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Prolégomenes francophones

Toute oeuvre qui se destine aux hommes ne devrait jamais étre écrite que sous le nom
de Obtic. Clest le nom par lequel Oducoeic (Ulysse) s’est présenté au cyclope Polypheme
dont il venait de crever I'oeil. Rares sont les moments de 1'Odyssée ou Oducoeic com-
munique son véritable nom ; il est le voyageur anonyme par excellence et ne sera reconnu
qu’a la fin de son périple par ceux qui ont fidelement préservé sa mémoire. Mais que
vient faire un tel commentaire au début d’un livre de mathématiques ? Toutes les ac-
tivités de pensée nous amenent, un jour ou l'autre, a nous demander si nous sommes
bien les propriétaires de nos pensées. Peut-on seulement les enfermer dans un livre et y
associer notre nom ? N’en va-t-il pas pour elles comme il en va de 'amour ? Aussitot
possédées, elles perdent leur attrait, aussitot enfermées elles perdent vie. Plus on touche
a I'universel, moins la possession n’a de sens. Les Idées n’appartiennent a personne et la
vérité est ingrate : elle n’a que faire de ceux qui la disent. O lecteur ! Fuis la renommée !
Car, aussitot une reconnaissance obtenue, tu craindras de la perdre et, tel Don Quichotte,
tu t’agiteras a nouveau pour te placer dans une vaine lumiere. C’est un plaisir tellement
plus délicat de laisser aller et venir les Idées, de constater que les plus belles d’entre elles
trouvent leur profondeur dans I’éphémere et que, a peine saisies, elles ne sont déja plus
tout a fait ce qu’on croit. Le doute est essentiel a toute activité de recherche. Il s’agit non
seulement de vérifier nos affirmations, mais aussi de s’étonner devant ce qui se présente.
Sans le doute, nous nous contenterions d’arguments d’autorité et nous passerions devant
les problemes les plus profonds avec indifférence. On écrit rarement toutes les interro-
gations qui ont jalonné la preuve d’'un théoreme. Une fois une preuve correcte établie,
pourquoi se souviendrait-on de nos errements ? Il est si reposant de passer d’une cause a
une conséquence, de voir dans le présent I’expression mécanique du passé et de se libérer
ainsi du fardeau de la mémoire. Dans la vie morale, personne n’oserait pourtant penser
ainsi et cette paresse démonstrative passerait pour une terrible insouciance. Ce Petit
Livre Magnétique présente une oeuvre continue et tissée par la mémoire de son auteur au
cours de trois années de méditation. L’idée qui I’a constamment irrigué est sans doute
qu'une intuition a plus de valeur qu’'un discours abstrait et parfaitement rigoureux. A
I'instar de Bergson, on peut en effet penser que les abstractions énoncent du monde ce
qu’il a de plus insignifiant. Avec lui, on peut aussi croire qu'un discours trop bien rodé
et trop systématique peut étre le signe d’'un manque d’idées et d’intuitions. Une fois
déshabillé, ce type de discours, aussi paresseux que soporifique, exprime, dans sa perfec-
tion meme, une recherche d’approbation. Et quoi de plus absurde que de rechercher des
suffrages quand on s’intéresse authentiquement a la vérité 7 Ce livre fait ainsi le pari
que la singularité des exemples peut étre une source d’intuitions fertiles et que, depuis
cette singularité, on peut graduellement progresser vers quelques énoncés précis dont la
généralité est a la mesure des exemples. Ici, démarches scientifique et existentielle coinci-
dent. Quelle différence en effet entre une psychologie enrichie par des épreuves et des

théoremes fagonnés par des exemples 7 Quelle différence entre une existence passée a
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I'imitation des conventions et des théoremes sans ames ? Il est de bon ton, en notre
temps, de faire montre de nos capacités a changer sans cesse de theme de réflexion et
a butiner ici et la ce qui se décolle sans effort de la surface des choses ; mais pourquoi
courir apres les modes, si nous voulons durer ? Pourquoi vouloir changer, puisque la
réalité elle-méme est changement ? O lecteur, prends le temps de juger des articulations
et du développement des concepts pour t’en forger une idée vivante | Si ce livre fait naitre

le doute et I’étonnement, c’est qu’il aura rempli son oeuvre.

A Aarhus, le 10 juin 2015



Preface

This little book was born in September 2012 during a summer school in Tunisia orga-
nized by H. Najar. I would like to thank him very much for this exciting invitation! This
book also (strictly) contains my lecture notes for a master’s degree. It is aimed to be a
synthesis of recent advances in the spectral theory of the magnetic Schrodinger operator.
It is also the opportunity for the author to rethink, simplify and sometimes correct the
ideas of his papers and to present them in a more unified way. Therefore this book can
be considered as a catalog of concrete examples of magnetic spectral asymptotics. Since
this book is involved with many notions from Spectral Theory, Part [1| provides a concise
presentation of the main concepts and strategies used in this book as well as many exam-
ples. Part [2]is devoted to an overview of some known results and to the statement of the
main theorems proved in this book. Many point of views are used to describe the discrete
spectrum, as well as the eigenfunctions, of the magnetic Laplacian in function of the (non
necessarily) semiclassical parameter: naive powers series expansions, Feshbash-Grushin
reductions, WKB constructions, coherent states decompositions, normal forms, etc. It
turns out that, despite of the simplicity in the expression of the magnetic Laplacian, the
influence of the geometry (smooth or not) and of the space variation of the magnetic
field often give rise to completely different semiclassical structures that are governed by
effective Hamiltonians reflecting the magnetic geometry. In this spirit, two generic exam-
ples are presented in Part 4] for the two dimensional case and three canonical examples
involving a boundary in three dimensions are given in Part [f] A feature underlined in
this book is that many asymptotic problems related to the magnetic Laplacian lead to
a dimensional reduction in the spirit of the famous Born-Oppenheimer approximation
and therefore Part |3|is devoted to a simplified theory to get access to the essential ideas.
Actually, in the attempt to understand the normal forms of the magnetic Schrodinger
operator, one may be tempted to make an analogy with spectral problems coming from
the waveguides framework: this is the aim of Part [f]

The reader is warned that this book gravitates towards ideas so that, at some point,
part of the arguments might stay in the shadow to avoid too heavy technical details.

Last but not least, I would like to thank my collaborators, colleagues or students for
all our magnetic discusssions: Z. Ammari, V. Bonnaillie-Noél, B. Boutin, C. Cheverry,
M. Dauge, N. Dombrowski, V. Duchéne, F. Faure, S. Fournais, B. Helffer, F. Hérau,

J-P. Miqueu, T. Ourmieres-Bonafos, N. Popoff, K. Pravda-Starov, M. P. Sundqvist, M.
Tusek, J. Van Schaftingen and S. Vi Ngoc. This book is the story of our discussions.
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CHAPTER 0

A magnetic story

I'viyh ceautdv.

1. A magnetic realm

1.1. Once upon a time... Let us present two reasons which lead to the analysis of

the magnetic Laplacian.

The first motivation arises in the mathematical theory of superconductivity. A model

for this theory (see [181]) is given by the Ginzburg-Landau functional:
2
00, &) = [ (=17 + ko A)f = ol + Tloltda 6 [ oV x A = 0B s,
Q Q

where 2 C R? is the place occupied by the superconductor, v is the so-called order pa-
rameter (|1)|? is the density of Cooper pairs), A is a magnetic potential and B the applied
magnetic field. The parameter k is characteristic of the sample (the superconductors of
type II are such that x >> 1) and o corresponds to the intensity of the applied magnetic
field. Roughly speaking, the question is to determine the nature of the minimizers. Are
they normal, that is (¢, A) = (0,F) with V x F = B (and V- F = 0), or not? We
can mention the important result of Giorgi-Phillips [84] which states that, if the applied
magnetic field does not vanish, then, for o large enough, the normal state is the unique
minimizer of G (with the divergence free condition). When analyzing the local minimality
of (0,F), we are led to compute the Hessian of G at (0, F) and to analyze the positivity
of:
(—iV + koA)? — k2.

For further details, we refer to the book by Fournais and Helffer [76] and to the papers
by Lu and Pan [137, 138]. Therefore the theory of superconductivity leads to investigate
the lowest eigenvalue A (h) of the Neumann realization of the magnetic Laplacian, that
is (—ihV + A)?, where h > 0 is small (x is assumed to be large).

The second motivation is to understand at which point there is an analogy between the
electric Laplacian —h2A + V' (z) and the magnetic Laplacian (—ihV + A)?. For instance,
in the electric case (and in dimension one), when V' admits a unique and non-degenerate

minimum at 0 and satisfies ‘h|m inf V(z) > V(0), we know that the n-th eigenvalue A, (h)
x|—-+00
exists and satisfies:

(0.1.1) An(R) =V (0) + (2n — 1) V//Q([))h + O(h?).




Therefore a natural question arises:
“Are there similar results to (0.1.1]) in pure magnetic cases?”

In order to answer this question this book develops a theory of the Magnetic Harmonic
Approzimation. Concerning the Schrodinger equation in presence of magnetic field the
reader may consult [8] (see also [41]) and the surveys [148], [65] and [100].

Jointly with it is also well-known that we can perform WKB constructions
for the electric Laplacian (see the book of Dimassi and Sjostrand [53, Chapter 3]). Un-
fortunately such constructions do not seem to be possible in full generality for the pure
magnetic case (see the course of Helffer [91], Section 6] and the paper by Martinez and
Sordoni [144]) and the naive localization estimates of Agmon are no more optimal (see
[112], the paper by Erdés [63] or the papers by Nakamura [151), 152]). For the magnetic
situation, such accurate expansions of the eigenvalues (and eigenfunctions) are difficult
to obtain. In fact, the more we know about the expansion of the eigenpairs, the more
we can estimate the tunnel effect in the spirit of the electric tunnel effect of Helffer and
Sjostrand (see for instance [110, 111] and the papers by Simon [183), [184]) when there
are symmetries. Estimating the magnetic tunnel effect is still a widely open question
directly related to the approximation of the eigenfunctions (see [112] and [33] for electric
tunneling in presence of magnetic field and [16] in the case with corners). Hopefully the
main philosophy living throughout this book will prepare the future investigations on this
fascinating subject. In particular we will provide the first examples of magnetic WKB
constructions inspired by the recent work [20]. Anyway this book proposes a change of
perspective in the study of the magnetic Laplacian. In fact, during the past decades, the
philosophy behind the spectral analysis was essentially variational. Many papers dealt
with the construction of quasimodes used as test functions for the quadratic form associ-
ated with the magnetic Laplacian. In any case the attention was focused on the functions
of the domain more than on the operator itself. In this book we systematically try to in-
verse the point of view: the main problem is no more to find appropriate quasimodes but
an appropriate (and sometimes microlocal) representation of the operator. By doing this
we will partially leave the min-max principle and the variational theory for the spectral
theorem and the microlocal and hypoelliptic spirit.

1.2. What is the magnetic Laplacian? Let 2 be a Lipschitzian domain in R¢.
Let us denote A = (A;,---, A,) a smooth vector potential on Q. We consider the 1-form
(see |6, Chapter 7] for a brief introduction to differential forms):

d
wA:ZAdeEk.
k=1

We introduce the exterior derivative of wax:

oB = de = Z Bkg dl’k VAN dxg,

1<k<t<d

2



with
By = OpAr — OhAy, .
For further use, let us also introduce the magnetic matrix Mg = (Bgs)1<k<q- In dimen-

sion two, the only coefficient is By = 0,, A3 — 0,,A;. In dimension three, the magnetic
field is defined as

B = (B, By, B3) = (Ba3, —B13, B12) = V x A.

We will discuss in this book the spectral properties of some self-adjoint realizations of

the magnetic operator:
d

Lhan = Z(—ihak + Ap)?,
k=1
where h > 0 is a parameter (related to the Planck constant). We notice the fundamental

property, called gauge invariance:

e /M —ihV + A)e®h = —ihV + A 4+ Vo
so that
(0.1.2) e/ (—ihV + A)2e/h = (—ihV + A 4+ V)2,
where ¢ € H'(Q, R).

Before describing important spectral results obtained in the last twenty years, let us

discuss some basic properties of the magnetic Laplacian when Q = R,

First, we can observe that the presence of a magnetic field increases the energy of the

system in the following sense.

Theorem 0.1. Let A : R?* — R pe in L2

loc

that (—iV + A)f € L2 _(R?). Then |f| € HL_(RY) and

loc loc

(RY) and suppose that f € L% (RY) is such

loc

IVIfI| < |(=iV + A)f]|, almost everywhere.

The inequality of Theorem is called diamagnetic inequality and a proof may be
found for instance in [76, Chapter 2].

The following proposition also gives an idea of the effect of the magnetic on the

magnetic energy.

Proposition 0.2. Let A € C®(R% R?). Then, for all ¢ € C(R?), we have, for all
k.te{l,---, d},

Nalp) (—iV + A)p|* dx > ‘/ Bielp|? dx| .
Rd

= Rd|

PRrRoOOF. We have
3



and thus, for all ¢ € C°(RY),

(1D, + A Day + Ao = =i [ Bualgl ix.
By integration by parts, it follows that
[([Day, + Ak, Doy + Ade, ©)12re)| < (D, + Ap) @2y |(D, + Aol 2(ay
and thus
[([Day + Ags Dy + Adp, 012ty < (D, + Ar) 2 gay + (D, + A2 ay -

The conclusion easily follows. U

It is classical that £, oge = (—ihV + A)?, acting on C§°(R?), is essentially self-
adjoint (see [76, Theorem 1.2.2]). Let us describe its spectrum when d = 2,3 and when

the magnetic field is constant. The reader may find some reminders about spectral theory
in Chapter

1.2.1. Where is the magnetic field? We started with a given 1-form and then we
defined the magnetic field as its exterior derivative. The reason for this comes from the
expression of the magnetic Laplacian, involving only the vector potential. In fact, one
could start from a closed 2-form ¢ and define a 1-form w such that dw = o. Let us recall
how we can do this with the help of classical concepts from differential geometry. We

summarize this with the following lemma.

Lemma 0.3 (Poincaré’s lemma). Let p > 1 and o be a closed p-form defined (and smooth)
i a neighborhood of 0 and define

() = /01 Lo (x, ) dt

Then, we have dw = 0.

PRrROOF. The reader may skip this proof and read instead the forthcoming examples.
Nevertheless, we recall these classical details for further use (especially, see Chapter
where we recall some basic concepts). Note that the proof may done thanks to a direct
computation.

We introduce the family ¢;(x) = tx, for ¢ € [0,1]. For ¢ € (0, 1], this is a family of
smooth diffeomorphisms. Introducing X;(x) = t~!x, we have

d
a% = Xt(%)~

We notice that )
Ox = P10 — o0 = —piodt,
X o dt™t

4



where % denotes the pull back of the form. Then, by definition of the Lie derivative, we
find

1
Ox :/ o Ly,odt,
0
We apply the general Cartan formula
Lxo=d(txo)+itxdo,

where tx means that we replace the first entry of the form by X. Since o is closed
(do =0), we get

1
Ox :/ o, d(Ly,0)dt,
0

and we deduce (by commuting d with the pull back and the integration):

1
Ox = d/ orLy,odt.
0

Then, by homogeneity, we find

1 1
/ oy Ly,0dt = / tP o (x, -) dt .
0 0

When the magnetic 2-form is constant, a possible vector potential is given by

(A(x), )pa :/0 on(tx, ) dt = 2op(x,-).

2
This choice of vector potential is called Lorentz gauge. Explicitly we have
1
A(x) = §MBX,

where Mg is the d X d anti-symmetric matrix (Byy).

1.2.2. From the magnetic matrix to the magnetic field. Note that, in dimension three,

we have, with the usual vector product:
Mpx = B x x = Bx.

Let us discuss here the effect of changes of coordinates on the magnetic form. If ® is a
local diffeomorphism, we let x = ®(y) and

d
rwp = Z A;dy;, where A= (d®)TA(D).
j=1
Since the exterior derivative commutes with the pull-back, we get
d(P*wa) = P*op .
In the new coordinates y, the new magnetic matrix is given by

Mp = (d®)" Mgd® .
5



In the case of dimension three, we may write the relation between the field B and the
field B. We have

<M8yvz>R3 = <B Xy, Z>]R3 = <y X Z7B>R3 5
and also
(May, 2)gs = (d®(y) x dD(z), B)gs .

It is a classical exercise to see that

(dD(y) x d®(z), B)gs = det(dP){y x z, (dP) 'B)gs .
Thus we get the formula

V, x A=B=det(d®)(d®)'B, or B=doB,
where d® is the adjugate matrix of d®.

1.2.3. Constant magnetic field in dimension two. In dimension two, thanks to the
gauge invariance , when B = 1, we may assume that the vector potential is given
by

A(zy,29) = (0,29),
so that

Ly ar: = "D} + (hDy, + 21)?, with the notation D = —id.
By using the partial Fourier transform F,,. ¢, (normalized to be unitary), we get

foH&Sh,A’RZ.F_l = h2D31 + (hfg + I1)2 .

T2>E2

Then, we introduce the unitary transform
Tf(i‘h@) = f(21 - hg% 52) )

and we get the operator, acting on L*(R? &)

TFppsesShareFo e, T =hD: +17 .

z2—E2
We recognize a rescaled version of the harmonic oscillator (see for instance Chapter 7
Section [I)) and we deduce that the spectrum of £, o g2 is essential and given by the set
of the Landau levels
{(2n —1)h, n eN*}.
Let us underline that each element of the spectrum is an eigenvalue of infinite multiplicity.

1.2.4. Constant magnetic field in dimension three. In dimension three, we are easily

reduced to the investigation of

(0.1.3) Lpars = h2D2 + (hDy, + x1)° + h*D?

xr3 )’

and, thanks to partial Fourier transforms with respect to x5 and x3 and then to a transvec-
tion with respect to x1, we again get that the magnetic Laplacian is unitary equivalent



. 2 3
to the operator, acting on L (Ri17€~27£3)’

WDZ + 37+ hE .
In this case, the spectrum of the magnetic Laplacian is essential and given by the interval
[h, +00) .
This can be seen by using appropriate Weyl’s sequences.

1.2.5. Higher dimensions. Let us briefly discuss the case of higher dimension. We
would like to generalize the simplified form given in (0.1.3)).

For Q € O(d), we let x = Qy and, modulo a unitary transform, the magnetic Laplacian

becomes )
‘ 1
(—thy + 5QTBQy> .
By the classical diagonalization result for anti-symmetric matrices, there exists an element

Q € O(d) such that Q"BQ is bloc diagonal, with 2 by 2 blocs in the form ( Oﬂ %),
i

with j =1,..., ng and 3; > 0. By applying the analysis of dimension two, we get, by

separation of variables that the bottom of the spectrum is given by hTr"B where

]
B => |8
j=1
When d = 3, since the Hilbert-Schmidt norm is preserved by rotation, we have Tr' B =
1Bl

1.3. Magnetic wells. When the magnetic field is variable (say in dimension two
or three), it is possible to approximate the spectrum thanks to a local approximation of
the magnetic field by the constant field. From the classical point of view, this means
that, locally, the motion of the particle is well described (on a small time scale) by the
cyclotron motion (see the discussion in Chapter , Section . In particular, if the
magnetic field is large enough at infinity and if its norm admits a positive minimum, we

have the estimate

where by > 0 is either the minimum of |B| in dimension two, or the minimum of ||B| in
dimension three. This result was proved by Helffer and Morame in [104, Theorem 1.1].

One calls the point where the minimum is obtained a “magnetic well”.

As suggested a few lines ago, the semiclassical limit should have something to do with
the classical mechanics. At some point, one should be able to interpret the semiclassical
approximations of the magnetic eigenvalues from a classical point of view. In many cases,
the classical interpretation turns out to be difficult in the magnetic case (in presence
of a boundary for instance). The main term in the asymptotic expansion of \;(h) is

7



related to the cyclotron motion or equivalently to the approximation by the constant
magnetic field. But, in the classical world (see for instance [11] or [39] in a nonlinear
context), it is known that the cyclotron motion is not enough to describe the fancy
dynamics in variable magnetic fields that give rise to magnetic bottles, magnetic bananas
or magnetic mirror points. The moral of these rough classical considerations is that, to get
the classical-quantum correspondence, one should go further in the semiclassical expansion
of A\;(h) and also consider the next eigenvalues. Roughly speaking, the magnetic motion,
in dimension three, can be decomposed into three elementary motions: the cyclotron
motion, the oscillation along the field lines and the oscillation within the space of field
lines. The concept of magnetic harmonic approximation developed through out this book
is an attempt to reveal, at the quantum level, these three motions in various geometric
settings without a deep understanding of the classical dynamics (one could call this
a semiquantum approximation). To stimulate the reader, let us give two examples of
semiclassical expansions tackling these issues. In dimension two, if the magnetic field
admits a unique minimum at gy that is non degenerate and that the magnetic field is
large enough at infinity, we have

An(h) = boh + {92'3(%) (n - %) + <2D(q0)} h? + O(h?)

where

|det Hess,, B
(0.1.5) bo=minB,  6°(q) = eb#
0

and where (?P(qy) is another explicit constant. Here the term byh is related to the
cyclotron motion and 62°(qe) (n — 1) h? is related to the magnetic drift motion (the
oscillation in the space of field lines). This expansion has been obtained by different
means in [97, 101, 174]. We will present one of them in this book.

In dimension three, by denoting b = ||B|| and assuming again the uniqueness and non-
degeneracy of the minimum at gq, we have the following striking asymptotic expansion

Aa(h) = boh + %P (qo)h? + [6°P(g0) (n — 3) + P (go)] B2 + O(h?)

where

) Hess,,b (B, B det Hess, b
(0.1.6) by = r{égnb, o3P (q) = \/M, 0°° (o) = \/—‘IO

203 Hess,,b (B,B)’

and where (3P(qo) is again an explicit constant. In this case, boh is related with the
cyclotron motion, the term 3P (go)h? with the oscillation along field lines and 63°(go)h?
within the oscillation in the space of field lines. This asymptotic expansion in dimension
three has been obtained in [102]. We will not provide the proof of this one (that is largely
beyond the scope of this book).



1.4. The magnetic curvature. Let us now discuss the influence of geometry (and
especially of a boundary) on the spectrum of the magnetic Laplacian, in the semiclassical
limit. Before introducing the definition of the concrete model operators, let us first

present the nature of some known results.

1.4.1. Constant magnetic field. In dimension two the constant magnetic field (with
intensity 1) case is treated when €2 is the unit disk (with Neumann condition) by Bauman,
Phillips and Tang in [10] (see [13] and [64] for the Dirichlet case). In particular, they

prove a two terms expansion in the form
C
(0.1.7) A (h) = Ogh — ﬁlh?’/? +o(h?),

where ©¢ € (0,1) and Cy > 0 are universal constants. This result, which was conjectured
in [12), 52], is generalized to smooth and bounded domains by Helffer and Morame in
[104] where it is proved that:

(0.1.8) M (h) = Ooh — Cilimarh®? + o(h*?),

where K4, is the maximal curvature of the boundary. Let us emphasize that, in these
papers, the authors are only concerned by the first terms of the asymptotic expansion of
A1(h). In the case of smooth domains the complete asymptotic expansion of all the eigen-
values is done by Fournais and Helffer in [75]. When the boundary is not smooth, we may
mention the papers of Jadallah and Pan [119, [158]. In the semiclassical regime, we refer
to the papers of Bonnaillie-Noél, Dauge and Fournais [14}, 15|, 19] where perturbation
theory is used in relation with the estimates of Agmon. For numerical investigations the

reader may consider the paper [16].

In dimension three the constant magnetic field case (with intensity 1) is treated by

Helffer and Morame in [106] under generic assumptions on the (smooth) boundary of €2:
A (R) = ©gh + Ah*3 + o(hY3)

where the constant 7, is related to the magnetic curvature of a curve in the boundary
along which the magnetic field is tangent to the boundary. The case of the ball is analyzed
in details by Fournais and Persson in [77].

1.4.2. Variable magnetic field. The case when the magnetic field is not constant can
be motivated by anisotropic superconductors (see for instance [36), [4]) or the liquid crystal
theory (see [107, 108, 169, 167]). For the case with a non vanishing variable magnetic
field, we refer to [137), 166] for the first terms of the lowest eigenvalue. In particular
the paper [166] provides (under a generic condition) an asymptotic expansion with two
terms in the form:

M (h) = O¢b'h + C2P(xo, B, 00)R*? 4 o(h*/?)

where O2P(xo, B, 9Q) depends on the geometry of the boundary and on the magnetic
field at xo and where b = II@I}ZHB = B(xp). When the magnetic field vanishes, the first



analysis of the lowest eigenvalue is due to Montgomery in [149] followed by Helffer and
Morame in [1I03] (see also [159, [96], 98]).

In dimension three (with Neumann condition on a smooth boundary), the first term of
A1(h) is given by Lu and Pan in [138]. The next terms in the expansion are investigated
in [168] where we can find in particular an upper bound in the form

M (R) < [|B(x0)||5(6(x0))h + C3P(xq, B, 0Q)h3/? + C3P(xo, B, 0Q)h? + Ch*/?

where s is a spectral invariant defined in the next section, 6(x() is the angle of B(xo)
with the boundary at xy, and the constants C’;’D(xo, B, 0Q2) are related to the geometry
and the magnetic field at xo € 0€2. Let us finally mention the recent paper by Bonnaillie-
Noél-Dauge-Popoff [17] which establishes a one term asymptotics in the case of Neumann

boundaries with corners.

1.5. Some model operators. It turns out that the results recalled in Section
are related to many model operators. Let us introduce some of them.

1.5.1. De Gennes operator. The analysis of the magnetic Laplacian with Neumann
condition on Ri makes the so-called de Gennes operator to appear. We refer to [47]
where this model is studied in details (see also [76]). For ( € R, we consider the Neumann

realization on L?(R,) of
(0.1.9) W=D+ (¢t

We denote by VP](g ) the lowest eigenvalue of £I%(¢). It is possible to prove that the
function ¢ — y}‘”(g ) admits a unique and non-degenerate minimum at a point C([]O] > 0,
shortly denoted by (y, and that we have
(0.1.10) ©o := min " (¢) € (0,1).

¢eR
The proof is recalled in Chapter [2, Section [4]

1.5.2. Montgomery operator. Let us now introduce another important model. This
one was introduced by Montgomery in [149] to study the case of vanishing magnetic
fields in dimension two (see also [159] and [106], Section 2.4]). This model was revisited
by Helffer in [92], generalized by Helffer and Persson in [109] and Fournais and Persson
in [78]. The Montgomery operator with parameter ¢ € R is the self-adjoint realization
on R of:

2\
(0.1.11) el =D} + (§—5> .

1.5.3. Popoff operator. The investigation of the magnetic Laplacian on dihedral do-
mains (see [163]) leads to the analysis of the Neumann realization on L*(S,, dtdz) of:

(0.1.12) L o=D]+ D2+ (t— (),
10



where S, is the sector with angle «,
S, = {(t,z) € R?: |z] < ttan (%)} .

1.5.4. Lu-Pan operator. Let us present a last model operator appearing in dimension
three in the case of smooth Neumann boundary (see [138|, 105], 18] and (0.1.3)). We
denote by (s,t) the coordinates in R? and by R3 the half-plane:

R2 = {(s,t) € R? t > 0}.

We introduce the self-adjoint Neumann realization on the half-plane R? of the Schrodinger
operator £57 with potential Vp:

(0.1.13) e = A+ V,=D*+ D} + V2,
where Vj is defined for any 6 € (0, 7) by
Vo : (s,t) € RZ — tcosf — ssind.

We can notice that V7 reaches its minimum 0 all along the line ¢ cosf = ssinf, which
makes the angle 6 with OR2. We denote by () or simply s(f) the infimum of the
spectrum of £57. In [76] (and [105], 138]), it is proved that s is analytic and strictly
increasing on (O, %)

2. A connection with waveguides

2.1. Existence of a bound state for the Lu-Pan operator. Among other things
one can prove (cf. [105, 138]):

Lemma 0.4. For all 6 € (0 %) there exists an eigenvalue of £5° below the essential
spectrum which equals [1, +00).

A classical result combining an estimate of Agmon (cf. [2]) and a theorem due to
Persson (cf. [162]) implies that the corresponding eigenfunctions are localized near (0, 0).
This result is slightly surprising since the existence of the discrete spectrum is related to
the association between the Neumann condition and the partial confinement of Vj. After

translation and rescaling, we are led to a new operator:
hD? 4+ D? + (t — ¢, — sh*?)? — O,

where h = tan 6. Then one can reduce the (semiclassical) analysis to the so-called Born-
Oppenheimer approximation:

hD? + v (¢ + sh'/?) — O .

This last operator is very easy to analyze with the classical theory of the harmonic
approximation and we get (see [18]):

11



Theorem 0.5. The lowest eigenvalues of £5° admit the following expansions:

(0.2.1) su(0) ~ > Yint’
Jj>0

[01y,/
with ,YO,’VL = (-—')O et ’Yl,n — (2n _ 1) (lll )2 (¢o) )

1.0001656284 0. 99987798948 0. 9991039()126 0. 994454()722()

1

FIGURE 1. First eigenfunction of £5° for § = ¥ /2 with 9 = 0.9, 0.85, 0.8
et 0.7.

2.2. A result by Duclos and Exner. Figure |1 can make us think to a broken
waveguide (see [IT1]). Indeed, if one uses the Neumann condition to symmetrize £5° and
if one replaces the confinement property of Vj by a Dirichlet condition, we are led to the
situation described in Figure[2| This heuristic comparison reminds the famous paper [58]

Dirichlet
FIGURE 2. Waveguide with corner 2 and half-waceguide Q.

where Duclos and Exner introduce a definition of standard (and smooth) waveguides and
perform a spectral analysis. For example, in dimension two (see Figure , a waveguide
of width ¢ is determined by a smooth curve s — c(s) € R? as the subset of R? given by:

{c(s) +tn(s), (s,t) e Rx (—¢,e)},

12



where n(s) is the normal to the curve ¢(R) at the point ¢(s).

C <

F1GURE 3. Waveguide FIGURE 4. Broken guide

Assuming that the waveguide is straight at infinity but not everywhere, Duclos and
Exner prove that there is always an eigenvalue below the essential spectrum (in the case
of a circular cross section in dimensions two and three). Let us notice that the essential
spectrum is [\, 4+00) where X is the lowest eigenvalue of the Dirichlet Laplacian on the
cross section. The proof of the existence of discrete spectrum is elementary and relies on
the min-max principle. Letting, for ¢ € H}(£2),

1) = /Q IVl dx,

it is enough to find vy such that q(v) < Al[1ol/L2()- Such a function can be constructed
by considering a perturbed Weyl sequence associated with .

2.3. Waveguides and magnetic fields. Bending a waveguide induces discrete
spectrum below the essential spectrum, but what about twisting a waveguide? This
question arises for instance in the papers [125], 129, [62] where it is proved that twisting
a waveguide plays against the existence of the discrete spectrum. In the case without
curvature, the quadratic form is defined for ¢ € H}(R x w) by:

q() = 110w — p(s)(ta02 — t208)01” + [[0200]]* + 1| D) |

where s +— p(s) represents the effect of twisting the cross section w and (ta,13) are
coordinates in w. From a heuristic point of view, the twisting perturbation seems to act

“as” a magnetic field. This leads to the natural question:
“Is the spectral effect of a torsion the same as the effect of a magnetic field?”

If the geometry of a waveguide can formally generate a magnetic field, we can conversely
wonder if a magnetic field can generate a waveguide. This remark partially appears in
[54] where the discontinuity of a magnetic field along a line plays the role of a waveguide.
More generally it appears that, when the magnetic field cancels along a curve, this curve
becomes an effective waveguide.
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3. General presentation of the book

3.1. Elements of spectral theory and examples. In Part[I], we recall basic the-
orems of spectral theory (see Chapter (1)) and we deal with many examples to understand
how they may be applied in practice (Chapter . Since the aim of this book is to in-
vestigate the semiclassical limit, we discuss elementary examples in Chapter [3] Then, in
Chapter 4l we introduce the localization techniques that will very often appear in the
sequel and we again provide many examples of applications. In Chapter [5 we introduce
the Birkhoff normal forms for the semiclassical electric Laplacian. We recall there the
basics of pseudo-differential calculus (without going to far into the details). This presen-
tation will be quite helpful when investigating the semiclassical magnetic Laplacian in
two dimensions (see Chapter [15). This will lead us to use standard tools from microlocal
analysis. Our presentation of these technics will be minimalist, the aim being to give the
flavor of these tools and to see how they can be used in practice.

3.2. Main theorems. In Part [2] we present the main theorems proved in the book.
The vocabulary and the concepts introduced in Part [1| aimed at preparing to understand
the statements. Chapter [6] deals with spectral reductions. We start the discuss some
properties of a particular operator. In Chapter [6] Section [I] we present a model related
to vanishing magnetic fields in dimension two. Due to an inhomogeneity of the magnetic
operator, this model leads to a “microlocal reduction” and therefore to the investigation
of an effective symbol. Then, this pedagogical example lead (and actually has led, in the
last years) to a more general framework. In Chapter @, Section [2[ we provide a general
and elementary theory of the “magnetic Born-Oppenheimer approximation” which is
a systematic semiclassical reduction to model operators (under generic assumptions on
some effective symbols). We also provide the first known examples of pure magnetic
WKB constructions. In Chapter [7| we discuss the semiclassical asymptotics of magnetic
eigenvalues in two dimensions. The results related to the effects of boundaries in three
dimensions are stated in Chapter [§l In Chapter [0] we describe some results occurring
in the theory of waveguides. Finally, Chapter [10] is devoted to the presentation of non-
linear results involving magnetic fields (magnetic Sobolev constants) and waveguides in

two dimensions (Schrodinger dynamics).

3.3. Spectral reductions. Part |3|is devoted to the proofs of semiclassical results
related to the Born-Oppenheimer approximation. The Born-Oppenheimer approximation
itself is discussed in Chapters and [12] whereas elementary WKB constructions are
analyzed in Chapter [13|in the spirit of dimensional reduction.

3.4. Normal forms philosophy and the magnetic semi-excited states. Parts
(dimension two) and [5| (dimension three) deal with the proofs of magnetic semiclassical
asymptotics in various geometric and magnetic settings. Let us informally describe the
strategy behind these results.

14



As we will see in this book, there is a non trivial connection between the discrete
spectrum, the possible magnetic field and the possible boundary. In fact normal form
procedures are often deeply rooted in the different proofs, not only in the semiclassical
framework. This connection will be exemplified in Chapters [14] [15] [17] [18] [19 (inspired
from results of five studies [55], [174], [170], [165], [23]). The methods are even cast into
a non linear framework in Chapter [16| where the p-eigenvalues of the magnetic Laplacian

are analyzed in two dimensions.

3.4.1. From the magnetic semi-excited states... We now describe the philosophy of the
proofs of asymptotic expansions for the magnetic Laplacian with respect to a parameter
h. Let us distinguish between the different conceptual levels of the analysis. Our anal-
ysis uses the standard construction of quasimodes, localization techniques and a priori
estimates of Agmon type satisfied by the eigenfunctions. These “standard” tools, which
are used in most of the papers dealing with A;(h), are not enough to investigate A\, (h)
due to the spectral splitting arising sometimes in the subprincipal terms. In fact such a
fine behavior is the sign of a microlocal effect. In order to investigate this effect, we use
normal form procedures in the spirit of the Egorov theorem. It turns out that this normal
form strategy also strongly simplifies the construction of quasimodes. Once the behavior
of the eigenfunctions in the phase space is established, we use the Feshbach-Grushin ap-
proach to reduce our operator to an electric Laplacian. Let us comment more in details
the whole strategy.

The first step to analyze such problems is to perform an accurate construction of
quasimodes and to apply the spectral theorem. In other words we look for pairs (A, 1) such
that we have || (L, — )| < €|[¢]]. Such pairs are constructed through an homogenization
procedure involving different scales with respect to the different variables. In particular
the construction uses a formal power series expansion of the operator and an Ansatz
in the same form for (A,%). The main difficulty in order to succeed is to choose the

appropriate scalings.

The second step aims at giving a priori estimates satisfied by the eigenfunctions.These
are localization estimates a la Agmon (see [2]). To prove them one generally needs to
have a priori estimates for the eigenvalues which can be obtained with a partition of
unity and local comparisons with model operators. Then such a priori estimates, which
are in general not optimal, involve an improvement in the asymptotic expansion of the
eigenvalues. If we are just interested in the first terms of A;(h), these classical tools are

enough.

In fact, the major difference with the electric Laplacian arises precisely in the analysis
of the spectral splitting between the lowest eigenvalues. Let us describe what is done in
[75] (dimension two, constant magnetic field) and in [I72] (non constant magnetic field).
In [75], 172] quasimodes are constructed and the usual localization estimates are proved.
Then the behavior with respect to a phase variable needs to be determined to allow a
dimensional reduction. Let us underline here that this phenomenon of phase localization
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is characteristic of the magnetic Laplacian and is intimately related to the structure of
the low lying spectrum. In [75] Fournais and Helffer are led to use the pseudo-differential
calculus and the Grushin formalism. In [172] the approach is structurally not the same.
In [I72], in the spirit of the Egorov theorem (see [60), 179, 142]), we use successive
canonical transforms of the symbol of the operator corresponding to unitary transforms
(change of gauge, change of variable, Fourier transform) and we reduce the operator,
modulo remainders which are controlled thanks to the a prior: estimates, to an electric
Laplacian being in the Born-Oppenheimer form (see [40), 140] and more recently [18]).
This reduction enlightens the crucial idea that the inhomogeneity of the magnetic operator
is responsible for its spectral structure.

3.4.2. ... to the Birkhoff procedure. As we suggested above, our magnetic normal
forms are close to the Birkhoff procedure and it is rather surprising that it has never
been implemented to enlighten the effect of magnetic fields on the low lying eigenvalues of
the magnetic Laplacian. A reason might be that, compared to the case of a Schrodinger
operator with an electric potential, the pure magnetic case presents a specific feature:
the symbol “itself” is not enough to generate a localization of the eigenfunctions. This
difficulty can be seen in the recent papers by Helffer and Kordyukov [97] (dimension
two) and [99)] (dimension three) which treat cases without boundary. In dimension two,
they prove that if the magnetic field has a unique and non-degenerate minimum, the n-th

eigenvalue admits an expansion in powers of hz of the form:
Au(h) ~ hmin B(q) + h*(e1(2n = 1) + co) + O(h?),

where ¢y and ¢; are constants depending on the magnetic field (see the discussion in
Section [I.3). In Chapter [15] (whose main ideas are presented in Chapter [5), we extend
their result by obtaining a complete asymptotic expansion which actually applies to more
general magnetic wells and allows to describe larger eigenvalues.

3.5. The spectrum of waveguides. We consider the question:
“What is the spectral influence of a magnetic field on a waveguide ?7”

We answer this question in Chapter 20} Then, when there is no magnetic field, we would
also like to analyze the effect of a corner on the spectrum and present a non smooth
version of the result of Duclos and Exner (see Chapter . For that purpose we also
present some results concerning the semiclassical triangles in Chapter

Finally, in Chapter we cast the linear technics into a non linear framework to
investigate the existence of global solutions to the cubic non linear Schrodinger equation

in a bidimensional waveguide.
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Part 1

Methods and examples






CHAPTER 1

Elements of spectral theory

It will neither be necessary to deliberate nor
to trouble ourselves, as if we shall do this
thing, something definite will occur, but if

we do not, it will not occur.

Organon, On Interpretation, Aristotle
This chapter is devoted to recall basic tools in spectral analysis.

1. Spectrum

1.1. Spectrum of an unbounded operator. Let £ be an unbounded operator on
a separable Hilbert space (H, (-,-)) with domain Dom (£), dense in H. Let us first recall
the following two definitions.

Definition 1.1. The operator (£,Dom (£)) is closed if and only if
Dom (£) 3 u, — u € H, Lu,, — v = u € Dom (&), Lu=v.
Definition 1.2. The adjoint of (£,Dom (L)) is defined as follows. We let
Dom (£%) := {u € Dom (£), v~ (Lv,u) is continuous on Dom (£)}

and, foru € £, £*u is defined (thanks to the Riesz theorem) as the unique element in H
such that for allv € H, (Lv,u) = (v, L*u).

We say that (£,Dom (£)) is self-adjoint when (£*, Dom (£*)) = (£, Dom (£)).
Proposition 1.3. The operator (£*,Dom (£*)) is always a closed operator (i.e. with

closed graph). If (£, Dom (£)) is closable, then Dom (£*) is dense and (£*)* = £, where
£ is the smallest closed extension of £.

Definition 1.4. An operator is said to be Fredholm if its kernel is finite dimensional, its

range 1s closed and with finite codimension.

We now recall the following definitions of its spectrum sp(£), its essential spectrum
SPess(£) and its discrete spectrum spy(L).
Definition 1.5. We define

(1) the spectrum: X € sp(£) if and only if (£ — AId) is not invertible, with bounded
inverse, from Dom (£) onto H,
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(2) the essential spectrum: \ € spe(£) if and only if (£ — AId) is not Fredholm from
Dom (£) into H,
(8) the discrete spectrum: spys(£) = sp(L£) \ spesc(£)-

Note that we have obviously sp.(£) C sp(£). For the convenience of the reader, let
us recall the proof of some classical lemmas (see [I75, Chapter VI] and [132] Chapter
3]) which can also be treated as exercises.

Lemma 1.6. If £ is self-adjoint, we have the equivalence: X € sp(£) if and only if there

ezists a sequence (u,) € Dom (£) such that ||u,|ln =1, (u,) and (£ — Ald)u, ¢ 0 in
n—-+0o0
H.

PROOF. Let us notice that if there exists a sequence (u,) € Dom (£) such that
lunlln = 1, (u,) and (£ — Ald)u, — 0 then A € sp(£) (if not we could apply the

n—-+o0o
bounded inverse and get a contradiction).

If A ¢ R, since £ is self-adjoint, £ — A is invertible (with bounded inverse since £ is
closed). Now, for A € R, if there is no sequence (u,) € Dom (£) such that ||u,|n = 1,
(un) and (£ — Ald)u, = 0, then we can find ¢ > 0 such that

n—-+0oo

(€ = Nul| > ¢||u], Vu € Dom (£).

Therefore £ — A is injective with closed range. But, since £ — A = (£ — \)*, the range of
£ — Ais dense in H and so £ — X is surjective.

g

Lemma 1.7 (Weyl criterion). If £ is self-adjoint, we have the equivalence: \ € spy (L)
if and only if there exists a sequence (u,) € Dom (£) such that ||u,|ln = 1, (u,) has no

subsequence converging in H and (£ — A1d)u, = 0 in H.
n—-+00

PROOF. If X € sp(£) \ spes(£), the operator £ — A is Fredholm. Let (u,) € Dom (£)
such that ||u,|lp = 1 and (£ — Ald)u,, — 0. The operator £ — A : ker(£ — \)+ —

n——+0oo
range(£ — A) is injective with closed range. Therefore, there exists ¢ > 0 such that, for

all w € ker(£ — N1, |[(€ = Mw|| > c|lw|. We write u,, = v, + w,,, with v, € ker(£ — \)
and w, € ker(£ — \)t. We have ||(£ — Nu,||? = [[(£ — Nv,||? + [[(£ — Nw,||* and we
deduce that w,, — 0. Moreover (v,) is bounded in finite dimension, thus there exists a
converging subsequence of (u,).

Conversely, let us assume that A € sp(£) and that all sequence (u,) € Dom (£) such
that ||u,|ln = 1 and (£—X\)u, T 0 has a converging subsequence.The kernel ker(£—\)
is finite dimensional. Indeed, if it were of infinite dimension, one could construct a infinite
orthonormal family (u,) of ker(£ — A\) and in particular we would get w,, — 0 that is a
contradiction. Let us now check that there exists ¢ > 0 such that, for all u € ker(£— )+,
(L€ — Nul| > c|jul|. If not, there exists a normalized sequence (u,) in ker(£ — \)* such
that [[(£— A)u,|| — 0. By assumption, we may assume that (u,) converges towards some
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Us that necessarily belongs to ker(£ — A\)*. But since £ — X is closed (it is self-adjoint),
we have (£ — M)us = 0 so that u., = 0 and this is a contradiction. We deduce that the
image of £ — X is closed.

g

Lemma 1.8. If £ is self-adjoint, the discrete spectrum is formed by isolated eigenvalues
of finite multiplicity and conversely.

PROOF. Let us consider A € sp(£) \ spe(£). There exists a Weyl sequence (u,,) of
unit vectors such that (£ — A)u, — 0. We may assume that (u,) converges to some u
and we get (£ — A\)u = 0. The eigenvalue A has finite multiplicity. Let us prove that it is
isolated. If it were not the case, then one could consider a non stationnary sequence \,
tending to A. Moreover, one could find a sequence (u,,) of unit vectors such that:

p‘_)‘nl

— <
R T

By assumption, we may assume that (u,) converges towards some u and thus one would
get (£ — A)u =0 and so

(€= M)u,up) = (A= ) {u, uy) .
By the Cauchy-Schwarz inequality, we find that (u,,u) — 0 and we get u = 0 that is a
contradiction.

For the converse, we have just to prove that the image of £ — X is closed when A is

an isolated eigenvalue of finite multiplicity. This fact is a consequence of the spectral

theorem (see Theorem [1.16)).
U

1.2. The example of the magnetic Laplacian.

1.2.1. Recalling the Lax-Migram theorem. Let us recall the famous Lax-Milgram the-
orem that will allows the definition of many operators in this book. We refer to the book
by Helffer [93], Section 3.3] for a proof.

Theorem 1.9 (Lax-Milgram). Let us consider two Hilbert spaces V and H such that
V C H with continuous injection and with V dense in H. If B is a continuous sesquilinear
form on V that is coercive, i.e.

Ja >0, B(u,u) > alul?,
then we may define an operator (£,Dom (£)) whose domain is
Dom (£) :={u €V : v+ B(u,v) is continuous on V for the topology of H}
and such that, for u € Dom (£),

B(u,v) = (Lu,v)n, YveV.
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The operator £ : Dom (£) — H is bijective and its inverse is continuous. Moreover
Dom (£) is dense in H.

If B is also Hermitian, then £ is self-adjoint and its domain is dense in V.

Note that this theorem is directly related to the Friedrichs procedure (see for instance
[175] p. 177)).

1.2.2. The Dirichlet realization. Let us consider the following sesquilinear form, de-
fined for u,v € V.= H}(2), by:
Bpalu,v) = /(—ihv + A)u(—ithV + A)vde.
Q
We have obviously
VueV, Bpya(uu)+ [lully > [lulf

and this involves the coercivity on V. For this shifted sesquilinear form, V is an Hilbert
space. Here the domain of £ is given by

Dom (£7'%) = {u € Hy(Q) : Lpau € L*(Q)} .
The self-adjoint operator £ = £P% satisfies
(Lhhu,v) = B a(u,v), Vu e Dom (L)), Vv e Hy(Q).
When € is regular, we have the characterization:

Dom (£77%) = Hy(Q) N H*(Q).

Note that we could have defined the initial quadratic form on €5°(€2) but this space is not
complete for the Hj(2)-norm. Completing €5°(2) for the norm induced by the quadratic
form and then defining the self-adjoint operator £ is called the Friedrichs procedure.

1.2.3. The Neumann realization. We consider the other quadratic form defined by:
Qpalu) = / |(—=ihV + A)u*dz, wue HY(Q).
Q

We can define a self-adjoint operator S,'\L'j{ whose domain is given by:

Dom (£)%) = {u € H'(Q) : Lyau € L*(Q), (=ihV + A)u-n =0, on 9Q} .
When (2 is regular, this becomes:

Dom (£)%) = {u € H'(Q) : u € H*(Q), (=ihV + A)u-n =0, on IQ} .

1.2.4. Riesz-Fréchet-Kolmogorov criterion and compact resolvent. Let us recall a cri-

terion of relative compactness in L? (see [30]).

Theorem 1.10 (Riesz-Fréchet-Kolmogorov). Let Q@ C RY be an open set and F a
bounded subset of LP(S2), with p € [1,4+00). We assume that

Ve>0,3wccQ, VfeF, [fleow <c
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and that
Ve >0,Yw CC Q,36 >0, §<dist(w,0Q), V[h <6 VIfeF, |mf—flluw <ec,
where T, f(x) = f(z + h) — f(x).

By using a density argument and the Taylor formula, we can get the following propo-
sition (see [30, Proposition 9.3]).

Proposition 1.11. Let p € (1,+00) and u € LP(Q). Then u € W'?(Q) if and only if,
for all w CC Q and h € (0, dist(w, CQ)), we have

I7Tnttllir) < Clhl .

In this case, we can take C' = ||Vul|Lr(q)-

Let us provide a useful criterion for the compactness of a resolvent.

Proposition 1.12. An operator (£,Dom (£)) has compact resolvent if and only if the
injection (Dom (£), ] - ||e) < H is compact.

PROOF. Thanks to the closed graph theorem, for z ¢ sp(£), (£—2)"': (H,| - [|]n) —
(Dom (£), ]| - |le) is bounded. O

Proposition 1.13. Let us consider two Hilbert spaces V and H such that V C H with
continuous injection and with V dense in H. Assume that *B is a continuous, coercive and
Hermitian sesquilinear form on V and if £ denotes the self-adjoint operator associated
with B. Let us denote by || - ||s the norm induced by B, i.e. ||ulls = /B(u,u), and by
| - ||e the graph norm on Dom (£).

If (Dom (B), || - ||ls) < H is compact, then £ has compact resolvent.

PROOF. By the Cauchy-Schwarz inequality, (Dom (£),] - [[¢) — (Dom (B), || - ||»s) is
bounded. The conclusion follows since the compact operators form a ideal of the set of
bounded operators. Il

1.2.5. Reminder about compact operators. In the following theorem, we recall some
fundamental facts about compact operators. In particular, we will notice that the non

zero spectrum of a compact operator is discrete.

Theorem 1.14 (About the Fredholm alternative). Let £ € £(H) be a compact operator.

Then, we have

(1) If H is of infinite dimension, then 0 € sp(£).

(2) dim (ker(£ — Id)) is finite.

(3) range(£ — Id) is closed.

(4) ker(£ — Id) = {0} iff range(£ — Id) = H.

(5) If X € sp(£) \ {0}, £ — X\ is a Fredholm operator (and thus X\ belongs to the
discrete spectrum,).
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(6) The elements of sp(£) \ {0} are isolated and the only accumulation point of the
spectrum is 0.

If Q is bounded and Lipschitzian, the form domains H}(Q2) and H!'(Q) are com-
pactly embedded in L%(€) (their unit balls satisfy the assumptions of the Riesz-Fréchet-
Kolmogorov criterion, see [30] for details). Therefore £2% and £ have compact re-
solvents. Therefore these operators have discrete spectra. We can consider the non
decreasing sequences of their eigenvalues.

Exercise 1.15. We consider £ = £0% when  is bounded and regular. Let us take A an
eigenvalue of £ (A € R since £ is self-adjoint). As we said ker(£— \) has finite dimension.
Since P is self-adjoint, we can write:

range(£ — \) = ker(£ — \)*.

Prove that the image of £ — ) is closed by using that K = (£ — XA +4)~! is compact.

2. Min-max principle and spectral theorem

2.1. Statement of the theorems. We state a theorem which will be one of the
fundamental tools in this book.

Theorem 1.16. Let us assume that (£,Dom (£)) is a self-adjoint operator. Then, if

A ¢ sp(L), we have:
1

|
I'= dist(A, sp(£))
Remark 1.17. A proof using the “spectral theorem” can be found in [I76] and [121]

1€ =A)

Section VL.5] . An immediate consequence of this theorem is that, for all ¢ € Dom (£):

[Pl dist(A, sp(£)) < [[(£ = Aol

In particular, if we find ¢ € Dom (£) such that |[¢|| = 1 and ||(£ — M| < e, we get:
dist(A,sp(£)) < e.

ProoF. This result may be proved without the general spectral theorem. Let us
provide the elements of the proof. Let us first establish the result when £ is bounded
and normal (i.e. [£,£*] =0). For that purpose, we will use the results of the following

exercises.
Exercise 1.18. If P is a polynomial, we have A € sp(£) iff P(\) € sp(£).
Exercise 1.19. We define the spectral radius as

p(€) = sup [A].
Aesp(L)
(1) By using the convergence of a Neumann series, prove that

p(L) = limsup [|€"]|»

n—-+00
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and then p(£) = inf, || €|~

(2) By using | £°2]| = |2], prove that p(£) = ||2]| and deduce |P(£)] = [|P||
where || - ||o is the uniform norm on the spectrum K of £ that is compact.

(3) By using the Stone-Weierstrass theorem, extend this equality to continuous func-
tions on K. If f is a continuous function on K, explain how we may define f(£).

If A ¢ sp(£), the function r : K 3 z + (z — A\)~! is continuous and the result follows

when £ is bounded and normal as soon as we have noticed that r(£) = (£ — \)~%.
Now, let us assume that £ is self-adjoint with domain Dom (£). This is not difficult
to prove that £ 4+ 1d is invertible. We introduce the function, called Cayley transform,
T —1
= , eR
9(@) T+ v
and the bounded and unitary operator

g(£):=U = (£ —ild) (£+ild)~".
In particular ¢g(£) is normal. Easy computations provide that g : sp (£) — sp(g(£)) is
bijective. Then, for p ¢ sp(£), we define, on sp (g (£)),
1
Fly) = g
) g y) —n
From the case of bounded and normal operators, we infer that

LFGEN < M lloospiaten = 11— 1) Hloospe) -

It remains to write that f(g(£)) = (£ —p)~* by noticing that ¢~*(U)(ld — U) = i(U +1d)
(that implies that ¢~ *(U) = £ on Dom (£)) and (¢~ (U) — u) f(U) = Id, where g~ }(U) is
understood in the sense of functional calculus of bounded and normal operators.

t

As a consequence of the proof of Theorem [1.16, we may deduce the Stone theorem.

Theorem 1.20. Let (£,Dom (£)) a self-adjoint operator. For all 1Yy € Dom (L), there
exists a unique local C'-solution t — S(t)g of the equation

() =i&h(t),  P(0) =y
This solution is global and, for allt € R, ||S(t)Yo| = ||tbo]|. For allt € R and for all

1o € Dom (L), we have S(t)1o € Dom (£). We denote S(t) = € and (e"*)cr is a
SEMi-group.

PROOF. We let S(t) = ¢ (V) where g~ (U) is defined in the proof of Theorem m
We have S'(t) = ig”}(U)S(t) = iS(t)g ' (U) so that, for 1 € Dom (£), S'(t)y = iS(t) L.
Let us prove that, for all £ € R and ¢» € Dom (£), we have S(t)1) € Dom (£) and that
L£5(t)p = S(t)L1). We have, for all p € H and 1) € Dom (£),

<g—1(U>€itg*1(U)90’ ¢> _ <€itg*1(U)90’ £w> '
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This implies, by definition, that ¢~ (¥ € Dom (£*) = Dom (£) and that £eis™ ) =
g 1 (U)e" . The proof of the uniqueness and of the group property is left to the
reader. O

Exercise 1.21. The aim of this exercise is to investigate the functional calculus of a
simple self-adjoint operator on L?(R) and provide an explicit functional calculus. Let us
recall the expression of the Fourier transform on R. For ¢ € S(R), we let, for all £ € R,

1 .
F :—/6”5 x)dx.
0 = = [ e
It is well-known that F extends to an isometry of L*(R) and that, for all ¢ € S'(R),

F(Darp) = F (1)
that may be written as FD,F ! = £. In other words, the self-adjoint operator D, with

domain H!(R) is diagonalized thanks to the Fourier transform.

Let us now consider a smooth function on R denoted by § bounded as well as its
derivatives and such that there exists dg > 0 such that § > 9.

(1) Solve the equation 6D, (0¢) = &y for € € R.
(2) For ¢ € S(R), we let

Fa(w)(€) = %2_7? / 5(x) e 2y (1) da

Prove that Fs is unitary in L*(R).
(3) Prove that it diagonalizes the operator §D,8 and that F; ' DeFs = [ 672(y) dy.

We now give a standard method to estimate the discrete spectrum and the bottom of
the essential spectrum of a self-adjoint operator £ on an Hilbert space H. We recall first
the definition of the Rayleigh quotients of a self-adjoint operator £.

Definition 1.22. The Rayleigh quotients associated with the self-adjoint operator £ on
H of domain Dom (£) are defined for all positive natural number n by

£
(8) = sup f Lu,wn
Piyesn—1  u€span(yy,...,hn_1)+ <U,U>H
u€Dom (£),u#0

Lemma 1.23. If £ is self-adjoint with non negative spectrum, we have pq(£) > 0.
PROOF. Let us assume that 11 (£) < 0. We may define the sesquilinear form B(u, v) =

(£ — (L))" u,v) on H and it is non negative. Thus, the Cauchy-Schwarz inequality
provides, for u,v € H,

(€ = (L)) u,0)] < (€= ()M, w)2 (£ =y (£)Hv, v)
We take v = (£ — p1(£)) " u and deduce for all u € H,

102 = (€))7 ull < (€ = pa(€)H12 (€ = pur (L)) M, )2
28
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and thus, for all v € Dom (£),
[oll < 102 — pa(£) 712 (v, (£ — pa (£))w) 2 .

By definition of u1(£) we may find a sequence (v,) such that ||v,|| = 1 such that
(Lvy,, vy) — p1(L) and we get a contradiction. O

The following statement gives the relation between Rayleigh quotients and eigenval-
ues.

Theorem 1.24. Let £ be a self-adjoint operator of domain Dom (£). We assume that £
1s semi-bounded from below. Then the Rayleigh quotients p, of £ form a non-decreasing

sequence and one of the following holds

(1) pn (L) is the n-th eigenvalue (counted with mutliplicity) eigenvalue of £ and £
has only discrete spectrum in (—oo, i, (£)].
(2) 1, (L) is the bottom of the essential spectrum and, for all j > n, pu;j(£) = p,(L).

PROOF. Let us provide an elementary proof which does not use the so-called spectral
projections. First it is easy to see that the sequence (u,) is non-decreasing. Then, we
notice that

(1.2.1) a < i, => (—00,a) Nspe (L) =10.

Indeed, if A € (—o0,a) were in the essential spectrum, by Lemma and thanks to Weyl
sequences, for all N > 1 and € > 0, we could find an orthonormal family (u;);eq1,...ny such
that [|(£—A)u;|| < . Then, given n > 1 and taking N > n, for all (¢1,...,¢y-1) € H,
there exists a non zero u in the intersection span(uy, ..., uy) Nspan(¢y, ..., ¥, 1)t We

write u = Zjvzl a;u; and notice that

{u, u)n [l

N 2
(Bu oy =Nl (Z I(e — A)uju?) <Ate

j=1
and thus p, < A+ ¢. For € small enough, we get u, < a, that is a contradiction. If v is
the infimum of the essential spectrum (suppose that it is not empty), we have p, < .
Note also that if p,, = 400 for some n, then the essential spectrum is empty. This implies
the second point.

It remains to prove the first point. Thus, we assume that p,, < . By using the same
considerations as above, if a < p,, the number of eigenvalues (with multiplicity) lying in
(—00,a) is less than n — 1. Let us finally show that, if a € (u,,7), then the number of
eigenvalues in (—o00, a) is at least n. If not the direct sum of eigenspaces associated with
eigenvalues below a would be generated by 1, ...,%,_1 and

b > inf —<£u7 WH

uespan(yy,...pn_1) L (U UH
u€Dom (£),u7#0

— Y
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where we have used Lemmal(l.23/and that sp(£r) C [a, +00), with F' = span(¢1, ..., ¥p_1)".

A consequence of this theorem (or of its proof) which is often used is the following
proposition.

Proposition 1.25. Suppose that there exists a € R and an n-dimensional space V C
Dom £ such that

(&, yn < ally]*.

Then, we have:

(L) <a.

2.2. Examples of applications. Let us provide some applications of the min-max
principle.

2.2.1. Sturm-Liouwville’s theory. We consider the following operator D,g(x)D,+V (z),
with g,V € C*>([0,1]), g > ¢ > 0 on [0,1] and domain

{v € Hy((0,1)) : (D,g(x) D, + V(2))y € L*((0,1)) } .

It is clearly a self-adjoint operator, denoted by £, with compact resolvent. Therefore,
we may consider the non decreasing sequence of its eigenvalues (\,,),>1. By the Cauchy-
Lipshitz theorem, we also notice that these eigenvalues are simple. For all n > 1, let us
consider an eigenfunction wu, associated with \,. Notice that (u,,u,) =0 if n # m and

that the zeros of u,, are simple and thus isolated.

Proposition 1.26. For alln > 1, the function u, admits ezactly n — 1 zeros in (0, 1).

PROOF. Let us denote by Z,, the number of zeros of u, in (0,1).

Let us prove that Z, < n — 1. If the eigenfunction u, admits at least n zeros in
(0,1), denoted by 21, ..., 2,11 and we may define (uy;)j=0,.n by Upnj(x) = u,(z) for
x € [2j,2j+1) and wu, j(x) = 0 elsewhere. It is clear that these functions belong to the
form domain of £ and that they form an orthogonal family. We may establish (by using
an integration by parts) that

Vv € spanjcg, . nyln,;s Q(v) < /\n||U||E2((o,1)) :
By the min-max principle, we get \,.1 < A, and this contradicts the simplicity of the
eigenvalues.

Let us now prove that Z,, > Z,_1 + 1. It is sufficient to prove that if u,_; is zero in
2o and 21, then u, vanishes in (2o, z1). Indeed, this would imply that u, vanishes at least
Zn-1+ 1 times. For that purpose we introduce W (f1, f2) = g (f1f2 — f1f) and compute

W(unfh un>/ = ()\n - )\nfl)unflun .

