
④

z.EEEEEEEEspa-eefdefim-tiuu2-35-l.itII be a normed space .

A liuearfuuctioualn
( o#-) is a linear operator l : I≥ doin (e) → 1kg .

The dudspaI is #
*
: = BLCE

,
1K)

.

Notations for the norm on #
*
: K - E-→*

= : 11 ' E-* = : 11-11
*

= : 11.11
.

/Ne / ☒* consists of the bo⇒led ( equivalently , contiguous ) linear

functionals ; *
*
is therefore also called thet~po-gicaldu.amnot to be confused with the algebraic dual of old linear

functionals
,
E

'
: = { fi #→ It / f linear } = Hour

#
(E

,
1K)

,
common

in Linear Algebra !

( (¥2.36 / (totem . 2-341
.

( E- *
,
II.¥*) is a Bauch space

- -

( whether * is complete or not) .

/E✗2T Let ☒= C. ([a , b) ) ( with a < b c- Irl equipped
with Il - Ho

@ f For FEE , let
b

I (f) = = faflxldx c- 1K

This is clearly a linear functional l
: * → It with

Il (f) I ≤ fabhfnxtdx ≤ Ilf% ( b- at * 1
≤ llflbn

so 1111¥* ≤ (b-al ,

and f ≤ 1- gives equality in# 1
,
so 11111
#
= b-a.

Cbl For fEE and toe [a, b]
,

let F-
◦

(f) : = f HI C- It
.

This gives a linear functional § : I→ 1K
,
called the

Drina IEEE ,
with 1%6-11=11-4-11 ≤ Ilf%

,
and again equality for f = 1- So 11%1 /

**
= 1

.

/Ñ3 Boundedness ( i.e.
,
continuity ) of E-◦ depends on the

word on E.
For ex -

, Oto is Et bounded ,
if E is equipped

with toe Lt_ norm ( Itf 111 = So
'

IfG) I dx) .

8

8



/NÑ Let E , Y be normed spaces
. We write ⑤

☒ ≈ Y ( ou ☒ ≈ Y) iff E is isometrically isomorphic to Y .

Me# Let pe [
e-
, a) and f- + f- =/ Then @ e)

*
≤ I ?

More precisely the map
let ≥ y

-
- Cynlu ↳ fy c- @ D)*

,

fy(✗ \ : = Ixuyn ,
✗ ELP

uC- IN

is a bijective isometry
-

PI (a) Casein : Let ✗ = ⇔*welp ,
f e @ P1

*

.

We work with the canonical (Schauder) basis (en) new fault ( see 2.15)
Then ✗ can be written as a 11 - Up - convergent series ✗ = [✗new

UfIN

since f is continuous (wit . If- Hpl and linear ,
N

f(×1=f(him Exueu) = If Kuen) = [ ✗ufceu)
. * ,

N → do 5- ( nf/W ut IN

For N C- IN ( fixed)
,
define I : = ( in)uc-*,

£ LP by
lfceu)/

9-

In : = {☒ if u ≤ 14 and flew/ ≠ ◦

0 otherwise
N

Apply 1 to É :
f (E) = [ lfceu) it ☒* I

n-7

so that 0 ≤ f- (E) ≤ ltfllep,* - 11×-11
p ,

where ( compute ! /

11×711, = ( É /flea, /
&-"

F)
'

IP
\

v7

Since f- = 1- ¥ ⇔ p
=¥,
( take note ! /

,
we have plot-11=7 , so

N N

C-*) ⇒ [ If Cent /
9-
≤ If Heep,*

([ lfcen)F) "P
n- f

u-7

⇒ ( Élfceu) / f)"9- ≤ 111-4
up,*

KNEW ***)
u -4



Hence
,
the map g- :

@ f)* → I 9- ④
f (→ C- (en)) new

is well- defined
,
and

Lil J is linear

liil 11 Jfllq
= If (flew))*µ Hey ≤ Iff 11¢ pg # by ☒**1

Liii ) J is onto /surjective. If y = (yn)u C-I 9-
,

define

fy :
IP → It

✗ =Gulu↳ fy (x1 : = [ XuYu
UEIN

Clearly , fy is linear . It is well - defined :[ lxnynl ≤ llxllpllyllq
by Holder 's inequality , so

new

ltfyllep,#
≤ 11411g

and so fye @ D)
*

.

But fyceu) = Yu tht IN , so J ( fy ) = y .

Civ ) ⇐ I & Holder imply :

Fft @ D)
*
Fx C- IP : If 6-11 ≤ 11×14, ' 11 (flea)) new key

⇒ Kfk
@pg
#
≤ ItJflfq ¥

So 11 Jfk = HfK¢pg* ,
and J is an isometric isomorphism .

Che uuap in the statement
of the term .

is J
"

) .

(b) The case p=1 is analogous ,
but instead of defining In ,

use

I flew ≤ Mfk
@a)*

'

Ke?!
This implies 11 lfleullulf ≤ 11ft@e)* ,

which replaces ***1
,

and the properties of J follow as above .
☒

-

- -

112¥37 cat (G)
*
≈ It ( see exercise )

(b) The map I
1-
→ (C)*

,
y
↳ fy ,

defined (asiuthm
←2.3s) by

fycxl = [ ✗uyn ,
✗ Elf

, y
Eet

u€ IN

is well - defined (Hilde ! )
,
linear

,
isometric

,
butu onto !

In other words :@d)
*
is strictly " larger

"

than lʰ ! ( see later /
-

-
-


