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1 Introduction

In this thesis we consider nonlocal fully nonlinear elliptic operators derived from a certain
class of linear integro-differential operators with kernels having anisotropic lower bounds.
We obtain regularity estimates for solutions to corresponding nonlocal fully nonlinear
elliptic equations. Our results extend the main result of [CS09]. An interesting feature
of our approach and the one in [CS09] is the fact that the constants in the main results
remain strictly positive and bounded if the singularity of the kernels converges to the
critical diffusion limit.

1.1 Motivation

Nonlocal equations appear in a natural way in the theory of jump processes and have a
great number of applications in physics, ecology, engineering and economics. Considering
any n-dimensional Lévy process X = (X¢)¢>0, it is well-known from general theory on
semigroups that the infinitesimal generator of X exists for all functions in the Schwartz
space S(R™) (cf. [Sat99, Theorem 31.5]). By the Lévy-Khintchine formula (cf. [Sat99,
Theorem 8.1]), the generator of X is given by

Lu(x) :% z": a;j0iu(z) + i biOju(x)
ij=1 i=1 (1)
+ [ (e +9) ~ uta) = (Tula) - 9)1 gy ()
RTL

for u € S(R™), where the positive definite symmetric matrix A = (a;j)1<; j<n, the vector
b= (bi)i<i<n € R™ and the measure p are the elements of the characteristic triple of X.
So the first term on the right hand side of (1.1) belongs to the diffusion, the second to
the drift, and the third to the jump part of the process X. Note from the general theory
of Lévy processes that the Lévy measure p satisfies u({0}) = 0 and

/ (LA Jyl?) p(dy) < oo.

R

In the following, we only consider operators of the form (1.1) without diffusion and
drift part. Moreover, we restrict ourselves to measures p of the form u(dy) = K(y) dy,
where K : R"™ — [0,00) is a nonnegative measurable function which is symmetric, i.e.,
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K(y) = K(—y) for every y € R™. Due to the symmetry of K and the general assumptions
from above, the operators in (1.1) can be written in the form

pue) = tim ([ (ot 9) = o)) dy)

e\0
{lyl=e}
_ ;h\%< / (ulz +y) — u(x)) K (y) dy + / (ule — ) — (@) K(—y) dy)
{lyl=e} {(yi>e}
= ;/(u(x +y) +ulx —y) —2u(z))K(y) dy. (1.2)
R

The operator L described in (1.2) is a linear integro-differential operator. Note that
Lu(x) is well-defined for z € R™ if u : R™ — R is globally bounded and twice continuously
differentiable in a neighborhood of z.

The main result of this thesis is a Holder regularity result for solutions u to an equation
of the form Zu = 0 in some bounded domain  C R”, where Z is a special type of fully
nonlinear integro-differential operator. An example would be the operator
Zu(z) = sup Lou(z), (1.3)
acJ

where J is an arbitrary index set and L, is of the form (1.2) for each a € J. This operator
appears in stochastic control theory (see [Son86|). In game theory, more complicated
operators of the form

Zu(z) = inf sup Lgpu(z) or Zu(z) = sup inf Lgu(z) (1.4)

beJ2 qe gy beJy a€J1

appear, where Ly, is of the form (1.2) for each choice of a € Jy,b € J5. Note that all of
these operators have the following property in common:

i(Illbf Lap(u —v)(x) < Zu(x) — Iv(z) < S;lbp Lap(u —v)(x) (1.5)

for bounded C? functions u,v : R* — R. This is an easy consequence of the linearity of
the operators Lg. (1.5) provides a nice connection to the local theory of fully nonlinear
second order uniformly elliptic equations. Indeed, if we consider the uniformly elliptic
extremal Pucci operators M, M~ (cf. Section 2.2) and if we have

M (D?*(u —v)(z)) < Tu(z) — Zv(z) < MT(D*(u — v)(x)) (1.6)

for every € Q and all functions u,v € C?(f2), then Z must be an uniformly elliptic
second order differential operator. We will discuss this property in Section 3.1. Hence,
(1.6) can be used as a replacement for the concept of ellipticity. Now (1.5) can be seen
as a nonlocal version of (1.6) for operators like the ones in (1.3) and (1.4) by replacing
the Pucci extremal operators in (1.6) with suitable nonlocal extremal operators. We
therefore obtain a concept of ellipticity for fully nonlinear integro-differential equations
(cf. Definition 3.5). This connection allows us to adapt some ideas and results of the
local ellipticity regularity theory to our nonlocal theory.



1.2 Known Regularity Results for Fully Nonlinear Integro-Differential Equations 3

1.2 Known Regularity Results for Fully Nonlinear
Integro-Differential Equations

There exist two main approaches for proving Hoélder regularity for integro-differential
equations:

e Either by Harnack inequalities (see Silvestre [Sil06], Caffarelli and Silvestre [CS09])
e Or by Ishii-Lions’s method [IL90] (see Barles, Chasseigne and Imbert [BCI11]).

Both methods deal with different classes of equations and cannot treat all the examples
given in [Sil06, CS09] and [BCI11] simultaneously. As mentioned above, the first method
is based on Harnack inequalities which lead to Holder regularity. It is possible to obtain
further regularity such as C2, but this requires some integrability condition of the
measure p(dy) = K(y)dy in (1.2) at infinity (see Section 3.8). The second method deals
with a large class of second order fully nonlinear elliptic integro-differential equations,
using viscosity methods which apply under weaker ellipticity conditions as in [CS09|. This
allows measures that are only bounded at infinity, but do not seem to yield to further
regularity. We do not consider this second approach further. Instead, we summarise
the main ideas and results of the first method, introduced by Caffarelli and Silvestre in
[CS09].

They consider the class of all linear integro-differential operators of the form (1.2) with
corresponding positive symmetric kernels “comparable” to the respective kernel of the
fractional Laplacian

e e

]Rn

where o € (0,2) and the constant ¢, o is comparable to a(2 — a). To be precise: Fixing
constants 0 < A < A and letting o € (0,2), they consider all positive measurable
symmetric kernels satisfying

A K@) <2-a) 2 yeRr\ (o). an

2=l "

The factor (2 — «) plays a very important role in their theory. In fact, it allows their
results to stay uniform when o 2 and therefore they can extend the existing local
theory for fully nonlinear second order uniformly elliptic equations to the case of discon-
tinuous processes. This extension has not been possible in earlier results about Harnack
inequalities and Holder estimates for integro-differential equations (as in [Sil06]). Note
that the factor a does not appear in the lower and upper bound of the kernels K in
(1.7) because the main results are stated for o € (ap,2), where ag € (0,2) is any fixed
number.

Using this class of kernels they prove among other things

e a nonlocal version of the Aleksandrov-Bakelman-Pucci estimate,
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e the Harnack inequality for translation-invariant fully nonlinear integro-differential
equations with kernels of the form (1.7) (which can be very discontinuous),

e a Holder regularity result for the same class of equations as the Harnack inequality,

e an interior C1P regularity result for translation-invariant fully nonlinear integro-
differential equations with more restrictive kernels than the ones that are used to
obtain the Holder regularity result.

For details, we refer to [CS09].

Holder regularity results are established in [KL12, KL13, CLD12|, too. These contribu-
tions extend the results of [CS09] to cases, where K in (1.2) is not necessarily symmetric.
[CS11] extends the results in [CS09] to the case of integro-differential equations that are
not necessarily translation-invariant. A different approach is taken in [GS12|, leading
also to Aleksandrov-Bakelman-Pucci estimates and Holder regularity. This approach is
closer to the one in the (local) classical case & = 2 and imposes some mild restrictions
on the admissible kernels K in comparison to (1.7).

The main results of this thesis are also derived in [BCF12| because the assumed structure
of our kernels in (1.8) from below satisfies the more general Assumptions 2.1. and 2.2. in
[BCF12]. Let us comment on the differences between this work and [BCF12]:

e We derive the most important technical results, Lemma 3.22 and Lemma 3.24,
taking explicit advantage of the special structure of the kernels in (1.8). The
corresponding results in [BCF12] can be applied under more general assumptions
on the basic structure of the kernels.

e The method of constructing the bump function in Section 3.5 is significantly dif-
ferent to the corresponding method in [BCF12, Section 3.3.].

e As explained in Remark 3.49, a strong formulation of the Harnack inequality does
not hold in general under (1.8). This phenomenon seems to be neglected in [BCF12,
Theorem 3.14].

1.3 Setting and Outline

We want to introduce a larger class of nonnegative measurable symmetric kernels in
comparison to (1.7) by allowing the kernels to vanish in certain areas. To be precise: Fix
0 <A< Aandlet ac (0,2). Let I C S" ! be of the form I = (B,(&)UB,(—&)) NS,
where S"~! denotes the unit sphere in R", & € S"~! and ¢ > 0. Let k: S"~1 — [0, 1] be
a nonnegative measurable symmetric function with k(§) = 1 if £ € I. We consider the
class Ky of all nonnegative measurable symmetric kernels K : R™ — [0, 00) satisfying

@~ k() i < K) < <2—a>,y‘f}+a, y €R™\ {0} (18)

and denote by Lo = Lo(n, A\, A, k, ) the collection of all corresponding linear integro-
differential operators L of the form (1.2) with kernels K € Kp. Note that we do not
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impose a lower bound on K on the set {y € R™ : ﬁ ¢ I} due to the fact that we allow

k(\%l) = 0 whenever £ & I. The assumptions made above allow us to adapt most of the

[yl
results in [CS09] to our situation. However, due to the anisotropy of the lower bound in
(1.8) introduced by k, we obtain some technical difficulties in estimates relating to this

lower bound.

As in [CS09], we bound « from below to derive our main regularity results, i.e., « € (g, 2)
for any fixed number ag € (0,2). We prove interior Holder regularity for solutions
to equations of the form Zu = 0, where Z (like the ones in (1.4)) is a translation-
invariant nonlocal elliptic operator in the sense of Definition 3.5 with respect to the class
Lo = Lo(n, \, Ak, «), i.e., T satisfies

inf L[u—v](z) < Zu(z) — Zv(z) < sup L[u — v](z)

LeLy LeLy
in every point x € R"™ whenever the functions u,v : R® — R are bounded and twice
continuously differentiable in a neighborhood of . Our main result is the following a
priori Holder regularity estimate in Section 3.7.

Theorem 1.1. Let ag € (0,2) and consider any o € (ag,2). Assume that the bounded
function u : R™ — R is continuous in B1(0) and satisfies

Zu =0 in B1(0) in the viscosity sense,

where T is a translation-invariant nonlocal elliptic operator with respect to Lo. There
exist 5 € (0,1) and C > 1 depending on n,\, A, oy and |I| such that u € CfB(Bl/z) and

lesqorzy < (supul + 1201

where L0 1s the value we obtain when applying L to the constant function that is equal to
zero.

The proof of Theorem 1.1 is based on a result that links a pointwise estimate with an
estimate in measure to prove a decay of oscillation of the solution. The result itself
is proved by combining a nonlocal version of the Aleksandrov-Bakelman-Pucci estimate
adapted to kernels of the form (1.8) (see Section 3.4) and a special bump function (see
Section 3.5). Our results generalise the corresponding ones in [CS09] (where & = 1 in
S"=1). As in [CS09], our main results remain uniform when o 2.

The outline of the thesis is as follows. In Chapter 2, we give a summary of the regular-
ity theory for fully nonlinear second order uniformly elliptic equations. Since our theory
(which will be presented in Chapter 3) can be seen as an extension of this local theory, we
will present tools and techniques that will also be useful in the nonlocal theory. After giv-
ing basic definitions and examples regarding fully nonlinear elliptic equations, we discuss
the concept of viscosity solutions in Section 2.1. This concept is crucial for the whole reg-
ularity theory. In Section 2.2, we present the Pucci extremal operators and corresponding
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classes S of solutions to uniformly elliptic equations. Afterwards, we obtain regularity re-
sults for these solutions. The main technical tool will be an Aleksandrov-Bakelman-Pucci
(ABP) estimate adapted to viscosity solutions. We derive such an estimate in Section
2.3 and use it to prove a Harnack inequality for viscosity solutions in Section 2.4.1. As
a consequence of the Harnack inequality, we obtain interior Holder regularity and also
global Hoélder regularity for solutions in S(0) (see Section 2.4.2). The whole summary is
based on [CC95].

In Chapter 3, we present the main part of this thesis. We first introduce the appropri-
ate definitions of viscosity sub- and supersolutions for fully nonlinear integro-differential
equations. After that, we define a concept of ellipticity for nonlocal operators with re-
spect to a class of linear integro-differential operators by comparing its increments with
a suitable maximal and minimal operator. In Section 3.2, we introduce the family of
all kernels satisfying (1.8) and provide basic properties regarding the class Ly of linear
integro-differential operators. In Section 3.3, we prove existence of solutions to the non-
local Dirichlet problem with respect to operators as in (1.4). Afterwards, we present the
regularity theory for solutions to nonlocal fully nonlinear elliptic equations derived from
the class L£y. We prove a nonlocal version of the Aleksandrov-Bakelman-Pucci estimate
for the class Ly in Section 3.4. In Section 3.5, we construct a special function which will
be used together with the nonlocal ABP estimate, to obtain some pointwise estimates
in Section 3.6 which shall be useful in proving Holder estimates in Section 3.7. Using
these estimates, we prove an interior C1# regularity result for a more restrictive class of
linear integro-differential operators £1 C Ly with kernels satisfying (1.8) plus a certain
integrability condition. This will be done in Section 3.8. Finally, we summarise the main
results in Chapter 4.

Acknowledgments: I would like to express my gratitude to my supervisor, Prof. Dr.
Moritz Kassmann, whose expertise, understanding, and patience, added considerably to
my graduate experience.

Moreover, I would like to offer a very special thanks to Matthieu Felsinger whose support
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1.4 Notation

We introduce the notation that will often be used in the sequel. Let 2 always be a
bounded domain in R", i.e., a bounded open and connected set. We use |-| for the
absolute value, the Euclidean norm, the n-dimensional Lebesgue measure and the (n—1)-
dimensional surface measure on the unit sphere S"~! C R"™ at the same time. The
maximum norm of a vector z € R" is defined by |z|, = max |z;] .

Cubes and balls will be important geometrical objects in the following chapters. For
xo € R™ and r > 0, define

By(z0) ={z € R": [z —mo| <7} and Q,(z0) ={z €R" : |z — x|, <5}.

Here, r denotes the radius of the (open) ball B,(xg) and the edge length of the (open)
cube Q,(xzg). If 29 = 0 we just write B, and @, instead of B,(0) and @,(0). For ¢t > 1,
the enlarged cube tQ,(x¢) is defined by

tQr(z0) = {z €R" : |z — wol, < F}.

Note that 2Q1 # {2z € R" : z € @1}. For a nonempty set A C R", we define the
diameter of A by diam A = sup{|z —y| : z,y € A}. Moreover, the distance of a point
x € R" to A is defined by dist(z, A) = inf{|z —y| : y € A}.

Remark 1.2.

(i) The diameter of the cubes from above is
diam Q,(z¢) = rv/n.
(ii) The following relation holds: B,y C By C Q1 C Q3 C Bs jmj2 C Byym C Quym-

The volume of the unit ball in R™ is denoted by w,. Given a function f, we denote by
fT and f~ the positive and negative parts of f. The support of f will be denoted by
supp(f). We often use the symbols A and V in the following sense: a A b = min{a, b}
and a V b = max{a, b}.

Given u € LP(Q2), 1 < p < 00, we denote by HuHLp(Q) the LP norm of u, i.e.,

1/p
<f9 lu(z)|? da:) , 1<p<

esssup |u(x)|, p = o0.
€N

[l oy =

For k € Ny, C*#(Q) denotes Hélder spaces if 0 < 3 < 1 and Lipschitz spaces if 8 = 1.
For u € C*?(Q), the norm Hu||0k,,3(§) is defined by

lulles @ = Nellor + 3 ID*ulgs @y
|s|=k
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where
u(z) — u(y)]
lullor @y = Z <sup\DSu(:L')]> and  [u]cs(g) = sup. 5
|s|<k “z€S2 syeq |z =yl
- 7y
Here, Dy = 05" ... 95" u denotes the s-th partial derivative of u for s = (s1,...,s,) € N{.
For u € C(Q) := C°(Q), we write ||lu|, instead of [ullc@y = sup |u(z)].
z€Q

Finally, the second differences of a function u : R™ — R at a point x € R™ are defined as
the function y — Au(z;y) = u(z + y) + u(z — y) — 2u(x) for y € R™.



2 Regularity Estimates for Local Fully
Nonlinear Elliptic Equations

The aim of this chapter is to present basic results and techniques from the regularity
theory of local fully nonlinear elliptic equations. Some of the results will be helpful in
the nonlocal setting introduced in Chapter 3. For all of the details of this chapter, we
refer to [CC95] which will be the main source for this summary.

We consider equations of the form

F(D2u(x),1‘) = f(x) (2.1)

where z € Q, u: Q — R and f: Q — R. D?u denotes the Hessian of u and F(M,z) is a
real valued function defined on § x €2, where S is the space of all real n x n symmetric
matrices. ||M || will always denote the spectral norm of M € S, i.e., ||M| = sup |Mz|.

lz[<1
Definition 2.1 ([CC95, Definition 2.1]). F': S x Q — R is uniformly elliptic if there are
two positive constants 0 < A < A such that for every M € S and z € )

AMN| < F(M+ N,z)— F(M,z) < A||N| for all N >0, (2.2)
where we write N > 0 whenever N is a nonnegative definite symmetric matrix.

The constants A, A are called ellipticity constants. Note that || N|| is equal to the largest
eigenvalue of N whenever N > 0. Note further that the condition of uniform ellipticity
implies that F'(M,z) is monotone increasing and Lipschitz continuous in M € S. To
prove the latter assertion, use the fact that every matrix N € § can uniquely be composed
as N =Nt — N—, where N*,N~ >0 and NTN~ = 0. Therefore,

INT + N7 |lp = V(N +N7)2) = V(N = N7)2) = |N]f,

where tr(-) denotes the trace and |||z the Frobenius norm of an n x n matrix. Using
this result and (2.2), we obtain for every M, N € § and = € Q

|F(M + N,z) = F(M,z)| < A(INT[| + [N7])) < Atr(NT + N7)
< AVR|INT+ NP = AV [N
< nA [N,
which proves the assertion.
Throughout the chapter, we will assume that F'in (2.1) is uniformly elliptic. Under these
assumptions, equations of the form (2.1) are called fully nonlinear second order uniformly

elliptic equations. In addition, F' and the right hand side f are always assumed to be
continuous in each = € Q (unless otherwise stated).
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Example 2.2. Let A: Q — S, A(x) = (aij(2));;, where (a;j(x))i; is a symmetric n x n
matrix with eigenvalues in [\, A] for some constants 0 < A < A independent of x. In this
case, the linear partial differential equation

n

F(D*u(x),z) = Z agj(x)0iju(x) = f(x)

i,j=1

is uniformly elliptic with ellipticity constants A and nA. To prove this assertion, let
M e S,z e and N >0 be arbitrary. Then

F(M + N,z)— F(M,z) = F(N,x) = tr(A(z)N). (2.3)
We use the following result:

Lemma 2.3 ([WKHS86, Lemma 1]|). Let A and N be symmetric n X n matrices and
assume N > 0. Then

Amin(A) tr(N) < tr(AN) < Apax(A) tr(V),
where Amax(A) and Amin(A) denote the maximum resp. minimum eigenvalue of A.
By applying Lemma 2.3 to (2.3) and using the fact that
Amax(A(2)) tr(N) < nA|[N|[ and Amin(A(z)) tr(N) = AN,
we prove our assertion.

Let us provide the proof of Lemma 2.3 for completeness.

Proof of Lemma 2.3. Since A is symmetric, we can find an orthogonal matrix U and a
diagonal matrix Dy = diag(A1,...,\,) containing the eigenvalues A; of A, such that
UTAU = D 4. Hence,

tr(AN) = tr(UTANU) = tr(UTAUUTNU) = tr(DAUTNU).
Define C = UTNU. Since N > 0, we also have C' > 0 because
2TCx = (Ux)TNUz > 0 for every z # 0.
Moreover, C'is symmetric and its diagonal elements satisfy ¢;; > 0 for every j = 1,...,n

because 0 < ejTCej = ¢;jj, where e; denotes the j-th unit vector in R". Hence,

tr(AN) = tr(DAC) = z": Aicji < Amax(A) tr(C) = Amax(A) tr(N) and
j=1
tr(AN) > Apin(A) tr(N). O

Important examples for fully nonlinear second order elliptic equations are Pucci’s Equa-
tions, Bellman Equations, Isaacs Equations and the Monge-Ampére Equation (see [CC95,
Section 2.3]).
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2.1 Viscosity Solutions

The theory of viscosity solutions for nonlinear partial differential equations was intro-
duced by Crandall and Lions (see [CL85|) and turned out to be very useful in proving
existence of solutions. In fact, it can be considered as a different notion of weak solu-
tions. Before giving the precise definition, we would like to give an intuition where the
idea comes from.

Assume that we have a classical solution of Au = 0 in © (where A is the Laplacian), i.e.,
u € C%(Q) and Au(z) = 0 for every x € Q. Consider a function ¢ € C%(Q) touching u
from above at some point g in Q, i.e., p(x) > u(x) for every z € Q and p(x¢) = u(xg).
Then u — ¢ has a local maximum at the point zg. Therefore, u — ¢ looks locally concave
around xg, which implies

0> Au— @) (mo) = Au(zg) — Ap(z0) = —Ap(x0),

i.e., Ap(wg) > 0. Considering a function ¢ € C?(2) touching u from below, we obtain
the reverse inequality at the minimum points, i.e., Ap(zg) < 0 for every point xy where
u — ¢ has a local minimum.

When the function u is not C2, we will use the above properties for C? functions touching
from above and below to say whether u solves equation (2.1) in a weak sense.

Definition 2.4 (|CC95, Definition 2.3|). Let u: 2 — R and f :  — R be continuous.

(i) w is a wiscosity subsolution of (2.1) at a point z¢ € Q, if for every test function
¢ € C%(Q) such that u — ¢ has a local maximum at xg, then

F(D*p(x0),x0) > f(x0).

(ii) w is a wviscosity supersolution of (2.1) at a point zy € Q, if for every test function
¢ € C%(Q) such that u — ¢ has a local minimum at zg, then

F(D*p(x0),x0) < f(x0).

(iii) w is a wviscosity solution of (2.1) in Q if u is a viscosity subsolution and a viscosity
supersolution at every zp € 2.

(iv) We write F(D?u,z) > [<, =] f(z) in © in the viscosity sense whenever u is a
viscosity subsolution [supersolution, solution| of (2.1) in €.

Remark 2.5. In order to check the condition for viscosity subsolution (resp. viscos-
ity supersolution), it is enough to require the function w in Definition 2.4 to be upper
semicontinuous (resp. lower semicontinuous). Note that upper (lower) semicontinuous
functions attain their maximum (minimum) on compact sets.

We say that P is a paraboloid of opening M if

P(z)=lo+1(z) £ & |z (2.4)
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where M > 0, lp € R and [ : R® — R is a linear function. Note that P is convex when
we have “4” in (2.4) and concave when we have “—" in (2.4).

The following proposition will be useful when working with the concept of viscosity
solutions. It is also motivated by the same introduction which lead to Definition 2.4. For
the easy proof we refer to [CC95.

Proposition 2.6 (|[CC95, Proposition 2.4]). Let u : Q@ — R be a continuous function.
The following statements are equivalent:

(i) u is a viscosity subsolution of (2.1) in €.

i) For every xo € Q and every testfunction o € C*(N) satisfying
2
p>uin N and @(xg) = u(xg)

(“p touches u from above at xy in N7),
where N C  is any open neighborhood of xy, we have

F(Dp(w0),x0) > f(xo).

(iii) For every xo €  and every paraboloid P satisfying
P>win N and P(xy) = u(zxg),
where N C Q is any open neighborhood of xy, we have

F(D?P(z0),x0) > f(x0).
A corresponding result to Proposition 2.6 also holds for viscosity supersolutions.
Example 2.7. Let n =1, Q = (—1,1) and consider again the equation

Au=4"=0 in Q. (2.5)

Using Proposition 2.6 (and its corresponding version for supersolutions), we show that
u(z) = |z| is a viscosity subsolution of (2.5) in 2 but no viscosity supersolution.
Let 29 € Q, N C Q be any open neighborhood of 2o and ¢ € C?(N) such that

u(zg) = p(xg) and () > u(x) for each x € N.

There are two cases to consider:

e 1y # 0. In this case, u is differentiable at xy and therefore
u" (o) — ¢"(20) = (u(x0) — ¢(20))" <0
just because u — ¢ has a local maximum at xg. Thus

Ap(wo) = ¢ (w0) > u(20) = 0.
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e o = 0. We have
|z = u(z) — u(0) < p(x) — ¢(0),
near 0, which implies

p(z) —¢(0) o <0 and 1< o(r) — (0)

-1> for x > 0.

Therefore, we obtain for the left and right derivative of ¢ by passing to the limit
from above and below: D~ p(0) < —1 and D" (0) > 1 which is not possible for a
C? function. So there can not be a C? function touching u(z) = |z| from above,
which means that (i¢) in Proposition 2.6 is trivially verified.