We have W (up_1,up,)(20) = W(tp_1,u,)(z1) = 0, thus W(u,_1,u,)" vanishes somewhere
in (zg,21) and so does u,,.
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The conclusion follows easily. U

2.2.2. Another example coming from spheric coordinates.

Notation 1.27. For a € (0,7), let us consider the operator on L? ((O, %) ,sin(ay) dcp)

defined by
1

sin(av)

P, =— O, sin(ap)0,, ,

with domain
Dom (P.) = {¢ € L2((0, 1), sin(ay) dp) |
L 0, sin(ap)d,1 € L2 ((0, 3), sin(ap) dp) , 9,4 (3) =0, ¥(0) = 0}'

sin(avp)
We denote by vi(«) its first eigenvalue.

The aim of this section is to establish the following lemma.
Lemma 1.28. There exists ¢co > 0 such that for all o € (0,):
(o) > ¢ .

PROOF. We consider the associated quadratic form p,:

1

ba(t) = / * sin(ag) 0,0 dp .

0
We have the elementary lower bound:

1

2 2 1 [2
) [ap (1= 85 puPap > 5 [Favio,upae,

6

since 0 < ap < 7. We are led to analyze the lowest eigenvalue v > 0 of the operator on
L2 ((0, %) ,gpdgp) defined by —i(%gp@w with Dirichlet condition at ¢ = 0 and Neumann
condition at ¢ = % Let us prove that v > 0. If it were not the case, the corresponding
eigenvector ¢ would satisfy:

1
_; @908@1/J =0,

so that
Y(p) =clnp+d, withe,deR.

The boundary conditions provide ¢ = d = 0 and thus ¢y = 0. By contradiction, we infer
that v > 0. We deduce that

pa(0) 2 [ apluPap > 1 [Tsintap)fap.

0
By the min-max principle, we conclude that, for all o € (0, 7),

1/1(04)2%:: co>0.
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2.2.3. An example with small magnetic field. In this section, we let

1
Q = B(O, 1) C ]R2 s Ao(Qll,IQ) = 5 (SL’Q, —.lel) s

and we consider the magnetic Neumann Laplacian £33 on € with a > 0.

Proposition 1.29. If u(«) denotes the lowest eigenvalue of 222”0, we have

Nt

Awa>=];ﬂj£LAMXM dx + O(al).

PROOF. Let us first notice that Ay(x)-n(x) = 0 on 052 and that V-Ay = 0. Therefore
the magnetic Neumann condition (—iV + @A)y - n = 0 becomes Vi - n = 0 on 092. In
particular, we notice that the domain is independent from « (due to our special choice

of gauge). By using the test function ¢» = 1 and the min-max principle, we get

a? )
o) < 5 [ 1A ax
Q

Let us now consider a L%-normalized eigenfunction v, associated with p(a). We have

/ [(=iV + aAo)va] dx = p(a) = O(a?).

Q
By using a classical inequality, we get that, for all € > 0, we have
/ [(=iV + ao)thal” dx > (1 = &)[Viballiz(q) — &'’ max [Ag(x)[* .
Q X

Taking ¢ = a,, we deduce that

IViallte) = Ola).
We have

N 1
19 ulis = |V (0= iy [ i) o= 1o |

where \o(—ANU Q) is the second Rayleigh quotient associate with the Neumann Lapla-

Y

2
Z AQ(_ANeu7Q) ’
L2(Q)

2
L2(Q)

cian on 2 and we used the fact that ¢, — ‘51' fQ 1o dx is orthogonal to the constant
functions and the min-max principle. We now use that the first eigenvalue of the Neu-
mann Laplacian (that is 0) on € is simple and associated with the constant functions.
This fact will be explained in general in Section [3| and is also known as the Poincaré
inequality. We deduce that

) 1
o oo~y = 00, a= o [ aax.

We have, for all € > 0,
/ |(—iV + aAg)e|* dx
Q

> (1— 8)/ | = iViha + aAgia|’ dx — e 10?0 max [Ao(x)[* [[toa — %H;(Q) '
Q X
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Then we notice that

/ | — iV, + (XAO%F dx
Q

= [IVialltz(q) + ?[tal? /Q | Ao (X)[* dx + 200m Yo (Viha, Ag) 120 -

Thanks to the Green-Riemann formula and the fact that V- Ay =0 and Ag-n =0, we
get

(Vo, Ag)2) = 0,
so that we find

/ | iV + Aol dx > a2|%|2|9|/ | Ag(x)[2dx.
Q Q
We take ¢ = a2 and, with (1.2.2), we deduce that
u(a) = / (=Y + aAg)tal? dx > 02(1 — aé)@?/ Ag(x)[2dx — Cat
Q Q

By using again (1.2.2]), we get that

1 1
T T O(ai) )
€[>

and the conclusion follows. O

[Yal =

Remark 1.30. The result of Proposition [1.29] may be easily generalized to smooth do-

mains by choosing a vector potential Ay such that
V-Ay=0, inQ, Ay-n=0, onod.

Such a vector potential may be found by minimizing fQ |A — Vpl]?dx for ¢ € HY(Q)
for the initial A such that V x A = B. Moreover, for this particular choice of vector
potential, the domain does not depend on the parameter o and we may apply the analytic
perturbation theory (see Chapter 2 Section [5) to get the analyticity of u(a).

2.3. Persson’s theorem. Let us give a characterization of the bottom of the essen-
tial spectrum in the Schrodinger case (see [162] and also [76]).

Theorem 1.31. Let V' be real-valued, semi-bounded potential and A € C*(R™) a magnetic
potential. Let £4 v be the corresponding self-adjoint, semi-bounded Schrodinger operator.

Then, the bottom of the essential spectrum is given by:

infsp(£av) = E(Lay),
where:
Y(Layv) = sup | inf (Lave,P)2|p € CFR"\ K)| .

KcRr [[19]1=1

Let us notice that generalizations including the presence of a boundary are possible.
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In fact, we will not really need this theorem in this book, but only the following

criterion.

Proposition 1.32. Let Q C R? a non empty open set. Let us consider a quadratic form
Q defined on the dense subset Dom (Q) C L*(2), bounded from below by 1 and such
that (Dom (), /Q(+)) is an Hilbert space. We denote by (£,Dom (L)) the corresponding
self-adjoint operator. For all R >0, we let Qr = QN B(0, R) and tg : ¥ — Yjq,.

We assume that

(1) For all M >0 and R > 0, tg ({¢ € Dom (Q) : Q) < M}) is a precompact part
of L2(Qg).

(2) For all smooth cutoff function x supported in a neighborhood of 0 and for all ¢ €
Dom (), x¥ € Dom (). Moreover, for all smooth cutoff function 0 < xy < 1
being 0 in B(0,1) and 1 on CB(0,2) and for all € > 0, there exists Ry > 0 such
that for all R > Ry and all ) € Dom (£),

Q(xrY) < (LY, X7Y) 2 + ell¥lEz (), with xr(x) = x (R™'x)
(8) There exist n € R and Ry > 0 such that for all R > Ry, all 1» € Dom (Q) and
all x supported in CB(0, R),
Q) > plxt Itz -
Then we have inf sp (£) > p.

PROOF. Let us consider A € sp(£) with A < p. We shall prove that A is in the discrete
spectrum. Let us introduce a sequence (¢, ),>0 C Dom (£) such that we have

[¥nlliz =1 and  [|(€ = A)ulliz@ — 0.

Let us show that (,),>0 is precompact in L*(Q2). There exists N > 0 such that, for all
n >N, [[(£—=N)¥n|liz@w < e. Then we notice that that there exists Ry > 0 such that for
all R > Ry and all n > N, we have

Q(XrUn) < (€Pn, Xrtn)2@) + l[¥nlltzo
so that
Q(xr¥n) < MIxrYnlliz0) + 2¢ -
We get

(,U, - A)HXR¢7LHE2(9) < 2¢e.
Up to choosing Ry larger, we have, for all R > Ry and all n € N,

(1= MlIxrtnllF2 ) < 2¢

that implies

(1 — )‘)’|¢n||iQ(QﬂCB(O,2Ro)) <2
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Now, we use the precompactness of the sequence (tar,(%n)),cy and this enough to con-
clude that (1,) is a precompact part of L%(2). It remains to use Proposition [L.7} O

Exercise 1.33. Prove the lower bound of the infimum of the essential spectrum in The-
orem by using Proposition [.32]

The following exercise may be done to prepare the understanding of the next propo-
sition.

Exercise 1.34. If A € L2 _, we recall that H} (R?) denotes

{¢ € L2(RY) : (—iV + A)p € L2(RY)}.

(1) Prove that, equipped with the scalar product,

<¢, ¢>Hk(Rd) = /

Rd

(—iV +A)p (—iV + Aypdx+ [ ¢9pdx,
RA

it is a Hilbert space.
(2) Prove that C°(RY) is dense in H} (RY).

Let us now provide an estimate of the essential spectrum of an electro-magnetic
Laplacian when we assume that the electric potential is “small” (sufficiently integrable)
at infinity.

Proposition 1.35. Let d > 3. Let us consider A € L2 (R4 RY) and V € Liz(RY),

loc

where p € (2,2%) and 2* = %. Then, the quadratic form, defined for ¢ € HY(RY), by

Qayv(p) = (—N+A)<pl2d><+/ Viel? dx,
Rd

|
Rd
is well-defined, bounded from below and closed. Moreover, for alle > 0, there exists R > 0
such that, for all v € HY(R?) with suppy C CD(0, R), we have

(1.2.3) DA,V(w) > (1—¢)Qa¥).

If A is linear, we have infsp.(£a,v) > SUPj<popeq|Bre| where L4y is the operator

associated with the (closed) form Qa. v .

When d = 2, the same results hold if V € LY(RY) for some q > 1.

PROOF. First we notice that, for ¢ € HY (R%),

/Rd VIRE dx < IV 2y g 181 @ay < CIVI 2y o IR oy

where we used the Holder inequality and the Sobolev embedding H*(RY) C LP(R¢). Then,
the diamagnetic inequality implies that

2
[ VIl ax < CIVI o, o Qa0
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Thus the quadratic form is well-defined on HY (R%). Note that, this argument also show
that, if 1 is supported in CD(0, R), we have

/ VIR dx < CIV]| QA (W)

LT—Z(CD (0,R))

This implies ((1.2.3). Let us now prove that the quadratic form is bounded from below.
We have

L VI ax < CV ey o 101

and by interpolation, we get

2(1-6

= T e O
for 6 € (0,1) defined by % =%+ =6 With the Sobolev embedding and the diamagnetic
inequality, we get

112 @y < ClYNE gaQa ()"
We recall the convexity inequality

Ya,b>0, V0 (0,1), a’?<fa+(1-0)0,
that implies
Ve, Va,b>0, V0e€(0,1), a’b' 0 < Pe7la + (1 — 9)5%17,

It follows that

_0
112y < C (6= 1l Eaquay + (1 = 0)=T72a (1)
and the lower bound follows by taking ¢ small enough.

The estimate of the essential spectrum comes from Proposition () comes from
the formula (4.1.1)) that will be proved later) and Proposition [0.2]

We leave the case d = 2 as an exercise. O

3. Simplicity and Harnack’s inequality

This section is devoted to establish the simplicity of the lowest eigenvalue of operators
in the form —A + V. For that purpose, we will use the following version of the Harnack
inequality.

Proposition 1.36. Let Q be an non empty open set of R and V € C>®(Q). Let us fiz
a ball D CC Q. Then, there exists C' > 0 such that, for all positive function u € C*(QQ)
solution of

(—A+V)u=0, on ),
we have

maxu < Cminu.
D D
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PROOF. Let us provide an elementary proof inspired by the presentation by Evans
(see [67, p. 351]). Let D CC 2 and x a smooth cutoff function supported in 2 and being
1 in a neighborhood of D. For notation simplicity, in this proof, we will denote by C' all
the constants that only depends on €2, V', x and D.

We write v = Inu and notice that, on ,
(1.3.1) —Av— Vv +V =0.

We let w = |Vv|?2. We want to get a bound on w on D that only depends on D and
V. We consider xy € © where the maximum of z = y*w is attained. Note here that the
presence of the cutoff function is due to the fact that we do not know if the maximum
of w is reached in €2 (it might be on the boundary). If v is not constant on D, we have
z(x0) > 0 and thus x(x¢) > 0, w(x¢) > 0. Indeed, if z(xy) = 0, we get that, for all x € D,
w(x) = 0. Therefore we assume that z(xq) > 0.

Since z is maximal at xo € €2, we have
(1.3.2) Vz(xg) =0, Az(x) <0.
We deduce from the second inequality that
X (x0) Aw(xp) < —(Ax")(x0)w(x0) — 2Vx*(x0) - Vaw(xo) -
By using the first equality in and x(xo) # 0, we find
X (x0)Vw(xg) + 4w(xe)Vx(x9) = 0.
We find
(1.3.3) x*(x0) Aw(xg) < Cw(xg) .
We obtain by a simple computation

d
Aw =2|V20? +2) " (0V — dhw) O,

k=1
where |V2v|? is the sum of the squares of the elements of the Hessian matrix of v. In
particular, on D, we have

Aw > 2|V*)? — C|Vv| — 2Vw - Vo
and, at xg, we find, by using again the first equality in (1.3.2)),

(M1

X (x0) Aw(xg) > 2x* (%) V>0 (x0)|” = Cw(x9)2 — Cx* (xo)w(xo)
With we get
X (%0)[V20(x0)[> < CX*(x0)w(x0)? + Cuw(xo) + Cw(xo)?
Then, by using (1.3.1), we find w?(x¢) < C + |[V2v(xo)|? and thus
X (x0)w(x0)? < Cx*(x0)w(x0)2 + Cw(xo) + Cw(xo)? + Cx*(xo) -
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We infer
(" (x0)w(x0) — OX° (xo)w(x0))w(x0) < Cx*(x0) + Co(x0)
If x*(x0)w(xo) — Cx*(x0)w(xg)z < 0, then x(xo)w(xe)2 < C and the reader can go to
(1.3.4). If not, we can write
(X" (x0)w(x0) — O (x0)w(x0) ) X" (x0)w(xo) < Cx*(x0) + Crw(xo) -

so that
COx*(xo)w(xo)?

<X4(Xo)w(xo) - > < Cx*(x0) + Cw(xo) -

We find
X! (xo)w(x0) < OX*(x0) + Croxo)
and we can play the same game to find
X! (xo)w(x0)? < Cx*(xo).

In any case, we get
(1.3.4) Y(xo)w(xg) < C.
In particular, since xp is the maximum of z, we get

Vx € D, IVo(x)]? < C.
We infer that

Vx,y € D, lu(x) — v(y)| < VC|x —y| < VCdiam(D)

so that
Vx,y € D,

and the conclusion follows. O

Corollary 1.37. Let Q be an non empty open set of R and V € C>®(Q)). Let us fiz a ball
D ccC Q. Then, there exists C > 0 such that, for all function uw > 0 belonging to C*(£2)
and solution of

(—A+V)u=0, on 2,
we have
maxu < Cminwu .
D D
Proor. We apply Proposition to u. = u + € and make € go to 0. U

Corollary 1.38. Let Q be an non empty open connected set of R and V € C*(Q). We
also assume that V> 1. We define

{ver (@ VVver@}.
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and the quadratic form

v € Dom (Qy), Dv(w):/Q|V1p|2+V(x)]¢|2dx.

If £y denotes the associated self-adjoint operator, and if the infimum of its spectrum
belongs to the discrete spectrum, then it is simple and there exists an associated eigen-

function that is positive on Q.

PROOF. We first notice that (see |76, Proposition 2.1.2]), if v» € H(Q), then we have
4] € HY(Q2) and
IVIdllle@ < IVE e -
Let 1 be an eigenfunction associated with A\;. We have Qv (|¢|) < Qv (1) so that, by the
min-max principle and using that A; is the smallest Rayleigh quotient, we find that |¢|
is also an eigenfunction associated with A;. By an elliptic regularity argument, u = |¢|
is smooth on ) since it satisfies

—Au+ (V=X \)u=0.

If u vanishes at xg, then, by the Harnack inequality, it must vanish in a neighborhood
of xg. By a connexity argument, u is identically zero if it vanishes at some point of (2.
Therefore, all the eigenfunctions associated with A\; do not vanish in Q. If \; were of
multiplicity at least two, we would consider u; and us two orthogonal eigenfunctions.
But this is impossible since they do not vanish in (2.

g
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CHAPTER 2

Examples

Bene quidam dixit de amico suo : dimidium animae
suae. Nam ego sensi animam meam et animam illius
unam fuisse animam in duobus corporibus, et ideo
mihi horrori erat vita, quia nolebam dimidius vivere
et ideo forte mori metuebam, ne totus ille moreretur,

quem multum amaveram.

Confessiones, Augustinus

This chapter aims at exemplifying some questions discussed in Chapter

1. Harmonic oscillator

Before going further we shall discuss the spectrum of the harmonic oscillator which we
will encounter many times in this book. We are interested in the self-adjoint realization
on L*(R) of:

Hharm = Di + 22,
This operator is defined as the self-adjoint operator associated with the quadratic form
defined by

Qnarm (V) = W17 + lz]?, ¢ € BY(R),
where
B'R) = {v € L*(R) : ¢/ € L*(R), = € L*(R)}.
Note that B*(R) is an Hilbert space for the scalar product

(u,v)g1 () :/ulﬁlder/xQude.
R R
Exercise 2.1. Prove that B'(R) is dense in L?(R) and that C°(R) is dense in B'(R).

The domain of Hpam is given by
Dom (9harm) = {¢ € B'(R), (D} +2%)y € L*(R)}.

The domain of the operator can be characterized with the following proposition.

Proposition 2.2. We have
Dom (Hharm) = {¥ € L*(R) : 9" € L*(R), 2°¢ € L*(R)}.
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PROOF. Let us provide an instructive proof. We use the difference quotients method
(see [30, Theorem 9.25]). Let us consider ¢ € Dom (9parm). It is sufficient to prove that
Y € L%(R). There exists f € L?(R) such that, in the sense of distributions, we have

Vo € SR), (DI 420, 0) = (fi9)
so that
Vo e S(R),  (0:9,0up) + (2, 20) = (f, ) ,
where the bracket is now the L2-bracket.

Since ¢ € B'(R) and that S(R) is dense in B'(R), we can extend this equality:
Vo € BY(R), (8, 0up) + (wth,290) = ([, ) -

Let us define the difference quotient

oz +h) = ()
Quo(z) = Y :

If ¢ € BY(R), then Qnp € BY(R). We get
Vo € BI(R), (00, 0:Quep) + (2, 2Quep) = (f,Qng) .

reR, h#0.

We find
<az¢; athSO> - _<8$Q—h¢7 ax90>
and
(2, 2Qnp) = —(2Q-n¥, zp) — (Y(x — h),xp) — (2, p(x + N)) .
We find, for all ¢ € BY(R) and h # 0,
<8xQ7hwa a:):@) + <1’Q7h¢,$90> = _<f7 Qh90> - W(ﬂf - h)7$90> - <5U¢7 @(x + h)> .

and we apply this equality to ¢ = Q_,y. We deduce

(0:Q-nt, 0:Q-nt0) + (xQ-pth, xQ_p1))

= —(f, QuQ-nY) — (V(x — h),2Q_p¥) — (v, Q_p¥(x + h)).

Then we notice that

[(f, QuQ-rn)| < ||l |QnQ-n¥ L2 w)
< [ fll2@) [|0:Q-n¥ [l 2 ()

1
< 5 (I + 10:Q-nth ey )
where we have used Proposition [1.11, We can deal with the other terms in the same way

and we get

10:Q-n|[F2my + [12Q-n¥[[P2 )

1
< 5 (I @) + 19:Q-nliEaey + 11y + 10Q-nliEay + 16131 sy + Al R ey ) -
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We deduce that
”Q—ham'(pHE?(]R) + ||xQ—h¢HEQ(R) < Hf||ﬁz(R) + ||¢HE?(R) + W||231(1R) + ’hHW”zHI(R) :

We may again use Proposition and we deduce that 9,1 € H'(R) and x¢p € H'(R). O

The self-adjoint operator $pam has compact resolvent since B!(R) is compactly em-
bedded in L2(R). Its spectrum is a sequence of eigenvalues which tends to +oo. Let us
explain how we can get the spectrum of $Hp,m. We let:

1 d+ *_1_d+
a_\/ﬁdxx’a_\/idmx‘

la,a] = aa* —a*a=1.

We have:

We let:

folx) = =2
We investigate the spectrum of a*a. We have: afy = 0. We let f,, = (a*)" fo. This is easy
to prove that a*af,, = nf, and that af, =nf,_1.

Exercise 2.3. Prove that the (f,,) form a Hilbertian basis of L(R). These functions are
called Hermite’s functions.The eigenvalues of $,.m are the numbers 2n 4+ 1,n € N. They
are simple and associated with the normalized Hermite’s functions.

Exercise 2.4. This exercise is an example of exact WKB expansions. We will recognize

Laguerre’s polynomials. We wish to study the 2D harmonic oscillator: —A + |z|?.

(1) Write the operator in terms of radial coordinates.
(2) Explain how the spectral analysis can be reduced to the study of:
—02 = p' O, + pPm® 4 p?,
on L?(pdp) with m € Z.
(3) Perform the change of variable t = p?.
(4) For which « is t ++ t*e~*/? an eigenfunction ?
(5) Conjugate the operator by t~™/2¢t/2. On which space is the new operator £,,
acting 7 Describe the new scalar product.
(6) Find eigenvalues of £,, by noticing that Ry[X] is stable by £,,.
(7) Conclude.

2. A J-interaction

In this section we discuss a model on the line related to the so-called J-interactions.
The reader is referred to [5, Chapter I1.2] and to [29), [70] [71], 32, [68] where the spectral
properties of J-interactions are analyzed. Let us define, for ¢ € H'(R),

& (1) = / () dy — [(0).
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Proposition 2.5. The quadratic form q° is well defined and semi-bounded from below.

Moreover, there exists C° > 0 such that \/q5(~) +C| - 2 s a norm equivalent to

|- Il w)-

PROOF. Let us recall the classical Sobolev embedding:
3C >0, YueH'R), [ullfom <Cllullfing = Clllullfz@ + vl2w) -

We apply this inequality to u(z) = v(Az) for A > 0 and v € H(R). Choosing the
appropriate A we get

[Vl @) < 2C 2@V ll2
and thus, for all € € (0,1),

loliEe < € (=7 IoliEaqmy + el I ) -
We deduce that, for all ¥ € H'(R),
(2:21) A () = ~CelfEaqey + (1 = C) W fEaqey -

Choosing ¢ small enough, the conclusion follows. U

Proposition 2.6. If £° denotes the self-adjoint operator associated with q°, we have
Dom (£°) = {u € H'(R) : H*(R\ {0}) and «/(07) —u/(07) = —u(0)} .

Moreover we have sp.(£%) = [0, +00) and spy (L) = {—% )

PROOF. By definition, we have, for all u € Dom (£?) and v € HY(R),
(L%, v) = b (u,v).

For, v € C(R \ {0}), we get, in D'(R \ {0}), L% = —u" € L3R\ {0}) so that we
deduce v € H*(R \ {0}). We deduce that «/(07) and «/(0~) are well defined by Sobolev
embedding. Then, for all v € C{°(R), an integration by parts gives

b’ (u,v) = — /Ru”ﬁda: + (' (07) = /(07) 4 u(0))v(0).

But, we have (£u,v) = — [, v"vdz and thus «/(0%) — «/(07) + u(0) = 0. Conversely, if
u € HY(R) NH*(R \ {0}) satisfies this jump condition, it is in the domain.

Let us show that 0 € sp (£°). We consider xg(x) = x1(R™(z—R)) with x; a smooth
cutoff function supported in [0,400). We get || £ xr||i2®) tends to 0 when R — +oo.
We apply the Weyl criterion. If we use xre(z) = e®xg(x), for £ € R, we find that
€2 € spo (£°) s0 that [0, +00) C sp.(£°). Let us now establish the converse inclusion.

Let us consider A € sp(£%) with A < 0. We shall prove that A is in the discrete
spectrum. For that purpose, we use Proposition [1.32; the first item comes from ([2.2.1])
and the fact that H'((a,b)) is compactly embedded in L%((a,b)), the second item from
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the formula
(&%, xR 2w = 4’ (XrY) — IXRYI P2 @)

and the third from the fact that the Laplacian is non negative.

Finally, if A € spy(£?), we may easily solve the eigenvalue equation and we find that
A= —% is associated with the eigenfunction ¢ (z) = e~ 1#I/2, U

Exercise 2.7. For z > 0, we introduce the quadratic form g, defined for ¢» € H!'(R) by

(222) 0a(t) = / W) dy — [(—2)P — (@)

(1) Prove that q, is semi-bounded from below.
(2) We introduce the associated self-adjoint operator denoted by ©,. Prove that

Dom (D,) = {¥ € H'(R) N H*(R\ {£=z}) : ¥(£zt) — p(£a™) = —p(£a)} .
(3) Show that, for all z > 0, the essential spectrum of ®, is given by
SPess(Da) = [0, +00).

(4) For x > 0, we denote by p;(z) the lowest eigenvalue of ©, and by u, the
corresponding positive and L2-normalized eigenfunction. Establish the following
properties

(a) For x > 0, we have

@ = (54 W)
gy == g T e ’
where W : [—e™!,+00) — [—1,+00) is the Lambert function, i.e. the

inverse of [—1,+00) 2 w > we® € [—e !, +00).

(b) The second eigenvalue po(z) only exists for > 1 and is given by

@)= (A4 Lwze)

po(z) = 5t 5, xe .

(¢) pi(x) = —1+4 2z 4 O(2?),

(d ,Ul(x) m%:Jroo _i - e;z + O([EG_%), qu(x) wﬁ:ﬂ)o _711 + e;m + (’)(356—%)7

For all z > 0, =1 < py(x) < —i and for all z > 1, po(z) > —}L,
(1 admits a unique minimum at 0,

For all x > 0 and all ¢ € H(R), we have q,(v) > —|[]v|?,
R(z) = ||8xuz||fg(Ry) defines a bounded function for = > 0.

10y ue[P2(g,) defines a bounded function for z > 0.

3. Robin Laplacians

In this section, we discuss some properties of a model closely related to the ¢-
interaction.
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3.1. Robin Laplacian on an interval. Let us define, for ¢» € HY(R ),
+oo
S0 = [ WPy - )P,
Proposition 2.8. The quadratic form qY is well-defined on H'(R,) and bounded from
below. If £8 denotes the self-adjoint operator associated with qf, we have
Dom (£§) = {u € H'(Ry) : H*(R:) and ¢'(0) = —(0)} .
Moreover, we have sp(£8) = [0,4+00) and spys(LY) = {—1} and the L*-normalized

eigenfunction associated with —1 is 23T,

PrROOF. The definition of the operator and the characterization of the domain follows
as for the d-interaction. The characterization of the essential spectrum also follows from
the same arguments. Let us just determine the discrete spectrum. We want to solve

—" = _WQ’QD? ¢/(0) = —¢(0)7
with ¢ € H?(R,) and w > 0. Thus, we have ¥(z) = Ae " so that, with the boundary

condition, w = 1. Il

Let us now introduce a model that can be useful in practice (see for instance [131,
69, 161, 94, 95]). For T > 0 and ¢ € H'((0,T)) with ¢(T) = 0, we let

T
W) = [ R wOP.
We would like to investigate the behavior of the lowest eigenvalue when T — +o0.

Proposition 2.9. The quadratic form qy" is well-defined on {1 € H'((0,T)) ,4(T) = 0}
and bounded from below. If SE’T denotes the self-adjoint operator associated with qg’T,

we have
Dom (£57) = {u € H'((0,7)) : H*((0,T)) and ¢'(0) = —(0), ¢(T) =0} .

The operator QS’T has compact resolvent and there exists only one negative eigenvalue

M(T) as soon as T is large enough and its satisfies, for all e > 0,

M) 5, THH O,

A corresponding eigenfunction is
Yr(z) = V2 {er® e 2rleered - wp = /=M (T),
and we have, for all € > 0,
e — e |[P20.1)) = O(T?e~ (171 |

and
||€_2wTT€wT$||E2((0,T)) =0 (Te—(1—5)2T> )
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PROOF. Let us just describe the negative spectrum (the considerations of domain are
left to the reader as an exercise). We want to solve

= P, P(0) = —(0), 9(T) =0,
where w > 0. We have
Y(x) = Ae*® + Be 7.
The boundary conditions lead to
AT + Be T =0, Alw+1)+B(1—w)=0.
This leads to the condition
Frw)=w—-1+e*T(w+1)=0.

We consider the function Fr on [0+ o00). We have F(0) =0 and lim Frp(w) = +oo. We

w—+00

get
Fr(w)=1+e 21 -2T - 2Tw),

and

Fi(w) = —4Le T (1 =T — Tw).
Ifr > %, we have, for all w > 0, Ff(w) > 0. Thus, F} is increasing from 2(1 — T') to
1 and F has only one zero zz in (0, +00). We deduce that Frp decreases on (0, zr) and
increases on (zr, +00). For T' > 1, Fr admits a unique zero wr in (0, 00). Therefore there
is a unique non negative eigenvalue that is A\;(T) = —w?.

By using Proposition and the min-max principle, we have
VI >0,  M(T)>-1.

By using the test function 22 x (T z)e™*, with x a smooth function being 1 on |z| < 1—¢
and 0 for x > 1, and the min-max principle, we get the wished upper bound. The
estimates of the first eigenfunction easily follows. (|

3.2. Robin Laplacian on a weighted space. Let B € R, T > 0 such that BT < %
Consider the self-adjoint operator, acting on LQ((O, T);(1— Br) dT) and defined by

(2.3.1) T — _(1 - Br)7'0,(1 — Br)d, = =8> + B(1 — Br) 9,
with domain
(2.3.2) Dom (E%R’T}) ={u € H*(0,T) : u'(0) = —u(0) and u(T)=0}.

The operator E%R’T} is the Friedrichs extension in L*((0,T); (1 — B7) dr) associated with
the quadratic form defined for u € V,;{T} , by

¢ BT w) = / (1) 2(1 — Br) dr — [u(0) 2.
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The operator SZ’T has a compact resolvent. The strictly increasing sequence of the
cigenvalues of £57 is denoted by (An(QE’T)> .
neN*

It is easy to compare the spectra of SE’T and 85 T as B goes to 0.

Lemma 2.10. There exists Ty > 0 and C such that for oll T > Ty, for all B €
(—=1/(37),1/(3T)) and n € N*, there holds,

A (87T — An(sg‘»T)] < CBT( (257 + 1) .

PROOF. The proof follows from a direct comparison of the quadratic forms. Il

The next proposition states a two-term asymptotic expansion of the eigenvalue \; (£Z’T).

Proposition 2.11. There exists Ty, c9,C > 0 such that for all T > Ty, for all B €
(—eoT Y, 60T 1) there holds,

‘Al(SZ’T) (-1- B)) < OB,

T

PROOF. It is sufficient to use the quasimode vr(7) = x(T~'7)e”™ with x a smooth

cutoff function supported in (—%, %) We get, by an explicit computation,

I (25" = (=1 B)) vrllomya-sran < CB®.

Therefore, thanks to the spectral theorem, there is an eigenvalue close to —1 — B modulo
O(B?). But, with Lemma and Proposition we notice that the second eigenvalue
of 287 is larger than —2 (when T is large enough and |BT'| < g). Thus, this cigenvalue
close to —1 — B must be the first one. U

4. De Gennes operator and applications

4.1. About the de Gennes operator. The analysis of the two dimensional mag-
netic Laplacian with Neumann condition on R2 makes the so-called de Gennes operator
to appear. We refer to [47] where this model is studied in details (see also [76]). This
operator is defined as follows. For ( € R, we consider the Neumann realization Q[CO} in
L?(R,) associated with the operator D? + (¢ — t)? with domain

(2.4.1) Dom (&) = {u € B'(R.) : (D} + (t — ¢)*) u € LARy), u/(0) =0} .
Remark 2.12. Note that, by the difference quotient method, we may establish that
{ueB'(Ry): (D} +(t—¢)*)uel’Ry)} CH(RY),

so that, with a Sobolev embedding, v'(0) is well defined.

The operator S[CD] has compact resolvent by standard arguments. By the Cauchy-
Lipschitz theorem, all the eigenvalues are simple.

Notation 2.13. The lowest eigenvalue of 2[40} is denoted u{o](().
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Lemma 2.14. The function  — u,[LO](C) is analytic.
PROOF. The family (220])<€R is analytic of type (A) in the sense of Kato (see [121], p.
375]) and thus one might directly apply the analytic perturbation theory. Nevertheless,

let us provide an elementary proof. Let us fix (; € R and prove that ¥ is continuous at

(1. We have, for all 1) € B (R.),
[90w) — Q¥ )] <162 = Gl + 21 = Gl
so that
90) - Q8 w)| < 16 = Gl + 41 - GIAw) +4¢2IC — Glllv
We deduce that
QM) < (L+41¢ = QDA () +4¢1C = Gl +1¢* = ¢l

and
QW) > (1 —4l¢ - o) QY @) — 4¢3 — Glllel? - 1 = Gl

It remains to apply the min-max principle and we get the comparisons between the
eigenvalues. We shall now prove the analyticity. Let us fix (; € R and z € C\ sp(Sg).
We observe that t(SE] — z)~! is bounded with a uniform bound with respect to z in a
compact avoiding the spectrum so that for ¢ close enough to (3, Q[CO] — z is invertible.

Indeed, we can write

=l 220 -+ -
_ (Id +2(G - Ot (28] - z)l +(¢-ch (e - 2) 1) (28 -=).

By using the expression of the inverse and the fact that the domain of S[CO] does not depend

on ¢, we infer that ¢ — (S[CO] —z2)tel (LQ(R+), (Dom (S[g]), [ - ||£[0]>) is analytic near
€1

]

(1, uniformly for z in a compact. Since S[CO has compact resolvent and is self-adjoint, the

application, defined as a Riemannian integral,

RO =5 [ (28 -9 a:
is the projection on the space generated by the eigenfunctions associated with eigenvalues
enclosed by the smooth contour I'. It is possible to consider a contour which encloses
only VLO](Q) and, thus, only V,[LO}(C ) as soon as ( is close enough to (;. We leave the last

details to the reader. O

We may now consider the L?-normalized and positive eigenfunction u[co] = ul(-,¢)

associated with VP](C ) and that depends on ¢ analytically.

Proposition 2.15. The function u[co] belongs to S(R,).
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PROOF. This is a consequence of the following (by using difference quotients). If
u € B¥(R) is such that Séo}u = f with f € B¥*(R,), then v € B*!(R,). We have
denoted
B*(Ry) = {ue’R )- 2°9%u € L*(Ry), a+B<k}.

Then, we notice that u le ﬂ B*(R,) c S(Ry). O
k>0

We have used the notion of holomorphic functions valued in a Banach space. The
aim of the following exercises is to prove that all the natural definitions of holomorphy

coincide.

Exercise 2.16. Let B be a Banach space and 2 C C an open set. We say that f: Q) — B

is holomorphic if, for all z, € Q, L&)=/(z0)

z—20

weakly holomorphic on € if, for all £ € B*, £ o f is holomorphic on €.

converges when z goes to zg. We say that f is

(1) Let us assume that f is weakly holomorphic on € and consider, for zy € €2 and
r > 0 such that D(zp,r) C Q,
C:= {M,z € D(zp,7) \ {ZO}} :
zZ— 20
Prove that ¢(C) is bounded for all ¢ € B*.
(2) Deduce that C' is bounded by using the Banach-Steinhaus theorem.
(3) By using the Cauchy-formula and the Hahn-Banach theorem, prove that f is

holomorphic on §2.

Exercise 2.17. Let B be a Banach space and H be a Hilbert space. Let 2 C C an open
set.

(1) By using the Banach-Steinhaus theorem, the Cauchy formula and the Hahn-
Banach theorem show that if f :  — £(B, H) is such that Q 5 z — (f(2)¢, ¢)n
is holomorphic for all ¢ € B and ¢ € H, then f is holomorphic.

(2) If (£,Dom (£)) is a closed operator on a Hilbert space H, show that Q2 5 z —
R(z) = (£ — 2)! is holomorphic on the resolvent set as well as if R is valued
(H, || - [[n) or in (Dom (£),] - ||le) (where || - ||¢ is the graph norm).

[0]

Lemma 2.18. { — vy '(¢) admits a unique minimum and it is non degenerate.

PROOF. An easy application of the min-max principle gives:

lim V{O}(C) =+400.

(——o0

Let us now show that:
lim V{O](C) =1.

(—4o0
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The de Gennes operator is equivalent to the operator —9?+t2 on (—(, +00) with Neumann
condition at —(. Let us begin with upper bound. An easy and explicit computation gives:

Q) S (= + ) e Y (e hoy . — 1L

(—+o0

Let us investigate the converse inequality. Let us prove some concentration of u[CO] near

0 when ( increases (the reader can compare this with the estimates of Agmon of Section
2). We have

[ e crnlorar <.
0

If A(¢) is the lowest Dirichlet eigenvalue, we have:

VO < MO

By monotonicity of the Dirichlet eigenvalue with respect to the domain, we have, for
¢>0:
A(C) < A(0) = 3.
It follows that: )
0] ()2 3
u (O))*dt < —, (>2.
| fora < =

Let us introduce the test function: X(t)u[co] (t) with x supported in (0,400) and being 1

for ¢ > 1. We have

(=07 + (£ = OO xOu () gy = X+ D+ Qe = I Ragey

=1+0(|¢|™).
Moreover, we get:
(074t =PIt (0, x (D (D) = (=0 + (=B (1) x(Bud (D), -
We have:
(=07 + (¢ = O @u (0), x (D (D) = 1 (Ol [P+ 1wl
which can be controlled by the concentration result. We infer that, for ¢ large enough,
Q) z1-ci

From these limits, we deduce the existence of a minimum strictly less than 1.

We now use the Feynman-Hellmann formula which will be established later (see Sec-
tion [6]). We have:

()(¢) = 2 /t>0(t — O )2 de.

For ¢ < 0, we get an increasing function. Moreover, we see that v(0) = 1. The minima
are obtained for ¢ > 0.
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We can write that:
YO =2 [ (6= 0rulullyat + o
>0
This implies:
W (©) = (¢ = i ())u(0)2.
Let (. a critical point for v o We get:
(™)"(C) = 26u(0)2.

The critical points are all non degenerate. They correspond to local minima.We conclude
that there is only one critical point and that is the minimum. We denote it (5 and we

have 1" (¢o) = (2. O
We let:

(242) @0 = V{O}(Co), Cl = C—

FIGURE 1. C»—)u (C) for k=1,2,3,4

4.2. Magnetic wall. Let us now explain how we can investigate the spectral prop-

erties of a Hamiltonian with the following discontinuous magnetic field
B(z,y) = bile_(z) + bolg, (2),
where b = (b, by) € R%. An associated vector potential is given by :
A(z,y) = (0,ap(x)), ap(z) = bhizlp_(z) + bozlp, ().
The magnetic Hamiltonian is
Ly = (—iV — A)* = D} + (D, — ay(2))*.

We will see that this example (inspired from [115]) will give the flavor of many spectral
methods related to the theory of ODE’s. In particular, we will investigate the relation
between the essential and the discrete spectrum (how many are the eigenvalues below the
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essential spectrum?) by using the so-called Sturm-Liouville theory, the min-max principle
and some special functions related to the de Gennes operator.

We notice that £, = £_, so that we may assume that by > 0. If S denotes the
symmetry (z,y) — (—z,y), we have S, 4,5 = £ 4,5, = Lipp,- For B > 0, we
introduce the L2-unitary transform

Up(z,y) = B~*p(B~ 22, B1/%y)

and we have
Ug'CyUp = B '£ps.

These considerations allow the following reductions:

(1) If by or by is zero we may assume that by = 0 and, if by # 0, we may assume that
by = 1. We call the case (b1, b2) = (0,1) the “magnetic wall”.

(2) If by and by have opposite signs and |by| # |b2|, we may only consider the case
|b1| < |b2| and then by < 0 < by = 1. We call this case the “trapping magnetic
step”.

(3) If by and by are such that |by| = |by|, we may only consider the cases (by,by) =
(1,1) and (b1, be) = (—1,1).

(4) If by and by have the same sign, we may assume that 0 < by < by = 1. We call
this case the “non-trapping magnetic step”.

In order to perform the spectral analysis, we can use the translation invariance in the y-
direction and thus the direct integral decomposition (see [176} XIII.16]) associated with
the Fourier transform with respect to y, denoted by F,,

@
FyLoF, ' = i th(k) dk
€

where

bo(k) = D? + Vi(x, k), with Vo(x, k) = (k — ap(x))?.
The domain of hy(k) is given by

Dom (by(k)) = {v € Dom (qs(k)) = (D7 + Va(z, b))y € L*(R)},

where the quadratic form g, (k) is defined by

a0 (k) (¢) = /ER [ (2)[* + |(k — Ve(z, k)¢ da .

We have: -
sp(L6) = | sp(be(k)).

keR

Notation 2.19. We denote by Xy (k) the n-th Rayleigh quotient of hy(k). We recall that
if Mon(k) is strictly less than the infimum of the essential spectrum, it coincides with the
n-th eigenvalue of by (k).
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We restrict ourselves to the case b = (0,1). Since we have Vy(z,k) = k* for z < 0

and lim,_, 1o Vp(2z, k) = 400, we easily deduce the following proposition.

Proposition 2.20. For b = (0,1) and k € R, the essential spectrum of bhy(k) is given by

SPess (1 (k) = [K?, +00) .

Moreover we have sp(Ly) = [0, +00).

In fact, we can prove slightly more.

Proposition 2.21. For b = (0,1) and k € R, the operator by(k) has no embedded
ergenvalues in its essential spectrum.

PROOF. Let us consider A > k? and 1) € Dom (h(k)) such that:

(2.4.3) — "+ (k — ap(x))*h = N
For x < 0, we have —¢" = (A — k%)) whose only solution in L?(R_) is zero. But since the

solutions of (2.4.3)) belongs to HZ_ and are in C'(R), this implies that 1(0) = ¢'(0) = 0

loc

and thus ¥ = 0 by the Cauchy-Lipschitz theorem. O

Let us now describe the discrete spectrum, that is the eigenvalues A < k%. Since, for
k < 0, we have qy(k) > k?, we deduce the following proposition by the min-max principle.

Proposition 2.22. For b = (0,1) and k <0, we have

sp(by(k)) = spess (B (k) = [k?, +00).

Therefore we must only analyze the case when & > 0. The following lemma is a
reformulation of the eigenvalue problem.

Lemma 2.23. The eigenvalues A < k* of hy(k) are exactly the \ such that there erists a
non zero function v € L2(R,) satisfying

(2.4.42) () + (2 — k)2 = Ap(e),

(2.4.4Db) { P'(0) = VE2 = Xp(0) =0,

Moreover, the eigenfunctions of by(k) can only vanish on R,. The eigenvalues of by (k)

are simple.

PROOF. We consider hy (k)1 = M), Since ¢p € L*(R_), there exists A € R such that,
for z < 0, (x) = Ae®V¥* =2, Then we have to solve —¢" + Vi (z, k)¢ = M\ for z > 0 with

the transmission conditions
P(0) = A and ¢'(0) = AVE2 — )

or equivalently
YP'(0) — VE2 — Ap(0) = 0.
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In particular, A cannot be zero. The simplicity is a consequence of the Cauchy-Lipschitz
theorem. 0

Lemma 2.24. The functions Ry 3 k — Ay ,(k) are non decreasing.

PROOF. We use the translation z = y + k to see that h,(k) is unitarily equivalent to
D2 + V(y, k) with V(y, k) = L (—oo—k)(Y)E? + Lk 100y (y)y?. For 0 < ky < ko, we have:

f/(ya k?) - V(ya kl) = ]l(ka,fkl)(y)yz + 1(7007,k2)(y)k% - 1(,w7,k1)(y)k%
Z ]l(sz,*kl)(y)k% + ]l(foo,sz)(y)kg - ]l(foo,fkl)(y)k%
= (oo, —k2) (U2 = L oo,y (Y)KT = 0.

By the min-max principle, we infer the desired monotonicity. U

The next lemma is a consequence of the Sturm-Liouville theory.

Lemma 2.25. Let n € N be such that Xy (k) < k*. Then, the corresponding eigenspace is
one dimensional and is generated by a normalized function vy, (k), depending analytically

on k, which has exactly n — 1 zeros which are positive.

PrROOF. We have only to explain the part of the statement concerned with the zeros.
Thanks to Lemma [2.23] one knows that the zeros are necessarily positive. Then, we
apply the strategy of the proof of Proposition (the integrability at infinity replaces

the cancellation of the eigenfunction). i

Notation 2.26. We let Ey =0 and forn > 1, E, =2n — 1.

By using the harmonic approximation in the semiclassical limit (see Chapter Section
and, in this chapter, Sections and [3.1} see also [53]), we can prove the following

lemma.

Lemma 2.27. For alln > 1, we have

Hm Mg (k) = E,.

k——+o0

In particular, for k large enough, we have X\o (k) < E, < k2.

Let us now prove that the n-th band function lies between the two consecutive Landau
levels E,,_; and E,.

Proposition 2.28. For all n > 1 and for all k > 0 such that Xy, (k) < k* we have
)\b,n(k> S (En—laEn)-

PROOF. By Lemmas and 2.27], we have Ay (k) < E, (the strict inequality comes
from the analyticity). It remains to prove that A, (k) > E,_;. We have clearly Ay (k) >
Ey. Let us introduce h”(¢) the Dirichlet realization on R, of D? + (¢t — ¢)? and its
eigenvalues (112(¢))e>1. For n > 2, we consider the function ¢, (t) = Yy, (t + 2,1(k))
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which satisfies b (k — 2,1(k))¢n = Non(k)pn and has exactly n — 2 zeros on R,. By
the Sturm’s oscillation theorem, ¢, is the (n — 1)-th eigenfunction of h?(k — z,1(k)).
Therefore we have Ao, (k) = p2 ,(k — z,1(k)). Moreover for all £ > 1 and ¢ € R,
uP(¢) > E, (see [50]). This provides the desired conclusion. O

Notation 2.29. We recall (modulo a slight adaptation of the last section) that, for all
¢ > 1, the function l/éo] admits a unique and non-degenerate minimum at ( = LEO_]I,
denoted by ©y_; that belongs to (E,_1, Ey). Moreover, Cﬂl is also the unique solution of

the equation l/éo](g) = (% (see Figure .

Proposition 2.30. For all n > 1, the equation Ay, (k) = k* has a unique non negative
solution, k CT[LOL, such that, locally, for k > kn, Xen(k) < k% Moreover we have

Ao (%) =0,

PROOF. Thanks to Lemma [2.27, we can define k, = max{k > 0 : Ao (k) = k*}.
By continuity, we have, for all k > k,, A\pn(k) < k*. Let us now prove the uniqueness.
Let us consider a solution k, > 0. For all integer p > py with py large enough, we have

- - 2
o (k;n + %) < (k’n + %) . Let us now consider the eigenvalue equation

(2.4.5) D2np+ (knp — a6(2))*np = Anpnp

where ¢,,,, = ¢b,n(l%n,p)a ];?n,p =k, + % and A, , = )\bvn(lﬂ%n,p). Let us investigate the limit
p — +00. As seen in the proof of Lemma [2.23] we know that there exists a € R* such
that, for x <0,

Onp(T) = ae” Rap=Anp

We can relate the de Gennes eigenfunctions to the Weber functions (see for instance [1]).

Notation 2.31. We denote by U(a,x) the first Weber parabolic special function which is
solution of the linear ODE:
1
() + 3% (x) = —ay(z).

It decays exponentially for = — +oo. We let U = Re (U).

By solving (2.4.5)) on > 0 and using the parabolic cylinder U function, we find that
there exits 4 such that, for x > 0,

Onp(T) = BU <—M; 2(x — l;;nyp)) )

Since ¢, , # 0, we have («, ) # (0,0) and ¢, , is C' at z = 0, we get the transmission
condition:

. D VS W
A/ k%p — AU <_T’p; _kn,p\/i> - \/§U/ (_TJJ; _kn,p\/i) =0.
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By continuity and taking the limit p — +o00, we get
. B2
U, _?n7 _kn\/§ =0.
Notice that the function z — U (—%%; V2(x — l;:n)> solves the differential equation

{ — (@) + (2 = kn)*y(2) = kiy(x)
y'(0) =0 and y(0) #0

Moreover it belongs to S(R ).

Therefore, there exists ¢ > 1 such that V}O](l;:n) — k2, and therefore k, = El and
k2 = ©,_1. By Proposition [2.28] we know that k2 = Xy ,.(k,) € [En_1, E,]. Moreover, we
recall that ©,_ 1 € (E,_1, Ey). This implies that ¢ = n. O

Corollary 2.32. Forn > 1 and C,[LOL < k< Q[LO], the operator hy(k) admits n simple

eigenvalues below the threshold of its essential spectrum.

5. Towards analytic families

5.1. Kato-Rellich’s theorem. In Section , we proved that (S[CO])&R is an “analytic
family”. In fact, this comes from the general theory of Kato (see [121, Chapter 7] and
also the older reference [178]).

Theorem 2.33. Let us consider a family of self-adjoint operators with compact resolvents
(L¢)cer. We assume that the family is of type (A), i.e.

(1) the domain Dom (£;) does not depend on (,
(2) for all ¢ € R, there exists r > 0, such that for all u € Dom (L), ¢ — Leu is
analytic in B((y,r).
Let ¢, € R and I' a smooth contour avoiding the spectrum of £¢,. There exists r > 0 such
that if | — C1| <, I' avoids the spectrum of £; and
1
Pr(¢)=— [ (& —2)""d
10 = 5= (2= a:

1s analytic near ¢, and coincides with the orthogonal projection on the direct sum of the
etgenspaces associated with the eigenvalues of £¢.

Moreover, if j1 is an eigenvalue of £¢ , with multiplicity m, then, in a neighbor-

hood of (i, the eigenvalues of £¢ can be represented as the union of m analytic curves

-----

PRrOOF. Let ¢; € R and K be a compact set avoiding the spectrum of £;,. For z € K,
we write
Sg —z = E’Cl — 2z -+ £C — 2(1 = (ld —+ (24 — 2@) (£<1 — Z)_l) (2(1 — Z) .
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We let
Df = (8 — £¢) (L, —2)7 = (8 — £¢,) (L¢, =) (8¢, — 1) (L, —2)7

and

A(Q) = (8 = L) (8, — 1), B(2) = (8 —1) (L —2) 7
so that

Di = A(¢)B(2).

We have already seen in Exercise that B is analytic. Let us show that A is analytic.
In order to see this, we have just to notice that it is pointwise analytic, i.e. { — A({)vY
is analytic for all ¢ € Dom (£¢,). Indeed, if this is the case, for all v € H, we may find a
sequence A,, of linear applications such that

o0

AQv =Y (= C)"An(v),  CE€B(G,r).

n=0
By using the Cauchy formula (in the spirit of Exercise [2.16]) or the Cauchy inequalities
(with the Banach-Steinhaus theorem), we infer that ¢ — A(() is analytic and

o0

A =Y"(C—C)"Ay,  with  Ag=0.

n=0

We will denote by R4 > 0 the convergence radius of this series.

Then we have Id + D = Id + A(¢) B(z) and we notice that it is invertible for ¢ close
enough to (;, uniformly in z € K. Let us write

o

ld+A(Q)B(2) = > (C—)far(z)  axl(z) = AB(2)

k=1

where the ay(z) satisfy, for r € (0, R4),
Pl < Bl M = 1.

We may consider the formal inverse of the power series Y - (¢ — ¢1)*ax(2), denoted by
> k50(C—C1)*bi(z) where the sequence (bg(2))g>1 is defined through the Cauchy product.
It is a classical exercise to see that

M(M + 1)k1

rk Y ka]"

bo(2) =1,  |ow(2)] <

r

T > (. Moreover

so that the convergence radius of Y, (¢ — ¢1)*bk(2) is at least 1’ =
the convergence is uniform for z € K and on D (Cb %l) We have

oo

(Id+ AQ)B(2) ™" = Y (¢ = C)'bl).
We get :
(Lc—2) " = (8 —2)7 D (C—)fh(2)
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uniformly with respect to z € K. It remains to integrate with respect to z on I

Let us consider an eigenvalue p,,((;) of multiplicity m and a contour I" enclosing only
tn(Cr). Let us show that Pr(¢) has constant rank m as soon as ( is close to ;. We use
an argument of Kato (see [121], 1.4.6]). We choose r > 0 such that, for ( € D((3,r), we
get ||Pr(¢) — Pr(G)|l < 1. Welet P = Pr(¢) and Q = Pr(¢y1). We let

U=QP+ (ld—Q)(ld — P) € L (range(P), range(Q))
V =PQ+ (Id— P)(ld — Q) € L (range(Q), range(P))

and notice that UV = VU = 1Id — (P — Q)?. Thus UV and VU are invertible, so are U
and V' and then range(P) = range(Q).

If uy,...,uy, is an eigenbasis associated with p,, the family (Pr(Q)ur)req,..m) is a

.....

basis of the range of Pr(() (for ¢ close enough to (3).

If we let vg(¢) = Pr(¢)ug, we notice that vy is analytic. Since range(Pr(¢)) is stable
by £, the spectrum of £, enclosed in I' is nothing but the spectrum of the restriction

of Pr(¢) to this finite dimensional subspace. We may also orthonormalize the family

-----

vestigation is reduced to a finite dimensional matrix depending on ( analytically. In this
case the analytic representation of the eigenvalues and eigenfunctions is well-known (see
[121], Chapter II, Theorem 6.1]).

g

5.2. An application to the Lu-Pan operator. Let us recall that £47 is defined
by:
eP = A+ Vy=D?+D? 4V,
where Vj is defined for any 6 € (0, 7) by
Vp: (s,t) € R2 — (tcosf — ssind)>.

We can notice that Vj reaches its minimum 0 all along the line ¢ cosf = ssinf, which
makes the angle § with JR%. We denote by Dom (£5F) the domain of £y and we consider
the associated quadratic form QjF defined by:

9 (w) = [ (VuP + ViluP?) asat,
R}
whose domain Dom (Q5P) is

Dom (2§7) = {u € LA(R%), Vu € LA(R2), /Vyu € L*(R2)}.
Let 6,(60) denote the n-th Rayleigh quotient of £57. Let us recall some fundamental
spectral properties of £5° when 6 € (O, %)

It is proved in [105] that sp.(£57) = [1, +00) and that 6 — 5,() is non decreasing.
Thanks to Corollary , we know that s; () is a simple eigenvalue for (O, g) . It is possible
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to prove that, modulo a rotation and a rescaling, depending on 6 analytically, that £5°
is an analytic family (it satisfies and in Theorem . As a consequence (we do
not really need to care about the essential spectrum since s; is strictly below), we deduce
that 0 +— s,(0) is analytic. Then, we can show that the function (0,%) 3> 0 +— s,(0) is
increasing (see [138, Lemma 3.6] and Chapter , Section where a close problem is
analyzed).

5.3. The return of the Robin Laplacian. Let us continue the investigation of
the model introduced in Section [3.21

Lemma 2.34. There exists Ty > 0 such that for all T > Ty, the functions
(~1/(3T),1/(3T) 3 B (857) . (-1/B1),1/(3T)) >

are analytic. Here u{BT} is the corresponding positive and normalized eigenfunction A <22’T> .
PROOF. Let us use the change of function u = (1 — BT)_%ﬂ, since the new Hilbert
space becomes L%((0,7), dr), the form domain is still independent from the parameter
and the expression of the operator depends on B analytically:
BQ
4(1 — Br)?’
with the new Robin condition at 0 given by @(0) = (-1 — £) @(0) and @(T) = 0. The
price to pay is that the domain of the operator depends on B through the B-dependent

(2.5.1) e’ — (1 - B7)20.(1 - Br)d,(1 — Br) 2 = -9 —

boundary condition. Note that the associated quadratic form is defined on H(0,T) by
2

. T T B B
(25.2) Q' (¥) = /0 0,0 dr — /0 mWPdT—(lﬂLE) O]

Thus the form domain does not depend on the parameter. This family is called a type
(B) family and there is a standard procedure to transform a type (B) family into a type
(A) family (see [121], Chapter VII, Theorem 4.2]). O

6. Examples of Feynman-Hellmann formulas

In this section, we give examples of the so-called Feynman-Hellmann formulas (that
we used in Section [4).

6.1. De Gennes operator. Let us prove propositions which are often used in the
study of the magnetic Laplacian.

For p > 0 and ¢ € R, let us introduce the Neumann realization on R of:
0 —
o = 10+ (O
By scaling, we observe that 2[:2 is unitarily equivalent to SEO] and that 2[102 = 220} (the
corresponding eigenfunction is u[lo]C = u[co}).
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Remark 2.35. The introduction of the scaling parameter p is related to the Virial
theorem (see [191]) which was used by physicists in the theory of superconductivity (see
[56] and also [4), [36]). We also refer to the papers [168] and [172] where it is used many
times.

The domain of S[p(?]c is {u € B3(R,),v(0) =0} and is independent from p and ¢ so

that the family <£L0]<> ocer
’ 0] [0]

with respect to . The lowest eigenvalue of £ ' is v~ (¢) and we will denote by u,,¢ the

is an analytic family of type (A) (with respect to p and

corresponding normalized eigenfunction:

0 0
UL}C(T) = ,01/4u[4}(p1/27) :

In order to lighten the notation and when it is not ambiguous we will write £ for SEJO]C, u

for uﬂ and v for v%(¢).

The main idea is now to take derivatives of:
(2.6.1) Lu=vu

with respect to p and (. Taking the derivative with respect to p and (, we get the
following proposition.

Proposition 2.36. We have:

(2.6.2) (& —v)0eu = 2(p"*1 — Qu+ ' (u
and
(2.6.3) (€= v)dpu= (—p~202 = Cp~(p"*1 = Q) = p~'7(p*1 = ()) w.

Moreover, we get:
(2.6.4) (£ —v)(Su) = Xu,
where
X = =50(Q)+ o702+ (o7 = ¢
and

S = —gac — p0,.

Proor. Taking the derivatives with respect to ¢ and p of , we get:
(& =v)0cu =V (Q)u — I Lu
and
(€ —v)Ou=—0,L.
We have: 0.£ = —2(p'/21 — () and 9,8 = p20% + p 27 (21 — (). 0

INote that it may be extended into a holomorphic family near each (p,¢). Thus the family is holomorphic
with respect to (p, () (by Hartogs’ theorem) and not only partially.
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Taking p =1 and ¢ = (p in (2.6.2), we deduce, with the Fredholm alternative:

Corollary 2.37. We have
(€6 — Gy = 2(t — Qg
with
0y _ (8 [0}>
Ve = u .
N ¢ [¢=Co

Moreover, we have

/ (r — CO)(U[C%])Q dr=0.
>0

Corollary 2.38. We have, for all p > 0:

and:

Corollary 2.39. We have:
(S[C?j - I/(C(]))Sou = (872. + (’7' — <0)2) UJ[C((J)} s

where:

Co (o]
Sou = — (a [01) _ 50,00
ot P lp=1,C=Co 2 "0

Moreover, we have:
)
0 0 0
[0-ug I” = 117 = Go)ug I* = =
The next proposition deals with the second derivative of (2.6.1)) with respect to (.

Proposition 2.40. We have:

(2 — o (O)wl = 4(r — )l + (1)) (o) — 2)ud)
with
o] __ ( 2 [0]>
w.. = Fu .
¢ e ) e,

Moreover, we have:

[0\
o o - 2= ()" ()
/T>0(T - CO)UCO ug, dr = — 0

PRrOOF. Taking the derivative of (2.6.2) with respect to ¢ (with p = 1), we get:
(e = ()G =2/ (Qul’ + 47 = Qo + ((C) = 2)u’.

It remains to take ¢ = (y and to write the Fredholm alternative. O

6.2. Lu-Pan operator (bis). The following result was initially obtained in [18§].
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Proposition 2.41. For all 6 € (O, %), we have

51(0) cosf — 51 (0) sinf > 0.
Moreover, we have
lim s (6) = 0.

0—%
s
0<%

Proor. For v > 0, we introduce the operator

2'9'7')7 = D? + D? + (t(cos + ) — ssin)?

and we denote by §1(6,7) the bottom of its spectrum. Let p > 0 and o € (0, §) satisfy
cosf +~v=pcosa and sinf = psina.

We perform the rescaling t = p~'/2f, s = p=/23 and obtain that £ is unitarily equivalent

to:
p(D? + D? + (fcosa — §sina)?) = p&F .

In particular, we observe that s;(6,v) = ps;(«) is a simple eigenvalue: there holds

B - sin @
269 a0 = ot rts s (wran (20

Performing the rescaling ¢ = (cos® + 7)t, we get the operator ENE'(;"; which is unitarily
equivalent to S'gfy :

Qb? = D? + (cos +7)°D? + (f — ssinf)”.
We observe that the domain of E'gfy does not depend on v > 0. Denoting by iy the

L2-normalized and positive eigenfunction of 3'9-7'1 associated with s1(6, ), we write:

ALP ~LP _ ~LP
29,7“9,’7 =51 (67 7)u9,7 :

Taking the derivative with respect to v, multiplying by &'57'37 and integrating, we get the

Feynman-Hellmann formula:

0,51(0,77) = 2(cos b + ’y)/ \Dta'ggﬁ dx > 0.
R2

+
We deduce that, if 0,8;(6,~) = 0, then thbléfy =0 and ﬂ'e-g only depends on s, which is
a contradiction with 57, € L*(R% ). Consequently, we have d,51(6,7) > 0 for any v > 0.
An easy computation using formula (2.6.5) provides:

0+51(0,0) = 51(0) cos 6 — s1(0) sin 6.

The function s; is analytic and increasing. Thus we deduce:

51(0) .

- 1
sin @

cos

Vo € (O,g), 0 <s1(0) <
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We get:
0 < liminf s} () < limsups)(#) <0,
0—3 6—3%
0<3 6<%

which ends the proof.
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CHAPTER 3

First semiclassical examples

Nous appelons ici intuition la sympathie par
laquelle on se transporte a l'intérieur d’un
objet pour coincider avec ce qu’il a d'unique
et par conséquent d’inexprimable.

