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Au—|ul*tu=f s>1, fe L. (R")

3! solution (distributional sense)
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F(D?*u) — |ul*"lu=f s>1, feLp . (R")
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3! solution (L"-viscosity solution)
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Exist

Existence results

STRUCTURE CONDITIONS (SC)

F(x,u, Du, D*u) = f(z) in R™
Assumptions on F’:
o PialY =X)—9ln—¢l < F(z,u,nY) - F(z,u,§X) <
PialY = X) +9ln—¢|
o F(z,u,§,X) — F(z,v,§,X) < =d(u—wv)® if v<u, s>1
e F(x,0,0,0)=0

F(z,u, Du, D*u) = P:\‘:A(DQU) + | Du| — |u|* " u
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STRUCTURE CONDITIONS (SC)

F(z,u,Du,D?u) = f(z) in R"
Assumption on f:
o fe Lt (R™) withp> po=po(n,A/X) € (n/2,n).

po is the exponent such that the generalized maximum principle (GMP)
holds true:

GMP

If f € LP(Q) with p > po and u € W2P(Q) N C(Q) is an LP-strong solution
of the maximal equation

PYa(D*u) +9|Dul > f,

then

< P)— L, =
mﬁaxu_né%XU+Cd P f7 ze(a) (1)

with d =diam(Q2) and C a positive constant depending on n, A\, A, p, vd.
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LEMMAL

Let Q be a domain of R™ such that Qg := QN By # 0. Suppose that
F satisfy structure conditions (SC) a.e. z € Qg. If u € C(Q2r) is an
LP-viscosity solution (p > po) of the equation

F(x,u,Du,Dzu) > f((E)
with f € LP(Qg), then for each r € (0, R) we have

Co(1 + R)*/ 2R+

supu < udg, + (R — ) + CIf " e n) (2)

with g =2/(s — 1), Co = Co(n,A,7,s,d) and C = C(n,p, \, A, vR)
are positive constants. Here

sup ut if BRNOQ £
+ — ! BrnoQ

Ugn =
0 if B C Q.
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Existence results

Sketch of the proof:

@ Osserman’s barrier function

o
Rl <R

)= ey

p=2/(s=1), Ci'=2us"" (A(n+2(1+ p)) +vR)
e (SC)= F(z,®(z), D®(x), D*®(x)) <0 a.e. in Qr
o w=u— & is an LP-viscosity solution of
”P;CA(DQw) + v/ Dw| > f(x) in Qr N {u > ®}
o (GMP)= conclusion.
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LEMMA?2
Let Qg, F and f as in Lemmal. If u € C(Q2g) is an LP-viscosity
solution (p > po) of the equation
F(z,u, Du, D*u) = f(x),
then for each r € (0, R) we have

Co(1 + R)*/2 R+
< _— P
i lul < fuloe + (RZ— 17y + Cll fllLrr) (3)

o

with Cp, C and |u|sg = max(ujq, uyg,) as defined in Lemmal.
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Assumption:
VR >0 Jwr : Ry — R, such that wr(t) — 0 ast — 0T and

|F(,0,8,X) = Fz,u,§, X)| < wr(lv —ul) (4)
a.e. in x for |u| + |v| + [£] + | X]|| < R.

(SC)'=(SC)+(4)

THEOREM

Let F: R™ xR x R™ x 8™ — R be measurable in = and satisfy the
structure condition (SC)" a.e. z € R” for all (u,&, X) € R x R” x S™.
If feL? (R™), then equation

loc

F(z,u, Du, D*u) = f(x)

has an LP-viscosity solution in R™ for any p > pg.
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Structure conditions
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Existence

Sketch of the proof:

° fk c COO(RH) such that limy_, o ||fk — f”Lp(Q) =0

@ (4)= solvability in the ball Byr of (DP) F' = fi + continuous
boundary condition

@ Uniform estimates = for h > k

sup un| < Co + C|| fllzr(B

2k

2k+1)

e (SC)'+C“ - estimates =

lunllce By < CL+ 1 fllLr(B,00)

e Diagonal argument up, — u € C(R™) uniformly on every
bounded domain

o Stability results = conclusion.
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MAXIMUM PRINCIPLE

Let 6 > 0, s > 1 and € be a domain of R™.
Suppose for a.e. x €  that

F(z,u,&,X) <P LX) +741€| — 0ul* u

for all (u,&, X) € R x R x 8™ and u € C(Q) is an LP-viscosity
solution (p > pg) of the equation

F(z,u, Du,D*u) >0 in Q.

o If Q =R", then v < 0 in R™.
o If 2 C R™ and u < 0 on 012, then v < 0 in .
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MiMuM PRINCIPLE

Let 6 > 0, s > 1 and € be a domain of R™.
Suppose for a.e. x €

F(z,v,6,X) > Py A (X) —7l€] = bJv|*~ v

for all (v,£,X) € R x R® x 8" and v € C(Q) an LP-viscosity solution
(p > po) of the equation

F(z,v,Dv,D%*v) <0 in Q.

o If @ =R"™, then v > 0 in R".
o If Q C R™ and v > 0 on 012, then v > 0 in .
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Maximum Principle

Uniqueness results Uniqueness

FeCR"xRxR" x8"), f € CR")

If F is indipendent of = and satisfies (SC) then the equation

F(u, Du, D*u) = f in R"

has a unique C-viscosity solution.

Sketch of the proof:

e u,v solution, = {u > v}. Jensen’s approximations =
'P;:A(DQ(U —v))+ 9 D(u—v)|—6(u—v)°>0 in

o Maximum Principle = u < v...
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Maximum Principle

Uniqueness results Uniqueness

FeCR"xRxR"x8"), feCR")

THEOREM

Suppose that F satisies (SC) and that for all R > 0 there exist a
constant Kr > 0 and a function wg : Ry — Ry such that

li t) =0 and
tiI(I)lerR() an

|F(y,u,& X) — F(z,u,§, X)| < Kgl| X[ ly — | + wr((1 + [§])|y — =|)
(A2.1)
asxz,y €ER", u € (—R,R) and (¢, X) € R™ x 8. If p > pg and

I fllaze = sup I fll e (B, (2)) < +00, (A2.2)
reR™

then equation F(x,u, Du, D*u) = f has a unique C-viscosity solution.

Sketch of the proof:
u, v solutions, (A2.1)4+(A2.2)= u — v satisfies a maximal equation...
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Maximum Principle

Uniqueness results Uniqueness

x+— F(z,-,-,+) measurable, f & LY (R™), p> po

loc

We suppose that for every R > 0 there exists cg > 0 such that

PiaY = X) —~ln =& = crlv — ul
< F(xavanvy) —F(amu,f,X) < 'P;A(Y_X)—’_’Hn_ﬂ +CR|U—’LL|
(5)
forz € R” and any R > 0, u,v € (—R,R), {,n e R", XY € "
(SC)"=(SC)+(5)

F(z,0,0,X)— F(20,0,0, X
Br(x,x0) := sup L )~ Flay )

Xes" 1X]|
X#£0
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Maximum Principle

Uniqueness results Uniqueness

Suppose:
e (SC)” holds true

® F(--,-,X) convex

1/n
sup (} wF(x,y)wdy) <0
re(0,r0) B, (z)

for every x € R™, with 8 = 0(n, p, A\, A, o).
Then the equation F(x,u, Du, D*u) = f(z) has a unique LP-strong
solution u € WP (R™).

C

Sketch of the proof:
u, v solutions are LP-strong solution and by using (SC)” we get a
maximal equation for u — v. We conclude from maximum principle.
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