Hence, u(x) = |z| is a viscosity subsolution of (2.5).

To show that u(x) = |x| is not a supersolution, consider the C? function ¢(z) = 2. We
have
©(0) =u(0) and ¢(x) <wu(zr) for each z € N,

where N C 2 is any open neighborhood of 0. Then
Ap(0) = ¢"(0) =2 > 0.

Hence, (i7) in the corresponding version of Proposition 2.6 for viscosity supersolutions is
not satisfied.

The next result says that the notion of viscosity solutions is consistent with classical
solutions.

Lemma 2.8 (|[CC95, Corollary 2.6]). Let u € C%(Q). wu is a viscosity subsolution of
(2.1) in Q iff F(D?*u(x),z) > f(z) for each x € Q.

Proof. Let u € C%(Q).

“=" Follows easily by choosing u itself as testfunction.

“e” Let 29 € Q and ¢ € C%(Q) such that v — ¢ has a local maximum at zg. This
implies D?(u — ¢)(x9) < 0 (nonpositive definit). Hence, using the fact that F(M,z) is
monotone increasing in M € S,

f(wo) < F(D*u(xo), x0) < F(D*¢(0), x0)

which proves that u is a viscosity subsolution of (2.1) at xg. O

The following result is very important for Section 2.3.

Proposition 2.9 (|[CC95, Proposition 2.8|). Let 1 and Qo be bounded domains such
that Qy C Qo C R™. Assume that ug € C () satisfies F(D?us,x) < fo(x) in Qo in the
viscosity sense, u; € O (1) satisfies F(D?uy,z) < fi(x) in 0y in the viscosity sense and
w1 > ug 1 02 N Q. Define

w(z) = {UZ(HC), x€92\§1 and h(z) = {fg(x), z€\ Y
inf(uy(z),u2(x)), =€ sup(f1(2), fo(z)), =€ Q.

Then w € C(Qy) satisfies F(D?*w, ) < h(x) in Qg in the viscosity sense.
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This result shows that, under certain conditions, viscosity supersolutions can be extended
to viscosity supersolutions in larger sets.

Proof. Note that w € C(€)2) since uj, us are continuous functions in their domains and
uy > ug in 02 N Qs. We use Proposition 2.6. So let zg € Q9 and ¢ be a C? function in
some open neighborhood N C 9 of x(y that touches w from below at x¢. We consider
two cases:

e w(xzg) = u2(zg): ¢ also touches ug from below at g in N since w < wug in Qa.
Since ug is a viscosity supersolution in 29, using Proposition 2.6, we obtain

F(D?p(9),0) < fa(wo) < h(xo).

e w(xg) < ug(xp): By definition, w(xg) = uy (o) which implies zg € 5 since uy > ug
in 9Q1NQy. Furthermore, ¢ touches w1 from below at g in NNy because w < uy
in Q1. Since u; is a viscosity supersolution in 21, using again Proposition 2.6, we
obtain

F(D*p(x0),20) < f1(z0) < h(z). O

For more details regarding basic properties of viscosity solutions, we refer to [CC95| and
|CL85].

2.2 The Class S of Solutions to Special Types of Uniformly
Elliptic Equations

In this section, we introduce special classes of uniformly elliptic equations which are
important for obtaining regularity results. At a first step, we define Pucci’s extremal
operators. We will see that these operators are uniformly elliptic.

Let 0 < A< A. For M € S, we define

MT(MAA) =M (M) =X e;i+A) e

e; >0 e; <0
MM ANA) = MY (M) =AD e +X)) e,
e; >0 e; <0
where e; € R, i = 1,...,n, are the eigenvalues of the real n x n symmetric matrix M.

We claim that M~ and M™ are uniformly elliptic with ellipticity constants A\,nA. To
prove this, we note as a first step that for every NV > 0 (nonnegative definite symmetric
matrix)

AN < M™(N) = Atz(V) < nA||N],
AN] < MH(N) = Ate(N) < nA[|N]).

(2.6)
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Let A be a symmetric matrix whose eigenvalues are contained in the interval [A, A], i.e.,
NP < €T A < A|€]? for every € € R™. In this case, we will write \I < A < AT, where
I is the n x n identity matrix. Recall that every M € S can uniquely be composed as
M = M" — M~, where M*, M~ >0 and MT™M~ = 0. Hence, for every A such that
M < A<AI and every M € S,

tr(AM) = tr(AM ™) —tr(AM ™) < Atr(M™T) — Mr(M ™) = M (M).

Analogously, tr(AM) > M™(M). We can obtain equalities instead of inequalities as
follows: For M € S choose an orthogonal matrix O such that M = OD;OT, where
Dy = diag(oy, . ..,0,) contains the eigenvalues o; of M. Define the matrix A = OD,O"
with the same orthogonal matrix O as before and let Dy = diag(\q, ..., \,) with

o A ifo; >0
A ifo; <o
We see that \I < A < Al and
tr(AM) = tr(D1D2) = M™T(M).

If we choose

s — A ifO‘iZO
"l A ifo; <O,

we obtain in the same way that tr(AM) = M~ (M). As a consequence,

I IR
M (M)_AISSBXFS)AIU(AM)’ MEM) =, Bof | TAM). 27)

Using (2.7), we obtain

MT(My) + M™ (M) < MT(My + M) < M (My) + M* (M),
- M- (2.8)

M (My) + M™ (My) (Mi + Mp) < M™(My) + M*(Mp)
for every My, My € S. Finally, combining (2.6) and (2.8), we conclude that
AN < M7(N) < MH(M + N) = M*(M) < MF(N) < nA [N

for every M € § and N > 0, i.e., the Pucci extremal operators are uniformly elliptic
with ellipticity constants A and nA. We can now define the class S.

Definition 2.10. [CC95, Definition 2.11] Let f : & — R be continuous and 0 < A < A.
We denote by

(i) S(A, A, f) the space of continuous functions u : © — R such that
MF(D?u, A A) > f

in € in the viscosity sense;
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(ii) S(\, A, f) the space of continuous functions u : Q — R such that
M~ (D*u,\ A) < f

in  in the viscosity sense;

(iii) SN A, f) =SOA, £) NS\ A, f) and S*(A\ A, f) = SO\ A, — ) NSO A, |f]).
The following property of the class S(\, A, f) is important for the next section.

Lemma 2.11. Let u € S(\ A, f), ® € C*(Q) and M~ (D?>®(x),\,A) > g(z) for every
x €, where g : Q — R is a continuous function. Then

u—®ecS\A, f—g).

Proof. We use Proposition 2.6. Let 29 € Q, N C Q be an open neighborhood of zy and
¢ € C?(N) such that

o) < (u—@)(x) for every x € N and  ¢(z0) = u(z) — ®(x0).

We claim that
M~ (D*p(x0), A\, A) < flzo) — g(xo).-
Since u € S(\, A, f) and ¢ + ® touches u from below at zg in N,

M_(D2<p(x0) + D2<I>(330), AN A) < f(xo).

Using (2.8), this implies M~ (D?*p(x0), A, A) + M~ (D?*®(z¢), A\, A) < f(xp). Finally,
using the assumption for ®, we finish the proof. O

For a similar lemma, regarding viscosity subsolutions, we refer to [CC95, Lemma 2.12].
The usefulness of the classes S lies in the following fact: One can show that any result for
functions in the classes S is also valid for solutions to fully nonlinear uniformly elliptic
equations. This is due to the fact that a viscosity solution of (2.1) (where F' is uniformly
elliptic with ellipticity constants 0 < A < A) belongs to the class S(%, A, f(z) — F(0,2))
(cf. [CC95, Proposition 2.13|). For this fact and more properties of the operators and
the classes described above, we refer to [CC95].

2.3 Aleksandrov-Bakelman-Pucci Estimate

Consider any smooth solution « to the linear partial differential equation in Example 2.2.
The classical Aleksandrov-Bakelman-Pucci (ABP) estimate states that the supremum of
u in  is bounded in terms of the supremum of w in 9Q and the L"(€2)-norm of f. We
refer to [Jos07| for a full review of this classical result. The aim of this section is to
present the ABP estimate adapted to viscosity solutions. This estimate is the main tool
in the regularity theory presented in Section 2.4. The difficulty in the transformation
process of the classical ABP theorem to the viscosity case lies in the fact that viscosity
supersolutions (resp. subsolutions) u may be very singular. However, we will show that a
very important tool, the convex envelope of —u ™, is regular enough to obtain the desired
ABP estimate. Before stating the result we need to introduce some technical tools.
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Definition 2.12. Let U C R™ be an open set. A function ¢ : U — R is said to be C!
at the point x € U, and we write ¢ € C1!(z), if there exist some vector v € R™ and
numbers A > 0, » > 0 such that

lp(2) — p(z) — (z —x) -v| < A|z — 2f* for all z € B,(z). (2.9)

For a set W C U, we write ¢ € O W], if ¢ € CL1(x) for every point 2 € W and the
constant A in (2.9) is independent of .

Remark 2.13.

(i) Note that Definition 2.12 is equivalent to the definition given in [CC95, Chapter
1], as mentioned in [KL12].

(i) If ¢ is C1! at a point © € R™ then ¢ is differentiable at . Moreover, v is uniquely
determined by v = V().

(iii) Let U C R™ be any open set and ¢ € C?(U). Then — by Taylor expansion — we
have ¢ € CbY(x) for every x € U, where we choose r = dist(x,9U), v = V(z)
and A = max, gy [ D%p(€)]| < oo to satisfy (2.9).
Moreover, if U is bounded, we can find a uniform constant A > 0 such that (2.9)
holds for every = € U (substitute B,.(z) by U in the choice of A above). Hence,
o € CHLU.

We want to justify the previous definition and terminology by giving the following result
which can be proved by combining the arguments from the proofs of [CC95, Proposition
1.1] and [CC95, Proposition 1.2].

Proposition 2.14. Let u : Q — R be a continuous function and B # () be a convex
domain such that B C ). Assume there exist constants A > 0 and € > 0 such that for
every x € B there is some vector v € R™ such that the inequality

lu(z) —u(z) — (z —z) - v| < Alz — z)? (2.10)

holds for every z € B:(x) N Q.
Then u belongs to the Lipschitz space CY1(B) and

|Vu(z) — Vu(y)| < 4nAlz —y| for every z,y € B. (2.11)

Proof. Since u € CH1(x) for every z € B, we know that u is differentiable in B (see
Remark 2.13). We have to show that the partial derivatives d;u are Lipschitz continuous
and (2.11) to complete the proof. For this purpose, we claim that

Dlwe L*(B) and [|[D7ul|pe(p < 44
for every multi-index v = (y1,...,7) € Ny with |[y| =y + ... + v, = 2, where D7u
denotes the v weak derivative of u. We prove this claim as follows:
Since (LY(B))* = L*(B), it is sufficient to prove that

' [u@sete) iz < 14 ol (2.12)
B
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for every testfunction ¢ € C°(B) and all indices 7,5 € {1,...,n} (cf. [Brell, Proposition
8.3]). To prove (2.12), it is sufficient to prove

‘/ Oiip(x) dx

for every testfunction ¢ € C°(B) and every index i € {1,...,n}, since

<24 ||90HL1(B) (2.13)

Bijp = 3(2000p — Biitp — 0350,
where v = M—;J and {e;} is the canonical basis in R™. We prove (2.13): Denote the
second differential quotients of w at x by
u(z +h)+u(r —h) —2u(z)

|h?

Ypu(z) =

Y

where h € R™ such that = + h and z — h belong to Q. Using (2.10), it is easy to see that
[Phu(z)| < 2A (2.14)

for each x € B and h € R" such that |h| < e Adist(B, 9Q) =: d. Let ¢ € C>°(B) be any
testfunction with supp(yp) = K, where K C B is a compact set. Then

/u(m)augo(x) dr = /u(x)aucp(x) dx
B K
= lim [ w(x)%e, p(z)dx

FN)
K

= lim [ (s u(e))(o) da.
K

If 6§ < dAdist(K,0B), (2.14) implies that |5, u(x)| < 2A for each z € K C B; this
proves (2.13). Hence, d;u € Wh*°(B) for every i = 1,...,n, where W% (B) denotes the
Sobolev space of functions which belong, together with their weak derivatives of order 1,
to L>°(B). Since B C Q is bounded and convex, we have W1>°(B) ¢ C%'(B) (cf. [AF03,
Lemma 4.28|; note that B has locally Lipschitz boundary) which implies the Lipschitz
continuity of d;u in B and

() — Bsuly) = %a»u(m +(1—t)y)dt

n

1

1
Z/(?Uu (tz + (1 —t)y)dt (xj —y;)
Jj=17

for every i € {1,...,n} and z,y € B. Finally, we use that [ D7ul| oo gy < 4A for each
v € N§ with |y] = 2 and conclude (2.11). O
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Next, we introduce the concept of convex envelope of a continuous function. A function
L :R™ — R is said to be affine if

L(z) =1y + l(z),

where l[p € R and [ : R™ — R is a linear function. Let U C R", zg € U and consider a
function w : U — R. Assume that the affine function L touches w from below at xg in
U, ie., L(z) < w(z) for every z € U and L(z¢) = w(xp). In this situation, L is called a
supporting hyperplane for w at xg in U.

Remark 2.15. Let U C R™ be an open convex set and w : U — R be a convex function.
Applying the theorem of Hahn-Banach (cf. [Wer00, Theorem I11.2.4]) to the open convex
set {(z,y) € UxR:y > w(x)} and the convex set {(zg, w(xp))}, we obtain the existence
of a supporting hyperplane for w at zy (in U) for every 2y € U. Note that this hyperplane
may not be unique.

Definition 2.16 (|[CC95, Definition 3.1]). Let v : U — R be continuous in an open
convex set U C R™. The conver envelope of v in U is defined by

I'(v)(z) =Ty(z) =sup{w(x) : w <wvin U, w convex in U}
=sup{L(z) : L <wvin U, L is affine}

for x € U. Note that the second equality is an immediate consequence of Remark 2.15.

Note that I'(v) is a convex function in U, since the supremum of a family of convex
functions, is again convex. The set

{v=T()} ={zeU:v(x) =T(v)(x)}

is called the (lower) contact set of v. The points in the contact set are called contact
points. We will see that the contact set contains very important information about the
function v.

We now state the ABP theorem adapted to viscosity supersolutions. Throughout the
section, we fix some numbers 0 < X\ < A.

Theorem 2.17 (|CC95, Theorem 3.2|). Let r > 0 and f : B, — R be a continuous and
bounded function. Assume that u € C(B,) is nonnegative on OB, and belongs to the
space S(\, A, f) in B,.. We extend u by zero in Bo, \ B,. Then

1/n
supu~ < C’lr< / (fH(x)™ d$> , (2.15)
br Brn{u=T4}

where Ty, is the convex envelope of —u™ in Bg, and C; = C1(\,A,n) > 1.

We always assume that v~ # 0 which implies I';, # 0. Otherwise (2.15) is trivially
satisfied.
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Remark 2.18. —u~ is continuous in By, since u > 0 on 0B, and u =0 in E\E In
order to have I, € C(Ba,), we extend I', = 0 on 0By,; using Remark 2.15, there exists
a supporting hyperplane for I';, at every point in Bsy,.

In order to prove Theorem 2.17, we will show that I', belongs to the Lipschitz space
CY1(B,). Then the classical proof of the ABP estimate for smooth functions can be
applied. The following lemma deals with the regularity of the convex envelope I';, of
—u~ at the contact points. Since the proof is very technical and not applicable to the
nonlocal setting in the next chapter, we skip it and refer to [CC95].

Lemma 2.19 ([CC95, Lemma 3.3]). Let u € S(\, A, f) in B.(xq), where r > 0 and
xo € R™. Let f: By(xg) = R be bounded (not necessarily continuous) and let ¢ be a
convex function in By.(xg) such that 0 < ¢ < wu in By(x9) and 0 = p(xo) = u(xg). Then

o(z) < Co( sup f+) |z — $0|2 for every x € Bs,(x9), (2.16)
Br(z0)

where § = 0(A\, A,n) € (0,1) and Cy = Ca(A\, A,n) > 1.

We illustrate the connection between Lemma 2.19 and the regularity of I';, in the contact
points: Consider any zg € B, N {u = I',}, where u, I';, and f are as in Theorem 2.17.
Let L be a supporting hyperplane for I',, at z¢ in Bs,. Applying Proposition 2.9 (with
F=M",Q1 =B, Q= By, u; =u,us =0, f1 = f, fo =0), we obtain

0, {L'EBQT\BT

—u~ = inf(u,0) € S(\, A, h) in Bs,, where h(z) =
(o0 € SRR B whene B {f+<x>, veB,.

Note that I'y, — L is convex in By, (since L is affine) and —u~ — L € S(\, A, h) in Ba,,
where we have used Lemma 2.11 with ® = L and g = 0. In addition, B,/ (x¢) C By, for
every v’ € (0,7] which implies — by the definition of T, — that

0<T'y—L<—-u —LinBy(xg) and 0=Ty(xg)— L(zo) = —u (x0) — L(z0).
Applying Lemma 2.19 (with ¢ =T, — L, u = —u~ — L), we obtain

L(x) < Ty(x) < L(x) + Co( sup ht) |z —aof? for every & € By (o), (2.17)
B,/ (z0)

where § and Cy are the positive constants in Lemma 2.19.
Using (2.17), we obtain
ITu(2) — Tu(zo) — (2 — o) - VI (o) | < Casup f1) |z — mo* =: Ay |o — 20> (2.18)
N—— B,
=VL
for every @ € Bg.(z9) C Bar. Hence, I, € CYl(zg), where v = VIy(z9) = VL in

Definition 2.12. Note that A; and r; = dr are independent of xg. We have proved the
following corollary:
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Corollary 2.20. Under the conditions of Theorem 2.17, Ty is CY1 at every point o €
B, N{u =Ty} with constants A >0 and r > 0 in (2.9) independent of xy.

The next lemma deals with the regularity of I',, outside the contact points. The previous
result will be crucial for the proof. This stresses the importance of the contact set

{u="T4}.

Lemma 2.21. Under the conditions of Theorem 2.17, T, is C11 at each point z¢ €
B, \ {u =Ty} with constants A >0 and r > 0 in (2.9) independent of xg.

Proof. We follow the proof of [CC95, Lemma 3.5]. Let xg € B, \ {u = I',} and let L be
a supporting hyperplane for I, at x¢ in Bs,. The proof is done in two steps:

Step 1. We divide this step into two claims:

a) Let conv(U) denote the convex hull of a set U C R™ We claim that
xg € H = conv({x1,...,2p4+1}) for some points z1,...,z,+1 which do not
need to be distinct and belong to the contact set B, N {u = I',}, except for
possible one, x,11, which is in dBs,.. Moreover, L =T, in H.

b) Using a), we can write xg = 222—11 Aizi, where \; > 0foreachi=1,...,n+1
and Z?:ll A;i = 1. Then \; > 3% for at least one index ¢ for which z; €
B, Nn{u=T4}.

Step 2. Using Step 1, we can find an estimate similar to (2.17) but in a smaller ball:

L(z) < Ty(z) < L(z) + 3nCa(sup f7) |z — zo|* for each z € Bs,(3n)(x0),
B,

(2.19)

where § and Cy are as in (2.17). By the same arguments leading to (2.18),
choosing again v = VI'y(xo) = VL in Definition 2.12, we obtain

ITu(2) — Tyu(z0) — (2 — ) - v| < 3nCs(sup f1) |z — xQ\Q =: Ag |z — a:o\2

T

for every x € By, /(3)(%0), where Ay and 72 = dr/(3n) are again independent of
xTQ.

To prove a) in Step 1, note that
L(xg) = Ty(xo) = sup{i(mo) :L<—u in Ba,, L is affine},

so L is the L that realises the supremum at xg. This implies the existence of at least

one point 2 € By, such that L(z) = —u~(z). To prove this, assume that the statement
is not true; so we can define L = L + ¢, where ¢ = min(—u~ — L) > 0. Then we have
Bay

L > L and L < —u~ in By,. Contradiction to the maximality of L at xy. Hence,

E={x€ By, : L(x) = —u (z)} #0.
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This implies that

E = conv(E) # 0.

One can easily prove that xg € E (by assuming g ¢ E and using the geometric version of
the theorem of Hahn-Banach (cf. [Wer00, Theorem II1.2.5]) which leads to a contradiction
to the maximality of L at zp). Using Carthéodory’s theorem for convex hulls (cf. [Rud73,
Theorem 3.25] and the following lemma), we have that z( is a convex combination of
n+1 points 1, ...,x,41 in E, ie., 29 € H = conv({z1,...,2n+1}). It is easy to see that
L =T, in H, since for every x € H, z = Z?jll Aix; (where \; > 0 and Z?jll Ai = 1), we
have

n+1 n+1 n+1 n+1
L(z) =L (Z /\a:> =3 NiL(z;) = > ATu(x;) =Ty (Z Am) =Ty(z).
=1 =1 =1 =1

Since L(x) < T, (z) for each x € By, we obtain L = T, in H. The remaining claim in a)
is an immediate consequence of the fact that I, #Z 0 according to our general assumption.
To prove b), consider two cases:

e All z; belong to B, N {u =1T,}: Then \; > n%rl > % for at least one index 1.

® T,11 € 0By,: Assume that \; < % for each i = 1,...,n. Then A\,1q1 > % which
implies
n
2 1 4 1
[zo| > 5 [wnt1| — 2371 |zi| > 37— g7 =7
i=1

Contradiction.

We now prove (2.19) by using Step 1 and (2.17). Take any h € B, /(3,). Using Step 1,
we can relabel x; such that 1 € B, N {u =T} and A\; > % We write

2o +h =M (21 + ) + Aaz2 + -+ Anp1Znir
Using the convexity of I, we obtain
L(zo +h) < Tu(zo+h) < MTu(@1 + ) + Aalu(@2) + - 4 Apg1Du(@nt1).

Since @ < or, we can apply (2.17) to estimate I'y(x1 + )\%) in the inequality above and

obtain

L(xo -+ h) < Fu(l'() + h)
< ML+ £) + Colsup £5)| £%) + A Dulx) + . + At Pu(@ng)
o (22) L(wns1)
=L(x2 =L (Tn+1

u +
— L(wo + h) + 2825 S0 1312 < L2y + h) + 3nCa(sup f) |h[2.
By

This proves (2.19). O
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Under the conditions of Theorem 2.17, we finally conclude — using Corollary 2.20,
Lemma 2.21 and Proposition 2.14 (where 2 = Ba,, B = B,, ¢ = 0r/(3n) and A = Ay) —
that T', € CY1(B,)). We can now prove Theorem 2.17 like in the classical ABP setting
for smooth functions.

Proof of Theorem 2.17. We follow the proof of [CC95, Lemma 3.4|. Recall that v~ # 0.
Since ©v~ = 0 on dB,, we have

M =supu” =u" (xg9) >0
B,

for some xy € B, because u~ is continuous.

We consider the function kg, : Bsr(z9) — R, whose graph is the cone in R” x R with
vertex (zg, —M) = (xzg, —u~ (x¢)) and base 0Bs,(x¢) x {0}, i.e.,

o) = 31 (1 E=1)

For each ¢ € R" with
€l < 2=
3r’

the hyperplane H = {(z,2p41) € R" xR : xpy1 = L(z) = - M + & - (x —x0)} is a
supporting hyperplane for kz, at xo in Bs,(x0), i.e.,

L(z0) = kzo(x0) and L(x) < ky,(x) for each x € Bs,(x0).

Since u~ = 0 outside B, and Ba, C Bs,(xg), it follows that H has a parallel hyperplane
H’ which is a supporting hyperplane for —u~ in Bs, at some point z* € B,.

We sketch the construction of H’: Choose by > 0 sufficiently large such that the affine
function Lgl = L — by satisfies —u™(z) > Lgl (x) for each © € Ba,. As we decrease
bi, let b € [0,b1) be the first value when the graphs of —u™ and Lj touch at a point
z*. Our desired hyperplane H’ is the graph of Lj. Indeed, we have L) < —u™ in
By, and z* € B, because if we assume x* € B, \ B,, we obtain the contradiction

Li(z*) = —u™ (2%) = 0 > kg, (%) > L(z¥).

By the definition of convex envelope, we have T'y(z*) = Lj(z*) and T'y(z) > Lj(x)
for every x € Bs,.. Since I'y is differentiable in B,, it follows that H’ is the tangent
hyperplane to the graph of T';, at #* which implies £ = VI, (z*). Hence,

Bi/sry C VIW(By).

This implies the existence of a constant ¢ = ¢(n) > 0 such that

ML < |VTL(B,)|. (2.20)

Tn
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Applying the area formula for Lipschitz maps (cf. [CC95, Theorem 1.3]) to VI, (recall
that ', € C 1’1(E)), we obtain that VI', is differentiable almost everywhere in B, and

IVT.(B,)| g/\detDQFu(m)\ dz,
U
where U C B, such that |B.\U| = 0. Using (2.20) and the fact that D?[,(x) is

nonnegative definite for each x € U because of the convexity of I';, in U, we obtain the
following estimate:

A< /det DT, (z) d. (2.21)
U

To conclude (2.15) from (2.21), we have to show that
det D’T',(z) =0 a.e. z € B, \ {u =T} (2.22)
and
det D2Fu(:n) <OC1ff ()" ae xeB.N{u=Ty,} (2.23)

for some constant C; = C1(A\, A, n) > 1.

