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5. 1 Topologies onthe space of bounded linear operators
un

- nu un -
- -

/Defiuition5 Let E ,
Y be normed spaces .

(a) The uopeIw ) topology on BLCE , Yt : =

norm topology wit . to 11 - 11
#→ y

(b) The strong (qpcr) top on BLLE
, Y) : =

locally convex topology induced by the seminorms
{Tts 111711¥} ✗c-I

(c) The weak ( operator ) topology on BLLEIY) : =

locally convex topology induced by the semi norms

{Tts IllTill} ✗ c-E
I c- y*

I Remauk-t.cat The families of semi norms in 5. 1cal d 5-2lb)
are separating (check

! ) ⇒ Hausdorff topologies .

(b) strong and weak operator topologies are not
1ˢᵗ countable

if dim# = • .

/Lemma5 @ 1The strong topology is the coarsest vector -

space topology on BLIX , YI
such that all maps

14
✗
: BLLX ,YI → Y
T ↳Tx

I
✗ c-I

are continuous .

~-



The weak topology is the coarsest vector - space ⑤

topology on BLIX , YI such that
all maps

Me ,✗
: BLIXT / → It

,
✗c- *, LET

*

T ↳ lCT✗ )

are continuous .

finer
(b) ☒

coarser
☒

: weak topology ; ← 6€ important≤ ÷
.

on BLIX
, YI

weak op
- top -

strong op . top ≤ uniform op - top .

Cl Lett ,Tu C- BLINK ) , new .
Then

lil (Tu)u converges tot in
the strong operator topology ,

written Tnˢ→T ( strongly )

⇔ him Tux =Tx 7✗ c-I

→ ao

Lii)(Tu)u converges toT in the weak operator topology ,
written Tu #T ( weakly ) ( ! )

⇔ him l(Tux ) = l CTX ) V-✗ C-*
,
He c- Y *

-

PI (a) and (c) from Lemma 4-27

(b) Upper branch : Follows from Me
,
✗
C- (321×14) )*

f×eEcY* ,
since

1 Me ,×T / = 1111771
≤ 11114*117×11,
III. 11×11

⇒ "Mex "(34×141)×1
≤ 11114* 11×4 <6 .

(op)



Hence
,
the weak topology on BKCX , YI is ④

inducted by a family
of semi norms that contains

the inducing family
of the weak operator topology .

Hence
,
the latter is coarser .

Lower branch :

-

17 × : BLLX , Y) → Y is linear ✗ C- E.
( is

It is also bounded
wit - the uniform topology

:

K 17-1-14 = lltxlfy
≤ 11TH -11×11 ⇒ sup

"" ≤ 11×11

0+-17134%41111-11

i. e. Mx is continuous wet . the
uniform topology ou

BLIX
, 4) far all × .

Also
,
the uniform topology is a

vector - space topology ( because
it is a norm topology ) .

So from Cal : strong operator topology
is coarser than

the uniform topology .

( ii ) Me
,
✗

= look
,
and tex is continuous wit . strong

operator topology on BLCX , YI .
Hence

,
Me

,
✗
is

continuous wit . strong operator topology .

So from

Cal : the strong operator topology
must be finer

than the weak operator topology
☒

/ Lemmns Let 7C be a Hilbert space , and@In
≤ BLCH )

C) If#✗ In is Cauchy in)tV-✗ c-71 then then
exists

Tt BLCH) such that Tu Est

(b) If Cy ,Tux> In is candy in# they c-H then there

exists TEBLCHI such that Tu -7T.

-



If:( at Define T :X → tc ④
✗ ↳ him Tux

The map
T is n→o

( if well- defined ( limit exists
? )

( ii ) linear

Liiil bounded : we have syplltnxll < •
✗ c- H ( due to

convergence ) . Hence , by the uniform
boundedness principle

:

snup 11TH
< N

. So
,
far all ✗c- H ,

11×11=1 :

11TH = him 11Th✗ If ≤ (up 11TH) 11×11 = sup 11TH
→ N u C- IN HEIN /

hʰ"
'

11TH = sup
.

.

111711 ≤ sup 11Th /I <a
✗C-H

, 11×11=1
nt IN

Hence 1- C- BLLHI and Tu3T ( by clef - ) .

☐•
⑨ I see exercise .

/ExampU / Let (F) u ≤ BLCEY .

-
-

⇐ \ Far ✗ = Cx≥ ,
×≥ ,

_ . -1 El
?
and he 1N let

Tux : =⇐ ✗ in ✗
a ,

-
-

. ) = ± ✗
.

Then I/Tull = ± ⇒
•

◦
,
i.e. uniform convergence

to

zero Carpenito )
(b) Let Tux :=(0-i.✗util

✗"+2)
- -
- l

( i ) Tn So because I /Tux 11<=-21 ✗ji# 0
.

j=h- I
✗€12

Lii / (a) n does uoit converge uniformly to
0
,
because

Trent , = eut , ,
so I /Tull 2-1 .

C) Let Tux : =

1×4×4 - -
- )

i.e.
"

u times iterated right shift
"

( see 2.26)



( is Tu -40
,
since for yet

≥

, by Cauchy - Schwarz , ④
N

Icy ,
Tux> 1=1-2YI x; / ≤ 11×11 (Élyuej 12 )

"
"

j = , EÉiuce yet ?( ii(Tu|u does not converge
strongly to 0 ,

because I /Tux 11=11×11 tx C-I ?

5. 2 Adjoint operators
--
-

/Deft (a) Let E. Y be normed spaces ,
and 1-c- BLIX , YI

.

Then 1-
×
: Y

*
→ ☒
*

e- lot

is a linear operator , the
a-djoi-I-fopemta.IT

(b) Let 7C≥ , Hz be Hilbert spaces ,
and TEBLCH, ,

Ha ) . Then

1-
*
: Hz → H , where ( by Riesz ! ) 1-

*

y
is the unique 2- c-

H
,

Y ↳ 1-
*

Y such that ,
tf✗ C-Hi

, Ly ,
Tx>
µ,
= < 2- is >H

,

is a linear operator , the (Hilbert space 1 adjointcopemtwlol-T.mn- me - ~

Note that , with ly : = <y ,
. > µ, ,

the linear functional

1-
✗

ly : H, → It belongs to H ,

*

✗ ↳ <7,17>Hz

/ ¥-5.77 @ 1 In the Hilbert space case we
have that

1-
*
= Jet

✗

Ji
'

,

with Jj : 75.*→ Hj the a-utiliu.eu ,
isometric and

bijective identification ( Cov . 2
-58 )

.

