
⑤2. 5 Hilbert spaces
- - -

•

The main new feature is the
"

geometry
"

from the scalar

product
/DefT Let E be a CK-1 vectorspace .

A map < •

,
. >

: * ✗ E-→ It is a scalar pwdiet
( or inner protect ) : ⇔

(it 2x , ✗ > 20 tx c- E
,
and <×

,
✗7=0 => ✗ = o

Cp°aedeft) ( non-degenerate )

Lii / <×
,
✗ytpz >

= ✗ <✗ it > xp <×, Z> tripc-It , they, 2- c-☒

Chetty )
Liii / Lay > = LÑ they C- I

(*
,
2-
i
>) is an inner product space ( ou pre - Hilbert space )- - - - -

-

Note: If # = IR ,
Iii) & Ciii) imply that <

•

,
. > is bilinear

If
,
however

,
# = Q

,
Iii ) & Ciii ) give that

<✗ ✗ IY >
= I Lay > trace ,

×, ye# (
conjugate
linear )

Then L .
,
. > is called sneqqui-Uw (

"

I ± - linear " )
Waxman : In literator also : <✗ × , y >

= ✗ <×, y > & <× , ✗y > =ñ<× , y>

/ LEZ.lt/(Caucly-Schwar--(Bu-yako-sky)iue-quality-)---
Let ☒ be an inner product space .

Then

¢-5) / <× , y> I ≤ (✗ex >
"2
<y, y>

"2
they c- II

with equality iff ✗ & y are linearly dependent

Pw See Linear Algebra ( and/or Aaa1- 3) . ☒



I Let II be an inner product space .

④

Then ☒ is a normed space
with norm 11×11 : = <✗ is>

"2
.

All nations & results from topological , metric , and normed

spaces are available .

In particular, the scalar product
< •

,
• > : ☒ ✗ ☒ → It is continuous

.

-

PI Lif Half fulfills all axioms of a norm ,
see LA (or do ! /

Iii ) Continuity of <
•

,
• > : * ✗I → It :

Note that ☒ ✗E is a novel space ( f. ex. with

norm 11 (✗ ay)ll≥
: = 11×(1+11411) , hence STI .

coat . enough .

So let ✗uÉ
, ✗
i be two cour. seq. 's in It .

Then

Kxuiyu> -<Key > I ≤ I <Xu ,Yu > - <Xu , y > It I <✗u , y > - <✗ , y > I

= Kxu
, yn

-

y > I + I <✗u - ✗ , y > I

% 11 ✗all - Ilya - -111 + 11411 - Kiu -✗ 11 → 0°
~¥¥0
< a

→ 0→ 0

since sup llxull
La ( as (a)u converges & 11-11 cent . ) .

☒

uc- IN

/ Defim-tiuz.TL A complete inner product space is
-

-

called a Hit space

Node ' Hence
, any

Hilbert space is also a Banach spay
( for the other direction ,

see 2. 46 below )
.



1ñ / Let E be an inner product space .
④

Then there exists a Hilbert space É ,
a dense subspace

w ≤ É
,

and a unitary map U
: I→ W

.

( U is unitary i.⇔ U is an isomorphism with

<× ,y >⇐
= <Ux

,Uy ≥⇐ they c-E)
-
-

- -

Ipf : see the pf 's ofTim's 2. 13 & 2- 14 _

Additional aspect here : Define a scalar product on

É : = { equivalence classes I of candy sequences inE} :

<I
,I¥

: = him <✗ u , Yu¥
n-s do

with Gulu
,
(yn) u ≤ E being representatives of the

equivalence classes E and F ,
and U :
I → W

✗↳ I

where I is the equivalence class of
the constant representative Cx , × ,× , - - - - ) ☒

/E7 (a) 12--171^1 ) is a Hilbert space
with scalar product <× ,y> : = I In yn ,

where

hf IN

✗ = (✗a)u , Y
=④ u

.