(2.22) is an immediate consequence of a) in Step 1 in the proof of Lemma 2.21, since a)
implies the existence of an open interval of a line through = on which I';, is affine (note
that T, = L in the simplex mentioned in a)). Using in addition that T, is second order
differentiable almost everywhere in B,, we obtain (2.22).

Finally, (2.23) is a consequence of (2.17) by letting ' \, 0 and using the fact that f is
continuous. This finishes the proof of Theorem 2.17. O

We can extend Theorem 2.17 to arbitrary bounded domains:

Theorem 2.22 (|[CC95, Theorem 3.6]). Let f : © — R be a continuous and bounded
function. Assume that u € S(\, A, f) in Q, u € C(Q) and u > 0 on Q. Extend u by
zero outside Q). Then

(2.24)

sgp u- < Csd Hf+HLn(Qm{u=Fu}) ’

where C3 = C3(X\,A,n) > 1, d = diam(QQ) is the diameter of Q, Iy, is the convex envelope
of —u™ in Baog and By is a ball of radius d such that Q C By.

Proof. As always we assume v~ # 0 which implies T';, # 0. We use Theorem 2.17 and
Proposition 2.9: Since Q C By C Bayg, we apply Proposition 2.9 (with FF = M~, Q; = Q,
Qo = Byg, u1 = u, us =0, fi = f, fo = 0) and obtain —u~ € S(\, A, h) in By, where

- 0, T € Bgd\Q
he) = {f*(:v), x € Q.



2.4 Harnack Inequality and Holder Regularity for Viscosity Solutions and the class S 25

We want to apply Theorem 2.17 to —u~. Since I'y, # 0, the contact points belong to 2
because the existence of a point zg € (Bgg \ 2) N {u = I'y} would immediately imply
I'y = 0 by the definition of I',. Note that —u~ = 0 on 9By and —u~ € C(By) since
u > 0 on 902 and u = 0 outside 2. The only condition left to check in order to apply
Theorem 2.17 to —u™ is the continuity of h in By which we do not have in general.
However, the last part of the proof of Theorem 2.17, leading to (2.23), shows that we
can replace the condition that f is continuous in Theorem 2.17 by the condition

sup fH N\ fT(zg) asr’ \,0 (2.25)

Br’ ($())

for a.e. z9 € B,(0) N {u = I',}. Since h is continuous in © and every contact point
belongs to €, h satisfies (2.25) and therefore we can apply Theorem 2.17 which leads to
(2.24). O

As an immediate consequence of Theorem 2.22, we obtain the mazimum principle for
viscosity solutions which will be useful in the next section.

Corollary 2.23 (|CC95, Corollary 3.7]). Let u € C(£2).
(i) If w € S(\, A, 0) in Q and u > 0 on 09Q, then u > 0 in Q.
(i) If u e S(A\,A,0) in Q and uw <0 on 09, then u <0 in Q.

Proof. (i) follows directly from Theorem 2.22. (i) follows from (i) and the fact that
ue€ SI\A, f) = —uec SI\A, —f). O

2.4 Harnack Inequality and Holder Regularity for Viscosity
Solutions and the class S

The Krylov and Safonov Harnack inequality (see [GT01, Section 9.8|) for any nonnegative
solution u to the following uniformly elliptic equation

n

> aij(@)du(x) + b(z) - Vu(z) = f(z), x€ By,

ij=1
where AI < (aij(z));; < Al for all z € By, b € L™(B;) and f € L™(By), states that the
supremum of w in By 5 is controlled by the infimum of u in By, plus the L™-norm of f:

SLll/r;u < C(élll/fQU T llnmyy)-
The constant ¢ > 0 depends only on n, A, A and [[b]| 1n(p,). We summarise the adaption
of the Krylov and Safonov Harnack inequality to viscosity supersolutions and the class
S. We will use this Harnack inequality to prove an interior Hélder regularity result which
can be extended up to the boundary by using a barrier argument when the boundary
data is Holder continuous. Fix 0 < A < A throughout the section.
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2.4.1 Harnack Inequality

The following theorem is the Harnack inequality for viscosity solutions. Recall the defi-
nition of cubes given in Section 1.4.

Theorem 2.24 ([CC95, Theorem 4.3|). Let f : Q1 — R be a continuous and bounded
function, where Q1 C R™ is the open cube centered at O with edge length 1.
Assume that u : Q1 — R is nonnegative in Q1 and belongs to S*(\, A, f) in Q1. Then

sup u < Cy(inf u + n , 2.26
0 < Culgpt w1l 0,) (2:26)

where the constant Cy > 1 depends only on n, A and A.

Remark 2.25. Theorem 2.24 can be extended to any cube Qgr(z¢), where R > 0 and
xg € R™. To be precise: Let f : Qr(zp) — R be continuous and bounded. Let v €
S*(A A, f) in Qr(xo) be a nonnegative function in Qg (zg). Define

u(x) =v(Rx +x0), =€ Q1.

Then u is nonnegative in @ and belongs to S*(\, A, R2f(Rx + x0)) in Q1. We apply
Theorem 2.24 to u and obtain (after rescaling)

sup v < Cs( inf )U+ 171 2 (@nao)):

Qry2(zo) R/2(70

where C5 = C5(n, A\, A, R) > 1.

Theorem 2.24 is an immediate consequence of the following lemma.

Lemma 2.26 ([CC95, Lemma 4.4]). Let f : Q4.5 — R be a continuous and bounded

function. Let u € S*(A\, A, f) in Qq/m be nonnegative in Q7 and continuous in Q-

Assume that Ciznf u < 1. Then there exist constants g € (0,1) and Cs > 1 (depending
1/4

only on A, A and n) such that

||f||Ln(Q4ﬁ) <eo = supu < Cg. (2.27)

1/4

We obtain Theorem 2.24 from Lemma 2.26 in the following way: Let f : Q4 5 — R
be continuous and bounded. Let u € S*(\, A, f) in (4,/m be nonnegative in @y 4 and
continuous in @y, 5. For 6 > 0, let

u
inf u+0+ " €0)’
L Ul (@, ) /€0)

Uus =

where ¢q is the (sufficiently small) number in Lemma 2.26 which only depends on A, A
and n. Since M*(aM, X\, A) = aMT (M, )\, A) for eacha > 0, M € S and u € S*(\, A, f),
we have

us € S*(\A, )
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for each 6 > 0, where f = It is easy to see that us and f

f
ian1/4 u+(s+(“f||Ln(Q4\/ﬁ)/EO) :
satisfy all the conditions in Lemma 2.26. We apply Lemma 2.26 and obtain (after letting
I\ 0)

supu < Cr(inf v+ n , 2.28
Qli 7(Q1/4 1l ri@y m) (2.28)

where C7 = %3 > 1.
We use (2.28) and a covering argument to conclude Theorem 2.24: Let u : Q1 — R

and f : Q1 — R be as in Theorem 2.24. Fix r = ﬁ. Choose m = m(n) € N and

T1,...,Tm € Q)2 such that

U Qrya(zi) D Q1ya-
i=1
Consider the function
u(z) = u(re + z;), © € Qq /-

Note that rz + z; € Qiya(zi) C Q1 whenever z € @y 5 (by triangle inequality).
We have @ € S*(\, A, r?f(rz + x;)) in Qumy © > 01in Qu 5 and u € C(Qy 7). Us-
ing (2.28) and rescaling leads to

sup u < C7( inf u+|fll;no0) (2.20)
Qryal®s) Qrya(zi) Ln(Q1)

for every i = 1,...,m, where C7 is as in (2.28). We finally obtain Theorem 2.24 as an
immediate consequence of (2.29), using the following chain argument:

For any points z,y € Q1 /2 we can find cubes QL,Q%...,Q° ¢ 1Qp/a(wi) }2y, 1 < s <m,
such that

reQh QINQ*#D, Q*NQ°#0, ..., QT NQ #0, ye Q.

1
1
1
1
1
1
1
- -
1
1

_———m e ——————
1
1
1
1
1
1
1

Figure 2.1: The cubes Q', ..., Q"
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We apply (2.29) repeatedly and obtain
u(z) < SC?(glfu 1l n@uy) < mC7* (uly) + £l n ()

Hence,

sup u < Cy(inf u+ | fllpn(g,)), where Cqy = mC7",
Q12 Q1/2

which proves (2.26).

To prove Lemma 2.26, we need several lemmas. Some of them will also be useful in a
nonlocal setting. From now on f : Q4 5 — R will always be bounded and continuous.

Lemma 2.27 (|[CC95, Lemma 4.5|). There exist constants eg > 0, p € (0,1) and M > 1
depending only on \, A and n, such that if u € S(\, A, |f|) in Quym v € C(Quz) and f
satisfy
(i) u>0in Qs
(11) infu <1 and
Qs

(1i1) ||f||Ln(Q4ﬁ) < €0,
then

{u< MYN Q| > . (2.30)

The proof of Lemma 2.27 is based on the construction of the following barrier function:
There exists ¢ € C°°(R") and constants Cs > 1 and M > 1 (note that M is the constant
which will be needed in Lemma 2.27) depending only on A, A and n such that

>0 inR"\ By 7, (2.31)
¢ < —21in @3 and (2.32)
MT(D%*p, A\, A) < Cg€ in R™, (2.33)

where 0 < £ < 1 is a continuous function in R™ with supp & C Q. Moreover,
¢>—M inR" (2.34)

We do not prove the existence of ¢ at this point because we will construct functions with
similar properties in Chapter 3. Instead, we refer to [CC95, Lemma 4.1].

Proof of Lemma 2.27. The main idea of the proof is to add the barrier function ¢ from
above to our nonnegative supersolution u and apply the ABP estimate from the previous
section. Define w : Q4 5 — R, w = u + ¢. Note that the supremum of the negative
part of w in By 5 is bounded from below (because of ¢) which will be the key to
prove (2.30). Recall that Q4 7 D By i D Q3. Using (2.33) from above, the fact that
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MT(N) = =M~ (=N) for every N € S, and ¢ € C*(R"), we can apply Lemma 2.11
(with @ = B, 5) and obtain

we S\ A,|fI 4+ Cs€)  in By .

In addition, w > 0 on 0B, /; because of (i) and (2.31). Moreover, using (ii) and (2.32),
infg, w < -1 (= supp, W = 1); finally, w € C(B,, /7). So we can apply Theorem 2.17
and obtain a constant Cy; > 1 such that

1/n
tseva( [ @l e o)
{'LU:Fw }OBQ\/H

< a1y + o1 1w =T} N @iV,

where Iy, is the convex envelope of —w™ in B, 5 and ¢; > 1 depends only on n, A and
A. Note that the second estimate is due to the fact that 0 < ¢ < 1 and supp& C Q1.
Choosing g = ﬁ, (iii) and the estimates from above imply

1
5 <al{fw=Tu}nQu"". (2.35)
For each € {w =T}, we have w(z) <0 (by definition of T'y,) and therefore

u(@) < —p(r) <M

with M > 1 as in (2.34). Using this fact and (2.35), we conclude
1
gsallus MynQi|'",

which proves (2.30) for any positive p satisfying p < ﬁ Ol

The next lemma (which will also be useful in the next chapter) uses Lemma 2.27 to
obtain estimates similar to (2.30) but involving M*, k € Ny, where M > 1 is the number
in Lemma 2.27. As a consequence, we will obtain some power decay for the distribution
function of w in @1 (with w as in Lemma 2.27), i.e., the function A, : (0,00) — [0, 1],
Au(t) = {u >t} N Q1| will be bounded by dt—¢ for each t > 0, where d > 1 and € > 0
only depend on A, A and n.

Lemma 2.28 (|CC95, Lemma 4.6]). Let u be as in Lemma 2.27. Then the following
estimate holds for every k € Ny:

{fu>MYNQ| <1 - pk, (2.36)
where M and p are as in Lemma 2.27. As a consequence,
Hu>t}Nn@Q1| <dt™=  for every t > 0, (2.37)

where d > 1 and € > 0 only depend on A\, A and n.
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To prove this lemma, we need a corollary of the Calderén-Zygmund cube decomposition
(cf. |GTO1, Section 9.3]):

Consider the unit cube @1 and split it into 2™ cubes of half diameter. As a next step,
split each one of these 2" cubes in the same way as before and iterate this procedure.
The cubes obtained in this way are called dyadic cubes. If Q is a dyadic cube different
from @1, we say that @) is the predecessor of @ if @ is one of the 2" cubes obtained from
dividing Q).
Lemma 2.29 ([CC95, Lemma 4.2]). Let A C B C Q1 be measurable sets and ¢ € (0,1)
such that

(i) |A| <6 and

(i) If Q is a dyadic cube such that |AN Q| > &§|Q| then Q C B.
Then |A| < ¢ |B].

Proof of Lemma 2.28. For k =0, (2.36) is trivial since |Q1| = 1. For k = 1, (2.36) is the
estimate from Lemma 2.27:

}Q1ﬂ({u§M}U{u>M})‘ =01 =1
= [QiNn{u < M} +[QiN{u>M}| =1
= [Qin{u>Mp=1-[QiN{u< M} <1-p.
Assume that (2.36) holds for k — 1, k > 2, and let
A={u>M"'nQ, B={u>M""11nQ.
We prove (2.36) for k& by showing that
A < (1- ) |B]. (2.38)

We want to apply Lemma 2.29: So let us check whether conditions (i) and (ii) in
Lemma 2.29 are satisfied. Clearly A € B C Q1 and |[A] < {u>M}NQi| <1 — pu.
It remains to prove condition (i7): We need to show that if @ = @ /i(z0) is a dyadic
cube for some xg € Q1 and ¢ € N satisfying

ANQI> (1 —-p)|Ql, (2.39)
then é C B. Assume @ ¢ B and choose
ZeQ suchthat w(@) < MF ! (2.40)
For y € R™ consider the transformation
1
Ti(y) = xo + 5
Note that y € Q1 < 7:(y) € Q = Qy2i(w0). We define u: Q, 5 — R,
~ u(7i(y)
i(y) = A7)

We claim that u satisfies all the conditions in Lemma 2.27:
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Let y € Qq,/5- Note that 7,(y) = 20+ >y € Quy/m)2i(20) C Qu /5 Therefore, using
the definition of u and the chain rule,

o~ 1 =
M~ (D*u(y), \, A) < Wf(xo +5y) = f(v),
where we have assumed for simplicity that u € C?(N) for some open neighborhood
N of y. Hence, u € S(\, A, f) in Quym-
e Since u > 0 in Q4 5 and u € C(Q4/5), we have the same properties for u.

e Let 7 € Q be the point in (2.40). Since Q is the predecessor of Q = Q12 (20), wWe

have Q C Q3/9: (x0) which implies z = 2(Z — 20) € Q3. Moreover, u(z) = ]\%@1
Hence, using (2.40),

e~ u(T)
161213fu < = <1.
e Finally, ‘
21

Hf ||Ln(Q4ﬁ) = 92i | fk—1 Hf‘|L"(Q4ﬁ) < €p.

Using Lemma 2.27, we obtain
p< l{y € Quiiily) < MY| =27 [{w € Qi u(w) < M}
Hence, |Q \ A| > 1 |Q|. At the same time, we obtain from (2.39)

Q\AI=1Q|—ANQ[ <|Q] - (1—p) Q] =p|Q|.
Contradiction.

(2.37) follows immediately from (2.36) by choosing d = (1 — u)~! and € = %.
Note that the choice of € implies 1 — yu = M~¢. We prove (2.37):

For 0 <t <1, (2.37) is trivial since [{u >t} N Q1| <1 < dt™¢.

For t > 1, choose k € Ny such that M* < ¢ < M**+1. Therefore,

{u >N Q< [{u> Mo < (1wt = (1 — )+
_ d(M—a)k-‘rl _ d(Mk‘—i-l)—a < di—E. 0]

Using similar arguments as in the proof of Lemma 2.28, we obtain the following result.
Once again, we refer to [CC95| for a proof of this result because we will not need it in
the next chapter.

Lemma 2.30 ([CC95, Lemma 4.7]). Let u € S(A, A, —|f]) in Qqn- Assume that f
satisfies (i) in Lemma 2.27 and w satisfies (2.37).
There exist constants My > 1 and o > 0 depending only on A\, A and n such that, for e

as in (2.37) and v = M](\)/[EL > 1, the following hold:
2
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For each j € N and each xg € Q)3 satisfying
u(z0) > v/ My, (2.41)

the relations ‘ ‘
Q= Qu(w0) C Q1 and supu > viMy
Qi

hold, where l; = O'M(;E/nl/_ej/n.
We can finally prove Lemma 2.26.

Proof of Lemma 2.26. Let v and f be as in Lemma 2.26. Take £y as in the proof of

Lemma 2.27 and assume that
£l o < <0

Then u and f satisfy the conditions of Lemma 2.27 and Lemma 2.28 (note that

S*(\, A, f) € S(\, A, |f|) by definition) and hence of Lemma 2.30 (note that S*(\, A, f) C
S(A, A, —|f]) by definition). Let My, v and [, j € N, be as in Lemma 2.30. Since v > 1,
we can find jy € N (depending only on n, A and A) such that

d < 4 (2.42)

J=Jjo

We claim that

sup u < 7071 Mo,

Q14
which will finish the proof. We prove the claim by contradiction: Let us assume that the
claim is not true. This implies the existence of a point z;, € m such that

u(wj,) > v M.

We apply Lemma 2.30 to obtain a point 41 such that

l; ;
o1 — Tjgloo < 5 and - u(zjo41) 2 V70 M.

2
By induction, we construct a sequence (z;);>j, such that for each j > jo

|zj01 — 2] < % and  u(zj41) > v M. (2.43)

We already constructed the beginning where j = jy. Assume we have constructed the
sequence up to j > jo. In order to apply Lemma 2.30 to 11, we only need to check
whether z;11 € Qy/2, since we already have u(z;41) > v My by induction hypothesis.
Using (2.42) and (2.43), we obtain

41l a0 < 1joloe + D 1Tkt — Tl
k=jo

41

E:i 1

> S 1
k2jo

2.43)
S

oo\'—'
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So we can apply Lemma 2.30 and obtain a point x;;o which satisfies
L .
|33j+2 — xj+1|oo S JTH and ’U,(.’L’j+2) Z VJ+1M0.

We easily see that (x;);>j, is a Cauchy sequence in Q12 because v > 1 and z; € Q2
for each j > jo, which implies the existence of a point xg € @1/2 such that

]%OO

|:Iij—.fv()| &)0

Using the fact that u is continuous in @/, and v > 1, we finally obtain the contradiction

j—>oo ]—>oo
( ) Jj=>Jjo ’LL( j)ZVj_lM Jj=>Jjo 0,

i.e., u(xg) > ¢ for every ¢ > 0. O

2.4.2 Holder Regularity

We repeat the definition of Holder spaces from Section 1.4.

Definition 2.31.
(i) A function f:Q — R is called Hélder continuous with exponent o € (0, 1] if

lom = up =10
g

(ii) We define the space of Hélder continuous functions with exponent o € (0, 1] by
Co@) = {£ € C@) + [flowgm < o}
Then, C%(€) is a Banach space with respect to the norm
[fllce@y = Iflc@ + [floa@)-

We apply the previous Harnack inequality to obtain an interior Hélder continuity of
solutions. The oscillation of a function f: R™ — R in a set A C R" is defined by

osca f =sup{|f(z) — f(y)| : z,y € A}.

Proposition 2.32 (|CC95, Proposition 4.10]). Let f : Q1 — R be a continuous and
bounded function and u € S*(\, A, f) in Q.

a) There exists a constant = p(\,A,n) € (0,1) such that

05CQ, /5 U < poscq, u 2 HfHL"(Ql) :
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b) There exist constants o = a(A\,A,n) € (0,1) and Cy = Co(X\,A,n) > 1 such that
u € CYQy/2) and

lullee @i = Collulzmi@u + 1flln@u)-

Proof. For r > 0, define m, = infg, u, M, = supg u and o, = oscq, u. Note that the
functions w1 = v — mq1 and us = My — u are nonnegative functions in ()1 and belong to
S*(A, A, f) in Q1. Therefore, we can apply the Harnack inequality (Theorem 2.24) to uy
and uo and obtain

My s —mi < Ca(myjp —my+ || fllpn(g,)) and
My —myp < Ca(My — Myjs + ([l 2ng))s

where Cy = Cy(A\, A,n) > 1. Adding both inequalities leads to
0172 + 01 < Ca(or — 0172 + 2| fl[ 1n ()
This implies

T L L
01/2_(74—1—101 Cy+1 L™(Q1)°

which proves a).
We prove b) by imitating the proof of [GT01, Lemma 8.23]. Note that for every R € (0, 3]
and every wg € Q2 we have Qr(zo) C Q1 and therefore, using Remark 2.25 and a),

OSCQp s (o) U < 1 0SCQp(wg) U+ 2R | fll Lo (@ p(a0)) - (2.44)

where 1 is the same number as in a). Let zg € @1/p. For R € (0, %], we write og to
denote 0scq,(zy) u- Consider any R; € (0, 1]. Iteration of (2.44) gives for every m € N

m—1
oymry < H™oR, + 2Ry || fll pnigyy DO #F
)

2RI fllLn ()
< uMorg + ——= 7 !

For every R € (0, R1], we can choose m € N such that
(3)"R1 < R< (3™ 'Ry.
Hence,
2RI fllzn )

OR < 0(1/9)ym-1p, S fb 01/2 + =1

<1(g ognflog1/2) - 2Rilfllinggy)
I 1/2 1—p

m—1
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Let v € (0,1) be arbitrary for the moment. For R € (0,1], let Ry = (3)'"7R7. We have
R<R < % and therefore, using the previous estimates, we obtain

R flln
o < i(QR)(l—W)(logu/log(1/2))01/2 n %

for every R € (0, 5]. Finally, choose 7 large enough such that a = (1 — ) 12?172 € (0,1)

and v > «. Note that the choice of v depends only on A\, A and n. Therefore, we obtain
the following estimate: For every z¢ € Q2 and every R € (0, %], the inequality

03¢ Qn(roy 1 < 1R ([l e o) + 1 o) (2.45)
holds, where ¢; = ¢1(A\, A,n) = 4max{ﬁ, ﬁ} > 4.
Let x0,y € Q1/2, 2o # y. There exists k € N such that 27F1 < |mg —y| < 27F. Using
(2.45) and the fact that oscq, u < 2 [|ul| oo g,y < er([[ull poo () F 1l Lr(gy))> We conclude
[u(zo) — u(y)| < 0scq, ., (w)n@y v
< 612(_k+1)a(”uHL°°(Ql) + 1 lnony)
< 427D (ul| oo gy + 11l (r)
< der([[ull ooy + 11 n o) [0 — Yl -
This proves b) with Cy = 4¢; + 1. O

Remark 2.33. Using a similar covering argument as in Section 2.4.1, one can state
Proposition 2.32 for balls By, By, instead of cubes.

The following result is a Holder continuity estimate at boundary points for solutions in
S(A, A, 0). It will be used (in combination with Proposition 2.32) to obtain global Hélder
continuity of solutions in S(A, A, 0).

Proposition 2.34 ([CC95, Proposition 4.12]). Let u € S(A\,A,0) in By. Assume that
u € C(B1) and ujpp, = ¢, where € CP(0By) for some 3 € (0,1).
For every xy € 0By, u is Holder continuous at xog with exponent /2, and

sup L“(;;g)’ <292 sup M_ (2.46)
2B |x — 1‘0’ r€0B, ’.’If — x()’

Proof. For convenience, we replace By and 0By by Bi(y) and 0Bi(y), where y = e,, =
(0,...,0,1) and prove (2.46) just for zp = 0. In addition, we assume that

p(zo) = (0) = 0.

Define K = sup Lﬂ?'. For every = € 0B (y),
2€dBi(y) 17!

2+ 2i4+ .+ (2, —1)%=1, which implies |z|* = 2z,,.
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Therefore,
z € 0B (y) = u(z) = p(x) < K |z|° = 2512 K252, (2.47)
Define h : B1(y) — R, h(z) = 2% Note that D?h(z) = diag <0, ..., 0, g(g - 1)x5/272>
with eigenvalues 0 and g(% - l)wg/ 272 2 0. Therefore,
MF(D?h(2), A\, A) = AE(5 —1)2P/22 <0

in Bi(y). Using the corresponding version of Lemma 2.11 for the class S (cf. [CC95,
Lemma 2.12]), we obtain u — 2%/2Kh € S()\, A,0) in By(y). Since this function is con-
tinuous in Bj(y) and nonpositive on 0B (y) by (2.47), we can apply Corollary 2.23 and
obtain

u(z) < 2P Kh(z) = 2512 Kafl/? < 282 K |2|9/?

for every x € Bi(y). Replacing u by —u in the previous result, we obtain
fu(z)] < 272K ||
for every « € B1(y), which implies (2.46). O

We can now state a global Hélder continuity result of solutions in S(\, A, 0).

Proposition 2.35 ([CC95, Proposition 4.13]). Let u € S(A\,A,0) in By. Assume that
u € C(By) and wyp, = ¢, where p € CP(OBy) for some B € (0,1). Then u € CV(By)
and

lullow @y < Crollelleson,) (2.48)

where C19 = C1o(A,A,n) > 1 and v = min{a, §/2} with a = a(\,A,n) € (0,1) as in
Proposition 2.32.