La pensée et le mouvant, Bergson

In this chapter, we give the first semiclassical examples of this book. In particular,
we essentially deal with the electric Laplacian in dimension one:

(i) we prove a version of the Weyl law,
(ii) we start the discussion about the harmonic approximation.

1. Semiclassical estimate of the number of eigenvalues

In this section we explain how we can estimate the number of eigenvalues of the
operator b, = h?D?+V (x) below a given energy threshold, by using the spirit of partitions
of unity and reduction to local models.

1.1. Two examples. If (£, Dom (£)) is a self-adjoint operator and E € R, we recall
that N (£, E') denotes the number of eigenvalues of £ below E.
If £ =9 = h?D2 is the Dirichlet Laplacian on (0,1). The domain is just H*(0,1) N

H4(0,1) and the operator has compact resolvent. We may easily compute the eigenvalues:
An (9R7) = h*n’x®, e N\ {0},
so that, for £ > 0,

FE 1
N (557, ) ~ VE _ / de dé .
h—0 Th 27Th {(x,6)€(0,1)xR: £2<E}

In the same way, we may explicitly compute the eigenvalues when £ = $o™ = p2D2 + 22

(see Chapter [2] Section [I)). We have
Ao (972™) = (2n—1)h,  neN\{0},

so that, for £ > 0,
E 1
harm
~ — dz d€.
(57) ) h—0 2h 27Th/ {(z,8) €R2: £24 x2<E} o £
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From these examples, one could guess the more general formula:

N (b, E) ~ L dzdé = — /\/E V), da .

h—0 2mh {(z,&)€R2: 24V (2)<FE}

2. Weyl’s law in one dimension. We propose to prove the following version
of the Weyl law in dimension one (see Remark . It generalizes the previous two

asymptotic formulas.

Proposition 3.1. Let us consider V : R — R a piecewise Lipschitzian with a finite
number of discontinuities which satisfies:

(1) V tends to lio when x — 00 with 4o < o,
(2) /(1o — V), belongs to L*(R).

We consider the operator b, = h?*D? + V(x) and we assume that the function (0,1) >
h— E(h) € (—00, ;) satisfies

(1) for any h € (0,1), {zx € R: V(z) < E(h)} = [#min(E(h)), Zmax (E(h))],
(2) h1/3<xmaX(E(h)) — Zmin(E£(N))) h:)O 0,
(3) E(h) h:)O Ey </li.

Then we have:

(bha h—>0 7Th/ \V E() - dx

PRrOOF. We consider a subdivision of the real axis (s;(h“));jez, which contains the
discontinuities of V', such that there exists ¢ > 0, C' > 0 such that, for all j € Z and
h >0, ch® < sj11(h*) — s;(h*) < Ch*, where o > 0 is to be determined. We introduce

Jmin(h*) =min{j € Z : s;(h") > zmin(E(h))},

Jmax(R®) = max{j € Z: s;(h") < Tmax(E(h))} .
For j € Z we may introduce the Dirichlet (resp. Neumann) realization on (s;(h*), s;+1(h%))
of h?D2 + V(z) denoted by b (resp. hj'). The so-called Dirichlet-Neumann bracket-

ing (i.e. the application of the min-max principle and easy domain inclusions, see [176,
Chapter XIII, Section 15]) implies:

JH‘aX(h‘) Jtl\ax(ha)+1
> NS E(R) <N EM) < Y NOYS E(R).
Jj= Jmm(h) jZJmin(ho‘) 1

Let us estimate N(hy", E(h)). If g3 denotes the quadratic form of bR, we have:

sj+1(h%)
g (¥) < / R (@) P + Visupn|p (@) P dz, Vo € C5°((s5(h*), 5;11(h%))) ,

85 (he)
where

V},Sup,h = sSup V(x) :
z€(s;(h%),55+1(h*))
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We infer that
N(ORY, E(R)) = # {n S R TONEOE V>}

so that:

N(ORTS (1)) > (502 (5°) — 55 (5)) [ (E(R) — Vi), — 1

and thus:
Jmnax(h®)
N(hpr, E(h)) >
j:Jmin(hQ)
) Jinax (h®)
—- > (sjaa(h®) - Sj(h“))\/(E(h) — Visupn)y = (Jmax(h®) = Juin(R¥) + 1) .
j:Jmin(ha)

Let us consider the function

and analyze

Jmax(ha)
> Cspealh®) = s5(h) B = Vi) = [ )
j:Jmin(ha)
Jmax(h SJ+1(h
/ ) V}',Sup,h)_._ - fh(x) de
Jml[] ha S
Tmax E(h) s‘]min(ha)
+/ f<>dx+/ falx) da
8 Jmax (B%) Tmin (E(h))

Tmax (W) g (he)

SZ/S

j=umin () 7 23 (A)

\/(E(h> - ‘/},sup,h>+ - fh(l’) dzx + é’ha .

Using the trivial inequality |/ay — \/bs| < \/|a — b|, we notice that

) = \J(E () = Vg \<¢|v Visupil -

Since V' is Lipschitzian on (s;(h®), sj+1(h ), we get:

Jmax(h )

sj+1(h ~
/ (B) = Visup) = Jn(@) Az | < (Jmax(h*) = Jauin (%) + 1) Ch* /2.
j=Jmin (h®) * %

This leads to the optimal choice o = % and we get the lower bound:

Jmax (R2/3)

> NP5 E0) 2 o ([ o) de - ChUa () — () +1)

j:Jmin(hQ/B)
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Therefore we infer

N B00) 2 - ([ (0 = CH i B(W) = in(B) — 1)

We notice that: f;(z) < /({100 — V())4 so that we can apply the dominate convergence
theorem. We can deal with the Neumann realizations in the same way. U

Remark 3.2. Classical results (see [176], 179, 53], 194]) impose a fixed security distance
below the edge of the essential spectrum (E(h) = Ey < l1) or deal with non-negative
potentials, V', with compact support. Both these cases are recovered by Proposition 3.1
In our result, the maximal threshold for which one can ensure that the semiclassical
behavior of the counting function holds is dictated by the convergence rate of the potential
towards its limit at infinity, through the assumption
hY3 (Zmax(E(R)) — Zmin (E(R))) — 0.
h—0

More precisely, assume that [, > [ o so that zy(F(h)) > ZTmin(lis) is uniformly
bounded for E(h) in a neighborhood of /... Then

(i) If lyoo — V(x) < Ca™ for any x > x¢ and given xy,C' > 0 and > 2, then one can
choose E(h) = l;o — Ch? and @ya(E(h)) < h=?/7, provided p < /3.
(ii) If l4oo — V(x) < Cyexp(—Cox) for any z > zo and given xgy,C;,Cy > 0, then one

can choose E(h) = l4o0 — C1 exp(Cyh™/3 x o(h)) and the assumption is satisfied.

2. Harmonic approximation in dimension one

We illustrate the application of the spectral theorem in the case of the electric Lapla-
cian £,y = —h?A + V(z). We assume that V € C*(R,R), that V(x) — +oco when
|z| — 400 and that it admits a unique and non degenerate minimum at 0. This exam-
ple is also the occasion to understand more in details how we construct quasimodes in
general. From a heuristic point of view, we guess that the lowest eigenvalues correspond
to functions localized near the minimum of the potential (this intuition comes from the
classical mechanics). Therefore we can use a Taylor expansion of V' near 0:

"
V(z) = VT(O)QJ2 +O(|z]?).
272 a2 V(0)
We can then try to compare h*D7; + V (z) with h* D3 + — T

Proposition 3.3. For all n > 1, there exists a sequence (i, ;) such that, for all J > 1,
there exists ho, C' > 0 such that, for all h € (0, hy),

J
dist (hz Mn,jh%,sp(sw)) <Ch'r |

J=0

V(0
Moreover we have ji, o = %
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PRrOOF. For an homogeneity reason, we try the rescaling @ = h'/?y. The electric
operator becomes:

Lyy = hD.+V(h'?y).
Let us use the Taylor formula:
" R V4®)) ,
V) ~ L 2(0) h? + Y i) j|(0) Y.
Jj=3 '

This provides the formal expansion:

Ly ~h (LO +) hﬂ'/2Lj> :
j>1
where Vv (0)
2 2
LO = —8y + Ty .

We look for a quasimode and an eigenvalue in the form
U~ u;(y) 72, uth,LLjhj/2.
Jj=0 Jj=0

Let us investigate the system of PDE that we get when solving in the formal series:
Lyyu~ pu.

We get the equation:
Loug = poug -
Therefore we can take for (i, ug) a L2 -normalized eigenpair of the harmonic oscillator.
Then we solve:
(Lo — po)ur = (1 — La)uo -
We want to determine pq and u;. We can verify that Hy — pg is a Fredholm operator so

that a necessary and sufficient condition to solve this equation is given by:
(i1 = Ly)ug, ug)z = 0.

Lemma 3.4. Let us consider the equation:

with f € S(R) such that (f,up)2 = 0. The (3.2.1)) admits a unique solution which is

orthogonal to ug and this solution is in the Schwartz class.

PROOF. Let us just sketch the proof to enlighten the general idea. We know that
we can find v € Dom (Hj) and that u is determined modulo uy which is in the Schwartz
class. Therefore, we have: y?u € L*(R) and v € H*(R). Let us introduce a smooth cutoff
function yz(y) = x (R~'y). xzy?u is in the form domain of Hj as well as in the domain
of Hy so that we can write:

(Lo(XRyQU), XRZ/2U>L2 = ([Lo, XRZUQ]% xry*u) 2 + (xry*u(pou + 1), XRy2u>L2 .
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The commutator can easily be estimated and, by dominate convergence, we find the
existence of C' > 0 such that for R large enough we have:

Ixry’ul® < C.

The Fatou lemma involves:

y*u € L*(R) .
This is then a standard iteration procedure which gives that all/(yku) € L*(R). The
Sobolev injection (H*(R) < C*~2(R) for s > 3) gives the conclusion.

g

This determines a unique value of p; = (Ljug,ug) 2. For this value we can find a
unique u; € S(R) orthogonal to wy.

This is easy to see that this procedure can be continued at any order.
Let us consider the (1;,u;) that we have constructed and let us introduce:
J J
Usn = Y _ws)h??, pgn=h> b,
=0 =0
We estimate:
1(Lhy = pn)Usnll -
By using the Taylor formula and the definition of the y; and u;, we have:
1(Lhy — pan)Usnll < CoRFIZ

since ATV/2||y D205, || < CyhUHD/2 due to the fact that u; € S(R). The spectral
theorem implies:
dist (11, SPais(Lnv)) < CyhTD/2

3. Helffer-Kordyukov’s toy operator

Let us now give an explicit example of construction of quasimodes for the magnetic
Laplacian in R%. We investigate the operator:

£h7A — (th + Al)z + (hDQ —|— A2)2 5
with domain
Dom £, 4 = {¢ € L*(R?) : ((hD1 + A1)* 4+ (kD1 + A3)*) ¥ € L*(R?)}.

Let us state an easy lemma.
Lemma 3.5. We have

Qna(¥) > , Vi e CP(R?).

/ hB(z)[y|* dx
RQ
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PRrooF. This is a consequence of Proposition [0.2] U

Proposition 3.6. Consider A € C*(R? R?) such that V x A(x) = B(x) — +oo0.

|| =400
Then, £y 4 has compact resolvent.

ProoOF. This is an application of Theorem [I.10] and Proposition [I.13] U

Let us now give a simple example inspired by [97]. Let us choose A such that
B=1+22+y? Wetake A, = 0 and Ay = z + %3 + y2x. We study the Friedrichs

extension of )

ex xg

A =h’D? + <hDy+x+€—|—y2x) .
Proposition 3.7. There exists ¢ € R such that for all m € N, there exists C,, > 0 and
ho > 0 such that, for h € (0, hg),

dist (b + (2m + 1 4 ¢)h?, spgi(£54)) < Cuh®.
PROOF. Let us try the rescaling = = h'/?u, y = h'/?v. We get a new operator:
u? 2
Lya=hD?+h (Dv +u+h3 + hv2u) .

Let us conjugate by the partial Fourier transform with respect to v ; we get the unitarily
equivalent operator:
w3

2
ﬁh,A:hD3+h(§+u+h3 +huD§> .

Let us now use the transvection: u = @ — £, & = &. We have:

We are reduced to the study of:
2

Lpa=hD:+h <u ol _35)3 + h(i — §)(De + Da)2>

We can expand L, o in formal power series:

Lha=hPy+hP+...,

Let us look for quasimodes in the form
A~ R+ RPN+ ..., Y~ b+
We solve the equation:

PO'QDO = )\O@DO .

We take Ao = 1 and i (1, &) = go(@) fo(€) where gq is the first normalized eigenfunction
of the harmonic oscillator. fj is a function to be determined. The second equation of the
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formal system is:

(Fo — Ao)thr = (A1 — Pr)vo -
The Fredholm condition gives, for all &:

(M1 = P1)vo, go)L2(ry) = 0.

Let us analyze the different terms which appear in this differential equation. There should
be a term in &2, Tts coefficient is:

/ tigo(w)*dit = 0.
R

For the same parity reason, there is no term in &. Let us now analyze the term in Dg.

Its coefficient is:
(Dt 4 1Dg)go, Ugo) 12 (rg) = 0,
for a parity reason. In the same way, there is no term in ng The coefficient of SDE is:
R
The compatibility equation is in the form:
(aDf + be* +¢)fo = A fo.

It turns out that (exercise):

1.

a:b:2/a2g§dﬂ
R

In the same way ¢ can be explicitly found. This leads to a family of choices for (A, fo):

We can take A\; = ¢+ (2m + 1) and fy = g,, the corresponding Hermite function.

This construction provides us a family of quasimodes (which are in the Schwartz class)

and we can apply the spectral theorem. O

Remark 3.8. One could continue the expansion at any order and one could also consider
the other possible values of \y (next eigenvalues of the harmonic oscillator).

Remark 3.9. The fact that the construction can be continued as much as the appearance
of the harmonic oscillator is a clue that our initial scaling is actually the good one. We
can also guess that the lowest eigenfunctions are concentrated near zero at the scale h'/?

if the quasimodes approximate the true eigenfunctions.
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CHAPTER 4

From local models to global estimates

Zeno’s reasoning, however, is fallacious, when he
says that if everything when it occupies an equal
space is at rest, and if that which is in locomotion
is always occupying such a space at any moment,
the flying arrow is therefore motionless. This
is false, for time is not composed of indivisible
moments any more than any other magnitude is

composed of indivisibles.

Physics, Aristotle

In this chapter we introduce the notions of partition of unity and of localization and

provide some examples.

1. A localization formula

We explain in this section how we can perform a reduction of the magnetic Laplacian
to local models.

1.1. Partition of unity and localization formula. The presentation is inspired
by [43].

Lemma 4.1. There exists C > 0 such that for all R > 0, there exists a family of smooth
cutoff functions (x;r)jeze on R? such that

D r=1 Y IVl <CR.
J J
Moreover, the support of x;r is a ball of center x; and radius R.
PROOF. We may consider a cutoff function y being 1 on B(0,1) and 0 away from

B(0,1). We let .
Sp(x) =Y X (x _RRJ) -

jez?
There exists N > 0 such that for all R > 0 and all x € R% Si(x) < N. Moreover, we
have Sg(x) > 1 for all x € R? and thus we may define

X (54

SR<X)
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It remains to notice that

x—Rj x—Rj
VSR(X) = 2R_1 ZXj’R ( R ]> vXj,R ( R j)
J

so that
IVSr(x)| < 2D Lpmjm(x).

j
By using support considerations, we get > . 15(r;r)(x) < N and [[VSg(x)[| < DR~ and
easy arguments provide the control of the gradients. U

The following formula is sometimes called, by a slight abuse, “IMS formula” and

allows to localize the electro-magnetic Laplacian.

Proposition 4.2. We have
(4.1.1)

Vi € Dom (£.4v), Vx € C°(RY), Qnav(XV) = (Crav, V) + | (VX)Yi:,

and

(412) V¢ € Dom (Quav),  Quav(®) =Y Quaviat) =0 > Vsl
J J

PROOF. The proof is easy and instructive. By a density argument, it is enough to
prove the formulas for 1) € Dom (£, 4 v).

We let P = hDj + Ay, and x = x;r- We estimate
<Pw7PX2¢>L2 = <XPw7 [Pv X]¢>L2 + <XP¢7PX¢>L2
= <XP1/}7 [P7 X]¢>L2 + <wa?wa>L2 + <[X7 PW% PX¢>L2
= (Pxt, Pxyyz = I[P, X]JYI1? + (xP, [P, ]2 — ([P, X]t, x PY) 2.

Taking the real part, we find
(P, PX*)i2 = | Pxy|* — (I[P xJol*
We have [P, x| = —ihdyx and it remains to sum over k and integrate by parts.
To get , we write
(Shavt, )z =D (Shavt, otz

J

and we apply (4.1.1)). O
Let us illustrate a possible use of (4.1.1)).

Exercise 4.3. Consider (—A, + V(z),C5°(RY)) where V € C°(RY,R).

(1) Give the domain of the adjoint.
(2) Prove that this operator is symmetric.
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(3) We recall that a symmetric operator (with dense domain) is closable and that,
by definition, it is essentially self-adjoint if its closure is self-adjoint. We also
recall the characterization: (£,Dom (£)) is self-adjoint iff ker(£* £ i) = {0}.
Prove that (—A, 4 V(z),C°(RY)) is essentially self-adjoint. For that purpose,

(RY). One will

use a cutoff function yg(x) = x(R~'x) with y € C°(R?) being 1 near 0.

we will notice that the elements of the above kernels are in HZ_

1.2. Harmonic approximation in dimension one (bis). In this section, we con-
tinue the analysis started in Chapter[I] Section [l We recall that the operator is expressed
as Sh,V = h2Dg + V.

Proposition 4.4. We have
V(0
M(Lhyv) =h % + O(R%3).
PROOF. There exist dp > 0, g9 > 0, C' > 0 such that:
V(z) > 09 for |z| > e

and —_—
V(z) — —2( )xZ

< Clzf> for |z <.

We introduce a partition of unity on R with balls of size r > 0 and centers x; and such
that:

(4.1.3) inr =1, for <Cr 2
J J

We may assume that xo = 0 and that there exists ¢ > 0 such that, for all j # 0, |z;| > cr.
This localization formula gives

Qv () = D Qv () = 12 3 IGAI* = D0 Qnw () = ChA 2w

There exists ¢ > 0 such that for j # 0, we have

Qpyv (X)) = min(dy, ar?) || X, ¥ |-

Moreover, by using a Taylor expansion and then the min-max principle for the harmonic
oscillator, we get

Vi)

/
nr o) 2 [ D0, + 52 0,0 do = O o,
R

V(0
< <h # _CT?’) lIx0.- Y%

We choose r = h” for some p > 0 and we optimize the remainders by taking 2 — 2p = 3p
and thus p = % O
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1.3. Magnetic example. As we are going to see, the localization formula is very
convenient to prove lower bounds for the spectrum. We consider an open bounded set
Q2 C R? and the Dirichlet realization of the magnetic Laplacian S,E)j_x. Then we have the
lower bound for the lowest eigenvalues.

Proposition 4.5. For all n € N*, there ezist hg > 0 and C' > 0 such that for h € (0, hg):
An(h) > min || Bl h — Cho/*.

PrOOF. We introduce a partition of unity with radius R > 0 denoted by (x; r);. Let
us consider an eigenpair (A, ). We have:

Qal) =D Qualuyny) = 0* Y [Vxgav

so that:
Qualt) =Y Qualxnt) — CRZE ||y
J

and:

A[I? 2 Qnalxird) — CRZR0]2.
j

It remains to provide a lower bound for Qp a(x;rY). We choose R = h* with p > 0,
to be chosen. We approximate the magnetic field in each ball by the constant magnetic
field B;:
IB—B,|| < Clla —al.
In a suitable gauge (using Lemma[0.3), we have:
IA — Al < Clle — ),
where C' > 0 does not depend on j but only on the magnetic field. Then, we have, for
all e € (0,1):
Qna(xrt) = (1= €)Qy am(xr0) — C% R Ix;rvl|.

From the min-max principle, we deduce:
Qna ;) > (1= 9)|IByllh — C?™ 1% xr ]
Optimizing e, we take ¢ = h?~1/2 and it follows:
Qnalxgrt) > (1Bl = CR* ) |y ool

We now choose p such that 2p+1/2 = 2—2p. We are led to take p = % and the conclusion
follows. O

Exercise 4.6. This exercise aims at proving (0.1.4]).

(1) Let © be a bounded subset of R? with 0 € 2. Assume that the magnetic field
has a positive minimum at 0 and consider the Dirichlet magnetic Laplacian.
By using a test function ¢ in the form (x) = X(x)e_p|x|2/h with p > 0 to be
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determined and x a smooth cutoff function near 0, prove that
M(h) = hm&nB +o(h).

(2) Prove the same kind of asymptotic expansion in dimension three.

2. Agmon-Persson estimates

2.1. Agmon formula. This section is devoted to the Agmon formula in the semi-

classical framework. We refer to the classical references |2} 3, (90}, 110, 111].

Proposition 4.7. Let Q be an open domain in R™ with Lipschitzian boundary. Let
V e CO(Q,R), A € CO(QR™) and ® a real valued Lipschitzian and bounded function
on Q. Then, for u € Dom (£5,4v) (with Dirichlet or magnetic Neumann condition), we
have:

/ |(—ihV + A)e®ul? do + / (V = R?|VO*e®®) |ul” dz = Re (& a,vu, e Pu)i2(q) -
0 Q

Proor. We give the proof when & is smooth. Let us use the Green-Riemann formula:

m m

Z«—Zh@k + Ak)zu, 62(I)u>|_2 = Z((—zh@k + Ak)u, (—zh@k + Ak)ez(bu>|_2 ,

k=1 k=1
where the boundary term has disappeared thanks to the boundary condition. In order
to lighten the notation, we let P = —ih0, + A.

(Pu, Pe*®u) > = (e® Pu, [P, e®|u) 2 + (e® Pu, Pe®u)»
= (e®Pu, [P, e®|u) 2 + (Pe®u, Pe®u) > + ([e®, Plu, Pe®u),»
= (Pe®u, Pe®u)2 — ||[P, e®ul|® + (e® Pu, [P, e®u) 2 — ([P, e®]u, e® Pu)L- .
We deduce:
Re ((Pu, Pe*®u)2) = (Pe®u, Pe®u)2 — ||[P, e®u]||*.
This is then enough to conclude.

i

In fact we can prove a more general localization formula (which generalizes Proposi-

tions [4.5] and [4.7).

Proposition 4.8 (“Localization” of P? with respect to A). Let (H,(-,-)) be a Hilbert
space and two unbounded operators P and A defined on a domain D C H. We assume
that P is symmetric and that P(D) C D, 2A(D) C D and A*(D) C D. Then, for ¢ € D,
we have:

(4.2.1) Re (P, AA™y) = ||[PAY)||* — [|[27, PI|* + Re (P, [P, 2], 2A°]¢)

+Re ((Py, 0[P, 2AJy) — (PY, AP,AT] ) .
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2.2. Agmon-Persson estimates. It turns out that the estimates of Agmon are
closely related to the estimates of Persson. These estimates state that, if an eigenfunc-
tion of the electro-magnetic Laplacian is associated with a discrete eigenvalue less than
the bottom of the essential spectrum, then it has an exponential decay. The following
proposition is very convenient in concrete situations.

Proposition 4.9. Let V € C°(Q, R) bounded from below and A € C*(Q2,R™). Let us also
assume that there exists Ry > 0, u* € R, hg € (0,1) such that, for all h € (0, hg) and for
all ¥ € Dom (L5, 4,v) with support in CD(0, Ry), we have

Qi av@) > wlv)?.

Then, for h € (0, hg), we have inf spo(Ln.av) > p*. Moreover, if 1 is an eigenfunction
associated with p < p*, then for all ¢ € (0,/u* — ), we have eX € L2(Q) and even
ey € Dom (. 4v)-

PRrROOF. The first part of the statement is a consequence of Proposition [I.32]

Let ¢ € (0,/u* —p). We introduce x,(y) = x(m~'y), with y a smooth cutoff
function being 1 in a (suitable) neighborhood of 0. With Proposition [4.7, we deduce that

DhAV(eaxm(‘X|)‘X|¢) < M"esxm(|x|)\x|w"2 + H<€sxm(|x|)|x|)/w“2_

But we have

(e POy 12 = 2| (=X (m ™ x| x|V %]+ xm (X)) VIx]) 212,
where b = esxm (XDl We deduce, for all v € (0,1),

(e B2 < (144X N12 + (1 +7)) (e PO,
We choose v = ||X'|| so that

x|)|x 2 m (|x])[x
(e PO 12 < e (1 4 [|x[|oo)” e I 2.

We get
422 Quarle PR < (e (14 [ l)?) e IR

We consider a partition of the unity x%, + x%, = 1 with 23:1 |Vxr;| < CR™? and
supp(xrz2) C CB(0, R) (with R > Ry). With the localization formula, we find

Qh7A’V(6€Xm(‘X|)‘X|1/}) > Qh,A,v(XR,16€X’”(‘X|)‘X|1/J) + Qh,A,V(XR,Zeexqumx‘w)
— CR7Y||exm(XDixly) |2 |
so that
QhAV(esxm(\XI)\XIw > QhAV(XRlesxm(\XI)\XIw + 1l xR 26£X?ﬂ(|x|)|x|¢”2
_ CR—QHeEXm(\X|)‘X|¢H2 _
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We deduce the existence of C'(R,e) > 0 such that, for all m > 1,
(1" == 2 (L4 W) = CR™2) a2 < O(R, <) 2.

* 2 *
We choose x such that p* — p — e (14 [[X/[|lo0)” = 5% > 0. Then, for R large enough,
we find ¢(R, ) > 0 such that, for all m > 1,

c(R, )| xr 26X PIX|12 < O(R,€)0])*.
We get the existence of C’(R, ) > 0 such that, for all m > 1,
(4.2.3) [exxmPOXp|2 < C(R, )[4

Then, we take the limit m — +oo and use the Fatou lemma. To get the control of e=ly)
in the norm of the quadratic form we use (4.2.2)). d

3. Applications

3.1. Harmonic approximation in dimension one (ter). We continue the anal-

ysis of Section [I.2 With Proposition [B.3| we have A, (£4,) = O(h).

Proposition 4.10. For all € € (0,1), there exists C > 0 and ho > 0 such that, for all
h e (0, ho),

(4.3.1) [e= P2 < Ol)?,  Quy(ef®/Mp) < Chlly|?,
Jy V() dyl.

PRrROOF. The proof follows from the same strategy as the one of Proposition [4.9
For ¢ € (0,1), we introduce ® = e®y and x,,(y) = x(m ly), with x a smooth cutoff

where &y =

function being 1 in a neighborhood of 0. Let us consider an eigenvalue A (= O(h)) and
an associated eigenfunction ). We have

oy (X @O0/ < ) [|oXm(POIPO/hypl12 4 B2 ) (X (@0)P0/R)y 12
We have, for all v € (0, 1),
1R @2 Y12 = |3, (Bo) Py Poth + Xom (Do) ) |
< E(1 47X (R0) PV VI + (1 +7) [ xm(Po) VYV
< (T DIN I + @ +m) IVVE?,
with ¢) = exm(®0)%0/hy)  We choose 7 = ||X||oc and we get
(e PPy )2 < &2 (14 [[x o) IV V.

Given € € (0, 1), we may find y such that ||x’||« small enough so that there exists 77 > 0
such that 1 — &2 (1 + [|[X']|oc)” > 7. We get

thﬁv(eEXm@O)‘I’o/hw) < Chylefxm(¢o)¢o/h¢‘|2
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and thus
/ ﬁVGQEXm((DO)(I)O/hhpP daj‘ S Ch||esxm(®0)(b0/hw||2 .
R

Given Cy > 0, we write

/ Ve2xm(®0)o/h 12 4 / Y e2xm(@0)o/h |12 4 4 / V2o (@0)®0/h 2 4
R |z|>Cohl/2 |z|<Coh1/2

Using the quadratic approximation of V' at 0 and the fact that V' admits a unique and
non degenerate minimum, we deduce that there exists ¢ > 0 such that for all Cy > 0,
there exist C, hy > 0 such that, for h € (0, hg) and all m > 1,

J s ETT I P < Chlp P
z|<Cy

and
/ V€2€Xm(¢o)<1>o/h|¢|2 dz > chh/ 62a><m(<1>o)‘1>o/h|¢|2 dz .
|x|>Cohl/2

|z|>Cohl/2
Taking Cj large enough, we deduce that

/|>c Bl/2 estm(%)%/hWP dr < C”sz’
z|>Co

We deduce that there exist C' > 0, hg > 0 such that, for all m > 1 and h € (0, hy),
[lexm (P Po/Rap[[2 < Clp]|*.

Then we consider the limit m — +o0o and use the Fatou lemma. We deduce the first
estimate in (4.3.1)). We easily deduce that

(4.3.2) Qv (™M) < Chlly*.

Exercise 4.11. Prove that for all ( € R, we have

/ e ul ()2 dt < +oo, and / | (uY ()] dt < +o00.
Ry Ry

Proposition 4.12. For all n > 1, there exists a sequence (i, ;) such that, for all J > 1,
there exists hy, C > 0 such that, for all h € (0, hy),

ghV Zun]hQ-

7>0

PrRoOOF. For N > 1, we may define a family of eigenpairs ((An(Lnv ), ¥nh))n=
such that (Y )n=1

-----

~ is an orthonormal family. We let
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We leave as an exercise to check that the elements of Ex(h) still satisfy the estimates of
Agmon (4.3.1)). By using these estimates of Agmon, we easily get that, for all ¢» € Ex(h),

() > /R R, + L0

e da - .
Then, the min-max principle implies

VH(O) . Ch3/2 )

)\N<£h,V) > (2N — 1)h

Then, the expansion at any order of the n-th eigenvalue follows from Proposition[3.3] O

It turns out that the estimates of Agmon are related to the so-called WKB construc-
tions. We provide an example of such a construction in the following proposition (see
[53], Chapter 3] for further details and generalizations).

Proposition 4.13. For all n > 1, there exist a neighborhood of O denoted by V and a
smooth function a, defined onV and hy,C > 0 such that, for all h € (0, hy),

"
‘ (2;1,\/ —(2n—1)h v (O>> Xan’oe_%/h < Ch?,

2

and x a smooth cutoff function being 1 near 0.

with ®¢ = ‘fox VVi(y)dy

PROOF. Let us compute
(4.3.3)  Luy (ae ") = (h*D2ag — 2hD,aoD,Po + hag®) — ())*ag + Vag) e~ /"
and we solve
Lhv (aoe_%/h) = Ahage /"
We have (®)? = V. Then, we consider
@6895@0 + 896((1)6@0) = )\CLO .

We have to solve this equation in a neighborhood of 0 (so that ®{ only vanishes at 0). It
can be explicitly solved on x > 0 and x < 0. Since we look for a smooth function ay we

can check that this implies A = (2n — 1) V”Z(O), for n > 1. Moreover a, o behaves like s"

near 0. Finally, we write

<£hy —(2n—1)h v (0)> Xan,oe’%/h

2

V”(O)

- X (ﬁh’v —(2n—1)h ) an,oef%/h + Ly, X]an,oef%/h-

With support considerations, the second term in the r.h.s. is O(h*). By using (4.3.3),
the first term in the Lh.s. is O(h?). 0
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Proposition can be used to prove that there are no odd powers of hz in the
expansion given in Proposition {4.12}

3.2. A model with parameter. The estimates of Agmon may be useful to analyze
the dependence of eigenvalues with respect to some parameters, especially when the
dependence of the quadratic form on the parameters is not clear. In this section, we
deal with a simple example of such a situation. For a € [0, 1], we consider the Friedrichs

extension £, of the differential operator, acting on C5°(IR?),
(D + ay + y(2® + y%))" + D2
We recall that the domain of the associated quadratic form 9, is
Dom(Q,) = {¢ € L*(R*): Dy e L*(R*), (D,+ay+y(2®+y*)yeL*(R?}.

The magnetic field is B,(x) = a + |x|? and tends to +o0o when |x| — +o0o. In particular,

with Proposition [3.6] £, has compact resolvent. We recall that is comes from the lower
bound

(4.3.4) Q,(Y) > /Rz(aJr Ix[2)[1]? dx > /]R2 |x|?[2)]? dx .

We consider its lowest eigenvalue A(a).

Proposition 4.14. There exists C > 0 such that, for all a € [0, 1],
IA(a) = A(0)] < Ca.

PROOF. Let us consider a normalized eigenfunction u, associated with A(a). From

the lower bound (4.3.4)) and Proposition , we have ey € L2(R?).Then we have
Qa(uo) = Qo(uo) + 2aRe <(Dz + 9(3?2 + 92))7«607 Z/U0>L2(R2) + @2HZ/UOHE2(R2) )
so that
Aa) < Qq(ug) < A0) 4 2a+/LQo(uo)[[yuolL2me) + a2||yu0||L2(Rz ,

and we deduce the upper bound. Now, we know that there exists Cy > 0 such that for
all a € [0, 1],
(4.3.5) Aa) < A0) + Coa < A(0) + Cp.

From the a-independent bounds (4.3.4)) and (4.3.5)) and from the proof of Proposition 4.9}
we deduce that there exists C' > 0 such that, for all a € [0, 1],

(4.3.6) / 2y, 2dx < O
RQ

More precisely, it comes from the fact that, for all u* > 2 + A\g + Cp, there exists Ry > 0
such that, for all ¢ supported in CB(0, Ry) and all a € [0, 1], we have Q,(¢) > u N lIE2 ge) -
We also notice that the constant in (4.2.3]) does not depend on a € [0, 1].
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In the same way as previously, we have
Qo(ua) = AMa) — 2Re ({(D, + ay + y(2° + ¥°))ta, Yua) 12(r2) + a2|\yua||EQ(R2) :
and thus

A(0) < Qo(ua) < Aa) + 20/ Qa(ua) lyttallizee) + a|[yual| Pz gz -
The conclusion easily follows since Q,(u,) = Aa) < A(0) + Cp and with the uniform

estimate (4.3.6)). O

3.3. Pan-Kwek’s operator. We prove Theorem [6.14

3.3.1. Changing the parameters. To analyze the family of operators MQ}“ depending
on parameters (z,§), we introduce the new parameters (x,7) using a change of variables.
Let us introduce the following change of parameters:

P(2,€) = (r,7) = (:c5+5> |

A straight forward computation provides that P : R? — R? is a C*°-diffeomorphism such
that:

lz] + [£] = +00 & |P(2,8)] = +00.
We have MJ¢" = Ve, where:

x,m
t—x)? ?

with Neumann condition on ¢t = 0. Let us denote by v}'*!(x,n) the lowest eigenvalue of

N, so that:

(@, &) = ' (z,m) = ™ (P(,)) -
We denote by Dom (Q)%") the form domain of the operator and by Q)% the associated
quadratic form.

3.3.2. Emistence of a minimum for p)*(x,£). To prove Theorem we establish
the following result:

Theorem 4.15. The function RxR > (z,n) — v (x,n) admits a minimum. Moreover

we have:

liminf v} (2,7) > vme > min v

|z|+[n|—+o00 (z,m)ER?

(z,m).

To prove this result, we decompose the plane in subdomains and analyze in each part.

Lemma 4.16. For all (z,n) € R? such that n > %, we have:
— 0N (2, ) 4 /2 8yNe“ >0.
Thus there is no critical point in the area {n > %}
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PROOF. The Feynman-Hellmann formulas provide:

e A e [

+oo t— o 2
Oy (w,m) = =2 / <( 5 ) —n> uz, (t) dt.
0

We infer:

+oo
8yi\'euxn+\/_8y'\'e“xn):/ (t—z—/2n)(t—24+/2n) (t—2—/2n)u () dt.
0
We have:

+00
/ (t—x—/20)2(t — 2z + /21 ) dt > 0.
0

Lemma 4.17. We have:
inf pNe < UMo -
o1 ) <
Proor. We apply Lemma at x = 0 and 1 = v to deduce that:
DN (0, mve) < 0.

The following lemma is obvious:

Lemma 4.18. For all n < 0, we have:

Neu( 2

N

In particular, we have
N (2,1) > Umo, VN < —v/"Mo -
Lemma 4.19. For x <0 and n < %-, we have:

Ne”(x n) > V{ ](O) > UMo -

PROOF. We have, for all 1) € Dom (Q'"):

— )2 2
Q)= [ 1wk + (Y5 -0) wka

(t — z)? Az t+x2 2>t4
2 M)\ T Ty ) =y

The min-max principle provides:

and




Moreover, thanks to the Feynman-Hellmann theorem, we get:
(o04"m) =~ / Pug(t)2dt < 0.
n=0 R4

g

Lemma 4.20. There exist C, D > 0 such that for all x € R and n > D such that
' (z,m) > Cn'’2.

PRroOOF. For x € R and n > 0, we can perform the change of variable:
t—x
Vi

The operator 77_2/\/;",\";” is unitarily equivalent to:

T =

~ 7—2 2
A —iepz+ (G -1)

on L? ((=%, +00)), with & = \/Lﬁ and h = n~3/2.

By using the harmonic approximation (see Section , we deduce
' (x,n) > e,

for n large enough. O

Lemma 4.21. Let u, be an eigenfunction associated with the first eigenvalue of £7';/'°’+.
Let D > 0. There exist €9, C > 0 such that, for all n such that |n| < D, we have:

400 3
/0 2208 [ 2 dt < Cluy|?.

PrROOF. We leave the proof to the reader as an exercise: it is sufficient to apply
Proposition [£.9} O

Lemma 4.22. For all D > 0, there exist A > 0 and C > 0 such that for all |n| < D and
x> A, we have:
() — )| < a2,

ProOOF. We perform the translation 7 = t — x, so that ./\/;CN;“ is unitarily equivalent
to:
N 2 7 ’
Nxm :DT+(§_T}) )

on L?(—xz, +00). The corresponding quadratic form writes:

AN e 2 7’ ’ 2

)= [ i (G -a) i ar,
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Let us first prove the upper bound. We take ¢(7) = xo(z '7)u,(7). The “IMS”
formula provides:

ON (xo (a7 )y (1)) = 1" ()Xo (2 ) (T + [ (xo (@™ 7)) e (7) |2

Jointly min-max principle with Lemma [4.21], we infer that:

< W) [(xo (™1 7)) u (7)1

R F R STNET
Co~2
1
S V£ ](77) + 620501;3 °

Let us now prove the lower bound. Let us now prove the converse inequality. We denote

by @, the positive and L?*-normalized groundstate of ./\7me]” On the one hand, with the
localization formula (4.1.1)), we have:

Q' (xo(x™'7) i) < vr (1) X0 (217 )it |* + C™2.
On the other hand, we notice that:

+oo -3
/ Mt |* dr < C, / i, |* dr < C,

—T T

and thus: i
22 5 4
/ |ty p|” dT < Cz™" .

T

We infer that:
Q?y;“(xg(x_lﬂﬁm) < (vi(z,m) + C’x_2)||xg(m_17')ﬁm||2.

We deduce that:
() < vi(w,n) + Ca2.
O

We have proved in Lemmas |4.18 and that the limit inferior of vi(z,n) in
these areas are not less than vy,. Then, we deduce the existence of a minimum with
Lemma 4.17]

3.4. Other applications.

3.4.1. Helffer-Kordyukov’s operator. Let us now apply the Agmon estimates to the
model introduced in Chapter [3| Section [3]

Proposition 4.23. There exist C > 0,hg > 0, € > 0 such that, for h € (0, hy) and (X, )
an eigenpair of L7, satisfying A < h + Ch?, we have:

[ o < Cpule
R2
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PROOF. We consider an eigenpair (), 1)) as in the proposition and we use the Agmon
identity, jointly with the localization formula (with balls of size h%/®):

Q%4 (€M) — B2 V0™ )2 = |y

where 6 > 0 and ¢ are to be determined. For simplicity we choose ®(x) = ¢||x||. We
infer that:
S
(hB(z,y) — h — Ch? — 22h2729)|e®/ M > dzdy < 0.

R2
We recall that B(z,y) = 1+ 2%+ y?. We choose 6 so that hh? = h?~? and we get § = 1.
We now split the integral into two parts: ||x|| > Coh'/* and ||x|| < Coh!/*. If € is small
enough, we infer that:

2™ | < Cllo].
]

3.4.2. Robin Laplacian in one dimension. Consider the first L>-normalized eigenfunc-
tion u} of £3" (defined in Chapter , Section . By using Proposition and the fact
that the Dirichlet problem on (0,7) is positive, deduce the following proposition.

Proposition 4.24. There exists Ty,e9 > 0, a > 0 and C > 0 such that for all T > Ty,
for all B € (—eqT™1,egT1) there holds,

le* ugs

<C.

I ((0.1);1—Br) dr)

Let us give an example of application (that we state for a further use). By using
Lemma [2.34] the “Feynman-Hellmann” formulas and Proposition [4.24] it is possible to

prove the following lemma.

Lemma 4.25. There exist Ty, €9, C > 0 such that for all T > Ty and B € (—eoT 1, 0T 1),

(4.3.7) O\ (E,F;T)] <c,
(4.3.8) 1085 | 20myam) < C-

3.4.3. Semiclassical Robin Laplacian. Let €2 be a bounded, simply connected and

smooth domain in dimension two. We consider the Robin Laplacian
(4.3.9) gRob — _p2A

with domain

(4.3.10) Dom (£7°°) = {u € H2(Q) : m-h2Vu-+u =0 on IQ}.

The associated quadratic form is given by

vu € HY(Q), Q§°b(u):/ |hvu|2dx—h§/ lul? ds(x) ,
Q o0
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where ds is the surface measure of the boundary. Note that, by a classical trace theorem

(see for instance [30, Lemma 9.9] in the case of a straight boundary), the quadratic form
QR°P is well-defined and bounded from below.

The following proposition (see [94]) states that the eigenfunctions associated to (semi-
classically) negative eigenvalues are concentrated in a neighborhood of size hz of the
boundary.

Proposition 4.26. Let ¢y € (0,1) and o € (0,./€). There exist constants C > 0 and
ho € (0,1) such that, for h € (0,hg), if u, is a normalized eigenfunction of £R°° with
eigenvalue p < —egh, then,

[ Q0+ hi ) exp (222 ax <

ProoOF. We leave the proof as an exercise and only notice that it is a consequence
(modulo a partition of the unity with balls of size Rh? with R large enough) of the fact
that, if the support of u avoids the boundary, we have QR°®(u) > 0. d
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CHAPTER 5

Birkhoff normal form in dimension one

Cut away all that is excessive, straighten all
that is crooked, bring light to all that is over-

cast, labour to make all one glow of beauty.

Enneads, 1. 6. 9, Plotinus

This chapter is an invitation to symplectic geometry and pseudo-differential calculus.
Therefore we do not try to be the most general as possible and focus on an elementary
application (the Birkhoff normal form in dimension one) that will be very helpful in
Chapter [I5] Since we only wish to highlight the main aspects of the proofs, we will
often keep some details in the shadow and refer to the nice introductions to semiclassical
analysis [53), 142], 194].

1. Symplectic geometry and pseudo-differential calculus

1.1. A Darboux-Moser-Weinstein result.

1.1.1. Some definitions. Let us recall basic concepts related to differential forms. We
mainly refer to [194, Appendix B] for a concise introduction and to [6, Chapter 7| for
more details. We present the concepts when the dimension is even (and equals to 2d),
even if most of them do not depend on the parity of the dimension. If x : R?? — R?? is
smooth mapping, the pull-back by x of a m-differential form w in R??, denoted by s*w,
is the m-differential form defined by

V(u, ..., uy) € (R*H™, (K*'w)e(ut, ., Um) = W) (dRz(u1), .. ., dig(u,)),
where dk, is the usual differential of x at the point x.
We say that x is symplectic when
K'wy = wo , with wo = dé A do.

In other words,  is symplectic if it preserves the canonical symplectic form wy in R4,

If X is a vector field on R?? and ¢, the associated flow, that is ¢’ = X(¢), the Lie
derivative of a m-differential form w is by definition

Lxw = (0505w)s=0 -
The Lie derivative may be expressed thanks to the Cartan formula:

Lxw= d(ixw)+ tx dw,
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where 1x associate to a m-differential form w the m — 1-differential form obtained by
replacing the first entry of w by X.

Let us provide an abstract and fundamental example of symplectic mapping. Let
us consider a smooth function H (the Hamiltonian) and the vector field defined Xy
by dH(-) = wo(-, Xg). The flow associated with Xy, denoted by ¢, = eX# is called
the Hamiltonian flow and, for all s, we have ¢iwy = wy. In other words, for all s, the
application ¢y : (z,€) — ¥4 (x,€) is symplectic. This can be seen from the Cartan
formula. Finally, we will use the standard definition of the Poisson bracket of smooth

functions:
{f,9} =wo(Vf,Vg) =0cf - 009 — Ouf - Ocg .

1.1.2. A lemma. The aim of this section is to prove the following classical lemma.

Lemma 5.1. Let us consider wy and wy two 2-forms on R?* which are closed and non
degenerate. Let us assume that w; = wy on {0} x Q where Q is a bounded open set of
R24=1. In a neighborhood of {0} x § there exists a change of coordinates ¥, such that:

Plwr =wy  and 1 =1d+O(x]).

PROOF. The reader is referred to [145, p. 92].

Let us begin to explain how we can find a 1-form o on R?? such that, in a neighborhood
of {0} x Q,

T=w —wy=do and o=0(z]).
In other words, we want to establish an explicit Poincaré lemma. For that purpose we

introduce the family of diffeomorphisms (¢;)o<t<1 defined by

gbt(l’l, Z%) = (tl‘l, Zi)

and we let
$o(71,7) = (0,7).
We have
(5.1.1) ¢o7=0 and ¢T=T1.

Let us denote by X; the vector field associated with ¢;. We have

d
Xo= o) = (e, 0) = e

Let us compute the Lie derivative of 7 along X,
d ., )
agth = ¢, Lx,T.
From the Cartan formula, we have,

Lx, = o(Xy)dr + d(e(Xy)T) .
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Since 7 is closed on R?*?, we have dr = 0. Therefore it follows that

d * *
(5.1.2) aﬁbﬂ = d(g;u(Xy)7).
We consider the 1-form

Oy = ¢IL(X,5)T = x1T¢t(l‘1,x2,£1,£2)(€17 vd)t()) = O(ZE%) .

We see from (5.1.2) that the map ¢ — ¢;7 is smooth on [0,1]. To conclude, let o be
the 1-form defined on a neighborhood of {0} x 2 by o = fol oy dt; it follows from ([5.1.1))

and ((5.1.2) that:
d *
E(ﬁﬂ': doy and 7= do.

Finally we use a standard deformation argument due to Moser. For ¢ € [0, 1], we let
wr = wo + t(wy — wp) -
The 2-form w; is closed and non degenerate (up to choosing a neighborhood of z; = 0
small enough). We look for 1, such that
Yrwr = wp .

For that purpose, let us determine a vector field Y; such that

d
%% =Y, ().

By using again the Cartan formula, we get

0= %zﬁwt = <%Wt + 1(Yy) dwy + d(L(Yt)Wt)) :
This becomes
wo —wy = d(e(Yy)wy) .
We are led to solve:
(Y)w, = —0o.
By non degeneracy of wy, this determines Y;. Since Y; vanishes on {0} x €2, there exists

a neighborhood of {0} x € small enough in the x;-direction such that 1, exists until the
time ¢ = 1 and satisfies ¥jw; = wy. Since o = O(2?), we get ¥y = Id + O(x?). O

1.2. Pseudo-differential calculus.

1.2.1. Symbols. Here we refer to [53 Chapter 7| and [194, Chapter 4].

A function m : R* — [0, 00) is an order function if there exist constants Ny, Cy > 0
such that

m(X) < Co(X = Y)Mom(Y)
for any X,Y € R??. For § € (0, %), the symbol class Ss(m) is the space of smooth
h-dependent functions aj, : R?* — C such that
Va € N4 10%an(x)| < Coh™Pm(2), Vh € (0,1].
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We let S(m) = Sp(m). For a classical symbol a;, = a(z,&; h) € Ss(m), the Weyl quanti-
zation of a is defined as:

w 1 i{x— Tty
5:13) Opfa)la) = s [ e 9a (L0 ) vy dyde, vo e S(RY).
(27Th) R2d 2
It can be proved that the integral in ((1.7)) is actually convergent thanks to a succession
of integrations by parts and that Op}’(a) sends S(R?) into S(R?).

If my and my are order functions and a € Ss(my), b € Ss(ms), we may define the
Moyal product of a and b by letting

axb(x,6) = e 0P=Pelrli) o (1 €)b(y, ) ()= (w.e)
and
axb € Ss(mimz),  Opy (axb) =Op; (a)Opy (b) ,

as operators defined on S(RY). Note that the verification is just a computation using the

inverse Fourier transform when a and b belong to S(R?).

Moreover, thanks to the exponential expression and by the Taylor formula, the Moyal

product can be expanded in the sense of the S(myms)-topology as
h
axb=ab+-{a,b} + Os(mama) (h' 7).
1

We recall the so-called Borel’s theorem: If (a;);>0 is a sequence of symbols in Ss(m),
there exists a symbol in Ss(m) such that

400
aNZhjaj, in Ss(m).
=0

We will sometimes use the Calderon-Vaillancourt theorem: If a € S(1), then Op}) (a)
is a bounded operator from L%(R?) to L?(R?) and

[Opyall < ) supl|o®al.
laj<md B
Another important and classical theorem in the pseudo-differential theory is the Garding

inequality: If a € S(1) is a real symbol such that a > 0, then there exists C' > 0, hg > 0
such that, for all ¢ € L2(R?) and h € (0, hy),

(Opatp, ) > —Chlly|*.

1.2.2. Egorov theorems. We now recall the classical result (see for instance [194], The-
orem 11.1] and [179 Théoreme IV.10]).

Theorem 5.2 ([194, Theorem 11.1, Remark (ii)]). Let P and Q be h-pseudo-differential
operators on R, with P € S(1) and Q € S(1). Then the operator ei%Pe™#? is a
pseudo-differential operator in S(1), and
en QP19 — Opy(pok) € hS(1).
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Here p is the Weyl symbol of P, and the canonical transformation k is the time-1 Hamil-

tonian flow associated to principal symbol of Q).

From this classical version of Egorov’s theorem, one can deduce the following refine-
ment that is useful when P does not belong to S(1) (see [102, Appendix]).

Theorem 5.3. Let P and Q be h-pseudo-differential operators on R, with P € S(m)

and @ € S(m’), where m and m' are order functions such that:

(5.1.4) m'=0(1); mm'=0(1).

Then the operator en@Pe 79 js a pseudo-differential operator in S(m), and we have
enQPe 7% — Op¥(pok) € hS(1).

2. Birkhoff normal form

This section provide some insights concerning the semiclassical Birkhoff normal form
in the simple case of h*D? + V(z). We will consider

Opy (H) = h*D; +V(z),  H(z,§) =& +V(a),

where V' is a standard symbol so that, for some order function m, H € S(m). We recall
in Appendix [5| some elements of symplectic geometry as well as standard facts coming
from the pseudo-differential theory. If the reader wishes to go further in the proofs of
the results recalled there, he is referred to the books [53), 142, [194]. In this section we
follow the spirit of [37), 189] (see also [188]).

The aim of this section is to prove the following eigenvalue estimate (which improves
the result of Proposition |4.12)).

Theorem 5.4. Let n € (0,1). There exists a smooth function f* with compact support
arbitrarily small and satisfying |f*(Z,h)| = O(Z + h)2) as (Z,h) — 0 such that the
eigenvalues of the operators Opy (H) and Op}. (|z|*)+ f* (Opy’ (|z|?) , h) below h" coincide
modulo O(h*). Moreover, if we let
Nh:{neN*:(Qn—mhgh%} ,
and if \p(h) is the n-th eigenvalue of Opy (H) we have
Au(h) = (2n — 1)h + O(h%)

uniformly for n € Ny and h € (0, hg).

2.1. Formal series and homological equations. We introduce the space of formal
series £ = R[[z, &, h]]. We endow & with the Moyal product (compatible with the Weyl
quantization) denoted by *.
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Notation 5.5. The degree of 2°6Ph! is a+3+2l. Dy denotes the space of the monomials
of degree N. Oy 1is the space of formal series with valuation at least N. For 7,y € £, we
denote ad.y = [1,7] =T * v — v * 7. We notice that [On,, On,] C On,in,-

Lemma 5.6. We let z = x +1i&. We have
€ =ker{|z*,-} ® Im{|z[*, -},

where the Poisson bracket is given by

of dg afag__1_<afag 8f8g>
i

ot =500 ~asoe 0202 0207

06 0x O dE

o _1(9 .90 o _1(9 .9
0z 2\ox oy)’ 0z 2\0x oy)’
PrROOF. The family (zazﬁm)(
that {|z|>, Dn} C Dy and

where

o fy) N3 is a basis of £. Then it is sufficient to notice

{2, 2%} = 2(a — )22,

Proposition 5.7. Given v € Os, there exist formal power series 7,k € Os such that
M (|2 4 ) = |2 s
with [k, |z]*] = 0.
PROOF. First, we notice th™'ad, sends Oy into On; so that the exponential is well

defined in the formal series. Then, we proceed by induction. Let N > 1. Assume that
we have, for N > 1 and 7 € Os:

ih~tad. _

e (|22 +9) = |2 + Ks + -+ Knj1 + Ryia + Onys,

where K; € D; commutes with |z|? and where Ry,o € Dyyo.
Let 7/ € Dyys. A computation provides:

M e (|22 4 ) = HO 4 Ky + -+ Kyt + Kyya + Onys,

with:
KN+2 = RN+2 + ih’lad71|z\2 = RN+2 — Z'hilad|z|27'/,
We can write
Ryio = Knyo+ Zlhilad‘z|27'/ .

Note that th™'ad|,2 = {|z]?,-}. With Lemma/5.6| we deduce the existence of 7" and Ky
such that Ky,» commutes with |z|2. O

2.2. Quantizing. Let us now quantize the formal procedure.
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Proposition 5.8. There exists a real and compactly supported symbol c(x,&, h) and a
smooth function f* with arbitrarily small compact support such that:

eihflop}z”(c)opg (H) efihflop}f(c)

is a pseudo-differential operator in S(m) and
e TOPRO0p) (H) e " OPH) = N, + Opj! (sn) + hS(1),

(i) with Ny, = Opy’ (|2[*) + f* (Opy; (|21) , 1),

(ii) where sy, is a symbol in S(m) whose Taylor series at (0,0,0) is zero.

PrROOF. Thanks to the Borel lemma, we may find a smooth function with compact
support ¢(z, &, h) whose Taylor series at (0,0, 0) is the series 7 given in Proposition [5.7]
In particular, Op,'(c) is a bounded self-adjoint operator (by, for instance, the Calderon-
Vaillancourt theorem). Then, we consider the conjugate operator

eihflop}f(c)opz) (H) e—ihflop‘,f(c)

that is a pseudo-differential operator, with symbol N;, by the Egorov theorem. By the

Taylor formula, we can write

N
1w S 1ogw 1
e OPRO0p (H) O = B —ad] —sopp OPY (H)
n!
n=0
A N ith=10p¥ (c) , yN+1 w —ith=10p¥ (c
+ /0 (1 — t)Neith™ Opil )adth—rlop;g(c)Oph (H) e~ h™ 0P () gt .

By the Egorov theorem, the integral remainder
th -1

N!

is a pseudo-differential operator whose symbol admits a Taylor expansion in Oy ;. More-

1
/ (1- t)Neith—IOP}f(C)ad%f}op}f(c)opg (H) e~th™"0pE (@) g
0

over, the symbol of
N

1 n w
Z aadihflop;f(c)OPh (H)
n=0
admits a Taylor expansion that coincides with |z|? + x modulo Oy, ;. In other words,
the Taylor series of Ny, is |z|* + & where & is in the form 7, ., di¢|2|**h’. Using again
the Borel lemma, we may find a smooth function f(I,h) with compact support (as small
as we want) such that its Taylor series at (0,0) is
> di o IMH
k+£>1
We have :

e OPR IOy (H) ") = Opyy (|=[*) + Opyy (f(I=[, 1)) + O}y (Ra) -

with Ry, = Opy) (ry) where the Taylor series of 1, at (0,0,0) is 0.
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Note that x can also be written in the form »_, ., dj, (1212)* ! and we may also
find a smooth function, with support arbitrarily small, f*(7, h) with Taylor series

E : dl:l[wchga
k+e>1

and we have, by using the Taylor formula and the functional calculus of pseudo-differential
operators (see [63] Theorem 8.7] for a detailed presentation) to estimate the Taylor

remainder,
Opy (121%) + Opi ({1212, h)) = O} (121%) + f*(Op} (121%) . k) + Op () + h=S(1).
where Rj, = OpY(7,) where the Taylor series of 7 at (0,0,0) is 0. O

2.3. Microlocalizing. First, we get the following.

Lemma 5.9. We have:

N (Ni, B) = O(h7).

ProOF. If the support of f* is small enough, for all ¢ € (0,1), we have, for all
¥ € C°(R) and h small enough,

(5.2.1) N, ) = (1= e)(Opy, (12]*)v, ¢) -

Thus, by the min-max principle, we infer that

N (M, ) < N (Opy(|2[), (1 —2)7'8)

and the result follows by counting the eigenvalues of the harmonic oscillator. U

Then, we may use the Weyl’s asymptotic estimate (see for instance Chapter |3| Propo-

sition [3.1]).

Lemma 5.10. If § € (O, lim ian), we have:

|z|—+o0
N (Opy (H), 8) = O(h™1).

The following proposition is devoted to microlocalization estimates of the eigenfunc-
tions of Opy(H) and N,.

Proposition 5.11. Letn € (0,1), § € (0, g) and x a smooth cutoff function supported
away from a compact neighborhood of 0. Then, there exists hy > 0 such that for all
h € (0,hg), all eigenvalue X of Opy(H) or of Ny, such that X < h" and all associated

eigenfunction 1, we have
10p3 (x (A (2, )¢ 2y = Oh™) ¢l 2y -

PROOF. Let us prove this for the eigenfunctions of N),. We write the eigenvalue
equation
Ny = .
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We have

NwOpy (X(h™° (2, €))))¥ = A0y (x(h™°x))v + [N, Opyy (x (h™* (2, €)))]4
Taking the scalar product with Op}’ (x(h=%(x,€)))v, we infer that

(NP} (X (P (, ))), Oy (X (h™° (2, €)1 )2y < h7[|Opy (x(h™°(2,€)))¥|E2 e
+ ([N, Oy (X (™ (,€)))], Opyy (X (h™° (2, €)))¥) 2wy
We use again the lower bound to get

(NROPY (X (R (2, €))%, Opy (X (B (2, €)))¥) 2wy
> (1—¢){(Opy (I21*) Opy (x(h~°(x,€))), Opyy (x (h™°(,€)))0) .

By a rescaling (z, &) = h(Z, ), a support consideration and the Garding inequality with

h1—25

semiclassical parameter , we get

(O3, (|2[%) Opy; (x(h ™ (x,€))), Opyy (x (h™° (2, )))¥))
> 1 (1= Ch' =) [|0py (X (W™ (2, ) [IFam

so that we deduce

(NRORY (x (R~ (x,€))), Opiy (X (h™° (2, €))Lz (w)
> (1—¢e)(h* — Ch'=*)]|0py (x(h ™ (2, )¢ 12 gy »
and thus

(1 = &)(h* = Ch) = h")[|Opy (x(h™° (2, )))l[2()
< {[Wh, Oy (x (h™° (2, €)))], Opyy (X (™ (,€) ) )2 -
The pseudo-differential operator [N, Opy(x(h~°(x,£)))] has a symbol in the standard

class Ss(m) (here we have ¢ € (O, %)) Its symbol is supported in supp(x(h~%(x,&)))

modulo h*S5(1) and its main term is of order h'=2%. Therefore, if we consider a cutoff

function x supported on a slightly bigger support than x, we deduce
(1 =&)(h* = Ch) = h")[|0py; (x(h ™ (2, ) [ Fazy < CR* |0y (x(h™° (2, ) 1oy -

This implies the existence of & > 0 such that

10py (X (A (w, €))) [y < ChOpy (x (h ™ (2, €)))e |2 gy

Then the result follows by a iterative argument by replacing x by x. U

It is now easy to deduce the following corollary.

Corollary 5.12. Letn € (0,1), 0 € (0, g) and x a smooth cutoff function supported away
from a compact neighborhood of 0. Then, there exists hy > 0 such that for all h € (0, hy),
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for all Y € 1[—oo ) (Ni) or ¢ € Loo ) (Opy (H)), we have
10p;; (x(h ™ (2, )Y |2y = OB |9 |z -
PrRoOOF. By Proposition|s.11} the estimate is clear when v is an eigenfunction. Thanks
to Lemmas [5.9 and we have
dim range (1_copn)(N3)) = O(R71), dim range (1_conm) (Opy (H))) = O(h7).
In particular, these numbers of eigenvalues below A" do not increase more than polyno-
mially in h~%. Then, the result follows by considering orthonormal bases of the spaces

range (L[_conm(N3)) and range (1j_o0 ) (Opyy (H))) and by applying Proposition m to
the elements of these bases. 4

2.4. Spectral estimates. We have now all the elements to deduce Theorem [5.4]
It essentially follows from an application of the min-max principle. Let us consider the
sequence of the eigenvalues of N, denoted by (A;(N3)) >1. We may consider an associated

orthonormal family of eigenfunctions (1);5)>1. Let us consider a positive integer M less
than dim range (]1[700,hn)(/\fh))~ With the notations of Proposition , we let

7'h_10 w

and we introduce

Vi, = span ¢j, .
1<j<M

Then, with Proposition [5.8] for all ¢ € V},, we have

(0P (H)p, 0) < Ar(N) 1912y + (O (50)2, 1) + O(h*°) [ L2 -

with ¢ = eih_lOP}f(C)go. Thanks to Corollary and the fact that the Taylor series
of s, with respect to (x,&, h) is zero at (0,0,0), we deduce, by symbolic calculus for
pseudo-differential operators, that

(0P} (sn) v, )] = O(h) Y[ ) -
From the min-max principle, we infer that the M-th eigenvalue Ays(h) of Opj (H) satisfies:
A (h) < Ap(N) + O(R™).