Indeed
,
fwm * 1 : LHS = (J5'y) (Tx I = (1-

*
(Jj 'yY(✗ 1

,

RHS = ( J,
- '

LTE
,1) (✗1 .

(b) 1-* is linear ( ! ) by part (a) of this remark .

@ 1 Notation varies
.

Some denote the ( Banach space) adjoint
1-
×

by T
'

,
or even 1-

*

.



/Exa#l ( al Let ☒ = Y = IT and Rx : = (9×4×2 , _ . -7 ④
the right - shift operator _

Then R c- But
'

)
.

Henie R✗ :@
'

Y'→ fl
' )*

( Riesz representative
? (d) * 3- f}

¥°ᵗ } c- do with fzlx / = -2 }u✗u
ut/N

for every
✗ c-I
'

)
.

So :

(R✗f} ) (✗ I = f}( Rx )
= [ { ( E-In = -2 }u+,✗u= -2¢})u✗u = FL} 64
k€ IN new UEIW

when L :L → IT } (} ≥ , } } ,3y , - - ) is
the left shift operator .

Hence
,
R✗f

}
= FL} .

(b) For H ,
= Hz = It and ce ,y c- It

,
let P'- = <4 ,

°>4 ,
i.e.
,

Px = < ce , ×
> 4 KXEH (

ran IN = span { 43 ) .

Then I>
*
= <4 ,

• 24 since ,
for all ✗ - y c- H ,

Ly , Px >
= 24,42<4 ,

× > = {<4, y > ce , ✗
2 = < P*y ,× > .

-

- -

As an application of adjoint operators ,
we prove

that bounded

operators preserve
weak convergence

:

/ Leumas Let EIY be normed spaces ,
and

TC-B.lt/iY1.Let(xuIuc-a≤É
,
✗ C- E. Then

✗u# × ⇒ Txu ⇒Tx ,

u → a .

P±Y*.Then , lctxul - lctxl
- lcxu-✗ I of ☒
¥*

|Theom Let # i Y be harmed spaces
and TC-BLCX.tl

.

Then 11TH /
y±,#*

= 11TH
✗→ y

-
-

By definition and
Tru .

4.15 we have
4. 15

11TH
,y

= sup lstxlly
=

sup sup 1111711 sup sup 111-411×11
check d←Y☒ ✗ c- *

✗ c-I ✗ C- E l≤Y*
Kelly#=/K✗.11×11=1 11×11=1 Hell#

= I

11TH#*= IT
✗

Ily*→☒ * ☒

&



④/ 0*5.117 Let H, , Hz be Hilbert spaces ,
and

- -

1- C-BLLH , , Hal -
Then 11TH /

Hoste ,
= 11T "

H,
- sty,

-

- - -

Pf Follows from 1-
* =J,T×jj ' andThin .

5.10
,
since Jj : Hj*→Hj , 5- 1,2 ,

are isometric & bijective . ☒

Ñeoum5 Let It be a Hilbert space ,

andT
,
S C- BLLH ) .

Then

is anti - linear , isometric
Caf The map C.)

*
: BLCH) → BLCHI

and bijective , with #
¥1T

.

Tts 1-
*

(b) C-g)* = s*T* (c) C-*)*=T

(d) If T has inverse T
- '
c- BLLH )

(
then@*51=(1--1)

*
.

In particular ,@
* )
- '
c- BLCHI .

(e) HTT * 11 = 111-112 (

cf-pwpevty-7-P-I.ca
: Anti - linear by definite-

ofTF isometric by Car . 5.11 ,

surjective by part (c) of this
theorem

.

Cb See exercise .

@ 1 : T
- '

1- = TI
-TT

- '

together with Cbl gives
-

1-* (T
- 1) * = 1-

*
= IT = C-

-

1)* 1-*
.

✓

Cel outre one hand ,
we have ( by car . 5- 111, LITT

* If≤ 111-11.111-1×11=111-112 .

On the other
hand

1 Y
-

- × 11T¥ v2
1117*11-45 sup

' " ≥ sup-
= 11TH

≥ Ktii ☒
◦≠✗c- H 11×112

◦ f-✗eye IY

/Definitions / Let H be a Hilbert space ,
and

TC-BLCH.li
) Tis uuvmal- : ⇔ TT

*
=1-

☒
T (they commute :)

Iii ) T is self-adjoint
'
. ⇔ T = 1-

*

Liii) T is unitary : ⇔T is bijective and T
' ' =T*

( i.e. .TT#--7I--T*T ) .



④/ReÑ lol self-adjoint or unitary ⇒ normal
.

(b) T normal ⇔ <Tx
,Ty > = <1- *× ,T*y > they c- H.

PI LHS = <1- *Tx -y > ,
RHS = <C-* )*T*✗ - y

> = <TT ☒
× , y > .

Hence : T normal ⇒ KTX If = 11T#✗ 11 tx c- H
.

In particular
? Kev CTI = her (1-*) .

(if 1- normal ! )

(c) T self- adjoint ⇔ <× ,Ty > = <Tx , y > they c- te * 1.

Setting ✗ = y gives
: <✗ iT× > c- 112 txt H

.

⑤The property * f is called syncing (T is symmetric 1.The notions
"

symmetric
"

and "

self-adjoint
"

agree for bou¥d linear operators ,
but their generalisations to ⇐ bounded operators do Not !]
(d) T unitary ⇔ <Tx ,Ty > = Lay >

= CT%
,
TE
,
>kxiyc-H.PI.LT/iTy7=LT*Txey7uudLT*xeT*y7--LCT*1*T*x,y7--CTT*Xy >

-
- -

/ F-xamp.US#/-CaST=z1I, 2- c- It .
Then 1-

*
= ETI

.

