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5. 1 Topologies onthe space of bounded linear operators
un

- nu un -
- -

/Defiuition5 Let E ,
Y be normed spaces .

(a) The uopeIw ) topology on BLCE , Yt : =

norm topology wit . to 11 - 11
#→ y

(b) The strong (qpcr) top on BLLE
, Y) : =

locally convex topology induced by the seminorms
{Tts 111711¥} ✗c-I

(c) The weak ( operator ) topology on BLLEIY) : =

locally convex topology induced by the semi norms

{Tts IllTill} ✗ c-E
I c- y*

I Remauk-t.cat The families of semi norms in 5. 1cal d 5-2lb)
are separating (check

! ) ⇒ Hausdorff topologies .

(b) strong and weak operator topologies are not
1ˢᵗ countable

if dim# = • .

/Lemma5 @ 1The strong topology is the coarsest vector -

space topology on BLIX , YI
such that all maps

14
✗
: BLLX ,YI → Y
T ↳Tx

I
✗ c-I

are continuous .

~-



The weak topology is the coarsest vector - space ⑤

topology on BLIX , YI such that
all maps

Me ,✗
: BLIXT / → It

,
✗c- *, LET

*

T ↳ lCT✗ )

are continuous .

finer
(b) ☒

coarser
☒

: weak topology ; ← 6€ important≤ ÷
.

on BLIX
, YI

weak op
- top -

strong op . top ≤ uniform op - top .

Cl Lett ,Tu C- BLINK ) , new .
Then

lil (Tu)u converges tot in
the strong operator topology ,

written Tnˢ→T ( strongly )

⇔ him Tux =Tx 7✗ c-I

→ ao

Lii)(Tu)u converges toT in the weak operator topology ,
written Tu #T ( weakly ) ( ! )

⇔ him l(Tux ) = l CTX ) V-✗ C-*
,
He c- Y *

-

PI (a) and (c) from Lemma 4-27

(b) Upper branch : Follows from Me
,
✗
C- (321×14) )*

f×eEcY* ,
since

1 Me ,×T / = 1111771
≤ 11114*117×11,
III. 11×11

⇒ "Mex "(34×141)×1
≤ 11114* 11×4 <6 .

(op)



Hence
,
the weak topology on BKCX , YI is ④

inducted by a family
of semi norms that contains

the inducing family
of the weak operator topology .

Hence
,
the latter is coarser .

Lower branch :

-

17 × : BLLX , Y) → Y is linear ✗ C- E.
( is

It is also bounded
wit - the uniform topology

:

K 17-1-14 = lltxlfy
≤ 11TH -11×11 ⇒ sup

"" ≤ 11×11

0+-17134%41111-11

i. e. Mx is continuous wet . the
uniform topology ou

BLIX
, 4) far all × .

Also
,
the uniform topology is a

vector - space topology ( because
it is a norm topology ) .

So from Cal : strong operator topology
is coarser than

the uniform topology .

( ii ) Me
,
✗

= look
,
and tex is continuous wit . strong

operator topology on BLCX , YI .
Hence

,
Me

,
✗
is

continuous wit . strong operator topology .

So from

Cal : the strong operator topology
must be finer

than the weak operator topology
☒

/ Lemmns Let 7C be a Hilbert space , and@In
≤ BLCH )

C) If#✗ In is Cauchy in)tV-✗ c-71 then then
exists

Tt BLCH) such that Tu Est

(b) If Cy ,Tux> In is candy in# they c-H then there

exists TEBLCHI such that Tu -7T.

-



If:( at Define T :X → tc ④
✗ ↳ him Tux

The map
T is n→o

( if well- defined ( limit exists
? )

( ii ) linear

Liiil bounded : we have syplltnxll < •
✗ c- H ( due to

convergence ) . Hence , by the uniform
boundedness principle

:

snup 11TH
< N

. So
,
far all ✗c- H ,

11×11=1 :

11TH = him 11Th✗ If ≤ (up 11TH) 11×11 = sup 11TH
→ N u C- IN HEIN /

hʰ"
'

11TH = sup
.

.

111711 ≤ sup 11Th /I <a
✗C-H

, 11×11=1
nt IN

Hence 1- C- BLLHI and Tu3T ( by clef - ) .

☐•
⑨ I see exercise .

/ExampU / Let (F) u ≤ BLCEY .

-
-

⇐ \ Far ✗ = Cx≥ ,
×≥ ,

_ . -1 El
?
and he 1N let

Tux : =⇐ ✗ in ✗
a ,

-
-

. ) = ± ✗
.

Then I/Tull = ± ⇒
•

◦
,
i.e. uniform convergence

to

zero Carpenito )
(b) Let Tux :=(0-i.✗util

✗"+2)
- -
- l

( i ) Tn So because I /Tux 11<=-21 ✗ji# 0
.

j=h- I
✗€12

Lii / (a) n does uoit converge uniformly to
0
,
because

Trent , = eut , ,
so I /Tull 2-1 .

C) Let Tux : =

1×4×4 - -
- )

i.e.
"

u times iterated right shift
"

( see 2.26)



( is Tu -40
,
since for yet

≥

, by Cauchy - Schwarz , ④
N

Icy ,
Tux> 1=1-2YI x; / ≤ 11×11 (Élyuej 12 )

"
"

j = , EÉiuce yet ?( ii(Tu|u does not converge
strongly to 0 ,

because I /Tux 11=11×11 tx C-I ?

5. 2 Adjoint operators
--
-

/Deft (a) Let E. Y be normed spaces ,
and 1-c- BLIX , YI

.

Then 1-
×
: Y

*
→ ☒
*

e- lot

is a linear operator , the
a-djoi-I-fopemta.IT

(b) Let 7C≥ , Hz be Hilbert spaces ,
and TEBLCH, ,

Ha ) . Then

1-
*
: Hz → H , where ( by Riesz ! ) 1-

*

y
is the unique 2- c-

H
,

Y ↳ 1-
*

Y such that ,
tf✗ C-Hi

, Ly ,
Tx>
µ,
= < 2- is >H

,

is a linear operator , the (Hilbert space 1 adjointcopemtwlol-T.mn- me - ~

Note that , with ly : = <y ,
. > µ, ,

the linear functional

1-
✗

ly : H, → It belongs to H ,

*

✗ ↳ <7,17>Hz

/ ¥-5.77 @ 1 In the Hilbert space case we
have that

1-
*
= Jet

✗

Ji
'

,

with Jj : 75.*→ Hj the a-utiliu.eu ,
isometric and

bijective identification ( Cov . 2
-58 )

.

Indeed
,
fwm * 1 : LHS = (J5'y) (Tx I = (1-

*
(Jj 'yY(✗ 1

,

RHS = ( J,
- '

LTE
,1) (✗1 .

(b) 1-* is linear ( ! ) by part (a) of this remark .

@ 1 Notation varies
.

Some denote the ( Banach space) adjoint
1-
×

by T
'

,
or even 1-

*

.