We leave the proof of the reverse inequality to the reader. The rest of the proof of the
theorem easily follows from the functional calculus for self-adjoint operators.
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Part 2

Main theorems






CHAPTER 6

Spectral reductions

The soul unfolds itself, like a lotus of countless petals.
The Prophet, Self-Knowledge, Khalil Gibran

In this chapter we introduce a model operator (depending on parameters). It appears
in dimension two when studying vanishing magnetic fields in the case when the cancella-
tion line of the field intersects the boundary. Though this model seems very specific, we
will see how it can lead to a quite general strategy: the (magnetic) Born-Oppenheimer

approximation and its relations to WKB constructions.

1. Vanishing magnetic fields and boundary

1.1. Why considering vanishing magnetic fields? A motivation is related to
the papers of R. Montgomery [149], X-B. Pan and K-H. Kwek [159] and B. Helffer and
Y. Kordyukov [96] (see also [103], [91] and the thesis of Miqueu [146]) where the authors
analyze the spectral influence of the cancellation of the magnetic field in the semiclassical
limit. Another motivation appears in the paper [54] where the authors are concerned
with the “magnetic waveguides” and inspired by the physical considerations [177), 89]
(see also [116]). In any case the case of vanishing magnetic fields can inspire the analysis

of non trivial examples of magnetic normal forms, as we will see later.

1.2. Montgomery operator. Without going into the details let us describe the
model operator introduced in [149]. Montgomery was concerned by the magnetic Lapla-
cian (—ihV + A)? on L*(R?) in the case when the magnetic field B = V x A vanishes
along a smooth curve I'. Assuming that the magnetic field non degenerately vanishes, he

was led to consider the self-adjoint realization on L?(IR?) of
£ =D+ (D, —st)*.

In this case the magnetic field is given by [(s,t) = s so that the zero locus of /5 is the
line s = 0. Let us write the following change of gauge:

M As2t ‘s2t 2 52 2
£ 026_Z2£€Z2ZD5+(D1§+3) .
The Fourier transform (after changing ¢ in —() with respect to ¢ gives the direct integral:

& . . 52 2
£M°:/ el d¢,  where £”:D§+(C—5> :
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Note that this family of model operators will be seen as special case of a more general
family in Section 2.2] Let us recall a few important properties of the lowest eigenvalue
() of £ (for the proofs, see [159, 92, 109)).

Proposition 6.1. The following properties hold:

(1) For all ¢ € R, I/P](C) is simple.

(2) The function VP](C) is analytic.

(3) We have: lim 1'(¢) = +o0.
|¢[—+o00

(4) The function ¢ — VP(C ) admits a unique minimum at a point (0[1] and it is non

degenerate.
We have:
(6.1.1) SP(L) = Pess (£) = [mo, +00)
with e = u{l]( ([)1]). With a finite element method and Dirichlet condition on the

artificial boundary, a upper-bound of the minimum is obtained in [109], Table 1] and the
numerical simulations provide vy, ~ 0.5698 reached for gé” ~ (0.3467 with a discretization
step at 107 for the parameter (. This numerical estimate is already mentioned in [149].
In fact we can prove the following lower bound (see [21] for a proof using the Temple
inequality).

Proposition 6.2. We have: vy, > 0.5.

2
If we consider the Neumann realization S[ClH of D? + (C — %) on RT, then, by
symmetry, the bottom of the spectrum of this operator is linked to the Montgomery
operator:

Proposition 6.3. If we denote by V£1]’+(C) the bottom of the spectrum of SEH, then
() = Q).

1.3. Generalized Montgomery operators. It turns out that we can generalize
the Montgomery operator by allowing an higher order of degeneracy of the magnetic
field. Let k be a positive integer. The generalized Montgomery operator of order k is the
self-adjoint realization on R defined by:

k+1 0\ 2
M _ 2 _ 2t

The following theorem (which generalizes Proposition[6.1]) is proved in [78, Theorem 1.3].

Theorem 6.4. ¢ — I/}k](C) admits a unique and non-degenerate minimum at ¢ = ([)k].

Notation 6.5. For real (, the lowest eigenvalue ofS[Ck] 15 denoted by V{k](C) and we denote
by u[ck] the positive and L?*-normalized eigenfunction associated with u{k](g). We denote

in the same way its holomorphic extension near C(gk].
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1.4. A broken Montgomery operator.

1.4.1. Heuristics and motivation. As mentioned above, the bottom of the spectrum
of £ is essential. This fact is due to the translation invariance along the zero locus of B.
This situation reminds what happens in the waveguides framework. Guided by the ideas
developed for the waveguides, we aim at analyzing the effect of breaking the zero locus
of B. Introducing the “breaking parameter” 6 € (—m, 7|, we will break the invariance of

the zero locus in two different ways:

(1) Case with Dirichlet boundary: £§5. We let R2 = {(s,t) € R?,¢ > 0} and con-
sider £§'" the Dirichlet realization, defined as a Friedrichs extension, on L?(R?2)
of:

2 2
D} + (Ds + ECOSH— stsin&) :

(2) Case with Neumann boundary: £, We consider £)® the Neumann realiza-

tion, defined as a Friedrichs extension, on L*(R2) of:
2 ?
Df+(DS+§COSH—stsin9) .

The corresponding magnetic field is B(s,t) = tcos@ — ssinf. It cancels along
the half-line t = stan .

Notation 6.6. We use the notation £5 where o can be Dir, Neu.
1.4.2. Properties of the spectra. Let us analyze the dependence of the spectra of £
on the parameter 6. Denoting by S the axial symmetry (s,t) — (—s,t), we get:
£, =589,

where the line denotes the complex conjugation. Then, we notice that £§ and 2_; are
isospectral. Therefore, the analysis is reduced to 6 € [0, 7). Moreover, we get:

SLS=£ ,.
The study is reduced to 0 € [0, %}

We observe that at ¢ = 0 and ¢ = 7 the domain of £§ is not continuous.

Lemma 6.7. The family (25)96(0 ) is analytic of type (A).
2

The following proposition states that the infimum of the essential spectrum is the
same for £07, £heU and £,.

Proposition 6.8. For 6 € (0,%), we have inf sp.(£5) = vmo.

In the Dirichlet case, the spectrum is essential.

Proposition 6.9. For all 6 € (0,%), we have sp(£5") = [0, +00).
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Notation 6.10. Let us denote by A% (0) the n-th number in the sense of the Rayleigh
variational formula for £5.

The following proposition (the proof of which can be found in [I59, Lemma 5.2])
states that £)* admits an eigenvalue below its essential spectrum when 6 € (O, g}

Proposition 6.11. For all 0 € (0,%], A\Y**(0) < vvo.

1.5. Singular limit 6 — 0.

1.5.1. Renormalization. Thanks to Proposition [6.11] one knows that breaking the
invariance of the zero locus of the magnetic field with a Neumann boundary creates a
bound state. We also would like to tackle this question for £y and in any case to estimate
more quantitatively this effect. A way to do this is to consider the limit # — 0 which

reveals new model operators.

Notation 6.12. We let h = tan 6.

First, we perform a scaling:

(6.1.2) s =h"'(cos0) o, t=(cos0)r.

The operator £} is thus unitarily equivalent to (cos )/ 3f)t'\'ai’9, where the expression of

gheu i oiven by:

2 2
(6.1.3) lﬁ-F(hDa+¥%-—ar) .

1.5.2. New model operators. We are led to two families of one dimensional operators
on L%(R%.,) with two parameters (x, ) € R*:

Neu 2 7_2 ’
M = D; + —5—&:7—}—? .

These operators have compact resolvents and are analytic families with respect to the
variables (z,§) € R2.

: Neu ; Neu
Notation 6.13. We denote by ji,*(z, &) the n-th eigenvalue of MZ%'.

n

Roughly speaking Mg‘i“g is the operator valued symbol of (6.1.3]), so that we expect
that the behavior of the so-called “band function” (z,&) + pNeU(x,¢) determines the
structure of the low lying spectrum of 9](,';";“5 in the limit A~ — 0.

The following theorem (proved in Chapter Section states that the band function
admits a minimum and was initially proved in [21].

Theorem 6.14. The function R x R 3 (x,€) — ule(z,€) admits a minimum denoted
by E?e“. Moreover we have

liminf pN(z,€) > vmo > min plNe(z, &) = pNev.

|| +]€|—+o00 (x,€)€R? =1
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Remark 6.15. We have:

Neu
(6.1.4) p <y

Numerical experiments lead to the following conjecture.

Conjecture 6.16. o The inequality (6.1.4) is strict.
Neu

o The minimum . is unique and non-degenerate.

1
Remark 6.17. Under Conjecture [6.16} it is possible to prove complete asymptotic ex-
pansions of the first eigenvalues of £). In fact, this can be done by using the magnetic

Born-Oppenheimer approximation (see Section .

2. Magnetic Born-Oppenheimer approximation

This section is devoted to the analysis of the operator on L*(R™ x R?, dsdt):
(6.2.1) £ = (—ihV, + Ai(s,1)* + (=iV; + Ay(s,1))?,

We will assume that A; and Ay are real analytic. We would like to describe the lowest
eigenvalues of this operator in the limit A — 0 under elementary confining assumptions.
The problem of considering partial semiclassical problems appears for instance in the
context of [140, 23] where the main issue is to approximate the eigenvalues and eigen-
functions of operators in the form:

(6.2.2) — R*A, — A+ V(s, ).

The main idea, due to Born and Oppenheimer in [27], is to replace, for fixed s, the
operator —A; + V (s, t) by its eigenvalues g (s). Then we are led to consider for instance

the reduced operator (called Born-Oppenheimer approximation):
—h2A + p1(s)

and to apply the semiclassical techniques a la Helffer-Sjostrand [110, 111] to analyze in
particular the tunnel effect when the potential p; admits symmetries. The main point
it to make the reduction of dimension rigorous. Note that we have always the following
lower bound:

(6.2.3) — R2A, — A+ V(s t) > —R2A, + i (s),

which involves accurate estimates of Agmon with respect to s.

2.1. Electric Born-Oppenheimer approximation. Before dealing with the so-
called Born-Oppenheimer approximation in presence of magnetic fields, we shall recall
the philosophy in a simplified electric case.

2.1.1. FElectric result. Let us explain the question in which we are interested. We shall
study operators in L*(R x Q) (with Q C R") in the form
S =12D; — A+ V(s 1),
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where V' € C®(R x Q) is a non negative potential (with V as a polynomial for simplicity).
The operator is defined as the self-adjoint extension associated with the quadratic form

Q5 (¢) =/]R Qh2|asw|2 Vb 4 V(s )02 dsdt.

We will also need the partial operator V(s) = —A; 4+ V (¢, s) defined in the same way by
its quadratic form

0(9) = / Vil 4+ V(s, D)ol dt.

We will assume that V(s,t) | ‘—> +00. Moreover we will assume that (V(s)),.g is an
t|—+o00

analytic family of type (A) in the sense of Kato.
It can be shown that the lowest eigenvalue of V(s) denoted by v(s) is simple (and
thus it is analytic).

Assumption 6.18. The function v(s) admits a unique and non degenerate minimum v
at sg. Moreover, we have

liminfv(s) > 1.
|s| =400

We want to analyze the low lying eigenvalues of $); and we now try to understand the

heuristics. We hope that £, can be described by its “Born-Oppenheimer” approximation:
.650 = hQDg + 1 (S) s

which is an electric Laplacian in dimension one. Then, we guess that $8° is well approx-
imated by its Taylor expansion:

I/"(SO)

h?D? 4 v(sg) + = 5 (5 —s0)%.

In fact this heuristics can be made rigorous.

Assumption 6.19. For R > 0, we let Qz = R\ B(0, R). We denote by $""" the
Dirichlet realization on Qg of h?D? + D? + V(s,t). We assume that there exist Ry > 0,
ho > 0 and v§ > v such that, for all h € (0, hy),

AL () >

Remark 6.20. In particular, due to the monotonicity of the Dirichlet realization with
respect to the domain, Assumption [6.27| implies that there exist Ry > 0 and hg > 0 such
that for all R > Ry and h € (0, hy):
AP () 2 A () 2 v
By using the Persson’s theorem (see Chapter , Proposition [1.31)), we have the fol-
lowing proposition.

Proposition 6.21. Let us assume Assumption 6.27. There exists hg > 0 such that for
all h € (0, hg):
inf Spes(91) > 14
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The following theorem is proved in Chapter [11].

Theorem 6.22. Under Assumptions|6.18 and|6.19, the n-th eigenvalue of $j has the
erpansion

ZACO N
An(h) = v(so) + h(2n — 1) (T) + O(h2).

2.1.2. Counting function. In the last theorem we are only interested in the low lying
spectrum. It turns out that the so-called Born-Oppenheimer reduction is a slightly more
general procedure (see [140}, 123]) which provides in general an effective Hamiltonian
which describes the spectrum below some fixed energy level (and allows for instance to
estimate the counting function).

Notation 6.23. Given $) a semi-bounded self-adjoint operator and a < infsp.($)), we
denote

N($H,a) = #{Aesp(H) : N<a} <+oo.

The eitgenvalues are counted with multiplicity.

The following theorem (see the proof in Chapter , Section |5|) provides the asymp-
totics of the number of bound states (see the related works [9, 150, 57]).

Theorem 6.24. Let us assume that vy is bounded, that |11|m inf v1(s) > vy. In addition,
s|—+00

if us denotes the positive and L2 -normalized eigenfunction of V(s) associated with v (s),

we assume that R(s) = ||8Sus||EQ(Rt) is bounded. Then, for E € ( vy, liminfv,(s) | and if

|s]—+o00
vy > E' > E, we have
1
N ($Hp, E) Kooy R,/(E —vi(s)), ds.

2.2. Magnetic case. We would like to understand the analogy between and
. In particular even the formal dimensional reduction does not seem to be as clear
as in the electric case. Let us write the operator valued symbol of £;,. For (z,¢) € R"xR"™,
we introduce the electro-magnetic Laplacian acting on L*(R", dt):

Mo = (=iVi+ Ag(2, 1)) + (€ + As(2,1))*.

Denoting by u(z,&) = p(z,§) its lowest eigenvalue we would like to replace £, by the
m-dimensional pseudo-differential operator:

w(s, —ihVy).

This can be done modulo O(h) (see [143]). Nevertheless we do not have an obvious
comparison as in so that the microlocal behavior of the eigenfunctions with respect
to s is not directly reachable (we can not directly apply the exponential estimates of
[141] due to the possible essential spectrum, see Assumption . In particular we
shall prove that the remainder O(h) is indeed small when acting on the eigenfunctions
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and then estimate it precisely. In addition, the point of view presented below is rather
self-contained and do not assume more that the elements of pseudo-differential calculus.

2.2.1. Figenvalue asymptotics in the magnetic Born-Oppenheimer approzimation. We
will work under the following assumptions. The first assumption states that the lowest
eigenvalue of the operator symbol of £, admits a unique and non-degenerate minimum.

Assumption 6.25. - The function R™ x R™ 3 (z,£) — p(z, ) is continuous and
admits a unique and non degenerate minimum g at a point denoted by (xg, &)
and such that lim inf|, 4 ¢/ 4o0 (2, £) > po.

- The family (Mg ¢)(z.e)crmxrm can be extended into a holomorphic family of type
(A) in the sense of Kato [I121], Chapter VII] in a complex neighborhood V, of
(20, 0)-

- For all (z,€) € Vo N (R™ x R™), u(z,§) is a simple eigenvalue.

Assumption 6.26. Under Assumption let us denote by Hess 11 (z0, &) the Hessian
matrix of p; at (zo,&). We assume that the spectrum of Hess 11 (¢, &) (0, D) is simple.

The next assumption is a spectral confinement.

Assumption 6.27. For R > 0, we let Qz = R™™"\ B(0, R). We denote by £""" the
Dirichlet realization on Qg of (—iV; + As(s, 1)) + (—ihVs + A1 (s, t))?. We assume that
there exist Ry > 0, hg > 0 and pug > po such that for all h € (0, hy):

Dir, g,

Al (h) = g -
We have the following proposition.

Proposition 6.28. Let us assume Assumption |[6.27. There exists hy > 0 such that, for
all h € (0, hy),
inf Spess(gh) > ”8 :

We can now state the theorem concerning the spectral asymptotics (see Chapter
and [20]).

Theorem 6.29. Under Assumptions[6.25, [6.20, [6-27 and assuming in addition that A,
and Ay are polynomials, for all n > 1, there exist a sequence (Vjn)j>0 and hg > 0 such
that for all h € (0, hy) the n-th eigenvalue of £y, exists and satifies:

)\n(h) h:O Z ’yj,nhj/z )
j=0

where Yo, = fo, Y1, =0 and pa,, is the n-th eigenvalue of %Hessxof0 pi(o, Dy).

2.2.2. Coherent states. Let us recall the formalism of coherent states which play a
central role in the proof of Theorem [6.29, We refer to the books [74] and [42] for details
(see also [173]). We let:

go(0) = 74Tl
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and the usual creation and annihilation operators:

1
Clj:—(O'j—i-an), a%:_(o-j_affﬂ

V2

which satisfy the commutator identities:

[ajva;’]zlv [Cl],a;;]ZOIfk‘%]
We notice that
aj+aj a; — aj- L 1o 9
0']277 ao-j: \/5 s a]ujzﬁ(Do_]—‘—O']—{—l)

For (u,p) € R™ x R™, we introduce the coherent state
fup(@) = €Pgo(0 —u),
and the associated projection

Hu,pw = <¢a fu,p>L2(Rm)fu,p = wu,pfu,p:

which satisfies

?ﬁ = Hu,pw du dp 5
R2m
and the Parseval formula
ol = [ [l dudpr.
Rn 2m
We recall that L
w; + 1p;
ajfu,p = j\/ﬁ ]fu,p

and

(a;) (ay) " = - (uj :;;pjy (uk \;;pk)qﬂu,pw dudp.
We recall that (see (12.1.1)):
Ly = (—iV, + As(zg + h'P0,7))* + (& — ih'*V, + Ay (zo + h'?0, 7))
and, assuming that A; and A, are polynomial:
Ly =Lo+hY2Ly+hLo+ ...+ (WHMLy
If we write the anti-Wick ordered operator, we get:

(6.2.4) Ly=Lo+h 2L+ hLy + ..+ (W)LY +hBy + .+ (W)Y Ry

RY R
where the R; satisfy, for j > 2:
(6.2.5) W/2R; = WW/*0;_5(0, Dy)

and are the remainders in the so-called anti-Wick ordering. In the last formula the
notation O (o, D,) stands for a polynomial operator with total degree in (o, D,) less
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than k. We recall that

W
E == Mx0+h1/2u,§o+h1/2p du dp .
RQm

2.2.3. A family of examples. In order to make our Assumptions and more
concrete, let us provide a family of examples in dimension two which is related to [109]
and the more recent result by Fournais and Persson [78]. Our examples are strongly

connected with [96], Conjecture 1.1 and below].

For £k € N\ {0}, we consider the operator the following magnetic Laplacian on

L2(R?, dz ds):

9 o tk+1 2

Let us perform the rescaling:
s=s, t= BTt

k41 \ 2
B <D§+ (hkizDs —fy(s)lf+1) ) .

and the investigation is reduced to the one of

The operator becomes

f,lk 1 £EHL 2
ot = p2 ¢ (hk+2Ds —(5)3 7 1) .

Proposition 6.30. Let us assume that either v s polynomial and admits a unique
mintmum o > 0 at s = 0 which is non degenerate, or v is analytic and such that
liminf, 100 v = Yoo € (Y0, +00). For k € N\ {0}, the operator sﬁf} satisfies Assumptions
[6.25, [6.26] and [6.27. Moreover we can choose il > pig.

PROOF. Let us verify Assumption M The hk%?—symbol of 2%6] with respect to s is:

k] ) tk—l—l 2
M= D2+ (=07 )

The lowest eigenvalue of MLk] , denoted by u[lk] (x,&), satisfies:
2 1
iz, &) = (@)l (@) 77
(%]

where v} (¢) denotes the first eigenvalue of

k+1 0\ 2
M _ 2 _
-t (o= 1)

We recall that ¢ — VW(C) admits a unique and non-degenerate minimum at ¢ = C([)k]

(see Theorem [6.4)). The holomorphic extension can be deduced from the Lax-Milgram
theorem. Therefore Assumption is satisfied. This is much more delicate (and beyond
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the scope of this book) to verify Assumption and this relies on a basic normal form
procedure that we will use for our magnetic WKB constructions. U

3. Magnetic WKB expansions: examples

3.1. WKB analysis and estimates of Agmon. As we explained in Chapter [0]
Section in many papers about asymptotic expansions of the magnetic eigenfunc-
tions, one of the methods consists in using a formal power series expansion. It turns
out that these constructions are never in the famous WKB form, but in a weaker and
somehow more flexible one. When there is an additional electric potential, the WKB
expansions are possible as we can see in [112] and [144]. The reason for which we
would like to have a WKB description of the eigenfunctions is to get a precise estimate
of the magnetic tunnel effect in the case of symmetries. Until now, such estimates are
only investigated in two dimensional corner domains in [I5] and [16] for the numerical
counterpart. It turns out that the crucial point to get an accurate estimate of the ex-
ponentially small splitting of the eigenvalues is to establish exponential decay estimates
of Agmon type. These localization estimates are rather easy to obtain (at least to get
the good scale in the exponential decay) in the corner cases due to the fact that the
operator is “more elliptic” than in the regular case in the following sense: the spectral
asymptotics is completely drifted by the principal symbol. Nevertheless, let us notice
here that, on the one hand, the numerics suggests that the eigenvalues do not seem to
be simple and, on the other hand, establishing the optimal estimates of Agmon is still
an open problem. In smooth cases, due to a lack of ellipticity and to the multiple scales,
the localization estimates obtained in the literature are in general not optimal or rely on
the presence of an electric potential (see [151), 152]): the principal symbol provides only
a partial confinement whereas the precise localization of the eigenfunctions seems to be
determined by the subprincipal terms. Our WKB analysis (inspired by our paper [20]),
in the explicit cases discussed in this book, will give some hints for the optimal candidate

to be the effective Agmon distance.

3.2. WKB expansions for a canonical model. The following theorem states that
the first eigenfunctions of 2:’[@ are in the WKB form. It turns out that this property is
very general and verified for the general £, under our generic assumptions. Nevertheless
this general and fundamental result is beyond the scope of this book. We will only give
the flavor of such constructions for our explicit model. As far as we know such a result
was not even known on an example. Let us state one of the main results of this book
concerning the WKB expansions (see Chapter (13| and [20] for a more general statement
about £,).

Theorem 6.31. Let us assume that either v is polynomial and admits a unique min-
mmum vo > 0 at sg = 0 which is non degenerate, either v is analytic and such that
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liminf, 100 v = Yoo € (Y0, +00). There exist a function ® = ®(s) defined in a neighbor-
hood V of 0 with Re ®”(0) > 0 and a sequence of real numbers (N );>0 such that the n-th
. vf,[k] .
etgenvalue of £, satisfies
vf vf i
A(h) ~ Z A he
j=0
in the sense of formal series, with /\;‘io = o = V{k]( ([)k]). Besides there exists a formal
series of smooth functions on V x R}
vf N
ay (k) ~ Y ay ke
Jj=0

with aXfy # 0 such that

n

(27}““] - /\n(h)> <avf(., h)eé/h’“h) — O (1) et
In addition, there ezists co > 0 such that for all h € (0, ho)
BN+ b, e ) nsp (8574) = (nf(m)}
and N\ (h) is a simple eigenvalue.

Remark 6.32. In fact, if y(s)7'v(0) — 1 is small enough (weak magnetic barrier), our
construction of ® can be made global, that is ¥V = R. In this book, we will provide a
proof of this theorem when ~ is a polynomial.

We will prove Theorem in Chapter [13] Section [I}

3.3. Curvature induced magnetic bound states. As we have seen, in many
situations the spectral splitting appears in the second term of the asymptotic expansion
of the eigenvalues. It turns out that we can also deal with more degenerate situations.
The next lines are motivated by the initial paper [I04] whose main result is recalled in
. Their fundamental result establishes that a smooth Neumann boundary can trap
the lowest eigenfunctions near the points of maximal curvature. These considerations are
generalized in [75 Theorem 1.1] where the complete asymptotic expansion of the n-th
eigenvalue of £f , = (—ihV + A)? is provided and satisfies in particular:

(6.3.1) Ooh — Chtimaxh®™? + (2n — 1)C105/*4/ %’Qh”“ +o(h™"),
where ky = —x”(0). In this book, as in [75], we will consider the magnetic Neumann

Laplacian on a smooth domain €2 such that the algebraic curvature & satisfies the following

assumption.

Assumption 6.33. The function x is smooth and admits a unique and non-degenerate

maximuim.

In Chapter [13] Section [2] we prove that the lowest eigenfunctions are approximated
by local WKB expansions which can be made global when for instance 02 is the graph of
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a smooth function. In particular we recover the term C} @(1)/ 4\/% by a method different
from the one of Fournais and Helffer and we explicitly provide a candidate to be the
optimal distance of Agmon in the boundary. Since it is quite unusual to exhibit a pure
magnetic Agmon distance, let us provide a precise statement. For that purpose, let us
consider the following Neumann realization on L*(R?, m(s, t) ds dt), which is nothing but

the expression of the magnetic Laplacian in curvilinear coordinates,

(6.3.2) LS =m(s,t) "hDym(s,t)hD;
2

+ m(s,t)—l (hDS + Qoh% —t+ /{(s)%) m(s,t)_l (hDS + Coh% 4+ ,{(s)g) :

where m(s,t) = 1 — tr(s). Thanks to the rescaling
t = h'/?r, s=o0,
and after division by h the operator L£f becomes
L5 =m(o, hl/zT)_lD.,-m(U, hl/QT)DT + m(o, 2 Pym(o, W2 )P,

on the space L%(m(o, h'/?7) do d7) and where
2

P, =h"?D, + ¢ — 1+ hl/Ql-i(a)% )
Theorem 6.34. Under Assumption [8.13, there exist a function
20 1/2 o
)| [ - woyeas
0

O=P(0) =| =
) <V1/(Co)

defined in a neighborhood V of (0,0) such that Re®”(0) > 0, and a sequence of real

numbers (X;, ;) such that

Besides there exists a formal series of smooth functions on V,

J

C C b

as ~ as .ht

™ h—0 4 ™d
Jj=0

such that ) )
(g5 - xs(m) (age ") =0y et

n

We also have that XS, 5 = ©g, A, ; = 0, A5 = —Cikmax and X;, 3 = (2n — 1)01@3/4\ /32,
The main term in the Ansatz is in the form

Uy 0(057) = [ 0(0)ugy (7) -
Moreover, for all n > 1, there exist hg > 0, ¢ > 0 such that for all h € (0, hy), we have
B(Xo + X5 ah'/2 4+ X gt eht) Nsp (£5) = (X (R}
and X (h) is a simple eigenvalue.
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Remark 6.35. In particular, Theorem proves that there are no odd powers of hs
in the expansion of the eigenvalues (see [75, Theorem 1.1]).
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CHAPTER 7

Magnetic wells in dimension two

Ce n’est pas assez d’avoir ’esprit bon, mais
le principal est de 'appliquer bien.

Discours de la méthode, Descartes

This chapter is devoted to the semiclassical analysis with magnetic fields in dimension

two in the following situations:

(i) the case when the magnetic field vanishes along a smooth curve,

(ii) the case when it does not vanish.
Each situation leads to different semiclassical behaviors and technics:

(i) a dimensional reduction in the spirit of the Born-Oppenheimer approximation,

(i) a semiclassical Birkhoff normal form.

1. Vanishing magnetic fields

In this section we study the influence of the cancellation of the magnetic field along

a smooth curve in dimension two.

1.1. Framework. We consider a vector potential A € C*°(R? R?) and we consider
the self-adjoint operator on L?(IR?) defined by:

’gh,A = (—th + A)2 .
Notation 7.1. We will denote by A\, (h) the n-th eigenvalue of £y, 4.

1.1.1. How does B vanish? In order £, o to have compact resolvent, we will assume
that:
(7.1.1) B(z) — +oo.

|z|—+o0
As in [159, 96], we will investigate the case when B cancels along a closed and smooth
curve C in R2. We have already discussed the motivation in Chapter [6] Section [1} Let us
notice that the assumption ([7.1.1)) could clearly be relaxed so that one could also consider
a smooth, bounded and simply connected domain of R? with Dirichlet or Neumann
condition on the boundary as far as the magnetic field does not vanish near the boundary
(in this case one should meet a model presented in Chapter @, Section . We let:

C ={c(s),s € R}.
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We assume that B is positive inside C and negative outside. We introduce the standard
tubular coordinates (s,t) near C defined by the map

(s,t) — c(s) + tn(s),

where m(s) denotes the inward pointing normal to C at ¢(s). The function B will denote
B in the coordinates (s,t), so that B(s,0) = 0.

1.1.2. Heuristics and leading operator. Let us adopt first a heuristic point of view
to introduce the leading operator of the analysis presented in this section. We want to
describe the operator £, o near the cancellation line of B, that is near C. In a rough
approximation, near (sg,0), we can imagine that the line is straight (¢ = 0) and that the
magnetic field cancels linearly so that we can consider B(s, ) = y(so)t where y(so) is the
derivative of B with respect to t. Therefore the operator to which we are reduced at the
leading order near s is:

2\
h?D? + (hDs - 7(50)5) :
This operator is a special case of the larger class introduced in Chapter [6] see also Chapter

[12] Section 2.2

1.2. Montgomery operator and rescaling. We will be led to use the Montgomery
operator with parameters n € R and v > 0:

M _ 2 7 ,2)°
(7.1.2) £.=D+ (C -5t ) .
The Montgomery operator has clearly compact resolvent and we can consider its lowest
eigenvalue denoted by I/P] (7, ¢). In fact one can take v = 1 up to the rescaling t = Y3

_ 1 1

Let us emphasize that this rescaling is related with the normal form analysis that we
will use in the semiclassical spectral asymptotics. For all 4 > 0, we have (see Chapter |§|,

Proposition :
(7.1.3) ¢ — I/P] (7, ¢) admits a unique and non-degenerate minimum at a point Q(gl] (7).

If v =1, we have C(gl](l) = C([)”. We may write:

(7.1.4) inf o1’ (7,) = 7 (&)

Let us recall some notation.

Notation 7.2. We notice that S[CH = 2[11]4 and we denote by uél] the L*-normalized and

positive eigenfunction associated with v1"(¢).

For fixed v > 0, the family (g[yl,]g)neR is an analytic family of type (A) so that
(VP(C ), u[cl}) has an analytic dependence on ( (see Chapter , Section [5| and also [121]).
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1.3. Semiclassical asymptotics with vanishing magnetic fields. We consider
the normal derivative of B on C, i.e. the function 7 : s — 8;B(s,0). We will assume the
following.

Assumption 7.3. v admits a unique, non-degenerate and positive minimum at .

We let 79 = 7(0) and assume without loss of generality that zo = (0,0). Let us state
the main result of this section and proved in Chapter [14]

Theorem 7.4. We assume Assumption . For alln > 1, there exists a sequence ((9;-‘)3»20
such that we have:

A(h) ~ B3N " 0n Rl

h—0
7=0
where:
] Wy A\ /2
av v
p =3, o =0, gzw%aﬁw%@n—n< 1“”?”(%>> ,
where we have let
1
(7.1.5) @= 5% 15(0) > 0
and
1 1
(7'1~6) Co = <LU[C([)]1]7UL([)}1]>L2(R;%
where
i (T2 s ~1/3 b, 72
L = 2k(0), (5 — Go ) 77+ 277, "k(0) (—Co + 5) )
and

k) = $023(0,0) - "y
6 3
Remark 7.5. This theorem is mainly motivated by the paper of Helffer and Kordyukov
[96] (see also [91], Section 5.2] where the above result is presented as a conjecture and the
paper [103] where the case of discrete wells is analyzed) where the authors prove a one
term asymptotics for all the eigenvalues (see [96], Corollary 1.1]). Moreover, they also
prove an accurate upper bound in [96, Theorem 1.4] thanks to a Grushin type method
(see [88]). This result could be generalized to the case when the magnetic vanishes on

hypersurfaces at a given order.

2. Non vanishing magnetic fields

As we will see, the result of Section [I]is essentially a consequence of a normal form
investigation. Other examples, in three dimensions, will be given in Chapter 8. For each
example, we will introduce an appropriate change of variable or equivalently a “Fourier
integral operator” and we will normalize the magnetic Laplacian by transferring the mag-
netic geometry into the coefficients of the operator. We can interpret this normalization

117



as a very explicit application of the Egorov theorem. Then, in the investigation, we are led
to use the Feshbach projection to simplified again the situation. This projection method
can also be heuristically interpreted as a normal form in the spirit of Egorov: taking the
average of the operator in a certain quantum state is nothing but the quantum analog of
averaging a full Hamiltonian with respect to a reduced Hamiltonian. In problems with
boundaries or with vanishing magnetic fields it appears that the dynamics of the reduced
Hamiltonian is less understood (due to the boundary conditions for instance) than the
spectral theory of its quantization. Keeping this remark in mind it now naturally appears
that we should implement a general normal form for instance in the simplest situation of
dimension two, without boundary and with a non vanishing magnetic field.

2.1. Classical dynamics. Let us recall a basic example from classical mechanics.
After a normalization, Newton’s equation of a mass on a spring is given by the Hook law
(the classical harmonic oscillator)

d*q
az ~ 1
Of course, it can be easily solved, but it can also be put into the Hamiltonian form:
dg _
{ i = ol
> = —0,H,

where H(q,§) = 3(¢*> + p®). Note that it is also the flow of the Hamiltonian vector field
Xy defined by dH = wo(Xp, ) where wy is the canonical symplectic form on R?, that is

Y(u,v) € R? x R?, wo(u, v) = vius — Uy .
If we let z = q + ip, we get % = —iz and thus z(t) = zpe ™.

Let us now investigate the case of constant magnetic field in dimension two. Newton’s
equation is now
d? d
d_tg = d_(t] x B,
where B = B(0,0,1) = Beg and where the right hand side is the Lorentz force. Here we
have q = (¢1, ¢2,0). The equation becomes

(7.2.1)

dq1

at pb1,
% = b2,
dd%l = Bps,
dde = —Bp;.

The last two equations are in a Hamiltonian form, as for the harmonic oscillator and we
let v = p; +ipy so that the evolution of the velocity is given by v(t) = v(0)e B!, Letting
q = q1 + iqa, it follows that % = v(0)e~*Pt and thus



The particle rotates at a distance (the cyclotron radius) % of the center ¢(0) — %v(0).

The frequency of the rotation is B so that the large field limit is also a high frequency
regime (the semiclassical regime).

In fact, the general equation ([7.2.1)) may be put in a Hamiltonian form. To see this,
we introduce A € C*®(R? R?) (the source of the magnetic field) such that

B=dA,

where we used the identification
d
A=) A;dg.
j=1

We recall that Equation ([7.2.1) may also be put in the more general form

d*q dq
2.2 — = — M, —
(7.2.2) T4 g ( dt) ,

where Mp is the (antisymmetric) magnetic matrix (Bye). The matrix My is also the

antisymmetric part of the differential (not to confuse with the exterior derivative dA)
dA:
Mg = dA — (dA)T.

Thus Equation ([7.2.2)) becomes
d*q dg T (dq
— +dA(— ) =(dA) | — ] .
az (dt) (dA) (dt)

If we let £ = %, this becomes

and we get the new system

d

i = p—A,

%~ @A) (p-A).
It is easy to see that the Hamiltonian of our system is

1 2

(723 5 lp— A)I*

2.2. Classical magnetic normal forms. From now on we use the Euclidean norm
on R2, which allows the identification of R? with (R?)* by
(7.2.4) V(v,p) € R* x (R, p(v) = (p,v).
Thus, the canonical symplectic structure w on T*R? is given by

(7.2.5) wo((Q1, P1), (Qa, 2)) = (P1,Q2) — (P2, Q1) -

Before considering the semiclassical magnetic Laplacian we shall briefly discuss some

results concerning the classical dynamics for large time. We will not discuss the proofs
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in this book, but these considerations will give some insights to answer the semiclassical
questions. As we have already mentioned in the introduction, the large time dynamics
problem has to face the issue that the conservation of the energy H is not enough to
confine the trajectories in a compact set .

The first result (see Chapterfor a proof) shows the existence of a smooth symplectic
diffeomorphism that transforms the initial Hamiltonian into a normal form, up to any

order in the distance to the zero energy surface.
Theorem 7.6. Let
H(g,p) =lp— A@I*, (¢,p) € T'R* =R*>x R,

where the magnetic potential A : R? — R? is smooth. Let B = %—212 - 88—’221 be the
corresponding magnetic field. Let Q C R? be a bounded open set where B does not vanish.
Then there exists a symplectic diffecomorphism @, defined in an open set Q C C,, x R;,

with values in T*R?, which sends the plane {z; = 0} to the surface {H = 0}, and such
that

(7.2.6) Ho® = |z f(z, =) + O(zl®),
where f : R? x R — R is smooth. Moreover, the map
(7.2.7) p: 23907 (q,A(g) € ({0} xR2)NQ

s a local diffeomorphism and

In the following theorem we denote by K = |zl|2 f (2o, |zl|2) o @71 the (completely
integrable) normal form of H given be Theorem above. Let ¢, be the Hamiltonian
flow of H, and let ¢% be the Hamiltonian flow of K. Let us state, without proofs, the
important dynamical consequences of Theorem (see Figure [1]).

Theorem 7.7. Assume that the magnetic field B > 0 is confining: there exists C' > 0
and M > 0 such that B(q) > C if ||q|| > M. Let Coy < C. Then

(i) The flow @Y, is uniformly bounded for all starting points (q,p) such that B(q) < Cy
and H(q,p) = O(e) and for times of order O(1/€"), where N is arbitrary.
(11) Up to a time of order T, = O(|lne|), we have
(7.2.8) |0 (a, p) — i (a,p)|| = O(>)

for all starting points (q,p) such that B(q) < Cy and H(q,p) = O(e).

It is interesting to notice that, if one restricts to regular values of B, one obtains the

same control for a much longer time, as stated below.

Theorem 7.8. Under the same confinement hypothesis as Theorem 7.7, let J C (0, Cp)
be a closed interval such that dB does not vanish on B™*(J). Then up to a time of order
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T = O(1/eN), for an arbitrary N > 0, we have

|05 (q,p) — £ (a,p)|| = O(>)

for all starting points (q,p) such that B(q) € J and H(q,p) = O(e).

F1GURE 1. Numerical simulation of the flow of H when the magnetic field
is given by B(z,y) =2+ 2> +y* + 2 + 2 and e = 0.05, ¢ € [0,500]. The
picture also displays in red some level sets of B. Graph courtesy of S. Vi
Ngoc

2.3. Semiclassical magnetic normal forms. We turn now to the quantum coun-
terpart of these results. Let £,a = (—ihV — A)? be the magnetic Laplacian on R?,
where the potential A : R? — R? is smooth, and such that £, o € S(m) for some order
function m on R* (see Chapter [5| for a brief reminder and [53, Chapter 7]). We will work
with the Weyl quantization; for a classical symbol a = a(z,&) € S(m) , it is defined as:

Opya(x) = ﬁ / / @ /g (%s) W(y)dyde, Vo € S(R?).

The first result (see Chapter , Sections shows that the spectral theory of £, A
is governed at first order by the magnetic field itself, viewed as a symbol.

Theorem 7.9. Assume that the magnetic field B is non vanishing on R? and confining:
there exist constants C~'1 > 0, My > 0 such that

(7.2.9) B(q) >C,  for |q| > M,.
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Let H) = Opy(HY), where H® = B(p~(22))|21]* where ¢ : R? — R? is a diffeomorphism.
Then there exists a bounded classical pseudo-differential operator Qp on R?, such that

(i) Qn commutes with Op(|z1]%);
(ii) Qp 1is relatively bounded with respect to HY with an arbitrarily small relative bound;
(iii) its Weyl symbol is O.,(h* + h |z |* + |z1]"),

so that the following holds. Let 0 < C < C.. Then the spectra of £n.a and LN := HI+Qy,
in (—oo, C1h| are discrete. We denote by 0 < A\i(h) < Ao(h) < --- the eigenvalues of
L4 and by 0 < py(h) < pg(h) < -+ the eigenvalues of LY°. Then for all j € N* such
that \;(h) < Cih and p(h) < Cyh, we have

[Ai(R) = i (h)| = O(h™).

As we see in the proof, Theorem is a consequence of the following theorem (see
[118] where a close form of this theorem appears), which provides in particular an accurate
description of Q. In the statement, we use the notation of Theorem [7.6] We recall that

Y is the zero set of the classical Hamiltonian H.

Theorem 7.10. For h small enough there exists a unitary operator U, such that
(7.2.10) Ui L aUp = LY° + Ry, + S,
where

(i) LN is a classical pseudo-differential operator in S(m) that commutes with

2

0
Ih = —hzﬁ + .T%
1

(i1) For any Hermite function e, p(x1) such that e, = h(2n — 1)e,p, the operator

LN acting on L2(R,,) by

enpp @ Ly (1) = LY (e @ )

is a classical pseudo-differential operator in Sgz(m) of h-order 1 with principal sym-
bol
F"™ (3, &) = h(2n — 1)B(q),

where (0, z2 + &) = ¢(q) as in (7.2.7);

(i1i) the pseudo-differential operators Ry, and Sy have a symbols in S(m). The Taylor
series of the symbol of Ry, with respect to (x1,&1, h) vanishes in a neighborhood of ¥
and the symbol of Sy vanishes in a neighborhood of QN L.

(iv) LN° = H) + Qp, where H) = Opy'(H?), HY = B(p1(22))]21]%, and the operator Qy,
is relatively bounded with respect to HY) with an arbitrarily small relative bound.

We recover the result of [97], adding the fact that no odd power of h2 can show up
in the asymptotic expansion (see the recent work [101] where a Grushin type method is
used to obtain a close result).
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Corollary 7.11 (Low lying eigenvalues). Assume that B has a unique non-degenerate
minimum at qo. Then there exists a constant ¢y such that for any j, the eigenvalue \;(h)
has a full asymptotic expansion in integral powers of h whose first terms have the following
form:
Aj(h) ~ hmin B + h*(c1(2§ — 1) + o) + O(h%),

with ¢, = —det(;ZSSqOB), where by = B(qo).

PROOF. The first eigenvalues of £, 4 are equal to the eigenvalues of £,'j°’(1) (in point
of Theorem . Since B has a non-degenerate minimum, the symbol of E,'\:O’(l) has a
non-degenerate minimum, and the spectral asymptotics of the low-lying eigenvalues for
such a 1D pseudo-differential operator are well known. We get

Aj(h) ~ hmin B + h*(c1(2§ — 1) + co) + O(h%),

with ¢; = 14/det(Hesso(B o ¢~1). One can easily compute
_ y/detHess,,B y/detHess,, B
7 2ldet(dp1(0))] ~ 2Bop(0)
where we used the definition of ¢ in (7.2.7)) (it is a diffeomorphism that transforms the
2-form Bdg; A dgo into dg; A dgo). O
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CHAPTER 8

Boundary magnetic wells in dimension three

Now do you imagine he would have at-
tempted to inquire or learn what he thought
he knew, when he did not know it, until he
had been reduced to the perplexity of real-
izing that he did not know, and had felt a

craving to know?

Meno, Plato

In this chapter we enlighten the normal form philosophy explained in Chapter [0]
Section |3 by presenting three results of magnetic harmonic approximation induced by
the presence of a boundary in dimension three:

(i) when the boundary is a half-space,
(i) when it is a wedge,

(iii) when it is a cone.

We will see that the semiclassical structures are different from each other.

1. Magnetic half-space

This section is devoted to the investigation of the relation between a smooth (Neu-
mann) boundary and the magnetic field in dimension three.

1.1. A toy model. Let us introduce the geometric domain
QO:{(xay7Z> GR?) : ’I| SIU’ ‘y| SyO and O<ZSZO}7

where g, 40, 20 > 0. The part of the boundary which carries the Dirichlet condition is
given by
OpirS0 = {(x,y,2) € Qo : |z| =z or |y| =yo Or 2 = 2} .
1.1.1. Definition of the operator. For h > 0, « > 0 and 0 € (0, g), we consider the

self-adjoint operator:

(8.1.1) Lhao = hQDi + h2D? + (hD, + zcos§ — ysin @ + az(z® + y?))?,
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with domain
Dom (£4.0.0) = {¥ € L2() 1 Lhaot € L2(Q),
=0 on Opy and 9, =0on z=0}.
Since o and 0 are fixed, we let £, = £ 9. The vector potential is expressed as
A(z,y,2) = (Va(y, 2) + az(a® +4%),0,0)
where
(8.1.2) Vo(y, z) = zcos —ysinf.
The associated magnetic field is given by
(8.1.3) V x A=B=(0,cos6+ afx® +y*),sin 0 — 2ayz).
In particular 6 is the angle between B(0,0,0) and the Neumann boundary z = 0.

1.1.2. Constant magnetic field (o = 0). Let us examine the case of constant magnetic
field. In this case, we have

Lhoo = th; + h*D? + (hD, + Vy(y, 2))*,
viewed as an operator on L*(R%). We perform the rescaling:
(8.1.4) x=hir, y=his, z=Hh7t
and the operator becomes (after division by h):

L1006 = D>+ D} + (D, + Vy(s,1))%.

Making a Fourier transform in the variable r denoted by F,_,,, we get

(8.1.5) FromC100F, 5y = D2+ D} + (n+ Vy(s,1))?.
Then, we use a change of coordinates:

n
8.1.6 Us(p,s.t) = (p.o, :(, —.—,t)
(8.1.6) o(p,s,t) = (p,0,7) = (m,8 — —

and we obtain

95 = UpFrsnCr00F,5,Up " = D + D2 + Vy(o,7)%.

=N

Notation 8.1. We denote by QY the quadratic form associated with .

The operator ) viewed as an operator acting on L?(R2) is nothing but £4" (see

Chapter [0} Section[I.5.4). Let us also recall that the lower bound of the essential spectrum
is related, through the Persson’s theorem (see Chapter , to the following estimate:

a5 (xru) = (1 —e(R)Ixrul?, Vu € Dom (q5"),

where q5” is the quadratic form associated with £47, where xp is a cutoff function away
from the ball B(0, R) and £(R) is tending to zero when R tends to infinity. Moreover, if
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LP,Dir

we consider the Dirichlet realization £, 7", we have

(8.1.7) asPO"(u) > ul’, Y € Dom (g570")

1.2. A generic model. Let us explain why we are led to consider this model. Let
us introduce the variable angle 6(z,y) that is the angle of B(x,y,0) with the boundary
z = 0 and defined by the relation

||B($a Y, O)H sinQ(x, y) = B(I’,y, O) ’ ’I’L(Jf,y) :

If we make the approximation of the magnetic field by the constant magnetic field near

the boundary, the Lu-Pan operator £57 appears and this leads to introduce

Bi(z,y) = s(0(, ))[|B(z,y,0)||,

where n(x,y) is the inward normal at (z,y,0). It is proved in [138] that the semiclassical
asymptotics of the lowest eigenvalue is given by

A1(h) = min {inf B, igrllf ||B||} h+ o(h).
0

We are interested in the case when the following generic assumption is satisfied.

Assumption 8.2. We assume that we are in the case of “boundary attraction”:
(8.1.8) inf B; < igf |BJ| .

0
and in the case of “boundary magnetic well”:

(8.1.9) B; admits a unique and non degenerate minimum.

Under these assumptions, a three terms upper bound is proved for A;(h) in [168] and

the corresponding lower bound, for a general domain, is still an open problem.

For o > 0, the toy operator (8.1.1)) is the simplest example of Schrédinger operator
with variable magnetic field satisfying Assumptions (8.1.8) and (8.1.9). We have the
Taylor expansion:

(8.1.10) B, (z,y) = s(0) + aC(0)(x* + 3?) + O(|z|> + |y|?) .

with

C(0) = cosfs(f) —sinfs'(0).
Moreover, it is proved in Chapter , Proposition that C'(6) > 0, for 6 € (0, %) Thus,
Assumption (8.1.9) is verified if zg, yo and zy are fixed small enough. Using s(0) < 1

when 6 € (0,%) and ||B(0,0,0)|| = 1, we get Assumption (8.1.8).

1.2.1. Remark on the function Bs. Using the explicit expression of the magnetic field,
we have
Bﬁ(xa y) = Bs,rad(R), R= 04(1'2 + y2)
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and an easy computation gives

sin 6
By wa(F) = [Braa( )5 (t (W)) |

with

|IBrad(R)|| = \/(COSH + R)? +sin®6.
The results of Chapter @ imply that B, a4 is strictly increasing and
8RB5,rad(R = 0) = 0(9) >0.

Consequently, B, admits a unique and non degenerate minimum on R? and tends to

infinity far from 0. This is easy to see that
inf || B|| = cos .
R3
+
We deduce that, as long as s(0) < cosf, the generic assumptions are satisfied with
Qo =R3.
1.2.2. Three dimensional magnetic wells induced by the magnetic field and the (smooth)

boundary. Let us introduce the fundamental operator

So(Dp, p) = (2/R

Vy(us®)? do d7> Hharm + ( / Vo(ug)? do d7> p+d0),

2 sinf Jpe
+ RY
where
0
2
Hharm =D +
P ¢in?6
and

d(6) = sin > 0(T(D2Ve + VoD2)uy" ,ug") + 2/ 702 Vy(ug")* do dr.
=3
By using the perturbation theory, we can establish the following formula (see [168) For-
mula (2.31)]):

2/ Vo(ug") > dodr = C(0) >0,

R}
so that Gy(D,, p) can be viewed as the harmonic oscillator up to a dilation and transla-

tions.

We can now state the main result of this section: a complete semiclassical expansion
of the n-th eigenvalue. The proof is given in Chapter [I7]

Theorem 8.3. Foralla >0, 0 € (O, g), there exist a sequence (f1jn);>0 and eg > 0 such
that, for |xo| + |yo| + |20| < o,

An(h) ~ B> i’
Jj=0

and we have pg,, = s(0) and p1,, is the n-th eigenvalue of aGSy(D,, p).
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2. Magnetic wedge

We analyze here the effect of an edge in the boundary and how its combines with the

magnetic field to produce a spectral asymptotics.

2.1. Geometry and local models. We consider the magnetic Laplacian on a wedge
of aperture «, denoted by W,. In our situation the magnetic field B = (0,0, 1) is normal
to the plane where the edge lies.

Here we are concerned with the case when the domain is a wedge with varying aper-
ture, that is with the Neumann magnetic Laplacian £f , = (—ihV + A)? on the space
L2Wssa(s), dsdtdz).

2.1.1. Properties of the magnetic wedge. Let us recall the definition of the magnetic
wedge with constant aperture . Many properties of this operator can be found in the
thesis of Popoff [163]. We let

W.,=RxS8,,

where the bidemensional corner with fixed angle a € (0, ) is defined by

So = {(t,z) € R%: |z| < ttan (%)} :
Definition 8.4. Let £¢ be the Neumann realization on L*(W,, dsdtdz) of
(8.2.1) D; + D2+ (Ds —t)*.

We denote by v§(a) the bottom of the spectrum of £8.

Using the Fourier transform with respect to §, we have the decomposition:

(8.2.2) £ = /69 e [

where £, is the following Neumann realization on L*(S,, dt dz):
(8.2.3) Lo =D] + D2+ (¢ —1)?,

where ¢ € R is the Fourier parameter. As

lim  ((—1t)* = +oo,
|(t,z)|—>+oo(C )
(t,2)ESa
the Schrodinger operator £f, - has compact resolvent for all (o, () € (0,7) x R.
Notation 8.5. For each a € (0,7), we denote by vi(a,n) the lowest eigenvalue of £, -
and we denote by ug, . a normalized corresponding eigenfunction.

Using (8.2.2) we have:
(8.2.4) Ae) = nf (0, 0).

Let us gather a few elementary properties.
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Lemma 8.6. We have:
(1) For all (o, ¢) € (0,7) X R, v§(a, () is a simple eigenvalue of £, .
(2) The function (0,7) x R 3 (o, ¢) = v§(av, () is analytic.
(3) For all ¢ € R, the function (0,7) 3 o +— v§(v, () is decreasing.
(4) The function (0,7) 3 a — v§(a) is non increasing.

(5) For all a € (0,7), we have

(8.2.5) lim vf(a,() =400 and lim vi(a, () =s("5%).
n——00 (—4o0

PrROOF. We refer to [163] Section 3| for the first two statements. The monoticity

comes from [163], Proposition 8.14] and the limits as { goes to +oo are computed in
[163], Theorem 5.2]. O

Remark 8.7. As v§(m) = O, we have:
(8.2.6) Va € (0,7), vi(a) > 6y.
Let us note that it is proved in [163], Proposition 8.13] that v§(a) > ©, for all a € (0, 7).

Proposition 8.8. There exists & € (0,m) such that for a € (0,&), the function ¢ +—

v§(a, ¢) reaches its infimum and

(8.2.7) Vi(a) < 5 (W 3 O‘) ,

where the spectral function s is defined in Chapter [0, Section [1.5.4)

Remark 8.9. Numerical computations show that in fact (8.2.7) seems to hold for all
a € (0,m).

We will work under the following conjecture:

Conjecture 8.10. For all o € (0,7), ¢ — v§(e, () has a unique critical point denoted

by (§(a) and it is a non degenerate minimum.

Remark 8.11. A numerical analysis seems to indicate that Conjecture is true (see
[163, Subsection 6.4.1]).

Under this conjecture and using the analytic implicit functions theorem, we deduce

the following lemma.

Lemma 8.12. Under Conjecture the function (0,7) 3 a — (§(@) is analytic and

so is (0,7) 3 a > V(). Moreover the function (0,7) 3 a — v§(«a) is decreasing.

We will assume that there is a unique point of maximal aperture (which is non-
degenerate).

Assumption 8.13. The function s — «(s) is analytic and admits a unique and non-

degenerate maximum «q at s = 0.
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Notation 8.14. We let T (s) = tan (@)

2.1.2. Assumptions. For x € 002 \ E we introduce the angle 6(x) defined by:

(8.2.8) B - n(x) =sinf(x).
We have
(8.2.9) vxe 0\ B, % <px)

where o € (0, 7) is the opening angle of the lens and we notice that the magnetic field
is nowhere tangent to the boundary. We will assume that the opening angle of the
lens is variable. For a given point x of the boundary, we analyze the localized (in a
neighborhood of x) magnetic Laplacian and we distinguish between x belonging to the
edge and x belonging to the smooth part of the boundary.

z

W>
o
>

~

FIGURE 1. Coordinates (3,1, 2).

The model situations (magnetic wedge and smooth boundary) lead to compare the
following quantities
inf v§(a(x)), inf s5(0(x)).

xeE XEOO\E
Let us state the different assumptions under which we work. The first assumption could
be called the “edge concentration” assumption.

Assumption 8.15.
(8.2.10) inf 15 (a(x)) < inf s,(0(x)).

xeE x€OOQ\E

From the properties of the leading operator we will be led to work near the point of
the edge of maximal opening. Therefore we will assume the following generic assumption.

Assumption 8.16. We denote by o : E +— (0,7) the opening angle of the lens. We

assume that o admits a unique and non degenerate maximum at the point xg and we let
Qp = max a.
E

We denote T = tan § and To = tan 5.
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In particular, under this assumption and Conjecture [8.10 the function s — v§(a(s))

admits a unique and non-degenerate minimum.

2.2. Normal form. This is “classical” that Assumption leads to localization
properties of the eigenfunctions near the edge E and more precisely near the points of
the edge where E 5 x — v(«(x)) is minimal. Therefore, since v is decreasing and thanks
to Assumption we expect that the first eigenfunctions concentrate near the point

xo where the opening is maximal.

Let us write below the expression of the magnetic Laplacian in the new local coor-
dinates (3,7, %) where § is a curvilinear abscissa of the edge. The normal form of the

magnetic Laplacian £ is given by £:%° := V? where:

hD; —t+ (§h? — hL(3D; + D;2)
(8.2.11) V) = hD; + 0
RT(3)~'T(0)D; 0

Remark 8.17. Such a normal form allows us to describe the leading structure of this
magnetic Laplace-Beltrami operator. Indeed, modulo some remainders, our operator

takes the simpler form:
(hDg — £+ CShY*)? + h2D? + h*T(0)*T (3)2D?.

Performing another formal Taylor expansion near § = (0, we are led to the following
operator:

(hDs — £+ ¢Eh'/?)? + B*D? + h?D? + ch?5°D?,
where ¢ > 0. Using a scaling, we get a rescaled operator £;, whose first term is the leading
operator £, and which allows to construct quasimodes. Moreover this form is suitable
to establish microlocalization properties of the eigenfunctions with respect to Dj.

2.3. Magnetic wells induced by the variations of a singular geometry. The

main result of this section is a complete asymptotic expansion of all the first eigenvalues
of Szdge (see the proof in Chapter [18)).

Theorem 8.18. We assume that Conjecture is true. We also assume Assumptions
and[8.16, For alln > 1 there exists (j1n);50 such that we have

~ . pil4
Aalh) ~ Ry i’

720
Moreover, we have

fon = Vi(ao), pan =0, pon=(2n— 1)\/5761||D2“23|!283’/f(0407CS‘)-

where
T'(0)
2
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Remark 8.19. We observe that, for all n > 1, A, (h) is simple for h small enough. This
simplicity, jointly with a quasimodes construction, also provides an approximation of the

corresponding normalized eigenfunction.

3. Magnetic cone

We are now interested in the low-lying eigenvalues of the magnetic Neumann Laplacian

4

with a constant magnetic field applied to a “ peak ”, i.e. a right circular cone C,. The
right circular cone C, of angular opening a € (0,7) (see Figure is defined in the

Cartesian coordinates (z,y, z) by
Co={(z,y,2) ER? 2>0, 2* +y* < 2*tan” ¢}.
Let B be the constant magnetic field
B(z,y,2) = (0,sin 3, cos §) 7,

where (€ [0, %] We choose the following magnetic potential A:

1 1
A(z,y,2) = §B X X = i(zsinﬁ —ycos B,z cos 3, —rsin )T .

We consider £, g the Friedrichs extension associated with the quadratic form
Oa () = (=17 + A)b e,
defined for ¢ € H4 (C,) with
HL (Co) = {u € L%(C,), (—iV + A)u € L*(C,)} .
The operator £, is (—iV + A)? with domain:
H% (Co) = {u € HY (Co), (—iV + A)*u € L*(Cy), (—iV + A)u-v =0 on 9C,} .

Note that, here, we have h = 1: we are easily reduced to this case by homogeneity. Thus
there is no semiclassical effect and the only parameter with which we can play is a. We
define the n-th eigenvalue A, (c, §) of £, 5 as the n-th Rayleigh quotient (see Chapter [1).
Let 1, (a, B) be a normalized associated eigenvector (if it exists).

3.1. Why studying magnetic cones? One of the most interesting results of the
last fifteen years is provided by Helffer and Morame in [104] where they prove that the
magnetic eigenfunctions, in 2D, concentrates near the points of the boundary where the
(algebraic) curvature is maximal, see . This property aroused interest in domains
with corners, which somehow correspond to points of the boundary where the curvature
becomes infinite (see [119), I58] for the quarter plane and [14, [15] for more general
domains). Denoting by S, the sector in R? with angle o and considering the magnetic
Neumann Laplacian with constant magnetic field of intensity 1, it is proved in [14] that,
as soon as « is small enough, a bound state exists. Its energy is denoted by p(«a). An
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FIGURE 2. Geometric setting.

asymptotic expansion at any order is even provided (see [14], Theorem 1.1]):

~ o2 ' _ b
(8.3.1) p(a) a%m]a : with  my 7
In particular, this proves that p(«) becomes smaller than the lowest eigenvalue of the
magnetic Neumann Laplacian in the half-plane with constant magnetic field (of intensity
1), that is:

w(a) < By, a € (0,n),

where Oy is defined in ([0.1.10]).This motivates the study of dihedral domains (see [163,
164]). Another possibility of investigation, in dimension three, is the case of a conical
singularity of the boundary. We would especially like to answer the following questions:
Can we go below p(a) and can we describe the structure of the spectrum when the

aperture of the cone goes to zero?

3.2. The magnetic Laplacian in spherical coordinates. Since the spherical co-
ordinates are naturally adapted to the geometry, we consider the change of variable:

(1,0, ) == (z,y,2) = " 2(1 cosfsin ay, Tsinbsinap, Tcosap).

This change of coordinates is nothing but a first normal form. We denote by P the
semi-infinite rectangular parallelepiped

P :={(1,0,0) €R* 7>0, 0 c[0,27), ¢ € (0, %)}
Let ¢ € HY(C,). We write )(®(7,0,0)) = a/44)(T,0, p) for any (7,6,p) € P in these
new coordinates and we have

10122, = /P (0. )2 72 sin ap dr A0

and:

Qa () = aQup(¥),
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where the quadratic form Q, s is defined on the transformed form domain H} (P) by

(8.3.2) Qus(1) :=/ (1P + [Pt + [ Pa) dit,
P
with the measure
dji = m?sinapdtdfdy,

and:
HL (P) = {v € LA(P, dja), (—iV + A)p € L(P, df)}.