Of course
,
I
≥

( { e- , . . ,N }) = e
"
is also a Hilbert space .

Cbl Ctu
, 1) is an inner product space with the

A
scalar product <f , g > : = f#gcxldx

0

but not a Hilbert space ( proof -analogous to Ex . 1 . If (b) 1 .
(Applying Thin . 2.44 to this example gives 22 ([o, D)

,
see next chapter ) .

·



(c) IP for
p -1-2

is not an inner product space , because ⑤
of the following theorem :

(Theoum2 / ( Jerde -VIET ) Let CE
, kill be a normed

space . Then
I is an inner product space with 11.11 = < .

,
. >
"2 iff

II. K satisfies thepa-gogqmnideuti-ty.tl/-y1f2-llx-ylf2--2(11×112+114112 ) they C-E.

--

PI : Elementary computation ( du !)
⇐ : Define inner product (1) by polarisation :

¥ (11×+4112-11×-7112) # = 112
<✗ 'Y>

= = { ± ( 11×+4112-11×-7112 _c÷( llxtiyll≥- Kx - iyli ) It -_ 1C
We verify that this definition satisfies axioms of an inner product :
(it symmetry and definiteness are obvious ( check !)
(d) Bi - /sesqui - linearity follows from parallelogram identity (here only

#= 1121
Lay > c- <✗ it> = 4- ( 11×+4112-11×-711<+11×-1 -2112-11×-2-112 )

= { ( K ✗ +
'# IF lfx - '¥112 )

= 2 < × , ¥} C- I

2- =o in (1) ⇒ <× , y >
= 2 <× , ¥ > If

(1) d 121 ⇒ < ✗ iy >
+ <✗ez> = <✗ , ytz > (3)

(2) with Zy
instead of y

" <✗ ' ZY > = 2< × , y >
@ 1

By induction from
③ I & ( y)

:
<✗ IUY >

= u <✗ iy >
tu C- two (5)

2- = -y in (3) ⇒ <✗ay >
= - < ×

,
-

y> ⇒ (5) holds the ≥

Let wet 2) { ol and use (5) with ¥ instead of ✗ ( writing ✗ : = "= ) :

<×
,
✗y>

= u < × , ¥ > = Xm Lxi ¥ > = ✗ <×
, y > .

This holds for all ✗ c-¢
,
and thus far all ✗ c- IR by continuity (2-10)

☒

I



⑤/ Definition / Let ☒ be an inner product space , and *≤€
( not necessarily sub#ad)

cat ✗ey c-I are orthogonal = ⇔ <✗ iy >
= 0

.
In symbols :

Hmm

b4 orthogonal complement ◦+A : At : = { ✗ c-I / ✗ 1- a ta c-A }- -
~ -

(c) Let J to be an index set
,
and for all ✗ c- J

,

let ex c-I
.

We call { ex}←- an ethno veil set Gvf=iy ) : ⇔

Lex
, ep > = I, this c-J

( and orthogonal if Lea
, ep > = o txtp )

(d) { ex /✗≤g- is an od-uouovwulbaais-CONBIovc.eupatentbouquet set
: ⇔ ( i ) { ex}

• ←g-
is an orthonormal set .

( ii ) " completeness
"

: If Lea
,
✗ > = ◦ far some ✗ C-I

and ad ✗ c-J
,
then ✗ =o ( I.e. : The zero vector

is the only vector orthogonal to all ex 's ) .

/LemF2 Let * be an inner perdu d- space .

(a) Let A ≤I be a subset ( not necessarily subspace ) Then At is
a closed ( linear ) subspace in € .

(b) F-very
orthonormal set { eat

*g-
is linearly independent .

PI (a) See exercises .

(b) Assume É ✗jeg .

=
◦ for some u C-IN

,
some ✗=

,
. . ,4uE It , and somej=c

✗e-
,
-
-

,
✗
u C- J with ✗ j f- ✗ n tjtk . Then we have

◦ = <em ,
o > = Lean

,

É ✗jeg. >
= ÉXj<¥g .

