
④/c-haptv3.LP-spaus-l-3.IE/ietenEdspaL
Notation : In this section :⇐ it .nl a measure space, #= 112 or e,

f : ☒→ It measurable ( see also Handout
!)

/Defi7(LEspats) Let pt Coco) .
⇐ '

II flip : = HIP dir)
""

( possibly a)

/If% : = iuf { ✗ > ° In ( { ✗ c- I / If 1×11 > a})- o}
= iuf sup

IfG) I = : ess sup
If I (c) essential

we it ✗c-☒IN ✗ c-$s~upcemum-MCNK.co
(b) Vectorspace

of

p-nietegrah.IE#ys(wit-.eI:LP-.--LPfa1:--LPCI) : = IP (Eur ) : = LPCE , it,r)
= =

= = { f :*→It I f measurable and Htllp
Co / = { f :#→ It / 1ftPer - integrable}.

←\ Equivalence relation ~ on
LP :

for g
i.⇔ f=g µ - a- e .

Vectorspace
of equivalence classes

of p - integrable
fcf . 's wife :

LP : =
LP/~

.

/Wanting Natation does not distinguish between

equivalence classes
of functions

,
and their representatives !

/LemnnI ( H-otdvdmink-ws.si ) .

← I try p , g- € [ 1
,
a] with f- + ¥ = f- : tf , g : *→ At meas .

llfgllr ≤ ✗ ftp.llgllqlgeu#sedHIEler's-ieq . )



(b) Let (Ei
,
Ai

,Nil ,
-1--1,2 ,

be 6- finite measure spaces, and ④
f :$ ,✗ Iz → ¢

measurable .
Then

,
for PE [ 1,0 ) ,

⇔ { f / ffcxiyldeeilx) /Pdeizly)}
""
≤ ) ( flfcx.ci/Pdudy))4Pdi , /× ,

☒ z
#I €

,
☒2

(mine's Integral 4)
That is

,

11 ¥ ,f(✗e) duilxlllp ≤ ) llflxilllpduilxl
It

(c) ttpe [ 1
,
a] :

±
:*.it#.:::::::::::::.:::-::::i**=

(b) Note that

{ f I / fcxyldn.IM/Pduzly1}
"P≤ { / C) lflxiylldii .CH)Pdµcy , }

%

$2 If
I

$2 Ei

hence
,
it suffices to consider f ≥ 0 .

Next
,
if p= 1

,
☒ 1 fallows from

Tonelli 's Thin .

If Icp <0 ,
then

p=(p -11+1

f I fflqyldm.CH/PdmIy1--fl/fkay1dMilx)lP?l/fcx,ylduiCH/dazCx1
☒2 E, Ez# *

i

≤ ) I / fit , -Admit ) / P
"

[ flfcaylldm.IM] duty /
Iz It If

= f ( f 1) fctiyldu.CH/P-!lflx-y)1dmH)duzC4)(linemihyfdmCxi)
☒2 El *,

E
,

Tonelli
= f If ↑ / fltiyldn.lt/PI1fG-y11duzCy))dmilx1 (a)

A- \ Ez Is

Now
,
with f- + 4- = 1

,
ie

, 9- = ¥
,

Holder gives

T

·



f tf flt,y) die , Lt) / P? I flayHafeez 1×1 ④
Ez E

, 9-4"" "-9
( f lfkay ) /Pdeizly))≤ ( f I / fltiyldn.CH/dnzcy1)

"P

Iz Il Iz

= ( f tf c- Hey)drill /
"
duly))¥( flay)1Pdµzly)) "P

Ez Is

Inserting this in (E) gives

¥,fKHIMKI / Pdeizly /
≤ f ( f I / flt , -11dm HI / Pda.ly)) ( / If-4411Pda.ly/IlPdenlx1
El✗¥p

*≥

=( ¥.tl#Hdm,ElPderlyD'¥ / ( flfcxinl "discal) "Pdinix ,EL El

→É¥= 's
⇒ { / I / flay)dml✗l /Pcfualyl}

" P
≤ / ( f lflx.tl/Pdnzly))