We also have:

P, = D, — tpcosfsin B)7%(D, — T cosfsin 3,

2 2 : 2
P, = (tsin(ayp))™! (De + ;—a sin®(aup) cos 3 + T;O <1 — Sln;ajp)> sin (3 sin 0) ,

P = (1sin(ay)) ' D, .
We consider L, g the Friedrichs extension associated with the quadratic form Q,, s:

Losg = 7 %D, —T7pcosfsinB)r*(D, — T cosfsin 3)

2 2 (2 2
Dy + ;— sin?(awp) cos 3 + hd (1 — M) sin (3 sin 0)
a

+ 2 20

1
72sin? (o) (

1
————D,si D,.
a?7r2sin(ap) ¥ sin(ap) D,y

We define A, (a, B) the n-th Rayleigh quotient of L, 4.

3.3. Spectrum of the magnetic cone in the small angle limit.

3.3.1. Figenvalues in the small angle limit. We aim at estimating the discrete spec-
trum, if it exists, of £, 5. For that purpose, we shall first determine the bottom of its
essential spectrum. From Persson’s characterization of the infimum of the essential spec-
trum, it is enough to consider the behavior at infinity and it is possible to establish the
following proposition.

Proposition 8.20. Let us denote by spes(La3) the essential spectrum of £, 5. We have:
inf spess(saﬁ) S [®07 1] )
where ©g > 0 s defined in (0.1.10]).

At this stage we still do not know that discrete spectrum exists. As it is the case in
dimension two (see [14]) or in the case on the infinite wedge (see [163]), there is hope to
prove such an existence in the limit @« — 0. Here is the main theorem of this section (see
Chapter [19| for elements of the proof and the papers [22] 23] for all the details).
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Theorem 8.21. For alln > 1, there exist ap(n) > 0 and a sequence (V) j>0 such that,
for all o € (0, 9(n)), the n-th eigenvalue exists and satisfies:
V1 +5sin? 3

/\n(a7 /B) ~ QZ’Yj,naj) with Yon = T(4n - 1) :

a—0
Jj=0

Remark 8.22. In particular the main term is minimum when § = 0 and in this case

Theorem [8.21| states that A\ (a) ~ 25—3/2(1. We have 25—3/2 < \/Lg so that the lowest eigenvalue

of the magnetic cone goes below the lowest eigenvalue of the two dimensional magnetic

sector (see (§8.3.1)).

Remark 8.23. As a consequence of Theorem [8.21] we deduce that the lowest eigenvalues

are simple as soon as « is small enough. Therefore, the spectral theorem implies that the
quasimodes constructed in the proof are approximations of the eigenfunctions of £, 5. In
particular, using the rescaled spherical coordinates, for all n > 1, there exist a,, > 0 and
C,, such that, for a € (0, a,):

H&n(aaﬁ) - fn”LQ(P,dﬁ) < Cna27

where §, (which is 8 dependent) is related to the n-th Laguerre’s function and v, («, 3)
is the n-th normalized eigenfunction.

Let us now sketch the proof of Theorem [8.21]

3.3.2. Awissymmetric case: [ = 0. We apply the strategy presented in Chapter [0
Section [3 In this situation, the phase variable that we should understand is the dual
variable of # given by a Fourier series decomposition and denoted by m € Z. In other
words, we make a Fourier decomposition of L,y with respect to 8 and we introduce the
family of 2D-operators (L.0.m)mez acting on L2(R, du):

. 9 2
Loom = —%377'2(97 + m (m + %7’2> — m&p sin(ap)0, ,
with
R={(1,0) €R? 7>0, pc (O,%)},
and

dp = 7%sin(a) dr dey.
We denote by Q, o, the quadratic form associated with £, ,,. This normal form is
also the suitable form to construct quasimodes. Then an integrability argument proves
that the eigenfunctions are microlocalized in m = 0, i.e. they are axisymmetric. Thus
this allows a first reduction of dimension. It remains to notice that the last term in

2 so that the Feshbach-Grushin projection on the groundstate

Lo, is penalized by o~
of —a™?(sin(ayp)) 19, sin(ayp)d, (the constant function) acts as an approximation of the
identity on the eigenfunctions. Therefore the spectrum of £, ¢ is described modulo lower
order terms by the spectrum of the average of L, with respect to ¢ which involves the
so-called Laguerre operator (radial harmonic oscillator).
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3.3.3. Case B € [O, %} In this case we cannot use the axisymmetry, but we are
still able to construct formal series and prove localization estimates of Agmon type.
Moreover we notice that the magnetic momentum with respect to € is strongly penalized
by (72 sin* (o))~
that the eigenfunctions are asymptotically independent from 6 and we are reduced to the

so that, jointly with the localization estimates it is possible to prove

situation 5 = 0.
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CHAPTER 9

Waveguides

Si on me presse de dire pourquoi je 'aimais,
je sens que cela ne se peut exprimer qu’en
répondant : Parce que c’était lui : parce que
¢’était moi.

Les FEssais, Livre 1, Chapitre XXVIII,

Montaigne

This chapter presents recent progress in the spectral theory of waveguides. In Section![]]
we describe magnetic waveguides in dimensions two and three and we analyze the spectral
influence of the width ¢ of the waveguide and the intensity b if the magnetic field. In
particular we investigate the limit ¢ — 0. In Section [2] we describe the same problem
in the case of layers. In Sections and the effect of a corner in dimension two is
tackled.

1. Magnetic waveguides

This section is concerned with spectral properties of a curved quantum waveguide
when a magnetic field is applied. We will give a precise definition of what a waveguide is
in Sections and [1.4,. Without going into the details we can already mention that we
will use the definition given in the famous (non magnetic) paper of Duclos and Exner [58]
and its generalizations [38, 126, 80]. The waveguide is nothing but a tube . about an
unbounded curve « in the Euclidean space R, with d > 2, where ¢ is a positive shrinking
parameter and the cross section is defined as ew = {e7: 7 € w}.

More precisely this section is devoted to the spectral analysis of the magnetic operator
with Dirichlet boundary conditions Sﬂ A defined as

(9.1.1) (—iV, +bA(z))? on L*(Q, dz).

where b > 0 is a positive parameter and A a smooth vector potential associated with a
given magnetic field B.

1.1. The result of Duclos and Exner. One of the deep facts which is proved by
Duclos and Exner is that the Dirichlet Laplacian on €2, always has discrete spectrum below
its essential spectrum when the waveguide is not straight and asymptotically straight.
Let us sketch the proof of this result in the case of two dimensional waveguides.
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Let us consider a smooth and injective curve v: R 3 s — ~(s) which is parameterized
by its arc length s. The normal to the curve at y(s) is defined as the unique unit vector
n(s) such that v/(s) - v(s) = 0 and det(y’,v) = 1. We have the relation v"(s) = k(s)n(s)
where k(s) denotes the algebraic curvature at the point y(s). We can now define standard
tubular coordinates. We consider:

R X (—¢,€) 5 (s,t) — P(s,t) = v(s) +tn(s).
We always assume

(9.1.2) ® is injective and esup|k(s)| < 1.

seR
Then it is well known (see [126]) that ® defines a smooth diffeomorphism from R x (—¢, ¢)
onto the image Q. = ®(R x (—¢,¢)), which we identify with our waveguide. In these new

coordinates, the operator becomes (exercise)
Et[EQ,l] - _m—lasm—las - m_latmat, m(S,t) =1- tl{(s) ,

which is acting in the weighted space L*(R X (—¢,¢),m(s,t)dsdt). We introduce the
shifted quadratic form:

2
Qo) - | Qmmmwf+mw—fgmﬁm@@
Rx (—&,¢) 4e

and we let:
T
On(s,t) = Xo(n_ls) cos <2—t> ,

where g is a smooth cutoff function which is 1 near 0. We can check that Q[Q] () 7
n——+00

0. Let us now consider a smooth cutoff function y; which is 1 near a point where & is

not zero and define qg(s,t) = —x3(s, t)ﬁgg)’Sh

as n is large enough. Then we have:

Q2™ (6n +10) = Q™ (6n) — 20B.5™ (dn, xa(5)L2700) + 1" Q2™ (9)

For n large enough, the quantity B[2 1 (fn, Xl(s)EE%Sh n) does not depend on n and is

(s, t) which does not depend on n as soon

positive. For such an n, we take n small enough and we find:

QP (4, + o) <

Therefore the bottom of the spectrum is an eigenvalue due to the min-max principle.

Duclos and Exner also investigate the limit € — 0 to show that the Dirichlet Laplacian
on the tube (). converges in a suitable sense to the effective one dimensional operator

2
L= 9% - /{(? on L2(y, ds).

In addition it is proved in [58] that each eigenvalue of this effective operator generates
an eigenvalue of the Dirichlet Laplacian on the tube.

140



As Duclos and Exner we are interested in approximations of E[Ed;) A in the small cross
section limit € — 0. Such an approximation might non trivially depends on the intensity

of the magnetic field b especially if it is allowed to depend on ¢.

1.2. Waveguides with more geometry. In dimension three it is also possible to
twist the waveguide by allowing the cross section of the waveguide to non-trivially rotate
by an angle function # with respect to a relatively parallel frame of v (then the velocity
¢’ can be interpreted as a “torsion”). It is proved in [62] that, whereas the curvature is
favourable to discrete spectrum, the torsion plays against it. In particular, the spectrum
of a straight twisted waveguide is stable under small perturbations (such as local electric
field or bending). This repulsive effect of twisting is quantified in [62] (see also [125], [129])
by means of a Hardy type inequality. The limit ¢ — 0 permits to compare the effects
bending and twisting ([28), 51, [128]) and the effective operator is given by
K(s)*

4
where C'(w) is a positive constant whenever w is not a disk or annulus. Writing

J +CW)#(s)?  on  L2(y,ds),

FIGURE 1. Torsion on the left and curvature on the right

in suitable curvilinear coordinates (see (9.1.9) below), one may notice similarities in the
appearance of the torsion and the magnetic field in the coefficients of the operator and
it therefore seems natural to ask the following question:

“Does the magnetic field act as the torsion 7”

In order to define our effective operators in the limit ¢ — 0 we shall describe more
accurately the geometry of our waveguides. This is the aim of the next two sections in
which we will always assume that the geometry (curvature and twist) and the magnetic
field are compactly supported.

1.3. Two-dimensional waveguides. Up to changing the gauge, the Laplace-Beltrami
expression of SEL A in these coordinates is given by

e = (1= tr(s)) (0, + DAY (1 — tr(s)) " (10, + bAL) — (1 — th(s)) " 0,(1 — tr(s))d;
141



with the gauge:

A(s 1) = (Ay(5,1),0),  Ay(s,t) = /0 (1= t'(s))B(B(s, ) dt’ .
We let
m(s,t) =1 —tr(s).

The self-adjoint operator SLQL 4 oon L2(R x (—e,¢),mdsdt) is unitarily equivalent to the
self-adjoint operator on L2(R x (—¢,¢), dsdt):

L5y P
Introducing the rescaling
(9.1.3) t=er,
we let
A (s,7) = (A1:(5,7),0) = (Ai(s,e7),0)
and denote by ﬁﬂAE the homogenized operator on L*(R x (—1,1), dsdr):
(9.1.4) L2, =mIV2(i0, + bA I (0, + bAy )mZ Y — e 7202 + Vi(s, 1),

with
K(s)?

4
It is easy to verify that Eﬂ 1, defined as Friedrich extension of the operator initially

me(s,7) =m(s,eT), Vo(s,7)=— (1 —er(s)T) 2.

defined on C§°(R x (—¢, €)), has form domain Hj(R x (—¢,¢)). Similarly, the form domain
of £2}, is HY(R x (~1,1)).

1.4. Three-dimensional waveguides. The situation is geometrically more com-
plicated in dimension 3. We consider a smooth curve v which is parameterized by its
arc length s and does not overlap itself. We use the so-called Tang frame (or the rel-
atively parallel frame, see for instance [128]) to describe the geometry of the tubular
neighborhood of 4. Denoting the (unit) tangent vector by T'(s) = 7/(s), the Tang frame
(T'(s), Ma(s), M3(s)) satisfies the relations:

T = KoMy + k3Ms,
My, = —koT,
M; = —rsT.
The functions k9 and x3 are the curvatures related to the choice of the normal fields M,

and Mj. We can notice that k? = k2 + k2 = |7"|?

Y-

is the square of the usual curvature of
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Let 6 : R — R a smooth function (twisting). We introduce the map ® : R x (ew) — Q.
defined by:
(9.1.5)
r = D(s,tq,t3) = (s) + ta(cos O Ma(s) + sin O M3(s)) + t3(— sin OMs(s) + cos OM;5(s)) .

Let us notice that s will often be denoted by ¢;. As in dimension two, we always assume:

(9.1.6) ® is injective  and & sup (7| + |73|) sup|k(s)| < 1.

(T2,m3)EW seR
Sufficient conditions ensuring the injectivity hypothesis can be found in [62, App. A]. We
define A = (d®)TA(®) = (A, Ay, A3),
h = 1—ty(kgcost + rk3sinf) — t3(—kesinh + k3 cosb),
he = —tu0",
hs = s,
and R = h3bAs + hobAs. We also introduce the angular derivative 0, = t30;, —t20;,. We

will see in Chapter , Section [2| that the magnetic operator Sﬂ A 1s unitarily equivalent
to the operator on L?(€., hdt) given by

9.1.7) €8, =" hH(=idy, + bA)h(—idy, + bA;)
7=2,3
+ b7 (—i0s + bAy — i0'0, + R)L (=i + bA; —i0'0y + R) .

E%Ahil/ 2. we find that SE’;} 4 1s unitarily

equivalent to the operator defined on L*(R x (ew), dsdt, dts) given by:

By considering the conjugate operator h'/2g

2
3 . K
(9.1.8) LL,%)A = Z (—z@tj + b.Aj)Z - 4_h2

j=2,3
+ B2 (=0, + DAL — 060y + R)DTH(—ids + bAy — 00, + R)PT2.

Finally, introducing the rescaling

(to,t3) = (72, 73) = €T,
we define the homogenized operator on L*(R x w, dsdr):

/432

AR?

(9.1.9) LB, =Y (=i, + bA;.)?

§=2,3

+ WV (=0, + bAye — 000 + RRZ (10, + bAL — 100, + R)BTV2,

where A.(s,7) = A(s,e7), he(s,7) = h(s,eT) and R. = R(s,e7).

We leave as an exercise the verification that the form domains of EE;) 4 and L’E’L A, are
HS(R x (—¢,¢)) and H}(R x (—1,1)), respectively.
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1.5. Limiting models and asymptotic expansions. We can now state our main
results concerning the effective models in the limit ¢ — 0. We will denote by AP (w)
the n-th eigenvalue of the Dirichlet Laplacian —APT on L?(w). The first positive and
L%-normalized eigenfunction will be denoted by .J;.

Definition 9.1 (Case d = 2). For § € (—oo, 1), we define:
E:ffg’m _ _E—QABir _ az _ K(Z)Q

and for 6 =1, we let:
Lo = e PAD T

where

T8 =02+ (34 5 ) BOEP -

The following theorem is proved in Chapter 20 Section [I}

Theorem 9.2 (Case d = 2). There exists K such that, for all 6 € (—o0, 1], there exist
go > 0,C > 0 such that, for all € € (0,¢),

H <£[2] o 872)\Dir(w) 4 K) -1 . <£eff,[2] N 872)\Dir(w) + K) -t < C’max(gl*‘s 8)
e, 9 A, 1 €,0 1 > ) )

ford <1

and

1
< Ce.

€,67

H <£[2] 4~ €A (W) + K) o <£§f§’[2] N K) .

In the critical regime § = 1, we deduce the following corollary providing the asymp-
totic expansions of the lowest eigenvalues A7 () of ££2l_1 A

Corollary 9.3 (Case d = 2 and § = 1). Let us assume that T admits N (simple)
eigenvalues pig, - - , iy below the threshold of the essential spectrum. Then, for all n €
{1,--- N}, there exist (yjn);>0 and €9 > 0 such that for all € € (0,e0):

)‘E] (5> E:O Z 7j,n5_2+j )
j=0

with
2

m
Yon = Za Tin = 07 Yo2n = Hn -

Thanks to the spectral theorem, we also get the approximation of the corresponding
eigenfunctions at any order (see our quasimodes in (20.1.9))).

In order to present analogous results in dimension three, we introduce supplementary
notation. The norm and the inner product in L?*(w) will be denoted by || - || and (-, ).,
respectively.

144



Definition 9.4 (Case d = 3). For 6 € (—o0, 1), we define:

2
L AR S N

and for 6 = 1, we let:
£ _pv 7,
where T8l is defined by:

T[S} = <(_Zas - ie,aa - 812(57 07 0)7—2 - 813(87 07 0)7-3)2|d(8) ® Jl? Id(S) ® J1>"-’

7 JuI2

B2 (5.0,0) (— (DR, J1>w) -

4
with R, being given in and
Bas(s,0,0) = B(v(s))-T(s),
Bi13(s,0,0) = B(v(s)) - (cos @ My(s) —sin 6 Ms(s)),
Bi2(s,0,0) = B(y(s)) - (—sinf My(s) + cos 0 Ms(s)).

K2 (s)
4 Y

The following theorem is proved in Chapter 20} Section [2]

Theorem 9.5 (Case d = 3). There exists K such that for all 6 € (—o0,1], there exist
go > 0,C > 0 such that, for all € € (0, ),

. < C'max(e'%,¢),

_ —1 _ —1
H (ﬁ[?’] 4 T e 2P (w) + K) — <£ng’[3] — e 2P (W) + K)

ford <1

and

1

£[3] ~2\ Dir -1 eff,[3] —2\Dir -
g mE NwWHK) = (LT e A (W) K < Ce.

In the same way, this theorem implies asymptotic expansions of eigenvalues )\5’ ] () of

Corollary 9.6 (Case d = 3 and § = 1). Let us assume that TP admits N (simple)
eigenvalues vy, - - - , vy below the threshold of the essential spectrum. Then, for all n €
{1,--- N}, there exist (Vjn);>0 and g9 > 0 such that for all € € (0,e0):
NIE) ~ S e,
j=0
with
Yon = )\lDir(w), Yin = 07 Yon = Vn .

As in two dimensions, we also get the corresponding expansion for the eigenfunctions.
Complete asymptotic expansions for eigenvalues in finite three-dimensional waveguides
without magnetic field are also previously established in [87), 24]. Such expansions were
also obtained in [86] in the case § = 0 in a periodic framework.
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Remark 9.7. As expected, when 6 = 0 that is when b is kept fixed, the magnetic field
does not persists in the limit € — 0 as well in dimension two as in dimension three. Indeed,
in this limit €). converges to the one dimensional curve v and there is no magnetic field

in dimension 1.

1.6. Norm resolvent convergence. Let us state an auxiliary result, inspired by
the approach of [82], which tells us that, in order to estimate the difference between two
resolvents, it is sufficient to analyse the difference between the corresponding sesquilinear

forms as soon as their domains are the same.

Lemma 9.8. Let £, and £9 be two positive self-adjoint operators on a Hilbert space
H. Let B, and By be their associated sesquilinear forms. We assume that Dom (281) =
Dom (B,). Assume that there exists n > 0 such that for all ¢, € Dom (B):

(B, 1) = Ba(6,¥)] < /() vV Da(9)
where Q; () = B,(p, ) for j =1,2 and ¢ € Dom (B;). Then, we have:
1€ = &5 < mller 2 )Ly 2.

PROOF. The original proof can be found in [128| Prop. 5.3]. Let us consider b, € H.
We let ¢ = £5'¢ and ¢ = £7%). We have ¢, 1) € Dom (B1) = Dom (B,). We notice
that:

Bi(h,0) = (L10,9),  Bad,v) = (£770,9)
and:
QW) = (1, £7'9), D(0) = (4. £,79).
We infer that:
(2t = 2596, 9)| < mllet 123 2SI

and the result elementarily follows. U

1.7. A magnetic Hardy inequality. In dimension 2, the limiting model (with
9 = 1) enlightens the fact that the magnetic field plays against the curvature, whereas
in dimension 3 this repulsive effect is not obvious (it can be seen that (D, R, Ji), > 0).
Nevertheless, if w is a disk, we have (D,R,,J1), = 0 and thus the component of the
magnetic field parallel to v plays against the curvature (in comparison, a pure torsion
has no effect when the cross section is a disk). In the flat case (x = 0), we can quantify this
repulsive effect by means of a magnetic Hardy inequality (see [61] where this inequality
is discussed in dimension two). We will not discuss the proof of this inequality in this
book.

Theorem 9.9. Let d > 2. Let us consider ! =R x w. For R > 0, we let:

QR) ={teQ:|t1] < R}.
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Let A be a smooth vector potential such that op is not zero on Q(Ry) for some Ry > 0.
Then, there ezists C > 0 such that, for all R > Ry, there exists cg(B) > 0 such that, we
have:

- 2 Dir 2 cr(B)| o oo
©110) [ 1=V AP @ > [ TR v e (o).

Moreover we can take:

cr(B) = (1+ CR™?) " min G APrNew B O(R)) — A'f”(@) ,

where A\YN (B, Q(R)) denotes the first eigenvalue of the magnetic Laplacian on Q(R),
with Dirichlet condition on R x Ow and Neumann condition on {|s| = R} X w.

The inequality of Theorem[9.9can be applied to prove certain stability of the spectrum
of the magnetic Laplacian on € under local and small deformations of €. Let us fix
e > 0 and describe a generic deformation of the straight tube 2. We consider the local
diffeomorphism:

d
O(t) = Do(s,ta,t3) = (5,0, ,0) + Y _(t; +;()M; + E(s),
=2
where (M;)9_, is the canonical basis of {0} x R*"". The functions €; and & are smooth
and compactly supported in a compact set K. As previously we assume that &, is a
global diffeomorphism and we consider the deformed tube Q%" = &_(R x w).

Proposition 9.10. Let d > 2. There exists g > 0 such that for e € (0,eq), the spectrum
of the Dirichlet realization of (—iV + A)? on Q"¢ coincides with the spectrum of the
Dirichlet realization of (—iV + A)? on Q. The spectrum is given by [AP"(w), +00).

By using a semiclassical argument, it is possible to prove a stability result which does
not use the Hardy inequality.

Proposition 9.11. Let Ry > 0 and Q(Ry) = {t e Rxw : |t1] < Ry}. Let us assume that
op = d€a does not vanish on ®(Q(Ry)) and that on Q1 \ P(Q(Ry)) the curvature is zero.
Then, there exists by > 0 such that for b > by, the discrete spectrum of S[ff}bA 15 empty.

2. Magnetic layers

As we will sketch below, the philosophy of Duclos and Exner may also apply to thin
quantum layers as we can see in the contributions [59, 35, 134, 135, 136, 180, 127]
and the related papers [120], 44, 45, 187, 147, [83], [80), 193, 190, 130, 12§].

Let us consider ¥ an hypersurface embedded in R? with d > 2, and define a tubular
neighbourhood about %,

(9.2.1) Q={z+tneR?| (z,t) eX x (—¢,6)},
147



where n denotes a unit normal vector field of . We investigate:
(9.2.2) Lao. = (—iV+A)? on L),

with Dirichlet boundary conditions on 0f2..

2.1. Normal form. As usual the game is to find an appropriate normal form for
the magnetic Laplacian. Given I := (—1,1) and € > 0, we define a layer €. of width 2¢
along 3 as the image of the mapping

(9.2.3) ®:E xR {(z,u) > z+ceun}.

Let us denote by A the components of the vector potential expressed in the curvilinear
coordinates induced by the embedding (9.2.3]). Moreover, assume

(9.2.4) Ag=0.

Thanks to the diffeomorphism ® : ¥ x I — ()., we may identify L4 o. with an operator
H on L2(3 x I, df2.) that acts, in the form sense, as

H = |G|7? (=i + AL |G| PG (—i0p + A,) — e72|G|7120,|G|' 20, .

Let us define

1
J = ||G|| Z In(1 mmu =
g

Using the unitary transform
U:L(Ex1,d0) = LS x [, dE A du): {¢— e},
we arrive at the unitarily equivalent operator
H:=UHU ' = 19| 2 (=0 + flu)|g|1/2G“”(—i8xu +A)—e202+V,

where
V= g2 5mi(‘9‘1/2Gij(3ij)) + (00 )GV (Do T -
We get
H=UU(-AF)U'U.

2.2. The effective operator. H is approximated in the norm resolvent sense (see
[127] for the details) by

(9.2.5) Hy=heg — 207 =~ heg®@1+1® (—e20?)
on L2(X x I, dX A du) ~ L*(%, dX) @ L*(I, du) with the effective Hamiltonian

(9.2.6) he := |g| ™2 (= i0u + Au(.,0)) g 29" (= 10w + A, (., 0)) + Vegr,
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where

= W= 2
(9.2.7) Vet := ) Ko+ 2 ( “u) :

3. Broken waveguides

3.1. Semiclassical triangles. As we would like to analyze the spectrum of broken
waveguides (that is waveguides with an angle), this is natural to prepare the investigation
by studying the Dirichlet eigenvalues of the Laplacian on some special shrinking trian-
gles. This subject is already dealt with in [79 Theorem 1] where four-term asymptotics is
proved for the lowest eigenvalue, whereas a three-term asymptotics for the second eigen-
value is provided in [79] Section 2]. We can mention the papers [81], [82] whose results
provide two-term asymptotics for the thin rhombi and also [25] which deals with a regular
case (thin ellipse for instance), see also [26]. We also invite the reader to take a look at
[114]. For a complete description of the low lying spectrum of general shrinking triangles,
one may consult the paper by Ourmieres [155] (especially the existence of a boundary
layer living near the shrinking height is proved, see also [49, 139]) where tunnel effect
estimates are also established. In dimension three the generalization to cones with small
aperture is done in [I56] and which is motivated by [73].

Let us define the isosceles triangle in which we are interested:

(9.3.1) Trig = {(xl,:cg) ER_XxR:zjtanf < || < (3:1 + L@) tan@} )
sin

We will use the coordinates

(9.3.2) T =121V2sin6, y=xyv2cos0,

which transform Trig into Tri; 4. The operator becomes:
Dri(h) = 2sin*0 02 — 2 cos?d 85 :

with Dirichlet condition on the boundary of Tri. We let h = tan @ ; after a division by
2 cos? 0, we get the new operator:

(9.3.3) Lri(h) = —=h*0; — 0.

This operator is thus in the “Born-Oppenheimer form” and we shall introduce its Born-
Oppenheimer approximation which is the Dirichlet realization on L?((—m/2,0)) of:

71.2

9.3.4 HeoTi(h) = —h?0* + ————.
(9.3.4) Bo,™i(/) ST

The following theorem is a consequence of the Born-Oppenheimer strategy (see Chapter

[6 Section [2)).
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Theorem 9.12. The eigenvalues of Heo 1i(h), denoted by Ago 1in(h), admit the expan-

S10MS:
. L 1 s _
Ago.Trin(h) h:025jmh2ﬂ/3, with fon =5 and fr, = (4mV2) "B zppe (n)
Jj=0

where zpyer(n) is the n-th zero of the reversed Airy function Ai"(x) = Ai(—x).

We state the main result of this section for the scaled operator L1;(h). A proof may
be found in Chapter 21}

~—~

Theorem 9.13. The eigenvalues of L1i(h), denoted by Atin(h), admit the expansions:

)\Tri,n(h) h:O Z ﬁj,nhj/:5 ’lUZth 60,71 =

Jj=0

v Pan=0, and Brpn = (47T\/§)_2/3ZAVEV(”) ’

| =

the terms of odd rank being zero for 7 < 8. The corresponding eigenvectors have expan-

sions in powers of h'/* with both scales x/h**® and x/h.

3.2. Broken waveguides.

3.2.1. Physical motivation. As we have already recalled at the beginning of this chap-
ter, it has been proved in [58] that a curved, smooth and asymptotically straight waveg-
uide has discrete spectrum below its essential spectrum. Now we would like to explain
the influence of a corner which is somehow an infinite curvature and extend the philos-
ophy of the smooth case. This question is investigated with the L-shape waveguide in
[72] where the existence of discrete spectrum is proved. For an arbitrary angle too, this
existence is proved in [7] and an asymptotic study of the ground energy is done when 6
goes to 5 (where 6 is the semi-opening of the waveguide). Another question which arises
is the estimate of the lowest eigenvalues in the regime § — 0. This problem is analyzed in
[34] where a waveguide with corner is the model chosen to describe some electromagnetic
experiments (see the experimental results in [34]). We also refer to our work [48], [49].

3.2.2. Geometric description. Let us denote by (1, z2) the Cartesian coordinates of
the plane and by 0 = (0,0) the origin. Let us define our so-called “broken waveguides”.

™

For any angle 6 € (0, 5) we introduce

(9.3.5) Qy = {(:L'l,a;g) €R?*:zitanf < |ay| < (xl + %) tan@} )
sin
Note that its width is independent from 6, normalized to 7, see Figure [2 The limit case

i

5 corresponds to the straight strip (—=,0) x R.

where § =

The operator —Agig' is a positive unbounded self-adjoint operator with domain
Dom (—AQ)) = {vh € Hi(Q) 1 —Av € L*(Qp)}.

When 0 € (O, g), the boundary of €2y is not smooth, it is polygonal. The presence of the
non-convex corner with vertex 0 is the reason for the space Dom (—ABZ) to be distinct
from H? N Hj(Q). We have the following description of the domain (see the classical
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FIGURE 2. The broken guide €y (here 6§ = %). Cartesian and polar coordinates.

references [124), [85]):

(9.3.6) Dom (—AgY) = (H* NHY(Qp)) & [15g]
where | zng] denotes the space generated by the singular function wseing defined in the

polar coordinates (p, ¢) near the origin by
(9.3.7) @Dfing(xl, z3) = x(p) p™¥ sin T2 with w= 2(m —0)
w

where where y is a radial cutoff function near the origin.

We gather in the following statement several important preliminary properties for the
spectrum of —Ag". All these results are proved in the literature.

Proposition 9.14. We have:

(i) If0 = 3, —Agg has no discrete spectrum. Its essential spectrum is the closed interval

[1,+00).
(ii) For any 0 in the open interval (0, %) the essential spectrum of —Agi; coincides with
[1,4+00).

(iii) For any 6 € (0,%), the discrete spectrum of —Ag@Y is nonempty.

(iv) Forany 6 € (0,%), the number of eigenvalues of =A@ below 1, denoted by N(—Ag', 1),
is finite.

Dir

(v) For any ¢ € (0,%) and any eigenvalue in the discrete spectrum of —AgqY, the as-

sociated eigenvectors ¢ are even with respect to the horizontal azis: (xy, —x9) =
w(ajla x2)'
(vi) For any 0 € (0,%), let pguin(0) be the n-th Rayleigh quotient of —AgD)L'. Then, for

any n > 1, the function 0 — iguin(0) is continuous and increasing.

It is also possible to prove that the number of eigenvalues below the essential spectrum
is exactly 1 as soon as 6 is close enough to 7 (see [153]).

As a consequence of the parity properties of the eigenvectors of —ABZ, cf. point
of Proposition [9.14] we can reduce the spectral problem to the half-guide

(938) Q;_ = {(271,(13’2) € Qg DTy > O} .
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We define the Dirichlet part of the boundary by 8D,,Q;r = 00 N 8(2 , and the corre-

sponding form domain

H,l\/hx QJF {w € H Q+) w =0 on 8Ding} .

Mix

ot is the Laplacian with mixed
0

Then the new operator of interest, denoted by —A

Dirichlet-Neumann conditions on Qj. Its domain is:
Dom (—AMX) = {1 € Hyy(F) : A € L*(Qf) and oy =0 on x5 = 0}.

Then the operators —ABL’ and —A;\)"jrx have the same eigenvalues below 1 and the eigen-
0

vectors of the latter are the restriction to Qj of the former.

In order to analyze the asymptotics # — 0, it is useful to rescale the integration
domain and transfer the dependence on # into the coefficients of the operator. For this

reason, let us perform the following linear change of coordinates:

(9.3.9) T =x1V2sin0, y=xyv2cos0,

which maps 2 onto the #-independent domain er/4’ see Fig. . That is why we set for
simplicity

(9.3.10) Q:=Qf ,, 90iQ = i}, and Hy(Q) = {¥ € H(Q) 1 =0 on 9oy Q} .

Neumann Neumann

FIGURE 3. The half-guide Q) for § = % and the reference domain €.

Then, A is unitarily equivalent to the operator defined on € by:
6
(9.3.11) Deui(6) = —25in*0 9> — 2 cos®0 (’35 ,

with Neumann condition on y = 0 and Dirichlet everywhere else on the boundary of €.
We let h = tan@ ; after a division by 2 cos? 8, we get the new operator:

(9.3.12) Leii(h) = —h*02 — 02,
with domain:

Dom (Leui(h)) = {¢ € Hyi(Q) :  Leui(h)y € L*() and 9,1 =0 on y=0}.
The Born-Oppenheimer approximation of Lg,i(h) (see Chapter is

(9313) 7'lBO,Gui(h) = _h‘Zag + V(.T) )
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where )

m
——  whenz € (-7v/2,0),
V(z) = A +17T\/§)2
5 when x > 0.

3.2.3. FEigenvalues induced by a strongly broken waveguide. Let us now state the main
result concerning the asymptotic expansion of the eigenvalues of the broken waveguide
(see Chapter [21] for the proof of the two terms asymptotic expansion).

Theorem 9.15. For all Ny, there exists hg > 0, such that for h € (0, hg) the Ny first

eigenvalues of Leui(h) exist. These eigenvalues, denoted by Auin(h), admit the expan-
S1ONS:

j 1
Acuin(h) et Z’yjmh% with Yo, = g e = 0, and Yo, = (47V2) 3 2ppe(n) .

720
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CHAPTER 10

On some connected non linear problems

L’explication que nous devons juger satisfaisante est
celle qui adhere a son objet : point de vide entre eux,
pas d’interstice ou une autre explication puisse aussi
bien se loger ; elle ne convient qu’a lui, il ne se préte
qu’a elle.

La pensée et le mouvant, Bergson

In this chapter we present two problems related to the non linear Schrodinger equation:

(i) the semiclassical limit for the p-eigenvalues of the magnetic Laplacian,
(ii) the dimensional reduction of the time dependent non linear Schrédinger equation.

1. Non linear magnetic eigenvalues

1.1. Definition of the non linear eigenvalue. Let €2 be a bounded simply con-
nected open set of R?. We introduce the following “nonlinear eigenvalue” (or optimal
magnetic Sobolev constant):

(10.1.1) AMQ, A p,h) = 1inf M: ir}f Qna(¥),
VDA (o [plrda)e S,

where the magnetic quadratic form is defined by

Vo € Q). Qualv) = [ [(~ihY + )P ix.
0
Lemma 10.1. The infimum in (10.1.1)) is attained.

PrOOF. Consider a minimizing sequence (¢;) that is normalized in LP-norm. Then,
by a Holder inequality and using that € has bounded measure, (¢;) is bounded in L?.
Since A € L>=(Q2), we conclude that (1;) is bounded in Hj(2). By the Banach-Alaoglu
Theorem there exists a subsequence (still denoted by (¢);)) and 1o, € H3(2) such that
1V — s weakly in H}(Q2) and 1); — ¥ in LY(Q) for all ¢ € [2,+00). This is enough to
conclude. g

Lemma 10.2. The minimizers (which belong to H{(Q)) of the LP-normalized version of
(10.1.1)) satisfy the following equation in the sense of distributions:

(10.1.2) (—ihV + AP = NQ A, p, WP, ([Pl =1.
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In particular (by Sobolev embedding), the minimizers belong to the domain of £ a.

1.2. A result by Esteban and Lions. By using the famous concentration-compactness
method, Esteban and Lions proved the following proposition in [66].

Proposition 10.3. Let A € L(R?R?) such that B # 0 and p € (2,2*), with 2* = 24.
We let

(10.1.3) 5= ol T
1h€Dom (Q4),47#0 H¢|||_p(Rd)

Then, the infimum in (10.1.3)) is attained.

Note that S > 0. Indeed, if (¢;);>1 is a minimizing sequence, normalized in L?, such
that Qa(¢;) — 0, we deduce that, by diamagnetism, |¢;| — 0 in H'(R?). By the Sobolev
embedding H!(R?) C LP(R?), we get that (¢;);>1 goes to zero in LP(R?). We prove this
proposition in Chapter Section [1| by using an alternative method to the concentration-
compactness principle. Moreover, it is possible to prove that the minimizers of
have an exponential decay.

Proposition 10.4. There exists a > 0 such that, for any minimizer ¢ of (10.1.3)), we
have ey € L2(R9).

We focus on the two dimensional case.

Definition 10.5. Forp € (2,+00), we define

(10.1.4) AO(p) = A(RZ, A1) p 1) = - Qo (¥)

¢€Dom (Q ,(0]),¥7#0 ||¢”EP

where Az, y) = (0, —x). Here

Q 0 (Y) (—iV + A%y |2 dx,

=/ |
R2

with domain
Dom (£ ) = {¢ e L2(R?) : (—iV + A"y e LQ(RQ)} .

Let us now state the main theorem of this section (the proof is given in Chapter ,
Section .

Theorem 10.6. Let p > 2. Let us assume that A is smooth on §, that B =V x A does
not vanish on Q0 and that its minimum by is attained in 2. Then there exist C > 0 and
ho > 0 such that, for all h € (0, hy),

(1— Cho )N (p)og h2h™s < A, A, p,h) < (1+ CRYAA (p)by h2h ™5 .
2. Non linear dynamics in waveguides

Let us now discuss another non linear problem.
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With the same formalism, we will consider the case of unbounded curves. Consider a
smooth, simple curve I' in R? defined by its normal parametrization v : z1 + ~y(z;). For
€ > 0 we introduce the map

(10.2.1) O, :S=Rx(—=1,1) 3 (z1,22) = (1) + exon(z1) = X,

where n(x1) denotes the unit normal vector at the point y(x1) such that det(y'(z1), n(z1)) =
1. We recall that the curvature at the point (z1), denoted by x(x1), is defined by

v (21) = Kk(w1)n(z1) .

The waveguide is 2. = ®.(S) and we will work under the following assumption which

states that waveguide does not overlap itself and that ®. is a smooth diffeomorphism.

Assumption 10.7. We assume that the function « is bounded, as well as its derivatives

x" and k”. Moreover, we assume that there exists gy € (0 ) such that, for € € (0, ¢g),

1
7 lkllLoe
®, is injective.

We will denote by —AB‘: the Dirichlet Laplacian on €).. We are interested in the
following equation:
(10.2.2) 0" = —AQTYT + Ae®|p°P*
on 2. with a Cauchy condition ¢°(0;-) = ¥§ and where a > 1 and A € R are parameters.

By using the diffeomorphism ®., we may rewrite (10.2.2)) in the space coordinates
(x1,22) given by (10.2.1). For that purpose, let us introduce m.(z1,x9) = 1 — exok(z1)
and consider the function ¢ transported by ®.,

U (821, 02) = ¢ (8 71, 70) = 'm0, 22) V2 (8 Do (21, 72)) -

Note that U, is unitary from L?(€2., dx) to L*(S, dz; dxs) and maps H(€.) (resp. H(€.))
to H(S) (resp. to H*(S)). Moreover, the operator —Ag" is unitarily equivalent to the
self-adjoint operator on L%(S, dz dxy),

U(—AQU =He + Ve, with He = P2, + P2y,
where
Ps,l = m;1/2D11m;1/27 PE,Q = EilDI‘Q
and where the effective electric V. potential is defined by

K(x1)?
4(1 — exqr(xq))?

Notice that, for all € < &g, we have m. > 1 —¢¢||k||L~ > 0. The problem ([10.2.2)) becomes
(10.2.3) 10,7 = Hod® + Vo™ + Ae® I o |2

Va(l”l,ﬁz) = —

with Dirichlet boundary conditions ¢(¢; x1,+1) = 0 and the Cauchy condition (;55( :0) =
¢5 = U-05. We notice that the domains of H, and H, + V. coincide with H*(S) N H§(S).
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In order to study ((10.2.8)), it is natural to conjugate the equation by the unitary group
e™= 50 that the problem ((10.2.8)) becomes

(10.24) 10,67 = (Ve — )G H MWL F),  E(0;) = o,
where
(10.2.5) W.(t;¢) = eit?—lgmgl|efit’}{590|2€fit’}{ggo

and where @° = e ° which satisfies ¢ (¢; x1, £1) = 0.

We will analyze the critical case @ = 1 where the nonlinear term is of the same
order as the parallel kinetic energy associated to Df:l. It is well-known that ((10.2.2))
(thus ((10.2.3)) also) has two conserved quantities: the L? norm and the nonlinear energy.

Let us introduce the first eigenvalue p; = 721—2 of DZ, on (—1,1) with Dirichlet boundary
conditions, associated to the eigenfunction e;(xs) = cos (g.fg) and define the energy
functional

(10.2.6)

1 1 1
E(9) = 2 /S |P-10|? day dy + B} /s P 2¢|? day day + 5/8 <Vs - %) |p|? dzy day

—|—§/m;1|gb|4dx1 dz, .
4 Js

Notice that we have substracted the conserved quantity £%||¢||?, to the usual nonlinear
energy, in order to deal with bounded energies. Indeed, we will consider initial conditions
with bounded mass and energy, which means more precisely the following assumption.

Assumption 10.8. There exists two constants My > 0 and M; > 0 such that the initial

data ¢f satisfies, for all € € (0, ¢g),

[05llL> < Mo and - E(¢f) < M .

Let us define the projection II; on e; by letting ITyu = (u, e1)12((—1,1)€1. A consequence
of Assumption is that ¢§ has a bounded H! norm and is close to its projection IT; ¢§.
Indeed, we will prove the following lemma (see Chapter , Section .

Lemma 10.9. Assume that ¢ satisfies Assumption . Then there exists €1(My) €
(0,e0) and a constant C' > 0 independent of € such that, for all € € (0,1(M,)),

(10.2.7) 65llis) < C  and  ||¢f — TGl e@pr (—11)) < Ce .

It will be convenient to consider the following change of temporal gauge ¢°(t; z1, x2) =
e~ b2 (¢ 1y x5). This leads to the equation

(10.2.8) i0pp° = Hep® + (Ve — e 2 un) " + dm | o® |2
with conditions ¢®(t; x1, 1) = 0, ©°(0;-) = ¢5.

We can now state the main theorem of this section (see Chapter 22, Section [2.2)).
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Theorem 10.10. Assume that ¢5 € H* N HY(S) and that there exist My > 0, My > 0
such that, for all € € (0, &),
(10.2.9) ol < Mo, || = By, < .

Then ¢f satisfies Assumption and, for all € € (0,e1(Mp)), (10.2.8)) admits a unique
solution p° € C(Ry; H*NHY(S))NCH (R ; L3(S)). Moreover, there exists C > 0 such that,

for all € € (0,e1(My)) and t > 0, we have
lo(t) — i (t)|2 < Ce.
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CHAPTER 11

Electric Born-Oppenheimer approximation

Le cogito d’un réveur crée son propre cosmos,
un cosmos singulier, un cosmos bien a lui. Sa
réverie est dérangée, son cosmos est troublé
si le réveur a la certitude que la réverie d’un

autre oppose un monde a son propre monde.

La flamme d’une chandelle, Bachelard

This chapter presents the main idea behind the electric Born-Oppenheimer approxi-
mation (see [40, 140]). We prove Theorem [6.22]

1. Quasimodes

Let us explain the main steps in the construction of quasimodes behind Theorem [6.22]
We recall that
V(s)us = v(s)us .
By using Feynman-Hellmann formulas (see Chapter 4] Section @, this is easy to prove
that
<V/(80)u807 u80> =0,

VG0 vlon) (o) = Vo

d /! /!
<V’(50) (&“8) + @uso,uso> _r (280) .
|s=s0

Notation 11.1. We let

d d?
Vs (T) = <£us> . W (T) = (@us) )
|s=s0 |s=s0

As usual we begin with the construction of suitable quasimodes. We perform the

and

change of variables s = s + h%a, t = 7 and, instead of $);, we study
Hy, = hD? + V(so + h?0) .

In terms of formal power series, we have:

Hh = V(So) + h%O'VI(So) +h ((72%80) + Dg_) + ...
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We look for quasi-eigenpairs in the form
A~ X+ h2A +hha+ ..o, O~ o+ h2y + habs + ...

We must solve:
V(s0)0 = Aoto -
Therefore, we choose \g = v(sg) and ¢ (0, 7) = us, (7) fo(0).

We now meet the following equation

(V(s0) = Ao)tr = (A1 — UV’(SO))%-

The Feynman-Hellmann formula jointly with the Fredholm alternative implies that A\; = 0

and that we can take

U1(0,7) = 0 fo(0)vsy (T) + f1(0) 15 (7).
The crucial equation is given by

(11.1.1) (V(s0) — v(50))1a = Aatho — aV'(s0)11 — (02@ + D?,) Yo.

The Fredholm alternative jointly with the Feynman-Hellmann formula provides
V(s
(Dg + %02) Jo=Xa2fo-

This obliges to choose

s € {(2n —1)h ”"(230) n> 1}

and for fy the corresponding rescaled Hermite function. With these choices, we may find
a unique solution vy (o,-) € Dom (V(sg)) of (11.1.1)) that is orthogonal to u, for each o.
Thus the solutions of (|11.1.1)) can written in the form

w2(0> T) = w;(aa T) + f2(0)u80 (T) .

Exercise 11.2. This exercise aims at proving some properties of the quasimodes and to
conclude the proof.

(1) Prove that the construction can be continued at any order, at least formally.
(2) Prove that there exists €y > 0 such that

/ ¢ fuy, (7)[*dr, / 0l oy ()| dr
Q Q

are finite. One will use estimates of Agmon.
(3) Show that the f; belong to S(R) and that for all j there exists 7; > 0 such that

/e”j|”||fj| do < +00.
R
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Establish that, for all 7 > 0, there exists €; > 0 such that

/ 517+ do dr < +o0.
RxQ

Show that the 1), belong to the domain of H;,. One will proceed by induction.
(4) Conclude that, for all J > 0, the exist hg > 0 and C' > 0 such that, for h € (0, hy),

J J
‘ (Hh - Zhé/\]) > hiyy
j=0 j=0

2. Essential spectrum and Agmon estimates

< ChF .

Let us first state a localization estimate.

Proposition 11.3. Under Assumption|[6.19, there exists hg > 0,C > 0,29 > 0 such that,
for h € (0, hy), for all eigenpair (X, ) such that A < v(sg) + Coh, we have:

/ 2o |p2 ds dr < CJy).
RxQ

PROOF. It is a straightforward application of Proposition Il

We are now led to prove some localization behavior of the eigenfunctions associated
with eigenvalues A such that | — v(so)| < Cph.

Proposition 11.4. There exist g9, ho, C > 0 such that for all eigenpair (X, ) such that
A —v(so)| < Coh, we have:

[ ek as < ol
Rx€

and:

/M [ho, (e 1) (2 dz < Chljv|?.

PROOF. Let us write an estimate of Agmon

Qe o0l ) — helet

1/2 1/2

“olslyp||2 = AJ|eh™*e0lslp||2 < (1(s) 4+ Coh)|je"*0lslyp)|2.

But we notice that
Qh(eh_l/%o\swj) > / h2
Rx
and this implies
B 2
/ (v(s) — v(s0) — Coh — €3h) ’(eh 1/25("5‘1/))‘ dr <0.
RxQ

The conclusion follows from a slight adaptation of the proof of Proposition 4.10 O

Os (eh_l/2€°|3|w> ’2 + v(s) <eh_1/25°‘s|1/1> ‘2 dx
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3. Projection argument

As we have observed, it can be more convenient to study Hj instead of $;. Let us

introduce the Feshbach-Grushin projection (see [88]) on us,:

H0¢ - <1/}7 u50>L2(Q)u80 (T) .

We want to estimate the projection of the eigenfunctions associated with eigenvalues A
such that |\ — v(sg)| < Coh. For that purpose, let us introduce the quadratic form:

4o (1) = /R o+ V(s do dr

This quadratic form is associated with the operator: Id, ® V(so) whereas Il is the
projection on its first eigenspace.

Proposition 11.5. There ezist C, hy > 0 such that, for h € (0, hy), for all eigenfunction
¥ of Hyp, associated with \ such that X < v(sg) + Coh,

(11.3.1) 0 < g, (1) — v(so) [¢]* < ChE||].
Moreover, we have:

(11.3.2) [ — Tt || + (18- () — Tg) || < ChA ||]] .

PRrROOF. The proof uses the spectral gap v2(sg) — v1(sg) > 0. We write

(11.3.3) |0y t0]|% + [|0-10]* + / V(so+ h2o,7)[¢p?dsdr < (A + Coh)|[o||?.

RxQ
Using the fact that V' is a polynomial and the fact that, for k,n € N:

/ 7ol dodr < CllelP,
we get ((11.3.1)).

We notice that:

Gso (V) — v(80)[[V]1* = g5y (¥ — TIo)) — v(s0) || — o ||,

due to the fact that IIy1) belongs to the kernel of Id, ® V(sg) — v(so)ld. We observe then
that:

oo (10 — TLot) — (o)1 — T2 > / / 10 () — TP + V (50, 7)] (4 — ) P dr dor

Since for each u, we have (1) — Ilpt), us,)12(0) = 0, we have the lower bound (by using the

min-max principle):

Gso (1 — Tot0) — w(s0) ||t — M| > /R(Vz(So) — v(sp)) /Q [ — Tg|* dr do .

The estimate ((11.3.2)) follows. U
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Proposition 11.6. There exist C, hg > 0 such that, for h € (0, hy), for eigenfunction v
of Hp, associated with A such that A < v(so) + Coh,

(11.3.4) 0 < gy (o)) — v(s0)[lov]|> < Ch2 |||
and
(11.3.5) 0 < 4oy (D) — v(s0) |05 < |||

Moreover, we have:

lo (¥ — o) || + 08, (¥ — Tow)|| < Chi||y]|

and

105 (v = Tlow) | + (105 (9: (v — Thowh)) | < ChE[[¢] -

Proor. Using the “IMS” formula, we get:
Qu(o) = Ao ||” + hl[Y||* < (v(s0) + Coh)[low||* + hll|*.

Using the estimates of Agmon, we find ((11.3.4). Let us analyze the estimate with 0,. We
take the derivative with respect to ¢ in the eigenvalue equation:

(11.3.6) (hD?, + D? 4+ V(so + hio, T)) Osth = X0ptp + |V (50 + hio, T), 60} Y.
Taking the scalar product with 0,v, using ||0,¢| < C|[¢| (that comes from (11.3.3))

and the estimates of Agmon, we find
(11.3.7) Qn(9,9) < (v(50) + Cob)[|0s > + CR'2 ||
and we deduce
(11.3.8) 18201 < Ch™ 0]l + Cllds ]| -
Then we must estimate

/ (V(so +hio,T) — V(so, 7)) 19,3[2 do dr

RxQ
and thus only terms in the form
/ h2o* 7|0, do dr = h2 (o* 70,0, 0,00), k> 1.
RxQ
By integration by parts, we have
W3 (0" 710,10, 050) = =D (0 (0" 7' 07), )
= —h3 (920, oM7) — kh3 (9,0, 0" 7).

Thanks to the Cauchy-Schwarz inequality and the estimates of Agmon, we get

kh (0,0, 0" )| < Che .
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Moreover, using ((11.3.8)), we get in the sameway
hE |30, 0" 7)) < O
This is enough to get (11.3.5). The approximation results easily follow. U

We can now use our approximation results to reduce the investigation to a model

operator in dimension one.

4. Accurate lower bound

For all N > 1, let us consider an orthonormal family of eigenfunctions (¢, )1<n<n Of
H), such that ¢, j, is associated with A, (k). We consider the N dimensional space defined
by

En(h) = span ¥y, .

1<n<N
It is rather easy to observe that, for ¢ € Ex(h):
Qn(¥) < An (R[]
We are going to prove a lower bound of Qj on Eyx(h). We notice that:

() > / h’agl/1|2+V<S(]+h%0')’w|2d0'd7'.

RxQ

We have:

/h|8g¢|2 + v(so+ h%0)|1/1|2 dodt = / h|0,)? + v(so + h%a)|w\2 dodr

|oh1/2|<eg
+/ ) h|0y|? + v(so + h2o) Y| do dr .
lohZ|>eq

With the Taylor formula, we can write:

/ /2 h|aa¢|2+V(50+h%0)|¢|2d0d7 2
loht/2|<eg

i
/ hlO,0|* + v(s0) +hﬂ02|@/}|2d0d7—0h3/ X o[> dodr .
loht/2|<eg 2 loh2 |<eg

Thus, the estimates of Agmon imply that

/ RO+ v(se + h20) Y[ do dt

loh2|<eq
2 2 V'(S0) 51 12 3 2
2 [ WGP+ v(so) Y + h—= o Y[ dodr — Chz|y "
loh2|<eq
Using again the estimates of Agmon, we notice that
2 2 V'(s0) 9112 _ oo 2
hOs|” + v (s0)[¢]" + h——0"[¢[" dodT = O(h™)|4|]".
|Jh1/2|2€0 2
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It follows that
V”(SO)

Q1) > / BOwl? + v(so)loP + 5 o2 do dr — Crd )

Rx 2

Exercise 11.7. By using the approximation results, prove that

0u(0) = wso)lWIP+ [ HouIul? + 1 (50) 2102 do dr + o) [0

RxQ 2

Thanks to the orthogonality of the 1), with respect to the bilinear form associated
with Qj, we get

MO 2 Qo) = vlsollelf+ [ Hoattowf + 5o Thguf do dr +o(m)]uP.
This becomes
[ 110+ n 0 o < () o)+ oW ) -

Due to Proposition [11.5 the space {(¢,us,), ¢ € En(h)} is of dimension N. Thus, by

the min-max principle, we deduce

" 1/2
Av(h) > v(s0) + (2N — 1)k (” <23°)> +o(h).

Let us end this section by giving examples which can be treated as exercises.

Lu-Pan and de Gennes operator. Our first example (which comes from [18] and [172])

is the Neumann realization of the operator acting on L*(RZ, d¢ dr):
WD¢+ DY+ (C—7)°,
where RY = {(¢,7) e R?: 7 > 0}.

Montgomery operator. The second example (which is the core of [55]) is the self-

adjoint realization on L?( d¢ dr) of
2\°
2 12 2
h*D; + D7 + (C_E) :

Popoff operator. Our last example (which comes from [165]) corresponds to the Neu-
mann realization on L%(&,, d¢ dzdr) of

WD+ D2+ D2+ (¢ —7)°.

5. An alternative point of view

5.1. A general strategy. This section is devoted to the proof of Theorem[6.24] It is
also the opportunity to describe a quite general and elementary procedure of dimensional
reduction. We recall that we consider £, = h*D?+D?+V (s, t) whose associated quadratic
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form is

Qu() = /R W2\ D)) + |Dyp|? + V (s, t)[0|* ds dt .

We denote by u, the first normalized eigenfunction of D? + V(s,t) and we introduce the
projections defined for ¢ € L%(R?) by

ILap(s,t) = (U, us)i2my)us(t),  Hatp(s,t) = ¢(s,t) — Meap(s,t).
We let R(s) = [|0sus |2 g,)-

Lemma 11.8. For all » € Dom (Qy), the function ;) belongs to Dom () and we
have

(1) = [ BUPEE + () + BRE P s, with £(5) = (b))

PRrooOF. It follows immediately that, for any ) € Dom (Qy),
Os(ILp) = f(s)Osus(t) + f'(s)us(t) € L*(R?),
since sup,eg |f/(5)] < sup,ee {1, Detta )iz | + supe |(Outh, us)izqe| < oo, and
O (ILp) = (1, ug)izm,)Opus(t) € L*(R?).
Thus one has I1;1) € Dom (£3), and the calculations thereafter are valid.

By definition, one has

Qh(Hs¢)
= [ B0 + £ 0F + 176 Floa (0 dsdt+ | VisIF )P (0 ds

and thus

Qu (M) = / R2F() -+ 21 () 2100t (1)] oy s
+ [ e ( / |atus<t>|2+v<s,t>|us<t>|2dt) ds
:/R hzlf'(s)Ist—l—/R h2\f(5)\2R(5)ds+/ ul(s)\f(s)\zds.

S

where we used Fubini’s theorem, and the following properties on u:

(a) Vs € R, u, is normalized in L*(R;), and in particular,
d
<U5, as“s)LQ(Rt) = E(usa us>L2(Rt) =0.

(b) Vs € R, one has qs(us) = p1(s).
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Exercise 11.9. Prove that, for all ¢, 1y € Dom (£), we have

B, (L., Tthy) = / B2 11 (5)T0S) + (n(s) + 2R (s)) £1(5) Fo(s) s

S

where f;(s) = <¢j>u8>L2(Rt)'

Proposition 11.10. For all ¢ € Dom (Qy,) and all € € (0,1), we have

20)= [ (L= OP + (s) 4 HRE) 1 (6) P ds

R,

+/ (1= R[0T ¢ |[Eaqey) + (vals) — 4™ W2 R(5)) [T 4B, ds

PRrROOF. We write

(11.5.1) Qh(w):/RQhﬂDsw’?dsdtJr/ qs (1)) ds .

S

On the one hand, we have

(11.5.2) 05 (10s) = ds(Ist) + a5 (T ) > ()£ () + va () [T o, ) -

On the other hand, we get

/ 0.0 ds dt — / 1,0, ds dt +/ T0,0[2 ds dt
R2 R2 R2
But we have

[Hsa 3s]¢ = _<¢7 8sus>L2(Rt)us - <¢7 us>L2(Rt)asus = _[ij as]

and
1L, D% = I, I = 11, D) caqeytsll? + 118 ey st
so that
1L, 0012 = T4, 8,2 < 2 / R(s)|[? ds dt.
]R2

Writing [1,051) = 0,114 + [Ig, Os]), we get

O dsdt > (1—¢) [ |f()Pds+ (1 —e) [ 0L, ds
R2 Rs

Rs

—451/ R(S)|f($)|2ds—4€1/ R(s)|IT 12 g, ds -

Rs

Combining this last estimate with ((11.5.1)) and (11.5.2)), the result follows.
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Proposition 11.11. Let us consider the following quadratic form, defined on Dom (qir°?) x
Dom (Dh), b

Q" (f,0) =
/ (L=R)R?|f'(s)]*+ (v1(s)—4MA) | f(s)|? ds—l—/R2(1—h)h2|85<,0|2+(1/2(5)—4Mh)|gp]2ds dt,

T

Y(f, ) € Dom (q"?) x Dom (9Qy,) .

If $ie"s denotes the associated operator, then we have, for all n > 1

An(h) > AES(R)

PROOF. We use Proposition [11.10{ with ¢ = h and we get, for all ) € Dom (£2;,),

Q) > / (L= W22 + (v () — AMB)|f]2ds

S

- / (1 = h)R2|OIL Y * + (va(s) — AMA) I > dsdt .
R2
Thus we have
(11.5.3) Qn(¥) = Qi ((W, us), TLy), [0 = [IF1P + [T ol
With (11.5.3) we infer

QI (4, u,), TTE)
A (h) > Inf su .
()= ey S TP + Lo

dim G=n

Now, we define the linear injection

7. Dom (Q,) — Dom (qir°?) x Dom (3)
' W = (¥, us) , TI0) '

so that we have

QL) 25/, 0
inf sup 5 5 = _ inf SUP T
Gebom (@) yeg [[ILy[|? + ([0 "~ Geaom@) (sgpea 1717+ Il
m n dim G=n
and
tens tens
Gcgom @) (rpyec IFI1P+ 1@l1> ™ Gcpom (aped)xpom (n) (f,0)ec HfH + HSOH
dim G=n dim G=n
We recognize the n-th Rayleigh quotient of $}e" and the conclusion follows. U

We can now prove Theorem [6.24] Let us introduce the model quadratic forms

ano(f ):/Rh2|f/(8)|2+V1(s)|f(s)|2ds.
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Thanks to Exercise [11.9] and by using the eigenfunctions of the operator associated with

mod

qpod, we get

N (Qp, E) > N (qp°), E — Mh?) .
Conversely, we use the result of Proposition [11.11]to get
N (21, B) < N(QI%, ) < N (a7, (E + AMA)(1 — b)) |

the last inequality coming from the fact that, when A is small enough, there are no
eigenvalues of 9" below the threshold (by assumption in Theorem |6.24]).

Therefore we are reduced to the estimate of the counting function of ¢ in one

dimension and we apply Theorem [3.1}

5.2. Robin Laplacian in the Born-Oppenheimer approximation. Let us us
now end our discussion about the electric Born-Oppenheimer approximation with an

exercise related to the semiclassical Robin Laplacian. We use the notations introduced

in Chapter [4] Section [3.4.3]

5.2.1. A tubular neighborhood. Given § € (0,dy) (with dy > 0 small enough), we
introduce the d-neighborhood of the boundary

(11.5.4) Vs ={x e Q : dist(x,00) < ¢},
and the quadratic form, defined on the variational space
Vs ={ueHVs) : ulx)=0, forall x € Q such that dist(x,9) =4},

by the formula
YueVs,  QFu) = / |hVul? dx — h? / |u|? ds(x) .
Vs a9

We denote by £5°b’5 the corresponding operator. For simplicity, we take § = hi. We
denote by AR°®(h) and ARP9(h) the n-th eigenvalue of £ and E}FfOb’d respectively.

By using the estimates of Agmon, prove the following proposition.

Proposition 11.12. Let ¢y € (0,1) and o € (0,/€). There exist two constants C > 0
and hg € (0,1) such that, for all h € (0,hg) and n > 1 such that AR°*(h) < —egh,

AR (1) < ARPS () < ARD (1Y 4 T exp (—ah*i) .