> = in
j= j=i the = 1

,
. .

,
n
☒

8nj

Next we prove
two lemmas/ lemmata as preparation

for Theorem 2.51 :



|Le1( Uncountable series ) Let ¢ -1-5 be an index set
-
- --

and 0 ≤ can < • the J .

Then

Eca : = sup Icx < a

✗ C-J Jo C- J ✗ c-Jo

Ito / < 0

implies c✗=o for all but coubhg many ✗ 's
.

Nate: The definition agrees with the usual one , if J is countable .

pw Define the sets so : = { ✗ c- J I ca ≥ I}
Sn: = { ✗ c- J I ÷ > ex ≥¥ }

,

u c- IN

Clav Isnt < o tu two

True
,
since

, if this was
violated for some u c- IN

,
then

-2g ≥ -24--0 .

But then { ✗ c-J / Cx >o} = Usa is
✗ C- J ✗ C- Sn naw

,

a countable union of finite sets ,
hence countable ☒

ILemuu2.si#(SeIesInBeaccHiIetspaI)
(a) Let E be a Banach space

and consider a sequence (✗a)new ≤I.
NThen

-211*11 < • ⇒ I xu : = him (I ✗u) exists in E.
UEIN in C-IN N→ •

"= C

(b) Let € be a Hilbert space , and let (a) new ≤I be a sequence of

pairwise orthogonal vectors ( i.e. an orthogonal family ) .
Then -211*112 < a ⇔ [ ✗u exists in I

UEIN NESN

( Note : Recall that 11€12 ) .

_ -

-

PI Let Su : = Exj fun c- IN .
Since # is complete , we have :

j=c

¥µ✗u exists ⇔ (E)
n
is Cauchy ( in E)

.

@ I Let m≥u
.

Then

U U

118m- sink = 11-21-11 ≤ -211×511 = 6m - Gu
j=uti g- = Uti



with in : = Éllxgll . But by the assumption , E)new ≤ IR ⑤
j=,

converges in IR , and
hence is candy .

(b) consider again the sequence of partial sums §'n)u .

Let u≥ u
,

then
m in

Hsm-Suit? It É g- 112=-2 <✗i ,xn > = -211×1-112 = In - in
j=u- i j , k=u -11 j=u- 1

with In -
_ = Élfxi IT .

Hence
,
( Falu is Cauchy (inE) iff .

j=c
(Tn)new is Cauchy Lin IR) ☒

/ theorems/ Let E be an inner product space , ✗ c-I, and { ex /⇔
an orthonormal set . Then :

11×112 ≥ Ikea
,
× > I

≥

(Breed 's inequality ) .

✗ C-J

If * is even a Hilbert space ,
and if {ex bees is even an ONB

,

then
✗ = [ Lex

,
× > ex

✗ c-J

where at most countably many terms ace to , and

11×112 = Ikea
,
× > I

≥

( Parse equality ) .

✗C-J

-

- -

P€ Let Jo ≤J be any finite
subset

.

Then we can write ✗ as

follows :
✗ = [ Lex , × >ex + ( x - [ Lex ,× > ex )

✗ C- Jo ✗C-Jo

-7 7.x
Using that { ex /✗ c- jy is an orthonormal set

, we get :

Lulu > =L [ Lexi > ex
,
[ Lepa >ep> = [ <⇒ < ep.se> Len

, ep >✗C- Jo BEJo ✗
, p c- Jo

= [ LeastLex
,
×> = Ikea ,x > 12

,✗C- Jo
✗ C- To



Lu ,v > = Lu , ✗
- u > = Luis > - Lu , u > ④

= I <⇒ Lex
,
×> - <Ucu> = o

.