So
,
T is self-adjoint

-

iff. 2- c- IR .

(b) Let 1-1=[1-6,13] ,
ke Cleo

, 134 and

(f) 1×1 : = f
,

"

klxiylfcyldy tf c- H ,
Kx c- [oil]

Then TEBLCHI and , if Klay / = k⇔ Kay c-[o, iftuent is self-adjoint
- - -

-- -

In tens subsection : E Banach oue€5. 3 The spectrum
( I-e. It __e)

/ Definition / Let TEBLCE )

G) The ELECT (IT ) is pct) : = { Zee / T- z - TI is bijective}
Lii / The resolvent is Rz : = Rlz ,T) : =@- -2-1-5

'
= : € - 2-5

'

for which ever 2- c- Q this exists as a ( possibly unbounded / operator .
C) If Ze @ CT) ,

then Rz C- BLUE) ( bounded inverse term b)
( bl Rz need nod exist for 2-€@ CT) .

Liii) The spectrum is specCT) : = 6 CT) = = elect)
( ir) If there exists 0 ≠ ✗ C- II s -t . TX = ✗× for some ✗ c- e

,
then

✗ is an eigenvalue and ✗ the corresponding eigenvector .



( r) The poEspeÉT is ④
specpct)

: = 6pct ) : = { Zee / T- 2- not injective}
= { eigenvalues ott} .

( ri ) The counties street is

spec .
CT) : = felt)

-

_

= { 2-c-FITZ injective and van CT-2-1+-15 ,
but cleese}

(vii) The residual spe# II is

Speer LT)
: = ACT) : = { 2- c- €1T - 2- injective and ran CT-t) riot dense } .

[ OCT) = ¢ for mostT of interest in applications]

/Lemm Let TEBL#1.Then

C) ¢ = GCTI I @ (T) ( disjoint union)
(b) 6 LT ) = 6pct ) J Galt) I Gr CT )
C 1 If dim ☒ < •

,
then RCTI = ¢ = 6rLT) ( so 5 CT / = split / .
-

- -

PI (a) , Cbl clear by
definition

.

@ s follows fwm LinearAlgebra
'
- T- Z injective ⇒ clinker CT-2-1=0

dim#
<a

⇒ dim run CT-2-1 = dim (E) → ran CT- 2- I = € ☒

/ Lemma5.is#(Neumauuse-ies).LetTC-BLCI1 ,
with 11TH < e-

.

oo

Then CI -TI
'
c- BLLII) and * -TT

'
= IT I

.

-
- j=o _

PI see exercise CTZZ Sheet 6) . Here details for completeness
:

From 111-511 ≤ IITKI
,
111-1121

,
and Lemmer 2.50cal follows :S : = ITI c- 1321*1

j=o
For NEIN

,
we have
N

☒ -TI ETI = TI -Tat ' = TJ ) (TI -T )
.

j=o j=o

Now
, ÉTJ •

§ and Tat '-7% ( since 11Th -1111 ≤ 11TH
" " -4% ) .

Hence
,

5-°

¢I -1-75--71=541--1-1 so S = -Tt
' '

☐•

/ Lemma5 LetTEBLLE ) .Then 6 CT) ≤ { 2- c- e I 12-1 ≤ 11TH}
PI Far 12-1 > 11TH we have 11¥11 < 1 ,

hence 5- 18 gives existence of

134*12 ¥ (É - TI)
- /
= 4--2-5

'
= Rz

.

Hence
,

2- c- @ (T)
= I \ 6 (T) ☒

63



/Defi52o / Let D ≤ e be open , (2,11-11) a Banach space
-

over E ,
and } : D → Z .

2-↳ } (Z)

(i ) The map } is u- differentiable ( or study differentiable)
at 2-

◦
c- D

: ⇔ 75 c- 2- : him 114%+44-314--311 = o
e ≥ h→ ◦

Notation : %ˢz (Zo) :=3 .

Iii) } is weakly
differentiable at Zoe D

Mr
ur -

'
-
⇔ Z ↳ IC} (2-1) Ee is complex

differentiable at zo Kl EE
*

liiil } is ualyh ( resp
. we-aklyau-a.lyh) in D

: ⇔ & is worm - differentiable (resp . weakly differentiable )

at 2- ◦ for all to C- D.

/Remark5- (a) Z - valued norm - analytic functions have properties
analogous to those

of e- valued analytic functions ( f-ex.
a power

-

series expansion converging
wit - A - K

,
etc. 1

.

1T¥ Replace 1. 1 Cabs .

value in e) by 11.11

( For a discussion ,
see Hille - Philips ,

-

FA and semigroups
"

,
or

Dunford - Schwartz ,

"

Linear operators
"

val 1
,
sect - III. 14

.)

(bl Norm - differentiable ⇔ weakly differentiable ( For
"

⇐
"

,
see

Reed - SimonRunVI.4)

Meuvem# Let TEBLLII ) .Then

@ I @ (T)
≤ e is open in

①
,

and the map R( ◦
,
T) : @ (T) → BLLII )

2- ↳RCZIT)
is norm

- analytic on @ CT/ ,
with

, ,

RZderivative da¥ = RE * I

[ Note : 2- = BLLE) in Def . 5-20 in this case - i. e. , complex
cliff

.

holds wit . the operator norm]
(b) For Z, ,Zee @ CTI , we have

☒*) Rz
,

- Rza = (2-1--22) Rz
,Rza ( Fivstusolventideulity_)

In particular ? Rz ,Rzz = Rz,Rz , (they commute ! )



If : (b) Equati*f follows from ④

①- z , ) ( Rz ,
- Rzz) CT-Zz) = RI - C- 2- c) Rzz) (T-Zz)

= T - Zz - (T- Z ,) = 2-1-22

and fwm multiplication by Rz , form the left and Rz , fromthe light .

Commutativity : Exchange Z
,
Zz in ** I & compare

with**1
.

act Tf : Let Z . c- @CT) ( ≠ ∅ by Lemma 5.191

and 2- c- By, , ,zz¥o ) ( open ball in e) . Then

T- 2- = T- Zo - (-2--20) - (T - Zo) (TI - (Z-Z
By definition ,

11 Vz 11<1
,
hence by

Lemma 5. 18 : CI - V25
'
E BL LEI . So

,

Rz = 4--2-5
'
= CI - Uzi

'

Rz
.

