
5.5 Fredholm alternative and the spectral theorem ⑤

-ntEnpaIopemtwIʰ
Gumpk : H is a separable Hilbert space over 1C .

~--

/ Motivatic.us#/lifLet M be an N ✗ N- matrix ( over e) for NEIN
,
and let 2-c- ¢ .

Then : Either : My = 2- 4 has a solution 0=14 C- EN

CE Ce -2-5
'
exists

.

liif Let tf = [ ([u , B) and 17 C- BLUE -6,1311 be defined by

47411×1 -

_
= ✗ 41×1 far a. e- ✗ c- [oil] try c- [ (Eri)

.

Caf 144=2-4 has ≈ solutions 0=14 c- LZ since :

✗ 41×1=2-41×1 a. e. ✗ C- [0
, if ⇒ 41×1=0 a. × C- [oil]

.

Cbl @-zs is net surjective Kt c- [on] : ( so , @ - zi
'

does not
exist 1 .

- ④ -2-1411×1 = @ -2-1441

- Any element @ c- [ (Eo, is) which has a representative
which is if continuous at ✗

= Z Cf with q(2-1-40

satisfies @ & ranch
-t.ir Assume @ C- ran ( M - -21

.

Then there exists 4 C- Ecco , D) s-f - @ -2-14=9 ,

hence 441 =⇐ Cecil @ • e. ✗ I - which is not

an
element of U([on]) 6

,

Cf For compact operators , the above either /ou -
statement in Lal still holds (see Cor . 5.34 ) .



④Kheae# ( Indy-hEEElmIEn1
Let D e- E be open

and connected
,
let f :D → BLLH)

be form) analytic ,
and flzl compact

-✓2- c- D ( fczl c- KCHH
.

Then :

EitwA_ : @ (-21 - TII
'

does not exist for any 2-c- D

0v(A There exists a discrete
subset $≤ D without

accumulation paints in D ,
such that the map

is well- defined and analytic .

D) $ → BLCHI

2- ↳ C- CH -TIF
'

Moreover :
2- c- § iff fcz /4=4 has a solution0=14C-H .

/C⇔5- / Let TEBLLHI be cowpat ( i.e. TEKCHII
and 2- c- el {ol .

Then

Either : Tf = 2-4
has a solution 01=4 C- It

01
: 4--2-5

'

c- BLCH / exists .

-

-

Pf : choose D: = Cello} and f 12-1 :
= IT = Iz .

Alternative (A1) does not
hold in Tm - 5-33

,
since ¥ -TI has

an inverse in BL (HI
HI 2- I > 11TH (Neumann series ! /

Hence
,
Alternative CAH holds

. ☒

-

Pf(si It suffices to prove
: V-2-oc-DI-ueigbouuhoc.IN/zds.t .

either (A1 ) or ¢21 holds on 1/(2-0) .

[ Indeed : tZo C- D
,
colour

N lzo) red or blue
,depending on which alternative holds ;

D is connected
,
i- e. if both colours appear , then three

exists É s -t
. MEN cannot be uniquely coloured
- contradiction]



Fix 2-
◦
C- D. As f continuous : Fv-o://flzl-fcz.tl/ <I ④

for all 2- C- Dr : = Balto / . By Thun -
5- 31 ( separability ! /

,

F FEBLL 1-4
, fine rank ,

sat . Kfc -201 - FK < ±
.

Henie

Ilfczl - FK <1 ,
and so ( by 5- 18 ( Neumann series ) )

Dr → BLLH)
(1)

2-↳ ☒ - fez , -1+-1-1
is well - defined and analytic .

Let gczl : = FCTI - fast F)Y let N : = rank (F) <o
,

and let ✗ a- ,
- -

, Xu
C- H be an ONB of van (F)

.

Then ran (glatt ≤ vanCFI
,
so
: the c- H (expandglzlqin ONB)

N

121 g(He = -2244912-19>4 n
u =p

Note also that

③ f f (ZI - TI = (glzl -TI) ( TI -fczl +F)

For all 2- c- Dr we have the following equivalence , :

f- (2- I -TI net invertible
"¥" gczl - TI ist invertible

* 1 ( Pf . below ! /

7 solo f-+ c-H offG)4=4⇔ Fsol
.
◦ f-q C- H

of GCHQ = q
N

et ce = putz

Fpa , -ypn c- € ( not aᵈ=o) : Pn
= £14m

, g G) 4m
>pm

we = I#

④ = : Aum (Z )

dlzl ._ = det (AH) - TIn×w)=o
,
where A : = (Aum ) /≤ a ,m≤N

BI d
'

- Dr→ Q is analytic , because , by it , Aum is analytic

By the identity thin ( complex Analysis)
: thin

Either Sr : = { 2- c- Dr / d(2-1=0} has no accum-paiut.inDr
i.e. *2) holds on Dr



Er Sr = Dr
,
i- e . ☒ it holds on Dr ; ⇒ c€m ! ④

It remains to prove * 1 : The pb _
is reduced to the finite

-
-

rank case .

