
Because f is continuous & Va open , f-
"

( Va ) is open
txt J

, ④
hence * 1 gives an open cover of E-

which is compact .
Hence

,
7 NEIN and ✗± , _

.

,
✗ns.t . E ≤ % f-

'

(K )
,

and therefore
,h= (

f- (E) ≤ Van

(b)
,
Ccl

,@ 1 : see Exercises .

1. 5
. Example

: Spaces of continuous
functions

-
-
- -
-

General assumptions in this
section :

Lil E is a compact Hausdorff space
Iii) CCE) is equipped with the Ifan ( system ) wet :

do Cf , g) = = Hf - gtfo : = sup If G) - glx) /
✗ C- E

( Note : sup = Max
is finite tfig c- CCI ) by Thur . 1- 30 (d) )

/Theoum1 C. (E) is complete .

Pt : Follows from completeness of Cb (E) ( bounded court . functions i
see exercise )

,
and that C. (E) = Cb (E)

,

which follows from

compactness of €, and 7m .

1.30 (d)
.

☐•

|Theou# / II is metisable ⇔ C (E) is separable

( A topological space ☒ it) is metusabe
: ⇔ 7. metric d ou E that

generates the topology J )

PI For
"
⇐

"

: see (f.ex) Bourbaki ,
" Elements ofMathematics

,

GeneralTopology;
Part 2

,
sect

.
E 3.3

,
Tim

.

I -1
.

Here
,
we only prove :

"

Fix any
metric that is compatible with the topology .

For min c- IN ,
define

Gunn : = { FECCE) / f (Byu) ≤ Binlflxl) Kx EE}
By compactness of E we get

lit Any f C- CCE) is even uniformly continuous , by Tim .

1-3 ◦ (c)
.



Choose E : = ± there , and let in large enough s.
-1

. ④
± ≤ E. Then f E Guen ,

so C.(E) = U Guru Ku c- IN C)
MEIN

Lii) For any
in C- IN we can find km C- IN and a

± ,
.
. .,akm£E

such that I can be
written as a union of open balls

of radius ± : E- = Btmcanl ← ICE is socpaet)
k=f

Now
,
It is separable , i.e. there

exists countable

set { Ku c- He l v c- IN } which is
dense in 1K

.

For given me
IN and any 4 :{ 1 , - - 1km1 → IN ,

i.e .

4 = ( ce (1) , _ . , ce
CKmi) C- INK

"

,
define

Glen : = { g c-Gun / 1g Can) - keen, / < ± th = I , - - - ,Kin}

We only want to consider those q
with Ginn ≠ ¢,

so let
Imu : = { ee INK

"

/ Gain -1-41

Eun is not empty ( since g- = CY . _ ,v1 c- Emu ,
because

the constant function f=_ Ku C- G% ) .

For every 4
C- Emu pick some gce C- Ginn .Now define

Lmu : = { get a c- Eun} and L : = U Lmu
mentor

%
Rv

E f
, ,-1 C- Guk

If

they -
•oÉ

-

- - -
-
- -

} %
Reiss ÉÉ→

Notions

in proof
kqcy É ••

-

f-1 of Tim .
I -32

IF
< zu

Haz at
}

☆ ×



Nate : Linn is countable because Eun ≤ IN
km ④
1

hence L is countable Thetheorem now

follows from :

claim I
do
= CCE )

PI Fix FEC (E)
,
u c- IN

.

(1) ⇒ 7m c- IN : f c- Gun .

Also
, 74ft Émn s -

t

f c- 69£ : simply choose g- ( k) such that

/ flan) - Roger, I < ±
,
which is possible by

the denseness of { her I v c- IN } in It .

(2) ⇒ tix c- I 7k
✗
C- { 1 , . . , km} : ✗ c- BE ( anx )

Take get C- Linn
≤ Las approximant . Since f ,gqfE Guff

we have
,
far all ✗ C-* ,

11-64 - gqfcxl / ≤ If 64
- flak

×) / t lfcanx)
- Hetchy /

I-F.otmnT-E-aw.net/kcefCkx)-9qfcakx1l-l9cq-akx) - 94+4-1 /

TÉ±
-

cut by clef. of Gunn

< ÷
.