✗ C- Jo

Heure , we can estimate 11×112 :

11×112--2 utv, utv > = Luau> + <Yu> ≥ [ Kes ,
× > 12 t Jo ≤J

,To ✗C-Jo
7501 < •

Taking sup over all finite subsets Jo ≤J gives Bessel 's inequality.
Now

,
Lemma 2- 49 ⇒ 7 NEIN u{ a} and tu C- J the { 1 , _ . , N} s- t .

w

*f -21 Lex , × > I
'
= [ Kean

,
× > 12 ≤ 11×112 <a ( using Bessel 's

✗ c- J n - e

ineq. )
then ☒ \ and Leuven 2- 50lb) (which requires co=pUtew )
imply that w

✗
'

: = [ Lean
,
× > ear exists in ✗

.

5- (

we need to prove that ✗ =✗
'

:

we have ✗ - ✗
'

team then C- { 1, . . , W } :

ur

Lean
,
✗ - ✗

'
> = Lean

,
× > - Lean

,
×
'
> = Lean ,x >

- [Lea
,

✗ > Lean
,
em>

n-7
=o fun c- { 1 , - - ,

it} ¥
If ✗& / ✗u Int { e- , _ , it} } then we have :

it ☒ 1

Lea
,
✗ - ×

' > = Lex ,✗ >
- [Lea ,

×>

Ce⇒> = Lea
,
× > = o

u-7

÷
Taken together

,
we have ✗ - ✗

'

tea tats
%? ✗= × !

Moreover (if N < a ,
no limits are needed ) :

11×112=1/ him Écesj ,x >eg. /[
"Eiht - him If Écej , × >eg.li

u→Nj= , → a j=c

= him { ÉLeg,x > ex; , Éceas ,✗ > ein)n→N j=, KT

or
= him ÉÉT><em ,

× >

a;÷
= Ikea,i✗ > ij-4 4-I
j =,

¥ Ike . ,× > 12
✗ C- J

-

IFE

.



Lemma 2.50 (b) and Theorem 2.51 gives ⑤
/ cowllaiy.is# Let E be a Hilbert space

and { ex/*g- an orthonormal set
- -

inE

Caf If (a)
✗ c-g-
≤ It with -2 Iconic •

,
then Ige, is well- defined in E

✗C-J ✗C-J

(b) If J is countable
,
and { ex / ✗ £ J} is even an orthonormal basis CONBI

,

then { ex / ✗←g- is a Schanck basis .

ÑeJ# Every Hilbert space * ≠ { o} has an ONB . Moreover,
I separable ⇔ then exists a countable ONB

.

-

-
-

PI. The existence of an ONB in the her
- separable case will be

proven
later (when Zorn's Lemma is available )

.

Suppose there exists a countable ONB . By Cor . 2- 52lb 1
,
this

is a Schauder basis .

Thus
,
E is separable by Lemma 2. 16

.

✓

"

⇒ Let { ✗u Int IN } be dense in II. We construct an ONB using the

GI-nsch-midfpweedune-i.li/Ifx,--o
,
define e , : = ¥7,1otherwise , use ✗no with no : = ninth c-in /✗n≠c} )

'

Lii / Throw away
all xu's that are linearly dependent of ee .

Let u , -- = win { kc- IN / ✗a& span { ee}} > no be the smallest index

of the remaining elements .

Set

e-
z
: = Xu

,

- <e , Yu , > e, and ez : =
E-
KIK

^

Liii) Throw away all xu's that are linearly dependent
of { e ≥

,
ez} .

Let uz : = win { here I ✗a& span { eyed } > n ,
be the smallest index of the remaining elements .

Set

É
}
: = ✗nice, ,Xu, > e ,

- Lea
,
✗n
,
> ez

and e }
: =
E-
11511 '

Civ) continue this pwcedn.im :
This terminates iff dim# < • .