Proof. Using Corollary 2.23 and the fact that © = ¢ on 0B1, we obtain

inf o <u <supy in Bj.

5B, PSUS 6311) 2 1
Hence, HUHC(E) < llellcs@omp,)- We show that MCW(E) is also controlled by [l¢llcsp,)-
Let ,y € By, © # y. Let d, = dist(z,0B1) and d, = dist(y,0B;). Without loss
of generality we assume dy, < d, and choose zg € 0B; such that |z — x¢| = d, and
Yo € 0B such that |y — yo| = d,. We consider two cases:
Assume first that |z — y| < %z. Then y € By, /2(z) C By, (x) C By. We apply Propo-
sition 2.32 (for balls and properly scaled; see Remark 2.33 and Section 2.4.1 for such a
scaling argument) to u — u(xp) in By, (z) and use the fact that v < a:

@) —u@)l o alu(@) —uly)]
ey T | —yl®

< Oy lJu = u(zo)l oo, (2)) » (2.49)
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where Cy = Cy(A\,A,n) > 1. Using (2.46), we can estimate the right hand side of the
previous inequality: Take any z € By, (z). Then

u\z) —ulx
[u(z) — ulo)| = W 2 = mol/2 < 292
— 40

< 26/2(2dx)5/2 H@”Cﬁ(aBl) < 2d§/2 ||()0HCE(831) :

2
lellosomy 12 — ol

Hence,
ot = we)l o, (o < 2427 €l 0, - (2.50)
Since v < g and d, < 1, we obtain from (2.49) and (2.50)

|u(z) — u(y)|

lz— g < 2090@/2_7 ||<P||cﬁ(aBl) <20 ||‘P||cﬁ(aBl) :

Assume finally that d, < d, < 2|z —y|. If [x —y| > 1 then
u(z) = u)] < 2llellcs@op,) [z =yl
So it remains to consider the case where % < |z — y| < 1. Using again (2.46), we obtain
u(z) — u(y)| < |u(z) — ulzo)| + |u(zo) — ulyo)| + |ulyo) — u(y)]
< Q(dg/Q + |z — yo|6/2 + d5/2) ”SOHCﬁ(aBl) :
Moreover, using the assumption of this case, we have
lzo — yo| < do + |v —y| +dy < 5]z —y
and therefore,
[u(z) = u()] < 18|z =y | llosom,) < 1812 =" I¢lloson,)

where the last inequality holds since |z —y| <1 and v < 5.

In any case, [U]CW(E) and ||ul| o(By) are controlled by lollceom,) which implies

lullew @y < Crollelleson,)

where C19 = max{2Cy, 18} + 1. O






3 Regularity Estimates for Nonlocal
Fully Nonlinear Elliptic Equations

3.1 Motivation and Basic Definitions

For functions u : R®™ — R and x € R™ consider the linear integro-differential operator

Lu(z) = /(u(x +y) —u(z) — (Vu(z) - y) gy <iy) K(y) dy, (3.1)
in

where K : R™ — [0, 00) is a nonnegative measurable symmetric kernel satisfying

JanPE@ady <. (32
R’FL
Recall from Chapter 1 that the operators in (3.1) are infinitesimal generators of purely
Lévy jump processes for all functions w in the Schwartz space S(R™). In this situation,

the kernel K determines the frequency and size of jumps of the Lévy process in each
direction.

Due to the symmetry of K, we can rewrite (3.1) in the following way:

Lu(e) = pv. [ (ula +3) = u(@) K ) dy
R’Il

- % /(“(95 +y) +ulz —y) - 2u(2))K(y) dy. (3.3)

Rn
In order to simplify the notation, we define
Au(w;y) = ulw +y) + u(z — y) — 2u(@).

As a consequence, the expression for L can be written as

Lu(z) = / Au(z; ) K () dy (3.4)
Rn

for some kernel K (which would be the half of the one in (3.1)). Note that Lu(x) is well-
defined in a point z € R if u : R® — R is bounded and u € Cb!(x) (cf. Remark 3.1).
These conditions are sufficient, but not necessary (see the discussion in [CS11], where
the authors allow functions having linear growth at infinity).
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Remark 3.1. Recall Definition 2.12 in Section 2.3. Let K be as in (3.2). If u : R" - R
is bounded and u € CY!(z) for some point € R, Lu(z) is well-defined due to the
symmetry of K, i.e., the integral in (3.4) exists and is finite. To prove this fact, let
0<r<1,veR"”and A > 0 such that for each |y| <r

lu(z +y) —u(z) —v-y| < Alyl>.

Set u(dy) = K(y)dy. Then

/IAU(ﬂf;y)lu(dy)Z / |Au(z;y)| K(y) dy + / |Au(z;y)| K(y) dy
i

{lyl<r} {ly[>r}

<24 / 2 K (y) dy + 4 Jull / K(y) dy < oo,

{lyl<r} {ly|>r}

where we used the fact that u is bounded, u({|y| > €}) < oo for each € > 0 and (3.2).

The aim of this chapter is to obtain regularity results for solutions to special types
of fully nonlinear integro-differential equations. Recall that Pucci’s extremal operators
from Chapter 2 played an important role in the regularity theory of second order elliptic
equations. We introduce some important fully nonlinear integro-differential operators
which can be seen as a nonlocal analogue. Let J be some index set and define the family

K= (Ka)aeJ, (3'5>

where for each a € J, K, : R" — [0,00) is a nonnegative measurable symmetric kernel
satisfying (3.2). We assume that

/ (LAWK ) dy <00 with K(y) = sup Ka(y). (3.6)

]Rn
By £ we denote the collection of all corresponding linear integro-differential operators
L, of the form (3.4) with kernels K, € K, a € J. The (fully nonlinear) maximal and
minimal operator with respect to £ are defined as

M7 u(z) = sup Lu(x) = sup Lou(z), (3.7)
Lel acd
M, = inf L = inf L, . .
cu(z) = inf Lu(z) = inf Lou(z) (3.8)

As in Chapter 2, we want to introduce the concept of ellipticity for a general family £ of
linear integro-differential operators. As mentioned in Chapter 1, this concept is motivated
by the local case in the following sense: Consider the extremal Pucci operators M™ and
M~ from Section 2.2 with constants 0 < A < A. Since these operators are uniformly
elliptic (see Section 2.2), it is easy to see that if we have

M= (D*(u —v)(z), \,A) < F(D*u(z),z) — F(D*v(z),z) < MT(D*(u—v)(x),\,A)
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for every z € Q and for all functions u,v € C*(Q), then F : S x Q — R is uniformly
elliptic with ellipticity constants A and nA (using (2.6)). Instead of the Pucci extremal
operators we use the maximal and minimal operators with respect to £ to define a concept
of ellipticity in the nonlocal setting. We use the definitions in [CS09, CS11].

Definition 3.2. We say that 7 is a nonlocal operator if

e 7 assigns a well-defined value Zu(z) € R to a function u : R™ — R at every point
r € R" as long as u is bounded and u € C11(z),

e 1z + Zu(x) is continuous for z € 2 whenever u is bounded and u € CH1[Q)].

Remark 3.3. Recall that u € CHLQ)], if u : R® — R satisfies (2.9) in Definition 2.12 for
every x € ) with a constant A > 0 independent of x.

Remark 3.4. It is possible to replace the condition “u is bounded” with the condition
“u e LYR™, w)", ie., [pnlu(y)|w(y)dy < oo, where w is a suitable chosen absolutely
continuous weight. An important example is the weight w(y) = for a € (0,2).

We refer to [CS11] for more details.

1
1+|y|n+a

Definition 3.5. Let K be a family of kernels of the form (3.5) satisfying (3.6) and let
L be the corresponding class of linear integro-differential operators. We call a nonlocal
operator Z (uniformly) elliptic with respect to L, if the inequalities

M, (u—v)(z) < Tu(z) — Tv(z) < M} (u—v)(x) (3.9)
hold in every point # € R™ whenever the functions u, v are bounded and u,v € Ch!(x).

Example 3.6. Let £ be a class of linear integro-differential operators and assume that
it contains only operators L,g of the form (3.4) with associated nonnegative measurable
symmetric kernels K,z satisfying

/ (LA ) (0) dy < o0, where I (3) = sup K ().
RTL

(i) Fixany Log € L. Then the linear operator Zu(x) = Lagu(x) is elliptic with respect
to L as a consequence of the linearity of Z and [CS09, Lemma 4.2].

(ii) The nonlocal fully nonlinear operator

Zu(x) = inf sup Lgyu(zx),
bEJ1 a€Jo
where Ly, € L for every choice of b € J; and a € Jo, is elliptic with respect to £
(cf. [CS09, Lemma 3.2 and Lemma 4.2]). The operator Z can be found in nonlocal

Isaacs equation and plays an important role in stochastic control problems (see
[Son86]).

Next we give a definition of viscosity sub- and supersolutions for integro-differential
equations which is only slightly different from Proposition 2.6 (resp. Definition 2.4) in
Chapter 2 because of the nonlocal structure of the operators involved in this chapter.
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Definition 3.7 (|CS09, Definition 2.2]). Let Z be a nonlocal elliptic operator with re-
spect to some class £ of integro-differential operators and let f : R™ — R be a function.
A bounded function u : R™ — R is said to be a wviscosity subsolution (supersolution) of
the equation Zu = f in €, and we write “Zu > f (Zu < f) in © in the viscosity sense”,
if u is upper (lower) semicontinuous in € and

To(z) > f(x) (To(z) < f()) (3.10)

for every x € Q and every function v : R™ — R of the form

o) = 4PW) s YEN
V) {U(y% y € R"\ N,

where N C  is any open neighborhood of z and ¢ € C?(N) is an arbitrary function
satisfying

p(r) =u(z) and @(y) > uly) (p(y) <uly)) for every y € N.
A wiscosity solution is a function w that is both a viscosity sub- and supersolution.

Remark 3.8.
(i) Note that the test function v from Definition 3.7 is C1'! at x (using Remark 2.13).

(ii) For the concept of viscosity sub- and supersolutions in €2, it would be enough to
require u in Definition 3.7 to be upper (resp. lower) semicontinuous in Q2. However,
in view of Section 3.4, it is necessary to assume the resp. semicontinuity of u in 2.

We will obtain regularity results (see Section 3.7 and Section 3.8) for equations of the
form Zu = 0, where Z is a translation invariant nonlocal elliptic operator with respect to
a special class of linear integro-differential operators.

We conclude this section with two technical results for the nonlocal elliptic operators
introduced in Definition 3.5. These results will be needed in the following sections. The
first result deals with classical evaluations of nonlocal elliptic operators. The second
result is important for obtaining a comparison principle which can be used in order to
prove existence of solutions to the nonlocal Dirichlet problem (see Section 3.3). We refer
to [CS09] for the proofs.

Lemma 3.9 (|[CS09, Lemma 4.3|). Let Z be a nonlocal elliptic operator with respect to
some class L of linear integro-differential operators. Let u : R™ — R satisfies Zu > f
in £ in the viscosity sense for some function f : R — R. Assume that the bounded
function ¢ : R* — R is CY at the point x € Q and touches u from above at x. Then
Zo(x) is defined in the classical sense and Zp(x) > f(x).

Lemma 3.10 ([CS09, Theorem 5.9]). Let Z be a nonlocal elliptic operator with respect
to some class L of linear integro-differential operators. Let v : R — R be a bounded
function satisfying Zv > f in Q0 in the viscosity sense, where f : R™ — R is continuous.
Let w : R™ — R be a bounded function satisfying Zw < g in € in the viscosity sense,
where g : R™ — R is continuous. Then MZ(’U —w) > f—g inQ in the viscosity sense.
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3.2 A special Class of Operators

For fixed o > 0 and & € S"™ ! (throughout the rest of the chapter) define the set
I=1I,¢, = (By(&)UBy(—&))NS" L Let k: S" 1 — [0,1] be a measurable symmetric
function with

k() =1 if¢el (3.11)

Note that we allow k to be zero outside I. An example for a function satisfying (3.11)

would be k(&) = 1;(€), ¢ € S"L.

Let @ € (0,2) and fix two reals A, A such that 0 < A < A throughout the rest of the
chapter. A class that will be used for regularity results in the later sections is given by
the class Lo = Lo(n, A\, A, k, «) of all operators L of the form (3.4) with corresponding
symmetric kernels K € g satisfying

2= () @M < K(y) < <2—a>‘y|ﬁ+a, y € R\ {0}, (3.12)

In the case where k = 1 on S" !, (3.12) can be seen as a natural ellipticity condition of
order « for linear integro-differential operators of the form (3.4), since these kernels are
comparable to the one of the fractional Laplacian —(—A)O‘/ 2 which is the most basic
elliptic linear integro-differential operator. Note that the family of kernels from above
satisfies (3.6). An interesting observation lies in the fact that (3.11) implies the existence
of a number ¥ € (0, 5] such that

ly - &ol

|yl

In [CS09], the authors consider the case where k = 1 on S"~!. In the case of (3.12), we
do not impose a lower bound on K on the set {y € R" : % ¢ I} due to the fact that k
may be zero outside the set I.

A
K(y) > (2—-a)— 1, forally € R"\ {0} satisfying

> cos U. (3.13)
[l

For bounded u € C%!(x), the maximal and minimal operators MZO and M, have the
following simple form:

«

Mula) = Mfula) = (2= o) [ (Au(ein)” = Ne(l) Aulwin)) wldy),  (314)

R

Mg ula) = Mp,uls) = (2= a) [ (b(fh) Aulai)* ~ Adu(eiy)) uldy),  (315)
J

where p(dy) = |y|™""" dy. Au(z;-)* denotes the positive resp. negative part of Au(z;-).
Note that the condition “u is bounded” can be replaced by the condition

/ m ‘n+a dy < oo. (3.16)
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In this situation, we allow u to have some growth at infinity. However, we will formulate
our main results for bounded wu.

The factor (2—«) in (3.12) is important when o * 2 since second order uniformly elliptic
operators can be recovered as limits of integro-differential operators. To demonstrate
this fact, take any bounded function u € C?(R™) and consider for z € R™ the integro-
differential operator
2 - a)a()
(u(x+y)+ulz—y) — 2u(x))W dy, (3.17)
Rn

where a : S"~! — [0, A] is a measurable symmetric function satisfying a(&) > k(&) for
¢ € S"!. Note that K(y) = % satisfies (3.12). Using Taylor expansion, we can
write

u(z +y) =u(x) +y- Vu(z) + %yTD2u(a:)y + ¢1(y) and
u(e —y) = u(z) —y - Vu(z) + 35" D*u(@)y + ¢2(y),
where ©;(y) = o(ly[*) for y — 0, i = 1,2. Note that there exists a small 3 > 0

(independent of i) such that ¢;(y) = O(|y|**?) for y — 0. Hence, we can choose R > 0
and ¢; > 0 (independent of i) such that |¢;(y)| < e1 |y[*™ for |y| < R. Thus

|Jal = ‘ /(sol(y) + ¢2(y)) K(y) dy‘ <2(2-a)Ac / |2 gy
Br g

9 _
= 2A017anwnR2+ﬁ_o‘ a—/2> 0.

2+ 8-«

Let us split the integral in (3.17) into the domains Br and R™\ Bg. For the second part,
we have

2 —a)a(
/ <u<fv+y>+u<x—y>—2u<x>>wdyg@@_a)a_f%o,

R”™\Bp
where co =4 ||u|| Anwn¥. Note that the integral from above still vanishes as o 2
if u is not bounded but satisfies (3.16) for some o € (0,2).
For the first part, we use the expansion of u from above:

/ (u(a + ) + u( — y) — 2u(2))K (y) dy

Br
- (2 - a)a( )
— /(y D*u(z)y + p1(y) + wz(y))W dy
Br
2 —a)a(
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O/R<rn+a '2-a) / a(s)st D*u(zx)s J(ds)> dr + 7,

Sn—1

R
ri=dr s)sT D*u(x)s o(ds) + T
e[ ]
= R?« a(s)sTD2u(x)S o(ds) + Ta,

J

where o denotes the surface measure on the unit sphere. Hence,

, 2-aalpy) T
il/(mQR[(u(a: +y) +ulx —y) — 2u(m))W dy = / a(s)s* D u(x)s o(ds),

S§n—1

which is a linear operator in D?u. For a symmetric n x n matrix M, we now define

F(M) = /a(s)sTMsa(ds).

S§n—1

Set c3 = c3(n, 0) = infeegn flgg s?o(ds) > 0. We claim that F is uniformly elliptic in
the sense of Definition 2.1 with ellipticity constants depending only on n, A\, A and p.
Indeed, for every symmetric n x n matrix M and every nonnegative definite symmetric
n X n matrix N,

F(M + N) — F(M) = F(N) < A / INs| o(ds) < A|§™ | IN]) =: K [N
Snfl

Recall that || V|| = sup 4= | V5| is equal to the largest eigenvalue of N. Moreover, writing

N = SDST with an orthogonal matrix S and a diagonal matrix D = diag(ry, ..., T)
containing the (nonnegative) eigenvalues of N with 7 = || N||,

F(N) > / Me(s)(STs)TD(STs) o(ds) > X / 5T D3 o (d3)

I

> AN / #o(ds) = ey [V = XN

where E = ST¢y. Hence, F is uniformly elliptic with ellipticity constants X and A.

Similar as above, one can prove that the operators M2Jr and M, defined by
My u(x) = lim M u(x), (3.18)
a2

My u(x) = oltlfm2 M, u(x) (3.19)
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— where we assume for simplicity that u € C?(R") and bounded — are second order uni-
formly elliptic operators of the form My u(z) = G(D?u(x)) and M, u(x) = H(D?u(z))
with

G(M) = / A(sTMs)™ — Mk(s)(s*Ms)™ o(ds) and (3.20)
S’n—l

H(M) = / Me(s)(sTMs)T — A(sTMs)™ o(ds). (3.21)
S§n—1

Again, the ellipticity constants of G, A and K, depend on n, A\, A and p: Let M be a
symmetric n X n matrix and N be a nonnegative definite symmetric n X n matrix. Define
the sets

O={seS"':—s"Ns<s"Ms <0},
P={secS"':s"Ms>—sTNs},
Q={ses"!:sTMs < —sTNs}.
Then
G(M + N) — G(M) = / (A — k()T Ms o (ds) + / (Alp + Nk(s)10)s" Ns o(ds).
O S§n—1

Since the first integral from the line above is nonpositive, we obtain

G(M + N) — G(M) < (A+ ) / STNso(ds) < (A+ N) |S" | |N] = &[N
Sn—l

Moreover,

G(M + N) — G(M) > /(/\k(s) — A)sTNso(ds) + / (Alp + \k(s)1g)s" Nso(ds)
O sn—1
> / Me(s)sTNsa(ds) > X|N| =: X||N||.
Snfl

Hence, G is uniformly elliptic with ellipticity constants X, A. In addition, the following
relation holds as a consequence of [CC95, Lemma 2.2| and the fact that G(0) = 0:

My u(z) < M+(D2u(x), %, K) for every z € R", (3.22)

where M™ denotes the Pucci operator in Section 2.2.
The corresponding relations hold for M, (resp. H).

In terms of regularity, we need the factor (2 — «) for the estimates not to blow up as
a 2. To be precise: Our estimates will be uniform with respect to o € (ayg,2), where
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ap € (0,2) is some lower bound for a. As a consequence, one may prove regularity results
for solutions of second order elliptic equations by proving regularity results for solutions
of integro-differential equations.

The family of operators £y with nonnegative measurable symmetric kernels satisfying

(3.12) has some important properties which are stated in the next lemmas.

Lemma 3.11. Let f: R™ — R be a function and MZ‘O be the operator given in (3.14).
Let u : R™ — R be a bounded function satisfying MZOU > f in Q in the viscosity sense.
Let x € Q. Assume there exists a function ¢ € C*(R™) such that

o(r) =u(x) and (y) >uly) forall y e R™.

Then MZ’OU(;E) is defined in the classical sense and Mzou(ac) > f(x).
In other words: The nonlinear operator MZO can be evaluated classically in u at those
points x € 0 where u can be touched from above by a C? function.

Proof. The proof can be obtained by following the proof of [CS09, Lemma 3.3]. Let
d, = dist(x, 09Q) > 0. We write M to denote M, . For r € (0,d,) define

oo(2) = {so<z>, 2 € By ()
" u(z), ze€R"\ By(z).

Then
M v.(z) > f(x)

because wu is a subsolution. Hence,

AAv, (z;y)t AAv(z5y)”
oo>(2—a)/W—k(|g)Wdy2f(x).

Au(z;y) T
[y[nFe

Since ¢ touches u from above at z, we have

As a first step, we show that is integrable w.r.t. y:

Avp(z;y) > Au(z;y) for each y € R™.

Since v, € CY'(x) and bounded, Qv @)| g integrable w.r.t. y, which implies that

( )+ |y‘n+a
Au(zyy
ly[™*

is also integrable w.r.t. y because

|Avp(z3y)| > Avp(z3y)T > Au(asy) ™.

Au(zsy)~
ly[nte

In the next step, we show that k(‘l) is integrable w.r.t. y:

yl
We have

U2y Y) Vp\ T3 +
(2—&)/1@(&)Wdyﬁ(Q—a)/Wdy_f(x)-

R™ R7
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Fix some number ro € (0,d;). Since ¢ touches u from above at x, the function r —
Av,(z;y) is decreasing as r N\, 0. Therefore, for every r < rq

(2—a)/k(y)/mvr($;y)_dy§ (2—04)/AAUT()<:C;y)+dy—f(x). (3.23)

ly[rre

R™ R

But r — Aw,(z;y)” is monotone increasing as r N\, 0 and Av,(z;y)” / Au(z;y)” as
r \( 0. By the monotone convergence theorem:

AN (259)” Mu(xz;y)~
lir%(Q—a)/k(z')Mdy: (z—a)/k(é)wdy. (3.24)
R™ R™

™\
Using (3.23), we obtain

(2oz)/k:(y))\Au(x;y)_dyg(Qa)//Wdyf(x)<+oo.

Therefore, k(|y|)A|Z(‘ff27 is integrable w.r.t. y and so we conclude (together with the

first part of the proof) that M Tu(z) is computable in the classical sense.

Moreover, the convergence

AAv, AA
/ |v|7(iay - / |;|f+ay dy (3.25)

as r \, 0 follows by dominated convergence. Since the inequality M *v,.(z) > f(x) holds
for every r > 0, we finally conclude — using (3.24) and (3.25) — that M Tu(z) > f(x) by

passing to the limit r N\ 0. []

Before showing another important property of the operators MZO and M, we need a
technical real analysis lemma. We refer to [CS09| for a proof.

Lemma 3.12 ([CS09, Lemma 4.1]). Let J be an arbitrary index set, f € L>®(R™) and
{95} pes be a family of functions. Assume there exists a function g € L*(R™) such that
for every B € J the inequality |gs(x)| < g(x) holds for every x € R™. Then the family
{f * gs}tpes is equicontinuous in every compact set.

Using this Lemma we obtain the following result.

Lemma 3.13. Let M/} and M, be as in (3.7) and (3.8) and assume that (3.6) holds.
Let v € CH Q)] be bounded. Then MZU and M v are continuous in €.

Proof. We provide the proof of [CS09, Lemma 4.2| for completeness. Let IC be defined
as in (3.5) and assume that (3.6) holds. Let £ be the corresponding class of linear
integro-differential operators, where each Lg € L, B € J, is of the form (3.4). As in



3.2 A special Class of Operators 49

(3.6), we set K = supgey Kp. Let € >0, o €  and dy, = dist(z9,92). Consider any
z € By, ja(z0) C €2 Since v € CH1Q)], there is a constant A > 0 (independent of z as

above) such that for every |y| < dTT‘O
| Av(z;y)| < Alyl. (3.26)

Choose 19 € (0, dy,/2) small enough such that

/ AlyP K(y)dy < (3.27)

Br,

<
3

and note that this choice of rg is independent of x € deo /2(wo). For every 8 € J and
every T € deO/Q(xo), we have

Lov(x) = / Av(z; y)Ks(y) dy
J

= / Av(z;y)Ks(y) dy + / Av(z; y) Kp(y) dy
By, R™\ By,

Using (3.26) and (3.27), we obtain

wh@| < [ AP K@y <
Bry

for every € J and every x € deo/g(xo).
We rewrite w% to apply Lemma 3.12:

W)= [ (et +olz =) - 20@)Ks(w) dy
R\ By,
= (vxgp)(x) + (v* gg)(x) — 20(z)(1 * gg) (),
where g(y) = 1gm\g,, (y)Ks(y) and gs(y) = gs(—y). Note that for every f € J and
y € R, [g5(y)| < 9(y) = 1gm\,, (¥)K(y), where g : R" — Ris a L' function. Therefore,

using Lemma 3.12, {w%}ﬁe J 1s equicontinuous in €. Hence, we may choose a number
d = 0(e,x0) € (0,dy,/2) small enough, such that for every § € J and every x € Bs(zo)

the inequality w% (x) — w% (azo)‘ < £ holds. Combining the previous results, we conclude

that for every x € Bs(zo)
|Lgv(x) — Lv(zo)| < ws(@)] + [wp(zo)| + [wh(e) — wh(zo)| <&

uniformly in 8. Thus |va(x) - va(wo)‘ < e every time |z — xg| < 0. O
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Remark 3.14. Since (3.6) holds for the family of kernels satisfying (3.12), MZOu and
M u are continuous functions in (2 as long as u € C L1Q] is bounded.

