
( is Tu -40
,
since for yet

≥

, by Cauchy - Schwarz , ④
N

Icy ,
Tux> 1=1-2YI x; / ≤ 11×11 (Élyuej 12 )

"
"

j = , EÉiuce yet ?( ii(Tu|u does not converge
strongly to 0 ,

because I /Tux 11=11×11 tx C-I ?

5. 2 Adjoint operators
--
-

/Deft (a) Let E. Y be normed spaces ,
and 1-c- BLIX , YI

.

Then 1-
×
: Y

*
→ ☒
*

e- lot

is a linear operator , the
a-djoi-I-fopemta.IT

(b) Let 7C≥ , Hz be Hilbert spaces ,
and TEBLCH, ,

Ha ) . Then

1-
*
: Hz → H , where ( by Riesz ! ) 1-

*

y
is the unique 2- c-

H
,

Y ↳ 1-
*

Y such that ,
tf✗ C-Hi

, Ly ,
Tx>
µ,
= < 2- is >H

,

is a linear operator , the (Hilbert space 1 adjointcopemtwlol-T.mn- me - ~

Note that , with ly : = <y ,
. > µ, ,

the linear functional

1-
✗

ly : H, → It belongs to H ,

*

✗ ↳ <7,17>Hz

/ ¥-5.77 @ 1 In the Hilbert space case we
have that

1-
*
= Jet

✗

Ji
'

,

with Jj : 75.*→ Hj the a-utiliu.eu ,
isometric and

bijective identification ( Cov . 2
-58 )

.

Indeed
,
fwm * 1 : LHS = (J5'y) (Tx I = (1-

*
(Jj 'yY(✗ 1

,

RHS = ( J,
- '

LTE
,1) (✗1 .

(b) 1-* is linear ( ! ) by part (a) of this remark .

@ 1 Notation varies
.

Some denote the ( Banach space) adjoint
1-
×

by T
'

,
or even 1-

*

.



/Exa#l ( al Let ☒ = Y = IT and Rx : = (9×4×2 , _ . -7 ④
the right - shift operator _

Then R c- But
'

)
.

Henie R✗ :@
'

Y'→ fl
' )*

( Riesz representative
? (d) * 3- f}

¥°ᵗ } c- do with fzlx / = -2 }u✗u
ut/N

for every
✗ c-I
'

)
.

So :

(R✗f} ) (✗ I = f}( Rx )
= [ { ( E-In = -2 }u+,✗u= -2¢})u✗u = FL} 64
k€ IN new UEIW

when L :L → IT } (} ≥ , } } ,3y , - - ) is
the left shift operator .

Hence
,
R✗f

}
= FL} .

(b) For H ,
= Hz = It and ce ,y c- It

,
let P'- = <4 ,

°>4 ,
i.e.
,

Px = < ce , ×
> 4 KXEH (

ran IN = span { 43 ) .

Then I>
*
= <4 ,

• 24 since ,
for all ✗ - y c- H ,

Ly , Px >
= 24,42<4 ,

× > = {<4, y > ce , ✗
2 = < P*y ,× > .

-

- -

As an application of adjoint operators ,
we prove

that bounded

operators preserve
weak convergence

:

/ Leumas Let EIY be normed spaces ,
and

TC-B.lt/iY1.Let(xuIuc-a≤É
,
✗ C- E. Then

✗u# × ⇒ Txu ⇒Tx ,

u → a .

P±Y*.Then , lctxul - lctxl
- lcxu-✗ I of ☒
¥*

|Theom Let # i Y be harmed spaces
and TC-BLCX.tl

.

Then 11TH /
y±,#*

= 11TH
✗→ y

-
-

By definition and
Tru .

4.15 we have
4. 15

11TH
,y

= sup lstxlly
=

sup sup 1111711 sup sup 111-411×11
check d←Y☒ ✗ c- *

✗ c-I ✗ C- E l≤Y*
Kelly#=/K✗.11×11=1 11×11=1 Hell#

= I

11TH#*= IT
✗

Ily*→☒ * ☒

&



④/ 0*5.117 Let H, , Hz be Hilbert spaces ,
and

- -

1- C-BLLH , , Hal -
Then 11TH /

Hoste ,
= 11T "

H,
- sty,

-

- - -

Pf Follows from 1-
* =J,T×jj ' andThin .