" Pda , 1×1
Ez El F- ,

€2

To divide : we need integral to be fine ; is the case ifmfq.to,
i = 1,2 and f bounded- For general case

: Let ☒iʰ ☒ i
,

2-so
,

mi (☒ ik) <
• (Ii 6- finite ) ,

consider the above for

Épfx-41 : = TI*ilH TIE,nlY) 1- {+≤nz.fi/iY )
& take limit knew

(c) Take ☒ ,
= { 1,2}

, µ ,
= counting measure

,
-da , 1×1 = É

c- = ,
1

then * 1 becomes
,
with flay / = fi 4) ,

**) Ilf
,
+ fzllp ≤ 11-9 Hpt llfzllp ,

fi ELP (Ea ,µz) to
-
-

-

IRemain Cal Take Si- = IN,Nz= counting measure, /
*<
duty / = I

e- = , I

then **) becomes

*** I 11×+4 Up ≤ 11×111, + llyllp ,

✗ iy c-

#



(b) Take Sz : = { 1 , _ , N} ,Mz = counting weave , ¥4m = É ④
c- = 1

then f-*) becomes

****I 11×+4 Up ≤ llxllptllyllp ,
×
,y c- It

"

← 1 The proof above is
"

the same
"

as the standard proof of

**\ ,@** 1
,
or ☒***1 ( check ! /

.

-

/TheoTr3 ( RinseFinkel Let CE ,

it
,m ) be a measure

space .
Then ( LP

,
11-Hp ) is a Banach space

for cell p c- [ I ,o] .

Moreover
,
L2 is a Hilbert space

with scalar product
[fig> : = ¥# gcxlderlxl Ffg C- L2

-
-
-

Pf : Avia# / see Sknipt MiiHer (triangle inequality needs p ≥ e-
! )

/Rental (a) Take *= IN, d- = 2
""

=PCIN )
,µ

= counting measure,

f.
☒
In = ¥

,

,
then 3-3 says

: XP ,
II. Hp ) is Banach .

(b) Take ☒ = { 1, . . ,N } , d-
= PCEI

, in
= counting measure ,

du = É
c-=,

I

then 3.3 says
: ( IK

"

,
II. Xp) is Banach

.

-

/ Le_mmu3 If u (E) <• ,

I ≤ r ≤ p
≤ a

,
then

LP ( c- Lr ) is dense in Lr (
wit- 11 -Hr ) ,

and

Tlfllr ≤ LED
± -¥11 flip tf c- LP

.

:÷÷:::÷É⇒→
but also serves as preparation to compute its dual :

-

·

.our



I Let pecan) .

Then : ④
For cell e >o

,
r > ◦ there exists 020 S - t _ : 11.14=1

.
f

For cell fig c- LP :

[ 9llfllp , Ugly, ≤ r and I / f-gllp
≥ E

f- c- g

llflfp
"
+ 11g Hpt 2-

⇒ 11-1%11
,
? ≤
2-

-0
.

In particular ,
LP is uniformly conic (

case ( see drawing)
✓ = llfllp __TÑp= 1)

Pf-NaoKShijiÉñe-
Define the map ✗ :

IK
≥
→ IR

2- = (z , ,zz|1→
'Z"P{P- / 2¥22 / p

claim: tz c- It? ✗ (Z ) 20
,
with

"

=

"

iff z
,
= Zz ☒ f

PfCkn I -4T¥ /
"
≤ (1-4-1*1)

"
≤
IZ P

P i

d-iueq.lk C.) P strictly convex ( p > it

A- iueq . is equality ⇔ -4--0 or Zz- Xt , for some d >◦

sfu-I-conv.iueq.is equality ⇔ 12,1--1-2<1

⇒ @quality ⇔ -4=-24 ✓ claim

Now
,
fix Eir >o,

and choose y c- (0, ¥p ) small enough
( f.e* .

< 2-
P ) such that

D: = { 2- c- HE 1141412-21 P = e- and 14-2-21
"

≥y} ≠ ¢
•

Then
, by compactness (f) of D

and continuity of ✗ ,
f- : = iuf { ✗ HI / ZED } - min { ✗ 12-1 / 2- c- D} 2 0

t by ⇐ I
Claim: Iz

, / P + Izz /
P ≤ ✗

OF
-2 C- F'_ = { ÉEIK

'

/ II , - IIP ≥z( 12511>+12511
'

) }
☒* I

·

P



Pf : Klug .

