeE zeE

commutes with L for all £ € C, ¢ € [0, 2)

Theorem (Carinci, Franceschini, Giardina, Groenevelt, Redig, 19")

Hchcap : (777 V) = 177:'/ p({ln})

tanh§ =/p, ¢=0
= (Ug¢,pHeneap( - v)(1)) = orthogonal duality function (Meixner polynomials)



Change of representation

tanh§ = \/p, ¢=0 = Ug,4 intertwines kF ko, kO

T e

1
K, = 17_]9( Pk —2y/pk3 +ky )
1
Ky = ﬂ( —Vokl +p+ Dk —pky )
K} = lip( kP =2upk) 4ok ),

and

r € F.



What happens if E is non-discrete?

E = Polish space (e.g. RY).
Question. Does the algebraic framework still work?
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Our ideas are motivated by the following communities.

P representation theory of renormalized square of white noise, infinite-dimensional
«-Lie algebras, current algebras (Accardi, Boukas, Franz, Skeide)

» Many body quantum mechanics: canonical commutation relations (CCRs) and the
canonical anti-commutation relations (CARs) (infinite dimensional Heisenberg
algebra group) (Bratteli, Robinson)

» Polynomials in infinite dimensions, orthogonal decompositions for Lévy processes,
extended Fock spaces, chaos decompositions, Jacobi-Fields (Lytvynov,
Berezansky, Mierzejewski, Bozejko, Rodionova)

» Point processes, Papangelou kernels (Last, Penrose)

» Intertwiners for particle systems in the continuum (previous talk)



Generalizing k*

Finite F : Et (o) : = Z ookt ¢ = (¢z)ece, @z €C
zel
= k+(ﬂ{x}) = k;
1
= k(@) () = —= > 0uf (1= 62)a nelNy, f:Ny—C
\/ﬁmEE
General E: kT (o)f(n): = \f/ 2)dn(z), ¢: E—-C, f:N—-C

neN = {Z{Ll&xk cx, € BN e]Nou{oo}}
Modern notation for point processes (Last, Penrose)

O
Example: E =R, 7n=2015+0d4+0d43= — : ?-©

= Pkt () f(n) = 20(1.5) f(01.5+04+043) +©(4) f(201.5+04.3) +0(4.3) f(201.5404)



Definition of kT, k¥, k—

Fix o-finite measure o on E, p € (0,1).
- ;ﬁ [ @)= s.mica),
)0 = 1) [ ote) (n+ 50 ) (@o)
W= VB [E@ 0+ 8) (@t n) (o), 1€ News fiNaw > C,

¢ € C = set of measurable, bounded ¢ : E — C satisfying o[y # 0] < oc.



The measures w, , and p, ,,

» w,, = measure on finite configurations N :

/fdwpya = Z % /]‘"(5%1 + .o 40 (d(z1, . xn)), f i Ncoo — [0,00)
n=0 "
An, = measure on E™:

/fn d/\n/ /fn iy Tp)(@ 40 + oo+ 0z, ) (day) -+ (a0 + 0z, )r(dy).

Notice that (1 — p) *NegativeBinomial(p,a)({n}) =L (a+n—-1)--- (a + 1)a.
» ppo = measure on N: distribution of the Pascal process, i.e., & ~ pp.q satisfies:
> &(A1),...,£(An) are independent for pairwise disjoint Ay, ..., Ay,
» ¢£(A) has a negative binomial distribution with parameters a(A) and p.

a(E) <00 = Pp,a = (1 _p)a(E)wp,a-



Properties

Hilbert space H = L%(wp,q).
Theorem (Floreani, Jansen, W., '22+)

1. k% (p), K%(¢), k= (p) are (unbounded) linear operators D — D. D is dense in H.
2. k*(p) and k°(y) are linear in ¢ whereas k(i) is antilinear in (.
3. Commutation relations:

o
+
©

), kT (0)] =0, [K%(¢), k°(8)] = 0, [k (@), k= (0)] = O,
), k()] = 2k°(20),  [k°(), kT (0)] = k¥ (0), [K(), k™ (0)] = —k™ (0).

=
©

Representation of a current algebra (Accardi, Franz, Skeide)



4. 9(n) := 1= has the property k= ()1 = 0 for all ¢ € C. We call it vacuum.

5. (f, k%)) = (K@) f,9), ([ (p)g) =k (9)f,9), ¢€C fgeD.
6. Orthogonality:

(KT (1) kT (on), K (01) -+ kT (Om)1))

= Op,mn! / Symmetrization (¢1 ® - - - ® ;) Symmetrization (61 ® - -+ ® O,) A (dz)

OlyeeesPn, 0O1,...,0, €C, n,m € Ny .

We say: Fock representation on the Hilbert space H of the current algebra of su(1,1)
with vacuum ) € H



Application to the generalized symmetric inclusion process (gSIP)

= [ (Fn =8, +8.) = F(m) e, y) (1 + @) (dz)n(dy)

= L=Fk"(p1)k (p2) + k (01)k™ (p2) — 2k (1)K (2) — Cid
with
c(x,y) == p1(x )+

S02
C:= /@1@2(104—/8010104/902(10&

non-negative 1, po € C.

