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Reed :

/ Definitive Let M be a set
,
and ☐≤ MXM

.

Let 2 ( " sub" /

be the associated binary relation : ✗ 4 y :⇔ (✗ y / c- D.

Cal 4 is a paitialo-iugcoqm-isapa-tialhfe.de#et )
= ⇔ they, Zf M :

( it ✗ { × ( reflexive

Ci it @ try & ✗ < × ) ⇒ (✗ = y ) ( antisymmetric )

Liii ) (✗ try & y < 2- I ⇒ ( ✗
42-1 (transitive /

(b) ×
, y c-

te are Coyparade
:⇔ ✗ Sy or ✗

<×

✗iy
are incomparable :⇔ ×

, y are not comparable .

⇐ I 4 is a totIovdeg
: ⇔

lil 4 is a partial ordering
Lii ) ✗ ay ace comparable for all ✗- y C-M

@ I Let * ≤ M .
Then u c- M is an u_ppevbol fax

i. ⇔ w 4 u tf WE VV .

(e) WE W is a www.alelewent-oft : ⇔The following

implication holds
:

in hw far WEw ⇒ in = w
.

( Note : A maximal element need not be an upper
bound

and vice versa
- see examples below ) .

|E✗amp cat
"

≤
"

is a total ordering on IR .

* = [0 , 1) has ☒ maximal element
,
but any

u ≥ 7-

is an upper
bound for W

(b)
"

≤
"
is a partial ordering on PCI ) ,

but not a total

ordering .



Cc ) (✗± , ✗a) < ( ya , ya ) : ⇔ ✗j ≤ Yj ,
j = 1,2 , ④

is a partial ordering ( but
not total ) on M = tr .

W : = { lad ,
I 1,01

,
(o , 1)} has 2 ( !) maximal

elements
,

but none of them is an upper bound
for it .

-
-

The following axiom is equivalent to the
axiom of

choice .

'

/A✗iom (Zen's Lena / Let M≠¢ be a

partially ordered set . Assume every totally
ordered

subset of M has an upper
bound _

Then M has

a maximal element .

-
-

We now finish the

pwufofthm.2.SI(Remains
: Every Hilbert space

# ≠ { 01
has an orthonormal basis )

Let M : = { E ≤ E I E orthonormal } .

Then ?

( is re ≠ ¢
( ii )

"

E
"
is partial ordering on M

Liii) Let 1×1 . be a totally ordered subset
of M

.

Then U : = U E E M :

EE 1×1

If × , ,
✗z
E U then 7 Ej C- W .

'

XJE Ej , j
- 1,2

.

As V4 is totally ordered , E ,
≤ Ez ( w log . )

Hence
,
×
, ,
×,

c- Ez ⇒ ×
,
1-Xz ⇒ U orthonormal

That is , U is an upper
bound for 1×1 .

By Zorn : 7 maximal
elementMt M .



Claim: M is an orthonormal basis for I ⑤
( it orthonormal clear , since

ME M

Iii ) Assume it is not complete , i. e. , not a basis .

Then ( by Def . 2.47 (d)1 ,
there is some ◦ ≠ ✗ C- E

such that ✗ 1- in the EM
.

Hence
,

M
'
: = { ¥, } UM C- M ( since M

'

isoituouovmal )

so MEU
'

which contradicts it being maximal
☒

/Remaek Similar arguments pwrethm
.
2- 4

(existence of Hazel
basis ;

see exercise).

|Theoum (taEIH Let # be a vectorspace ,

let p
:* → IR be convex

,
i. e. f- ×

,
✗
'

c-E
,
Ka c- [o

,
I] :

p ( ✗ ✗ t 4- ✗Ix
' ) ≤ ✗pal c- C-Hp (✗ ' 1

.

* )

Let be a subspace , and let ✗ : Y → It be linear , with
Redly / ≤ ply / try c- Y

. (a)

Then there exists :* → It linear such that :

(it A / y
= ✗ ( i. e. 11 is extension of d)

Lii / REACH ≤ pal txt # ( i - e. ☒ 1 is preserved )

If
,
in addition , p also satisfies

**) Pax ) ≤ pcxl tx c-$ ,
ta c- It with 1×1=1

then we even have / 116-11 ≤ pcxl A-c-I .
-
- .

(Remwk I (a) Condition ☒* 1 is equivalent to :

p (xx)
= pal txt 1K with 1×1=1 ( check ! /

Cbl If p is a s(ewi
- ) norm on E, then p satisfies * I & @ *1 .



Pf): 4 Steps : steps 1- &2 prove the main ④

part for IR - vector spaces , step
3 fr e- vector - spaces,

and

step 4 proves the addendum under add . condition * *) .

vlog : Y § # (otherwise trivial) .

Step: Case It = IR . Extend by one dimension - a preparation for
step2 .

By assumption
? I 2- c- ☒ IY ( so 2- to )

.

Let F- = span ( Y, { 2-3) .

For
every I

c- F
,
7 ! decomposition I = Yt ✗ 2- , ✗ C- Y

,
✗ c-R

Candidate for extension I of ✗ to F :

ICFI : = ✗Cyl c- a } far scene } c- 1k
.

( to be chosen /

Interpretation : } = IG ) . Clearly , I is ( IR- ) linear on YT
and I /y

-✗ .

Will choose } s -t . I ≤ p on É ( recall Iii)) :

Let Pa , Pz
> 0

, Ya , Ya C- Y
i
then

p , Hyde pzldyzl
= +pit (p.Fj-Yi-p.FI Ya) ⇐ 1

by@
#
≤ p (ftp.Yi-p?-pIYa1-=p?pT(y-pzZItp#pz(Yz-PiZ1

Hence ,

p
convex

(F) ≤ p , ply , -pal tpzpcyztpi-4 .