,
2- f- lolol ( €-4 holds for Coco)) ⑥

Let 2-c- F ,
define t : = (Z , Ftl -2<1 " )

""
s o ( since 2- f-◦ )

Note : lit 1¥ / P + 1¥11
>

= 1 ( compute !)

" it
1¥ -¥ / P ≥ y ( since 2-c-FI

so ¥ c- D. Hence , by def . of -0 ,
we have ⊖ ≤ ✗ (¥ / =

( claim
Now

,
let fig c- LP with llfllp , lfgllp ≤ r and Ilf

- gyp ≥E .

Define
µ : = { ✗ c-I / ( fled ,gall c- F } ( E = Mum

'

)

and estimate :

EP ≤ f If -glpd, = f If - g) Palm + ZP / 1+7-1 Pda = :I , +Iz @ **I
* He 14

By definition
of Me ( & F)

,
n'≤*

I
,
≤ yfmflftP-lg.lt/dr ≤ y ( 11ft /pPeHg4pP ) ≤ zyrp

Since a ≥o
,
we also get

Iz ≤ { Jm④ Ptlg IP) du
⇐¥ ¥1m ✗ (feel ,gkY clerk ,

MEI
≤ ¥ ¥

"
- If F) In .

Inserting the inequalities far I , & Iz in (☒**) gives

11¥11
,
! ≤ °"Y;¥ +

"

ftp.#gpP---:-
with 8 > ◦ by the definition of y ☒

-

·



/~e ( Riesz
'

RepresentationThu .
far CLP )* ) ④

- - --

Let (E ,
d-yet be a measure space .

Let PE [ 1
, a)

,
and

f- + ¥ = 1
.

If p=1 , assume in addition theater is 6- finite .

Then the map J :
Let → @ D)

*

f 1-self ,
lf : LP → It

*,
g ↳ )☒fgdµ

is an isometric isomorphism .

Hence :

[9- ≈② Pt *
, ¥ + ¥ = 1

, p c- [ 1,0)

-

-

I @ 1 The map
J is also well - defined and isometric

for
p
= •

,

but failsto be surjective if supp ful has

infinitely many elements ( see exercise) . I.e. , (6)
*
is

strictly larger than L
'

in this case ( compare 2.38
and 2.39cm)

(b) The case p= I in 3.6
would be wiring

without additional

hypothesis on the measure space ;
6- finiteness Ofer is

sufficient , but not necessary ,
because of :

/Thud The map J : Lo → (4)
* is

-

Cal Injective ⇔ isometric ⇔ € , Ami is finite

(b) Bijective ⇔ isometric ⇔⇐ ,

d- nut is 1 lisabe
& bijective

Nof € , it,) 6- finite ⇒ locatesable ⇒ semi - finite

( For required def. 's & pf . , see
Salamon

,

"

Measure and Integrative
"

,
Emg

( 2016 ) sect_ 4-5)
- -

pf(of3 : By linearity of the integral , the map J is linear .

Let felt
.

Then lf ( see#1) is linear ( in g) , fg c- L
'

Voy c- LP

by Wilder
,
and ✗e-(g) I ≤ llflfqllgclp .

Hence
,
If C-(LP / *

,



and HlfK¢py* ≤ llfllq .

C-* ⑧
Hence

,
J in is well-defined , linear,

and bounded
.

(☒**)
claim :

=

Hlf %py*
= llfllq (⇒ J is isometric

,
hence iuj . )

Pfn : Vlog
,
ft ◦ ((***) clear for f=o )

.
.

f-64 IfG) 1£ -2
,
f 2×1-+0(i) Case PE ( 110) : let 96-1 : = { ◦

,
fat -- o

- -

Then

1g ,p = µ ,
- 1) P

= If /
9-
c- Lt since §- 1)p = 9- ( 1- ¥)p = 9-

so g. c-
LP

,
and llgllp = Iff /¥? Also ( ¥ + ¥ = 11 .