C- BLLE / (1)

and so 2- c- @ (T ) , i
- e . @ CTI is open .

Aua# : Let 2-◦ E @ (T) . By the above
: to the ¢

,
1h1 < 11Rzoli !

2- ◦ th c- @ (T) .

Hence

C- 1 a 5.18

RZothu-R.IE#Rzo+uRz . = I VI.+ u RÉ. = -2h
"

Rz%
uC-IN

, UENO

and so

11 Rzo+n-uR - RÉ, /I ≤ [ thill Rzoll
"

"=HRzoÑ{z, - I}
u c-¥ 1h1 → 0

→ 0
.

Hence
,
2-↳ Rz C- BLLI) is norm - differentiable at -20 ,

with

derivative RÉ◦ .
As Zoe @CT/ was arbitrary , RC ,

T) is

worm- analytic in @ CTI ( and * 1 holds ) ☒

/ Lemw.us#/LetTc-BLcx-7 . Then 6 CTI ≠ ¢ .

PI. Let 12-1 > 11TH .

Then ( see pf Lemma 5.19)

Rz=(T - 4-
'
= ¥ (E- - TI )

- '
= - € ÉI÷ .

j=o



This expansion shows
that ④

12-1 → A

11122-11 ≤ ,-¥z
,

= ,z¥, → ° ⇔

Assume GCT) = ¢ Ccw contradiction) _

Then @CT / = e
and

, by

Thur 5.22 ,
e→ BLLE)

,
2-↳ Rz ,

is entice ( i.e. analytic
on all of e) .

Also
,
I ⇒ 2-↳ 11 Rzll is bounded ( using

⇐ ) & continuity ) . By Liouville 'sThin, ( fwe- valued fat 's ,
see any book

on

2- ↳ 11122-11 is constant
,
and by ☒ 1

, complex Analysis /
this constant has to be 0

,
i - e . Rz= 0 K£ c-¢ § ☐•

/Def / For 1- c- BLLEI , the2pecIÉn IT is

r CT) -_ = sup I ✗ I ≤ 11TH
✗ c- 651 T Lemma 5- 19

theorems Let TEBLCII ) .
Then

(a) ✓ (T) = him 11TH
%

= iuf 11TH ""

us do uc- IN

(b) If
,
in addition

,
E is a Hilbert space ,

and T is moral
,

then : Lim 11TH "" = 11TH .

Hence : r (T ) = 11TH .

now _

-

-

PI @ 1 the first prove
: Lim 11T

"

11
""
= iuf 11TH "" :

us to
h C- IN

vvlog . assume 1-
"

to the c- IN ( otherwise ,
if Fuo : Tho =o

,

then 1-
"

= o tu ≥ no and claim is clear ) .

Let au : = Lu 11T
"

11
.

Then an ,+u , ≤ au , tan,
tu

, , nzflw ( check! )

Fix we c- IN ( arbitrary) , and let u( ,r)
-

_ = qmtr for g-
c- IN and

✓ C- { 0,1 , _ _

,
m - l } .

Then

aucqir)
⇒

≤ ;÷ = ¥
→
+ ÷r

Hence
,



④him sup ¥ ≤ him sup wax

* {% . ,my%¥ ≤ ¥
u→ a 9-→ • threw

50
him sup

≤ inf .

h→ do
we C- IN

But (trivially ) liminf ÷ ≥ infant .

Taken together
,

u→ N
MEIN

him = iuf¥ exists
,
and time

◦%
= inf eat"

→ A UEIW u→ N uC- IN

because the exp
. function is continuous and increasing -

✓

Now
, by Thur . 5. 22 ,

2-↳ Rz is strongly analytic in

D: = G) { zeal lzc ≤ ✓ CTI }
,

hence it has a Laurent series

expansion about
the origin line ) :

Rz= I ZJ Aj
,
Aj c- BLLEI fu JEZ

,
g- c-7€

-

which is norm - convergent t2- c- D- [For e- valued fat 's , see

Conway ,

"

Fct . 's of one complex variable
"

,
2nd -ed . (197-8) Think 1 . /

On the other hand
,
on { 2- c- ¢ / 12-1 a 11TH} ≤ D ,

the

expansion *1 Rz
=
-¥ £ holds (see pf . Lemma 5- 23) .

j=o -2J

Hence
, by uniqueness of the Laurent

series
,
* I is the Laurent

series of the resolvent ,
hence norm convergent tzc-D= .

Equivalently , the power series

} ↳ I } ITJ ** I
jt/No

converges on Byrd;) .

On the other hand
'
- For any

E- 0
,
the power

series in ☒* ) is It

norm - convergent on Bee¥14 ,
since if , then * I would converge

for some 2- c- 6 CTI ( recall : RCTI = sup Ht )
.

Therefore
,⇒✗c- 6CTf

is the radius of convergence of ** ,
and as such

,
it is



given by Hadamard 's rout criterion '- ④
RCTI = him sup HTIIIYJ

= him KTIK
'

Ii

g- →a j -so

where the last equality was proved in the
first part . ✓

(b) Let É*
"

refer to the E- property 1117*11=111-112 from
Them . 5.1261.

Then
z effort

≥ Turned C*fwTT* c*f•vT
111-211 = 111-254*11 = ACTH) * 1*11 = 1117*112 = 111-114

,

so 111-211=111-114 By induction on
KEIW :

111-271=111-11" ⇔

hence him 111-71
""
= him 11T

" 1142£ ¥ 11TH ☒

u→A k→a

/EpU52I Right - shift a left - shift operator one?

For ✗ = (✗± ,xz , - - - ) c-
12

,
let Rx : = ( o , ✗ i , ✗ 2 ,

-
--)dL✗ :'-(✗a ,✗} , . _ ._ )

Then 111211--1=1141 ,
R is isometric and R*=L ( check ! /

Claims: Li ) 61>(4--13,10) (open ball i- f) ( ii / RCL) = 013,10 /

Liii ) 6r (4=4 ( ir ) 6p 1121 = ¢ ( v) LCR) = 013,10)

(ri ) Gr CR) = 13,10) .