Re - arranging, we get

¥ ( that - ply, - pal) ≤ ¥ ( plyzt Pit ) - Xlyal)
Pi , Pz

>°
,

tf Yi , 42 C- Y



Hence
,
there exists a c- 1k ! ⑧

⇔ sup [ ptcxcy , ) - ply ,- pas] ≤ a ≤ int [ p÷( pcyz-cpi-4-rky.AT
pz
> o p ,

> ◦

KEY YAY

Set } = 512-1 : = a. Then , try- Yt✗2- c- F with ✗ >o ,
the right inequality in⇔ implies

✗ (E) ≤ 2- ( Plf) - Nyt ) ,
so I (f) ≤ Phil .

If I = y - ✗ 2- with a > ◦ , use the left iueq . in#
instead

.

Therefore ,
I ≤ p on F.

Sfep Case 1K = IR
.

Idea : Use Zorn to construct the extension .

Let
M : = { ( IR-7 linear extensions e of ✗ with e

≤ p on
doin /e)/

We have

Lil M € ¢ since ✗ c- H

Lii) Define partial ordering
4 on M :

e , he ≥
= ⇔ dom le, ) c- dow lez) ^ ez /dance, ,

= el .

Liii / Let IN ≤ M be totally ordered
.

Udom let → IR where é is any
element

Define
u : eew of W suchthat

✗ 1- é(✗ I ✗ c- donley
.

uiEed :(i-e . iuclep . of
the chosen é among

allowed elements) :

let ✗ £ doin (F) n dow (et) . Since V4 is totally
ordered

,

we have (wlug . ) éz is anextension ofei-H.eu ,
Ezcxl = ETCH .

uisl.IR#liuew:Letx.,xzC-Udomle) , y C- IR
.

Hence
,

ee w

Féj EW : ✗g- c- doin lej ) , j = 1,2 . Since he is totally ordered ,
(w log. ) et is extension of et .

Then ✗ i ,
✗a ,

✗ it✗ ✗a

C- dow test & linearity of u follows from that of Ez .



Lastly : UCH = e-64 ≤ pcxl Kx c- U dance) . ⑨
etw

Hence : U E M
,
and ( check !/ u is an upper bound for W.

By Zorn's Lemma
: of has a maximal element A. .

Ian : down (A) = E. : suppose down (A) f-E.Then there

is some ◦ ≠ ZE#\ down (A) .
Let F : = span Colour

V17
,
{ 2-3) .

By step 1 , X has some ( IR -) linear extension
ITEM to F

,

which contradicts M being maximal
.

Hence , the main partof the term .

follows for # =/R
.

Stp≥ Case It -_ e. Reduce to the
real case.

Define lly ) : = Reilly / HYE Y .

Then I :# → IR is IR
- linear

,

and I ≤ p on Y .
So
,
Step 2 implies : There exists IR

-linear

functional L : ☒ → R with L / y
= l and L ≤ p on

€
.

Note : ✗Cyl = llyl till- iy ) try c- Y since :

all - iyl = Re ✗C- iy /
+¥" Re [- idly if = Im ✗Ciel

Define ACH : = Lcxl + i LL - ixl , ✗ C-II .

Then
, by step 2 ,

Lil X is IR - linear ouI

wildly = ✗

Liii) Rex ¥
"""

L ≤p on I

Also
,
A is € - linear

,
since it is IR- linear and

LIR- Lin

✗ (ixl = (( i✗ It i LCH = i (Lil + i Ll- ix)) - i ACH ,

proving the
main part for 1K=e .

Step : Addendum
: We fix c- E and use the polar Upr .

✗ 6-1=1116-11 ei◦→
' [If ☒= IR then ei

•⇐'
c- { -1 , I}]

Then 1×641 = e-
i ⊖#1/11×1 E-

""

✗ ( e-
i 06-1×1 ¥ˢᵗ

"

Red (e- iocxlx ,

main part
≤ pie

- i0-41×1 ⇔É pay ☒



④/Coary4 Let E be a normed space ,
Y ≤I a subspace,

and q E Y
*
. Then there exists f c- ☒

*
with fly = q

and H f If
#
*
= Kelly * .

-

-

P± Apply Them .

4- 3 with p 1×1
: = Kelly * - 11×11 far ✗ c-E

( fulfills assumptions - check ! / to ✗ = g. Ther Ff :#
→ It

linear with If CHI ≤ Kelly ☒ 11×11 , hence 11ft#* ≤ Helly * .

But
af#* = sup
lf

◦≠✗c-☒ 11×11
≥ "P

"
= Kelly* ☒

0--1 ✗ C- Y

/ CovoUay# Let # be a normed space
and let ◦ ≠ ✗◦ c-E.

-
-

Then there exists f- c- E* with fish = 11✗◦ If and 11ft/
*
E-1 .

-

-
-

PI. Let Y =

span { ✗ o} .
If y c- Y then ✗ = ✗ Xo far some

unique ✗ C- It
.

Define ee on Y by cecy ) : = ✗ . 11×011
.

This implies ce Gol = 11×011 and ce c- Y
* with Kelly*=L ,

since 141411 = 1144 . By Cov . 4- 5 ,
3- f : ☒ → HE linear

,

with

fly =

q ( in particular , f Gol = 11×011 ) and Iff 11#*
= Kelly#

= 7-
☒

-

/Cuy Let E be a normed space ,
2- ≤ E a

closed subspace ,
and ✗◦ c- E) 2- with ◦ < distcxo ,

Z) = :D
.

Then there exists f c- * * with f /E- 0, fcxu)
=D

and 11 C- 11$# =L .

- -

Pw See exercise
.