"

II : clear .

"

l↓ By contradiction .

Assume dlzf to
.

Then :

t } c- EN :(AKI - Hann)p = } has a solution peen.

For an arbitrary ( fixed/ ✗ c- H
,
choose }n= }! : =L4496143

for n=L, - - p
N
,
and let p4 c- ¢

"
be a corresponding solution .

N

Then : § : = -4 + Epi 4in solves ⑨ (ZI - TI) e- = 4 ,

u= /

Since :
N

⑨ (z) - TI / of = 4-91-44 + ⑨ 12-1-17 Epi 4m
in= f

N

¥
4 c- [ [- Lyn ,give> + [(Aumlzi - dum)put]4h
⇔_:-

⇒ glzf -TI is
'

invertible § Do

/ co-wdary5-3-5-fcriesz-schande-JLel-TC-Bl.CH ) be compact .

Then RCTI has ☒ accumulation paint it , except possibly
at 0

.
Moreover

, any 0 ≠ ✗ c-
6 CT) is an eigenvalue of

fi izuntipliciy ( i.e., the corresponding eigenspace is finite
- dim)

-

- -

PI choose D= = e) { v1 and f- (z) : = Iz in Thu . 5-33
.

Then e) ( { u} v5 ) ≤ ECT ) so 6 CTI ≤ { o } v8 ; also ,
5. ≤ 6pct I ≤ 621-1 ≤ { o} u $ .

Remove 0 from the sets

in this chain of inclusions and note that 5=51101 .

Hence £ ≤ 6pct1) { ◦I € 621-1180} ≤ $ ,
and so



⑦§ = 6pct1) { ol = 6 (TI ) { ol .

Also
,
0 is the only possible accumulation point

of S
'

by 5-33 .

Finite multiplicity : suppose not ( only possible for clinch / = a)-

Then there exists an infinite ONB { 4u}u£µ of the eigen -

space corresponding to some eigenvalue ✗ ≠ 0 , and T4u=X4u
far all u ( eigenspace closed ! / . Compactness of T implies
that (T4u)u=¢4u)u has a convergent subsequence , which
is a contradiction

,
since ✗ to and { 4nA

u
ONB

. ☒

/ Remains Cal If dim H = • ,
then 0 c- 6 CTI

PI. If not , then 0 C- ECT ) , i.e. T
- '
c- BL ( te ) and #=TT?

Let { 4u /new be an ONB of H .

Then 4in = TCT
_'

tu) tu .

Since {T
- '
yn} , ≤ H is bounded ,

and Tcompnit , { 4n}n has

a convergent subsequence § ( since { Yu}n ON B) .

☒

Cbl corollaries 5.34 & 5.35 have generalisations to Bath
spaces .

-
-

In the following we use the
convention u = I

,
- - you

: ⇔UEIN

( to have unified notation) .

theorems / (S-iugulw-akumpoa-IEempafopemta.es )
Let TEBLLH) be compact .Then there exists NE Nou { a }

,

orthonormal sets { 4u)u=±
, .
. ,w , { an/ neg . . , µ

≤ H (which

are net necessarily ONB's) and siygulavvalnes (Xn)
≤↳• )

u =L
,
_- ,NS.t

.

N

T = [ Xu <Yui> een
.

⇐ I
v.=L

If N = N
,
ther (✗u )nw is a hull sequence ,

and the

sum in * I converges in the operator norm .



The proof relies on ④
Meoum5-3 ( Hilbert - Schmidt theorem ; spectral theorem
- faster- adf.ie#cTd.mpaitIpTTHispaie)
-

Let TEBLCH) be self-adjoint and compact .Then there

exists an ONB { 4n|u=±
,
. .

,
dim +,

C- H of eigenvectors ,

and

eigenvalues (✗n )u=± , . . , dimly C- IR ( listed according to their

multiplicities) such that

Tlfu = du Yu th = e-
,
- -

,
din H.

dimly
Moreover

, T = I ✗ u Ctu ,
• > Xu . * f

u= I

•

If dim It = N ,
then (tu)new is a

null sequence , and the sum

in * 1 Converges in
the operator norm .

-

Pfof8 : ( i ) Let ◦ ≠µj , j = 1,2, _ .
.
be the pairwise

distinct non - zero ( real ! / eigenvalues ofT, i.e. ,

Nj tan for j ≠
k

. For every j ,
choose an ONB Bj in the

finite -dim .
(Coo 5-35) eigen space ofT corresponding tou; .

Then B : = U Bj is an orthonormal set in 74 since
j

eigenvectors corvesp.to different eigenvalues
of norad

operators are orthogonal ( check ! ) .
Let to : = spau .