Proofs:( if Let ✗ c- ¢ ,
then Lx = ✗ ✗ ⇔ (✗a ,✗} , _ _ . ) = ( ✗✗ i , ✗a , -

- - /

⇔ ✗ z
= ✗×

, ,
✗3=7×2 = ✗

'
× , ,

_ _ .

⇔ ✗ = × , (1. ✗ ,
✗4×3 , - - - )

Hence , ✗ c- I a Lx
- Xx ⇔ -24×125<0 ⇔ 1×1<1 v

ut IN

Civ ) R isometric ⇒ 6pct) C- OB , co) ( check !/ .

Let 1×1=1
,

then Rx = ✗ ✗ ⇔ ( o
,
✗≈

,
-
-
- ) = ( ✗ × ,

,
✗×≥ , - - - I

⇔ ◦ = ✗✗
, ,
×
,
= ✗✗ z ¥-0 × , = 0 ,

✗2=0,
- - _

✓

Liii) Leven ( pf : see exercise / .

Let# be a Hills.sp .

,
1- c- BL# 1

Then Cal Ze GRLTI → It 6pct )

(b) 2- c- 6pct / → I c- 6pct
* ) u6rLT* )

z



Henie from Cal with 1-=L : Civ ) ⇒ Ciii ) . ④
C- it

,
(v) and (ri ) : see exercises.
-

-

-

5. 4 Compact operatorsmm ~ -

General assumption : E and Y are both Banach spaces
-

1.27

Recall: In metric spaces : compactness ⇔ sequential cpf - ness
Henie the equivalence in

/Def277 An operator TEBLLXIY) is Impacto
= ⇔
FA c-E : A bonded ⇒ # ≤ Y compact ( i.e.TCA ) rel . cpt .

in Y )
⇔ tkxufu c-E : (a) u bounded ⇒ In has a

convergent subsequence

/E✗pU5# Caf For ke Cleo , ☐2)
,
let T:[ (Io

,
i]) →[ ([gig)

,

✗

(f)64 '-= /
◦
Klay)f(yl dy ,

ft [ ([0,13)
.

Then T is compact ( see

(b) Finite - rank operators :
TEBLCX

, YI is of fiwuk : ⇔ dim ran (T) <o
.

Then Tis compact :

Kulu C- I bounded ¥
"

In C- new CTI bounded
,

hence
,☒In is a bounded seq . in finite- dim . space , so,

by Bolzano - Weierstrass , it has convergent subsequence .

/TÉ Let 1- c- BLAH be compact , and @a) a ≤I s -t .

✗u ¥ ✗ c- E ,
→ N

.
Then Txn⇒"Tx strongly , i.e .

wit . the norm in Y ( Iltxn -Tilly → 0 , → a)
-
-

Exercise E13 .2)



no ④PI Let Yu : = Txu and y:=T✗ .

Since Xu → ×
,
we

have (by Lem -5-9 ) : ya → Y .
Assume

,
fur contradiction

,

that Yu# ( i.e. not . conn in norm /
.

Then Fe >0,7 Kundu :

Kyuu-yK2Etkc-1N.Bvt@un1newisweaklycouv.yso (by 4.29) bounded
.

e-sa

since T is compact , 7-④uncle :

Yum→ FEY , I ≠ y .
Sine Yun, #• Y tf ( 4.27 (4) this is a contradiction ,
so Yu

⇒§ strongly / in norm ☒

/Theoums- / Let 1- c- BLAH .

(a) AssumeA)
new

c- BLCXIYI
,
Tn compact tu C- IN, and

I /Tu - TH %
,
TE BLAH

ThenT is compact .
(b) Tis compact iff 1-

✗
is compact (Sawhney )

(c) Let 2- be a Banach space and £ C- BLLY
, 2-1 .

If £ or T is compact , then FTE BLK ,2-1 is compact .

(d) In particular : Denote KLAY) :
= {TEBLLX ,

Y ) IT compact } ,
KCII) : = KCE ,

# 1 . Then K (E) C- BLLII ) is a

two - sided norm - closed ideal

-
=

PI (d) follows fwm (a) & Cc) ( Y = 2-
=#-)

.

(c) Clear, since bounded
linear operators preserve convergence & boundedness

.

(a) Let @in)mw≤ II be bounded
,wlog.lt/mllL-1-Vmc-/N.AsTuiscompait(Tnxm)mhas a convergent subseq. ( dep . on u )

with limit yuc-YV-nc-IN.BY Cantor 's diagonal sequence
trick

,
7 common subseef . (✗make ,w ( i.e.in#p.ofn!1k-sos.t.TnXmn→ Yn th c- IN ( check !)

.

* f



Let E >◦ and NEIN such that 11Tu -Tu ' II < E thin
'

≥N
.④

Then

I /Yu
-

yu 'll
≤ Kyu -Tuxmn It + Iftu✗un- Tu ' ✗

inn
11 -111TEur- Yu 'll

a-
-

a-
≤ 11Tu -Tu'll < E

k→ a

< E
,
since 111 & (2) tend to 0 ask → 0 ( by *)

so (Yulnew is Cauchy , hence CY Banach ) convergent , i.
e.

YUJI c- Y
k-sa

Clem : 1117mn - Y 11 → 0
.

Indeed
,
let E >o

.

Fu c- IN s-t .

11T-Tull < § and Kyu - YU < §
Fix this

.

Then there is K c- IN s.t.HR/mn-yn1fCz--Vk≥K
( by #1

Hence
,
for all k ≥K ,

1117mn -y 11 ≤ 1117mn -Tu ✗mk 1ft If Tuxmn
- Tull -1114in - y /I
-TE TE
≤ 11T-Tull-"✗I ÷
< E

So
,
claim holds

,
and T is compact .

(b) : Let (b) new ≤ Y
* be a bounded sequence .

Then K : = 1-(BETT) = T(B¥) ≤ Y is a compact
metric

space .