9- ( 1-¥)
= yfy , hencel¥;⇒=%;¥,- = ¥¥¥→= "e- " g-

Hlf K¢pg*
≥ llflfq _

This
,
and ☒* , imply ☒** (the claim/ .

(ii p : sincere is 6- finite , we have :

☒ = U Eu
,
In C- Ent , , (Eu) < N th c- IN

.

utlw

Let Ezo and
,
for f c- Lo ,

define

14 : = { ✗ c-I / I fall ≥ 11fila - e }
.

By definition
of "

esssnp
"

, ur (Mt
> 0

.

Then Mu = = ten Eu

satisfies 0 fer (Mn) < a far (all ) u sufficiently large .

f- (✗ Ilet
gas ._ = { ⇔, Icon, #ink ' i

FK' Fo

O ,
f 1×1--0

Then ft L
' with 11g 11

,
≤ 1

,
and

If (g) = ¥fg In =
1-

go.mu,
/ If 1dm ≥ llflbn - E. As this holds too

,Mu

we get 11411¢ ,

, *
≥ Vfb This , and @* 1 , imply the claim ( xxx)

.

ge



⑨It remains to prove that
J is surjective .

Let } c- (LP)* . Need to pwue : Ff} c- Let s - t . } = If
}

( see 1)

Case pe ( 1,0 ) : follow again N . Shioji )
- -

Define the non-linear functional F : LP → It

g
↳ Fig) : = f- llgllp

"
- Re } (g)

Since p
> 1 and

f- (g) ≥ f- llgllp
"
- 11311*11 gllp ,

F is bounded from below :

in : = iuf { F- (g) 1g c- LP } > - a

claim : F ! f ELP : F(f) = in (i.e. exists u_wiqy minimise
of F)

[This is where we need /use union co !]

Ffcn : For u c- IN
,
let Cu : = { g c- LP I F- (g) ≤ me ± } .

Then : Li / Cu ≠¢ the 1N ( by definition
of the infimum )

( ii ) Cu closed the 1N (since F cod .
and C-quiet ±] closed )

Liii) Cu ≥ Cue ,
tht IN

Civ ) diam (Cu) ¥0 ( proof below )

From (i) - Civ) & completeness of LP follows (see exercise ! )

that Mcu = { f} for some (unique ) f c- LP .

utlw

This implies the claim ,
since N Cu = { 4 C- LP / Fly / = in } .

NEIN

It remains to do the

proof of Civ) : Note that (a) C , ≠ ¢ , Cbl tg c-Ci :# 11g 4pP-11 }¥HgHp≤ in-11
-

and (c) p > I
- so ✓ '

_
= sup { llgllp I g c- C ,} c- Co

, a)

Now let e >o
,
and let g ,

h c- C.
±
( so llgllp ,

11h11
,,
≤ r)

be arbitrary but fixed .

.

R



Assume (for contradiction ! ) : 11g - hllp ≥ E (D) ⑦
Then

, by Theorem 3.5 ,
70>0 ( indep .

of g , h) s. f.

119¥11
,
! ≤

"s"É{"ʰ - d. (☐☐ 1

On the other hand : Fu ◦ c- IN
: th ≥ no : ¥ < &

Now restrict choice of g , h to
:
g ,
h c- Cu

,
n ≥ no

◦
.

Then def of u

in
É F (9¥) = ¥11 9¥11 ,? - ≤ Re } /g) - ±

Re } Chl

= ¥11 g¥ 11,5 - Ip ( 11g Up
"
+ """F) +±(¥?¥

by def
ofCu)

Heure
,

119¥11
,
? ≥

"14¥14
"
_ ± > 11911pA + 11h14?
⇒

- &

To
This contradicts (☐ ☐ 1

,

hence € ) is wrong ,
so i

kg ,
h c- Cu th ≥ no

: 11g - hllp < E .

This proves
Civ)

,
heurethe

claim ✓

So
,
let f ELP be the unique

miniwiser from the claim ,
i -e .

F (f) = in ,
and let g c-

LP be arbitrary .