Then 1- ( Hot ≤ Ho
,
and asT=T*

this gives TC Hot)
≤ Hot :

T=T*
txt C- Hot V-✗◦ C- Ho -

' L Xo
,
Txt > = LT✗◦

,

✗+> = 0
-

⇒ Txt 1- HoC- Ho



Let t : = T/ µ,
: Hot→ Hot

.

Then it is ④

self-adjoint a compact
But 6 (Tt ) = { o } ⇒ spectral radius v (Tt ) = 0 .
So
, by 5.25lb ) : 111-+11=0

,
hence 1-

+
= 0

,
and so

Hot ≤ Keo CT ) ( in fact
"

=

"

)
.
So : if Bt is any

ONB of Hot
,
then Bu Bt = :{ 4) a =L

, ,
dimly

is

ON B of H consisting of eigenvectors of T .

Iii ) Let ✗ u be the eigenvalue corresponding to 4in ,
u= 1-

,
- -

,
dim ☒ . Then (✗a) u= ,

,
.
.

,
dimly is sequence

of eigenvalues enumerated according to multiplicities
and ( if dim It= at ,

a null sequence by Cov .

5- 35

Ciii 1-¥ Kyu
,
. > Yu holds because ,

if
u= (

din H Coo
,
both sides obviously agree on ONB { 4u}u= ,

dink
Tim = Xun Yu tu c- IN and ( finite sum ! )
tf

✗ a <444in>Xu = ✗mtm (ONB ! !

If dim H = & ,
we first prove

that the RHS in * ,

is a Cauchy seq . wit . the operator uovw .
Indeed

,

let E >0 .

Since Ctu) near is a null sequence ,
7M

,
c- IN

s - t - sup Hut
< E. Hence

,
for ≥ M, :

u ≥ Me

sup 11 Éxnlien , 424nA! sup [ É 1×412%4>1]
11411=1 u=Mitt 11411=1 n=M

, -4

22



≤ sup [ ( saptari ) [ kxu.ie > if < i ⑤u≥M
,

11411=1
% """É Bessel )

since BLLH ) is complete , 3- REBLCHI s - t .

R = [ ✗ u <4in
,

• > fu .

Since both T & R are bounded
,

HEIN

it suffices to prove
that they agree on a dense

subset of H ( Bounded Linear Extension
Thin .

2.31 )
.

But as R is a uniform (thus stung
) limit

,
we have

Ryun = [him ÉXn< 4in ,
• >4) 4m

N→ N u-4

= him [ (ÉXu<Yui > 4h4m] = Xmym
n→w n-th c- IN

ÉXuL4u ,
4m74 u

n= (

Henie ,
T and R agree on ONB ,

so they agree on

span { 4m Im
c- IN/ e- 14 ,

which is dense in H ☒

-

pfo37: since T is compact , so is 1-
*
T ( by 5- 30611 .

Since 1-
*T is also self-adjoint ( check ! / , by 5- 38 '

.

F orthonormal set { 4h )u=i
,
. .

,
dimly

≤ H and ( In )u=1
,
-

→
divine

≤ 'R

such that dink

1-*T = -2 In <4in
,
• > 4h

.

5- I dim H
Now

,
since 0 ≤ 111-4112--24 ,

1-*Ty > = ¥
,

Ju Kyu
, y > 12 -24£ H

we have ( take 4 = 4mi that

In 20 the c- IN
.
Terms with I. =u do not contribute to

* f in 5- 38 . Re - name the eigenvalues ( Future
, . ,
dim µ

such that

(In )u=±
,
. .

,
µ
≤ ( ◦

,
a) be the collection of non - zero eigenvalue,



and (II. =o)w=±
, .
.

,
µ
,
are the Zero eigenvalues

,
④

where N
,
N

'

c- Huo u { a } .

Let { 4in In=L, . . , N} and

{ yii / n' = 1, - you ' } be the set of the corresponding eigenfunctions,
which

, together , form the ONB of H .

Hence
N

1-*T = [ In Lyn
,

• >4in and Kev LTI = span { 4in ' / n=t, . . , N
'

} .
u = f

Set ✗u : = I.% =☒ and een = Tien for all n =L, - -, N

Then T4n = Xingu
,
and

< em
, a >

= ( ✗mini
'
< 4m ,T*T4u > = Eun thin =L , - - , N
-

In 4inThat is
, { In}u= ,

,
. . ,n≤ H

is an orthonormal set . Nate that if N = a ( only possible
if dim ( H) = a) then (Xu)u⇔v is a null - sequence by 5- 38

.

Finally , the same ( ! ) argument as in
the proof of 5.38 gives

N

1- = [ tu Lta
,

• > en

u=f

with the sum being uniformly ( i.e. norm ) convergent
if N = - ( use the ONB { 4≥ , - - , You } u } 4k ,

- -

,
4in . }

to test the equality ] ☐•

-
-

·