The restrictions fu : = In /* c- CCK ) ( equipped
with

11.11g norm ] form a
bounded and equicontinuous sequence,

because

lfuly ,) - fulyall ≤ (sup Illich) - Ky ,
-Yzlly try , , ya c- K

kcg



By the theorem of Avzeta
- Ascoli ( 1.40 ) then ④

exists a uniformly convergent subsequence (fun/ naw ,

hence Cauchy , i.e.VE?oFwc-1w:V-k,la-N:l-uu-fuellc(
* ,

< E

so
,
for all k , l a- N :

=

sup ITHunt
- TThe ✗ I✗ THIN - Flue "

E* ✗ c- BEIN

= sup llunltxl
- due (Tx) / ≤ 11fun - fue Hc (+, ,

< E
.

✗C-BEG) ( * in fact "= "
,
since TCBIG) ) dense in K ) .

So C-✗Inn) new converges
in #*

,
hence 1-

✗
: Y *→ ☒

*
is apt .

If 1- ✗ compact , then 1-
✗ ×
:#
**
→ Y

**

is compact

by
"

⇒
"

.

So
,
from (c)

,
1-

✗✗

¥ is compact , when

J
*
: *→☒

**
is the canonical embedding

,
#✗Vff = fat

txt €
,
tf c-☒

*
.
Now

,
for ✗ c- ☒ and l c- YY we have

(T××J×=×/ (l ) = 5*6-14×11 = @ Ic ) -61
= lctxl =(JyCT✗))(e)

This implies 1-
✗ ✗

JE = JYT being compact .

Since

Y is closed in Y
** ( i. e. Jy (Y) ≤ Y

**
is closed)

,

T is

also compact . ☒

/Theoum5- Let H be a separable Hilbert space .

Then KCH) = {TEBLCHHTcompact} = {TtBUHlThasifuk}
" "

where the closure is wit . theopeiatwuovmn
-

Pf
"

≥
"

holds because of Ex - 5.28 (b) andTim .
5.30cal

(this does not need separability - or that tf is Hilbert space
( Banach ok ) ) .



±
"

: Need to prove
: Any compact 1-c- BLINI is the norm- ④

limit of finite - icing operators :

If dim (1-1) <N
,
there is nothing to prove . So

let dim ( H) = o

and let { cej} ;ew
C- H be an ONB . For u c- IN

,
define the

orthogonal rank- u
- projection Pu : = É < cej , ° > cej .

j=i

By Thur . 2- 51
: Pn>TI

,
hence TI - Pu = [ Ccej , . > cej ( where

j=n-11

the series converges in the strong operator sense) .

Let Ru : = Tpu C- BL (H) for uc- IN .
Then Rn has rank ≤ u,

and converges to T strongly ( Rn 3T) .

Strategy " Use compactness ofT to prove convergence
even uniformly .

Let ✗ EH ,
11411--1 -

Then
2
Bessel

1111--1274112=-21 Lcej , y > I ≤ 114112 = I

j=n- I

so that

11T- trull
= sup

111-1*-121411 ≤ sup sup 111-411
= ✗u .

✗ C-H 4 C- ranCTI- Pu)

4C- Hi 11411 = I H4K≤#11411=1

= : ✗n

Note " (✗a) new is non - negative end

decaying ,
so Lim Xu = :X ≥ 0 exists .

The theorem now

n→n

follows fwm :

Claimo
'

- For u c- IN
,
74in C- bun (TI -Pu) with 114m11 ≤ 1

and 111-4all ≥ ¥ ≥ ¥ .

Now
,
for all ✗ C- H

,

14,44<=1 <y , CI - Puttin > 12--1<(1--12)y.tn
> 12

c-% 11*-121×11? 114mi →%
.- IT

Ékesiy>i
j=n-11

u → so

so Xu ¥0 and ( sinceTcpf -7 Tfn → 0 (by 5.29) .
Soo ✗ = o

*

·



5.5 Fredholm alternative and the spectral theorem ⑤

-ntEnpaIopemtwIʰ
Gumpk : H is a separable Hilbert space over 1C .

~--

/ Motivatic.us#/lifLet M be an N ✗ N- matrix ( over e) for NEIN
,
and let 2-c- ¢ .

Then : Either : My = 2- 4 has a solution 0=14 C- EN

CE Ce -2-5
'
exists

.

liif Let tf = [ ([u , B) and 17 C- BLUE -6,1311 be defined by

47411×1 -

_
= ✗ 41×1 far a. e- ✗ c- [oil] try c- [ (Eri)

.

Caf 144=2-4 has ≈ solutions 0=14 c- LZ since :

✗ 41×1=2-41×1 a. e. ✗ C- [0
, if ⇒ 41×1=0 a. × C- [oil]

.

Cbl @-zs is net surjective Kt c- [on] : ( so , @ - zi
'

does not
exist 1 .

- ④ -2-1411×1 = @ -2-1441

- Any element @ c- [ (Eo, is) which has a representative
which is if continuous at ✗

= Z Cf with q(2-1-40

satisfies @ & ranch
-t.ir Assume @ C- ran ( M - -21

.

Then there exists 4 C- Ecco , D) s-f - @ -2-14=9 ,

hence 441 =⇐ Cecil @ • e. ✗ I - which is not

an
element of U([on]) 6

,

Cf For compact operators , the above either /ou -
statement in Lal still holds (see Cor . 5.34 ) .



④Kheae# ( Indy-hEEElmIEn1
Let D e- E be open

and connected
,
let f :D → BLLH)

be form) analytic ,
and flzl compact

-✓2- c- D ( fczl c- KCHH
.

Then :

EitwA_ : @ (-21 - TII
'

does not exist for any 2-c- D

0v(A There exists a discrete
subset $≤ D without

accumulation paints in D ,
such that the map

is well- defined and analytic .

D) $ → BLCHI

2- ↳ C- CH -TIF
'

Moreover :
2- c- § iff fcz /4=4 has a solution0=14C-H .

/C⇔5- / Let TEBLLHI be cowpat ( i.e. TEKCHII
and 2- c- el {ol .