The following result will be important for Section 3.5.

Corollary 3.15. Let G be a compact set such that G C Q and let oy € (0,2). Let
v € CHQ] be bounded. There exists c; > 1 such that for every a € (ag,2) the following
mequality holds:

sup | My v(z)| < er(A+ [lvll),

el

where A > 0 is the constant in Definition 2.12.

Proof. Let a € (a,2). Using Lemma 3.13, M v is continuous in €. This implies the
existence of a point zp € G such that |Mjv(z)| < |M, v(xo)| for every x € G. Since
v € CHYQ], we can find A > 0 such that

v(z0 +y) — v(z0) — Vo(xo) -yl < Aly|* for every y € B,
where r = 1 A dist(G, 092). Recall that A is independent of xy. Hence,

!Av(»:i;ay)l dy+ (2 — o)A \Av(:i;ay)!
| |yl
B B¢

< 24(2 - a)Anw, / s'7ds + 4 vl (2 — @) Anw, / 5717 ds
0 r

M o(z0)] < (2 — a)A dy

< 24NN, + > [v]| oo Anwnr—2 < ﬁAnw*(A + [[v]loo)- O
(%)) Qg

3.3 Existence of Solutions to the Nonlocal Dirichlet Problem

Recall the setting at the beginning of Section 3.2. The aim of this section is to give a

brief overview how to prove existence of viscosity solutions u € C(£2) N L*°(R™) to the
following nonlocal Dirichlet problem

{Iu(aj) =0, x el (3.28)

u(z) =g(x), xeR"\Q.

Here, g : R™\ 2 — R is a globally bounded function which is continuous in every x € 92
and 7 is a nonlocal fully nonlinear elliptic operator of the form (cf. Example 3.6)

Tu(z) = Zou(x) = inf sup Lgyu(z) (3.29)
beJr ge.,

with linear integro-differential operators L., € Lo = Lo(n, A\, A, k, ) for each choice of
a € Jo and b € Jp, where Ji, Jo denote arbitrary index sets. Note that ZO = 0, where
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70 is the value we obtain when applying Z to the constant function that is equal to
zero. Hence, M v(z) < Zv(x) < MFv(z) for every x € R” whenever v is bounded and

v e Chi(z).

Fix any ag € (0,2) throughout the section. We prove the following existence result.

Theorem 3.16. Let o € (ap,2) and assume that the bounded domain Q0 satisfies the

exterior ball condition. Then there exists a unique viscosity solution u € C(€2) N L*°(R™)
of (3.28).

Existence of solutions under similar assertions has been established in [CLD12, BCF12|.
We adapt their argumentation to our setting introduced in (3.12).

Remark 3.17.
(i) € satisfies the exterior ball condition, if there is ro > 0 such that for every w € 99

there exists z € R™ \ Q with B,,(z) N Q = {w}.
For example, 2 with C'-boundary satisfies the exterior ball condition.

(ii) The lower bound for v in Theorem 3.16 is important to construct suitable barriers
on 0f) as explained below. These barriers will be independent of « € (ay, 2).

The proof of Theorem 3.16 is based on Perron’s method which originated in local theory
to prove existence of solutions to the Laplace equation

Au=0in €, wu =g on 0
by combining the explicit formula in the special case {2 = Br and the maximum principle.

We refer to [GT01] for a general overview of this technique.

As main technical tool, we prove a comparison principle which will be crucial for the
construction of the solutions to (3.28). The corresponding result in [CLD12| is [CLD12,
Theorem 4.10].

Theorem 3.18. Let o € (a,2) and let T be as in (3.29). Assume that the bounded
functions v : R™ = R and w : R™ — R satisfy

(i) Zv > f and Tw < f in Q in the viscosity sense for some f € C(Q) and

(i) v < w in R™\ Q.
Then v < w in €.

The proof of the comparison principle in [CLD12, Theorem 4.10] is based on the con-
struction of a suitable bump function (cf. [CLD12, Lemma 4.11]). [CLD12, Lemma 4.11]
has to be adapted to our setting.

2
Lemma 3.19. Let ¢ : R" - R, p(x) = min(l, %) There exists & > 0 such that for
every o € (o, 2)
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Proof. Note that ¢ is regular enough to evaluate M ¢ classically in By. Let x € By. We
claim that Ap(z;y) > 0 for every y € R™. Indeed, if we assume x+y € By or x +y & Bo
then the claim is easily verified. For example, if © + y € Bs then
O e N 2 N i
4 4 2 2

Ap(z;y) = > 0. (3.30)
If only  +y € B, we use that ¢(z) < I and obtain

Ap(zy) = oz +y) +1—20(z) > 3.

The same holds true if only x — y € By. So, Ap(x;y) > 0 for every y € R™. Using this
fact and (3.30), we obtain for every a € (ayp, 2):

Mipo) 2 (2 a) [ Mk(h) Aplaig) n(dy)

B
=20 [ Rl ay
By
1
> 2_25‘)\/1""_1/7“ nt2—a (dy)d
0 T

where o denotes the surface measure on S*~1 and I < S”! is as in Section 3.2. This
completes the proof. O

Proof of Theorem 3.18. We provide the proof of [CLD12, Theorem 4.10] for complete-
ness. Define ¢ = v — w. Using Lemma 3.10,

Mfg>0 inQ (3.31)

in the viscosity sense. We show that supg < sup g =: N which will prove the theorem
Q R7\Q
since g < 0 in R™ \ .

Choose R > 1 large enough such that 2 C Br and define ¥(z) = ¢(x/R), where ¢ is
the bump function in Lemma 3.19. For every x € €2,

M;y(x :sup/Agpfi]y% (y)dy = "sup/Ago Rz)dz
KG’CQ KE’CO

=R'RT"*M_ p(z/R) > R™%),
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where 0 > 0 is as in Lemma 3.19. Fix any ¢ > 0 and consider

Ye(x) = N + (1 — (),

which satisfies M. = —eM; 1) < —eR™*§ < 0 in Q.

We claim that ¥, > ¢ in . Assume this is not true. Therefore, infq (1. — g) < 0 which
implies the existence of some d > 0 such that ¥ + d touches g from above at some x € 2.
Because of (3.31) and Lemma 3.9, 0 < M}l (¢ + d)(z) = M .(x). Contradiction.
Therefore, 1. > g in Q which leads to supg g < N by letting € 0. O

The next technical result deals with the construction of suitable barriers to attain the
boundary data in (3.28).

Lemma 3.20. There exist constants v > 0 and cg > 1 such that the continuous and
nonnegative function ® : R™ — R,

®(z) = min(1, co((|2[ - 1)™)")
satisfies
MI® <0 inR™\ By for every a € (ap,2). (3.32)

Remark 3.21. Note that ® in Lemma 3.20 satisfies ® = 0 in B; and ® = 1 in R” \ Bs.

Proof. The proof can be obtained by direct computation similar to the approach in
Section 3.5. However, we will avoid lengthy computations at this point by adapting
[CS11, Lemma 1 and Corollary 31] to our setting. For & € S"7! let I = I, be as in
Section 3.2, where o > 0 is fixed. For a € (0,2) let K’ = K'(n, \, A, @, 0)! denote the
class of all measurable symmetric kernels K satisfying the following condition: There
exists ¢ € S"~1 (which may depend on K) such that

(2 ) Li (B Ay < K(y) < (2 — a)AJy| ™ for every y € R" \ {0},

Note that Ko(a) C K'(«), where Ko(«) is as in Section 3.2. Let £'(«) denote the cor-
responding class of all linear-integro differential operators of the form (3.4) with kernels
K € K'(«). We just stress the dependence on « here. So if we prove the assertion for
MZ,(a)q), then this implies the assertion for MZO(CM)®.

For v € (0, %) define ¢, : R" — R,

(@) = ((Jz| = 1)F).

Note that for every r € (0,1), we can find an open set U D 0Bi4, such that ¢, |y €
C%(U), which implies — together with the fact that (3.16) holds for ¢, with a € (ap,2)
arbitrary — that M;(a)gpfy(x) is well-defined for every a € (v, 2) and every z € 9B 4,.

"We thank R. Schwab for proposing this class of kernels.
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Claim 1: Choosing v € (0, %) and 7 € (0, 1) sufficiently small, we obtain

Mz,(a)gofy(x) < 0 for every x € 0Bi4, and « € (ayp, 2).

Since the operator M f(a) is rotational invariant, it is sufficient to prove the claim for

xo = (1 +7)e1, where e; denotes the first unit vector. We consider two steps:

Step 1: In this step, we choose the number r € (0,1) appropriately. Define a function

Iy :R" = R,
—N, z| <1
lN(J}): ‘ |
log(lz] — 1) v =N, |2] > 1,

where N > 0 will be chosen below. Note that M;(a)l ~N(zo) is well-defined for every
€ (0,1) if N > —log %, because Iy |pr € C*(U’) for some open set U’ D OBy, and Iy
satisfies (3.16) for arbitrary a > 0.

Choose any r € (0,1) and N = N(r) > —log 5. For £ € S"~! define

M;’glN(SL‘O) = 0161/1112 M;igl]v(ﬂio),

where M;{lN(:UO) = (2—a) [pa (AN (205 )T —)\]llé(‘—zl)AlN(xo; y) 7 )u(dy) (cf. (3.18)).
It is easy to see that MZ(Q)ZN(.’E()) = SUPgegn-1 MgglN(SUO)' Using (3.22) with k = 1,
in (3.20), we obtain

M;EZN(QUO) — —00 as |zo| (1 (and N — c0)

uniformly in ¢ € S"~!, because

My (x0) < M*(D?ly(x0), 2, ) and M*(D?log(|ao| — 1), 2, ) = —o0 as |20 \, 1.

Recall that M denotes the maximal Pucci operator and A = Acg, A = (A + A) (S
with c3 = infecgn f[g s?o(ds) > 0, where o denotes the surface measure on S"~1.

So we may choose r € (0,1) sufficiently small (depending on A\, A,n and p) and take
any N > —log 5 such that there exists a1 € (ap,2) with MZ/(Q)ZN@O) < —1 for every
a € (a1,2]. By choosing N > —log § sufficiently large, we can also make sure that
MZ,(Q)ZN(:L'()) < —1 for every « € [ap, a1]:

For £ € S" 1 set S = {y e R™: |Z—‘ € I¢ Nxg+y € Bi}. After another possible decrease
of r (depending on p), we can find v > 0 independent of £ such that |S¢| > v. Let
a € [ag,aq] and K € K'(«). We write

Lm@wz/mm%mfmw@/mmmm<mw@
Rn Rn

=:J1+ 379
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and estimate —J3: According to the definition of K, there exists £ € S"~! such that

~322 22— a)h [(N = logr)” ol dy = 2(2 - AN +logr) [ ly] 7 dy
Se Se
v
2 2(2 — Oél))\(N + log T)W,
where we note that y € S¢ implies 7 < |y| < 2+ r. Hence, Jo — —o0 as N — o0
uniformly in €. J; on the other side can be estimated from above by some number
c=c(n,A,ap) > 1 because Iy |7 € C*(U’) and Iy satisfies (3.16) for arbitrary a > 0.

Hence, we can choose NV > —log 5 large enough (depending on n, A, A, 0, ap and 1) such
that MZ,(Q)ZN(l‘o) < —1 for every a € [ag, a1]. The choice of r and N is now complete.

Step 2: It remains to choose v € (0, %). Let v € (0, %) be arbitrary for the moment
and let N,r be as in the end of Step 1. Define v, : R" — R,

-1
o) = 2B =Ly
v
Then
lim vy () =log(|z| = 1) V =N = Iy(z)
N0

for every |z| > 1 and this convergence holds locally uniformly. Note that % m) loga
for every a > 0.

Assume that Claim 1 does not hold. Then there exists a sequence (7;)jen, v; € (0, F),
converging to zero and a sequence (a;)jen, ¢ € (ag,2), such that M;f,(aj)cpvj (xg) >0,
and thus MZ,(%)UW > 01in Q = By(144) \ Bi4r. Take a subsequence () (which we do
not relabel) such that a; — @ € [, 2] as j — oo. Using the fact that v,, — Iy locally
uniformly as j — oo, there exists jp € N with the property that for every j > jg there
exists a small number 6; € R (converging to zero as j — oo) such that [y + J; touches
vy; from above at a point z; € B, 5(z0) Q. Set 1; = 5 —[z; — 7o| and note that r; — 3
as j — 0o. We can now proceed as in the proof of [BCF12, Theorem 4.6]: Assume first
that @ < 2. Hence, there exists j1 > jo and a number & € (ap, 2) such that a; < a for
every j > ji. Since Mz,(aj)v%. (zj) = Supgegn M:{j’ng () > 0, we see that for every

e > 0 there exists a sequence (&;) with & € S"! such that for every j > ji

AAvy (zj5y)T = Ay, (1) Avsy, (z559)”
—e < (Qaj)/ LA | ’nféj R dy
R™ Y
AAnj(zj;y)" — ALy, () Anj(2559)~
< (2 - a]) / |y’n+g¢J Y dy
BT]'
AAv, (xj59)T — My, (%) Avy, (z55y)”

R™\B:,



56 3 Regularity Estimates for Nonlocal Fully Nonlinear Elliptic Equations

where n; = Iy + §;. Note that Anj(zj;y) = Aln(zj;y) for every y. Since S"7! is
compact, we may take a subsequence (£;) (which we again do not relabel) converging to
some ¢’ € S*=1. The first integrand from above is bounded by the integrable function
Aly[* ™ for some A > 0 since IN|B, )o(x0) € C?(B,2(w0)) and By, (z;) C B, ja(xo).
Moreover, we can bound the second integrand by an integrable function ¢ since

[0, (2)] [ (iel=17-1 ] ( L L )
- < [N+ su 1 +
14 |z"t Ogygp% v U==2E ]y oo T |22

1 1
2 ap/2 .
= [N + CTO(’Z’ - 1> o/ ]l{|z>2}:| (1 + ‘Z‘n-&-ao + 1+ Z|n+2) _' g(z)

for every z € R™ and every j € N. Since §; — &', r; — § and x; — 20 as j — oo, the
dominated convergence theorem implies

— < Mgé/l]\[(xg) < MZ’(E)ZN(xo)'

As ¢ is arbitrary we conclude M}/, (a)l ~N(zo) > 0.

If @ = 2 we start again with (3.33) and argue in a similar way as in the discussion

following (3.17) to obtain
—e < lim M

j—oo Y

&V (z) = M;§/ZN($0) < Sélp 1 M;,élN(CL‘o),
£esn-
which gives supgegn-1 MgrélN(xo) > 0 since ¢ is arbitrary.
But both cases (@ < 2 and @ = 2) contradict the result in Step 1. Claim 1 is now proved.

Claim 2: Let r,7y be as in Claim 1. If 1 < || < 1 4 r, we obtain the same result as in
Claim 1.

We prove Claim 2 by the same scaling argument as in the proof of [CLD12, Lemma 4.15].
Let  be a point such that (1+7r)z = (1+sr)zg, where s € (0,1) and xy € 9B14,. Hence,

|z| =14 sr. Define sy = 11*;5[ and set

v(y) = 5o ¢y (s0y) = ((ly] = s0™) ).

Note that v(y) < ¢ (y) for every y € R". We translate v such that it remains below ¢,
but touches it in a whole ray passing through x and xy. We still denote this translation
v. Let a € (o, 2). Then

MZ/(Q)SO')/(x) = Ssup /(907(55 +y) + py(z —y) — 204 (2)) K (y) dy

KeK! (@),
=53 sup [ (=) + o0 — 20(2)) K o) dy
KeK'(a)
R
<s0™ sup /(@7(58 +2) +oy(5 —2) — 2@7(£))K(302) dz
KEIC’(&)Rn

+ e _
=5y sy aM;(a)%(ﬁ) =59 QMZ(Q)@W(JUO) <0,
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where the last inequality holds because of Claim 1. Claim 2 is now proved.

We finish the proof by choosing ¢y = r~7 in the definition of ®, where r € (0,1) and
v € (0, %) are as in Claim 1. Because of Claims 1 and 2, (3.32) holds for z € B4, \ Bi.
Since @ attains its global maximum at every point z € R™ \ Biy,, (3.32) also holds for

z €R"\ Bi,. O

The proof of Theorem 3.16 now follows exactly as in [CLD12, Theorem 4.12]. We again
provide the proof for completeness.

Proof of Theorem 3.16. We denote by C* () the set of all functions v : R™ — R which
are upper semicontinuous in €. Let o € («,2) and consider the operator Z = Z, in
(3.29). Let S be the set of all viscosity subsolutions of the equation Zv = 0 in Q with
boundary data smaller than g:

S={velCT(Q)NL>®R") : Zv > 0in Q in the viscosity sense and v < gin R\ Q}.

S is non-empty because v = —||g[|,, € S. Now set u(x) = sup,cgv(z) and define the
upper semicontinuous envelope of u in €2 by

li\r‘% sup{u(&) : £ € B, (x)NQ}, z€Q

u(x), xeR™\ Q.

u(r) =

u is the smallest function w € CT () such that w > w in R™. Analogously, the lower
semicontinuous envelope of u in 2 is defined by

() = }1{‘% inf{u(¢) : €€ B,(z)NQ}, z€Q
ul@) z € R\ Q.

Note that [CLD12, Theorem 4.13 and Theorem 4.14] are applicable to our situation.
Using [CLD12, Theorem 4.13], we obtain Zw > 0 in € in the viscosity sense which
implies 7 € S and therefore @ = u by the definition of u. [CLD12, Theorem 4.14| implies
that Zu < 0 in  in the viscosity sense since u € S is the biggest subsolution. Using the
comparison principle (Theorem 3.18), the aforementioned result implies that u > u in €.
Therefore, w = u = @ in R™ which implies u € C(Q2) N L>®(R") and Zu = 0 in § in the
viscosity sense.

We now prove that the boundary values are attained in a continuous way. We claim that
for every € > 0 and every x € R™ \ Q, we can find bounded barriers v : R" — R and
w : R™ — R such that

(i) Zw < 0 and Zv > 0 in Q in the viscosity sense,
(ii) w>gand v < gin R"\
(i) w(z) < g(x) + e and v(z) > g(x) —e.
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Assume for now that we already proved this claim. Note that v € S and — in combination
with the comparison principle — we obtain from (i) and (ii) that v < u < w in R™. This

proves that u = g in R™ \ by letting € N\, 0 in (iii). In particular, u € C'(2) N L (R™)
and u satisfies (3.28).

We prove (i)-(iii) for w. If z € R\ Q, we define

wly) = {Ilg\loo , yF

g(z), y=u=

w is lower semicontinuous in R” and Zw < 0 in € in the viscosity sense. (ii) and (iii) are
trivially satisfied.

Now assume that x € 9 and let ¢ > 0. Since € satisfies the exterior ball condition, there
exist 79 € (0,1) (independent of x € 9Q) and & € S"~! such that B, (z + ref)NQ = {z}.
Note that dist(2, z + 7o) > 7. Define

w(y) =2 llglle @ (D) + g(a) +¢,

where 0 < r < r¢g and @ is the function in Lemma 3.20. We will choose r € (0,7)
sufficiently small such that w satisfies (i)-(iii).

(1) is satisfied (for each choice of r € (0,rg)) because every x € 2 satisfies the inequality
|z — (z 4+ r&)| > r, which implies

Tw(#) < MFw(@) = 2|lgl roMFe (Z429) <o

by Lemma 3.20 and the ellipticity of Z with respect to Ly. (iii) is trivially satisfied since
® = 0 on S” ! by Remark 3.21. It remains to prove (ii). Since g is continuous on 9%,
we can choose § > 0 such that

lg(z) — g(x)| <e whenever z € Bs(x) N (R"\ Q). (3.34)

Recall that ¢ is only defined on R™ \ Q. Choose r € (0,79) small enough such that
By (z + 1) C Bs(z). Let y € R™\ Q. We consider two cases:

e Assume that y € Bs(z) N (R™\ ). Then w(y) > g(z) +¢ > g(y). Note that the

first inequality holds because ® is a nonnegative function and the second inequality
holds because of (3.34).

e Assume that y € (R"\ Bs(x)) N (R™\ ). Then y € (R™\ Bay(z +7£)) N (R™\ Q)
by the choice of r from above, which implies that w ¢ Bs. Therefore, by
Remark 3.21, w(y) > [|gll > 9(y)-

The choice of v in the respective situations is now obvious.

It remains to prove uniqueness of the solutions to (3.28). Assume that there are two
solutions u; and ug of (3.28). Since Zu; > 0 and Zug < 0 in © in the viscosity sense
and u; = ug = g in R™ \ Q, we can apply Theorem 3.18 and obtain u; < wug in R™.
Interchanging the roles of u; and wuo gives the reverse inequality. Hence, u; = wugo in
R™. O
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3.4 A nonlocal Aleksandrov-Bakelman-Pucci Estimate

As in the local setting, we need a specific tool to prove Holder regularity. We already
observed in Chapter 2 that the ABP estimate (see Section 2.3) leads to a Harnack
inequality which gives an interior Holder regularity result. Taking a look back at the
proof of the ABP estimate, we observe that the second derivatives of the concave envelope
of the negative part of the solution u are controlled by the equation itself. We can not
expect our integro-differential equations to provide such a control since the order of the
equations is less than 2. However, we will obtain an estimate in this section that can be
seen as a nonlocal version of the ABP estimate.

We repeat the setting introduced in Section 3.2: Fix some o > 0, & € S~ ! and define
the set I = (B,(&) U B,(—&)) NS™ L. Let k: S*~1 — [0, 1] be a measurable symmetric
function satisfying (3.11). Fix numbers 0 < A < A and let a € (0,2). Consider the class
Lo = Lo(n, A\, A, k, ) defined by condition (3.12). Set u(dy) = |y|”""* dy.

Throughout this section we work with the following assumptions:

Let f : R® — R be a measurable, bounded and positive function. Let u : R® — R be
a measurable and bounded function that is upper semicontinuous in By with v < 0 in
R"™\ By and u™ # 0. Assume further that u satisfies M u > —f in Bj in the viscosity
sense. Let I' : R” — R be the concave envelope of u™ in Bs defined by

I'(x) inf{p(z) : p is affine and p > u™ in B3}, x € Bs
€Tr) =
0, x € R™\ Bs.

Define the contact set of w and I" in By by ¥ = {u = I'} N B;. The next lemma is the
key tool for obtaining the nonlocal ABP estimate.

Lemma 3.22. Let pg € (0,1) and rj = pgﬂfﬁ*j, j € Ng. For z € R" define the rings
Rj(x) = By, (v) \ By,,, (%) and the subsets R]I(x) ={y € Rj(z): ﬁ elrl}.

There is a constant Cy = Co(n,|I|, po, A) > 1 such that for every x € ¥ and every A >0
there is an index j € Ny with

‘R]I(a:) N{zeR": u(z) <u(z)+(z—xz) VIl(x)— Ar?}‘ < Cof(Ax) ‘le(x){ , (3.35)

where VI'(xz) € R™ is an arbitrary vector satisfying I'(z) < I'(x) + (z — z) - VI'(z) for
every z € Bs.

We remark at this point that the concave envelope I' will not be as regular as the
corresponding envelope in the local setup introduced in Chapter 2.

Remark 3.23. Note that VI'(z) = Vu(x) for € X if u is differentiable at the contact
point x.

Proof of Lemma 3.22. We adapt the proof of [CS09, Lemma 8.1| to our setting. Accord-
ing to Remark 2.15, there exists a supporting hyperplane for —I' at every point € Bj
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since B3 is an open convex set and —I' is a convex function in Bs. Hence, for every
x € Bj there exists an affine function p such that

p(z) =T(z) and p(y) >T(y) foreveryy € Bs.

Let x € ¥. Since u can be touched by a supporting hyperplane from above at x (since
u(z) = I'(x) = p(x) for an affine function p with p > u™ in Bj), Lemma 3.11 implies
that M u(x) is defined classically and

Mju(e) = (2~ a) [ (Adulziy)* = N() Au(wi o)) uldy) = (o)
R’ﬂ

Note that if both  +y € Bs and z — y € Bs, then

Au(z;y) < p(z +y) +plz —y) — 2p(r) = 2p(z) — 2p(x) = 0.