Since f and u were arbitrary ,
the claim follows ☒

- -

An alternative approach to separability :

/Def3 (a) A K - vectorspace
d- is a K-algebm_ : ⇔

there exists a multiplication d- ✗A→A which satisfies :
@+ b) c = act be ta

, bic c- A

ccatbl = cat Cb ta ,bi C-A

✗ (ac) = Hate = a (Xc) ta
,
c c- A

, ✗ c- It
( Example : C. (E) is a ( commutative ! ) 1K - algebra)



(b) A subspace B ≤ A is a subalgebra =⇔ B is closed ④
under multiplication

@ \ A subset B ≤ CCE) s-epavate-poiutsin-I.es for all distinct
points × , y C-E , ✗ty ,

there exists ft B
'

- f 6- I f- fly /

|TÑ3(stEsfᵗIl Let B ≤CCI ) be a
subalgebra with the following properties :
(if 1- C- B ( where 1-

'
- E-→ It is the constant function /
✗↳ 1- B isunitaliil B separates points .

Liii / If # = ¢ : Assume furtherthat
B is closed under

complex conjugation (i.e. FEB
⇒ f- c- B)

Then : B-
do
= (CE ) (that is

,
B is dense in CCEI)

-
-
-

PI. Not here ; see e.g
.

Reed - Simon
,

✓of . 1
, App . to sect . II. 3

/Coy 1-35--1 Let K ≤ IRD be compact , d c- IN . Then the
set

of polynomials is dense (wit - dÑiÑ#-) .

Furthermore
,

CC#1 is separable .

-

PI: Let B be the 1K - subalgebra of the K- algebra C.
'

(E)

generated by the monomials

*\ Mu
,
x
: K2 ✗ = (✗± , - - - ,

✗d) ✗I c- It
,

u c-No
,
✗ C- { 1, _ . , d }

Then stone
- Weierstrass gives B-= (CE ) since , clearly ,

(1) 7- C- B and
,
if *= G ,

then B is closed under complex

conjugation ,
since ✗ c- It ≤ Ind and B is a e- subspace .

(2) If ✗eye K ,
✗≠y ,

then 7 ✗ C- {1 , - yd ) : ✗✗ f- Ya ,
So

Ms
,
✗ (✗I ≠ Me

,
✗ Cyl ,

and so B separates points .

·

· u

#

⑫



QI
,
It = IR ④we prove separability : let Ito: =/ + i
,
# = ¢

and let Bo be the ko - algebra generated by the monomials in# 1
( Note :This is not a sub algebra of CCE ) - why ? ! )
( if Bo is countable ( it consists of polynomials with national coeff./

(2) Since K is bounded :

V-E >◦ true /Not✗ c- { 1 , - yd / Kc c- 1K7g c- Koo : dadcnn.qq-Mu.in/LE--sBo---B- = ((K) ☒

/Definitions Let # be a metric space Cautioussanity compact )
Let 5- ≤ CCI )

.

lil F is e-quicoutiuuous-i.es He >◦ the ☒ 70 >◦ : Fff F :

f( Boy ≤ Becfcxl)

(i.e.cl#lxiy) < or ⇒ /flxl - fly / / L E tf ;
0=86

,
×))
By

lii / 5- is um-f-oruhye-quicou-huuc.IN =⇔ He>◦ For> o : -VxEE Kfff

f- (1386-1) ≤ Becfcxl)

(i.e.
,

[ = or e)
,

but uniformly in ft F day C-E)

/Rewwk @ f If E is even compact ( by Tim .

1- 30141 :

eyuicoutiuuuus ⇔ uniformly equicontinuum .

Lbf Examples :

Lil Any finite collection of continuous functions is equicontinue

lii) * = [oil] : { ✗ ↳ cos (E) In c- IN } is uniformly equi continuing
Liii) E=[o , 11 : { ✗↳ ✗

%
In c- IN } is not equi continuous

(ivl ☒ = (oia ) : { ✗ ↳ accfaucuxl / new } is equi continuous
but not uniformly eqwicout . However , each function

is uniformly continuous
.

#

·



/THEM Let * be a metric space (
not necessarily If:)④

and (ful new ≤ CCI ) an equicontinuous sequence . Assume

there exists dewy subset D. ≤* such that

the D: him fu 6- 1 exists
.

u→a

Then him facial = : feel exists tx C-¥ ,
and the limit function

u→ N

f E CCI )
.

-
-

Pf We first prove convergence
for all ✗ C-E :

Let ✗C-E ( fixed ) , E >0
. By assumption there

exists 8>0 S.t.

the IN Kx
'
C- Borat : / fu 1×1 - fuk't I < E.