5.10
,
since Jj : Hj*→Hj , 5- 1,2 ,

are isometric & bijective . ☒

Ñeoum5 Let It be a Hilbert space ,

andT
,
S C- BLLH ) .

Then

is anti - linear , isometric
Caf The map C.)

*
: BLCH) → BLCHI

and bijective , with #
¥1T

.

Tts 1-
*

(b) C-g)* = s*T* (c) C-*)*=T

(d) If T has inverse T
- '
c- BLLH )

(
then@*51=(1--1)

*
.

In particular ,@
* )
- '
c- BLCHI .

(e) HTT * 11 = 111-112 (

cf-pwpevty-7-P-I.ca
: Anti - linear by definite-

ofTF isometric by Car . 5.11 ,

surjective by part (c) of this
theorem

.

Cb See exercise .

@ 1 : T
- '

1- = TI
-TT

- '

together with Cbl gives
-

1-* (T
- 1) * = 1-

*
= IT = C-

-

1)* 1-*
.

✓

Cel outre one hand ,
we have ( by car . 5- 111, LITT

* If≤ 111-11.111-1×11=111-112 .

On the other
hand

1 Y
-

- × 11T¥ v2
1117*11-45 sup

' " ≥ sup-
= 11TH

≥ Ktii ☒
◦≠✗c- H 11×112

◦ f-✗eye IY

/Definitions / Let H be a Hilbert space ,
and

TC-BLCH.li
) Tis uuvmal- : ⇔ TT

*
=1-

☒
T (they commute :)

Iii ) T is self-adjoint
'
. ⇔ T = 1-

*

Liii) T is unitary : ⇔T is bijective and T
' ' =T*

( i.e. .TT#--7I--T*T ) .



④/ReÑ lol self-adjoint or unitary ⇒ normal
.

(b) T normal ⇔ <Tx
,Ty > = <1- *× ,T*y > they c- H.

PI LHS = <1- *Tx -y > ,
RHS = <C-* )*T*✗ - y

> = <TT ☒
× , y > .

Hence : T normal ⇒ KTX If = 11T#✗ 11 tx c- H
.

In particular
? Kev CTI = her (1-*) .

(if 1- normal ! )

(c) T self- adjoint ⇔ <× ,Ty > = <Tx , y > they c- te * 1.

Setting ✗ = y gives
: <✗ iT× > c- 112 txt H

.

⑤The property * f is called syncing (T is symmetric 1.The notions
"

symmetric
"

and "

self-adjoint
"

agree for bou¥d linear operators ,
but their generalisations to ⇐ bounded operators do Not !]
(d) T unitary ⇔ <Tx ,Ty > = Lay >

= CT%
,
TE
,
>kxiyc-H.PI.LT/iTy7=LT*Txey7uudLT*xeT*y7--LCT*1*T*x,y7--CTT*Xy >

-
- -

/ F-xamp.US#/-CaST=z1I, 2- c- It .
Then 1-

*
= ETI

.

So
,
T is self-adjoint

-

iff. 2- c- IR .

(b) Let 1-1=[1-6,13] ,
ke Cleo

, 134 and

(f) 1×1 : = f
,

"

klxiylfcyldy tf c- H ,
Kx c- [oil]

Then TEBLCHI and , if Klay / = k⇔ Kay c-[o, iftuent is self-adjoint
- - -

-- -

In tens subsection : E Banach oue€5. 3 The spectrum
( I-e. It __e)

/ Definition / Let TEBLCE )

G) The ELECT (IT ) is pct) : = { Zee / T- z - TI is bijective}
Lii / The resolvent is Rz : = Rlz ,T) : =@- -2-1-5

'
= : € - 2-5

'

for which ever 2- c- Q this exists as a ( possibly unbounded / operator .
C) If Ze @ CT) ,

then Rz C- BLUE) ( bounded inverse term b)
( bl Rz need nod exist for 2-€@ CT) .

Liii) The spectrum is specCT) : = 6 CT) = = elect)
( ir) If there exists 0 ≠ ✗ C- II s -t . TX = ✗× for some ✗ c- e

,
then

✗ is an eigenvalue and ✗ the corresponding eigenvector .