Commutation relations + (kT ()" =k~ (p)

= consistency and reversibility

(gSIP) introduced by (Floreani, Jansen, Redig, W., '21)



Extended Fock-space

. . 0 n
2 identify 22—
f €L (pw7a) @y Aot Bn Y= Fn (@10 f = (fn)TIG]No € 7@ HLPermutationInvariant(An)

Example:

) (K" (@) f)n = iSymmetrization(fn,l ® p)

/D

= creation operator in the context of Fock spaces.

extended Fock space and creation operators: Bozejko, Lytvynov, Rodionova



Chaos decomposition of the Pascal process
The operator

2 p"
U:L (wp «a @ PermutatlonInvarlant(An) - L2 (pp,oc)7
n= O

f fn nelNg = Z fn)

is unitary.
= Each square integrable functional G has a unique chaos decomposition f, with

[e.9]

G= Z 5 )

Orthogonal decompositions Pascal processes: Lytvynov



A second representation
We put K*(¢p) := Ukf()UL.
Theorem (Floreani, Jansen, W., '22+)

The operators K* (), K°(¢), K~ (), ¢ € C are a Fock representation on L*(p, o) of
the current algebra of su(1,1) with vacuum 1. Moreover,

K™ (¢) = 75 pk* () ~2y/pk° (%) +h(p) )
K==~ e+ DR Vi@ )
K*() = 1 Fle) ko) k@) ).

In particular: K (p1) -+ K1 (pn)1l ="Pp (-, 01 @+ ® ¢y,) where ¢ = % — /P

Interpretation:
K%(p) actson G € L?(ppo) < k*(yp) acts on the chaos decomposition of G.



Probabilistic interpretations
If ¢ > 0, then both

= /@(w) (G(n = 6z) — G(n)) n(dz) + / p(z) (G(n + 62) — G(n)) (n + a)(dz)

and
- (19 (K60 - 560 [ pda)
- / () (G — 8:) — G(n) n(da) + p / (@) (G + 82) — G)) (1 + )(dz)

are generators of birth-death processes.

Poisson case: Last



The unitary operator 4: a closer look

E

Let « be finite (= ppo = (1 — p)*Pw, ).

1. The operators

Ue,p = exp (€T (1) — €k~ (1)) exp (2ipk"(L)), £€C, ¢€0,2m)
are unitary (unitary representation of the Lie group SU(1,1)).
2. W:f (11— p)_@f is a unitary operator from L?(wp o) to L*(pp.a)

Theorem (Floreani, Jansen, W., '22+)
¢ =0, tanh& = \/]3 = U= WU§7¢

Generalization of Carinci, Franceschini, Giardina, Groenevelt, Redig's result



Application for consistent processes

Theorem (Floreani, Jansen, W., '22+)

nt, t > 0 Markov process with values in N, finite measure «, p € (0,1).
Assume

1. consistency;
2. the number of particles is preserved;
3. the distribution of the Pascal process is reversible.
Then, Ug 4 is self-intertwiner for Markov semigroup P;, t > 0 for all £ € C, ¢ € [0,27):

UgoPr = PUc .

¢ =0, tanh{ = |/p = Ug 4 recovers the self-intertwiner in terms of
generalized Meixner polynomials.



Proof (sketch)

1. Consistency & PkT (1) = kT (1)P,
2. k9(1) = multiplication operator by 7 + (n(E) + @) Thus,
number of particles is preserved = PK (1) = k(1) P,
3. Adjoining P,kT (1) = k*(1)P, yields
(K (1) () = (B)" (k* (D))"
By reversibility and (k~(1))" = k*(1):
E~(1)P, = Pk (1)

Hence, also Ug 4 = exp (kT (1) — k(1)) exp (2igk°(1)) commutes with P;.



Summary

discrete non-discrete
Repr. kF, kO kI acts on lattice site ET (), K% (0), k™ (), @ test function
) = S 2 K@) = = [ o) —samae)
ne Ny n=§:5zk» z, €E, NeNg
k=1
SIp ZECIJJ (f(n =6z + 6y) — f(m)) (ey + My)nz HC(w,y) (f(n =8y +62) — f(m) (n + a)(dz)n(dy)
@,y

t1— 4 =14 _ 92020 o QY kT (e1)kT (p2)+k T (p1)kT (02)
{ z}:c;w'y%ykz by R by =2k, + —2k (1)K (92) —~Cid
z,y

Intertw. U = exp (§ Z k:;' —£ Z k;) ,arctané = /p U =exp (§k+(]1) - Ek‘(]l)) ,arctan§ = /p

TER zEE

(UHcheap( BN u)(n)) = Meixner polynomials U = infinite dimensional Meixner polynomials



Thank you!



Notations

» F is a Polish space
> N= {2,’5:15% ‘2, € B,N € JNou{oo}}
> « is a measure on (E,€)
> pe(0,1)
> k() f(n) = 55 [ (@) f(n = 6a)n(da),
(@) F(n) = Fn) [ plx) (n+ ba) (da),
k() f(n) = /b [ p(x)f(n+ 0z) (e + 1) (da)

» C is the set of measurable, bounded functions ¢ : E — C satisfying

alp # 0] < oo.
> [ fdwpa =300 [ f0u 4ot ) Aa(d(@1, -y 20)), f : Neog — [0,00)
> [fodNe= [ [ falzr, .o an) (@4 0p + o+ 0p, ) (dan) - (a4 gy )a(dan)
» pp.a = distribution of the pascal process

> S0 (fn)new, — ZZO:O (1;1!))n7)n( 5. fn)