Moreover, if either x +y & Bs or x —y & Bs, then x +y ¢ By and x — y ¢ By. Thus
u(x+y) < 0and u(z—y) < 0 according to our general assumptions. Hence, Au(z;y) <0
for every y € R™ which implies

~fa) < Mula) = ~(2 - o) [ () Au(asn)” u(dy)
Rn

<—(2-a) / Ak (qim) Au(z; y) ™ p(dy).
Brg

Recall that ro = pp2~ /2=, Since |J R]I.(O) C B,, and R§(0) NR(0) =0 for j #1, we
§=0
obtain from the inequality above

f@ = @-any [ K Auwy) udy) = @- Ny [ Aulwiy) utdy)
7=Ri(0) 7=CRi(0)
(3.36)

where the last equality holds since k(ﬁ) = 1 for each y € RJI (0), j € Ng. We want to
estimate the integrals appearing in (3.36). First note that for each y € R}’-(O)

0 < Au(z;y)” = —Au(z;y) = —[u(z+y) —u(@) —y-VI(2)] = [u(z—y) —u(z)+y- VI (2)]

and each term in the brackets above is nonpositive because of the concavity of I". For
example,

u(lz+y)—ulx)—y -VI(z) <T'(z+y) —T'(z) —y-VI(x) <0 forally € RJI-(O).
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We use the argument from above to estimate each integral in (3.36):

/Auxy /Aua:y (dy)

RI RI
> / (u(e +y) —u(2) =y - V(@) u(dy).
RI(0)

Let us assume that the assertion of Lemma 3.22 fails, i.e., for every Cy > 1 there are
x € X and A > 0 with the property that for every j € Ny

|RL(0) N D;| > CoL¥ |RE(0)

(3.37)
where Dj = {y € R" 1 u(z +y) < u(x) +y-VI(z) - ATJQ-}. Take any Cp > 1. Choose
x € 3 and A > 0 such that (3.37) holds for every j € Ny. Then

- [ ety )y VP ) 2 - [ oI g,
RL(0) R} (0)ND;

37)

> Ar? Arrr=ecy L | RL0)]

7- W |R}(0) N D; \ 2
=i "G f(x)co |R; (0)] = ri " Cof (x)eo |Bi| (1 —27")
= ciry 2 Cof (x),
where ¢g = cp(n,|I]) € (0,1] such that !RJI(O)’ = co|R;(0)] and ¢1 = ¢o |By| (1 —277).
Hence,

fl@) > (2—-a) )\Z / T u(dy) > c1(2—a)ACy f(x Zr e
j= OR,_() J=0
(2—0[)\Cof Z a2—lg2a)
=0
C — . —(2—a)\j
= AR 2o fa) 32 Y
=0

C1 2 -

> 7>\p0m CO f(ﬂj) > C2 CO f(ﬂf),

where the last inequality holds with a constant ca = ca(n, |I|, po, A) > 0 because o +—
% remains bounded below for a € (0,2). By choosing Cy large enough, we obtain
a contradiction. O

The goal of this section is to find a specific covering of the contact set {u =I'} N B; by a
finite number of cubes. This covering will be used in Section 3.6 to prove a result similar
to Lemma 2.27. We need the following lemma:
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Lemma 3.24. Define R = By \ By, and Rl = {y e R: ‘—z| € I}. There exists
I = I(n,|I|) € (0,3) such that for every concave function G : By — R and h > 0
satisfying

[{z € R : G(z) < G(0) + 2 - VG(0) — h}| < I |R!

the inequality
G(y) > G(0)+y-VG(0)—h
holds for every y € Bj.

Remark 3.25. Note that the assertion of this result is weaker than the corresponding
one of [CS09, Lemma 8.4]. This is due to the geometric restriction imposed by the set I.

Proof. Choose [y € (0, %) sufficiently small such that for every y € By, one can find two
points y1,y2 € R’ such that

o y=(y1+12)/2
e By, (y1) and By, (y2) are contained in RI.
(Construction: Start with center zero and choose suitable yo € B3 N R! such that for
4

sufficiently small Iy € (0, %), Boy, (y0) and Bayy,(—yo) are completely contained in RI.

Hence, for every y € By, one can find y; and y2 as above (see Figure 3.1).)

Blo \(yl)

Blo (y2)
Figure 3.1: The balls By, (y1) and Bj, (y2).

We claim that [ € (0,1y) can be chosen small enough, such that for every y € By, y; and
Y2 as above, every concave function G : By — R and every h > 0 satisfying

[{z € R : G(z) < G(0) + - VG(0) — h}| < I|R], (3.38)
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there will be two points 21 € By, (y1) and 22 € By, (y2) with the following properties:
(i) y= (21 +22)/2,
(ii) G(z1) > G(0) + 2 - VG(0) — h, and

(ili) G(22) > G(0) + 22 - VG(0) — h.

We prove the claim as follows: Choose [ € (0, ly) sufficiently small such that ‘Rl ‘ < @.

Let y € B;. Choose y1,y2 € R with y = (y1 + v2)/2 and By, (y1) C R, By, (y2) C RL.
Let G : B1 — R be a concave function and h > 0. We define

Dy ={z € By,(y1) : G(21) > G(0) + 21 - VG(0) — h} C R,
Dy = {2z € By, (y2) : G(22) > G(0) + 22 - VG(0) — h} C RL.

Using (3.38) and the choice of [ from above, we obtain |D;| > By ZO| and |Da| > ’Blo‘

It is clear that for every point z; € By (y1) there exists a pomt 2o € Byy(y2) such that
Yy = % We want to find points z; € Dy and z5 € Ds such that y = % Let
us assume that this is not possible. Hence, for every z; € D1 we can only find a point
29 € Byy(y2) \ D2 such that y = 2322 This implies that

|Bl0|

|Bio(y2) \ D2| > [D1] > 5

This is a contradiction to the fact that |Da| > |Bl | . This proves our claim.
For z1 € By, (y1) and 22 € By, (y2) satisfying (i)- ( i), we finally have

am:G(“;@)z;mmHéGm)
> G(0) —|—%(z1+zg)-VG(O) —h=G(0)+y-VG(0) — h. O

A simple scaling argument leads to the following generalisation of Lemma 3.24:

Corollary 3.26. For z € R" and r > 0 define R.(x) = B,(z) \ B,)2(x) and the subset
Rl(z) ={y € R.(2): ‘y xl € I}. For every concave function G : By(z) — R and h > 0
satisfying

[{z € Rl(z) : G(z) < G(z) + ( — 2) - VG(z) — h}| < I|RL(2) (3.39)

the inequality
Gly) = G(z) + (y —=z)- VG(z) — h

holds for every y € By.(x), where 1 € (0, %) is as in Lemma 3.2/.

Proof. Let R and R’ be as in Lemma 3.24. Consider any concave function G : B,.(z) — R
and h > 0 satisfying (3.39). Define the functions ® : R — R,(z), ®(y) = ry + x and
G:B; — R, G(y) = G(ry + x). Since

" |R'| = |®(R")| = |Rl(2)],
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(3.39) is equivalent to
{z e R :G(2) < G(0) + 2 - VG(0) — h}‘ <1|R!|.
We finish the proof by using Lemma 3.24 and rescaling. O

Lemma 3.22 and Corollary 3.26 lead to the following result:

Corollary 3.27. Let py € (0,1) be arbitrary and I € (0,3) be as in Lemma 3.24.
There exists a constant C1 = Ci(n,|I|,po,A) > 1 and for every x € X there is r €

(0, po2~ =) such that

{y € Rl(z) s uly) <u(@) + (y —2) - VI(z) — C1f(x)(Ir)?}|
| Rl (2)]

<1 (3.40)

and
VT (B ja(2))] < (8C1)" ()" | Bipya()| (3.41)

where RL(x) is defined as in Corollary 3.26.

Proof. Because of Lemma 3.22, there is a constant Cy = Cy(n, |I], po,A) > 1 and for
every € ¥ and every A > 0 there exists some 7 € (0, pp2~ "/ 2~%)) such that

[y € Rl(x) : uly) < u(@) + (y— o) - VI (@) — A?}] < Co L2 [R](x)].
By choosing A = %(m), we obtain (3.40) with C = %.
Now let us prove (3.41). First note that for every z € ¥ and every h > 0, the set
{y €R": T(y) < T(&) + (y — 7) - VI(x) — h)

is a subset of
{y e R": u(y) <u(z)+ (y—x) - VI(z) — h}.

Using this relation and (3.40), we conclude that there is a constant C; > 1 and for every
x € ¥ there is some 7 € (0, pg2~ /=) such that

{y € Ri(z) : T(y) <T(2) + (y —x) - VI (2) — C1f(x)(Ir)*}]
| R ()]

<. (3.42)

Let € ¥ be arbitrary and choose r € (0, pg2~'/2=%)) such that (3.42) holds. Because
of the concavity of I" and (3.42), we may apply Corollary 3.26 for G = T" and h =
C1f(z)(Ir)%. We obtain

L(y) = T(z) + (y —x) - VI (x) = C1f(a)(Ir)?



3.4 A nonlocal Aleksandrov-Bakelman-Pucci Estimate 65

for every y € By,(z). At the same time,
I'(y) <T(z) + (y —x) - VI(x)
for every y € By,(z) because of the concavity of I'. Hence,

IT(y) — T'(z) — (y — ) - VI'(z)| < C1f(z)(Ir)?* for every y € By, (z).
Recall that f is a positive function. Lemma 3.28(ii) from below completes the proof. [J

Lemma 3.28. (i) Let G : Bgr(z) — R be a concave function. Then

o VG < 7o Gl (3.43)
(ii) Let G : Br(x) — R be a concave function satisfying
Gly) — G(z) — (y —x) - VG(z)| < KR? (3.44)
for every y € Br(x) with some K > 0. Then

|VG(Bpgya(z))| < (8K)" |Brya(x)| - (3.45)

Proof. (i) Without loss of generality we assume z = 0. Set M = sup,cp, [G(y)|.
Let y € Bryy. Given h # 0, choose numbers s < 0 < ¢ such that |y + sh| = [y +th| = R
Using the concavity of G, we have

—M < G(y + sh) < G(y) +sh-VG(y) < M + sh-VG(y).

In addition,

R
\Sh\Z’ersh\—\y\ZR—g:;-

These estimates still hold when we replace s by ¢t. Hence,
2M 2M|h! _ 2M |h| - 2M |h| 2M 2M |h|

< 27 — >0 > .
VGly)-h s s || S| = Rjg A VGQH)-h t = R/2

This implies |VG(y) - h| < 2%'5 | = 4M |h| which is equivalent to w < 4M . Since

this estimate holds for every h # 0, We conclude

AM
G < —.
VGl <

(ii) For y € Bp(z) define G(y) = G(y) — G(z) — (y—x) - VG(x). Note that G is a concave
function in Br(x). Let z € Br/s(z). Using (3.43) and (3.44), we obtain

<2 sup GW) - G) - (y— 1) VG(x)| < SKE.

IVG(2) — VG (z y_‘va ‘ 7,5
(@
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Therefore,
VG(Bgy2(x)) C Bsi(ry2)(VG(2))
which implies
[VG(Brya(2))| < [Bsk(ry2)(x)] = (8K)" | Brya(x)
which proves (3.45). O

)

As a consequence of this corollary, we derive a theorem which can be considered as a
nonlocal version of the ABP estimate from Section 2.3, cf. Theorem 2.17. Recall the
assumptions on v and f made at the beginning of this section.

Theorem 3.29. Letl € (0, %) be as in Lemma 3.24 and assume 0 < pg < 164”. There are

constants Cy = Co(|I|, X\, po,n) > 1, v =v(|I|,n) € (0,1) and a disjoint family of open
cubes (Qj)j:17,,.7m, m € N, with diameters 0 < d; < 002~ =) " covering the contact set
Y in a way that the following properties hold for every j =1,...,m:

(i) TNQT #0, (i) [VT(@7)] < Calsup ) |
QI
(iii) [{y € nQ” : uy) = T(y) — Ca(sup )dj}| = v [nQ’|, where n = (1+ F)/n.

Q]
Remark 3.30.
(i) Recall the definition of enlarged cubes tQ, t > 1, provided in Section 1.4.

(ii) Note that Theorem 3.29 is formulated for subsolutions in Bj. Using a scaling
argument, a similar assertion holds when considering subsolutions in By /; as in
Section 3.6. In this case pg is replaced by 24/npg. To be precise: Let v : R™ — R
be a measurable and bounded function that is upper semicontinuous in % with
v <0inR"\ By s and v™ # 0. Assume further that v satisfies Mfv > —f in B, 5
in the viscosity sense, where f : R” — R is a measurable, bounded and positive
function. Let I', be the concave envelope of v™ in By 4. Define u(z) = v(2y/nz)
and T'y(z) = T'y(2y/nx). Hence,

uw<0inR"\ By and MIu> —f in B in the viscosity sense,

where f(z) = (2y/n)*f(2y/nz). We apply Theorem 3.29 to u: Let (Q7), (d;),
Cy > 1 and v > 0 be as in Theorem 3.29. Define the cubes Q7 = {2\/nz : € Q7}
with corresponding diameters D; = 2y/nd;. Using (ii) and (iii) in Theorem 3.29,
we obtain (after rescaling)

VT (Q7)| = [VTu(@))] < Calsup )" Q7] < 4nCafsup )" ||
Qi QJ
=: Ca(sup /)" |Q'|
Qi
and ' . '
{y € nQ” 1 v(y) > Tu(y) — Ca(sup f)DF }| > v [nQ’|.
o))



3.4 A nonlocal Aleksandrov-Bakelman-Pucci Estimate 67

Proof of Theorem 3.29. The proof follows the one of [CS09, Theorem 8.7]. In our context,
the main constants additionally depend on |I|. Let C; > 1 be as in Corollary 3.27. Set
c1 = (8C1)™ and ¢g = 16C,. We prove the assertion of the theorem with Cy = ¢in™
I
and v = (1 — l)%(&/ﬁ)_”, where R’ is as in Lemma 3.24. Let Q; be a finite disjoint
family of open cubes () with diameter d; = p02_1/(2_a) and the property By C UQ1 Q.
Let @) C Q; be the subfamily of all cubes @ with QNX # (). We decompose every cube
in Q) which does not satisfy both conditions (ii) and (iii) from above into 2" subcubes
of half diameter. Now, let Qs be the family of these newly created subcubes plus those
cubes from Q] that do satisfy both conditions (ii) and (iii) from above (and hence were

not decomposed). We repeat this procedure and obtain a sequence of families

Q1,92,93,...

We claim that there is an index k € N with Q; = Q4 for all ¢ € N. In this case, we set
m = # Q. Let us assume that no such index k € N exists. Then there exists a sequence
of cubes @’ with diameter d; = 27771d; and for every j € N the following properties
hold:

a) Q7D Q™
b) QI N #,
c¢) @’ violates (ii) or (iii).

Let g € ﬂjeN @ We prove that z¢ € ¥: First of all, it is clear that xy € B;. To prove
the fact that o € {u =I'}, we consider a sequence (z;);jen with

xle@ﬂz, .Z'QG@QZ,

(x) is a Cauchy sequence because of properties a) and b). Hence, z; EEN xo. Using
the upper semicontinuity of u in By and the fact that x; € ¥ for every j € N, we obtain

u(zo) > limsupu(x;) = limsup I'(z;) = I'(2o).
Jj—00 Jj—00

At the same time, u(zg) < T'(zg) because I' is the concave envelope of u™. Thus,
zg € {u = T'}. Finally, if 9 € S*"! then I'(zg) = u(z¢) = 0 which implies ' = 0 and
ut =0 (contradiction). We conclude g € 3.
We now derive a contradiction by showing that one of the cubes of the sequence from
above satisfies (ii) and (iii).
Using Corollary 3.27, there is a number r with 0 < r < pg2~ /(2= such that

[{y € R(z0) : u(y) < u(zo) + (y — wo) - VI (z0) — C1f(xo)(Ir)?}] <
| R (o) -

(3.46)

and

‘VP(BZT/Q(Q;O))‘ < c1f(zo)" ‘BZT/Q(‘TO)‘ . (3.47)
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Fix an index jp € N such that

Ir Ir
Therefore,
By, ja(w0) D Q%,  By(z0) C nQ%. (3.48)

We prove (3.48). Note that we may assume that z is a vertex of QJo.
e Since dj, < %, we easily see that Qi C By, a(w0).

e To prove the second inclusion, let Z be the center of the cube Q0 and ¢ > 0. If

djj dj, 2\/ﬁr
> <—c>1 ,
2\/’5 T 2\/ﬁ ezl dj

we ensure, that the larger cube cQ’° with center Z contains B, (zo). Note that

2y/nr - 2y/nr 8yv/n Ir

C

1 1 =1 i di, > — .
R P Y B
So we may choose ¢ = n = (1 + $)/n which proves the second inclusion. Note
that ;\% is half of the edge length of Q7. See Figure 3.2 for a visualisation of the

previous arguments.

ano

Figure 3.2: Visualisation of (3.48) with d;, = I

Note that nQ7 C B since

ndj, < (1+%)vnpo < (1+ Hvnt- < 2 <1
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and xo € By. Recall that I'(y) < u(xo) + (y — zo) - VI'(x0) for every y € Bs because of
the concavity of I" and the fact that I'(xg) = u(zp). Using (3.46), (3.48) and the relation
between dj;, and r, we obtain

[{y € 1Q™ : u(y) > T(y) — Calsupgs; f)d;,}|
> H{y € nQ” : u(y) > u(wo) + (y — xo) - VI'(z0) — caf (o)
> [{y € Br(w0) \ Brja(wo) : uy) > u(zo) + (y — o) - Vf(ﬂco) — C1 f(wo)(Ir)*}|
> {y € Rl (z0) : uly) > u(wo) + (y — x0) - VI (w0) — C1 f(x0)(Ir)*}|

‘RI (z0) ‘—Z‘RI (zo ‘ (1-— }RI (zo |>V‘T]QJO‘

(l7”) }’

Y

Moreover, using (3.47) and (3.48), we obtain
< | V(B ja(z0))| < c1f(z0)" | By ja(wo)]

< ci(sup f)" [n@Q7°| = Caf sg)f )™ Q7).
QJo QJ0

Therefore, Q7 satisfies (i)-(iii) with Oy, v from above. Contradiction. O

v (@Qr)

Remark 3.31. Assume the positive function f : R™ — R in Theorem 3.29 to be con-
tinuous in addition. In this case, letting o 7 2, we obtain the classical ABP estimate
(Theorem 2.17) as a limit of Riemann sums (see also [CS09, Remark 8.8]): Note first that
the upper bound pg2~1/2=% for the diameters of the cubes in Theorem 3.29 decreases
when « approaches 2 from below. Applying Theorem 3.29, we obtain for every a € (0,2)

IVI(Z)| = [VI'({u =T} N By)| < || VI(QY)]
j=1

i\ Q)| <c Zm:supf @]

where m € N, the family of cubes (QJ )j=1,...m and the constant C5 are as in Theorem 3.29.
Recall that C5 > 1 does not depend on a. As « * 2, the cube covering of the contact
set {u = I'} N By is getting closer and closer to {u = I'} N B; and the estimate from
above leads to

VI(E)| < O, / (f(z))" da. (3.49)
{u=I"}NB1

Modifying the proof of Theorem 2.17 leading to (2.20), we find a constant ¢(n) > 1 such
that (together with (3.49) and Remark 3.32 from below)

suput < e(n) [VI(B)[Y" = e(n) VI ({u = T'} 0 By)|M/"

By

< cl< / (f(x))”d:c) v with ¢1 = c(n)Cy/".

{u:F}ﬂBl
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Remark 3.32. Note that
VI'(ByN{u=T}) = VI(B). (3.50)

This can be proven as follows: Let z¢p € By such that VI'(zg) = a for some a € R".
We want to find a point # € By N {u = I'} such that VI'(z) = a. Since VI'(zg) = a,
there exists — by definition of the concave envelope — an affine function p of the form
p(y) = a-y+ b, where b € R, which is a supporting hyperplane of I" at x¢ in Bs, i.e.,

p(zo) =T'(z0) and I'(y) <p(y) for every y € Bs.

We consider two cases:

e Assume there exists a point 2 € Bs such that u™ (z) = p(z). Since u < 0 in R™\ By,
0<u™ <T <pin B3and I # 0, we conclude that z € By, u"(x) = u(z) > 0 and
I'(xz) = u(x) = p(x). This implies z € B; N {u =T} and VI'(z) = Vp(z) = a.

e Assume that ut < p in Bs. Hence, infp,(p — u™) > 0 which implies the existence
of some € > 0 such that p = p —e > u™ in Bs. Since p < p in B3, we derive a
contradiction to the fact that p is the affine function that realizes the infimum in
the definition of the concave envelope I' at xg. So this case can not occur.

This proves (3.50).

3.5 Bump Functions

In this section we construct a special function with similar properties as the one in
[CC95, Lemma 4.1]. We will use this function in Section 3.6 in combination with the
ABP estimate from the previous section. The construction is based on an idea used in
[CS09]. However, the necessary modifications are technically involved due to the fact
that the lower bound of the kernels under consideration is not rotational invariant. We
begin with some basic observations.

For p > 0 and 2 € R"\ {0} let f(z) = f,(z) = |z|P. Recall that
Af(zy) = fle+y) + fle—y) = 2f(2).
For = € R™ \ {0} define the set
Ox)={ces" ! c.2=0}.
Fix some x # 0 and £ € O(z). For 0 < r < |z| and § € [0, 5] define

9r(B) = Af(x;98),

where yg is any element of 0B, with %A = cos 3. Note that for any r as above, the
]

function g, is well-defined because Af(x;y) = Af(x;2) for every y, z € R™ with |y| = |z
and |y-&| =z -¢&|.
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Lemma 3.33. For 0 < r < || the function g, : [0,5] — R is strictly increasing and
satisfies g (0) < 0.

Proof. Let 0 <7 < |z| and 3 € [0, §]. Let yg € B, such that Jvoel _ cos 3. Thus

s

(8) = (2l + 2 + 2| rcos(§ — £) ™2 + (o + 1% — 2|a]rcos(5 — 5))72 — 2Ja|
gT - 2 2 .
Then

2 25 —p
g9r(0) =2((J=|" +r7) "2 — |2z ") <0.
Moreover, g, is differentiable at every 3 € (0, §) and
!/ . s 2 2 T *M
9-(B) = pla|rsin(g — B) | ([z]" + 77 = 2r |z cos(5 — §))” 2
_pt+2

— (\:U|2 + 72 4 2r || cos(5 — )" 2 |.

Since the term from above is strictly positive for each 3 € (0, §), we see that g, is strictly

increasing. This implies in particular g.(0) < g.(8) for every g € [0, 5. O
For £ € O(x), f € (0, 5] and r > 0 define

Sgr = Sp,(6) ={y € 0B, : % > cos B}

Figure 3.3: The set Sg ;.

The following result is an immediate consequence of Lemma 3.33.

Corollary 3.34. Let 0 < r < |z|. Fory,z € 0B, with |y-&| > |z - &| we have
Af(z;y) < Af(x;2).

In particular:
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i) The function y — Af(x;y)~ fory € OB, attains its mazimum for y = ré.
i) Let B € (0,%]. The function y — Af(x;y)* fory € 0B, \ Sg, attains its minimum
fory = yg with yg € 0B, arbitrary and ‘yjﬂ = cos 3.
]

Lemma 3.35. Let 3 € (0,3] and K > 0. There exist po = po(B3,|z|,K) > 0 and

ro = ro(B, |x|) > 0 such that for every r € (0,79], p > po and y € OB, with % = cos 3
Afpla;y)™ = KAfy(2;06)” > Capla] 772,

where Cs3 = C3(8, |z|, K) > 0.

Proof. Let 0 < r < |z|. Note that Af(xz;r¢)” = 2(|z| P — (|z|* +72)7P/2) > 0.
Let y € OB, with % = cos 3. Set ¥ = § — 3. Define
h(r) = Af(z;y) — KAf(z;08)”
= (|z|* + 1% — 2r |z cos ) P2 + (|z|* + 1% + 2r x| cos ¥) P/2 — 2 || P
— 2K (|27 = (|2 * 4 %) 77).

We have Af(z;y)" — KAf(z;r€)™ > h(r). We calculate the derivatives of h:

! o 2 2 _bt2
R(r)=—p(|lz|” +r° = 2r|z|cos?)” 2 (r — |z|cos?)
2, 2 _pt2
—p(|z]” + 7%+ 2r x| cos?)” 2 (r+ |z|cos?)

p+2
— 2Kp(jaf? 1),
pHd

h" (r) :p(|x]2 +r2 =2 |z| cos )~ [(p + 2)(r — |z| cos 19)2 — (|:z:]2 +72 =2 |z (30819)]

2

pt4 2 2 2

2 [(p+2)(r+ |z cos V) — (|| + 7% + 2 |z] cos )]
2 | og\-PEt o 2 | o\-Bt2

+2Kp(p+2)(|z|" +r°)" 2 r* =2Kp(Jz|" +r°)" 2 .

+p(\l’|2 +r2 427 |z| cos )~

Now set 79 = % |z| cos ¥ and choose py > 1 large enough such that
(po + 2)(Jz| cos ¥ — r9)* > (2K + 1)(|z| + 70)% (3.51)

Let r € (0,79] and p > pp. Using Taylor expansion and (3.51), there is ¢ € (0,7) such
that

h(r) = h(0) + 1'(0) r + h"(¢) %
>~ 7

2 p+4
> z(p<\x12+<2—2< 2] cos 0) 53 [<po+2><<—rw\cosm?—<2K+1><rw\+c>2}

2, 2 _ptd 2 2
+p(l2z” + ¢+ 2¢ |z cos I)™ 2 | (po + 2)(C + [z cos 9)” — (|| + )

> § |27 [(po + 2)(|z| cos 9 — r0)* — (2K + 1)(|z| + r0)*]p |27 1* =: Cap 2| +?. O

1
2
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As an immediate consequence of the previous results, we can identify a certain area where
Af(z;y)~ =0.