Then

Either : Tf = 2-4
has a solution 01=4 C- It

01
: 4--2-5

'

c- BLCH / exists .

-

-

Pf : choose D: = Cello} and f 12-1 :
= IT = Iz .

Alternative (A1) does not
hold in Tm - 5-33

,
since ¥ -TI has

an inverse in BL (HI
HI 2- I > 11TH (Neumann series ! /

Hence
,
Alternative CAH holds

. ☒

-

Pf(si It suffices to prove
: V-2-oc-DI-ueigbouuhoc.IN/zds.t .

either (A1 ) or ¢21 holds on 1/(2-0) .

[ Indeed : tZo C- D
,
colour

N lzo) red or blue
,depending on which alternative holds ;

D is connected
,
i- e. if both colours appear , then three

exists É s -t
. MEN cannot be uniquely coloured
- contradiction]



Fix 2-
◦
C- D. As f continuous : Fv-o://flzl-fcz.tl/ <I ④

for all 2- C- Dr : = Balto / . By Thun -
5- 31 ( separability ! /

,

F FEBLL 1-4
, fine rank ,

sat . Kfc -201 - FK < ±
.

Henie

Ilfczl - FK <1 ,
and so ( by 5- 18 ( Neumann series ) )

Dr → BLLH)
(1)

2-↳ ☒ - fez , -1+-1-1
is well - defined and analytic .

Let gczl : = FCTI - fast F)Y let N : = rank (F) <o
,

and let ✗ a- ,
- -

, Xu
C- H be an ONB of van (F)

.

Then ran (glatt ≤ vanCFI
,
so
: the c- H (expandglzlqin ONB)

N

121 g(He = -2244912-19>4 n
u =p

Note also that

③ f f (ZI - TI = (glzl -TI) ( TI -fczl +F)

For all 2- c- Dr we have the following equivalence , :

f- (2- I -TI net invertible
"¥" gczl - TI ist invertible

* 1 ( Pf . below ! /

7 solo f-+ c-H offG)4=4⇔ Fsol
.
◦ f-q C- H

of GCHQ = q
N

et ce = putz

Fpa , -ypn c- € ( not aᵈ=o) : Pn
= £14m

, g G) 4m
>pm

we = I#

④ = : Aum (Z )

dlzl ._ = det (AH) - TIn×w)=o
,
where A : = (Aum ) /≤ a ,m≤N

BI d
'

- Dr→ Q is analytic , because , by it , Aum is analytic

By the identity thin ( complex Analysis)
: thin

Either Sr : = { 2- c- Dr / d(2-1=0} has no accum-paiut.inDr
i.e. *2) holds on Dr



Er Sr = Dr
,
i- e . ☒ it holds on Dr ; ⇒ c€m ! ④

It remains to prove * 1 : The pb _
is reduced to the finite

-
-

rank case .

"

II : clear .

"

l↓ By contradiction .

Assume dlzf to
.

Then :

t } c- EN :(AKI - Hann)p = } has a solution peen.

For an arbitrary ( fixed/ ✗ c- H
,
choose }n= }! : =L4496143

for n=L, - - p
N
,
and let p4 c- ¢

"
be a corresponding solution .

N

Then : § : = -4 + Epi 4in solves ⑨ (ZI - TI) e- = 4 ,

u= /

Since :
N

⑨ (z) - TI / of = 4-91-44 + ⑨ 12-1-17 Epi 4m
in= f

N

¥
4 c- [ [- Lyn ,give> + [(Aumlzi - dum)put]4h
⇔_:-

⇒ glzf -TI is
'

invertible § Do

/ co-wdary5-3-5-fcriesz-schande-JLel-TC-Bl.CH ) be compact .

Then RCTI has ☒ accumulation paint it , except possibly
at 0

.
Moreover

, any 0 ≠ ✗ c-
6 CT) is an eigenvalue of

fi izuntipliciy ( i.e., the corresponding eigenspace is finite
- dim)

-

- -

PI choose D= = e) { v1 and f- (z) : = Iz in Thu . 5-33
.

Then e) ( { u} v5 ) ≤ ECT ) so 6 CTI ≤ { o } v8 ; also ,
5. ≤ 6pct I ≤ 621-1 ≤ { o} u $ .

Remove 0 from the sets

in this chain of inclusions and note that 5=51101 .

Hence £ ≤ 6pct1) { ◦I € 621-1180} ≤ $ ,
and so



⑦§ = 6pct1) { ol = 6 (TI ) { ol .

Also
,
0 is the only possible accumulation point

of S
'

by 5-33 .

Finite multiplicity : suppose not ( only possible for clinch / = a)-

Then there exists an infinite ONB { 4u}u£µ of the eigen -

space corresponding to some eigenvalue ✗ ≠ 0 , and T4u=X4u
far all u ( eigenspace closed ! / . Compactness of T implies
that (T4u)u=¢4u)u has a convergent subsequence , which
is a contradiction

,
since ✗ to and { 4nA

u
ONB

. ☒

/ Remains Cal If dim H = • ,
then 0 c- 6 CTI

PI. If not , then 0 C- ECT ) , i.e. T
- '
c- BL ( te ) and #=TT?

Let { 4u /new be an ONB of H .

Then 4in = TCT
_'

tu) tu .

Since {T
- '
yn} , ≤ H is bounded ,

and Tcompnit , { 4n}n has

a convergent subsequence § ( since { Yu}n ON B) .

☒

Cbl corollaries 5.34 & 5.35 have generalisations to Bath
spaces .

-
-

In the following we use the
convention u = I

,
- - you

: ⇔UEIN

( to have unified notation) .

theorems / (S-iugulw-akumpoa-IEempafopemta.es )
Let TEBLLH) be compact .Then there exists NE Nou { a }

,

orthonormal sets { 4u)u=±
, .
. ,w , { an/ neg . . , µ

≤ H (which

are net necessarily ONB's) and siygulavvalnes (Xn)
≤↳• )

u =L
,
_- ,NS.t

.

N

T = [ Xu <Yui> een
.

⇐ I
v.=L

If N = N
,
ther (✗u )nw is a hull sequence ,

and the

sum in * I converges in the operator norm .