5.2.2. The rescaled operator in mormal coordinates. Let us denote by ¢ the normal
parametrization of the boundary. Now we introduce the change of coordinates

(11.5.5) O :R/(|0QZ) x (0,00) D (s,t) = x = c(s) +tn(s) € Vs,.
We denote L = |02]/2. The determinant of the Jacobian of ® is given by

(11.5.6) a(s,t) =1—tk(s).
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The operator 2E°b’5 is expressed in (s,t) coordinates as
Ly =—h*a"10,(a0,) — h*a 10,(ad,),
acting on L*(adsdt). In these coordinates, the Robin condition becomes
h20u = —h2u on =0.
It will be convenient to work with a rescaled version of £;. We introduce the rescaling
(0,7) = (s, h721),

the new semiclassical parameter h = hi and the new weight

(11.5.7) a(o,7) =1—R’7K(0).
We consider rather the operator
(11.5.8) Ly =h"'Ly,
acting on L2(@do d7) and expressed in the coordinates (o, 7). We let T = h™20 = h™1
and

Vr={(0,7) : 0€]—L,L] and 0<7<T},

Vi ={ueH W) : u(o,T) =0},
(11.5.9) Dy ={uecH V)N Vr : d,u(o,0) = —u(o,0)},

On(u) = /17 (@ 2n*(05uf* + |0ruf? )@ do dr - /LL [u(o,0)* do,

- _

~

Ly, =—-h*a'0,a 0, —a 0,40 .
5.2.3. Dimensional reduction. We use the notations introduced in Chapter [2, Section
0.2

We let
Heorn = L5
with B = h2k(0) = h2k(0).
We introduce for o € [—L, L) the Feshbach projection II, on the normalized ground-
state of H (o), denoted by vi(oy s,

o) = (W, V(o)) L2((0,7) adr) Un (o), -

We also let
I =1d -1,

and

(11.5.10) Ri(0) = 1105 Vs(o) n 20,7y, aar)

The quantity Rj is sometimes called “Born-Oppenheimer correction”.
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To be reduced to classical considerations, the main point is to control the effect of re-
placing a=2 by 1.

Lemma 11.13. We have, for all ) € Dom (@h),

/ a?0,°a dodr — | |0,9|*a dodr
i}\T v\T

< 5‘[ R\ £, (o) + BRy(0)| fu(0))* + R0, 11 4| do dr .
Vr

with
fulo) = (Y(o,-), Un(a),ﬁ>L2((O,T),Ed‘r) .

PROOF. We write

/ 20,02 dodr — [ |00 dodr
5 5

SC/A R*7|0,9|? do dr

Vr

< QC/A 7 (10,110 + |0, 11;¢|%) dodr
Vr

< 5[ P21 f1,(0)|* 4+ hRu(o)| f(0)|? + BlO, 1| do dr,
Vr
where we used that
T
(11.5.11) / Flonoyal2 dr < C
0

(that are consequences of Proposition 4.24)) and that 7h* may be estimated by Th* =
h. 0

Lemma 11.14. We have
T
/ UK(U)7haUUK(U)7ﬁa dT = O(hQ) .
0
ProoOF. We notice from the normalization of v, () that
T
aa/ UN(O’)ﬁvn(a),ﬁa dr = 0,
0
so that
T T
2/ V()10 Vn(o),h @ AT = / Vn(o),hUn(0),h(0s0) AT, with O,a = —7h*K/ (o).
0 0

The conclusion follows from (11.5.11)). O

Lemma 11.15. There exist C > 0, hg > 0 such that, for all ¢ € Dy and h € (0, hy), we
have

R L
Q5 (I,p) < / ) R (14+CH)| £, (0) P+ (B (1 + Ch)Ri(0) + M (Hu(o)n) + CR®) | fu(0)* do .
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The next lemma is slightly more delicate and follows from adaptations of the last

section.

Lemma 11.16. There exist C' > 0, hg > 0 such that, for all ¢ € ﬁT, € € (O,%) and
he (0, hy), we have

() /_(1 ) (1—CHYR| £ ()P4 T\ (Haor ) — Cle W Ru(0) + € B + 1)} | fu(0)]? do

L

L
+/ (1=6)(1=CR)E 0T ¥ 22 aary +{ Ao (His(orn) — C€ A Ry(0) — Ce h° } [T 4] 72aar do

We apply Lemmas[11.15|and [11.16| with ¢ = h%. Then, we use Proposition 2.9, Lemma
and Proposition to deduce that

Al(HK(U),h) =—-1- h’QH(O—) + O(h4) )
and that there exist hy > 0 and C' > 0 such that, for all h € (0, hg),

)\2(HH(U ) > —Ch > _5

Then we notice that Rj;(c) (introduced in (11.5.10)) satisfies R;(c) = O(h*) thanks to
Lemma and the relation B = k(o)h?*. We deduce the following theorem.

Theorem 11.17. For ey € (0,1) and h > 0, we let
Ne,n = {n € N*: AR (h) < —¢oh}.

There ezist positive constants hy, Cy., C_ such that, for all h € (0,hg) and n € Ne, p,
X (h) < AR () < A (1)

where \ME(h) is the n-th eigenvalue of ,Czﬁ’i defined by

N

L5 = —h+ (1+ Ch2)h2D2 — k(0)h? + Ch?,

and

£ = —h+ (1 — C_h?)R2D? — k(o)h? — C_h?,
Remark 11.18. Let us end this section with the following observations.

i) As we can see in the proof of Theorem , we only need to use that the boundary
is C? and that the curvature is Lipschitzian. In the terminology of [161], such an
assumption means that the boundary is admissible of order 3.

ii) It is possible to avoid to assume that the curvature is Lipschitzian by considering
rather the projection Il (what is done at some point in [I61]) and by noticing that
is the first order approximation of II,;(4) .

iii) Note also that we have here a uniform approximation of the spectrum. The choice
of § = ht was arbitrary. Such a choice is natural why studying the tunneling effect
between non degenerate wells ([95]).

176



iv) Since the strategy does not depend on the dimension, for the case of higher dimension,
the same results holds as soon as we replace D? by the Laplace-Beltrami operator
on 02 and k by the mean curvature.

v) The result of Theorem can be applied to get a semiclassical estimate of the
counting function of eigenvalues less than —h + Eh%, that is

Rob AT 1
N(Sh : h+Eh2>}HO — /891/(E+f<c)+d5(x).
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CHAPTER 12

Magnetic Born-Oppenheimer approximation

Pour l'achevement de la science, il faut
passer en revue une a une toutes les choses
qui se rattachent a notre but par un mou-
vement de pensée continu et sans nulle in-
terruption, et il faut les embrasser dans une

énumération suffisante et méthodique.

Régles pour la direction de [’esprit,

Descartes

We explain in this chapter the main steps to the proof of Theorem [6.29 In particu-
lar the reader is supposed to be familiar with the basics of pseudo-differential calculus.
We establish general Feynman-Hellmann formulas and we also recall the fundamental
properties of coherent states.

1. Quasimodes

This section is devoted to the proof of the following proposition.

Proposition 12.1. Let us assume Assumption[6.25. For alln > 1, there exist a sequence
(Vjm)j=0 such that for all J > 0 there exist C > 0 and hy > 0 such that for h € (0, hy):

J
dist (Z Vj,nhj/Q,SP(ﬁh)> < CptHI/2
j=0

where:

1
Yoo = Mo, Vim =0, Yon =1y (iHessmo,go w(o, Da)) .

In order to perform the investigation we use the following rescaling:
s=h'?c
so that £}, becomes:
(12.1.1) Ly, = (=iV, + As(zo + %0, 7))* + (&9 — ih'/*V, + Ay (20 + %0, 7))

We will also need generalizations of the Feynman-Hellmann formulas which are obtained
by taking the derivative of the eigenvalue equation

Mac,éuaz,é = /L(:U7 g)ux,f
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with respect to x; and &.

Proposition 12.2. We have:
(12.1.2) (Mg — (@, ) (Ogu)eg = (Opp(z,§) — Oy Mo g)tine

and:

(12.1.3)  (Mapg — 10)(0n09t) g g6
= 0y0pf1(20, €0) g0 — OnMag 0 (Do) zg,c0 — T Mg g0 (Onth)zg.e0 — OyOp Mg 9 Uag £

where n and 6 denote one of the x; or &,. Moreover we have

(12.1.4) Oyt €) = /]R O Mg o (T)tse(7) AT

We can now prove Proposition [12.1] Since A; and Ay are polynomials, we can write,
for some M € N:

M
Ly=> WL,
§=0
with: . .
EO - MI0,§07 El - Z(al'j'/\/l>1'07§00-j + Z(ang)fEOfODUj )
j=1 j=1
1 m
Ly = 5 Z ((a$ja$k'/\/l)l'07§00-jo-k + (aﬁjako)xo,EoDUjDak + (afja%M)wo,{oDUjo-k
k,j=1
+ (a$ka§jM)l'07§00-k‘D0'j>'
We look for quasimodes in the form:
)~ Z hi/24p,;
j=0

and quasi-eigenvalues in the form:
Y~ Y Wy
Jj=>0
so that they solve in the sense of formal series:

Lpp ~ .

By collecting the terms of order h", we get the equation:

M, 080 = Yoo -
This leads to take vy = po and :

Yo(o,7) = folo)ue(7),
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where 1y = ug,¢ and fy is a function to be determined in the Schwartz class. By
collecting the terms of order h'/?, we find:

(Mxo,éo — (w0, &0))¢1 = (11 — L1)vo .

By using (12.1.2]) and the Fredholm alternative (applied for o fixed) we get 7, = 0 and
the solution:

m m

(12'1'5) 7701(07 T) = Z(aﬂﬁju)xmfo Ujfo + Z(aéju)xofo DUij + fl(a)UO(T) )

j=1 j=1

where f; is a function to be determined in the Schwartz class. The next equation reads:

(Maggo — 11(0, )02 = (72 — L)t — L1t1 .
The Fredholm condition is:
(12.1.6) (Latbo + L131, Uo) L2(rn,ar) = V2o -
We obtain (exercise):

%Hess,u(xo, &o)(0, Dy) fo = e fo -

We take 7, in the spectrum of 1Hess u(zo, &) (0, Dy) and we choose fy a corresponding
normalized eigenfunction. The construction can be continued at any order.

We deduce from Propositions and [12.1}

Corollary 12.3. For alln > 1 there exist hg > 0 and C > 0 such that for all h € (0, ho)
the n-th eigenvalue of £ exists and satisfies:

2. Rough estimates of the eigenfunctions

This section is devoted to recall the basic and rough localization and microlocalization
estimates satisfied by the eigenfunctions resulting from Assumptions and and
Corollary The following two propositions are applications of Proposition 4.9

Proposition 12.4. Let Cy > 0. There exist hg,C,eq > 0 such that for all eigenpairs
(AN, ) of £, such that A < pg + Coh we have:

leoro|* < Ol 9 (¢0rly) < Oll.

Proposition 12.5. Let Cy > 0. There exist hy,C,eg > 0 such that for all eigenpairs
(N, ) of £, such that X\ < ug + Coh, we have:

ety |* < Cllpl, Qu (eFlp) < O],

We deduce from Propositions and the following corollary.
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Corollary 12.6. Let Cy > 0 and k,l € N. There exist hy,C,eq > 0 such that for all
eigenpairs (N, 1) of £ such that A < po + Coh, we have:

Irstll < Cllol, Qu(r*s) < Cllul?,
| = iVosirhpl < CllP, || - hVastrs ] < Ol

Taking successive derivatives of the eigenvalue equation we deduce by induction:

Corollary 12.7. Let Cy > 0 and k,l,p € N. There exist hy,C,eq > 0 such that for all
eigenpairs (N, ) of £, such that X < po + Coh and all h € (0, hy), we have:

I(=iVoPs' 7™l < LI, [(=ih Vo )Ps'm el < Ol

Using again Propositions and and an induction argument we get:

Proposition 12.8. Let k € N. Let n > 0 and x a smooth cutoff function being zero in a
neighborhood of 0. There exists hg > 0 such that for all eigenpairs (X, 1) of £, such that
A < pg + Coh and all h € (0, hg), we have:

X (P s) s @memy < OBX)DI, (X (A7) llgt@meny < OT) 9]

where || - ||gkrn+my is the standard norm on:

k m+ny\ __ 2 m+ny . .4 2 n+m .

By using a rough pseudo-differential calculus jointly with the space localization of
Proposition [12.8 and standard elliptic estimates, we get:

Proposition 12.9. Let k € N. Let n > 0 and x a smooth cutoff function being zero in a
neighborhood of 0. There exists hg > 0 such that for all eigenpairs (X, 1) of £, such that
A < g + Coh, we have:

IX(R"hDs )Y ||gegmeny < OBZ)WI, [[X(R"Dr)db|lgr@meny < OhZ)[|2]]

3. Coherent states and microlocalization

3.1. A first lower bound. By using the formalism introduced in Chapter[6] Section
2.2.2, we get the following proposition.

Proposition 12.10. There exist hg, C' > 0 such that for all eigenpairs (X, ) of Ly, such
that A < po + Coh and all h € (0, hy), we have

(12.3.1) Qn(¥) = Qnup(Vup) dudp — Chl[Y|* = (u(wo, &) — CR) ¥,

R2m

where Qpuyp 15 the quadratic form associated with the operator M p1/2, g0 1n1/2p-

PrOOF. We use (6.2.4). Then the terms of Ry, (see (6.2.5))) are in the form hh?/2g! Di7>D?
with [+ ¢ < p and 5 =0,1. With Corollary and the rescaling (9.1.3), we have:

|hP26' DL DEy|| < |||
182



and the conclusion follows. O

3.2. Localization in the phase space. This section is devoted to elliptic regularity
properties (both in space and frequency) satisfied by the eigenfunctions. We will use
the generalization of the localization formula given in Chapter [4 Formula (4.2.1)). The
following lemma is a straightforward consequence of Assumption [6.25]

Lemma 12.11. Under Assumption[6.25, there exist £g > 0 and ¢ > 0 such that

o + 3,8 + &) — (0, &) > ezl +1€%),  V(@,§) € Bleo),
and
plzo + 2,8 + &) — plxo, &) > ¢, V(,€) € LB(eo)
where B(go) = {(x,€), |z] + |€| < g0} and CB(gy) is its complement.

Notation 12.12. In what follows we will denote by n > 0 all the quantities which are
multiples of n > 0,i.e. in the form pn for p € N\ {0}. We recall that n > 0 can be chosen
arbitrarily small.

Proposition 12.13. There exist hy,C,eq > 0 such that for all eigenpairs (X, 1) of Ly,
such that X < pg + Coh, we have:

lowll* + IVowl* < Cllv)*.

PROOF. Let (A, 1) be an eigenpair such that A < pg 4+ Coh. We recall that (12.3.1))
holds. We have

Qn(®) = M9l1* < (1o + Coh)|[]|* -
We deduce that

/)QMA%M—MWWWM®SCWM2
RQm

and thus by the min-max principle

/2 (1o + BM2u, & + h?p) — 1) [Yup* dudp < Chlj||?.
R m

We use the ¢p > 0 given in Lemma [12.11] and we split the integral into two parts.
Therefore, we find:

(12.3.2) (/ (uf? + ) upl? dudp < Cll|%
B(h71/280)

(12.3.3) / [Yup|? dudp < Chl[9]?.
CB(h—1/2¢p)

The first inequality is not enough to get the conclusion. We also need a control of
momenta in the region CB(h~1/%¢y). For that purpose, we write:

(12.3.4) (@) = [ Qnup <wwu,p) dudp + (Ruajy, aj¢)) .
R2m V2
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Up to lower order terms we must estimate terms in the form:

h{hPPa' DI Dlasy, alnp)

J

with [ +¢=p, a € Nand = 0,1. By using the a priori estimates of Propositions [12.8

and [12.9, we have:
120! D3 D ajpl| < Ch™7||aj|

The remainder is controlled by:
[(Rua), a5 < ChI([Votd | + llow])

Then we analyze Qp,(aj¢) by using (4.2.1)) (Chapter {4) with 2 = a;. We need to estimate
the different remainder terms. We notice that:

a5, Peraltoll < CRY?|9]),
[(Pre.rn s 05 [Py a5]0) | | Prr || 165 [ Prr s a0
|(Prrnths 0[Py a510) < NPl Nag[Prrns o500
[(Preorn Vs [Prrps a5 6310 < [Py n® || [Prrny a5], 51900

where P, denotes the magnetic momentum hl/zDW + Ay, (2o + h'/?g, 7) and Pa,.p,
denotes D,, + Ay, (1o + h'/20,7). We have:

[Perntdll < Cllo|

IN

and:

a3 [Pern )80 < CRMY2 |3 Q(RY 20, 7))
where () is polynomial. The other terms can be bounded in the same way. We apply the
estimates of Propositions and to get:

la;Q(h" 2o, )yl < Ch~ a3 .
We have:
Qu(aje) = Majy|* + O [¥[I* + O(h=")([Vot||* + llov]?) .
so that:
Qn(ay1) < o, &) laj|® + Chl[|? + O(h=™ M) (| Voth|| + [|oeb][?) -
By using ((12.3.4)) and splitting again the integral into two parts, it follows:

Lo (2 I =i sl dudp < I+ O TIT 17+ o),

/CB< o = )P dudp < ORI + ORI P + o ).
h—=1/2¢q

Combining the last inequality with the first one of (12.3.2) and the Parseval formula we

get the conclusion.

g
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By using the same ideas, we can establish the following proposition.
Proposition 12.14. Let P € Cy[ Xy, ..., Xo,]. There exist hy, C,eq > 0 such that for all
eigenpairs (N, ¥) of £ such that X < pg + Coh, we have:

1P, D)l < Ch™2 7|l

3.3. Approximation lemmas. We introduce the projection
‘IJO = How = <w7 uxo,§0>L2(R”,dT)u$0,§0
and, inspired by (12.1.5) where f is replaced by (1, U, ¢,) 2R, d7) and fi by 0

(123 5 Z aacju x0,80 97 @D,Uxo fo L2(R™,dT) + Z afj z0,&0 Daj <w7u1‘0,§0>L2(R”,d7’)-

7=1 7j=1

This leads to defined the corrected Feshbach projection
(12.3.6) M,y = U + h'/20,

and
Ry =v¢ —1Ly.
We may notice that this corrected Feshbach correction shares some features with the

“super-adiabatic” projections a la Panati-Spohn-Teufel- Wachsmuth (see for instance [186),
160, 190]).

Note that the functions ¥y and ¥, will be a priori h-dependent. By the L2-normalization
of uy ¢ (when £ € R™), ¥y and R), are orthogonal (with respect to the 7-variable) to ug
(and Uy). Furthermore, we have by construction and Proposition [12.2]

(1237) (£0 - MO)\IJI == —51\110
and, by the Fredholm alternative,
(L1, Wo)r2(mn,ar) = 0.

We can prove a first approximation.

Proposition 12.15. There exist hg, C' > 0 such that for all eigenpairs (A, ¥) of Ly, such
that A < po + Coh, we have

[ — Tloap|| < CRY277) |||

PROOF. We can write:

(Lo — 110) = (X — pio) — W2 Lyp — hLotp + ... — KM L)

By using the rough microlocalization given in Propositions and and Proposition
12.14} we infer that for p > 2:

(12.3.8) W2 - DPo! DL < ChE="7 ~57 ||| = Chi ||,
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and thanks to Proposition [12.13f
L] < Ch7Y]l,

so that:
(Lo = po)¥|l < CR2TM|Y,

and the conclusion follows. O

Corollary 12.16. There exist hg,C > 0 such that for all eigenpairs (X, 1) of L}, such
that A < pg + Coh, we have:

lo(v — o) || < CRY*M[W[l, [ Do( — o) || < CRY |

We can now estimate ¢ — I1,.

Proposition 12.17. There exist hg, C > 0 such that for all eigenpairs (X, ) of Ly, such
that A < pg + Coh, we have:

I — Tyl < CR79]l

PROOF. Let us write:
Ly =M.
We have:
(Lo+ RY2L0)0 = (o + OR))Y — hLoth — ... — KM2 Ly
Let us notice that, as in (12.3.8)), for p > 2:
R|L)| < ORI
We get:
(Lo — po) Ry, = —h'2L1(p — Wo) + O(h)p — hLoth — ... — WMLy
It remains to apply Corollary [12.16[ to get:
WL = Do) < ChAT ]
O

Let us introduce a subspace of dimension P > 1. For j € {1,---, P} we can consider
a L?-normalized eigenfunction of £, denoted by v;, and so that the family (¢;5)jeq1,.- P}
is orthogonal. We let:

Ep(h) = span .

Remark 12.18. We can extend all the local and microlocal estimates as well as our
approximations to ¢ € Ep(h).

Proposition 12.19. For all n > 1, there exists hg > 0 such that, for all h € (0, hy), we
have
An(h) > pio + Apah + o(h),
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where we recall that A, is the n-th eigenvalue of sHess p(xo, &) (0, Dy).

PROOF. Since we want to establish a lower bound for the eigenvalues, let us prove a
lower bound for the quadratic form on €p(h), for P > 1 (in the spirit of Chapter [L1]).
We have

Qn(¥) = (Low, ) + W (Lo, ) + Lo, ) + o+ WL, )+ B (L, ).
Using Propositions [12.13] [12.14], [12.8] and [12.9] we have, for £ > 3

We infer
Qn(¥) > (Lo, b) + 2Ly, ) + h{Loth, ) — ChT7|[p|2.

It remains to analyze the different terms. We have
(Lo, ) = (Lo(Vo + h2Ty + Ry), U + b0, + Ry).

The orthogonality (with respect to 7) cancels the terms (LoWy, ¥g) and (R, Uy). More-
over, we have, with Propositions and

W2 (Lo Ry, )| < BT R[]0 ]
and we use Proposition to get
0 < Clleoll,
so that, with Proposition [12.17]
(Lo, ) = ol Toll* + h(LoTr, 1) + O(RET)|[9?.
We have
(Latp, ) = (L1Wo, W) + 20" 2 (L1 W0, U1) + h{L1V1, Uy) + 2(L13), Rp) .

Then, a Feynman-Hellmann formula provides (£, Wy, V) = 0. Using again Propositions

12.8], [12.9] [12.13] [12.14] and [12.17], we notice that
(La, ) = 202(L1W0, 1) + O(RT ) ]2

We notice
(Loth, ) = (LaWo, Vo) + (La(¥) — Vy),¥) + (Larp, ¥ — V) .
Writing 1 — Uy = h'/?¥, + R),, we have the estimate
(Lot — W), ) + (Loth, ) — Vo)| < Ch™T TRy ||2.
We infer
Qn (1) > pio|| o[+ (Lo Wy, W) +h{L1 Vo, U )+h{L1 Wy, Wo)+h({LaWg, We)—Chi~ |||
Using ((12.3.7)), we get

h(LoW1, W) + h{L Vo, ¥y) = h,UOHlI]lH2 )
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so that, by orthogonality,
Qn(¥) > pol|Wo + h/2W4|[2 + h(L1 1, Wo) + h{Ly Ty, Wo) — ChAT||)*.
Since (Rp,, ¥y) = 0 we deduce that
[Wo + 0200 > = [[Wo + 120y + Ry|* + O(h3 )10
It follows that
Qi () = polllI” > h(L1 Wy, Wo) + W{L2To, To) + O(hT &>,

and, since Qp,(¢¥)) < Ap(h)[]1||?, we have

(e (h) = po)[¢][* > W{L21, W) + (L2 0, Wo) + O(h ) [
Thus we get

(\p(h) = )| Wol* = B(L1 D1, To) + A{La o, W) + O(h5 7).
We recall that (see (12.1.6) and below)

(L1Wq,Wo) + (L2, ¥y)
= (3Hess ju(x0, &0) (0, Do) ({4, u0) 2R, 7)) <¢7u0>L2(Rn7dT)>L2(Rm,dU) :

Finally we apply the min-max principle to the P-dimensional space (€p(h), uo), - (B, dr)-
]

Theorem [6.29 is a consequence of Propositions [12.19| and [12.1}
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CHAPTER 13

Examples of magnetic WKB constructions

Mais la vision la plus belle qui nous
reste d'une ceuvre est souvent celle
qui s’éleva au-dessus des sons faux
tirés par des doigts malhabiles, d’un

piano désaccordé.

Du coté de chez Swann, Proust

In this chapter we give some examples of magnetic WKB constructions. Let us underline
that these examples are the first known results in the direction of WKB constructions in
presence of a pure magnetic field.

1. Vanishing magnetic fields

This section in devoted to the proof of Theorem [6.31] The fundamental ingredients
to succeed are a normal form procedure, an operator valued WKB construction (see
Proposition for an electric example) and a complex extension of the standard model
operators.

Lemma 13.1. For r > 0, let us consider a holomorphic function v : D(0,r) — C such
that v(0) = v'(0) = 0 and v"(0) € Ry. Let us also introduce a smooth F defined in a real
netghborhood of 0 = 0 such that 0 = 0 is a non degenerate mazimum. Then, there exists

a neighborhood of 0 = 0 such that the equation

(13.1.1) v(ip(o)) = F(o)

admits a smooth solution ¢ solution such that ¢(0) =0 and ¢'(0) > 0.

Proor. We can apply the Morse lemma to deduce that ((13.1.1]) is equivalent to
v(ip(0))* = —f(0)?,
F”(O)

where f is a non negative function such that f'(0) = \/—=—= and F(0) = —f(0)* and

I/”(O)
2 -

v is a holomorphic function in a neighborhood of 0 such that 7? = v and 7/(0) =
This provides the equations

(ip(o)) = if(o), wlip(o)) = —if(o).

189



Since v is a local biholomorphism and f(0) = 0, we can write the equivalent equations
p(o) = =i ' (if (0)), (o) =0~ (~if(0)).

The function ¢p(s) = —iv~!(if(s)) satisfies our requirements since ¢’(0) = 20 g

- V//(o) .

1.1. Renormalization. We use the canonical transformation associated with the
change of variables:

(13.1.2) t= (7(0))_1«%27', s=o0,
we deduce that ££Lk] is unitarily equivalent to the operator on L?( do dr):

S h (o)
Hnew _ v (0)#2 D2 + ( hD, — y(0) 72 — 1
L =0l T*( O T Y S ) (o)

(rD, + D T)>2 .

We may change the gauge
e—ig(a)/h/g&f]a”eweig(a)/h

2 1 1 TkJrl h ’7/(0-)
= 1(0)72D? + ( hD, + 1y (o)™ — y(0) 7
(o)== D2 4 < TGO =) T S o)

with

(D, + DTT)) B

glo) = go/ 2(5)7 d5

For some function ® = ®(o) to be determined, we consider

ng}ngt o®/ho—ig(o /hs new ig(o)/h—®/h _ olklwgt0 | p alklwet1 _‘_h2£[k],wgt,2’

with
g o (o)eiagl
gt — 1 ()72 0,88D, + Do (o) 0:2) + 9 (0,75 Dy),
glelwet2 — D2 1 9%, (0, 7; Dy, D),
where
w(o) = +iv(o) Fe .
and where the (o, 7;D,) is of order zero in D, and cancels for ¢ = 0 whereas

Ry (o, 7; Dy, D) is of order one with respect to D,,.
Now, let us try to solve, as usual, the eigenvalue equation

Sgﬂ’wgta = a

in the sense of formal series in h:
a ~ g Waj, X\~ g RN .
720 720
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1.2. Solving the operator valued eikonal equation. The first equation is
S[k]’Wgt’an = )\an .

We must choose
Yo =35 ()

and we are led to take
k
(13.1.3) ao(0,7) = folo)ulll,,(7)
so that the equation becomes
2
A (wio) - (@) = (22 10) 7 - 1) ),

Therefore we are in the framework of Lemma [13.1, We use the lemma with F(o) =
(70’”27( )~ e 1) y{k]( ([)k]) and, for the function ¢ given by the lemma, we have

and we take Y
B(o) = [ ()73 do
0
which is defined in a fixed neighborhood of 0 and satisfies ®(0) = ®'(0) = 0 and

oo a2 o
(13.1.4) ®7(0) =0 k+2(uﬁ)”<<é’”>v<o>>o'

Therefore ((13.1.3)) is well defined in a neighborhood of o = 0.

1.3. Solving the transport equation. We can now deal with the operator valued

transport equation
(g[k},wgt,o _ )\O)al — ()\1 _ S[k]’wgt’l)ao.

For each o the Fredholm condition is
_ qlk]wet,1 (%] _
<(A1 £ >a07 w(U)>L2(R ) - 07

where the complex conjugation is needed since £¥"851 is not necessarily self-adjoint. Let

us examine
£[k},wgtl (k] > )
< a0, Uy, (o) L2(R,)

We recall the Feynman-Hellmann formula

1 / TkJrl
(0= [ (- )t

and the formula



which are valid for ¢ € C close to C([)k] by holomorphic extension of the formulas valid for
¢ € R. We get an equation in the form

[k],wgt,1 [k]
<£ aOauw(U)>L2(RT)

= 3 {300 () wio D, + Doty () (wio) } o+ ¥ o),

where RI¥ is smooth an vanishes at ¢ = 0. Thus we are reduced to solve the transport
equation

1

2 {7(0)#2 (V{k]y(w(a))Da + Dyy(0)F <V£k1>/(w(0))} a + R"(0)ag = Mao.

The only point that we should verify is that the linearized transport equation near o = 0
is indeed a transport equation in the sense of [53] Chapter 3] so that we have just to

consider the linearization of the first part of the equation. The linearized operator is

()" e 0)
2

(00, + 0,0) .

The eigenvalues of this operator are

(1) (e )

(13.1.5) 5

(27+1), jeN

Let us notice that

k " k 1 k k k " i
() @ | s o) () @)
2 2 \k+2 7(0) '
This is exactly the expected expression for the second term in the asymptotic expansion

of the eigenvalues (see Theorem 6.29)). Therefore \; has to be chosen in the set (13.1.5)),
the transport equation can be solved in a neighborhood of ¢ = 0 and the construction can

be continued at any order (see [53, Chapter 3]). Since the first eigenvalues are simple,
(K] ~2(e)
& e

are approximations of the true eigenfunctions of e*ig(“)ﬂgf}’neweig("). This is the content

of Theorem [6.31]

the spectral theorem implies that the constructed functions fo(o)u e
+iv(o) k+2 e

2. Curvature induced magnetic bound states

Let us prove Theorem [6.34] Let us introduce a phase function ® = ®(o) defined in a
neighborhood of o = 0 the unique and non-degenerate maximum of the curvature k. We
consider the conjugate operator

qowet _ 6<I>(o)/h211 226—@(0)/h21£ '
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As usual, we look for
a~ Y hia;, A~ ) Ahi
>0 >0
such that, in the sense of formal series we have

£ ~ Aa.
We may write
E(}:L,Wgt ~ 20 + h%gl + h%EQ —|— h%£3 —l— ey

where
20:D3+(C0_T)27
£1=2(¢ —7)i®(0),

2

Lo = k(0)0: + 2 (DU + H,(O')%) (Co—7) — @' (0) + 2k(0) (o — 7)*7,

2 ,7_2

8y = (DU + m(g)%) (i®' (o)) + (i () (D(, + ()5

Let us now solve the formal system. The first equation is

) + 4i®' (o) 1r(0)(Co — 7) -

Loag = Moo

and leads to take

Ao =09, ag(o,7) = folo)ue(7),
where fy has to be determined. The second equation is

(€0 = Ao)ar = (A — €1)ag = (M — 2(Co — 7))ug, (7)i®'(0) fo
and, due to the Fredholm alternative, we must take \; = 0 and we take
ar(0,7) = 1%'(0) foo) (Ocu)g, (7) + f1(0)ug,(7),

where f; is to be determined in a next step. Then the third equation is

(Lo — No)az = (A2 — £9)ag — L£1a; .

Let us explicitly write the r.h.s. It equals

>‘2uCof0 + (I)/2(UC0 + Q(CO - T) (aCu)Co)fO - 2<<0 - T)UCO (iq)/fl - iacrfO)
+ #(0) fo(Druey — 2(Co — 7)*Tuey — 7(Co — T)ugy) -
Therefore the equation becomes

(Lo —Ao)az = Aaug, fo+ %ﬁ))q’/%cofo + () fo(—0ruc, —2(Co—7)*Tue, — 7 (Co —T)ug, ) ,

where
(NIQ = Q2 — V¢, (Zq),fl - iaafo) + %(8§u)<0<13’2f0 .
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Let us now use the Fredholm alternative (with respect to 7). We will need the following
lemma the proof of which relies on Feynman-Hellmann formulas (like in Proposition |12.2)
and on [75 p. 19] (for the last one).

Lemma 13.2. We have:
/ (CO B T)ugo (T) dr = 0, / (aCU)Co (T)UCO (T) dr = 0,
Ry Ry

2 [ (60— )@ (g (r)ar = A5 1,

/ (27(Co — 1) + 72(Co — 7)) ud, + ug,Orug, dr = —=C .
Ry

We get the equation

" 2.0
Ay + A (QCO)Q)'Q(U) +Cir(0) =0,  Cy = —“403( ).

This eikonal equation is the eikonal equation of a pure electric problem in dimension one

whose potential is given by the curvature. Thus we take

)\2 = —01/{(0) s

®@:(j%0m

In particular we have:
@// O — (—) 7
=@

and

where ky = —£”(0) > 0.
This leads to take

a9 = f()dg + (8CU)C0 (Z(I)/fl - i&,fo) — %(62u)<0(1>'2f0 + fQUCO s

where ay is the unique solution, orthogonal to u, for all o, of

1 (o)
2

and fo has to be determined.

(Lo — w)ag = Vollg, + CDIQUCO + k(o) (_aTUCO —2(Co — 7')27'“@ - 7'2@0 - T)Uco) )

Finally we must solve the fourth equation given by
(Lo — Ao)asg = (A3 — £3)ag + (Ay — £2)a; — Lyas.

The Fredholm condition provides the following equation in the variable o:
(L3a0 + (L2 — Ao)ar + L1az, ugy) L2, ar) = A3fo.

Using the previous steps of the construction, it is not very difficult to see that this
equation does not involve f; and f5 (due to the choice of ® and Ay and Feynman-Hellmann
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formulas). Using the same formulas, we may write it in the form

V1 (%)
2

where F'is a smooth function which vanishes at 0 = 0. Therefore the linearized equation

(13.2.1) (¥'(0)05 + 059" (0)) fo + F(0)fo = Asfo,

at 0 = 0 is given by

(I)”(O) “ (QCO) (Uacr + 8‘70') fO = )\SfO .
We recall that
—é§2:=3ca@y2

so that the linearized equation becomes

13k
C(1@(1)/4 72 (Uaa + 800) fO = )\3f0 .

We have to choose A3 in the spectrum of this transport equation, which is given by the

{@n—lxxeyﬂ/%?, nZl}.

If A3 belongs to this set, we may solve locally the transport equation (|13.2.1) and thus

set

find fy. This procedure can be continued at any order.
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Part 4

Magnetic wells in dimension two






CHAPTER 14

Vanishing magnetic fields in dimension two

For it is not from any sureness in myself that
I cause others to doubt: it is from being in
more doubt than anyone else that I cause
doubt in others.

Meno, Plato

This chapter presents the main elements of the proof of Theorem [7.4, We provide a
flexible and “elementary” proof which can be adapted to other situations, especially less
regular situations as in Chapter [I8) A more conceptual proof, using a WKB method, is
possible by using the material introduced in Chapter [12], Section [2.2] Nevertheless, the
approach chosen for this chapter has the interest to reduce explicitly the spectral analysis
to an electric Laplacian in the Born-Oppenheimer form. In particular, we do not need

the notions of coherent states or of microlocalization.

1. Normal form

1.1. A first normal form. Let us start with an exercise.

Exercise 14.1. We recall that ® : (s,t) — ¢(s) + tn(s) defines a local diffeomorphism
near (s,t) = (0,0). We let m(s,t) = 1 — tr(s) and we use tildes to indicate that we
consider a function in the variables (s,t).

(i) Prove that, for all smooth function supported near (0,0), the quadratic form Qp
becomes

Bra(0) = [ (IRDwP + (1 = tx(s))1PUP) ms, 1) dsdt.
where (read Chapter [0 Section
(14.1.1) P = hD, — A(s,t), A(s,t) = /Ot(l — k(s)t")B(s, ') dt’ .
(ii) Prove that, near (0,0), the operators become

EhA = h*(1 — tk(s)) ' Dy(1 — tr(s)) Dy + (1 — tm(s))’lp(l - tm(s))’lﬁ.
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By a change of function (see [117, Theorem 18.5.9 and below]), we are led to the
following operator on L*(R?) that is unitarily equivalent to £, a:
h%k(s)?
4m?2

1/2°a —1/2 2 2
rex = m!2L, am™ V2 = P2+ Py —

with P, = m~Y2(hD, — A(s,t))m~/? and P, = hD,.

We wish to use a system of coordinates more adapted to the magnetic situation. Let
us perform a Taylor expansion near t = 0. We have:

B(s,t) = v(s)t + 0°B(s, 0) 5+ O(t?).
This provides:
(14.1.2) A(s,t) = @z@ + k(s)t® + Ot
with
ugzéfﬁgﬂy—%?wg.
This suggests, as for the model operator, to introduce the new magnetic coordinates in a

fixed neighborhood of (0, 0):

f=~(s)3t, 5=s.
This change of variable is fundamental in the analysis of the models introduced in Chapter
[12] Section 2.2} The change of coordinates for the derivatives is given by:

1 .
Dy =(8)°Ds, Dy = Ds+ 39/'y 1Dy

The space L?(dsdt) becomes L?(y(5)~'/3dsdf). In the same way as previously, we shall

conjugate £7°%. We introduce the self-adjoint operator on L*(R?):
QhA 1/6£new 1/6
We deduce:
Lha = h*y(3)*°D; + P?,
where .
P 771/6v—1/2 <hD A(S t)‘i‘hg’}/’}’ 1tD) 1/271/6
with:

A(3,1) = A(3,7(3)71%) .

A straight forward computation provides
P =2 (hD A( )+h6’}/’)f (tng—i-Dt*tv)) mil/Q,

where we make the generator of dilations {D; + D;f to appear (and which is related to
the virial theorem, see [168], 172] where this theorem is often used). Up to a change of
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gauge, we can replace P by
S 1 . y
/2 (hDg + My (3)) 3R — A3, 1) + héy’fy*l(th + Dﬁ)) 2.

1.2. A second normal form. Therefore, the operator takes the form “a la Horman-
der”:

(14.1.3) Eh,A = Pl(h)2 + P2(h)2 - Am(3 7(5)1/3{)2 ’

where
L 1 3 §
Py(h) = m/? (hDg + ()RR — A3, D) + hév"y_l(th + D,gt)) 12,
PQ(h) = h"}/(é)l/z%D{

Computing a commutator, we can rewrite P;(h) as
<y 1 - .
(14.1.4) Py(h) = m! (hDg + ()RR — A5, D) + hen'yH (EDg + Dgt)) +Ch,

where:

h .
Notation 14.2. The quadratic form corresponding to Ly will be denoted by Qy.

1.3. Quasimodes. We can construct quasimodes using the classical recipe (see Chap-
ter involving the scaling

(14.1.5) t=n'3r, 5=hn,
and the Feynman-Hellmann formulas.

Notation 14.3. The operator h_4/3f}h7A will be denoted by L, in these rescaled coordi-
nates.

This provides the following proposition.

Proposition 14.4. We assume (7.3). For all n > 1, there exist a sequence (07);>0 such
that, for all J > 0, there exists hy > 0 such that, for h € (0, hy), we have:

J
dist <h4/3 Ztgjﬂhj/67sp(£h’A>> < Ch4/3h(J+1)/6 ‘

J=0

Moreover, we have:

2/3 1], 1] 2/3 2/3 (¢ My iy )
061:’70 VI(O)’ 0?207 0;:70 CO—}_’YO (2n_1) 3 .

Thanks to the localization formula and a partition of unity, we may prove the following
proposition.
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Proposition 14.5. For alln > 1, there exist hg > 0 and C' > 0 such that, for h € (0, hyg),
(k) = g (s — Cnstas.

PROOF. We use a partition of unity (see Chapter , Section (1)) with balls of size h”:
> =1
J

and such that:
D IVl < Ch

J

We let
Bj,h = SUppx;n -

If X is an eigenvalue and 1) a corresponding eigenfunction, we have the localization formula

Zﬂh,A(Xj,h@D) — W2 Vxgnll* = AZ It -
i j

We distinguish between the balls which intersect ¢ = 0 and the others so that we introduce:
Ji(h) ={j:B;jnNC #0}, Jo(h) ={j:BjnNC=10}.

If j € Jy(h) , we use the inequality of Lemma combined with the non-degeneracy of
the cancellation of B and Assumption [7.1.1} We deduce the existence of hy > 0 and ¢ > 0
such that, for h € (0, hy),

Qnalxjnl) > h ‘/B(X)!Xj,hwz dx| > ch"*?||x; |

If j € Ji(h), we write:
Qna(xjn) = (1 —Ch?) / 110 (X0 + |(ih0s + A) (x;nt)* ds dt,

where A is defined in (14.1.1)). Thanks to a Taylor expansion (see (14.1.2))), we infer, for
all e € (0,1),

Qna(Xjn) >
v(s;)t? Chb¢

(=) ((1=2) [ Ina0oa + 100, + P25 0l asat - T gl )

and we deduce (see Section :
Dalunt) = (1= C?) (1= NP a2 = = Cro g avl?) -

Optimizing with respect to e, we choose: ¢ = B33 Then, we take p such that 2 —2p =
3p + % and we deduce p = %. O
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2. Agmon estimates

Two kinds of Agmon’s estimates can be proved by using standard partition of unity

arguments.

Proposition 14.6. Let (A, ) be an eigenpair of £, a. There exist hg > 0, C > 0 and
g0 > 0 such that, for h € (0, hy):

(14.2.1) / 20l 12 iy < O3]
and
(14.2.2) Q, a (eI 2y < Y312

PROOF. Let us consider an eigenpair (A, ) of £, o. We begin to write the localization

formula:
(14.2.3) Qna(e®) = Ae®¥|) + B? (| Ve,

We use a partition of unity with balls of size Rh/3:
> =1
J

and such that:
> IVxgal* < CRZhTE,
J
We may assume that the balls which intersect the line ¢ = 0 have their centers on it.

Using again the localisation formula, we get the decomposition into local ”energies”:

ZahA (ne®) = Mxgne®l® = 2 {x;n Vo y|* — ||V x;ne®y[* = 0.

We dlstlngulsh between the balls which intersect ¢ = 0 and the others:

Ji(h) ={j : BinNC#0}, Jo(h)={j:BjnNC=0}.

If j € Jo(h), we get the existence of ¢ > 0 (independent from R) and hy > 0 such that,
for h € (0, ho),

A alvne™) > b \ [ BRI o x| 2 R ol

If j € Ji(h), we write
Qi) = (1= CRRY) (1= Pl ()5 = e O™l 1?)

We take ¢ = h'/3. We use Proposition m to get that A, (h) < v *U!(cMns + Cns.
We are led to choose ®(x) = go|t(x)|h~/3 so that

R2|VO> < h/3e2.
203



Taking ¢y small enough and R large enough, we infer the existence of ¢ > 0,C' > 0 and
ho > 0 such that, for h € (0, ho),

chts Ny / P dx < CRYS Y / |y ] dx.
JjEJ1(h) jeJ2(h
Then, due to the support of x;, when j € Jy(h), we infer:

3 / b dx< Y /mhwdx

jeJ2(h) j€J2(h)
We deduce (14.2.1)). Finally, (14.2.2)) follows from (14.2.1)) and (14.2.3). d

By using the same method, we can prove the following localization with respect to the
tangential variable s (here we use the fact that - is non degenerately minimal at s = 0).

Proposition 14.7. Let (A, ¢) be an eigenpair of £, a. There exist hg > 0, C > 0 and
go > 0 such that, for h € (0, hy):

(1424) /62X(t(x))|s(x)|h1/15|¢|2 dx S CH¢||2
and
(1425) Qh’A(6x(t(x))\s(x)\h—1/15¢) < Oh4/3||¢||27

where x 1s a fixed smooth cutoff function being 1 near 0.

From Propositions and [14.7], we are led to introduce a cutoff function living near
ro. We take ¢ > 0 and we let:

Xne () = x (P274(x)) x (R~ 5(x))
where y is a fixed smooth cutoff function supported near 0.

Notation 14.8. We will denote by ¢ the function xu(x)¥)(x) in the coordinates (5,1).

The following exercise aims at proving some a priori estimates on the truncated eigen-
functions in the coordinates (3,7). They will be quite convenient in the rest of the proof.

Exercise 14.9. Let 1, ;, be a L>normalized eigenfunction associated with A, (h).
(1) By using the estimates of Agmon, show that we have
Qu(Wnn) = A1) |[dnpl* + O(R>).

(2) By applying the usual localization procedure to (P;j(h)? Uy 12F0,, 1), prove that,
for all £ > 1,

Qu(nn) < M(W[EDpnl* + CR I || + OB ]|* + O(A) .
(3) By using the estimates of Agmon, deduce that, for all k£ > 1,
Qn () = O(h3R).
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(4) Prove that for all ¢ in the domain of £, and supported in a region |{| < Ch3 =,
we have

2

() > —IIhD§@5||2+ (15 — CHE)[RD|[* — Ch |62 — CIPYIP — Ch?|#).
)

Deduce that, for all £ > 1, we have

(5

4 2k
3 3

IRD(dn) | = O3 HS),  [hDs(E4hn)|” = O(h3HT).

Let us now establish the following proposition.

Proposition 14.10. For all n > 1, there exist hg > 0 and C > 0 s. t., for h € (0, hg):
An(h) > 70 (R — Cnil?

Moreover, we have
LY 1
[5¢n,nll < ChE ||l -

PROOF. We use the notations and the results of Exercise [[4.9. We write

(W) = A (W) [nnll* + O [l

Then, we have

Qﬁnh) Z

/v—2

+ h2H’71/3Dﬂ[’n,h”2 - Ch2||1[’n,h”2'

2

dsdf

< h . . .
(hDg QIR A By Dy 4 D) + Gh) Fu

Let us now use a Taylor expansion the get rid of the metrics . The remainder can be
controlled with the results of Exercise [14.9| and we get

(14.2.6) Qn (V) >

. h . . . .
/ ‘ (hDg + cMNBR2B _ Ay gy’fl(wi + D) + Ch> Upp| dsdi

~ é ~
+ B2V Dithp||* — Ch3 || ¢

Expanding the square, we get

2

. 2\ )
14.27) Qu@Whnn) > (1 -7 WDy + (UA3R23 57 ) ) 1 dsdi
, 0 2 s

- 3y 2.y v 5. 7
— O (1Bl + B2 5 Gl2) + B2 D2 = O3 [
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where we have used that 0 is a critical point of v as well as the size of the support in s.
We choose n = h3 and we find
2

o N N 2\ .. y
Qn(np) > (1 —h3) / ‘ (hDny + Co[l]hz/g — 5) Y3y p| dsdt

~ é ~
+ W2 VP Dl |? — Ch3| [

Then, we write the symmetrization
Dg’)/il/g — 771/6D§771/6 . Z',Yfl/ﬁ(,yfl/G)/ )

Then we estimate the double product involved by iy~/6(y~1/6) to get

1 tQ 1 ~
/ ‘ (hDg’y3 + C([)ﬂhQ/g - 5) Y3 Unn

2
Z/‘( ~1/6 ). ,7—1/6+C[1h2/3 2)7 ¢nh

2

dsdf

2
A5 df — CR2|[ b a1

We deduce that
2

v2
Q4 (Gnn) =023 Dbyl +/‘(hv V6 Dy 16 4 cWp2/3 2)7 Unp| dsdi

(14.2.8) — CBS [l

We can apply the functional calculus to the self-adjoint operator v~ 1/6Dyy=1/6 (see Ex-
ercise |1.21]) and the following lower bound follows

Q0 (@ui) 20 NG 3l — O [l
This implies the lower bound for A\, (h). Since \,(h) < 70 (cMhs + Ch3 | we get
/ (4(5)F =3¢ ) [l didi < OB}
and it remains to use the non degeneracy of the minimum of ~ at 0. Il
For all N > 1, let us consider a L?-orthonormalized family (Yn.n)1<n<n Where 1, 5 is
an eigenfunction associated with A, (k). We consider the N dimensional space defined

by:
En(h) = span &n,h.

1<n<N

An easy consequence of Proposition [14.10] gives the following.

Proposition 14.11. There exist hg > 0, C > 0 such that, for h € (0,hg) and for all
e Ey(h):
sl < CRYP|I]

With Proposition [14.11] we have a better lower bound for the quadratic form.
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Proposition 14.12. There exists hg > 0 such that for h € (0, ho) and ) € Ex(h):

- - . 2 . .
Q) 203" [ (14 2mofrg N RDiy O 4 S - T a7 k) sl
! / 3 DD A5 dE 4+ 2oE anf N (RSSO + ol
where « is defined in ([7.1.5)).

PROOF. Let us only indicate the changes that have to be made in the proof of Propo-
sition . We shall keep the next term in the expansion of the metrics in . In
([14.2.7)) we also keep one more term in the expansion of A and we may choose a slightly
smaller 7). U

3. Projection argument

In this section, we establish a dimensional reduction. For that purpose, one needs a

localization result for Dj.

Proposition 14.13. There exist hg > 0, C' > 0 such that, for h € (0,hy) and for all
Y€ En(h):
|Ds|| < Ch=0 ]

PrROOF. We only give some hints for the proof. We recall (14.2.8) and Exercise m

and we get

(14.3.1) [ () + 1) — (D) 16 dca < cnfa

where
~ l ~
¢=7F 1 (v39).
Choosing ¢y > 0 small enough and using the uniqueness and non-degeneracy of the

(1]

minimum of vy, we get

19032 . 1.0y
[y R Iof acar < cnigol?
|h3¢|<eo
and
~ 2 o 5 ~
[ 16 acai < ontiole.
|h3¢|>e0
By using the localization formula of Proposition 4.8 and estimating
.. 2 .
(Snib, (7‘%Dw_€) ¥)
we may essentially replace ¢ by 7~ oDﬂ 6¢ in (14.3.1) and deduce that

/|<!2 6] d¢df < Ch’%HGBHQ-

-

207



We can now prove an approximation result for the eigenfunctions. Let us recall the

rescaled coordinates (see (14.1.5)):
(14.3.2) 5=h"%, §=n'3r

Notation 14.14. £, denotes h=*/3&, in the coordinates (0,7). The corresponding qua-
dratic form will be denoted by Q. We will use the notation Ex(h) to denote Ex(h) after
rescaling.

We introduce the Feshbach-Grushin projection:
Iy = <¢ uc[l]

1
IL(R,)U [C[]I]( 7).
We will need to consider the quadratic form:

2 2
_ 73/3 / ’D‘r¢’2 ( [1] 5 ) )

The fundamental approximation result is given in the following proposition.

dodr.

Proposition 14.15. There exist hy > 0 and C' > 0 such that for h € (0,hy) and
(IS SN(h) :

(14.3.3) 0 < Qo(¥h) — v * V(M) < Cro))?
and
(14.3.4) ITgh — &) < ChY12|1|

1D+ (ot = )| < CRY|J]
17 (Lot — D) < CRV2([].

This permits to simplify the lower bound.
Proposition 14.16. There exist hy > 0, C' > 0 such that, for h € (0, hg) and ) € Ex(h):
- 2 . .
Qu(¥) 2 / o'? (\hD WP+ (7 hDay O+ IR EW) ds i

2 . e
570 " (GOSN + Cob*P [P + o) 1P,

where Cy is defined in ((7.1.6]).

PrROOF. We leave the proof to the reader, the main idea being to approximate the

“curvature terms” by their averages in the quantum state u[;[}l] U
0

It remains to diagonalize v~1/6Dyy~1/6.
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Corollary 14.17. There exist hg > 0, C > 0 such that, for h € (0, hg) and ¢ € Ex(h):
0u(¢) 2 / %" <|hDg<5|2+ (h¢ +¢oh?? f;is\?) dpdi
+ 22 (@R IDBI + Cob 3G + o) |
with ¢ = F.b.
Let us introduce the operator on L2(R?, dyu df):

2 2\?
(14.3.5) 373/3041/{”(@”)!14/%3 + (h?Dt? + (hg +¢n2 - 5) ) + Coh®/3,

Exercise 14.18. Determine the asymptotic expansion of the lowest eigenvalues of this
operator thanks to the Born-Oppenheimer theory and prove the following theorem.

Theorem 14.19. Under Assumption (7.3), for all n > 1, there exists hy > 0 such that
for h € (0, hy), we have:

An(R) > 080 4 0505 + o(h°3) .

With Proposition [I4.4] this implies Theorem [7.4]
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CHAPTER 15

Non vanishing magnetic fields
Mnodeilc ayewpétentog cioltw pou Ty GTEYNY.

This chapter is devoted to the elements of the proofs of Theorems and an-
nounced in Chapter [7] Section 2 Many ideas involved in this chapter may be found in
Chapter

1. Magnetic Birkhoff normal form
In this section we prove Theorem [7.10]

1.1. Symplectic normal bundle of the characteristic manifold. We introduce
the submanifold of all particles at rest:

2:=H'0)={(¢,p); p=Ag)}.
Since it is a graph, it is an embedded submanifold of R?, parameterized by ¢ € R2.

Lemma 15.1. ¥ is a symplectic submanifold of R*, in the sense that the restriction of
wy to X is a non degenerate 2-form. In fact,

Jwy=dA~B,
where j : R? — X is the embedding j(q) = (q, A(q)).

ProoFr. We compute

i . 0A 0A
Jfw=j"(dp1 A dg1 + dps A dg2) = (——1+—2)dq1/\ dgs #0.
gy oq

g

Since we are interested in the low energy regime, we wish to describe a small neigh-

borhood of ¥ in R*, which amounts to understanding the normal symplectic bundle of
3.

Notation 15.2. To avoid a confusion with the exterior derivative d, for any X and
differentiable function f, we denote by Tx f the tangent map of f at X.

The vectors (Q,T,A(Q)), with @ € T,Q2 = R?, span the tangent space TjE. It is
interesting to notice that the symplectic orthogonal Tj(q)EL is very easy to describe as
well.
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Lemma 15.3. For any q € €, the vectors

i 3] .
Uy = e, (T;A DU = ez, (TyA) " (eq
\/E( (T,A)" (1)) (e2, (T,A) " (e2))

form a symplectic basis of Tj(q)Zl.

PROOF. Let (Q1, P1) € TjpX and (Q2, P2) with P, = (T,A)T(Q2). Then from ([7.2.5)
we get

wo((Q1, P1), (Q2, P2)) = (T,A(Q1), Qa) — ((T,A)T(Q2), Q1)

(T,
0.

This shows that u; and v; belong to Tj(q)Zl. Finally

(((Z5A) (e1), e2) — ((T,A) (e2), e1))

(e1, (TyA — (T,A) (e2))

Wo(ulavl) =

UJ|HUCJ|’—‘U:J|*—‘

B
<€1,B/\€2> E<€1,€1> =—1.
Il

Thanks to this lemma, we are able to give a simple formula for the transversal Hessian
of H, which governs the linearized (fast) motion.

Lemma 15.4. The transversal Hessian of H, as a quadratic form on Tj(q)El, 1S given
by
Vg e QV(Q, P) € TypyZt, T;H((Q,P)*) =2|QA B|*.

PRrROOF. Let (¢,p) = j(q). From (7.2.3)) we get
TigpH =2(p— A, dp—T,A o dgq) .
Thus
T°Hp((Q, P)?) = 2| (dp — T,A 0 dg)(Q, P)|I” + (p — A, M((Q, P)*))
and it is not necessary to compute the quadratic form M, since p — A = 0. We obtain
*Hiyp(Q, P)?) =2|P - T,A(Q)]
=2|(T,A)" = T,A)Q)|” = 2/Q A B
g

We may express this Hessian in the symplectic basis (u1,v1) given by Lemma m

21B] 0
15.1.1 T?H, = .
(15.1.1) Tt (0 er|>

Indeed, |le; A B||?> = B, and the off-diagonal term is (e, A B, es A B) = 0.
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1.2. A first normal form. We use the notation of the previous section. We endow
C,, x Ri with canonical variables z; = x1+41i&;, 20 = (22, &), and the symplectic structure
induced by wy = d& A dx.

Let us notice that there exists a diffeomorphism g : Q@ — ¢(Q) C R% such that
9(qo) = 0 and

g (dé A dag) = jw.
(We identify g with ¢ in the statement of the theorem.) In other words, the new embed-
ding j:= jog¢g ! :R? = ¥ is symplectic. In fact we can give an explicit choice for g by
introducing the global change of variables:

q2
To=q1, & Z/ B(q,s)ds.
0
Consider the following map ® (where we identify Q and g(Q)):

(15.1.2) Cx Q-2 Ny
(1513) ([El + 7:61, Zg) — 1’1’&1(22) + §1U1<22) s
where u(22) and v;(29) are the vectors defined in Lemma with ¢ = g7 '(29). This is

an isomorphism between the normal symplectic bundle of {0} x Q and N¥, the normal

symplectic bundle of . Indeed, Lemmasays that for fixed 2o, the map z; — 5@(21, 29)

is a linear symplectic map. This implies, by a general result of Weinstein [192], that

there exists a symplectomorphism ® from a neighborhood of {0} x Q to a neighborhood

of 7(Q) € ¥ whose differential at {0} x Q is equal to ®. Let us recall how to prove this.
First, we may identify ® with a map into R?* by

D (21, 22) = J(22) + x1u1(22) + & v1(22) .

Its Jacobian at z; = 0 in the canonical basis of T,,C x T,,Q = R?* is a matrix with column
vectors [uy, vy, Ty, 7(e1), Ts,j(€e2)], which by Lemma is a basis of R*. Thus ® is a local
diffeomorphism at every (0, z;). Therefore if € > 0 is small enough, ® is a diffeomorphism
of D(€) x € into its image (D(e) C C is the open ball of radius ¢).

Since ] is symplectic, Lemma implies that the basis [uy, vy, T5,(e1), Th,j(e2)] is
symplectic in R*; thus the Jacobian of ® on {0} x € is symplectic. This can be expressed
by saying that the 2-form

wo — P*wo

vanishes on {0} x €.

Lemma 15.5. There exists a smooth and injective map S : D(€) x  — D(€) x Q, which
is tangent to the identity along {0} x €, such that

S*@*w = Wy-

PRroOOF. It is sufficient to apply Lemma to wy = P*wp. U
213



We let ® := ®o S; this is the claimed symplectic map. We let (21, z,) = ®(%1, %). Let
us now analyze how the Hamiltonian H is transformed under ®. The zero-set ¥ = H~1(0)
is now {0} x €, and the symplectic orthogonal Ty z,) X" is canonically equal to C x {2, }.
By , the matrix of the transversal Hessian of H o ® in the canonical basis of C is
simply

(15.1.4) T*(Ho D)0 fon) = T§(07§2)H o (T®)* = (2 |B(9;) (22))| ) \B(gg(f?))‘) )

Therefore, by Taylor’s formula in the Z; variable (locally uniformly with respect to the

Zo variable seen as a parameter), we get
L. . 1 . .
Ho @(Zl, ZQ) =Ho (I)f731=0 + TH o @{21:0(21) + §T2<H o (I))[gl:()(Z%) + O(|21|3)

=0+0+ |B(g ()| |4 + Oz ).

In order to obtain the result claimed in the theorem, it remains to apply a formal Birkhoff
normal form in the 2, variable, to simplify the remainder O(2}). This classical normal
form is a particular case of the semiclassical normal form that we prove below (Proposi-
tion . Therefore we simply refer to this proposition, and this finishes the proof of the

theorem, where, for simplicity of notation, the variables (21, z2) actually refer to (2, 22).

1.3. Semiclassical Birkhoff normal form. In the coordinates Z1, él, T, ég (which
are defined in a neighborhood of {0} x Q), the Hamiltonian takes the form:

(15.1.5) H(%1,%) = H 4+ O0(|%4]%), where H® = B(g7'(%))|%]%.

Let us now consider the space of the formal power series in il,él, h with coefficients
smoothly depending on (is,&) @ € = c 52[[52'1,51,71]]. We endow & with the Moyal
product (compatible with the Weyl quantization) denoted by x and the commutator of

two series k1 and ko (in all variables (21, 51, To, ég)) is defined as

Explicitly, we have

[k1, /@2](A,EA, h) = 2Sinh<§D> (f(:c,é", h)g(y,n, h))

]

x

ol
i
Ll

where

2
0= 00, — 05,0,
j=1

Proposition 15.6. Given v € Os, there exist formal power series T,k € O3 such that:
eih_ladT(HO 4 7) _ HO + K,
with [k, |%*] = 0.
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PROOF. The proof is essentially the same as the proof of Proposition The only
point to notice is that

ih™‘ad, Hy = B(g ' (%2))ih 'ad|21]* + Onya.

1.4. Quantizing the formal procedure. Let us now prove Theorem [7.10]

1.4.1. First Egorov theorem. Using ((15.1.5) and applying the Egorov theorem (see
[142, Theorems 5.5.5 and 5.5.9], [I79] or [194] Theorem 11.5]), we can find a unitary
operator Vj, (a “Fourier Integral Operator”) such that

Vi L aVi = Coh + Hj, + Op}y (r1)

so that o™% (Opy(ry)) = v € O3, where 07'* means that we consider the formal Taylor
series of the Weyl symbol with respect to (h, 21). In fact, one can choose V}, such that the
subprincipal symbol is preserved by conjugation (see for instance [113, Appendix A]),
which implies that Cy = 0. Note that this version of the Egorov theorem is more general
than the one recalled in Chapter

1.4.2. Second Egorov theorem. Let us now quantize the formal result of Proposition
15.6] as in Chapter 5, Section [2.2] Since the formal series s given by Proposition [I5.6

commutes with ||, we can write it as a formal series in | |?, that is
R = Z Z thZVm(ZA’Q)|7:’1|2m.
k>0 l+m=k
This formal series can be reordered by using the monomials (|2;|%)*™:
K=Y > W () (aP)
k>0 l+m=k

Thanks to the Borel lemma, there exists a smooth function f*(h,|%]?, 25), compactly
supported, with a support in Z; arbitrarily small, such that the Taylor expansion with

respect to (h, |21|?) of f*(h,|21|%, 22) is given by k and, locally in Z,,
(15.1.6) o™ (Opy (f*(h,Tn, 22))) = k.