Corollary 3.36. Let 3 € (0,3]. There exist py = p1(8,|z|) > 0 and ro = (53, [z[) > 0
such that for every r € (0,79}, p > p1 and y € 0B, \ Sa,r

Afp(ziy)” =0.

Proof. Because of Lemma 3.35 (with K = 0), we may choose 79 > 0 and p; > 0 such
that for every r € (0,70], p > p1 and yz € S" ! with |yz - (| = cos 8

Af(x; ry5)+ > Csplz|™? r? > 0.

Note that C5 > 0 is as in Lemma 3.35 with K = 0. Take any r € (0,7¢] and p > p;.
Using Corollary 3.34 ii) with 3 as above, we have Af(z;y)T > Af(z;ryg)™ > 0 for every
y € 0B, \ Sgﬂ«. ]

Let us define a bounded approximation of the function f. For v > 0, p > 0 and x # 0
set

f(@) = fypl@) =P ALz,
Our aim is to prove Proposition 3.40. Recall the setting at the beginning of Section 3.2.
We begin with two auxiliary results.

Lemma 3.37. Let 0 < R<1, 2z € 9Bg, a € (0,2), K >0 and v € (0, g] There exist
ro € (0,1) and pg > 0 (depending only on n, R, |I| and K ) such that for every p > po

/ E(i) Afyp(@iy) ™ = KALy p(w59)” pldy) = 0, (3.52)
By,
where p(dy) = |y| ™" “dy, I C S"! and k : S*~! — [0,1] are as in Section 3.2.

Remark 3.38. If I = S"~! then the assertion can be easily obtained by choosing p large
and ~y sufficiently small. This approach is used in [CS09| but cannot be applied here due
to the anisotropy given by k or I respectively.

Proof. Recall that I is of the form I = (By(&) U B,(—&)) N S" 1. Choose 9; € (0, 5]
such that

12 8g,,1(6)-
Let us first assume that £ € O(x). Choose 8 € (0,97) small enough such that

1S9;,1(80) \ Sp.1(€0)| = [S5,1(&0)] - (3.53)

T_
Set rg = w. Note that for every y € B,, (and p > 0)

Af(zyy) =z +y| P+ |z —y| P - 2R P
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Using Lemma 3.35, there exists pg > 0 such that for every r € (0,79], p > po and
yp € S with [yg - &| = cos 3

Af,y(:v;ryg)"‘ — KAf (x;18)” > Cspla|™ r2, (3.54)
where the constant Cs = C3(|I|, R, K) > 0 is as in Lemma 3.35. Note that these choices
of ro and pg imply

Afy(z;y)” =0

for each r € (0,70], p > po and y € 9B, \ Sz,(&) by Corollary 3.36, since py > p1 and
p1 is as in Corollary 3.36.

Hence,
k(#£)A )T — KA 1Y)
/ (\y|) fy(z3y) - fy(z1y) dy (3.55)
5 |
> /r"‘1< / k(y)w o(dy) — Wo(dy)) dr
0 I\Sg,1(é0) Sp,1(60)
. ]“Afm;ryw 1\ S5 (80)| = KAF, (i760)” [S5a (&),
— Tl—&—a

0

(3;3) 1\ S5 5O)|/Af7(:n;ry5) — KAf (x;r8)~

r1+o¢

(354 o
Z a4 |1\ Sg1(&0)| CspRPry=* >0,

where o denotes the surface measure on the unit sphere.
If & & O(x), consider any £ € O(z) and take 8,79 and py as above. Clearly,

1\ Sp1(E)] = [\ Ss1(80)] = [598,1(60)| = [981(8)] -

So we can estimate the integral in (3.55) in the same way as above, using Sg1(§) instead
of S3.1(&o). This finishes the proof. O

Lemma 3.39. Let 0 < R <1,z € 0Bg, K >0, v € (0,5] and ag € (0,2). Let ry €
(0,1) and pp > 0 be as in Lemma 3.37. There exists p > py (depending on n, |I|, g, K
and R) such that for every a € (ap, 2)

/ k(é—‘)Af%p(:c;y)"r pu(dy) > K / Afyp(xsy)™ pu(dy). (3.56)

BTO Rn \BTO

Proof. We start by estimating the right hand side of (3.56). For every p > pg, we have

oo

Afw xy)~ _ 1 B 2
K / e dy < K2R pnwn/mdr < 2K R Pnw, 2= =: c(p).

R”\BT0 0
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Let € € O(z) and let g € (0,97) be as in the previous proof. Using Lemma 3.35, we
obtain for every p > pg

T0

Afy(zy)* _ 1
/k(&)wdyzcza}? pp/ / mg(dy)dr

Br, 0 N\Sg1(8)
> 1C3RPp |1\ Sp1(&0) g =: h(p),

where the constant (3 is as in Lemma 3.35. Choosing p > pg large enough such that

2

PG S5.1(6o) 7 > 2K neon 8
we obtain h(p) > ¢(p) which finishes the proof. O

We summarise the previous results:

Proposition 3.40. Let 0 < R < 1, o € (0,2) and v € (0, %] There exists p > 0
(depending on n, |I|, o, R, A and A) such that for every o € (ag,2) and |x| > R

M fyp(x) = 0. (3.57)

Proof. Let a € (a,2). We firstly consider the case x € 0Bgr. Set K = % Choose
ro > 0 and pg > 0 as in Lemma 3.37 and Lemma 3.39. For p > pg we write

Mg fy(0) = 2= a) [ M(E) AL, (i) = AAS (i) ldy

R'IL
> B / k(E) ALy (x5y)" = BEAL (259)” uldy)
B’"O
+ W(/ k() Afy (@) * uldy) — / AL (25y)” u(dy))
Brg R™\ By,
=11+ 1.

Lemma 3.37 implies Z; > 0 and Lemma 3.39 implies Zo > 0 provided p > pg is chosen
sufficiently large in dependence of n, |I], g, R, A and A.

Next, consider the case |z| > R. Define f; :R" >R

Fyw) = (12| /R)" £, ((|=] /R)y),
with p as above. Note that f,(y) > f,(y) for every y € R". Thus
Afy(Rgpy) = Fy(Big +y) + (R —y) —2R77
< (RE+y) + [ (R —y) -2/, (RY) = AL (Ri:y)

——
=R—P
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for every y € R™. This leads to

My fy(@) = eMy Jo(RE) > eMy f(Rf) > 0,

|| [
where ¢ = (Jz| /R)~P+®). This completes the proof. O
We are now able to construct the function mentioned at the beginning of this section. It
is almost identical to the one in [CS09, Corollary 9.3].

Corollary 3.41. Assume 0 < R <1 and oy € (0,2). There exists a continuous function
Opr : R™ — R with the following properties:

(i) Pr(z) =0 for every x € R" \ By 5.
(ii) ®r(x) > 2 for every x € Q3.

(iii) There exists a bounded, nonnegative function v¥g : R — R, supported in Br, such
that M, ®r(x) > —gr(x) for every x € R™ and every a € (ayp, 2).

Remark 3.42. Recall that @, (x) denotes an open cube of the form
Qr(x) ={y eR" : |y — 2|, <5}
and @ = Q,(0). If we set Q = Q,(z) then sQ = Qs (x) for s > 0.

Proof. Let p > 0 be as in Proposition 3.40 and « € (ag,2). Set v = %, a= gﬁy*p*Q and
b=~"P(1+%)—(2y/n)"? > 0. Consider the function

0, z €R"\ By m
Pp(x) =cqlzl™ = (2vn)P, x€ By \ By
Q(x)7 T e B’Ya

where ¢ > 0 will be chosen below and ¢(z) = —a|z|* + b. Note that, due to the choice
of a and b, the paraboloid given by ¢ extends the function z +— |z|™? — (24/n)P across
9B, such that ®r € CY'[By 5] Besides,

q(x) 277" = 2vn)" = fy(z) - (2vn)P

for every |x| < 7. In order to satisfy (ii), we choose the constant ¢ > 0 such that
Pp(z) > 2 for z € Qs (recall that Q3 C By /2 C By /). It remains to prove (id4).
Observe that

Pp(z) > c(fy(z) = (2v/n)7P)
for every z € R™. Hence,
APp(z;y) = Pr(z +y) + Pr(z — y) — 20r(2)

> c(fy(x+y) + fr(z —y) = 2(2v/n) ) = 2¢(fy(x) — (2v/n)77)
= C(f‘y(fU +y) + f7($ —y) — 2f'y(x)) = CAf7(5U§y)
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for every x € B, ND \ B, and every y € R™. Using this fact and Proposition 3.40, we
obtain

My ®p(x) > cM; fy(x) >0 for R < |z| < 2y/n.

Moreover,
M, ®r(z) > 0 for every z € R" \ By /5

since A®g(z;y) = Pr(z +y) + Pr(z —y) > 0 for every y € R™. This implies
M, ®r(z) > 0 for every |z| > R.

On the other hand, using Corollary 3.15, there exist constants ¢; > 1 and A > 0 such
that

sup [ My ®p()] < cr(A + |Prll.) = co.
lz|<R

Note that ¢; and A do not depend on «. Hence, the nonnegative function

_Je2, |z|<R
Yr(z) = {0’ o> R

satisfies (i47). O

3.6 Point Estimates

The key tool that shall be useful in proving a decay of oscillation and then Holder
regularity is a lemma that connects a pointwise estimate with an estimate in measure.
The nonlocal ABP estimate in combination with our bump function from the previous
section are important tools in the proof of this lemma which can be considered as a
nonlocal version of Lemma 2.27. Recall the setting introduced in Section 3.2.

Lemma 3.43. Let o € (0,2). There exist constants ¢g > 0, k € (0,1) and A > 1
(depending only on A, A, n, |I| and o) such that for every a € (c,2) and every
bounded function u : R" — R satisfying

(i) u>0inR",
i) infu <1
(i) mfu <1,
(ii1) Myu <eo in Qq m in the viscosity sense,

the following estimate holds:

Hu < A} N Q1] > k. (3.58)

In order to prove Lemma 3.43, we introduce the following results in real analysis.
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Lemma 3.44 (|[LNO03, Lemma 3.14]). For m € N, let A = {4; : 1 < i < m} be a
covering of the bounded set ) # U C R™ by open sets ) # A; C R™. We define the

mazximum overlapping number of this covering by w(A) = 1m #{Ae A: A,NA#D}.

Then this system of open sets can be decomposed into at most w(A) groups such that in
each group, the sets A; are mutually disjoint.

Proof. Choose any A;, € A which is intersected by w(.A) sets from A. Remove A;, from
A and put it into group 1. The subfamily of the remaining sets forms an open covering of
the set U \ 4;,. If we find a set A4;, in this subfamily which is again intersected by w(.A)
sets, we conclude that A;; NA;, = . Remove A;, from the subfamily and put it into group
1. Repeating this procedure until there are no longer sets A; being intersected by w(.A)
sets, the resulting group 1 consists of mutually disjoint sets. We continue in the same
way as above in the case where the sets A; are intersected by w(A) — 1,w(A) —2,...,1
sets. This completes the proof. O

Lemma 3.45. Lett >3, m € N and U = J*, Q', where Q' = Qr,(z;) with r; > 0,
x; € R™ are pairwise disjoint cubes. Consider the family Q = {tQ' : 1 < i < m} which
provides an open covering of the set U.

There exists a subfamily Q' C Q which still covers U and w(Q') < N for some number
N € N depending only on dimension, where w(Q') is defined as in Lemma 3.44.

Proof. Q' is the result of the following greedy algorithm:
I) Set Q" = 0.
IT) If there exists tQ € Q\ Q' such that

Qn [ @) #0, (3.59)
tQ'eQ’

we add the largest cube tQ € Q\ Q' satisfying (3.59) to Q' (this cube may not be
unique) and start again at II). Otherwise we stop.

This algorithm leads (after renumbering) to a subcovering @' = {tQ*: 1 <i < m'} C Q,
m’ < m, which still covers U. We may assume that there exists a point z € R"™ which
is covered by w(Q’) different cubes of the subcovering. Consider x to be the origin of a
coordinate system (chosen so that its coordinate axes are parallel to the corresponding
edges of the cubes). Note that this coordinate system consists of 2" orthants. Let us fix
one orthant 2 2. We claim that if there exists a cube tQ > = from our subcovering such
that @ C 2, then there will be no other cube tQ’ from our subcovering with the property
that both z € tQ’ and Q' C .

We prove this by contradiction: We assume that there are two cubes tQ and tQ’ of the
same size such that z € tQNtQ" and QUQ’ C A (note that such cubes tQ, tQ’ may exist
since t > 3). Hence, Q C tQ" and Q' C tQ (see Figure 3.4).

2Formally, 21 can be defined as follows: A = {y € R™ : e;x; < e;y; for every i = 1,...,n}, where

e{-1,1}.
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Figure 3.4: The cubes tQ and tQ’.

So one of these cubes would not have been chosen by the algorithm from above which
proves our claim because proving the claim for cubes of the same size implies the general
case.

We use the same argumentation as above to prove that if there exists tQQ € Q' with the
property that « € tQ and @ has its center in 2 but is contained in exactly 2/ different
orthants, 1 < j < n, then there will be no other cube tQ’ from our subcovering containing
x such that @' has its center in 2 and is contained in exactly the same orthants as Q.
Hence, we can find at most (7;) cubes® from our subcovering containing x such that their
“smaller versions” have their centers in 2 and are contained in exactly 2/ orthants. This
implies

w(Q) < 2"Zn: (”) = 4" =: N. O

=0 N

Proof of Lemma 3.43. The proof uses the same strategy as the one of [CS09, Lemma
10.1]. Let I € (0, %) be as in Corollary 3.26. Set R = é and v = ®p — u, where ®p is the
special function constructed in Corollary 3.41. Let us summarise properties of v:

e v is upper semicontinuous in Q4\/ﬁ D By -
e v <0inR"\ By .

e For every a € (ap,2), Mjv > My ®p— Miu> —tg —&o in Qy /n O By jp in the
viscosity sense, where i : R" — R is as in Corollary 3.41.

3Note that this number of cubes can be obtained by counting the number of possibilities to choose j
among n axes and move a given cube which is completely contained in 2 along these axes of the
coordinate system such that the shifted cube still has its center in 2 but is contained in 27 orthants.
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Let T be the concave envelope of v™ in B m and let a € (c0,2). We can apply the
rescaled version of Theorem 3.29 with pg = %/ﬁﬁ = ﬁ, stated in Remark 3.30(ii), to
v: Let (Q7)j=1,...m be the family of cubes covering ¥ = {v = '} N By 5 in the rescaled
version of Theorem 3.29. Imitating the proof of Theorem 2.17 (leading to (2.20)) for v,
we can find a constant ¢; = ¢;(n) > 1 such that

1/n
sup vt < ¢ ’VI‘(BQ\/ﬁ)
By /m

Using this result, Theorem 3.29 (rescaled) and Remark 3.32, we obtain
1/n m _ 1/TL
<e (Z ‘VF(QJ)D

=1

sup v < ¢ ‘VF(BQW)

By ym j=
. 1/n
<y | ) (sup(vr +20))" | Q]
j=1 Q7
. 1/n
< c3e0 +C3 Z(Sﬂ) %Z)R)n ‘Q” )
j=1 @

where c3 = c3(\, |I|,n) > co > ;.
The properties iélfu <1and & > 2 in Q3 imply supp, v > 1. Set gg = ﬁ Since Ygr
3 n

is supported in Bg, we obtain
1 S\ /n
5 < c3(supvr) < . ‘QJO :
Br Jj=1,....,m
QI N Br#D
Hence, there is ¢4 € (0,1) (which only depends on |I|, A, A, ap and n) such that
Yoo Q] = . (3.60)
j:17"'7m
QI N Br#D

Set ¢5 = Co(||¥R|| o, +€0) with Cy > 1 from Theorem 3.29 (rescaled) which we now apply
for the second time: There is v € (0, 1) such that for every j =1,...,m

[{y € nQ7 : v(y) >T(y) — c5d>}]

> [{y € Q7 : v(y) > T(y) - Ca(sup(vr + 20))d3}| > v nQ’| (3.61)
Q7

and d? < p2. Recall that d; denotes the diameter of the cube Q.

Let us consider the family
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which provides an open covering of the union

v= |J @
Jj=1,...m
Q’NBr#D
By Lemma 3.45, we may take a subfamily @' C Q which still covers the set U and whose
maximum overlapping number w(Q’) can be estimated by some number N > w(Q')
which only depends on the dimension n. Note that the diameters d; of all cubes Q7 are

bounded by p02_1/ (2-@)  which is always smaller than ﬁ. Therefore, Q7 N Br # ()
implies nQ’ C By /3 due to the choice of n = (1 + %)\/ﬁ

Fix any x € (0, %#). Then it follows from Lemma 3.44, (3.60) and (3.61) that
{y € Bija: v(y) >T(y) — cspgt| > k. (3.62)

To prove (3.62), we apply Lemma 3.44: Let G, i =1,...,w(Q’), be the groups consisting
of all mutually disjoint cubes nQ’ € Q' which have i intersections with elements from
Q’. Eventually, some of the groups are empty. Then

[{y € Bija: v(y) >T(y) — cspp}|

(@)
> U U yen@:vly) 2Ty —csdi}
=1 nQIeG;
Y |
>——= > | U {yen@:oly) >T(y) —csds}
w(Q) = angG.
= {y € nQ’ : v(y) > T(y) — esd}}|
=1 QJEG
(361) 4
> U j
> 5 Wegn@\ T =g X 1@
QINBR#AD
(3.60) 1,
> .

Let Ag = supp, ,, Pr. Since
{y € Bijs : v(y) 2 T(y) — cspp} C {y € Buya: uly) < Ao+ cspp ),
we obtain from (3.62)
{y € By uy) < Ao+ 05/73}‘ > K.
Let A = Ay + c5p3. Since By /3 C Q1, we finally conclude
{y € Qi+ uly) <A} >~ O



82 3 Regularity Estimates for Nonlocal Fully Nonlinear Elliptic Equations

Lemma 3.43 is the key to the proof of the Holder regularity result in the next section.
Using Lemma 3.43, we obtain the same lemma as in the local case (cf. Lemma 2.28):

Lemma 3.46. Let u : R™ — R be as in Lemma 3.43. Then the following estimate holds
for every m € Np:

{u> A"} Q| < (1— m)™, (3.69)
where A and k are as in Lemma 3.43. As a consequence, for everyt >0
Hu>t}Nn@| <dt™c, (3.64)

where d > 1 and € > 0 depend only on X\, A,n,|I| and o.

Proof. We only have to show that the function u, defined as in the proof of Lemma 2.28,
is under the hypothesis of Lemma 3.43. In this case, (3.63) and (3.64) can be proven in
the same way as in Lemma 2.28. Recall that

with

1
7ily) = 70+ 520,

where 7 € N and xy € ()1 are as in Lemma 2.28.

e Since u > 0 in R™, 4 bounded, we have the same properties for w.

° igfﬁ < 1 as shown in the proof of Lemma 2.28.
3

e Let ¢9 > 0 be the number such that (3.58) in Lemma 3.43 holds. So we have
Mjyu < gy in Q4\/ﬁ in the viscosity sense. Let y € Q4\/;L and note that 7;(y) €
Quym/2i(w0) C Qu, /- Without loss of generality we assume M, u(y) > 0 classically.
Since A > 1, we obtain

. M u(m _
yziity) = Mo MWD < pru(r ) <o
We conclude that @ is under the hypothesis of Lemma 3.43 and finish the proof. L]

By a standard covering argument we obtain the following theorem:

Theorem 3.47. Let ag € (0,2) and consider any o € («,2). Let u : R" — R be a
bounded nonnegative function such that uw(0) < 1 and M u < g in B in the viscosity
sense, where g > 0 is the number in Lemma 3.43. Then

Hu >t} N By| < Cyt™c  for every t > 0,

where the constants Cy > 1 and € > 0 depend on A\, A,n, |I| and «yp.
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Proof. Fix r = % and note that Q4 sz, C Ba. Define u: R" — R,

u(zx) = u(rz).

Clearly, w > 0 in R™, u bounded and iélfa <wu(0) < 1.
3
For z € Q4 /m, we calculate

Myu(z) = inf [ Au(z;y) K(y) dy

KeICoRn
= KlglfCo /(u(rw +ry) +u(re —ry) — 2u(re)) K(y) dy
R7
= a2 — q) / (Me () Au(ra; y) ™ — Adu(ra;y) " )r " p(dy)
= e M;u(r:n)ﬁfn

where we have assumed (for simplicity) @ € C*!(x). Recall that u(dy) = |y|™" " dy.
Hence, M, u < &g in @y, in the viscosity sense. Using Lemma 3.46, we obtain

H{a >t} NnQ1| < dt™ for every t > 0,
where d > 1 and € > 0 are the constants in Lemma 3.46. Rescaling leads to
Hu >t} NQy| <dt ™ for every t >0 (3.65)
(since 7 < 1). We now want to control the distribution in a larger domain, say
QrUQyu(5e1) C By,

where e; € R™ denotes the first unit vector. It is important that the cubes @, and
Qr/4(5e1) have positive intersecting mass. Choose A =ty > 1 large enough such that

‘Qr N Qr/4(%el)’
2

> dt, .
Using (3.65), we have

[{u >t} N (Qr N Qra(ber))] < @-N Q;/4(§€1)\ .

Therefore, we can find a point z1 € Q,/4(5e1) such that u(x1) < A. Now define

v(z) = W, xz € R™
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We still have v > 0 in R", infg, v < v(0) < 1 and Mjv < ¢ in Q4 s in the viscosity
sense. Note that 5z +21 € Q4 /my/2(71) C Ba for each x € Q4 5. We apply Lemma 3.46
to v and obtain (after rescaling)

[{u>t}n QT/Q(xl)} < A%dt™* for every t > 0.
Since @, /2(z1) D Q,/4(5e1), this implies
[{u >t} N Q,u(5e1)| < ert™ for every t >0,
where ¢; = A®d. Hence,
{u >t} N (QrUQ, u(5e1))| < 2¢1t™ for every t > 0.

Note that ¢; > d again only depends on A\, A, n, |I| and «g. So we also control the distri-
bution of u in the larger domain @, U Q,/4(5€1).

We continue the argumentation from above and obtain after a finite number of steps
(which only depends on n) the ball B; where we originally wanted to control the distri-
bution. O

Scaling the above theorem (which is possible because of the symmetry of our kernels),
we obtain the following version:

Theorem 3.48. Let ag € (0,2) and consider any o € (a,2). Let u : R" — R be a
bounded nonnegative function satisfying M, u < C" in By, (x) in the viscosity sense for
somer >0, C" >0 and v € R". Then

H{u >t} N B.(z)| < Csr™(u(z) + C'r*)*t™=  for every t > 0,

where the constants C5 > 1 and e > 0 depend on A, A,n,|I| and .

Proof. The proof uses a similar strategy as the proof before. Let €9 > 0 be as in The-
orem 3.47 and assume without loss of generality that g < 1 (note from the proof of
Lemma 3.43 that £p may be as small as we wish). Define

u(rz + )

u(z) + S

v(z) =

We show that v satisfies all the conditions in Theorem 3.47:

e v >0in R”, v bounded.
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e Let z € By. For simplicity, we assume v € C%!(2). Then we obtain, using the fact
that rz + x € B, (z),

M v(z :1nf/szy y) dy
KeKo

rn

= W@ - )R[(/\k(z')Au(Tz +x;9) T — AAu(rz + x5 y) 7 )r " u(dy)

,ra
=———— M u(rz + x)
O'ra «@
u(w) + =~
r® _ -
=0 —————— M u(rz +z) < eo.
Osou(x)+0’r°‘ atrz+2) < e
SEOIL(fc/)fC’ w =1

Thus, M v < gp in By in the viscosity sense.

Using Theorem 3.47, we obtain constants C4 > 1 and € > 0 such that
{v >t} N By| < Cyt™* for each t > 0.
Rescaling leads to

{z € By(z) : u(z) > t(u(x) + Cl }‘ < Cyr™t™* for every t > 0. (3.66)

We finish the proof by using (3.66) and the fact that for every ¢ > 0 there is t > 0 such
that ¢t = ¢ (u(z) + %ga):

{u= 60 Bo(@)| = |{u = T (u(@) + 22} 0 By ()|

< Oyt = COyr <u(az) + C; ) t—e
0

< Csr™(u(z) + C'r®)st e,
where we have used that ¢g < 1 and C5 = C(‘)‘. ]

Remark 3.49. Using the corresponding versions of Theorem 3.47 and Theorem 3.48
in [CS09|, the authors prove a strong Harnack inequality (cf. [CS09, Theorem 11.1]).
Under assumption (3.12), the strong Harnack inequality does not hold in general. Let us
provide the example from [BS05, p. 148|: For m € N, define sets I, of the form

Im - B4—m (gm) N Sn_l,

where &, € S*~! are chosen such that the balls By-m (&) are pairwise disjoint.

Set J = Upen[Im U (—=I)], where —I,, = By-m(—&y) N S""1. Finally, define the
symmetric kernel K : R" — [0,00) by K(0) = 0 and K(y) = Ilj(h‘qj—‘) ly| " for |y| #0
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and some a € (0,2). Note that K satisfies (3.12) with A = A = 51— and k = 1. Then
it is shown in [BS05| that nonnegative solutions u to Lu = 0 (with L as in (3.1)) do not
satisfy a Harnack inequality. This is due to the fact that the kernel K does not satisfy the
Relative Kato condition in [BS05]. Hence, a strong formulation of the Harnack inequality
does not hold in general under (3.12).