☒ I

since D- =E
,
there exists YE Boleyn D. At y , the seq . (fn(y ) )*µ

converges ( by assumption) , hence ,
it is candy .

So : FNEIN them≥N:

**) Ifnlyl - fmly / I < E

and so
,
them ≥N

/ fncxtfmcx / I ≤ /fuk - fancy ) / c- lfulyl - fancy / It lfuly ) -fuk ) I

¥.
- -

< e by **) CE by * 1

2 32

So him fu 1×1 = : flat exists for every
✗ C- E- ( since (ful✗1)

new
→ a

candy &# complete)
we now prove continuity off :
Note that ☒ f holds for all new,

and E & J there are indep . ofu .

Hence
,
we can take the limit in→ • in it to get

te >◦ For> ◦ : Kx
'

c- Bowl : If 6- I - fail / £ E ☒

Iary Assume - in addition to the assumptions iuthm. 1.38

- that E is compact . Ten in fact

him do lfu ,f) = o
u→ N

(i.e.
,
the convergence is uniform on E)

*



If : Let Ezo .
As E- is compact , ④

(if ( ful*µ
is uniformly equicontinuous ( see Rink 1.37cal / , so :

7020 : tx c-E- the 1N V-✗
'

c-E with dcx , ✗
' I < 8 :

I fu -61 - fucx'll 2 E * f

Iiit there exists K c- IN and a
≥,

_ _

, at C-
I suck that

K

E = U Bolan)
.

☒* I
k= /

Using ☒*I , for every ✗ E E we can
choose kx c- { 1, - yHst . ✗c-Bolan)

Then
,
tuc- IN

,

/ fucxl - C-G) I ≤ / fu6-I - finland / c- / fu Came) -f (and It /flak,) - fall .
TE TE

(4 T
,
L E for every

u C- IN by the definition
of an

,
and * ,

(2) 3- NEIN : tu≥ N tx c- E : Tz < E by simultaneous

convergence
of (fn(and )u for k=1, . . , K (finitely many

!/ byThur . I-38

(3) Tz ≤ E by the definition
of akx

,
* 1

,
and the limit u→ • in ☒ )

Hence
,
we have

V-E >◦ 7N C- IN the ≥ N Kxc-E : Ifn G-l - f G- I / < 3 E TE

-4o(Arzeli-Ascoli_) Let E- be a compact metric space ,
and (ful new

≤ CLE ) an equicoutiuuous and pointwise bounded

sequence , i- e . fx c-E :

sup lfulxl /
< N

ut IN

Then there exists a uniformly convergent subsequence (fu;) jew .

Equivalently : Every equi continuous and pointwise bounded
subset f- c- CCE ) is relatively compact

lie.Eiscompa#



P-f.RU equivalence of the 2 statements follows fwm
: ④

2- metric space ,
d- ≤ 2- : A relatively compact ⇔ every sequence

in A has a convergent subsequence (with limit not necessarily in d- but

only in A- ) (see exercise) .
We prove the

"

sequence
version

"

:

since * is compact ,
E is also separable (by Them .

I-27 )
,
so

there exists a dense subset { ae c-Ell c- IN} ≤E. Pointwise

boundedness gives
sup lfnlae) ) < a tl c- IN, * f
uC- IN

so
, by the Bolzano - Weierstrap Them . ( in IR)

,
for every
l there exists

a subsequence ⇔
'
)
;c-µ

c- IN such that

him fy.at Cae ) exists
. C-* 1

j-so

But > We need simultaneous convergence on the set
of points

{ ae C-I / le IN } for a single subsequence .
Use diagonal sequence- - -

tach : vlog .

,
assume

""

1)
jaw

≤ 1)jew
[ Indeed

, sup lfy.ci, (az) / < • by * 1 .

Thus
, ☒*1 holds ,

it 1W

with (nfl ) ; C- ⇔") ; .

Now proceed by induction] .

Define Vj = = U for j c- IN (
"

diagonal sequence
"

/ Then

j) ; ≥e
≤⇔'

) ;
and limfy.cae) exists for all I C- IN .

g-→ &

Since the set of the ais is dense , Cov -
l
- 39 gives the claim ☒

/ Remwhl Both assumptions - compactness of E and equicoutimihy -
are essential for Them 1-Yo to turn pointwise boundness of a

seaⁿnui◦nre%M

·