Define IR → IR

6g :
t↳ 6gal : = Fcfttg)

= ¥ / If+ tg - the} (g) - Re} (f)

I

Goof Compute 6g
'
( o )

.

Lebesgue'sTim .
on differentiability of parameter

- dependent integrals

( see Handout ! ) applies , since ,
for I ≤ IR open & bounded ,

with ◦ c- I
,
we have :

( i ) If + tgl P c- Lt ft c-I

r



( ii ) qlt , . ) : = ⇐ 1ft -1g / P E L ' tt c- I
,
since : !

Celt , • I = ¥ [ lfttgcfttgl]
%

= E- ( lfttg#
_ '

[ gcf-it-g.lt ( f-+ 1-g) 5]

=p / fttg /
P
-≥
Re [gCf-Ñ}

( in the case pE( 1,2) withthe convention that

411-1×1 : =o if lflxlttg (✗11=0 )

( iiit 7 § c- Lt : lcelt , -11 ≤ E ft c-I .

Hence
,
since f minimises F ( so 6g has minimum at t=o) ,

◦ = 6g
'

(o ) = / HIP
-2

Re (Eg) du - Re } (g)
I

⇒ Re } (g) = Reff} g da) ,
f
}
: = If /

P
- '

f- ELF ( check ! )

E-

If It = IR
,
the claim follows.

If It = E
,
consider also Ig : Rat ↳ Ig Ht : = F(f- itg)

By similar arguments , we get

0 =Ty
'

lol = / HIP"ImlF g) du - Imf }g)
I

⇒ Im } (g) = In ( ffzgdir) ✓
.

( p c- G. a) done /
E

Cafe p Idea : Step 1 : Reduce to the above case pc-CI.tn ) ,
if

µ is finite . Step 2 : Generalist
to 6- finiteµ .

sfep Assumeµ (E) La .
Let r > o

.

Recall fwm Lemma 3. y :

↳ ≤ Lr C- Lʰ (the inclusion being dense ) .

Then :

I } (g) I ≤ 11} /lay * 1191! ≤ 11311¢ , ,*[(ED
"

11911
, kg c- Lr

II

E



Henie
, },

: = } /
,,

C-C)
*

.

From the case p c-Chat proved above (our)⊕

we get : 7 ! fr C- Let ( f- +¥ = 11 : }, = lfr (see *1) ,

and

tlfrllq = It }r%y* ≤ Mp .

Henie : true
,
is a

e-
,
then ( ≤ L

"

,

i = 1,2 ) :

lfr.cn) = }, (4
= } (h) = }rz(4 = lfzchl i.e. €

,

_ fr
,)hdµ=o

Choose h: = c- L•
,
then fr,=fE : f is independent of

the chosen/used r. Hence
,
C- C- N L 9- and

9- C- C.1,4

him sup llfllq ≤ him sup { 11311¢ ,*EulE]
"9- } = 11 } 11¢ , µ

<•

g-→
a

g-→ • Ifp
Then ( see exercise ! ) felt , and

so If C- '(E)
*

( see * ) )

since L• dense in L1 ,
we get : } and If agree on a dense

subspace ,
so ( byTim .

2.31 ) } = If ou L
'

.

step Genevalise to in being 6- finite . See exercise ☒

/ Renaud (a) Compare withThun 2.38 ( far lp) .

Recall that

IP = LP ( IN
,
Paul

,µ)
with µ counting measure

.

(b) Compare with Them .
2-5742-58 /far Hills . space)

Recall that

L2 is a Hilbert space ,
with <fig > : = f

☒
f-g da .

Note

the complex conjugate (also in2- 57& 2-58) ( £ + £ = 1) .

( Recall also 2-54 & see next section !

C) Another proof uses Radon - tuikudym
Tim .

to prove surjectivihy
of the map J ; see Werner ,

"

Funktianalauahya's
"

,
8.An-9 .

,

Satz II. 2.4 p
. 65

.

(d) A more abstract proof uses the
uniform convexity d Milman - Pettis Thin ,

to conclude

LP
, p c- ( 1 , a) , is reflexive , to identify @PI

*

; see
4.17 &

4. 18 later .

·
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·