It is clear
,
that { en} *µ is

an orthonormal set . Also, span {en / new } is dense in E because



each ✗u is a finite linear combination of en's .
It remains ⑤

to pwve
that this is a basis : Assume there is ye E such that

y f- en
tu

. By denseness , Fcykln
≤
span { en tu c- IN / such that

h→ a

Yu→ y in
E. Thus < y , yn >

=
o the and

114112 = <y,y >
= him Ly ,yn > =o ☒

b-so ÷

/ Definitions Let E ,
E

'

be inner product spaces .

E
,
E
'
are unitarily , ⇔ 7 isometric isomorphism U : I-I

'

equivalent

Note: U isometric & linear ⇒ U preserves scalar products :

< ✗ay >*
= < Ux

,Uy>± ,
Kx

, y c-* ( follows from polarisation,
see proof of Thin . 2. 46 )

/Theoum2- Let I be a Hilbert space . If u : = dim I < • then

* is unitarily equivalent to 1K
"

( with Euclidean scalar product ) .

If dim # = O and E is separable , then# is unit . equiv .

told
- -

PI. 2"ᵈc : Fix a countable ONB { en/new (exists byThun -

2- 53 b/c

€ is separable )and consider the map u : € → 12

✗ ↳ (Len , ✗ 7) u C- IN
( if U is well - defined by Bessel 's inequality , and linear .
(iil U is surjective by Cor

.
2.52 Caf

Ciii ) U is isometric (⇒ injective / by Parse val 's equality .
I&ca Analogous ☒

/Thei57(P≈je¥ntheorem ) Let E be a Hilbert space

and A C- E a closed subspace .

Then : Far all ✗ c-I

there exists a unique a c- A and a unique w c- At

such that ✗ = a + w

-



The proof relies on : ⑤
/ Lemma2.si# Let * , A be as in Thu .

2-55
.

For
every ✗ c-E there exists a unique

a C- A such that

distcx
,
A) = Kx - all .

That is
,
a is the

"

closest element
"

to ✗ in A
.

Pf(25 : Existence : Let d : = dlx , A- I = iuf 11×-711
.

YEA
There exists a sequence (yn)new≤A s-t .

⇐I D= him Kx - yall ( by def. of
"

inf
"

; (yulu is a

→ a Fd minimizing 9- rent )
Using the parallelogram identity
Kutv K2 = 2 ( Kull? + Kult ) - Hu - v11

≥

(Thu . 2-461 we get

llyn -Yuli = 11 (yn- ✗It G-Ym) 112

= 2(Kyu- ✗112+11×-4my
≥

) - 112 ✗ - Yun
- Yuk

?

= Kayu -✗ licks - ymli) - 411 × - Ym+¥ 112
**I

≤ 2( Kyu- ✗112+11ym- ✗ 1,2 ) - ya
pay

→ 0
, men

→ • ( by ☒1) .

Hence
,
(Yulin is Cauchy ,

so (*complete ) Fat# : Yu → a ,n→•
But (yufu C- A and A is closed , so at A

,
and D= llx -all

by * and continuity of the norm

Uniqueness : Assume there exists (Yu
'

)u ≤ A with

him llyn
'
- ✗ 11=D and a' = Lim Yu

'

→ a u→o

Replacing you by Yin
'
in ☒*1 gives

11 a - a'll
≥
= Lim Lim Kyu - yin

' 112
→ a m→o

≤ him him 2 ( then-✗ lit Ily 'm - ✗ IT ) - Yd
≥
= o

→• w →•

⇒ a=a
' ☆



Reach : Note that the proof works if It is closed and ⑤
conic ( not necessarily a subspace /.

Pf(uf2-5 Existence : Far given ✗ c-I, let ac- A be defined

by Lemma 2- 56 , and set w
: = ✗ - a. Need to prove

: w c-At

let } c- It and YEA . Then

KWIIZ ≤ 11 ✗ - (a +3×3112 = Kwlit 11 }yÑ - 2 Re Cw, Zy> .

so far ◦ ≠ y c-A we have 1312 _ 2Re<¥y'
>

a- ◦

lil Fw } = t c- IR this gives

E- 2Re{Y,# t ≥o *c- c- K
This implies Re<w, y > =o .

