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Let € be a Banach space ,
Y a normed ( ! ) space ,

and

5- ≤ BLCEIY) .

If
sup

11T✗ If < a V-✗ c- E

TEF

then sup
11TH <•

.

TEF
_

-

-

PI For u c- IN ,
define

An '

- = {✗c-I / 111711 ≤ n KT c-F) = MT
- '

(RE) (
closed

,
since

1- c-F T cont . )
Then

, by hypothesis , E=¥wAu . By car 1- 49 ( causey . Baire )

there exists no C- IN St . An
◦
is not no-where dense .

Since Ano is also closed : F ✗◦ c- Am
.

& r - o : Brio / ≤ An
. .

Now let ◦ e-✗ c-I and TEF
,
then

I 11TH ≤ 11T (¥,✗ + ✗a) 11 -11117011 ≤ not 1117.11
,ZKXCI -

C- Brian ≤Ah
,hence

,

11TH ≤ f- (not KT ✗◦ III. Taking the supremum
overall

TEF proves the claim . ☒

Meaem/(Qpen_mapp±ugthem / Let E, Y be Banach spaces .

Let T C- BLLE , 4) be onto ( surjective ) . Then T is open

can open map) , i -e .

:

A ≤☒ open ⇒
1- (A) ≤ Y open
- -



The thin . follows from 3 claims : ⑨

¥1 : Fr > ◦ : TCB d) has non - empty interior
⇒ T is open ( i -e . claim is

"

⇒
" holds/ .

P€ Assume TCBÉ Cost has non - empty interior .
Let y

: =Tx for some ✗ c- BE lol be an interior point of
1- ( BE loll

,
i -e-

, Fry ' Biffy) ≤ T( BE toy
.

Note : BÉ (o) ≤ BÉ (✗ 1 far some E > o C large enough ,
e.g- 3r)

Hence
, 13¥41 C- 1- ( BICH

.

* f

By scaling ,
translation and linearity , we get tr

'
>o :

TCBÉC✗1) =TCBE.cat/)--T(f-BFColtx1--&-TCBFco))-Tx--tf-T(BFcx1-x) + TX
☒
≥ ¥431,41 - Tx) + Tx = 13¥01 +Tx

Ty
= 13T¥ 6) + Tx = B¥⇒(y1 . ④*1

Now
,
let d- C-II be open , let y

'
c- 1- (A) be arbitrary ,

and

choose ✗
'

c- A s -t - Y
'
= Tx

'

. Since A is open ,
3- r

'
>◦ :

BÉC✗ ' / ≤A ,
hence

☒*

1-(A) ≥ TCB (✗4) =T( 13¥64 +✗
'

-✗ I ≥ BÉ÷(Hey ' - y=B¥¥y
')

.

i.e. TCAI is open ,
so claim 7- holds. ✓

From now on
: center of ad balls is 0 ( unless otherwise noted)

and we drop the center from
the notation

claim: 7 E " :

BI ≤ TCBTE)
.
C-** I



PI : Y
◦

TCEI = T (UBE ) = UTCBÉ ) . . ⑨
NEIN HE IN

Now
,
Y is complete , so we can apply Baine 'sThe ( in form

of car . 1.491 : Then exists uc- IN '
- T( BE ) is nod no- where

dense
,
i- e

, Fy c- TCBTI) and Ezo : Betty) ≤ TCBTEI
,

or

,

equivalently , Bet ≤F -

y .

We have :

(it 7 (✗kfnw≤ BÉ s -t . y
= himTxn

b.→ do

liil -VkE IN : TCBTI) -Txn = T(B¥ ≤ TCBZET
hence BÉ ≤TIE)

,
so BÉu=± BEY ≤⇐

TCB-Et-TCE.BE/--TCBF1-.VClaim-3:TCB-F)c-TCBE)P-I
Let E be as in Claim 2 .

Let ✗ c- TCB .

Then there exists × , c- BE such that

y
- Tx

,
c- BIG *É

'

TCB)
.

Similarly ,
then exists ×≥ c- BE such that

y
-Tx

,
-Txz = f-Tx ,) - Tx, c- BÉ, ¥**TCBy

Inductively we get : the 1W 3- ✗u C- 131¥ , s -
t.

y
- Étxj C- 13¥, ***✗ I

g- =/

Since I llxull < 2 <a
,
and E is a Banach space,

UE IN Iz- Ch- 1)

I g.
: = ✗ c- I exists by Lemma 2- Jalal . AST is cent;

JEIN

we have Tx = I Txj . Using @*** 1 and the continuity of All,j c- IN

Ky -Tx 11 = him Hy
- Étxj If = 0 ,

hence y=Tx , 11×11<2
→ so j= ,

i.e
. ✗ c- TCBÉ ) ☐•



⑨lcoraclany4.lt/CI=Eappi-ugteecnl- -

Let E , Y be Banach spaces ,
and 1- c- BLCITY/

a bijection . Then T"EBLÉ
-

PI Clearly ,T
- '
exists and is linear (recall 2.25) .