Here, the operator Op;,’ (f*(h,Zy, 22)) has to be understood as the Weyl quantization with
respect to 2z, of an operator valued symbol. We can write it in the form:

OpY f*(h, Ip, %) = Coh +H° + Op¥ f*(h, Ty, %),

where H? = Op(H®) and o *(0p¥ (f*(h, Ty, %)) is in O,. Thus, by using the Calderon-
Vaillancourt theorem, given any n > 0, we may choose the support of f* small enough
(with respect to 2;) in order to have, for all ¢ € C5°(R?),

(15.1.7) (O F*(h, T, 22, 9)| < nl|Zy >
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Now we introduce a smooth symbol a;, with compact support such that, locally in 25,

ot (ay) =T.

It remains to use Proposition and again the Egorov theorem (see Chapter 5 Sec-
tion[1.2.2)) to notice that e~ OPi (@) Qp¥ (1, )~ 0Pk (an) is a pseudo-differential operator
such that the formal Taylor series of its symbol is k. Therefore, recalling (15.1.6)), we

have found a unitary Fourier Integral Operator U, such that
(15.1.8) U iU = Hy 4+ Oy (F*(h, T, 22) ) + B+ S

where Rj, and 5}, are like in Theorem [7.10]

This ends the proof of Theorem

2. Microlocalization

This section is devoted to the proof of Theorem [7.9 The strategy is presented in
Chapter , Section . The main idea is to use the eigenfunctions of £, o and £)° as
test functions in the pseudo-differential identity given in Theorem and to
apply the variational characterization of the eigenvalues given by the min-max principle.
In order to control the remainders we shall just prove the microlocalization of the eigen-
functions of £, o and £}° thanks to the confinement assumption (7.2.9). This is the aim
of the next sections.

2.1. Counting the eigenvalues. Let us first roughly estimate the numbers of eigen-

values.

Lemma 15.7. There exists C' > 0 such that for all h > 0, we have
N(Ln4,Cih) = O(R™h).

PROOF. We notice that:
N(Lya,Cih) = N(SthlA,Clh_l)

and that, for all € € (0, 1):
B
Qip-1a(¥) > (1= €)Qup1a(¥) + 5/ %W’P dz
RQ

so that we infer:
N(Lpa,Cih) < N(Lip-1a+e(l—e) A7 !B, (1 —¢) 'O1h7Y).

Then, the diamagnetic inequality E| jointly with a Lieb-Thirring estimate (see the original
paper [133]) provides for all v > 0 the existence of L, 5 > 0 such that, for all A > 0 and

!See [43] Theorem 1.13] and the link with the control of the resolvent kernel in [122, 182].
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A >0,

N(H, ,—1a+e(l—e)"th™1BX)

o

Ni(h) = A

! < L%g/ (e(1 —e)*h™'B(z) — N7 da.
1 R?

J
We apply this inequality with A = (1 +7)(1 — )" *Cyh™?, for some n > 0. This implies

that:
Ne,h,n

2

J=1

with Nepy = N(&yp-1a + (1 — ) 'h™ 1B, (1 — )7 *C1h™1), so that:

S\j(h)—)\‘ng% / A—e(1—¢)'h'B(z)"™ dx

B(z)<(14+n)C1/e

(n(1 =) 'C1h™ ") Nepy < Lya(h(1— 5))_1_"’/ (14n)Cy —eB(x))"*7 du.
B( )<(1+n)01

For 7 small enough and ¢ is close to 1, we have (1+7)e"1C; < Cy so that the integral is
finite, which gives the required estimate. O

Lemma 15.8. There exists C > 0 and ho > 0 such that for all h € (0, hg), we have:
N(LN°, Cih) = O(h7Y).

PROOF. Let € € (0,1). By point of Theorem [7.10} it is enough to prove that
N(HY, &%) = O(h™!) since

hy' 1—¢

(15.2.1) Vi € C(R?), (L3, ¢) = (1 —e)(Hpe,¥).

The eigenvalues and eigenfunctions of HY can be found by separation of variables:
HY = T, @ Op¥(B o ¢ '), where T, acts on L%(R,,) and B, := Op¥(B o ¢~ ') acts on
L2(R,,). Thus,

JhCiL) = #{(n,m) € (N*)*;  (2n — 1)hym(h) < hCy .},

N (),
where C . = 10—_15, and v (h) < 72(h) < --- are the eigenvalues of By,. A simple estimate

gives

N(H), Cy.) < (1 + B + 25’:1(;)D #{m e N*;  yn(h) < Cy.}.

If € is small enough, C; . < C4, and then Weyl asymptotics (see for instance [53 Chapter
9]) for By gives
- 1
N(Bh, 4 5) ~ —VOI{B o go_l <Oy a} ,
’ 2mh ’

and Garding’s inequality implies v (h) > m]%r% B — O(h), which finishes the proof. O
qe
In the same spirit, if we consider the eigenvalues of £)° lying below the threshold
Cih, only a finite number of components of £} in the Hilbertian decomposition
No,(n
[’}I\Llo _ @ ‘Ch (n)
n>1
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has to contribute to the spectrum.

Lemma 15.9. There ezists hg > 0 such that for all h € (0, hy), and alln > 1, the lowest

)

eigenvalue of ﬁfl\:o’(n satisfies

A (.c,'j“‘”)) > (1—2¢)(2n — Dhmin B.

In particular, there exists hg > 0 and K > 1 such that for all h € (0, ho),

K
Usp(c)n{x<ciny c | Jsp (z,’j““”) N {\ < Cih}.
n>1 n=1

Moreover, for all eigenvalue X of LN° such that X < Cih, we may find an basis of

ker (L)° — X) in the form (epn(z1)fin(22)) 1<k<i  where ey is the k-th rescaled Her-
1<i<J(h)
mite function (associated with D2 + x7) and J(h) = O(h™').

PROOF. It is sufficient to apply the relative bound (15.2.1)) to functions in the form
enn(1)f(x2) and then to use the Garding inequality to see that Op) (B) > min B — Ch.
The rest of the proof is standard and the bound on J(h) comes from Lemma[15.8] O

2.2. Microlocalization of the eigenfunctions. The space localization of the eigen-
functions of £, o, which is the quantum analog of Theorem @, is a consequence of the
Agmon estimates (see Chapter , Section .

Proposition 15.10. Let us assume (7.2.9). Let us fir 0 < C; < Cy and a € (0,3).
There exist C, hg,e9 > 0 such that for all 0 < h < hy and for all eigenpair (\,v) of £5,.a

such that X < C1h, we have:

/‘ex(q)ho“ﬂwQ dg < C|v|?,

where x is zero for |q| < My and 1 for |q| > My+eo. Moreover, we also have the weighted

H! estimate

/ | XOR" Nl (—ih + A)p[2 dg < Chly]>.

Remark 15.11. This estimate is interesting when |z| > My+eo. In this region, we deduce
by standard elliptic estimates that ¢y = O(h*) in suitable norms (see for instance [90,
Proposition 3.3.4] or more recently [170], Proposition 2.6]). Therefore, the eigenfunctions
are localized in space in the ball of center (0,0) and radius My + €.

We shall now prove the microlocalization of the eigenfunctions near the zero set of
the magnetic Hamiltonian Y. For the sake of simplicity, we express this microlocalization
result in terms of functional calculus.

Proposition 15.12. Let us assume (7.2.9). Let us fit 0 < C, < Cy and consider
o€ (O, %) Let (X, ¢) be an eigenpair of £, 4 with X < C1h. Then, we have:

Y =x1 (hiQéth,A) Xo(q)¥ + O(h™),
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where xo s smooth cutoff function supported in a compact set in the ball of center (0,0)

and radius My + €9 and where x1 a smooth cutoff function being 1 near 0.

PROOF. In view of Proposition [15.10} it is enough to prove that

(15.2.2) (1=x1 (h>Lna)) (xo(a)v) = O(R™).

By the space localization, we have

Lha(Xxo(@)¥) = Axolq) + O(h™).

Then, we get
(T=x1 (h*&h4)) Laalxo(@¥) = A (1 —x1 (RLha)) (xo(z))) + O(R™).

This implies

P2 (1= x1 (R2Lha)) (o)1 < gna (1= x1 (2 Lha)) Lhalxolq)))
< Cihll (1= x1 (284a)) (xo(@¥)|]> + OR=) ||

Since § € (O, %), we deduce . O

Remark 15.13. The operator y; (h’z‘sﬁh, A) Xo(q) is a pseudo-differential operator whose
principal symbol is given by x1(h™2H(q,p))xo0(q) whereas the subprincipal terms are
supported away from the region where the principal symbol is 1. To see this, the reader
can adapt [53, Theorem 8.7]. Due to the localization of the eigenfunctions induced by
Ly A in a compact K, we may also replace £, o by £, 4 +V where V is a confining
electric potential supported away from K and apply [53, Theorem 8.7].

The next two propositions state the microlocalization of the eigenfunctions of the

normal form E,'\L'°.

Proposition 15.14. Let us consider the pseudo-differential operator:
LYo =My + Op}Y f*(h, Ty, 22) .

We assume the confinement assumption (7.2.9). We can consider My > 0 such that
Bo g (3) > C, for|3| > My. Let us consider Cy < Cy and an eigenpair (X, 1) of LN
such that A\ < Cyh. Then, for all e > 0 and for all smooth cutoff function x supported
in |z > My + €9, we have:
Opy, (x(22)) 1 = O(h™).

ProoF. Thanks to Lemma [15.9] it is sufficient to establish the lemma when ¢ is in

the form (xy,x2) = e, n(z1) f(z2) (with 1 <n < K). But, we can write
Ly f=Af.

and we can apply the same kind of microlocal estimates as in the proof of Proposition
5.11] the remainders being uniformly bounded with respect to n. U
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Proposition 15.15. Keeping the assumptions and the notation of Proposition we
consider 0 € (O, %) and an eigenpair (A, 1) of LN with A < Cyh. Then, we have:

Y =x1 (hi%Ih) Opy, (xo(%2)) ¥ + O(h™),

for all smooth cutoff function x1 supported in a neighborhood of zero and all smooth cutoff
function xo being 1 near zero and supported in the ball of center 0 and radius My + 0.

PRrROOF. The proof follows the same lines as for Proposition [15.12] O
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CHAPTER 16

Semiclassical non linear magnetic eigenvalues

Je préférais tatonner dans le noir

sans le secours de faibles lampes.

Mémoires d’Hadrien, Yourcenar

In this chapter, we illustrate the methods of Chapter {4] by analyzing a non linear
eigenvalue problem.

1. About the concentration-compactness principle

This section is devoted to recall the famous concentration-compactness lemma.

1.1. Concentration-compactness lemma. Before stating the famous concentration-

compactness lemma, let us establish an elementary lemma.

Lemma 16.1 (Helly’s theorem). Let M > 0 and let us consider a sequence of non
decreasing functions (fn)nen € [0, MR, Then, there exists a subsequence (fn, )ren such

that for all x € R, (f,, (z))ken converges.

PROOF. Thanks to the Tychonov theorem, one knows that [0, M]¥ is compact and,
since Q is countable, one also knows that the topology of [0, M]? is given by a dis-
tance. Therefore, by the Borel-Lebesgue theorem, the sequence (f,)neny € [0, M]? (in
fact its restriction to Q) admits a converging subsequence (f,, Jren. For z € Q, we let
f(z) = kgrfoo fn,.(x). Of course, f: Q — R is non decreasing. We let

E={zeR: lim f(¢)= lim f(q) =4(x)}.

Q3>q—az~ Q3>g—a™t
We notice that C€ is at most countable. Indeed, if x € C&, the exists ¢, € QN
(limgsqz— f(q),limgs, .+ f(g)) and the application CE > x ~ ¢, is injective (since
f is non decreasing). Thus, up to another subsequence extraction, we may assume that
(fn. (2))r>0 converges for z € QULE. Let us now analyze the convergence for z € €. For
all e > 0, there exists 7 > 0 such that for all t € [x—n, z+n]NQ, we have |f(y)—{(x)| < e.
The, if (o, 8) € ([x — n, z] X [z, 2 + n]) (N Q?, we have

fui (@) < fi () < fri (B)
so that, for k large enough,

é(m) — 2 < f(Oé) —e< fnk<a) < fnk(x) < fnk(ﬂ) < f(ﬂ) +e< 5(53) + 2e.
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and thus (f,, (x))ren converges to £(z). O

Lemma 16.2. Let A\ > 0 and a sequence of non negative and integrable functions (pn)nen
such that

(16.1.1) / pn(x)de = .

We denote by (i, the measure associated with the density p,. Then, there exists a subse-

quence such that one of the following holds:

(i) (vanishing) ¥t > 0, klim sup i, (B(y,t)) = 0.
—

+00 yE]RN

(i1) (compactness) I(yg)ken, Ve >0, IR >0, pn, (Blye, R)) > X —e.
(iii) (dichotomy) I € (0,)), Ve >0, Fko>1, F(pt)ren, (02)ren, Yk > ko :

”pnk_pllc_szLl <g, |lechL1 —CY| <eg,

and with dist(supp(ps),supp(p?)) = +oo.

PROOF. Let us introduce the “concentration” functions:

Qn(t) = sup u,(B(y,1)).

yeRN
The functions Q,, are non negative and non decreasing and, Vt > 0, Q,,(t) < p,(RY) = \.
Note that lim; . o Q,(t) = A. Thus, Q,(t) goes from 0 to A\ when t goes from 0 to +oc.
We may use Lemma and find a subsequence such that @, (t) converges to Q(t)

when £ — +o00. The function @ is still non negative, non decreasing and bounded by .
Therefore we may define

o= kEIEOOQ(t) € [0, A].
(i) If « =0, then @ = 0.
(ii) Assume that a = A. For all u € [%, )\), there exists t,, > 0, such that, for k£ > 1, we
have

ch (tu) > .
Indeed, we have the existence of £, > 0 such that Q(f,) > u so that there exists
ko > 1 such that for k > ko, Qn,(t,) > p. Furthermore, there exists ¢ > 0 such
that, for k € {1,..., ko}, Qn,(t') > . We take t, = max(t,,t).
We get the existence of (yx(u)) such that
P Bk (1) 10)) > -

Now, for pu > %, we notice that

Bln(.60 08 (e (5 ) 13 ) #0.
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Indeed, if these balls were disjoint, the total mass of p,, would exceed A. This
implies that, for all p > %,

A
o (5 (o (2) 3 +2)) >

(iii) Let us finally assume that o € (0,\). Let ¢ > 0 and ¢ > 0 such that a—e < Q(t) < a.
We get, for k > k,
a—e<@Q(t)<a+te

and thus a sequence (y;) such that
a—e < fin, (B(y, 1)) <a+e.

We may find a sequence (7}) tending to +o0o0 and such that

Indeed, we may define
T, =sup{t >0:Qp,(t) <a+e}

and, if (T;) has a converging subsequence, it is bounded by 7" and for ¢t > T', and
k>1, Qn,(t) > a+e. This is a contradiction when k goes to +o0.
We define
pr, = P LBy, 1), P = Pri Loy, 1)

and a straightforward computation gives

1ne — Pk — PRl = pn (B, 1)) — piny, (B(yi, ) < 2e.

Remark 16.3. In Lemma [16.2] we can replace ((16.1.1]) by

/ pn(z)dz — A
RN

n—-4o00

1.2. Application of the principle. Let us now prove Proposition m (we leave
the case p = 2 as an exercise).

In order to prove the proposition, we could use, as in [66], the concentration com-
pactness lemma. Nevertheless, we will use here a slightly more elementary point of view
(even if we will recognize the concentration-compactness alternative in the proof!) that
was suggested to the author by L. Le Treust.

1.2.1. Ezcluding vanishing. Let us start with a useful lemma. Let us introduce
M(9p) = sup [[¢l 2 with Qi = [0,1]* +k,
kezd
that is well-defined for ¢ € L2(R%).
In what follows, we will assume that d > 3 (and we leave to the reader the easy
adapations to deal with the case d = 2). Let Cy > 0 be the optimal Sobolev constant for
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the critical embedding
11l 2 (o,10) < Coll¥llmr (0,179 -

Lemma 16.4. We let go =2+ 5 € (2,2%). We have

(16.1.2) Vi) € HY(RY), 1115 oy < CoM (¢ )3||¢||ﬁ1(md)-

Then, we have the following estimates.

(i) For q € (2,q0), we have,
2(1-6) 2(1 0) . 1 9 1 - 0

(16.13) [0l < Co ™ 10112 M) win k=041
(ii) For q € (qo,2*), we have

1-6+2¢ 1-6+2¢ 1 0 1—-06
(16.1.4) [llocee) < o™ MO g with = =+ =

PROOF. Let g € (2,2*). We have

0, gy = }j/hww

keZ?

We notice that, by interpolation,

11 a0y < 210 ||¢||L2* )
d (5 — —) (0,1). By Sobolev embedding, we get

[Pll2 () < Coll$llmr(u) »

where Cj is the Sobolev constant associated with £ = 0. We deduce

19 1-6
1l < O8N g I o

Then, we look for ¢ € (2,2*) such that (1 —#)q = 2. We get ¢ = qo. The corresponding

0is 0y = ﬁ. We find (|16.1.2)). The last two estimates follow from an interpolation

argument. U

0
2

where % =

Let us consider (¢;);>1 a minimizing sequence of (10.1.3)) such that [[1);||isgae) = 1.
Thanks to the diamagnetic inequality, we find that (|;]);>1 is bounded in H*(R?). Taking
q = p in Lemma [16.4], we find that

liminf M (¢;) =m > 0.

j—+oo

Indeed, if not, the normalization of (¢;) in L? would lead to a contradiction. Therefore

we may assume that (i);) is such that (M (¢);)) is larger than % > 0. Thus, there exists
(1) C Z% such that, for all j > 1,

195 (- = 7)o,y =
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We let
pi(x) = e AP (x — 1)),
so that (A is linear):

(=iV + Ay = 7RO (Y + Alx = 7))0(w = 7).
Thus (¢;);>1 is also a minimizing sequence and it satisfies
m
[llLz(po,1j9) = 5 > 0.

Up to another subsequence extraction, we may assume that ¢; weakly converges to ¢
in HY (R?) (and also pointwise). Therefore, since H4 ([0, 1]¢) is compactly embedded in

L2([0, 1)), we have strong convergence in L2(]0, 1]¢) and
m
ez (o,14) = 5 0.

In particular, the function ¢ € H4 (RY) is not zero. By the Fatou lemma, we have also
lollLeray < 1.

1.2.2. Ezcluding dichotomy. We introduce ¢; = ¢; — ¢ that weakly converges to 0 in
HL (RY). We have

Qalp;) = Qa(¥;) + Qalp) +2Re Ba (Y, ¢)

where B is the sesquilinear form associated with Qa. Since 1; weakly converges to 0
in H} (RY), we deduce that Ba(¢);, ) — 0. In other words, we can write

(16.1.5) Qalpj) = Qa(¥y) +Qalp) +¢5,
with €j — 0.

We must prove that the L? norm also splits into two parts:

(16-1-6) HQOJ' - SOpr(Rd) + H@pr(]gd) H‘P]”LP (Rd) — =¢; — 0.
Let us temporarily assume that (16.1.6) holds. Thanks to (16.1.5)), we have

Qa(p5) = S (1W5l12qmn + Il ) + 25
and with , we deduce that
Qalp;) > 8 ((1 —atE)r+ ap) e, with @ = |||l g € (0.1
Since (¢;);>1 is a minimizing sequence, we get
st(ﬂ—aﬁ+aﬂ.
But we have S > 0 so that

2 2
(1—a)r +ar <1, with a € (0,1].
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Since p > 2 and by strict convexity, we must have o = 1. Therefore we conclude that
|¢[|Lrray = 1. Finally it remains to notice that

S =liminf Q) = Qalp) = Sllelives = S
and thus ¢ is a minimizer. This achieves the proof of Proposition modulo the proof
of (16.1.6). For that purpose we write
g = / 05 = @l” = ;" + ] dx.
R4

To see that (€;),>1 tends to zero, we provide an argument slightly more elementary than
the one by Struwe in [185] p. 38].
Let us prove that the family (J¢; — ¢[P — |¢j[P);>1 is equi-integrable on R?. There
exists C(p) > 0 such that,
e = ol = lesl"l < CP) s~ + [Pl

For R > 0, by the Holder inequality, we get

p

p=1 1 1
/ |¢j|p‘1|w|de(/ |<,oj|pdx) (/ |90|p) s(/ |so|p) .
X|>R XI>R X|>R 2| >R

Thus, for all € > 0, there exists R > 0, such that for all 7 > 1, we have

] / Jem e =l et i
xX|>R

€
< -.
2

Moreover, the embedding H'(B(0, R)) C LP(B(0, R)) is compact so that (¢;);>1 strongly
converges to ¢ in LP(B ) and thus, for j > j(R,¢),

(0, R)
‘/||<R [0 — @lP — ;P + |l dx| <

DN ™

This implies that |&;] <e.

1.3. Exponential decay. Let us now give the proof of Proposition [I10.4} This is a
consequence of the following proposition.

Proposition 16.5. For all p € (2,2*), there exists a > 0 such that for any minimizer 1
of (10.1.3), we have ey € L2(R?).
PRrROOF. If ¢ is an LP-normalized minimizer, it satisfies the Euler-Lagrange equation:
(—ihV + A)* = S|y,
that can be rewritten as
(—ihV +A)*) + Vi) =0, with V = —S|y|P~2,

or
Lravy =0.
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It remains to apply Proposition and O

2. Proof of the non linear semiclassical asymptotics

This section is devoted to the proof of Theorem [10.6]

2.1. Upper bound. Let us consider v a minimizer associated with (|10.1.4)) for k = 0

and let

009 = e P aim (220
where xy denotes a point in {2 where the minimum of the magnetic field is obtained and
where ¢ is a real function such that A = A 4 V¢ satisfies in a fixed neighborhood of xq:

i 0]

A - A )] < Clx—xof, A = %eg X (X — %)

The existence of such a ¢ comes from Lemma [0.3] Note that C' only depend on the

magnetic field. We have
[repax= [ jutpray
Q R2
~ X—X 2
<—ihV—|—A>v( : 0)‘ dx
h2

2
(—@'hV + bOA[O]) v (x _1x°> ‘ dx
h2

et [ |(A-na"). (;)' ix.

Due to the exponential decay of v, we have

[ ity < 400,
R

and

Qna(¥) = hi/

Q

so that, for all € > 0,

h%Qh,A(¢) < (1 —I—s)/

Q

and thus

2

dy

(—iV + bOA[O]> v(y)

W a(w) < (14l |

R?

+C*1+eHr [ |uly))? dx.
R2

We have:

J.

We deduce the upper bound:

. £ [0 2
(=iV +0A ) o] dy =0 [ Joly)Pdy.
R

h%QhA(w) < (L +e)n” +by'C*(1 + e H)n?) / ; dy .

RQ

(—z’V + bOA[O}> v(y)
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We take £ = h'/? so that,

Jee

h%)\(Q7A7p7 h) < (h2—1—0h5/2) < iV + bA ) 2( )’

(Jaz lo(y) P dy)
We get
M A, p, h) < hv (h2+ ChP2) M(1,5,A", p).

By homogeneity and gauge invariance, we have
- 2
AR boA", p, 1) = b AGRZ AL p, 1),
We infer the upper bound

A, A, p,h) <h 7 (bghQ)\(RQ,A[O],p, 1) + Chi) .

2.2. Lower bound.

2.2.1. Semiclassical localization formula adapted to LP-norms. Let us introduce a qua-
dratic partition of unity “with small interaction supports”.

Lemma 16.6. Let us consider E = {(a,p,h,0) € (Ry)? x Z? : a > p}. There exists a

1 Yaphoer on R? such that 0 < XE}p,h <1,

family of smooth cutoff functions (X%p’h

X[j]ph 1, on |x— (th+ha)€|oo <h
Xoph =0, on |x—h"ls > h"+h*,

2
Z <X5]ph) =1.

Le7?
Moreover there exists D > 0 such that, for all h > 0,

(16.2.1) > VXL AP < DR

a,p,h
LEZ?

and such that

PROOF. Let us consider F' = {(a,p,h) € (R})? : @ > p}. There exists a family of
smooth cutoff functions of one real variable (Xa,p.n)(apner such that 0 < xq,n < 1,
Xaph = 1 on |z] < h? 4 3h* and Xapp = 0 on |z| > h? + h*, and such that for all («, p)
with o > p > 0, there exists C' > 0 such that for all h > 0, |Vxa,n| < Ch™®. Then, we
define :

a ph Z Xaph T — th + ha)gl)Xi,p,h (172 - (th + ha)KQ) )

(72
and we have
Ve eR? 1< S,,u(z) <4.

We let
[4] (gj) — onyp,h(xl - (th + ha)gl)xa,pﬁ(xg — (2hp + ha)€2)

X =
ol Soc,p,h(x) ’
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which satisfies the wished estimates by standard arguments. U

Given a "grid” and a non negative and integrable function f, the following lemma
states that, up to a translation of the net, the mass of f carried by a slightly thickened
grid is controlled by a slight fraction of the total mass of f.

Lemma 16.7. Forr > 0 and 6 > 0, we define the net A, = ((rZ) x R)U (R x (rZ)) and
the thickened net

A5 = {x € R? : dist(z, A,) < 6}.
Let us consider a non negative function f belonging to L}(R?). Then there exists T(r, 9, f) =

T € R? such that :
30

/ e [ g

1). We notice that

_ 1
PROOF. We let e = 75(17
51+ L5141

z; /ATW, 5ef () do = /R 9rs(@)f (@) dz, with g,5(z) = ; a4 joe(2)

Jj=
We have, for almost all z, ¢, 5(x) < 3, so that we get
55 )41

z; /A e flz)dz <3 g f(z)dx

J=
Therefore, there exists j € {0, s+ 1}, such that
3
f@)de < 5 | f(z)
/Am;—&-jée [35] +2 Jpe

and the conclusion easily follows. U

We can now establish the following lemma which permits to recover the total LP-norm
from the local contributions defined by the quadratic partition of unity.

Lemma 16.8. Let us consider the partition of unity (Xﬁf]p,h) defined in Lemma|16.6|, with

a > p > 0. There exist C > 0 and hy > 0 such that for all » € LP(Q2) and h € (0, hy),
there exists To phyp = T € R? such that

S [ oraxs [ i< @03 o a,

with Xaph( X) = X[Cf]ph(x — 7). Moreover, the translated partition (iz}p,h) still satisfies
(16.2.1).

PRrOOF. The first inequality is obvious since the cutoff functions are bounded by 1
and their squares sum to unity. For the second one, we write, for any translation 7,

/ poopix =3 / (27,0) o) ax+ / pap (X)) dx
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where

1 \? q \?
Pa,p = Z ((XLL},K) (X[a]p E) ) :
V4

The smooth function ¢, , is supported on 7+ A, RO oha and

/Q g (X)) dx < / F(x)dx.

hP 412 opa

where f(x) = |¢(x)[? for x € Q and f(x) = 0 elsewhere. Thus, by Lemma [16.7, we find
7 such that

/ pop M) e)[Pdx < Choe [ f(x)dx
Q R2

and the conclusion easily follows. U

2.2.2. Lower bound. Let us consider ¢y € Dom (Qp a). With the localization formula
associated with the partition (XL] ,.») that is adapted to ¢, we infer

Qna(y ZQhA Xaph — h? Z Hvxg]p thE?(Q) :

We have

(1622)  Qual®) > Y (Al ) — DR, i)
¢

By the min-max principle, we get

(16.2.3) A A2, D)IRaly ¥ B0 < Qna (Rap )

and we recall that (see and Exercise

(16.2.4) A(Q, A, 2,h) = boh + O(h?)

so that

Qna(¥) > (1— Db~ ZahA eonth) -

Then, we bound the local energies from below. Thanks to support considerations, we

have, modulo a local change of gauge,

Qh,A(Xa 05 W) = (1 - 5)Qh b All (Xa 05 W) — 05_1h4p||Xa 05 h¢||L2
so that it follows, by using again ((16.2.3]),
QAR 0) = (1= = Ce'h )R, aw(Xa),40) -
We take £ = h27~2 and we deduce

(162.5)  Qua(¥) > (1— Dh'> = Ch»> Zb””h? =20 () %8, e

a,p,h

so that
Qua(¥) > (1 — DR — Ch2=2)b)Ph2h=2/P A0 (p ZHXM 1

a,p,h
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Since p > 2, we have

BN

~[¢ ~[¢
Sl > (X f i)
¢ l

Using Lemma [16.8, we infer

~[¢ N a—
(16.2.6) Y%t lEeey = (1= Ch )[Ry -
l

Finally, we get
Qpa(¥) > (1 — DhI2 — Ch?72)(1 — Ch )by "h2h 2/ A0 (p) |2 -

Optimizing the remainders, we choose 1 —2a = 2p — % = a—psothat p = 1—56 and o = %

and
Qi a(®) > (1 — Chs )by "R A0 (p) |92

231






Part 5

Boundary magnetic wells in dimension three






CHAPTER 17

Magnetic half-space

Sedulo curavi, humanas actiones non ridere,

non lugere, neque detestari, sed intelligere.

Tractatus politicus, Spinoza

This chapter is devoted to the proof of Theorem 8.3] We keep the notation of Chapter
B, Section [I We analyze here how a smooth boundary combines with the magnetic field
to generate a magnetic harmonic approximation.

1. Quasimodes

Theorem 17.1. For all o > 0, 0 € (O, g), there exists a sequence (f;,)j>0 and there

exist positive constants C, hy such that for h € (0, hg):

J
dist (sp(i}h), hz;@-,nhj) < Oh7+?

=0
and we have g, = s(0) and p1,, is the n-th eigenvalue of aSy(D,, p).
PrOOF. We perform the scaling (8.1.4]) and, after division by h, £ 49 becomes
Ly = D>+ D? + (D, +tcosf — ssin@ + hat(r* + s%))*.

Using the partial Fourier transform F,_,, (see (8.1.5))) and the translation Uy (see (8.1.6])),
we get the new expression of the operator

sin 6 sin 6

D, \? P \2 :
UpFrnnFo 3 Uy ' = D2+ D2 + (Vb(a, ) + hat (Dp - ) + (0 + ) )

This normal form will be denoted by £N° and the corresponding quadratic form by QNe.
By expanding the square, we may write

Lo = &P + hL, + h’L,,

D, \? D, \? P \2
Ly = D,— =2 v,+v, (D, - == 2v( ) ,
! on{( P sin@) 0 9( P sin@) v U+sin8 }
D, \? P \? ’
Lo =a2r?! (D, - =2 ( ) >0.
? om'{( P sin«9> * U+sin6’ 20
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We look for formal eigenvalues and eigenfunctions in the form:

po Yy phds Y ikl

Jj=0 j=0
In other words; we solve the following problem in the sense of formal series:
LNy ~ ).

The term in AY leads to solve

950 = potho -
We take g = s(60) and
Yo(p,0,7) = pr(ga ™) fo(p),
fo being to be determined. Then, we must solve

(99 —5(0))¢1 = (u1 — L1)to -
We apply the Fredholm alternative and we write

(1 — L))o, ug' ) 2w

The compatibility equation becomes

0460<Dp7 P)fo = i1 fo

and we take £11 in the spectrum of aSy(D,, p) and for f; the corresponding L*-normalized

=0.

2
+,é,f)

eigenfunction. Then, we can write the solution v; in the form:

Y1 =91 + filp)ug(o,7)

where 1 is the unique solution orthogonal to u§”. We notice that it is the the Schwartz

class. This construction can be continued at any order and we apply the spectral theorem.
O

2. Agmon estimates

In this section we only state standard Agmon’s estimates with respect to (x, y) satisfied
by an eigenfunction w; associated with \,(h). The reader may consider them as an
exercise. They are related to the following lower bound (which can be proved by using
the techniques of Chapter [4] Section [I] see also [138] and [76], Theorem 9.1.1]).

Proposition 17.2. There exist C' > 0 and hg > 0 such that, for h € (0, hy),
An(h) > s(0)h — ChO/* .

2.1. Agmon estimates of first order. We recall that B, admits a unique and non
degenerate minimum (as stated in Assumption (8.1.9)), s(6), at (0,0). Thus, thanks to
the computations leading to Proposition and by using the techniques of Chapter [4],
Section |1, we deduce the following estimates of Agmon.
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Proposition 17.3. For all 6 > 0, there exist C' > 0 and hy > 0 such that, for all
h € (0, hy),

/Q @I 4,12 dx < Clug?, /Q @I Gy, 12 dx < OB jun|? .
0 0

Combining Proposition and Theorem [I7.1], we get that
An(h) = s(0)h + O(h*/4).

Thanks to Assumption (the interior energy is higher than the boundary energy),
this is standard to deduce the following normal Agmon estimates.

Proposition 17.4. There exist § > 0, C' > 0 and hy > 0 such that for all h € (0, hy),
we have

[l N Ay e < Ol
Qo

These last two propositions imply the following estimates.

Corollary 17.5. For all v > 0 and ¢ € N, we have

/| e Dl [T s / X (funl? + [Vean ) dx = Oh)Jun 2.
z|+|y|>h1/8—

z>hl/2=7

Thanks to this a priori localization of the eigenfunction near (0,0,0), we may cutoff
the eigenfunctions modulo a very small remainder. For that purpose, let us consider
~ > 0 small enough and introduce the cutoff function defined by

Xu(,y, 2) = xo (K37, h= Y3y, pm 2 Z)
where X is a smooth cutoff function being 1 near (0,0,0). We can notice, by elliptic
regularity, that xpuy is smooth (as it is supported away from the vertices).
Let us also consider N > 1. For n = 1,--- , N, let us consider u,j a L*-normalized

associated with A, (h) so that (u,p, U n) = 0 for n # m. We let

En(h) = span u,y .
1<n<N

We notice that Propositions and hold for the elements of €y (h). As a conse-
quence of Propositions and we get the following corollary.

Corollary 17.6. We have
Qh(ﬁh) S )\N(h) + O(hoo), with fbh = XnUp ,
where up, € Ex(h) and where Q,, denotes the quadratic form associated with £y,.
2.2. Agmon estimates of higher order. In the last section we stated estimates
of Agmon for u; and its first derivatives. We will also need estimates for the higher order

derivatives. The main idea to obtain such estimates can be found for instance in [90].
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The basic idea to obtain them is to consider derivatives of the eigenvalue equation and
use standard energy estimates.

Proposition 17.7. For all v € N3, there exist 6 > 0, v > 0, hg > 0 and C > 0 such
that, for h € (0, ho),

/ e 22| DV 2 dx + / I DYy P dx < CR [,
Q0 o

where up, € Ex(h).

These estimates only mean that the eigenfunctions and all their derivatives only live

close to (0,0,0). As usual, we immediately deduce the following.

Corollary 17.8. For all v > 0, we have, for all v € N3 and ¢ € N,

/ Ix|*| D2 dx + / x| D |2 dx = O(h)[in]2,
|z|+|y|>h1/8=

z>hl/2=7

where up, € Ex(h).

2.3. Normal form. Let us now transfer initial eigenvalue problem onto the side of
the normal form L}°. For u; € €y (h), we introduce the rescaled and truncated function
(17.2.1)

w (7, 5,1) = X1 (r, 5, ) (r, 5, 1) = xo(R¥5T7r, B384 s WVt uy, (WY ?r, W12, h'/%t)

and its version on the side of normal coordinates
vp(p,0,7) = UgFrospwp, .

We consider Fx(h) the image of €y (h) by these transformations. We can reformulate

Corollary
Corollary 17.9. With the previous notation, we have, for v, € Fn(h),

ho(on) < AFE(h) + O(h%),
where \(h) = h= Ay (h).
We can also notice that, when wuy, is an eigenfunction associated with A,(h), we have
(17.2.2) Lyv, = N2 (R)vy, + 4,

where the remainder 7, is O(h>°) in the sense of Corollary [17.8]

In the following, we aim at proving localization and approximation estimates for vy,

rather than u,. Moreover, these approximations will allow us to estimate the energy

he(on).
3. Relative polynomial localizations in the phase space

This section aims at estimating momenta of v, with respect to polynomials in the
phase space. Before starting the analysis, let us recall the link (cf. (8.1.6)) between the
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variables (1, s,t) and (p, o, 7T):

1
(17.3.1) D,=Dy+ =D, D,=D, D.=D.

We will use the following obvious remark.
Remark 17.10. If ¢ is supported in supp(xy), we have, for all ¢ € (0,1),
Qu(9) = (1 —€)Q100(¢) — ChY> 7o
Optimizing in €, we have:
Qu(9) = (1= h* ") Q100(0) — CH 2.
Moreover, when the support of ¢ avoids the boundary, we have

Di00(0) > [l6]I*.

3.1. Localizations related to the Lu-Pan operator. This section is concerned

with many localizations lemmas with respect to o and 7.

3.1.1. Estimates with respect to o and 7. We begin to prove estimates depending only

on the variables o and 7.

Lemma 17.11. Let N > 1. For all k,n, there exist ho > 0 and C(k,n) > 0 such that,
for all h € (0, hy):

(17.3.2) ||Tka”+1vh|| < C(k,n)||vnl,
(1733) 7 Dy(omun)l| < C (k) ol
(17.3.4) ||TkDT(a"vh)|| < C(k,n)||vn|l,

for v, € Fy(h).

PrROOF. We prove the estimates when vy, is the image of an eigenfunction associated
to Ap(h) withp=1,..., N.

Let us analyze the case n = 0. The estimate ((17.3.4)) follows from the normal Agmon
estimates. By multiplying (17.2.2) by 7% and taking the scalar product with 7*v;,, we get

Qu°(rhon) < APl unll + K[DZ, 7*wn, 78 0n) | + O(h)|oal|*
The normal Agmon estimates provide
[{[DZ, TMon, TR un)] < Clloa®
and thus
Q)°(r*vn) < Cllun]*.
We deduce . We also have

|7 (=0 sin@ + 7 cos @ + Ry,)vp||* < C|lunl?,
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where
(17.3.5) Ry = hart { (D, — (sin6) ' D,)* + (o + (sin 9)*1,))2} .
We use the basic lower bound
|7*(—osin@ + 7 cos 6 + Ry)vp||* > %”TkO' sin Qg ||2 — 2| (751! cos 6 4+ 7 Ry, s |2 .
Moreover, we have (using the support of x}&¢):
17 Ryon | < Ch(h™F 727" oy || < Ch(h=7)2 ||,
the last inequality coming from the normal Agmon estimates. Thus, we get
17" ovnl* < Cllowl|*.

We now proceed by induction. We multiply (17.2.2) by 7%¢™*!, take the scalar product

n+ly,, and it follows:

with 7%0
Q}'\llo(TkUn+1Uh) S)\;esc(h)||7_kan+lvh||2 + C||7_k—20_n+1vh||||7_k0n+1vh||
+ CHkalDTU”vhH ]|Tk0”+1vh]| + CHTkDUU"whH HTkU"thH
+ C||7F ™ || 7R o™ oy |
+ [(*[0" ™, (—o sin @ + 7 cos O + Ry)?|on, TR0 ).

We have

[0"t! (—osinf + 7 cos O + Ry,)?
= [0"", Ry)(—0osin@ + 7cosf + Ry,) + (—osin@ + 7cosd + Ry)[0" Ry .

Let us analyze the commutator [0" !, R;,]. We can write
(0", Ry = ahr[o™™, (D, — (sin 9)_1DU)2]

and

2

(D, — (sinf)"'D,)", 0" = (sin6) *n(n+ 1)o""

+ 2i(sin @) ' (n + 1)(D, — (sin) "' D,)o™.

We infer

(0"t (—osinf + T cos O + Ry,)?]

= (ah7(sinf)*n(n+ 1)o" " + 2iah7(sin§) " (n + 1)(D, — (sin0) "D, )o") (Vo + Rn)
+ (Vo + Ry) (ah7(sind) *n(n + 1)o" " + 2iaht(sin @) ' (n + 1)(D, — (sin8) ' D,)o") .

After having computed a few more commutators, the terms of [0" 1!, (=g sin 6 + 7 cos 0 + Ry)?]

are in the form:



h*r' (D, — (sin@) ' D, )™,
h*r (o + (sin ) 'p)*(D, + (sinf) ' D,)o™
withm <n+1land [ =0,1,2.
Let us examine for instance the term h7' (o + (sin@)~'p)*(D, + (sin) ' D,)oc™. We
have, after the inverse Fourier transform and translation:
B2 (o 4 (sin0) ' p)2(D, + (sin 0) ' Dy)o™up|| < CR2(h=¥5877)3 |1 rlo™uy||

where we have used the support of xje (see (17.2.1])). We get:

n+1 k+2
[(TFlon + 1, (—osinf + 7 cos 6 + Ry)*Jon, 7H0™ oy < Cll7Fe™ o | Y 0 7o vl
j=0 1=0

We deduce by the induction assumption:
Qy°(tho" uy) < Cllunl*.
We infer that, for all k:
ID- ("o )up|| < Cllun]l and [ Do (750" )va]| < Cllun]l -
Moreover, we also deduce:
1(Ve + Ri)r"0" up]| < Cllua]],

from which we find
750" 20| < Cllog]l .

g

We also need a control of the derivatives with respect to 0. The next lemma is left
to the reader as an exercise (take successive derivatives of the eigenvalue equation and
estimate commutators by induction). Roughly speaking, it states that o, 7, D, and D,
are bounded.

Lemma 17.12. For all m,n, k, there exist hy > 0 and C(m,n, k) > 0 such that, for all
h € (0, hy),

(17.3.6) |75 D o™ < C(k,m,n)||losll
(17.3.7) |75 D™ Doy < C(k,m,n)||loall,
for vy, € Fn(h).

We now establish partial Agmon estimates with respect to ¢ and 7. Roughly speaking,

we can write the previous lemmas with pv, and D,v;, instead of vp,.

3.1.2. Partial estimates involving p. Let us begin to prove the following lemma.
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Lemma 17.13. For all k > 0, there exist hy > 0 and C(k) > 0 such that, for all
h € (0, hg),
I punll - < C(llpvall + llvall)
I7*Dzponll - < C(llpvall + [lvnll)
17" Doponll - < Clllpvall + [lvnl) ,

for v, € Fn(h).

ProoF. For k£ = 0, we multiply (17.2.2)) by p and take the scalar product with puvy,.
There is only one commutator to analyze:

(Vo + Bn)?, p] = [(Vo + Ba), pl(Vo + Bn) + (Vo + Ra)[(Va + Ru), p]
so that
(Vo + Ri)?, p] = [Ru, p)(Va + Ri) + (Vo + Rp)[Rn, p) .
We deduce, thanks to the support of wy:
[{[(Ve + Bn)?, plon, pun)| < Cllvallllpvnll < C(llpvall* + [loall*)
and we infer
Qi°(pvn) < C(llpwnl* + llvall?) -
We get
[ D-ponll < C(llpvall + [lonll) and [ Depon| < C([lpvall + lval) -

Then it remains to prove the case k& > 1 by induction (use Remark [17.10| and that
s(0) < 1). O

As an easy consequence of the proof of Lemma [17.13] we have the following.

Lemma 17.14. For all k > 0, there exist hy > 0 and C(k) > 0 such that, for all
h € (0, hy),

1T o punll < C(k)(Ilpvnll + llvall)
for vy, € Fn(h).

We can now deduce the following lemma (exercise).

Lemma 17.15. For all k,n, there exist ho > 0 and C(k,n) > 0 such that, for all
h e (0, ho)

(17.3.8) lor*o™ Huull < €k, m)(lovll + lunll)
(17.3.9) 107 Do (0™ on) | < Ch,m)(lownll + lenl)
(17.3.10) lo7Dr(o™un) | < Clk,m)(lpvnll + owl)

for vy, € Fn(h).
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From this lemma, we deduce a stronger control with respect to the derivative with
respect to o.

Lemma 17.16. For all m,n,k, there exist hy > 0 and C(m,n, k) > 0 such that for all
h S (O, ho)

(17.3.11) lpr* Dy tom ol < C(k,m,n)([lpvnl| + [lvall) .

(17.3.12) lp7" Dy Dro™vy|| < C(k,m, n) (ool + llvall)

for v, € Fn(h).

PrROOF. The proof can be done by induction. The case m = 0 comes from the
previous lemma. Then, the recursion is the same as for the proof of Lemma [17.12] and
uses Lemma [I7.12] to control the additional commutators. U

By using the symmetry between p and D,, we have finally the following important
lemma.

Lemma 17.17. For all m,n, k, there exist hg > 0 and C(m,n, k) > 0 such that for all
h € (0, h[))

(17.3.13) ID, 7 Dyt a™ o || < C(kym, n) (| Dyonll + [Jvall)

(17.3.14) 1D, DY Do op|| < C(k,m, n)(|Dyonll + [loall)

for v, € Fy(h).

3.2. A first approximation of the eigenfunctions. In this section, we prove that
vy, behaves like u5” (o, 7) with respect to o and 7. Let us state the approximation result
of this section.

Proposition 17.18. There exists C > 0 and hg > 0 such that, for h € (0, hg),
lon = Mg | + [[Vavn — Vellua|| + [V g i (on — Twn) || < CRYA2juy ],

where 11 is the projection on ui® and v, € Fn(h).

PROOF. As usual, we start to prove the inequality when vy, is the image of an eigen-
function associated with A,(h), the extension to v, € Fy(h) being standard. We want to
estimate

156 — s(0))on]| -
We have
195 = 5(8))unll < [[(5V(8) = Ap())unl| + CH* o]
With the definition of v, and with Corollary [17.8, we have:
195 = Xp(h))vall < hl|Lyvn]| + k2| Lava]| + O(h>)|[on]l -
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Then, we can write

Do‘ 2 DO, 2 p 2
[Lionll < C||rVo (D, = =% ) il +C [l7 (D, = %) Vown||+C ||V (o + 25)
sin 6 sin sin 0
With Lemma [17.11] and the support of uy, we infer
hl|Lion]| < OB fog )
In the same way, we get
B2 || Loyvn || < CRY2=4 o).
We deduce
1(95° = 5(0))vall < CAY* g
We have
(95 = s(0))vic | < O o]l vn = vy + g
The resolvent, valued in the form domain, being bounded, the result follows. O

4. Localization induced by the effective harmonic oscillator

In this section, we prove Theorem In order to do that, we first prove a localization
with respect to p and then use it to improve the approximation of Proposition [17.18]

4.1. Control of the eigenfunctions with respect to the Fourier variable. Let
us prove an optimal localization estimate of the eigenfunctions with respect to p. Thanks

to our relative boundedness lemmas (Lemmas|17.16{and [17.17)) we can compare the initial

quadratic form with the model quadratic form.

Proposition 17.19. There exist hg > 0 and C > 0 such that, for all Cy > 0 and
h € (0, hy),

ho(vn) = (1= Coh) (IIDronll® + | Downll* + [|(Va(o, 7) + ahrHpam) val”)

C
_5h<%harmvh7 Uh> - CthhHQ )
0

for vy, € Fy(h).

PROOF. Let us consider
2 (vn) = | Dronl|* + | Downl|® + [|(Vo(o, 7) + ah7 {Huam + L(p, D, 0, Dy)}) va]|* -
where
L(p,D,,0,D,) = (sinf) *(=2sin0D,D, + 2sinfap + D2 + o°).
For all € > 0, we have:
No(un) > (1 —¢) ([IDvnll* + 1 Dovnll® + [[(Va(o, 7) + b7 Hiarm) val|)
—5_1@2h2H7'L(p, Dp> g, DO’)Uth :
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We take ¢ = Cyh. We apply Lemmas [17.12] [17.16| and [17.17] to get

I7L(p, Dy, 0, Do )vn||* < CUIDvall* + llovall* + llonl*)

From the last proposition, we are led to study the model operator:
Hh = Dg. + DE + (‘/9(0', T) + ahTHharm)2 .

We can write H;, as a direct sum:

Hh:@HZJ

n>1
with
n=D2+ D2+ (Vy(o,7) + ahtpn,)?,

where p,, is the n-the eigenvalue of Hpam. Therefore we shall analyze (see Chapter ,

Section :
L5 = D2+ D2+ (Vo(o,7) + g7)°.

We deduce the existence of ¢ > 0 such that, for all g > 0:
5(0,9) > s(0) +cg.

Taking Cj large enough in Proposition [17.19, we deduce the following proposition.

Proposition 17.20. There exist C' > 0 and ho > 0 such that, for all h € (0, hy),
(Hharmn, vn) < Cllopll?, for v, € Fy(h)
and

NE<(R) > 5(0) — Ch.

4.2. Refined approximation and conclusion. The control of v, with respect to
p provided by Proposition [17.20] permits to improve the approximation of vy.

Proposition 17.21. There ezist C > 0, hg > 0 and v > 0 such that, if h € (0, hy) :
VoD pvr, — VoDpllog|| + (| Dpvn — Dpllog|| + [V (Dyvn — Dpllop)|| < ChY ||ug]]
Vapvn — Vopllon|| + || pvn — pllon|| + [V o (pvn — pllup)|| < CB |[va]

for v, € Fy(h).

PROOF. Let us apply D, to (17.2.2). We have the existence of v > 0 such that:
I1LR°. Dplonll < ChY op]| -
We can write

155 = o (0) Dyunll < (95 = A5=(h)) Dyvnl| + ChYH| Dyon]l.
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Proposition [17.20] provides
195 = o (8) Dyvnll < [[(95°* = N=*(h)) Dyon| + ChY*|[w

Then, we get

IhLi Dyvn|| < CRYA27 oy |
and

1h*LeDyonl < CRY2 |
We deduce

155 — 5(0)) Dyvnll < CRY*Jun ]l

The conclusion is the same as for the proof of Proposition [17.18] The analysis for p can

be done exactly in the same way. U

We can now end the proof of Theorem We recall that
Q°(vn) = |Drvn | + || Downl|* + | (Va(o, 7) + ah {Hiarm + L(p, Dys 7, Do) }) vnl|”
so that we get
Q3,°(vn) = 5(0)|vn®
+ ah(27Vp (0, 7)Hharm + TVo L(p, D,, 0, D,) + T7L(p, D,, 0, Dy )Vy(0, T)p, vp) -

It remains to approximate vy, by ITv, modulo lower order remainders (exercise!). This
implies:

ne(vn) = 5(0)|vnll* + al(S(Dp, p) o1, Pn)i2r,) + o(h)[[unl*,
where ¢y, = (vp, ug)L2(r,,) and v, € Fy(h). With the min-max principle, we deduce the

spectral gap between the lowest eigenvalues and it remains to use Proposition [17.18]
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CHAPTER 18

Magnetic wedge

On oublie vite du reste ce qu’on n’a pas pensé
avec profondeur, ce qui vous a été dicté par

I'imitation, par les passions environnantes.

A la recherche du temps perdu,
La Prisonniére, Proust

This chapter is devoted to the proof of Theorem [8.1§ announced in Chapter[§] Section

2l We focus on the specific features induced by the presence of a non smooth boundary.

1. Quasimodes

Before starting the analysis, we use the following scaling:
(18.1.1) §=ho, =02, z=hn'%

so that we denote by £, and C; the operators h='L, and h~'/2C, in the coordinates
(0,7, z2).

Using Taylor expansions, we can write in the sense of formal power series the magnetic
Laplacian near the edge and the associated magnetic Neumann boundary condition:

~ /4
En h—0 ZC"h
320

and
~ il
>0

where the first £; and 7; are given by (see Conjecture [8.10)):

(18.1.2) Lo= D+ D+ (r—()°,
(18.1.3) Ly =—2(1 = (5)Ds,
(18.1.4) Ly = D} + 26Ty oD%,
where

CO - (_7— + C87 DT7 DZ)7
Cl = (Daa070)7
Co = (0,0,kT, '0? D),
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where & is defined in (8.2.12)).

We will also use an asymptotic expansion of the normal n(h). We recall that we have
n = (=T'(3){,—T(5),£1) so that we get:

a(h) ~ > it
Jj=>0

(18.1.5) ng = (0,—~To,£1), m1=(0,0,0), mny=(0,x0%0).
We look for (A(h),(h)) in the form:

Ah) K30 Z b
j=0

) ~ /4
Y(h) ~
3>0
which satisfies, in the sense of formal series, the following boundary value problem:
Lub(h) ~ AR,
—0

(18.1.6) )
n - Cpip(h) ol 0 on  OneuWay -

This provides an infinite system of PDE’s. We will use Notation [11.1] introduced in
Chapter [11]

We solve the equation:
Lotbo = poto, in Way, mo - Cotho =0, on OneuWay -

We notice that the boundary condition is exactly the Neumann condition. We are led
to choose 119 = vf(a, ¢§) and ¥o(0, 7, 2) = u (7, 2) fo(o) where fo will be chosen (in the
Schwartz class) in a next step.

Collecting the terms of size h'/*, we find the equation:

(Lo — o)1 = (1 — L1)g, mng-Coty =0, on OneyWh, -

As in the previous step, the boundary condition is just the Neumann condition. We use

the Feynman-Hellmann formulas to deduce:

(Lo = po) (Y1 + v (7, 2) Do fo(0)) = patbo, 1o - Cotyr = 0, on OneuWa, -

Taking the scalar product of the r.h.s. of the first equation with uz(e) with respect to (7, z)
and using the Neumann boundary condition for USS and 1 when integrating by parts, we
find p; = 0. This leads to choose:

(o, T, 2) = USS (1,2) Dy fo(o) + fl(a)uzg (1,2),

where f; will be determined in a next step.
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Let us now deal with the terms of order h'/?:

(ﬁo - MO)Q/JQ = (Mz - £2)¢0 — L1, mg-Cotha = —ny - Cathg — ng - Cothy, on 8NeuWo¢0 .

We analyze the boundary condition:
ng - Cothy + ma - Cotbo = KTy '0°Dathy + ko Dy
— kTy 0% (£D. + oDy o
= 4267, '0* D1y .

where we have used the Neumann boundary condition of 1. Then, we use the Feynman-

Hellmann formulas together with (|18.1.3) and ([18.1.4)) to get:

wee 92,8 (a e _
(18.1.7) (Lo — o) (W2 = v Do fr = =" D2 fo) = patby - 90) 2y — 2175 102 D24y

with boundary condition:
Ny - Cowg = :|:2H0276_1DZ¢0, on aNeuWao .
We use the Fredholm condition by taking the scalar product of the r.h.s. of (18.1.7)) with

uzo’cg with respect to (7, z). Integrating by parts and using the Green-Riemann formula

(the boundary terms cancel), this provides the equation:

harmJo = H2fo ,
with
205 (0,C5) 12 1 2 2
flarm = 1= 2 ° DO’ + 2K7E) HDZUESHL%SQO)U :
e

Up to a scaling, the 1D-operator Hs,,,, is the harmonic oscillator on the line (we have
used that Conjecture is true). Its spectrum is given by:

{n =0T D g Potan ). nz 1)

Therefore for us we take:

(18.1.8) fo = (2n — 1)\//<¢T0‘1||Dzu23 L2(s.,) 0215 (00, 6F)

with n € N* and for f, the corresponding normalized eigenfunction. With this choice we
deduce the existence of ¥y such that:

(18.1.9) (Lo — po)ty = patho — wlﬁ% — 2575 '0* D3¢y, and (Vy, uge)r,z = 0.
We can write 95 in the form:

Vo = U+ 0D, i+ D2l + folouty,
where f; has to be determined in a next step.

The construction can be continued (exercise).
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By using the spectral theorem, we infer that

(18.1.10) An(h) < v(ag)h + Ch? .

2. Agmon estimates

Thanks to a standard partition of unity, we can establish the following estimate for
the eigenvalues (use the strategy in the proof of Proposition |[14.5]).

Proposition 18.1. There exist C' and ho > 0 such that, for h € (0, hg) :
An(h) > v(ag)h — ChY/*,
From ((18.1.10) and Proposition [18.1] we infer that the main term in the asymptotic
expansion of A\, (h) is v(ag)h. Then, due to the difference of energy between the smooth
boundary and the wedge (see Assumption [8.2.10f), this implies, with the estimates of

Agmon (see the proof of Proposition m where the same ideas are used; here we choose
balls of size Rh%), a localization of the lowest eigenfunctions near E.

Proposition 18.2. There exist £g > 0,hy > 0 and C' > 0 such that for all h € (0, hy):

/ (2e0h ™ E) |12y < )2,
Q

Qe P ) < Chlly .

As a consequence, we can refine the lower bound.

Proposition 18.3. For all n > 1, there exists hg > 0 such that for h € (0, hg), we have:
Au(h) = vlao, )b+ O(h*2)
ProoF. We have:
Qh@’) = <Vh¢> Vhw>L2(d§d£d2) .
With the estimates of Agmon with respect to £ and %, we infer:
Qu(¥) > QP () — CR*||4|*.
where:
Qi) = |hD)||* + W ToT (3) " Dad|® + || (hDs + (A2 — D).
Moreover, we have:
QW) 2 [|hD)||? + [hD:|1* + | (hDs + Gh'' = D)|[* = v(ao, ).
O
A rough localization estimate is given by the following proposition (that follows again

by the estimates of Agmon related to Proposition [18.1} see also Proposition |14.7]).
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Proposition 18.4. There exist £g > 0,hy > 0 and C' > 0 such that for all h € (0, hy):

/ ex(X)h*”SIs(X)\W? dx < CWW’
Q
0, (XN Wlyy < Ohll)?,

where x 1s a smooth cutoff function supported in a fized neighborhood of E.

We use a cutoff function x,(x) near xq such that:
Xn(x) = Xo(P¥778(x))x0 (hY/277E(x)) x0 (A7 2(x)) -
For all N > 1, let us consider L*normalized eigenpairs (A, (h),¥nn)1<n<ny such that

(Un.hs Uy = 0 when n # m. We consider the N dimensional space defined by:

QEN(hl) = span &n,ha where I;n,h = thn,h .
1<n<N

Notation 18.5. We will denote by QE(: Xnt) the elements of €x(h).

Let us state a proposition providing the localization of the eigenfunctions with respect
to Ds (the proof is left to the reader as an exercise, see Chapter 14| for a similar estimate).

Proposition 18.6. There exist hg > 0 and C' > 0 such that, for h € (0,hq) and ) €
En(h), we have:
IDs ]| < Ch= 419

3. Projection method

The result of Proposition [18.6|implies an approximation result for the eigenfunctions.
Let us recall the scaling defined in (18.1.1)):

(18.3.1) §=ho, =021, z=hn'%

Notation 18.7. We will denote by Ex(h) the set of the rescaled elements of €x(h). The
elements of Ex(h) will be denoted by 1ﬂ Moreover we will denote by Ly the operator
h=1L,, in the rescaled coordinates. The corresponding quadratic form will be denoted by

Q.

Lemma 18.8. There exist ho > 0 and C' > 0 such that, for h € (0, hy) and Ve En(h),
we have:

(18.3.2)
1 = Thoh[| + (| DA (¢ = To)) || + | D= (¢ — Tow)) || < CRM*||3)|
(18.3.3)
lo (@ = Todh)[| + lo D7 (¢ — o)) || + [lo D= (¥ — Teth) || < CRYSY (|0 + ([lod])

where 1 is the projection on uge:

o) = (3, Uge )L2(Sag ) U -
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This approximation result allows us to catch the behavior of the eigenfunction with
respect to §. In fact, this is the core of the dimension reduction process of the next
proposition. Indeed 02D?% is not an elliptic operator, but, once projected on ugce, it
becomes elliptic.

Proposition 18.9. There exist hg > 0 and C' > 0 such that, for h € (0,hg) and =
En(h), we have:
150] < ChMY4|14)].

PRrROOF. It is equivalent to prove that:
loy[| < Cll]] -
The proof of Proposition provides the inequality:
1D + [ ToT (h*0) ' Dgb||? + (B Dy + ¢§ = T)d (> < (V5 (0, G5) + CRY?) |14

From the non-degeneracy of the maximum of «, we deduce the existence of ¢ > 0 such
that:
17T (o) Do4|* = || D20 + ch'2|lo D2
so that we have:
ch'lo Do < CRY2 |2

and:

loD2y || < CllYl-
It remains to use Lemma and especially (18.3.3]). In particular, we have:
lo D= (4 — Toth)[| < CRY*([ldb]| + (Jlodd]])

We infer:
lo Do) || < Cllb|| + CRYE (1] + ([lod]]) -

Let us write
o) = fu(o)ugs(T, 2) -
We have:
oDl = 1D lexs,p o iliziam = 1Dty izl futty | = 1Dt ez, lortlod]
We use again Lemma to get:
loD=Tloto || = | Dzugg (s, v | + ORYE) (01| + o))

We deduce:
| D ZUZS

(s o8] < ClDI + 2005 (19 + (o)

and the conclusion follows. O
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Proposition 18.10. There ezists hyg > 0 such that for h € (0, ko) and ¢ € Ex(h), we

have:
Ou(&) 2| DI + D |* + |(R 4Dy — 7 + )P + W Tg k| Do |P2(s,., 0
+o(W?)[|4]
Let us introduce the operator:
(18.3.4) D2+ D%+ (hM*Dy — 7+ ¢§)* + h'* T 6| Douge |0,
After Fourier transform with respect to o, the operator ((18.3.4) becomes:
(18.3.5) D2+ D2+ (B¢ — 7+ G§)? + WP Ty k|| Do [aqs,, ) DE -

Exercise 18.11. Use the Born-Oppenheimer approximation to estimate the lowest eigen-

values of this last operator and deduce Theorem [8.18|
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CHAPTER 19

Magnetic cone

Ignarus enim praeterquam quod a cau-
sis externis multis modis agitatur nec un-
quam vera animi acquiescentia potitur, vivit
paeterea sui et Dei et rerum quasi inscius et

simulac pati desinit, simul etiam esse desinit.

FEthica, Pars V, Spinoza

This chapter deals with the proof of Theorem [8.21]

1. Quasimodes in the axisymmetric case

This section deals with the proof of the following proposition.

Proposition 19.1. For all N > 1 and J > 1, there exist Cn,; and o such that for all
1<n<N,and 0 < a < ag, we have:

J
dist (SPd;s(ga,o), nyjynofj*l) < Cyy a®’t3,

Jj=0

where Yo, = Iy = 275/2(4n — 1).

ProOOF. We construct quasimodes which do not depend on 6. In other words, we
look for quasimodes for:

1. sin?(ayp) 1 :
‘COC,O = —287—7' 87— + T‘(QT — m@cp Sln(a(p)@w .

