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2. 1 Vector spaces
- .

~

General assumption : * ≠ { o } is alt - vector space , It
c- { IRR } .

|Defimtim2 Let ¢ ≠ re ≤* .

lil re is aliyah independent iff all non
- empty

finite ( ! ) subsets F ≤ M are linearly independent ,

i-e.
,
the following implication holds

:

[ ✗f f = ◦ → ✗f
= o tf E F

f C- F TE It

Cii ) M is linearly dependent iff Nishat linearly independent
.

- - -

Liii ) B C-E is a Hamel basis ( or aLgeb¥ba ) iff
- -

(1) B is linearly independent
(2) Every ✗ c- I can be represented as a

( finite ! ) linear combination
of elements in B

( B 2paI E) .

( ir) E has fim-tedimenac.nu
iff there exists a Hamel

basis with 1131 <• .

Then dim £ : = 1131 is called

the dimensionally
(v1 E has infix di#u iff # does

not have

finite dimension

/Remaik /The dimension is well - defined : 1131

is the same for every
Hamel basis in a given

space ( Pf : see linear algebra ( LH) ) .

-



/EÑÑ ( al consider !
-

Cc : = { ✗ = cxjlg.tw/xjc-C-Vjc-1W,audxj--ofououhgfiuifely many j 's }
( see also exercise , the index

'

c
' stands for

"

compact support
"

;
also : )

Let em: =L . _ _ , 0 , 1,0 , _ . . / with a
e- at the with. position .

Claim ? B = = { en In c- IN } is a Hamel basis farce

(b) Even though It is separable ,
then exists no countable Hamel

basis for It (see exercise / .

|TheoÑ Every vector space ☒ f- { o } has
a Hamel basis

PI : Uses Zorn 's Lemma g see later .

/Coy 2-5-7 II has infinite dimension iff For every u c- IN

there exists ten C- E such that I Mul = n and ten is linearly iudep:

Pf Existence of Hamel
basis with 1131 = a ☒

/ Exa=p6 Infinite dimensional vector spaces :
cc

,
IP

,
CCI ) ( where ∅ ≠# ≤ Ird open )

2.2 .
Banach Spaces
In- m

/Deftvn2_7 Let ☒ be a vectorspace .
A map *

→ Io
, a)

- -

✗ I→ 11×11
is a uovm_ :⇔

C) 11×11>0 to f- ✗ C-*

(at 117×11=1×1.11×11 trick E- c-E (⇒ 11×11--0)

(3) 11×+411 ≤ 11×11 +11yd tx- y C- E-

(E
,
11-4) is called a normal space- - - -

If only (2) and (3) hold ,
II. It is called a semim

- -