By Thw
-4.9

,
T is open ,

that is
,
T
- '
is continuous ☒

/ D-efim-h.nu#I-X--YbenvmdspHT:x--o-dom(T)-sY
a linear operator .

@ I G-raphof-T.co(T) : = { ( ✗Tx) ≤ E-✗ Y I ✗ c- doin CT)}
We equip * ✗ Y with thee now

Klay) 11
#✗y

'

-
= 11×11*-1 11411¥

Then : Ei Y complete ⇒ ✗ ✗ Y complete .

(b) T is glossed Cqpe&w) : ⇔ GCT) ≤✗ ✗ Y is closed

( in ✗ ✗ Y
,
All✗✗y).

/RemwkY
Cat T is closed if and only if the following implication

holds :
@uh ≤ doin LTI with

: ✗É% c-I & Txu→ y c- Y

⇒ ✗ C- down LT) and y
=Tx

Cb I compare @ 1 with the definition
of Tlseq . ) co .

,

where convergence of #-) u must be proved .

Here
,
it is given /assumed !



thetas / ( closed graphical ⑨
Let E , Y be Banach spaces

and T :* ≥dont → Y

a closed linear operator . Then
doin CT ) closed ⇔ T bounded

.

-

PI
"

⇐
"

: Let⇐In ≤ clout with ✗a"→%c-E.Then Cain
is Tandy in E. By hypothesis ,T is bounded ,

so (T✗n)u is candy in Y .

But Y is complete ,
so Fye Y : Txu § and ,

sinceT is closed
,
it follows

that ✗ = him an c- dow CT) ( and Tx =y / .

→a

GCT ) → doin CT )
Define the pwjed-il.nl?:@.Tx1i- ✗

(if GCT) is closed in ✗ ✗ Y
,
hence GLT) is a Banach space .

( i it down LTI is closed in# ( by hypothesis / , hence
down CTI is a Banach space .

Liii) P, is a bijection
Liv) P

, is bonded : Let 2- = Lxitxl c- GCT)
,
thee

UP , 2- If#
= 11×11

#
≤ 11×11*+1117114 = 112-14,y .

So XP
, 11 ≤ 1

By the inverse mapping theorem Pi
'
: doing → GCT )
✗↳ ⇐Tx )

is also bounded
,
hence :

Fc < • : HP
,

- '
✗ If ✗✗y

≤ c 11×11×-5 iuullpi '✗H✗×y= 11×11×+111711,
this implies 111711

,
≤ ⇐ + 1) 11 ✗ 11€

So T is bounded ☒



/F✗am4 / Let E=Y= Court with supremum norm (
Banach !/⑨

-

Consider T : = :
domCTI → Cock)

f ↳ f
'

with dour (T) = { f- c- Coca I f- c- CHIN and f
'
c- Cocoa} ≤ Cock) .

Claim : T is closed ( a closed operator) .
Let ( ful new

c- clan CTI be a sequence such
that

.

'

til 7g c- Court : I / fu - g % %
u→w

Iii ) 7h c-Court : Kfu
'
- hello→ o

i. e.
,
(fu

,
fu

'

)u C- GCT )
, (fn , fu

'

)
,
[g.h ) in * ✗ Y ; we need

to prove
that & ,4 C- GCTI

, equivalently , g c- dom CTI and h=g !

By uniform convergence , we can exchange
limits

,
so
,
Kx c- IR

,

✗
✗

him fu
'

Ltl It = him fuiltldt = g 64
- geol

f.uutdt - → •
→ • tofu

1×1 - fufo)

( since fu → g pointwise , by ( is) .

Henie
, guy = gco) + fath ltldt Hx c- 112

So
, by the Fundamental

Theorem of calculus (HDI ) : g c- C'CIRI

with g
'
= h c- Court

.

Since g c- Court ,
we have gtdomct)

,

and so (g , h) = (gig
' ) c- GCT)

.

So T is closed .

Thin - 4- 73

Also : Since T is unbound Ccf. 2.28 ) ⇒ doin LT) is not

a closed subspace of court wit . Ella .

4-IEi-hsalspayednwectopoeogi.es/Theoiem4-5-Let E be a normed space .

Then
,
for every

✗ c-*
,

11×11 = sap
lf¥

o≠f c-**
11ft/
*

- -
-

PI: see exercise .