The proof relies on ④
Meoum5-3 ( Hilbert - Schmidt theorem ; spectral theorem
- faster- adf.ie#cTd.mpaitIpTTHispaie)
-

Let TEBLCH) be self-adjoint and compact .Then there

exists an ONB { 4n|u=±
,
. .

,
dim +,

C- H of eigenvectors ,

and

eigenvalues (✗n )u=± , . . , dimly C- IR ( listed according to their

multiplicities) such that

Tlfu = du Yu th = e-
,
- -

,
din H.

dimly
Moreover

, T = I ✗ u Ctu ,
• > Xu . * f

u= I

•

If dim It = N ,
then (tu)new is a

null sequence , and the sum

in * 1 Converges in
the operator norm .

-

Pfof8 : ( i ) Let ◦ ≠µj , j = 1,2, _ .
.
be the pairwise

distinct non - zero ( real ! / eigenvalues ofT, i.e. ,

Nj tan for j ≠
k

. For every j ,
choose an ONB Bj in the

finite -dim .
(Coo 5-35) eigen space ofT corresponding tou; .

Then B : = U Bj is an orthonormal set in 74 since
j

eigenvectors corvesp.to different eigenvalues
of norad

operators are orthogonal ( check ! ) .
Let to : = spau .

Then 1- ( Hot ≤ Ho
,
and asT=T*

this gives TC Hot)
≤ Hot :

T=T*
txt C- Hot V-✗◦ C- Ho -

' L Xo
,
Txt > = LT✗◦

,

✗+> = 0
-

⇒ Txt 1- HoC- Ho



Let t : = T/ µ,
: Hot→ Hot

.

Then it is ④

self-adjoint a compact
But 6 (Tt ) = { o } ⇒ spectral radius v (Tt ) = 0 .
So
, by 5.25lb ) : 111-+11=0

,
hence 1-

+
= 0

,
and so

Hot ≤ Keo CT ) ( in fact
"

=

"

)
.
So : if Bt is any

ONB of Hot
,
then Bu Bt = :{ 4) a =L

, ,
dimly

is

ON B of H consisting of eigenvectors of T .

Iii ) Let ✗ u be the eigenvalue corresponding to 4in ,
u= 1-

,
- -

,
dim ☒ . Then (✗a) u= ,

,
.
.

,
dimly is sequence

of eigenvalues enumerated according to multiplicities
and ( if dim It= at ,

a null sequence by Cov .

5- 35

Ciii 1-¥ Kyu
,
. > Yu holds because ,

if
u= (

din H Coo
,
both sides obviously agree on ONB { 4u}u= ,

dink
Tim = Xun Yu tu c- IN and ( finite sum ! )
tf

✗ a <444in>Xu = ✗mtm (ONB ! !

If dim H = & ,
we first prove

that the RHS in * ,

is a Cauchy seq . wit . the operator uovw .
Indeed

,

let E >0 .

Since Ctu) near is a null sequence ,
7M

,
c- IN

s - t - sup Hut
< E. Hence

,
for ≥ M, :

u ≥ Me

sup 11 Éxnlien , 424nA! sup [ É 1×412%4>1]
11411=1 u=Mitt 11411=1 n=M

, -4

22



≤ sup [ ( saptari ) [ kxu.ie > if < i ⑤u≥M
,

11411=1
% """É Bessel )

since BLLH ) is complete , 3- REBLCHI s - t .

R = [ ✗ u <4in
,

• > fu .

Since both T & R are bounded
,

HEIN

it suffices to prove
that they agree on a dense

subset of H ( Bounded Linear Extension
Thin .

2.31 )
.

But as R is a uniform (thus stung
) limit

,
we have

Ryun = [him ÉXn< 4in ,
• >4) 4m

N→ N u-4

= him [ (ÉXu<Yui > 4h4m] = Xmym
n→w n-th c- IN

ÉXuL4u ,
4m74 u

n= (

Henie ,
T and R agree on ONB ,

so they agree on

span { 4m Im
c- IN/ e- 14 ,

which is dense in H ☒

-

pfo37: since T is compact , so is 1-
*
T ( by 5- 30611 .

Since 1-
*T is also self-adjoint ( check ! / , by 5- 38 '

.

F orthonormal set { 4h )u=i
,
. .

,
dimly

≤ H and ( In )u=1
,
-

→
divine

≤ 'R

such that dink

1-*T = -2 In <4in
,
• > 4h

.

5- I dim H
Now

,
since 0 ≤ 111-4112--24 ,

1-*Ty > = ¥
,

Ju Kyu
, y > 12 -24£ H

we have ( take 4 = 4mi that

In 20 the c- IN
.
Terms with I. =u do not contribute to

* f in 5- 38 . Re - name the eigenvalues ( Future
, . ,
dim µ

such that

(In )u=±
,
. .

,
µ
≤ ( ◦

,
a) be the collection of non - zero eigenvalue,



and (II. =o)w=±
, .
.

,
µ
,
are the Zero eigenvalues

,
④

where N
,
N

'

c- Huo u { a } .

Let { 4in In=L, . . , N} and

{ yii / n' = 1, - you ' } be the set of the corresponding eigenfunctions,
which

, together , form the ONB of H .

Hence
N

1-*T = [ In Lyn
,

• >4in and Kev LTI = span { 4in ' / n=t, . . , N
'

} .
u = f

Set ✗u : = I.% =☒ and een = Tien for all n =L, - -, N

Then T4n = Xingu
,
and

< em
, a >

= ( ✗mini
'
< 4m ,T*T4u > = Eun thin =L , - - , N
-

In 4inThat is
, { In}u= ,

,
. . ,n≤ H

is an orthonormal set . Nate that if N = a ( only possible
if dim ( H) = a) then (Xu)u⇔v is a null - sequence by 5- 38

.

Finally , the same ( ! ) argument as in
the proof of 5.38 gives

N

1- = [ tu Lta
,

• > en

u=f

with the sum being uniformly ( i.e. norm ) convergent
if N = - ( use the ONB { 4≥ , - - , You } u } 4k ,

- -

,
4in . }

to test the equality ] ☐•

-
-

·