If It = 112 we are done
,

since ✗ C- It was arbitrary .

Far # = e we also consider the following case :
Iii ) Far } = it , t c- IR :

+2 + 2ImY>
t o_0 Kt c- IR

so Im < way > = o for every y c-A. Together
with ( if

this gives <w, y >
= o and so

wc-A.tv#ueuess--.Assume there are a
,
a

'

c- A and W
,
W
'EA
+

with a tie = ✗ = a 't w
'

.
Then a - a

'
= w

'
- V.Then a=a

'

and w=w
'

as An A+ { o} . IF It ☒

|Reoucrie-R.epusentatiu-hm.tt/Ibea Hilbert

space ,
and let l c-**

.
Then there exists a unique yet #

such that llxl = Lye ,
× > t✗ c-I * 1

and Kell
#
= Kye 11

.

-
- -



If: If here _- ☒ ⇒ 1=0 and term .

tone with ye=o .⑤
Assume therefor here f- E. Note that Keolis closed .

Existence of Ye : FromThur .

2.55 we know Creve)+ 7- { o}
-
-

and this allows to choose ◦ ≠ ✗◦ C- Creve)? Define

ye
: = - ✗

◦ c-*

(if so ☒ 1 holds for every ✗C- Kev l ( ✗◦ the-l )

(ie) Let ✗ = ✗ Xo , ✗ C- It
_ Then llxl = * llxol and

<Ye , ×
> = { a-

✗◦
,
✗ ✗ o> = f¥⇒✗<xoxo > = ✗ lcxul ,

so l and Lye
,

. > agree on span { here, a} .

Liii) But span { here , xu } = # because
,
for all ✗ c-$

,

✗ = (x - %¥i%i-%¥, - ×.
- -

C- Kev e c- span {% }

since ⇔
l ( x - ecxoixo) = llxl -

# lcxol =◦
.llxol

So l = <Ye ,
• > on € by Lil , ( iil , and the linearity

of land

<Ye ,
• >

.

U-uiq.ve#ye-: Assume there exists ye
'

c- € with

l= Lye
'

,
. >

.
Then

,
for ereuy ✗C-

E
,

O = llxf - lcxl
- -

= <ye
-

ye
'

,
× >

Lye , × > Lye
'

,
× >

Choose ✗ = ye - ye
'

,
so that 0=11 ye

- ye 'll
≥

,
so ye

-

ye !
Nov we have

Hell
,
= sup

% Hye ,,
◦⇔ᵗ*FÉ



Note that ye to since here f-E. Hence ,
we may

⑥

choose ✗ = ye in
sup

above :

Hell
*
≥

I
= ",, ' = Kye 11"""

heuu
, Hell# = 11yell ☒

/ Covy2-58_- / Let E be a Hilbert space . Then the map

J : ☒
*

→ I

e. ye

defined by Tim . 2- 57 is a semi - linear
,
isometric bijection

( linear for It = IR , conjugate linear far *= e) .

-
-

PI Let × ,PEK ,
and le

,
la C- ☒* with lj = <yj , • > ,

i - e
.

Jclj ) = Yj far g- = 1,2 .

Then

✗ let plz = ✗ <ye ,
• > + p <Yz ,

. > = <Ey, + f-Ya , • >

So J(✗letplz ) = I J (f) + B-Jlla ) ( by uniqueness in 2.571
Hence

,
J is semi - linear

_

That J is an isometry was proved
in 2-57 (⇒ J injective) . Also

,
J is onto /surjective :

For ye E , ly : = Ly, • 7 C- E-
*

( use C- S
,
or Lem .

2-42
,
to

prove continuity) and silly ) = y ( by uniqueness i. 2- 57 ) ☒

- -