We specify the exact part of the proof of [CS09, Theorem 11.1] which breaks down under
assumption (3.12): Note that the final expression in (11.2) on page 629 in [CS09| is
bounded by providing a suitable lower bound of the form g, (z) = 7(1—[4z|*), 0 < 7 < 1,
for the solution u. As a consequence of the (maximal) choice of 7, there exists a point
x1 € Byy4 such that u touches g from above at x1. Then the property Miu(xy) <1is
sufficient in the setting of [CS09], i.e., under (1.7) in Chapter 1, to complete the proof of
the strong Harnack inequality. This property is not sufficient in our setting because of
the presence of k in (3.12).

Sn—l

Figure 3.5: Schematic sketch of the sets I,,, C S*~! in Remark 3.49.

3.7 Holder Regularity

Using the previous sections (which lead to Theorem 3.48) we are now able to prove a
Holder regularity result. The first result of this section (Lemma 3.50) deals with the decay
of oscillation of functions which are sub- and supersolutions to some extremal equations.
The importance of such a result lies in the fact that if the oscillation of a function decays
geometrically in geometrically decaying balls, it implies a Holder modulus of continuity
at the center of such balls. By applying it at every point of a ball strictly contained
in the domain, we obtain Holder regularity (see Theorem 3.51). The point estimate
(Theorem 3.48) will be crucial for the proof of Lemma 3.50. Recall the assumptions
made in Section 3.2.
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Lemma 3.50. Let ag € (0,2) and consider any « € (ap,2). Assume that u : R™ — R
satisfies [u| < 3 in R and

Miu>—egin Bi and Mju<eqin B

i the viscosity sense for some sufficiently small constant £y > 0.
There are constants 3 € (0,1) and Cs > 1 depending only on n, A\, A, |I| and o such that
we CP at the origin, i.e., |u(z) — u(0)] < Cs|z|® for every z € R™.

Proof. The proof uses the same strategy as the one of [CS09, Lemma 12.2]. By induction
we construct sequences (a;);ez (nondecreasing), (A4;);ez (nonincreasing) such that

(i) @ <u < A;in By and
(ii) A; — a; = 8P with a number 8 € (0,1) chosen below.
Using (i) and (ii), we obtain the theorem with Cg = 8% because for every z € R we can

find a number I € Z such that 8 /=1 < |z| < 87! which implies

lu(z) —u(0)] < Ay —a; =8 =881 < g |z)° .

For | < 0 choose a; = —% and A; = a; + 8P, where 8 € (0,1) is arbitrary for the
moment. Since |u| < 3 in R™, (i) and (i) are satisfied because 4; > 3.

Assume we have constructed a; and A; up to I > 0. We show that we can continue the
sequences by finding a;1 and A;4.

In the ball Bg—i-1, either u > w in at least half of the points (in measure), or u <
in at least half of the points. For now we assume

A
'{u > l;—al} N Bg-1-1

Consider the bounded function

Ajtag
2

Be_i-
> ‘82”’ (3.67)

u(87lz) — q
v(x) = A—a)2
Let us discuss some properties of v:
I) v > 0 in By by inductive hypothesis.
II) For z € Bf we still have the following lower bound:

v(x) > —2(|8z|” = 1) (where 3 € (0,1) is still unspecified).

Note that this inequality is trivially satisfied when { = 0. To prove II) for [ > 1,
we use the inductive hypothesis and observe that for every j € N, the following
estimate holds for every x € Byg;:
o(z) > a—; — a > a—j — A_j + A —a
(Ar —ar)/2 (A — ar)/2
= 2. S—B(l_j) . 8/31 + 2 — 2(1 _ 86j).
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For each x € Bf there is a number j € N such that QI-1 < lz| < Y
(= 8 < |8x] < &T1) and so we conclude from the estimate above:

v(z) > —2(8% — 1) > —2(]8z|° — 1).

III) Using (3.67), we obtain the following estimate:

‘{v > 1} ﬂBl/8’ = gin Hy € Bgi-1 = u(y) >

IV) Since M, u < g in B; in the viscosity sense (where g9 > 0 will be chosen below),
it is easy to see that

M, v <2ey in Bg in the viscosity sense, if 3 is chosen less than ayg.

To prove IV), let # € By . For simplicity, we assume v € C1}(z) and obtain

M v( :1nf/Avxy y) dy
KeKo

f A
- s, A s

i
I NP a)/ Ne () Au(8~"w;y) T — AAu(8a; 9 g ”
(A —ap)/2 J |8ly[" T
G
€B1
< m = 260871@=B) < 2¢,,.

So we see that M_ v < 2¢p in Bg in the viscosity sense, provided g is chosen less
than ag (first global requirement on [3).

Now define w = max(v,0) = v™. If we choose 3 small enough (second global require-
ment on ), we obtain the following estimate:

Myw < Myv+2e in By, in the viscosity sense. (3.68)

We prove (3.68): First note that w = v = v+v~ and thus My w < Mjv+MIv~. Now
consider any x € Bgy. We estimate M v~ (z) and assume for simplicity v~ € Chl(z).
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Note that v~ (z) = 0 because of property I). Hence,

MFv=(z) = sup / (v (& +9) + v (& — ) — 20 (2)) K () dy

KeKy
R
92— a)A< / ) gy 4 / CR dy>
{yeR" : x+yeB1} T {yeR" : x+y&B1}
<2(2—-a)A / %@f_l) dy (property II))

{yeR" : z+y&B1}
|8(z+y)|°—1
<4(2—-a)A / W dy
{yeR" : z+y&B1}

[e.o]

=4(2 — a)Anw, %T”il dr
1
<(2-a) 864"+1+aAnwn[ 1ﬁ _ 8’5] < 9 8%4m 3 Anwn, [ 15

« _B ap _B
«@ OCO

—gA) 0,

So we can choose 3 small enough (and independent of o € (g, 2)) such that M v~ < 2¢
in B4 in the viscosity sense. Hence, (3.68) holds.

Using property IV), (3.68) implies
My w < 4gg in By, in the viscosity sense. (3.69)

Note that we still have property III) when replacing v by w.
Let x € Byg. Then By 9(x) C Bsy, so we have M w < 4gq in By jo(x) in the viscosity
sense. Using Theorem 3.48 (in By /y()), there are constants C5 > 1 and ¢ > 0 (which
only depend on |I|, A\, A,n and agp) such that
. | Biys|
Cs(w(x) +4e0)° > [{w > 1} N Byjy(x)| > [{w > 1} N By jg| > —
Now choose ¢ small enough such that

5 (1Bus)"
0= 1/8 —4eg >0 (global definition of ¢).
2C5

Thus v =w > 9>0in By g where we have used property I). Now set

A —a

Al =4, aqri=a+80 ,0<0§5

and choose  and 6 small enough such that g satisfies all previous global requirements

and p
1—2) =87
(1-3)

We shall prove that these choices give us the desired result:
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(i) u < Aj4q in Bg-i-1 by inductive hypothesis.
For every x € Byg
Al —a

ajy1 < a; + v(x) = u(8fl:x).
Since this estimate holds for every x € By /g, we obtain a1 < u in Bg-i1-1.

(11) Al+1 — Q41 = Al —aj; — 914[2—(11 = (Al - al) (1 - g) = 8_618_5 = 8_B(l+1).

If {u < Al;—al} N Bg-i-1| > M, we define
Ay —u(87 )
v(ir) = ————=
( ) (Al — al)/2

and continue in the same way as above, using that Mu > —e¢ in Bj in the viscosity
sense. O

By a simple scaling argument, we finally obtain the following Holder regularity result:

Theorem 3.51. Let ap € (0,2) and consider any o € (g, 2). Assume that the bounded
function u : R"™ — R satisfies MJu > —C" in By and M_;u < C' in By in the viscosity
sense for some constant C' > 0.

There are constants B € (0,1) and C7 > 1 depending only on n, \, A, |I| and ag such that
u € Cﬂ(m) and

lulles @y < Crlllulle +C7). (3.70)

Remark 3.52. The regularity result in Theorem 3.51 still holds when we replace By s
by any set compactly contained in Bj, modifying the constant Cy accordingly.

The following corollary is an immediate consequence of the previous theorem. It states
that we have Holder regularity for viscosity solutions of an equation Zu = 0 in By, where
7 is a nonlocal elliptic operator with respect to Ly. We will assume in addition that 7 is
translation invariant, meaning that if u solves Zu = 0 in By, then v = u(- — z), x € R",
solves Zv = 0 in By(z).

Theorem 3.53. Let ap € (0,2) and consider any o € (g, 2). Assume that the bounded
function u : R™ — R satisfies

Zu =0 n By in the viscosity sense,

where L is a nonlocal elliptic operator with respect to Lo = Lo(n, o, \, A, k). Let 5 € (0,1)
and C7 > 1 be as in Theorem 3.51. Then u € Cﬂ(Bl/g) and

lulles ) < Cr(lull + 0],

where L0 1s the value we obtain when applying T to the constant function that is equal to
zero.
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Proof. The result follows immediately from Theorem 3.51 with C’ = |Z0|, using Defini-
tion 3.5. ]

Proof of Theorem 3.51. Let xg € By /3. Define

u(iz + o)
U(:E) = : C/(l)a )
2||ullo + —2—

€0

where ¢ > 0 is the constant in Lemma 3.50. We show that v satisfies all the conditions
in Lemma 3.50:

e Clearly, |[v] < 1 in R™.

e Let o € By. For simplicity, we assume that v € C*!(z) and obtain

(3)°

M v(z) = _IBE M u(iz + zo)
2l + S0 S
/(b

<e&o < go.
2 [|ull o €0 + C'(5)*

Thus, M v < g¢ in Bj in the viscosity sense. Analogously, Mv > —¢¢ in B; in
the viscosity sense.

Using Lemma 3.50, we obtain constants 5 € (0,1) and Cs > 1 depending only on
n, A\, A, |I| and «ag such that for each x € R"

[o(x) = v(0)] < Cs ||
This implies
lu(tz + z0) — u(zo)| < c1 |32+ z0 — wo‘ﬁ for each z € R™, (3.71)
where ¢; = 2°Cg(2 ||ul|, + %) Substituting y = 3z + xo proves that u is C# at every

rg € Byjp. Thusu € C’B(Bl/g). It remains to prove (3.70): Using (3.71), we can estimate
”chg(m) as follows:

lall s @y < lulloe + 1 = ullog +2°Co(2 [lull + £)
< (4Cs +1) llul o, + 220" < max {4C6 + 1,28} (|jul|, + C')

€0

= Cr(|lull, + ). =
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3.8 C'¥ Regularity

In the case of translation invariant equations, C'# regularity can be obtained by proving
CP regularity for the incremental quotients of a given solution. We briefly sketch the
idea: Assume that u is a solution of some equation in B, and assume that this implies
C? regularity of u in B,._,. If we can prove C? regularity for the incremental quotient
u(- +h) —u() n
wgp = ———=——, heR"\ {0},
’ nf?

the regularity of u will be improved from C? to C?# in some smaller ball B, _2, (using
Lemma 3.55 from below). Iterating this procedure, one can prove Lipschitz regularity
C%! and then C% regularity of u after a finite number of steps. We refer to [CC95,
Section 5.3 for a general overview over this technique.

If we want to adapt the idea from above to our situation, a difficulty arises from the
fact that, in each step, the incremental quotients are not uniformly bounded in R™ which
would be necessary in order to apply Theorem 3.51 to obtain C” regularity. The Hélder
regularity of our solution only guaranties such an uniform boundedness of the incremental
quotients in a ball B,_, given that the equation is satisfied in B,.. We solve this problem
by assuming some extra regularity for the family of operators £y introduced in Section
3.2 (cf. [CS09, Section 13]).

For p € (0,1) and Cg > 0 define the class £1 = L1(A\, A, a,n, k, p, Cs) C Lo(A\ A, a,n, k)
of all linear integro-differential operators of the form (3.4) with corresponding measurable
symmetric nonnegative kernels K satisfying (3.12) and

sup / K (y) = Ky = h) dy < Cs. (3.72)

heB ‘h|
= ps,

A sufficient condition for (3.72) to hold (with p € (0, 1) arbitrary and Cg = A23T"nw, p~3)
would be that |[VK (y)| < Aly|~' ™" for every y € R"\{0}. Indeed, for every y € R"\ B,
and h € B, /5, the mean value theorem leads to

K(y) = Ky =W _ |Jo VK@ —th)dt||n] _

1
A/|y—th|1”°‘ dt
|l |

0
< A(]y\ _ g)flfnfa < A21+n+a ’y‘—l—n—a )

Hence, for each h € B, /5

/ |K(y) _’hK‘(y_ h’)| dy < A21+n+a / ‘y’—l—n—a dy
R™\ B, R™\ B,

o
= A21+”+anwn/r_2_a dr
p
-3 —

< A23+"nwnp Cs.
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Throughout this section we work with the following assumptions: Let 7 = Z, be an
arbitrary translation invariant nonlocal elliptic operator with respect to £;. Assume
that v : R® — R is a bounded function, which is continuous in B and satisfies

Zu = 0 in By in the viscosity sense.

The following result is the desired interior C1# regularity result.

Theorem 3.54. Let o € (0,2) and assume o € (ap,2). There exist p € (0,1) and
B € (0,1) (depending on n,\,A,|I| and ap) such that if u is a viscosity solution to
Zu =0 in By, then u € 01’5(31/2) and

||u||cl,ﬁ(?/2) < CQ(HUHOO + ‘IOD
for some constant Cy > 1 depending on X\, A,n, |I|, oy and Cs.

In order to prove this theorem, we need the following auxiliary result. It is a standard
telescopic sum argument which is used to improve the regularity of our solution from C?
to C?8 and so forth all the way up to C%1.

Lemma 3.55 (|CC95, Lemma 5.6]). Let 81 € (0,1), B2 € (0,1] and K > 0. Let ¢ €
L>([=1,1]) satisfy ||l poo(j—1,1)) < K. For h € R with 0 < |h| <1, define

p(@+h) — )
‘h|62

Vg, n(T) =

Y

where x € I, = [-1,1 —h| if h > 0 and z € I;, = [-1 — h,1] if h < 0. Assume that
vg,n € CPL(I) and V85,1 |l 4 (1) < K for every 0 < |h| < 1. We then have:

(i) If B1 + B2 < 1 then ¢ € COHP([=1,1]) and ||| cor+8a((_11)) < K5

(i) If B1 + B2 > 1 then p € CM([=1,1]) and [|¢llco(_y 1) < K,
where the constants ¢ > 1 in (i) and (i) depend only on [y + Bs.

Proof. 1t is enough to bound |¢(x 4+ h) — ¢(x)| for x € [-1,0], h >0 and =z + h < 1.
Chose | € Ny large enough such that = + 2'h < 1 < = + 271k and define 79 = 2'h. We
have that —1 < x < x4+ 19 <1 < x + 279 and therefore

1
5 <M <2. (3.73)

For 7 € (0, 7], we define w(7) = ¢(z + 7) — p(z).
Using the assumption that Hv/g%thgl([_l 1—rjg) S K (since 0 < 7/2 < 19/2 < 1), we
have
w(r) = 2w(r/2)| = |p(z +7) = 2p(x + 7/2) + ()]
\B 7\b1+p
= (3)7 [Vgorjo(x +7/2) = v p2(@)| K (3)777
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Using the previous inequality repeatedly, we obtain

‘w(T()) — 2’[1}(7'()/2)‘ < ClKTOﬁH_Bz,
‘2w(7—0/2) - 22?1](7'0/22)‘ < ClK21_(51+52)T§1+ﬂ2’

‘Ql_lw(To/Ql_l) — 2lw(7'0/2l)‘ < 01K2(l_1)(1_(51+52))T§1+ﬂ2,
where ¢; = 2= (F1152)  Using a telescopic sum argument, we obtain

w(ro) — 2lw(h)‘ - ]w(m) - 21w(7'0/21)‘
< |w(mp) — 2w(19/2)| + |2w(Tg/2) - 22w(7'0/22)} +...+ ’21_1w(70/2l_1) - 2lw(70/2l)
< ClKTﬁlJ’_ﬁQ Z 9i(1=(B1+82))

7=0

Since 27! = 7,'h < 2h (because of (3.73)) and [l poe(j—1,1) < K, we have
lw(h)| < 27! fw(n)| + ey K2~y sz ~(Brt52))

< 4Kh+ e Khr) % 1221 —(Br+82))
7=0

(i) Let 1 4+ B2 < 1. Using the previous estimate and the definition of 7y, we obtain

B1+p2—1 2l(1=(B1+B2))
| ( )|<4Kh+C1Kh ! 2= m—4Kh+mKhﬁl+ﬁ2

< CKh61+B2,

where ¢ = 4 . 21=(B1+082)
(ii) Let 1 + B2 > 1. Then

c1
o1—(B1+B2) _1°

B1+B2—1
———
§261+62*1
o 92B1+B2—1,
Where C = 4 —+ m D

Proof of Theorem 3.54. The proof follows exactly as in [CS09, Theorem 13.1]. Consider
any p € (0,1) for the moment and assume that £y # (). Since £ C Ly and Zu = 0 in
Bj in the viscosity sense,

MZLOU > Mz.rlu >Zu—120> —|Z0| and M, u <M, u < |I0|
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in Bj in the viscosity sense. By Theorem 3.51 and Remark 3.52, there exists 5 € (0,1)
depending on A, A,n,|I| and «y such that for every v € (0,1), u € Cﬁ(m) and
HuHcg(m) < C7(J|ul| oo +1Z0]), where the constant C7 > 1 depends on A\, A, n, |I], ap and
~v. Note that we can assume the existence of a number [ € N such that [f <1 < (I4+1)8
by making S smaller if necessary. We want to improve the obtained regularity of u
by applying Theorem 3.51 repeatedly to the respective incremental quotients of u until

we obtain Lipschitz regularity in a finite number of steps (using a rescaled version of
Lemma 3.55).

Set v = ﬁ and fix a unit vector e € R™. Define the incremental quotient

wi(x) = wp 5(x) = Th“(ﬁsﬂg uz) _ue }’L;)B_ w@) R, heR\{0} (3.74)

Let |h| € (0,7). We have Z7,u = 0 in Bi_, in the viscosity sense since Z is translation
invariant. Therefore, using Lemma 3.10 (with £ = £;, f = g = 0) and the fact that
lewh = —M (—wp), we obtain

MZ{lwh >0 and M, w, <0 (3.75)

in By~ in the viscosity sense. Since u € C?(B;_,), we see that wy, is uniformly bounded
in m Outside m, wp, is not uniformly bounded and so we can not apply Theo-
rem 3.51 directly. However, (3.72) allows for a different approach:

Set r = 1 — 7. Let n be a smooth cutoff function supported in B, such that n = 1 in

B, 4. Using n, we can write wy = w,(ll) + w,(f), where

wi (@) = n(x)wp(z) and  wl (@) = (1 - n(z))wy(z).

Note that w,(lz) =0 in B,_, /5 due to the choice of 7, which implies wy(x) = w,(ll)(:c) for
all z € B,_, /5. We show that wg) € CP(B,_,) for every || € (0, ).

Let |h| € (0, {5). Using (3.75), we have

MEw > MEw) = M (w, —w?) 20— MF w, (3.76)
My wl) < Mz wl) = Mg (w, —w) <0 - Mg w? (3.77)

(2)

in B, in the viscosity sense. We show that we can bound the expressions ‘Mi w, | in

B,_. /2 by some universal constant. Consider any L € £y and let z € B,_, 5. Since
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w}(f)(as) = 0, we obtain

L (@) = ’ / wi? (x -+ ) K (y) dy
Rn

K(y) dy‘

- ‘/ (1—77(~”U+y+he))u(l‘+y+7;€) —(L—n(z+y)uz+y)
- Al
fin

K(y) dy]

+‘/ (n(z +y + he) —n(z +y))u(z +y + he)
i 10

=:J1 + Jo.

Choose and fix p = .
We can estimate J; by using (3.72) and the fact that (1 —n(z+y))u(x+y) = 0 for every
lyl < §=p:

N K(y—he) — K
31 < / \1—n(w+y)HU(fv+y)|‘ 4 ’h)ﬂ Wl g,
R™\B,
_ K(y—he) — K
S R

R™\B,

Using the mean value theorem and the fact that n(x + y + he) = n(x + y) = 1 for every
ly| < ¢ (recall that |h| € (0, 75)), we obtain

‘fol Vn(x 4y + The) - hedT‘ \u(x 4y + he)|
Jp < /

K d
|h|ﬁ (y) Yy
R\ B,
< 21 Jull o, 7l / Ayl dy
R\ B,
< ¢ ||lull 5

where ¢g > 1 depends on A\, A, n,ap and |I| but not on h.
It then follows from (3.76) and (3.77) that

1 _ 1
M w) > —C' |lull,, and Mg wl) < O Jlull.

in B,_, /5 in the viscosity sense and for each 0 < |h| < 15, where C" = Cg +co. Moreover,
the family {wg)h hle(0,y/16) 18 uniformly bounded in R™ as seen above. So we can apply

Theorem 3.51, which leads to

HwhH(je(m) = Hw’(ll)Hcﬁ(Tﬂ) < Cy (s;p!w,(ll)’ +C’ ]u\|oo>

(3.78)
< &1 (Il sy + € ull) < ex(lull +170)
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for every 0 < |h| < {5, where ¢; = C7(C7 + C”).
Because of (3.78), we can apply for every e € R™ as above Lemma 3.55 (rescaled and

with 81 = /) on segments parallel to e and obtain
lullgaa sy < callull + 120D,

where co > 1 only depends on A\, A, n, |I|,Cs and ay. We can repeat this process (with
suitable incremental quotients wy, of the form (3.74) with g replaced by 23, 35, ...,15)
since I3 < 1 < (I+1)8 to obtain u € C3%(Bi_3,),...,u € C'¥(B;_;,) and finally, by (ii)
in Lemma 3.55,

lullgo By 5) < eslllullo + 1Z0])

with a new universal constant c3 > 1 depending again on A\, A,n,|I|,Cs and «y. By
using the same reasoning from above (leading to (3.78)) one more time for the difference

u(z+he)—u(x)
h

quotient wy(z) = for every 0 < |h| < & and every unit vector e € R", we

obtain
lwnllos gy < s (oo srm +C” lull ) < es(lull, +170))

and conclude that u € C*#(B ;) and HUHCLB(@) < Cy(||ull, + 1Z0]). O






4 Conclusion

We study regularity properties of solutions to equations of the form Zu = 0, where 7
is a nonlocal fully nonlinear elliptic operator with respect to the class Lg of all linear
integro-differential operators of the form

Lu(x) = / (u(e + ) — u(x) — (Vu(z) - y)Lgy<n) K @) dy
J

with corresponding measurable symmetric kernels K : R™ — [0, 00) satisfying

A K< <2—a>y|ﬁ+a, y e R"\ {0}, (4.1)

-k

where 0 < A < A, @ € (0,2) and k : S ! — [0,1] is a measurable symmetric function
with k(¢) = 1 if € € I for some fixed set I of the form I = (B,(&) U By(—&)) NS™ 1,
0>0, & e S

The main result, Theorem 3.53, states that these solutions are Hélder continuous. This
regularity result is robust with respect to a 2, provided we bound « from below. By
assuming some extra regularity for the class of operators Ly, resulting in the class £1 C
Lo, we obtain C'# regularity in Theorem 3.54. We therefore extend the corresponding
regularity results in [CS09].

Let us explain the significance of our results with regards to the literature. Results for
linear equations involving nonlocal operators have been studied by several authors using

the corresponding Markov jump processes (see |BL02, SV04, KM13|). They consider
linear operators A of the form

Au(z) = /(u(m +h) —u(x) — (Vu(z) - h)Lyp<iy)n(x, h) dh,
R

for bounded functions u € C?(R™). Assume that n: R" x R" — [0,00) is a measurable
function with n(z, h) = n(z, —h) and

c1lh| ™" < n(z, h) < cah| O (4.2)

for two fixed positive reals ¢; < ¢, for every h € R™\ {0} and for every x € R™. In [BL02]
it is shown that harmonic functions with respect to A satisfy a Harnack inequality and
Holder regularity estimates. These Holder estimates follow from Theorem 3.51 because

n(z,-) satisfies (4.1) with A = 5%~ and A = 5% for every € R", which implies that
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M u(z) < Au(z) < Mfu(z) for every x € R™. Recall the definition of the extremal
operators M, M. in (3.14) and (3.15). Since Au = 0 in By, we have M u < C’
and Mfu > —C’" in By for any C' > 0 and Theorem 3.51 leads to Holder regularity
of u in every subdomain 2 € Bj. In this sense, Theorem 3.51 extends the results of
[BLO2, SV04, KM13| on linear operators to the fully nonlinear case. Note that, concerning
anisotropy, assumption (4.1) is less restrictive than the corresponding assumption in
[KM13]. Moreover, different from [BL02, SV04, KM13|, Theorem 3.51 provides estimates
which are uniform with respect to a 7 2.
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