We write a formal Taylor expansion of £, in powers of %

Log~a Moy + Mo+ > o M;,
j>1

where
2 2

1 T 1
8<p§08¢,, MO = —§877'2a7— + 1 + ﬁwa@ .

1
T2

M_ =~

We look for quasimodes expressed as formal series:
Q/JNZagj@bj, /\Noz_z)\_1+)\o+2a2j)\j,
Jj=0 Jj=1
so that, formally, we have
Looth ~ A
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We are led to solve the equation:

1
M_11 = —%&Aﬁa@% = A_1%p.

We choose Ay = 0 and ¢o(7, p) = fo(7), with fy to be chosen in the next step. We shall
now solve the equation
M1 = (Ao — Mo)vo .
We look for 1y in the form: (7, p) = %1 (7, ¢) + f1(7). The equation provides
1 -
(19.1.1) — ; 0,1 = (Ao — Mo)to .

For each 7 > 0, the Fredholm condition is ((Ag — M), 1>L2((0’%de) = 0, that becomes

-

| Moy o = ).

Moreover we have

Jun

[ Mt )0 = = 550,170, () + 57 ).

932
so that we get
1 1
(—5377237 + §T2> Jo=2ofo-
We are led to take
Ao = Iy and fo(T) = ful(7) .

For this choice of fy, we infer the existence of a unique function denoted by zﬁll (in
the Schwartz class with respect to ¢) orthogonal to 1 in L%((0,1), ¢ dy) which satisfies

(19.1.1f). Using the decomposition of /1, we have
wl(Ta 90) - 7—21;1L<T7 30) + fl (T) ’
where f; has to be determined in the next step.

We leave the construction of the next terms to the reader.

We define
J
(19.1.2) Ul (a)(r,0,0) = > aP(r,9), V(r,0,0)€P,
j=0
J
(19.1.3) M) = ) a¥).
§=0

Due to the exponential decay of the 1); and thanks to Taylor expansions, there exists C, ;
such that:

| (Lo = AJ(@) U ()]l2p,az) < Crao® P20 ()] 2p, g -

Using the spectral theorem and going back to the operator £, by change of variables, we
conclude the proof of Proposition with v;, = A;. O
256



Considering the main term of the asymptotic expansion, we deduce the three following

corollaries.

Corollary 19.2. For all N > 1, there exist C' and ag and for all 1 < n < N and
0 < a < ay, there exists an eigenvalue S\k(n,a) of L. such that

|5\k(n,a) - [N| < Cozz .

Corollary 19.3. We observe that for 1 <n < N and o € (0, )

0< S\n(a) < S\k(n,a) <Iy+ Ca?.

Corollary 19.4. For all n > 1, there exist ag(n) > 0 and C, > 0 such that, for all

a € (0,ap(n)), the n-th eigenvalue exists and satisfies:
(o) < Cha,

or equivalently M, (a) < C,.

2. Agmon estimates
Let us first state the following convenient lemma.

Lemma 19.5. Let us consider p > 0 and p(p) is the lowest eigenvalue of the magnetic
Neumann Laplacian on the disk of center (0,0) and radius p. There exists ¢ > 0 such
that, for all p > 0,

p1(p) > cmin(p?,1).

PROOF. The magnetic Laplacian is in the form £a,, = (—iV 4+ Ag)? with

1
A()(X) = 5([['2, —ZL'I) .
In Proposition [1.29, we noticed that the magnetic Neumann condition is just the classical
Neumann condition. By using the rescaling x = py, we get that £a,, = (—iV + Ay)? is
unitarily equivalent to p‘2£2'§xo acting on L2(B(0,1)). Then it is easy to see that u is a

continuous and positive function on (0,4o00). By Proposition we get

_p_2 x)|? dx + o(p*
H0) =, for | 1Anl0 P ofp?).

Moreover £4, , is also equivalent to p?(—ip~2V + Ag)? acting on L?(B(0,1)). The limit
p — +oo is a semiclassical limit (h = p~2) and we deduce (see for instance (0.1.7) and
[76, Theorem 8.1.1]) that

nlp) — Oy

p—r+00

Let us now prove the following fine estimate when 3 € [O, %)
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Proposition 19.6. Let Cy > 0 and n € (O, %) For all 8 € [0,%), there exist ag > 0,

g0 and C > 0 such that for any a € (0, ) and for all eigenpair (X, ) of Lo p satisfying
A S C()Oé.'

(19.2.1) / 2002l 2 dx < Ol
Ca

PrROOF. Thanks to a change of gauge £ is unitarily equivalent to the Neumann
realization of:
L4 =D?+ (D, + zsinB)* + (D, + xcos §)>.

The associated quadratic form is

Qi) = / |D.p* + |(Dy + zsin B)|* + |(Dy + @ cos B)¢|* dz dy dz .

Let us introduce a smooth cut-off function y such that x = 1 near 0 and let us also
consider, for R > 1 and gy > 0,

Dr(z) = goa?x (%) 2] .

The Agmon formula gives
Q4 (™) = M y[* — [[VPre™ |

There exists g > 0 and Cj such that for a € (0,), R > 1 and g € (0,1), we have:

Q4 (e*y) < Coalle™ ||
We introduce a partition of unity with respect to z:

Xi(2) +x3(2) = 1,

where x1(z) =1 for 0 <z <1and xi1(z) =0 for z > 2. For j = 1,2 and 7y > 0, we let

Xin(2) = x;(v"'2),

so that
XAl < Oy
The localization formula provides
(19.2.2) QA X1,0) + Qa(e™xa1) — Oy 72 (|e™m0|* < Coalle™ |

We want to write a lower bound for §X<€(I>RX277¢). Integrating by slices we have:

D(0) 2 cos 8 [ u(v/cos Bz tan(a/2) o] =

where p is defined in Lemma [19.5] From this lemma, we deduce

Q4 (e ) > / ccos Bmin(z%a® cos 3, 1)]|e®Rx,0||* dz .
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-1/2

We choose v = g5 a~2(cos 8)~1/2. On the support of x»., we have z > 7. It follows

QA(@CI)RXQ,,YID) > /ccos o] min(saza, 1)He¢’RX2,ywH2 dz.

For « such that o < 53, we have:

(¢ xaw) 2 [ casy? cos BlePnagv? dz.

We deduce that there exists ¢ > 0, C' > 0 and Cy > 0 such that for all g, € (0,1) there
exists ap > 0 such that for all R > 1 and a € (0, ap):

(cg9? cos B — Ca|[xz0eY|* < Coallxane™ ¥
Since cos 8 > 0 and n > 0, if we choose ¢y small enough, this implies

X2 0 |? < Cllxie® 0)* < Cllo|*.
It remains to take the limit R — +oo. O

Remark 19.7. It turns out that Proposition is still true for 8 = 7. In this case the
argument must be changed as follows. Instead of decomposing the integration domain
with respect to z > 0 one should integrate by slices along a fixed direction which is not
parallel to the axis of the cone. Therefore we are reduced to analyze the bottom of the
spectrum of the Neumann Laplacian on ellipses instead of circles. We leave the details
to the reader.

3. Axisymmetry of the first eigenfunctions

Notation 19.8. From Propositions and we infer that, for all n > 1, there
exists o, > 0 such that if a € (0,a,), the n-th eigenvalue S\n(&) of L, exists. Due to
the fact that —i0y commutes with the operator, one deduces that for each n > 1, we can
consider a basis (Vn j(a))j=1,..7ma) of the eigenspace of L, associated with An() such
that

Yag()(7,0,0) = ™ W, (7, ).
As an application of the localization estimates of Section 2] we prove the following
proposition.
Proposition 19.9. For alln > 1, there exists ay, > 0 such that if a € (0, ), we have:
mpi(a) =0, Vi=1,...,J(n,a).
In other words, the functions of the n-th eigenspace are independent from 6 as soon as «

18 small enough.

In order to succeed, we use a contradiction argument: We consider an L2-normalized
eigenfunction of £, associated to \,(a) in the form ™V (7, ¢) and we assume that
there exists @ > 0 as small as we want such that m(«) # 0 or equivalently |m(«)| > 1.
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3.1. Dirichlet condition on the axis of the cone. Let us prove the following

lemma.

Lemma 19.10. For all t > 0, we have ¥, (t,0) = 0.

ProOF. We recall the eigenvalue equation:
'Ca,O,m(a)lI/oz - S\n(a)\pa .

We deduce:
Qa,O,m(a)(qja) < CH\I]O&”EQ(R, dp) -
This implies:

1 sin®(ag) 2 ) )
/RW (m@ 507 ) MWalr9)l de < CllWalltagr,q < +o0-

Using the inequality (a + b)? > 2a? — 2b?, it follows:

2 1 2 ¢in2
R R

2 72sin? (o) 402
so that: .
M [ () i < 4,
r T2 sin’ (o)
and:
1
= T2 sin”(ayp)
Therefore, for almost all 7 > 0, we have:
1
2 1
(19.3.2) / ——— |V (7, 9)|? sin(agp) dp < +00.
o sin“(ay)

The function R 3 (7, ) — Y, (7, ¢) is smooth by elliptic regularity inside C,, (thus R). In
particular, it is continuous at ¢ = 0. By the integrability property (19.3.2), this imposes
that, for all 7 > 0, we have ¥, (7,0) = 0. O

3.2. Proof of the axisymmetry. We have

(1933) [’a,O,m(a) (T\IJO‘) = 5\71(0()7\1/& + [Ea,(),m(a% T]\Ija .
We have: )
[Ea,O,m(a)a T] = [_7—_2877—287-, T] = —287- - —.
T

We take the scalar product of the equation ((19.3.3|) with ¢tW,. We notice that:
<[£a,0,m(a)aT]‘I’avT‘Ijaﬁ?(R,du) = _2||\I]04HEQ(R,d,u) + SH\IJCYHE?(R,dM) = ||‘I’ozHE2(R,du)-
The Agmon estimates provide:

(TLa0me) Xan] War TWa)2®,am] = O@)[Wallz(r, au) -
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We infer:
Qoom(@)(TVa) < CUITPallta . + 1 Walllzm, ) -
and especially:

a? /R 0,0 dp < C <Ht\pa”EQ(R,du) + H\IjaHEz(R,du)) :

Lemmas [19.10] and |1.28]| imply that:

coo? /R W, dp < C (HT\I}aHE%R,du) T ”‘IICMHEQ(R’d“)> .

With the estimates of Agmon, we have:

00072||‘I’a‘|f2(7z,du) < CH‘I’aHEZ(R,du) :

We infer that, for a small enough, ¥, = 0 and this is a contradiction. This ends the
proof of Proposition [19.9

4. Spectral gap in the axisymmetric case

This section is devoted to the proof of the following proposition.

Proposition 19.11. For all n > 1, there exists ag(n) > 0 such that, for all a €
(0,9(n)), the n-th eigenvalue exists and satisfies:
An(a,0) > yona + o(a) ,
or equivalently A, (c,0) > Yo, + o(1).
We first establish approximation results satisfied by the eigenfunctions in order to

catch their behavior with respect to the t-variable. Then, we can apply a reduction of

dimension and we are reduced to a family of 1D model operators.

4.1. Approximation of the eigenfunctions . Let us consider N > 1 and let us
introduce:
En(a) =span{t1(a),1 <n < N},
where 1, 1()(t,0,v¢) = U, 1(t, ) are considered as functions defined in P.

Proposition 19.12. For all N > 1, there ezist ag(N) > 0 and Cy > 0 such that, for all
Y € @N(Oé).‘

(19.4.1) 77 = Depapy < Cna1912p.ap
(19.4.2) [ — ®ltepap < CnePlOlE2p,az)
(19.4.3) 17 — D) E2papy < Cne?IUlEp,ap)
where:
1 3
(19.4.4) W(r) = — / b(r,0) 9.
J& pdp /o
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PRrROOF. It is sufficient to prove the proposition for ¢ = ¢, () and 1 <n < N. We
have:

(19.4.5) LoV, (a) = M(@) ¥, ().
We have:
Qa(d}) < O||¢”EQ(P,dﬁ) )

and thus, seeing 1 as a function on P:
1

2 Pf?\a@iﬂ\zdﬂ < CllEzp, a -
We get:
/P|a¢¢|2 sin ap dr df dy < Ca2H¢HEQ('p,dI])7

so that (using the inequality sin(ay) > %2):

ap
/P 10,912 dr b dip < Co? [ ap.apy -

We infer:
/P 0p|0,(10 — )2 dr A8 dg < Co[[6]Esgp.an)

Let us consider the Neumann realization of the operator —19,00, on L2((0, 1), ¢ dyp).
[} 2

The first eigenvalue is simple, equal to 0 and associated to constant functions. Let > 0

be the second eigenvalue. The function ¢ — 4 is orthogonal to constant functions in

L%((0, 5)¢ dy) by definition (19.4.4). Then, we apply the min-max principle to ¢ —¢ and
deduce:

| ety — v drdodg < Call9lfp, .
and: "
[ 72— P i < Gl
which ends the proof of . We multiply by t and we take the scalar product
with 79 to get:
Qu(TY) < :\n(a)”T@UHE?(P,dg) + |<[_7__2877—287aT]¢7T¢>L2(P,dﬁ)‘ :

We recall that:
[—7720,7%0,,7] = —20, — % :
We get:
Qoo(tt) < CllWlIEz(p, a -
We deduce in the same way as .

Finally, we easily get:

Quo(T?) < ;\n(a)||72¢||f2(7>,d,1) + ([=7720-7°0-, T, T ) L2(p, 4y | -

The commutator is:
[~7720,7%0,, 7% = —6 — 470, .
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This implies:
Qo o(T%) < CllYIE2(p, apy -
The approximation (|19.4.3|) follows. |

4.2. Spectral lower bound. We have now the elements to prove Proposition|[19.11]
The main idea is to apply the min-max principle to the quadratic form Q, o and to the
space € ().

Lemma 19.13. For all N > 1, there exist ay > 0 and Cy > 0 such that, for all
a € (0,ay) and for all p € En(a):

/ (|@T¢|2 +27° |y +
P

PROOF. We recall that, for all ¢ € &,(a), we have:

Quo(¥) < )\n(Oé)H@/)”E?(P,dﬂ) :

W) 47 < Sl [l agpay + Cverllap. s -

We infer that:

/(laTwP 0D g+

We shall analyze the term [, Sm4 V7|2 dji. We get:

SIn~ (& _ SN~ (& ~
/ SIOP) a2 g / sin’ (o) ¢)T2|£|2du‘ < Cllry — ¥l a6l e.a -
P P

M?) it < M) [, a) -

42 42
and thus:
sin?(ap) . sin? ()

/PTTWIQCM Z/PW 2 di = Cllry = m¥llem,ap 1Vl e, ap)
Proposition provides:
(19.4.6) 7Y — Tllep,am < Calldller, ap »
so that:

sin® (o) 22|02 sin®(a) 5o o 1/2=n1,,112
PT [W]*di > PT«QT [Y[*dji — Ca 1Y1IE2p, az) -
We deduce:
sin® (ap) 22|02 2 1~ 2

(19.4.7) [ Sz 270 Ca?) [ (o i - Collage an

Proposition [19.6| and ((19.4.7]) provide:

sin®(a )2 2 2
[ Tk = 20 [ rof = Calblp ap

An straightforward consequence of Lemma [19.13]is
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Lemma 19.14. For all N > 1, there exist ay > 0 and Cy > 0 such that, for all
a € (0,ay) and for all p € Ex(a):
_ 1 y X
[ (10w 27000+ 10,08 ) di < (Rl + Covar) Dol

with dji = t?p dr de db.

PRrooF. It is sufficient to write for any ¢ € (0, %)

_ 1 ap 1 2
p= Sm(agp)sin(agp) == sin(ap)(1 + O(a”)) asa — 0.

g

With Lemma [19.14) we deduce (from the min-max principle) that there exists ay
such that

Va € (0, ay), () > Iy —Ca.
This achieves the proof of Proposition [19.11]

5. Dimensional reduction for a general orientation

By using commutator formulas in the spirit of Proposition jointly with the esti-
mates of Agmon, one can prove that:

Lemma 19.15. Let k > 0 and Cy > 0. There exist ag > 0 and C > 0 such that for all
a € (0,ap) and all eigenpair (X, 1) of Lo s such that X < Cy:

I7* ¢ — 78, || < Ca'?|ly]l,
with

1 2

Y (r,0) = 5= | U(1,0,0)d0.

T or 0
We also get an approximation of D;).

Lemma 19.16. Let Cy > 0. There exist ag > 0 and C > 0 such that for all a € (0, ap)
and all eigenpair (X, ) of Lo such that A < Cy, we have:

HDT¢ - DT%QH < Cal/sz“ .

The last two lemmas imply the following proposition:
Proposition 19.17. There ezist C > 0 and oy > 0 such that for any o € (0, ) and all
¥ € En(a), we have

(19.5.1) Qa (1) = (1 — ) QNG (1) — Ca? ||y,
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where:
Qr(v) =

o1 . .
/ |D1)? d,u+? cos? (aup) 72 sin? By |? du—l—/
P P

s () |(Do+Ag 1 )3 |* dfit || P

The spectral analysis is then reduced to an axisymmetric case.
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Part 6

Waveguides






CHAPTER 20

Magnetic effects in curved waveguides

Hic, ne deficeret, metuens avidusque videndi

Flexit amans oculos, et protinus illa relapsa est.
Bracchiaque intendens prendique et prendere certans
Nil nisi cedentes infelix arripit auras.

Jamque iterum moriens non est de coniuge quicquam
Questa suo (quid enim nisi se quereretur amatam?)
Supremumque vale, quod iam vix auribus ille

Acciperet, dixit revolutaque rursus eodem est.

Metamorphoses, Liber X, Ovidius

In this chapter we prove Theorem and we give the main steps in the proof of
Theorem 9.5 which is much more technically involved. In particular we show on this non

trivial example how to establish the norm resolvent convergence (see Lemma[9.8).

1. Two dimensional waveguides

This section is devoted to the proof of Theorem [9.2]

1.1. Proof of the norm resolvent convergence. Let us consider § < 1 and
K > 2sup %2.

A first approximation. We let:
LE=c?,, —e\"w) + K

£

and

Ii2

L2598 = (i0, 4 7B (5, 0)7)? — T — 7202 — (W) + K.

The corresponding quadratic forms, defined on H}(€2), are denoted by Qﬂ and ngp’[Q]
whereas the sesquilinear forms are denoted by BEJS and B;gp’m. We can notice that:

Vi(s,7) — <—%‘>2>‘ < Ce

so that the operators dj]; and £zf’5p’[2] are invertible for ¢ small enough. Moreover there
exists ¢ > 0 such that for all ¢ € H}():

2 app,|2
Q%) > cllol®,  @PP(p) > el
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Let ¢,1 € Hy(2). We have to analyse the difference of the sesquilinear forms:

B23(6.4) — B2 (0,0).
We easily get:

2 ~
(Ve 0) — (6,0} < Celloll vl < Ceyf Q%) PP e)

We must investigate:
(mZH(i0s + bAy (s, e7))m %0, (105 + bAy (s, e7))m Y/ 2) .

We notice that:
lasm;1/2] < Ce, |m;1/2 —1] < Ce.

We have:
[(m2 (10, + bA (s, e7))m 29, (10, + bA (s, 7)) (m 2 — 1))
< Cellm 2, + b A (s,em))m 20| ([0 + [[mz 12 (i85 + bAi (s, 7))
< Ce([|(i0s + bA(s,em) gl + [N (]| + [mZ 12 (@0s + bA(s,e) ¥ ).
By the Taylor formula, we get (since § < 1):
(20.1.1) | A (s,e7) — ebB(s,0)7| < Cbe? < Cke.

so that:
|(i0s + bA1(s,e7))d| < ||(i0s + €bB(s,0)T)|| + Cb52|]¢]| )

We infer that:

|(m_1(i0s + bA, (s, ET))ma_l/2¢ (105 + bA; (s, 67))(m_1/2 — 1)y)|

< 0= (Wl + Toly/@25w) + 1611/ @7 P10) + /o077 o)

Sé’é‘\/@ \/Qapp[2] )
It remains to analyse:

(mZ1 (10, 4+ bAL (s, e7))mZ Y20, (i0s + bAL(s,eT))0) .

With the same kind of arguments, we deduce:

(It (1044b A (5, e7))mZ Y2, (10,4bA (s, e7))10) = ((10s4+b A (s, eT)) b, (105+bA; (5, 7))

< C‘s\/Q \/Qapp ,[2]

We again use to infer:
(10 + bAy (5, €7), (1D, + bA (s, £7)0) = {(i0s + DA1(5,27))@, (i0s + beB(s,0)7)1)
< el (10, + bAi(s.en)ol 0]l < G/ QP )/ (s
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In the same way, we deduce:

((105 + bA 1 (s,e7)) 9, (105 + bA1(s,e7))) — ((105 + beB(s,0)7)¢, (105 + beB(s,0)7)9)|

< G/ QB () QP (9)

BEL (¢, v) — B (¢,) ‘ < Cey/ QB (W) /@ (6
By Lemma we infer that:

We get:

20.12) H ()" = (e | < e

Case 6 < 1. The same kind of arguments provides:

B [2](¢ b) — efF [2 (&, w)’ < Oel- 5\/Qapp 2] \/Qeff 2]
By Lemma we get that:

21\ 7t f 2\ !
(EZ,'?H) _<£:76[]>

Case § = 1. This case is slightly more complicated to analyse. We must estimate the

< e,

difference the sesquilinear forms:

D(¢.9) = B (o, 4) — B (6, 9).
We have:
D.(¢, ) = (i0,6, B(s,0)7)+ (B(5,0)76, i)+ (B(s,0)2r%, ) —||7.J1 |2 (B(s, 0)%6, 1) .
We introduce the projection defined for ¢ € H(Q):
Moy = (¢, J1)w 1
and we let, for all ¢ € H{(Q):

ol =Top, ¢t = (Id—Tp)ep.

We can write:

D:(¢,%) = De(¢,91) + De(@, 47) + De(o™, 1) + D6, 90) .
By using that (7.J1, J1), = 0, we get:

D.(ol,¢l) =0

Then we have:

(20.1.3) I J1)12(B(s,0)%01, vt) =0, |(B(s,0)%7%¢l, )| < Cllol]|[[w* .

271



Thanks to the min-max principle, we deduce:
(20.1.4)

PPl (yty >

Therefore we get:

SHORP® 8 (e) ()

lo™ 1.

lot)2, QP (eh) >

[(B(s,0)%r2¢l, vh)| < Cellpll\/ QPP (yt).
We have:

QPP () = Q2P + QP Byt + B Wl ) + B E (pt ).
We can write:
BEPEI I ) = (30, + B(s, 0)r)yl, (i, + B(s, 0)7)¢")
We notice that:
(20.1.5) ((i0,)0), (i0.)wt) =0, [(B(s,0)ru!, B(s, 0)rg)] < Cllolllv*] < €[]l
Moreover we have:
((@0:)¢!, B(s, 0)rg)| < Cll@0) [t < Clidspll[¢l] < Cllwl*+Cllwlly/ QPP ().

The term Bjj’f”[z (¢, ¥ll) can be analysed in the same way so that:

QPR () < QPP + Ollp|? + Cllwlly/ QPP ) < C(llp)? + QP P(w)) .
We infer:

(20.1.6) (B(s, 02721, )| < Celg] (uwn T\ w)) |

We must now deal with the term
(i05¢!, B(s,0)T") .
We have:
(1050, B(s,0)rypt)| < Clidso |||l

and we easily deduce that:

(20.1.7) (0,0, B(s,0)7yh)] < Cey/ Q21 (0 >(Hw\|+\/g’*’p 2]<¢>),

We also get the same kind of estimate by exchanging ¢ and ¢. Gathering (20.1.3)),
(20.1.5)), (20.1.6) and (20.1.7]), we get the estimate:

.06 < o T

By exchanging the roles of ¥ and ¢, we can also prove:

D. (64, o) ’<C€\/Qapp[2] \/Qeff 2]
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We must estimate D, (¢, ¢+). With (20.1.4)), we immediately deduce that:

[(B(s,0)* 7™, v) — [ 2i[I5(B(s, 06, o) < Ce%||gl| ]| -

We find that:
(10507, B(s, 0)7¢ )| < Cllrt||[|i0:9|

and this term can treated as the others. Finally we deduce the estimate:
D6, )] < Ce\/ QPP ),/ TP g)
We apply Lemma and the estimate (20.1.2) to obtain Theorem .

1.2. Eigenvalues expansions. Let us now prove Corollary 9.3

Let us expand the operator Eﬂ 4. in formal power series:
2 i
EL,%AE ~ ZEJ 2Lj )
j=0

where

2
Loy=—0? L, =0, Ly=(i0,+7B(s,0))* - @.

We look for a quasimode in the form of a formal power series:

UESE=

720
and a quasi-eigenvalue:
Y Y e
Jj=0
We must solve:
(Lo —v0)uo = 0.

We choose vy = 1—2 and we take:

Yo(s,t) = fo(s) (),
with Ji(7) = cos (7). Then, we must solve:

(Lo = 70)tr = M¥o -
We have v; = 0 and 11 = fi1(s)J1(7). Then, we solve:
(20.1.8) (Lo — 70)te = oug — Lauyg .

The Fredholm condition implies the equation:

o2+ (54 2) Bls.02 = “00) o= 7 =y

and we take for v, = 75, = i, a negative eigenvalue of 712 and for f; a corresponding
normalized eigenfunction (which has an exponential decay).
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This leads to the choice:

Uy = w;(S,T) + f2(S)J1(T) )

where 13 is the unique solution of which satisfies (15, J1), = 0. We can continue
the construction at any order where this formal series method is used in a semiclassical
context). We write (7Vjn,%,,) instead of (7;,1;) to emphasize the dependence on n
(determined in the choice of v,). We let:

J
(20.1.9) Uyn(e) =Y &y, and Tyy(e) = > e 2,
=0

J=0

A computation provides:

I(£5, = Tan@)Wan(e)] < C™*
The spectral theorem implies that:

dist (T (), 5pais (L24,4.)) < CE7*1.

It remains to use the spectral gap given by the approximation of the resolvent in Theo-

rem [9.2) and Corollary [9.3] follows.

2. Three dimensional waveguides

This section is devoted to the proof of Theorem [9.5]

2.1. Expression of the operator in curvilinear coordinates. We will adopt the
following notation.

Notation 20.1. Given an open set U C R? and a vector field F = F(yy,- - ,yq) : U — R?
in dimension d = 2,3, we will use in our computations the following notation:

0y, Fa — 0y, Fy if d=2,

(OyyF3 — Oy, F2, 0ysF1 — 0y, F3, 0y F2 — 0,,F1)  if d=3.

curl F =

We recall the relations between A, B and A, B. This can be done in terms of

differential forms. Let us consider the 1-form:

€a = A dz; + Aydas + Agdas.
We consider ® the diffeomorphism defined in (9.1.5). The pull-back of {5 by @ is given
by:

O Ep = Ay dty + Agdts + Az dis.

where A = (d®)TA(®) since we have x = ®(t). Then, thanks to Chapter [0} Section|[1.2.2]
we get
B = dOB = det(d®)(dd) "B,
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where d® denotes the adjugate matrix of d®. Let us give an interpretation of the com-
ponents of B.

A straightforward computation provides the following expression for d®:
[RT'(s)+ha(sin 0 My—cos 0 M3)+hs(— cos 0 My—sin O Ms), cos @ Ma+-sin O Ms, — sin 0 My+cos 0 Ms]
so that det d® = h and
Bos = h(h* + h2 + h2)~V*B - T(s),
Bis = —hB - (= cos My — sin 0 M3),
Bis = hB - (—sin @M, + cos OM3) .

Let us check that Sﬂ A (whose quadratic form is denoted by Qﬂ A) Is unitarily equivalent
to Sﬂ 4 given in (9.1.7). For that purpose we let

G = (d®)"dd
and a computation provides:

h*+hi+h: —hy —hy

G = —hs 10
—hy 0o 1
and:
00 0 1
Gl=10 1 0| +h2]|h (1 hs h2>.
00 1 hy

We notice that |G| = h%. In terms of quadratic form we write:

Qa0 = [ [0V @) A @) e

Q¥ (1) = / (=i, + BAYDP + | (—idhy, + DA Rt
Rx (sw)
+/ h™2| (—i0, + bA, + hs(—i0y, + bAy) + hao(—i0y, + bA3)) ¥|* hdt
RX (ew)
so that

QP A @)
= / (|(=10y, + bA)Y[* + | (=D, + bA3)Y|* + h2|(—i0s + bA; — 100, + R)Y|?) hdt.
Rx(

cw)
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Since w is simply connected (and so is €).) we may change the gauge and assume that
the vector potential is given by:

t2t385823(8, O, 0)

t2 t3
Ai(s,ta,t3) = — 5 —/ 312(S7t27t3)dt2—/ Bis(s,0,t3)dts,
0 0
t 0,0
(20.2.1) As(s, 2, t3) = —Mv
toBas(5,0,0 f2 - .
A3(57t27t3) = _% +/ 823(37t27t3) dt2 .
0

In other words, thanks to the Poincaré lemma, there exists a (smooth) phase function p
such that (d®)TA(®)+ V,p = A. In particular, we have: A;(s,0) = 0,9;4;(s,0) = 0 for
je{1,2,3}.

2.2. Proof of the norm resolvent convergence. Let us consider 6 < 1 and
K > 2sup %2.
A first approximation. We let:
Ll =cl,, —e\"w) + K

and

/{2

— 2 e+ K,

LIPP = 3 (—ie™0r + DAL + (=0, + DAL = i0'0.)" —

7=2,3

where:

A'Ji:_:(s,T) = A;(s, 0) + e1202A;(s,0) 4+ €71303.4;(s,0) .
We recall that A is given by (20.2.1)) and that EE s o I8 defined in (9.1.9). We have to
analyse the difference of the corresponding sesquilinear forms:

B (o, 0) — BP9, ).

We leave as an exercise the following estimate:

(20.2.2) H(E[E?%)—l B (Lz%p7[3])—1

2.2.1. Cased < 1. This case is similar to the case in dimension 2 since [bA| < Cel9.
If we let:
L2020 = N (i 10, o (il — i00,)° — S - 27202 — e AP (W) + K
j=2,3

appz 3 :a[)[) 3 (i

It remains to decompose the sesquilinear form associated with Eapp2 ¥ by using the or-
thogonal projection Iy and the analysis follows the same lines as in dimension 2.
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2.2.2. Case 6 = 1. This case cannot be analysed in the same way as in dimension 2.
Using the explicit expression of the vector potential (20.2.1)), we can write our approxi-
mated operator in the form:

2
£2?1p27[3] _ <—€_1i872 . 823(3,070) 7.3) + (_8—12~3T3 + 823(;70,0) 7_2>

—i—(—z@s — iel@@ — 7'2612(87 0, O) - 7'3613(8, O, O))2 - 572)\1Dir((U) + K.

2

2.2.3. Perturbation theory. Let us introduce the operator on L%*(w) (with Dirichlet
boundary condition) and depending on s:

2 2
PEQ = (—817;87—2 — —[523(827 07 0) 7'3) + <—61i373 + —823(82’ O’ O) ’7'2> .

Thanks to perturbation theory the lowest eigenvalue v .(s) of P? is simple and we may
consider an associated L? normalized eigenfunction u.(s). Let us provide a estimate for
the eigenpair (11(s),u-(s)). We have to be careful with the dependence on s in the
estimates. Firstly, we notice that there exist ¢g > 0 and C' > 0 such that for all s,
e € (0,&0) and all ¢ € H}(w):

(20.2.3) / (—612'(972 - MT3) (8

2
From the min-max principle we infer that:

2

dr

2
+ ’ <—51iaT3 + —823(82’ 0, 0)7’2> Wb

> / 0,02 + |0n o dr — C= |12

(20.2.4) Une(s) > e 22P"(w) — Ce™t.

Let us analyse the corresponding upper bound. Thanks to the Fredholm alternative, we
may introduce R, the unique function such that:

(20.2.5) (=APT NP R, = Doy, (Ry,Ji), =0.

We use v, = J; +eBags(s,0,0)R,, as test function for P? and an easy computation provides
that there exist g > 0 and C' > 0 such that for all s, € € (0,¢9):

. J 12
’ (733 - (e_QAlD'r(w) + B35(s,0,0) (”Ti”w — <DaRw,J1>w))> ve|| < Ce.
The spectral theorem implies that there exists n(e, s) > 1 such that:
—2y Dir 2 I3
Vn(e,s)e(8) =€ AT (w) — Bas(s,0,0) 1 (DoRy, J1)o || < Ce.

Due to the spectral gap uniform in s given by (20.2.4) we deduce that there exist gy > 0
and C' > 0 such that for all s, € € (0,¢0):

[2Als

V1:(s) — e PAD"(w) — Bas(s,0,0) ( — (D4R, J1>w) ‘ < Ce.
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This new information provides:
H(Pg —11(s)) Uus < Ce

and thus:
H (7)52 - Vl,E(S)) (UE - <U€7u€>wus)”w < 65-

so that, with the spectral theorem and the uniform gap between the eigenvalues:
|ve — (v, ue)uel|, < CE*.
Up to changing u. in —u., we infer that :
[[(ves )] = [vello] < C€%, v — [ve loue ], < Ce.

Therefore we get:

e = el < O, o= =
[[e] s
and this is easy to deduce:
(20.2.6) [V gy (ue — 02|, < CE°.

2.2.4. Projection arguments. We shall analyse the difference of the sesquilinear forms:

D.(p, ) = L5, 0) — £L5F (g, v).

We write:

DE(¢7 w) = D€,1(¢7 w) + DE72(¢a ’QD) )
where

2

D-1(9,4) = (Peo, Pet)) - < (—e‘QAB" + B33(5,0,0) (@ — (Dol m)) o, w>
and

D5,2(¢a @D) = <M¢a ¢> - <Meff¢7 d]) )
with:

M = (=i — i0'0y — 12B1a(s,0,0) — 13B13(s,0,0))*
M = ((—i0, — 100, — Bia(s,0,0)m5 — Bis(s,0,0)73)%d(s) @ Jy, Id(s) @ Jy), -
We introduce the projection on u.(s):
Ile s = (0, Ue)e ue (5)
and, for ¢ € H}(Q), we let:
ple =Tlsp, ¢ =p—Tlp.

We can write the formula:

D5,1(¢7 w) = D5,1(¢IIS> @DH) + Da,l(QSHEa wL) + D5,1(¢L57 @DH) + D571(¢L5, ?ﬂL) )
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where ¥l = gy = (¥, J1), Ji and 9+ = ¢ — ¢ll. Using our mixed decomposition, we
can get the following bound on D 1(¢,):

(20.2.7) D2\ (6, )] < Ce \/Qaprﬁ 3] )\/sz;,[31(¢)
Moreover we easily get:
(20.2.8) D.o(6, )] < Ce \/ QPP () \/ Q=" ()

Combining (20.2.7) and (20.2.8)), we infer that:

‘D (¢ w ‘ < C \/QaPPQ [3 \/Qeff [3]
With Lemma [9.8 we infer:

-1 -1
(20.2.9) H L) ()

< Ce.

g,

Finally we deduce Theorem [9.5 from (|2O 2.2) and ([20.2.9)).

2.3. Eigenvalues expansions. For the asymptotic expansions of the eigenvalues
claimed in Corollary [0.6] we leave the proof to the reader since it is a slight adaptation
of the proof of Corollary [9.3]
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CHAPTER 21

Spectrum of thin triangles and broken waveguides

O egregiam artem! Scis rotunda metiri,
in quadratum redigis quamcumaque acceperis
formam, interualla siderum dicis, nihil est
quod in mensuram tuam non cadat: si ar-
tifex es, metire hominis animum, dic quam
magnus sit, dic quam pusillus sit.
Epistulae morales ad Lucilium, LXXXVIII,
Seneca

This chapter is devoted to the proof of Theorems and [9.15]

1. Quasimodes and boundary layer

1.1. From the triangle to the rectangle. We first perform a change of variables
to transform the triangle into a rectangle:

Y
21.1.1 u=ugxe (—mv2,0), t=—"-—¢c(-1,1).
(2LL1) (20, 1= e (1)
so that Tri is transformed into
(21.1.2) Rec = (—7v/2,0) x (—1,1).

The operator Lt(h) becomes:
1
- - atZ ,

t 2
u+ 72 at> N (u+ 7v/2)2

with Dirichlet boundary conditions on dRec. The equation Lri(h)Y, = Bptby is trans-

(21.1.3) Lrec(h)(u, t: D, 8y) = —h? (au -

formed into the equation
Lrec(h)Un = Buibr, with iy (u, ) = ¥u(z,y).

1.2. Quasimodes. We want to construct quasimodes (8y, 15,) for the operator L1i(h)(0y, 0,).
It will be more convenient to work on the rectangle Rec with the operator Lrec(h)(u, t; Oy, Of).
We introduce the new scales

(21.1.4) s=h"?3u and o=h"lu,
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and we look quasimodes ([, ﬁh) in the form of series

(21.1.5) By~ > Bk and ay(u,t) ~ > (Uy(s,t) + 00, 1)) 7

J=0 Jj=0

in order to solve ERec<h)7J1h = ﬁhzﬁh in the sense of formal series. As will be seen hereafter,

an Ansatz containing the scale h=2/3

u alone (like for the Born-Oppenheimer operator
Heo mi(h)) is not sufficient to construct quasimodes for Lgrec(h). Expanding the operator

in powers of h?/3, we obtain the formal series:

1
272

(21.1.6) Lrec(h)(h*?s,t;h7>/%0,,0,) ~ Y L3;h¥/®  with leading term Lo = —

>0

0/
and in powers of h:
o . 1
(21.1.7) Lrec(h)(ho,t;h10,,0;) ~ ZNgjhj with leading term Ny = —0?2 — ﬁﬁf
Jj=0

In what follows, in order to finally ensure the Dirichlet conditions on the triangle Tri, we

will require for our Ansatz the boundary conditions, for any j € N:

(21.1.8) U,(0,t) +,(0,t) =0, —-1<t<1
(21.1.9) U,(s,£1) =0, s<0 and @;(0,£1)=0, 0 <0.
More specifically, we are interested in the ground energy A = % of the Dirichlet

problem for £, on the interval (—1,1). Thus we have to solve Dirichlet problems for the
operators Ny — % and Ly — % on the half-strip

(21.1.10) Hst = R_ x (—1,1),

and look for exponentially decreasing solutions. The situation is similar to that encoun-
tered in thin structure asymptotics with Neumann boundary conditions. The following

lemma shares common features with the Saint-Venant principle, see for example [46], §2].

Lemma 21.1. We denote the first normalized eigenvector of Lo on HJ((—1,1)) by co:

colt) = cos (%t) .

Let F = F(o,t) be a function in L*(Hst) with exponential decay with respect to o and let
G € H32((=1,1)) be a function of t with G(£1) = 0. Then there exists a unique v € R
such that the problem

( 0— %) & =F in Hst, ®(0,£1)=0, D(0,t) =G(t)+yeolt),

admits a (unique) solution in H*(Hst) with exponential decay. There holds

/ / (0,t) oco(t) dodt — /G(t)co(t)dt.

The following two lemmas are consequences of the Fredholm alternative.
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Lemma 21.2. Let F' = F(s,t) be a function in L*(Hst) with exponential decay with
respect to s. Then, there exist solution(s) VU such that:

1
<£O - §> U =F in Hst, W(s,+1)=0

if and only if (F(s,-),co), =0 for all s < 0. In this case, (s, t) = U(s,t) + g(s)co(t)
where Ut satisfies <\I/(s, ), co>t = 0 and has also an exponential decay.

Lemma 21.3. Let n > 1. We recall that zare(n) is the n-th zero of the reverse Airy

function, and we denote by
g(n) = Airev((4ﬂ'\/§>_1/38 + ZAjreY (n))

the eigenvector of the operator —0? — (4m/2)~'s with Dirichlet condition on R_ associ-
ated with the eigenvalue (47\/2)"23zpper(n). Let f = f(s) be a function in L2(R_) with
exponential decay and let ¢ € R. Then there exists a unique 3 € R such that the problem.:

(—6? - S\/ﬁ — (4W\/§)2/32Ai'“(n)) g=[+Bgwm in R_, withg(0)=c,
s

has a solution in H*(R_) with exponential decay.

Now we can start the construction of the terms of our Ansatz (21.1.5)).

The equations provided by the constant terms are:
LoWo = BoWo(s,t), NoPo = BoPo(s,1)

with boundary conditions (21.1.8)-(21.1.9) for j = 0, so that we choose 5y = ¢ and

Uo(s,t) = go(s)co(t). The boundary condition (21.1.8) provides: ®¢(0,t) = —go(0)co(t)
so that, with Lemma [21.1] we get go(0) = 0 and ®; = 0. The function go(s) will be
determined later. Collecting the terms of order h'/3, we are led to:

(Lo — Po)V1 = 1Ty — L1V = 51Wy, (Ny — Bo)P1 = 1Py — N1P1 =0

with boundary conditions (21.1.8))-(21.1.9)) for j = 1. Using Lemma [21.2} we find £, = 0,
Uy (s,t) = g1(s)co(t), g1(0) = 0 and ®; = 0. Then, we get:

(Lo — Bo) W2 = B2Wo — LaVg, (No— Bo)P2 =0,
where Lo = —0% + ﬁiﬁf and with boundary conditions (21.1.8)-(21.1.9) for j = 2.

o=

S

Lemma provides the equation in s variable

<(ﬁ2\IjO - ACZLIJO(Sa ))7 CO>L2(dt) = 07 s <0.

Taking the formula Wy = go(s)co(t) into account this becomes

fuan(s) = (-2 = = ) ).
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This equation leads to take B, = (4mv/2)"2/325(n) and for gy the corresponding eigen-
function g(,). We deduce (Lo — fy)¥s = 0, then get Wy(s,t) = ga(s)co(t) with g2(0) = 0
and q)g =0.

We find:
(Lo — Bo)Vs = 3P + BoUy — LoV,  (Ny— So)Ps =0,

with boundary conditions (21.1.8)-(21.1.9) for j = 3. The scalar product with ¢y (Lemma
21.2)) and then the scalar product with gy (Lemma [21.3]) provide 5 = 0 and ¢; = 0. We
deduce: Us(s,t) = g3(s)co(t), and g3(0) = 0, 3 = 0. Finally we get the equation:

(Lo — Po)Wy = Pu¥o + [oVs — L4Tg — LoV, (Ny— [o)Ps =0,

where

V2 0,0 ’

Ly = - s mﬁag g
and with boundary conditions (21.1.8)-(21.1.9)) for j = 4. The scalar product with ¢
provides an equation for g, and the scalar product with g, determines ;. By Lemma
this step determines Wy = Wi + co(t)g4(s) with a non-zero ¥; and g4(0) = 0. Since
by construction <\Ifi(0, ), CO>L2 (at) = 0, Lemma|21.1|yields a solution ®, with exponential

decay. Note that it also satisfies (®4(a,-), co) , =0 for all o < 0.

L2(dt
We leave the obtention of the other terms as an exercise.

2. Agmon estimates and projection method
Let us provide the estimates of Agmon which can be proved.

Proposition 21.4. Let I'g > 0. There exist hg > 0, Cy > 0 and 19 > 0 such that for
h € (0, ho) and all eigenpair (A, ¥) of Lti(h) satisfying |\ — 1| < Toh?3, we have:

/ e (g2 4 [12P0,02) dedy < Collv.
Tri

Proposition 21.5. Let I'y > 0. There exist hg > 0, Cy > 0 and py > 0 such that for
h € (0,ho) and all eigenpair (N, ) of Lti(h) satisfying |X — £| < Toh*3, we have:

[ a0 + Iho.ul) dody < ol
Tri

Let us consider the first Ny eigenvalues of Lrec(h) (shortly denoted by A,). In each
corresponding eigenspace, we choose a normalized eigenfunction @Zn so that <z@n, @Em> =0

if n # m. We introduce:
Eny (h) = span(¢n, ..., Yn,) -
Let us define Q%.. the following quadratic form:
. 1 - 1 -
4u) = [ (5ral0if = 5108 ) (w1 dud,
Rec n 8
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associated with the operator £}, = Id, ® (=297 — %) on L*(Rec, (u + mv/2)dudt). We

consider the projection on the eigenspace associated with the eigenvalue 0 of —ﬁ@f — %:

(21.2.1) ot (u, t) = (¥ (u, ), o), co(t)

where we recall that co(t) = cos (3t). We can now state a first approximation result:

Proposition 21.6. There exist hy > 0 and C' > 0 such that for h € (0,hg) and all
) e €y, (h):

0 < Qpec(¥)) < CRP|||J*
and

1(1d = Tlo)d || + [10:(1d — o) || < CRY2 |1

Moreover, 11y : €y, (h) — o(En,(h)) is an isomorphism.

We have already noticed that the quadratic form of the Dirichlet Laplacian on Tri is
bounded from below by the Born-Oppenheimer approximation:

2 2 n
S

2

¥ da,

so that, by convexity

2z

%M)ﬁﬂW?%vﬁgwm

It remains to change the variables and replace 1 by I1py) when 1 is in the span generated
by the first eigenfunctions and this is then enough to deduce Theorem [9.13]

3. Reduction of the broken waveguide to the triangle

In this section, we prove Theorem [9.15 (in fact, we restrain our attention to the
first two terms). For that purpose, we first state Agmon estimates to show that the
first eigenfunctions are essentially living in the triangle Tri so that we can compare the
problem in the whole guide with the triangle.

Proposition 21.7. Let (A, ) be an eigenpair of Lui(h) such that [\—%| < Ch*/3. There
exist « > 0, hg > 0 and C > 0 such that for all h € (0, hy), we have:

/ 6""1*1:”(le2 - Ihax¢l2> dz dy < O[]
x>0

PRroOOF. The proof is left to the reader, the main ingredients being the IMS formula
and the fact that Hgo, cui is a lower bound of Lg,i(h) in the sense of quadratic forms. See
also [48] Proposition 6.1] for a more direct method. O

We can now achieve the proof of Theorem Let 1" be an eigenfunction associated
with Aguin(h) and assume that the 1 are orthogonal in L?(2), and thus for the bilinear
form Beyi associated with the operator Leyi(h).

285



We choose ¢ € (0, %) and introduce a smooth cutoff xy"at the scale h!~¢ for positive x
Y'(z)=x(zh*™") with y=1if 2<% x=0if 2>1
and we consider the functions y"¢"". We denote:
€, (h) = span(x ¢y, ... . X" ¥y, ) -
We have:
Qauin (V) = Acuin (B[4
and deduce by the Agmon estimates of Proposition 21.7
Qauin (X" 1) = (Aauin(h) + O(h2)) X Ul
In the same way, we get the ”almost”-orthogonality, for n # m:
Bouin (X5, x"¢),) = O(h>).

We deduce, for all v € €y, (h):

Qcuin(v) < (Acuing () + O(h®)) ||v])?.

We can extend the elements of €y, (k) by zero so that Qguin(v) = Qi , (v) for v € €, (h)
where Tri.j, is the triangle with vertices (—mv/2,0), (h'¢,0) and (h'=%, h'=¢ + 7v/2). A

dilation reduces us to: ) 9
h*=¢\

1+ —h*0; — 05

( 7T\/§) ( ’ y)

on the triangle Tri. The lowest eigenvalues of this new operator admits the lower bounds

L+ 2a(n)h?® — Ch'~¢ ; in particular, we deduce:

1
AGuiNg (h) > 3 + za(No)h?? — Chl==.

For the converse inequality, it is sufficient to notice that, by monotonicity of the Dirichlet

boundary condition and the min-max principle, we have, for all n > 1,

)\Gui,n<h) S /\Tri,n(h) )

and we apply Theorem [9.13]
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CHAPTER 22

Non linear dynamics in bidimensional waveguides

Pour que le caractere d’un étre humain dévoile des qualités
vraiment exceptionnelles, il faut avoir la bonne fortune de

pouvoir observer son action pendant de longues années.

L’homme qui plantait des arbres, Giono

This chapter is devoted to the proof of Theorem [10.10

1. A priori estimates of the non linearity

1.1. Norm equivalences. Let us first remark that
icxok' (1)
2(1 — exqr(xy))?
Hence, by Assumption there exists three positive constants C, Cy, C3 such that,
for all € € (0,¢0) and for all u € H}(S),

P.p=(1— 61’2:‘{(5171))_113501 —

(22.1.1) (1 — Che) [|0z,ullz < ||P-qu|liz + Cogllullz < (1 + Cse)||0x,ul|2 + Csellul| 2 -
Furthermore, the graph norm of H, is equivalent to the H? norm for all € € (0, ), with

constants depending on . More precisely, we have the following result.

Lemma 22.1. There exist positive constants Cy and Cs such that, for all e € (0,eq) and
for all u € H* NH}(S),

(22.1.2)
1
2 2
s (12l 5 102 = ) s+ s ) <
< e <Cs (||p? L2, -
< (= 22y + e < 5 (1020l + 5 12 = )l il
PRrROOF. To prove the left inequality in (22.1.2)), we use standard elliptic estimates.

For u € HX N HL(S), we let
(22.1.3) f= (7—[5 — %) u="Pu+e (D2, — p)u
and taking the L? scalar product of f with D2 u, we get

(Dyy P2y, Dyyuis + 72| Dy, (D2, — )"
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Then we write

<D3317)e52,1u7 leu>|_2 = HP&IDIlu”ﬁ? + <[D117P€71]u7 P5,1D$1U>L2
- <7)5,1ua [le’Ps,l]D:c1u>L2
and use
(22.1.4) [[Day Pealull 2 < Ce ([[Dayulliz + [Jull2) |

together with and the interpolation estimate ||D,,ul| 2 < C’||D§1u]|i42||u||¥2, to
get

(Day P2y, Dyyu)i2 > (1= Ce)|| D3 ullfe — Cellul?. .
It follows that

IDZ, ulle: < Cllf I + Cllull.2
and then, using and again ,
e (D, = mull o < Ifllee + IP2yulle < [Ifllez + ClIDZ ulle + Cllull,2
< Ol fllee + Cllulf2 -

This proves the left inequality in (22.1.2)). The right inequality can be easily obtained by
using Minkowski inequality, (22.1.1]) and (22.1.4)). d

1.2. A priori estimates. In this section, we give some results concerning the non-
linear function W, defined in (|10.2.5)).

Let us first recall a Sobolev inequality due to Brézis and Gallouét (see the original
paper [31, Lemma 2] and the recent paper [157]).

Lemma 22.2. For all v € H*(R?), we have,

N|=

(22.1.5) ollise < V2 ([0l ez) (0(1+ lolhe))

+1) .

Proor. We write the classical inequality:
[v][Lee ey < 10]lir(re),
and we notice that, for all R > 0,

lollos ey = /|£ LGS [ it

l§1>R
We let < & >= (1+ |§|2)% and we have

1 3
oe)lde < B (€] d¢ < 4 .
[ penacs [ <e>mtees i) 5_(/|€|<R1+|€’2 ) ey

and
1

/|£|<R—1+ T d¢ = 7ln(1 + R?).
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Moreover, we can write

: -2 2 |~ 1 3
LZJM®Mfs/;ﬁ<5> <§>!W@MiSVMWWm%(AEAa:E?F>,

and

1 _
APRu+mm“K:”“+R“1‘

We deduce that
21\ 2 oy 2y—1
HUHLoo(RQ) S HU“H1(R2)\/E(IH(1 + R ))2 + HU”HQ(RQ) 271'(1 -+ R ) 2 ,
and then we take R = ||v||nz(r2) and use In(1 + R?) < 2In(1 + R). O

Then, we can provide some estimates on W..

Lemma 22.3. For all € € (0,¢9), the function W, is locally Lipschitz continuous on
H2NHY(S): there exists C. > 0 such that
(22.1.6)

Vs, up € HENH(S), - sup [We(tiwn) = Welts ua)llve < Ce(llunllfe + lluallfe)llur — wallue
te

Then, for all M > 0 and for all € € (0,&), there exists a constant C.(M) > 0 such that,
for all u € H* NHY(S) with ||ul|jpr < M, one has

(22.1.7) sup IW=(t; w)[[ne < Co(M)(1 + log (1 + Jlulluz) ) [l -
S

PROOF. The group e~"*< defined thanks to the Stone theorem (see Theorem |1.20)),
is unitary on L*(S), H}(S) and H%(S) N H)(S), if these two last spaces are respectively

equipped with the norms ||(H.u)"/?||.2 and ||H.u||.2, which are equivalent to the H' and

H? norms with e-dependent constants, by (22.1.2)).

We let v; = e"M=y; and we estimate

[We(t; ) = Welts ) [[we < CellmZ ([or*v1 — [va]?s) [[we < CL[[or[*o1 — [v2[*va |2
where we have used the unitarity of e=#*< for the graph norm of H.. Then, the conclusion
follows by using the embeddings H*(S) < L*>°(S) and H*(S) — W4(S).

Let us now deal with (22.1.7). We first recall the Gagliardo-Nirenberg inequalityﬂ in
dimension two (see [154, p. 129]):

(22.1.8) V][ S ol fv]lne -

Tt may be proved by an integration by parts.
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By using continuous extensions from H?*(S) to H?(R?), one obtains the same inequality
as in (22.1.5) for u € H* N H}(S). Hence, for all v € H*(S) with |jv||y: < M,

loPellwe S lv°lle + 1A@IIee S llollis + 0*Avflee + [[o] Vol
S lollin + lJolltse | Aviie + (ol [[v]ls
S C(M) (1 + log(1 + [[v][u2)) Jv]lwe ,

where we used the Sobolev embedding H'(S) — L%(S), (22.1.8)) and (22.1.5)). Finally, for
all w € H2NHY(S) with |Jully: < M, setting v = e~y we get [|v||y1 < C.M and

IW-(t;w)[[ne < Ce|l[vf*vllne < Co(M) (1 +log(L + [[v]lue)) [[0]lne
< Co(M) (1 + log(1 + [lulluz)) flullue -
This proves (22.1.7) and the proof of the lemma is complete. Il

2. Lower bound of the energy and consequences

2.1. Lower bound. We will need the following easy lemma.
Lemma 22.4. For all u € H'(R), we have
(22.2.1) lullfs < 2[fullla]l/]|e2 -
For all u € H(S), we have

(22.2.2) lullls < 4llullfas) 10z ulliz(s) |0 ull2(s) -

PROOF. The proof of (22.2.1) is a consequence of the standard inequality, for any
f € HY(R), [ fllis < 2|[fllzllf'|ILz. To prove (22.2.2)), let us recall the following inequality
/!ledxl oy < 100, flluis)10es fllurcs),  Vf € WH(S).
S

Indeed, by density and extension, we may assume that f € C;°(R?) and we can write

f(zy,20) = /m1 Ou, f(u, x2) du, fx1,20) = /JE2 O, [(x1,v)dv.

el < ([ swadian) ([ s ola)

and it remains to integrate with respect to 1 and x5. We apply this inequality to f = u?,
use the Cauchy-Schwarz inequality and (22.2.2)) follows. O

We get

Now, we prove a technical lemma on the energy functional.

Lemma 22.5. There exists g5 € (0,¢¢) such that, for all e € (0,¢e2), the energy functional
defined by (10.2.6|) satisfies the following estimate. For all M > 0, there exists Cy > 0
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such that, for all ¢ € HY(S) with ||¢||.2 < M, one has

1 3
(2223) £40) 2 710l + (o — CoM*) 102404 = gl = Cod? = Ca”

PROOF. Remark that

1 1 1
E(p) = 5 /s 1 P1o? doy dag + 522 (D2, — m) ¢, 90>|_2 + 3 /3 V.|io? day day

A
+Z/m€_1|g0|4dx1 dz, .

Next, recalling that II; denotes the projection on the first eigenfunction e; of sza we

easily get
lelltaes) < 8lIMplliss) + 8ll(1d — L)@l -

We may write [Ty (21, z2) = Q(xl)el(xg) so that, with (22.2.1]),
ITellias) = 7/}1{9(561)4 day < 291012 @) 19 Iy = 29T lI2(s) 102y (o) [lL2gs)
(22.2.4) < 27||<PHE2(3)H%(HM)HB(s)
where v = f )4 dxs, and thus, for all n € (0, 1),
HHMH@(S) < s, elltais) + 0 lelltas)
Moreover, thanks to (22.2.2)), we have, for all n € (0, 1),
1(d = L)@l ias) < 4llellEais)l10e (1d = T @llizes) 192, (1d = ) gllizs)
(22.2.5) < |0z, (1d = Tl Eags) + 407 @l Lz () 102, (1d = )| Ea(s) -

Now we remark that, if yo = 7 denotes the second eigenvalue of D2, on (—1,1) with
Dirichlet boundary conditions, we have
(22.2.6)

(D2, = 1) Doy = (1= 1) 104 = il = 1000 = Ml

Therefore, using (22.1.1)), (22.2.5)), (22.2.6)), using that

Vel < O 0<m ' <1+Ce,
we obtain
1 3
Elp) 2 5(1 - Co)1Om elitzs) — Cllellizs) + =2 10z, (1d — 1)@l [F2 s,

— 21+ Ce) (110 plitas) + 407 Il 19200 = Th)ligs)) = Clollts)

1 3 2
> ZH@:M”E?(& + (8 2 C||%0||L2(s ) 10z, (1d — H1)90||L2(5) - CH(:OHE?(S) - CH@HE?(S)

1-2Ce

SGCT) which is positive for € small enough. U

where we has chosen 1 =
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PROOF. It is easy now to deduce Lemma from Lemma [22.5, Indeed, consider a
sequence ¢f satisfying Assumption [I0.8 and introduce the constants

3 1/2
(2227) €1<M0) = min (EQ, <m> ) .
We deduce from ([22.2.3)) that, if € € (0,e1(Mp)), we have

3 £ 1 £ 1 (> 3 £

16 (196811 + 102,000~ 1651 ) < 1065l + (25— CoA* ) 02,0 - )5l
< E(¢5) + CoM{ + CoMg

(22.2.8) < My + CoM§ + CoM .

The conclusion ([7.2.9) stems from (22.2.8)) by remarking also that

T v
102, 11185 || 2 = [[{95, e1)2((=1,1)) 01|12 < §H¢3||L2 < 5 Mo

and by using the Poincaré inequality

E T 5
100d = ) @glleze -1y < ————— 100, (Id = IL )2 -

2.2. Global existence.

Proposition 22.6. Let ¢5 € H*NH(S) and let e € (0,20). Then, the following properties
hold:

(i) The problem (10.2.8) admits a unique mazximal solution ¢ € C([0,T:,.);H* N

’ max

HY(S)) N CH([0,T5,.); LA(S)), with T:,. € (0,+00] that satisfies the following con-

max max

servation laws

(22.2.9) l™(t; )z = 19bllez (mass),
(22.2.10) E(e°(t;)) = E(dy)  (nonlinear energy),

where & is defined in ((10.2.6]).

(11) There exists a constant Cy > 0 such that, if € < ey (given in Lemma and if
5||¢8||Ez < (4, then Tt = +oo.

max

PrROOF. (i) Let us fix € € (0,g0) and analyze in a first step the well-posedness in
HZ N H(S). For ¢f € H> N H(S), we consider the conjugate problem of ([10.2.8))
(given in (10.2.4))) in its Duhamel form

t
o (t) = ¢ — Z/ (€7 (Ve = 72 )e ™55 (s) + AW (55 87 (s))) ds = WL(&°)(1).-
0
For M, T > 0, we consider the complete space

Grar = {C([0,T); H2 N HY(S)) -Vt € [0,T], 0(t) € Buz(6o, M)} .
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The application W. is a contraction from éf M to é@ u for T small enough. Indeed,
thanks to (22.1.6)), there exists C. > 0 such that for all "> 0, M > 0, t € [0, 7]
and @1, 02 € Gru,
We(1)(t) = gollue < C.T + C.TM?,
IWe(1)(8) = We(i02) (#) 12 < (C-T + C.TM?) sup, l1(t) — a2(t) In2
teo,

where we have again used the unitarity of e®*s with respect to the graph norm of H.
and the equivalence between the graph norm of H. and the H2-norm, for each fixed
. Therefore the Banach fixed point theorem insures the existence and uniqueness
of a local in time solution and thus of (10.2.8)) for each given € € (0,¢q). In fact, it is
not difficult to deduce the existence of a maximal existence time 77, . € (0, 400]

m.

such that ¢° € C([0, 77, 1) H* NHG(S)) N C([0, T, 12); L3(S)) and such that we
have the alternative
(22.2.11) max,H2 = T00 or lim  ||¢°(t)||p2 = +o0.

t—T¢

max,H2

The conservation of the L2-norm is obtained by considering the scalar product of
the equation with ¢® and then taking the imaginary part. For the conservation of
the energy, we consider the scalar product of the equation with 0,¢° and take the
real part.

Thanks to the energy conservation and Assumption (10.2.9)) and by using a Sobolev
embedding, we can bound uniformly w.r.t. e the initial energy. Then, we deduce
from Lemma that °(¢; -) is uniformly bounded in H'.

From (|10.2.8)) and (22.1.7)) we get
187 [[ne < Ce (1 +log (1 + (" (t; ) lln2) ) " (t )z -

It remains to use an argument a la Gronwall. Given a Banach space G, let us
consider a function ¢ € C'([0,T™*), G) such that for, t € [0,T*),

I’ @) < €1 +log(1 + @ IN eIl

We easily get

()] < F(2), with — F(t) = ol + C/O (1 +1log(L+ [lo(m)[N)le(r)]l dr
and

%F(t) = C(L+1log(1+ [[e@)[Nlle@)] < C(1 +1log(l+ F(t)))F(t),
so that

%log(l +log(1 + F()) < C.

Consequently, we find an estimate of the form
aebt
le@)ll < F(t) <e* .
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Applying this inequality to ¢ with G = H?(S), one gets a bound for the H?> norm
of ¢° on the interval (0,77, =), which is a contradiction.

g

The conservation of the energy and Lemma imply Theorem [10.10]
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