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ABSTRACT. These notes deal with the mean-field approximation for equilibrium states
of N-body systems in classical and quantum statistical mechanics. A general strategy
for the justification of effective models based on statistical independence assumptions is
presented in details. The main tools are structure theorems a la de Finetti, describing
the large N limits of admissible states for these systems. These rely on the symmetry
under exchange of particles, due to their indiscernability. Emphasis is put on quantum
aspects, in particular the mean-field approximation for the ground states of large bosonic
systems, in relation with the Bose-Einstein condensation phenomenon. Topics covered
in details include: the structure of reduced density matrices for large bosonic systems,
Fock-space localization methods, derivation of effective energy functionals of Hartree or
non-linear Schrodinger type, starting from the many-body Schrédinger Hamiltonian.
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Foreword

The purpose of these notes is to present as exhaustively and pedagogically as possible
some recent mathematical results bearing on the Bose-FEinstein condensation phenomenon
observed in ultra-cold atomic gases. One of the numerous theoretical problems posed by
these experiments is the understanding of the link between effective models, describing
the physics with a remarkable precision, and the first principles of quantum mechanics.
The process leading from the fundamental to the effective theories is often called a mean-
field limit, and it has motivated a very large number of investigations in theoretical and
mathematical physics. In this course, we shall focus on one of the methods allowing to
deal with mean-field limits, which is based on de Finetti theorems. The emergence of the
mean-field models will be interpreted as a fundamental consequence of the structure of
physical states under consideration.

This text will touch on subjects from mathematical analysis, probability theory, con-
densed matter physics, ultra-cold atoms physics, quantum statistical mechanics and quan-
tum information. The emphasis will be on the author’s speciality, namely the analytic
aspects of the derivation of equlibrium states of mean-field models. The presentation will
thus have a pronounced mathematical style, but readers should keep in mind the connec-
tion between the questions adressed here and cold atoms physics, in particular as regards
the experiments leading to the observation of Bose-Einstein condensates in the mid 90’s.

Some words about the experiments. Bose-Einstein condensation (BEC) is at the
heart of a rapidly expanding research field since the mid 90’s. The extreme versatility of
cold atoms experiments allows for a direct investigation of numerous questions of funda-
mental physics. For more thorough developments in this direction, I refer the reader to
the literature, in particular to [II, (17, [45] [47] 118 144 150}, [70, 43] and references therein.
French readers will find very accessible discussions in [46] 35, [40].

The first experimental realizations of BEC took place at the MIT and at Boulder, in
the groups of W. Ketterle on the one hand and E. Cornell-C. Wieman on the other hand.
The 2001 Nobel prize in physics was awarded to Cornell-Wieman-Ketterle for this re-
markable achievement. The possibilities opened up by these experiments for investigating
macroscopic quantum phenomena constitute a cornerstone of contemporary physics.

A Bose-Einstein condensate is made of a large number of particles (alkali atoms usually)
occupying the same quantum state. BEC thus requires that said particles be bosons, i.e.
that they do not satisfy Pauli’s principle which prevents mutliple occupancy of a single
quantum state.

This macroscopic occupancy of a unique low-energy quantum state appears only at very
low temperatures. There exists a critical temperature T, for the existence of a condensate,
and macroscopic occupancy occurs only for temperatures T' < T.. The existence of such
a critical temperature was theoretically infered in works of Bose and Einstein [I8] 61] in
the 1920’s. Important objections were however formulated:

(1) The critical temperature T, is extremely low, unrealistically so as it seemed in
the 1920’s.

(2) At such a temperature, all known materials should form a solid state, and not be
gaseous as assumed in Bose and Einstein’s papers.
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(3) The argument of Bose and Einstein applies to an ideal gas, neglecting interactions
between particles, which is a serious drawback.

The first objection could be bypassed only in the 1990’s with the advent of powerful
techniques such as laser cooling E| and evaporative cooling. These allowed to reach tem-
peratures in the micro-Kelvin range in quantum gases trapped by magneto-optics means.
As for the second objection, the answer has to do with the diluteness of the samples:
three-particles collisions necessary to initiate the formation of molecules, and ultimately
of a solid phase are extremely rare in the experiments. One thus has the possibility of
observing a metastable gaseous phase during a sufficiently long time for a condensate to
form.

The third objection is of a more theoretical nature. Most of the material discussed in
these notes is part of a research program (of many authors, see references) whose goal is
to remove that objection. We will thus have the opportunity to discuss it a length in the
sequel.

Many agreeing observations have confirmed the experimental realization of BEC: imag-
ing of the atoms’ distribution in momentum/energy space, interference of condensates,
superfluidity in trapped gases ... The importance thus acquired by the mathematical
models used in the description of this phenomenon has motivated a vast literature de-
voted to their derivation and analysis.

Some mathematical questions raised by experiments. In the presence of BEC,
the gas under consideration can be described by a single wave-functions ¢ : R? — C,
corresponding to the quantum state in which all particles reside. A system of N quantum
particles should normally be described by a N-particle wave-function ¥y : R4 — C.
One thus has to understand how and why can this huge simplification be justified, that is
how the collective behavior of the N particles emerges. The investigation of the precision
of this approximation, whose practical and theoretical consequences are fundamental, is a
task of extreme importance for theoretical and mathematical physicists.
One may ask the following questions:

(1) Can one describ the ground state (that is the equlibrium state at zero temperature)
of an interacting Bose system with a single wave-function ¢ ?

(2) Start from a single wave-function and let the system evolve along the natural
dynamics (N-body Schrédinger flow). Is the single wave-function description pre-
served by the dynamics ?

(3) Can one rigorously prove the existence of a critical temperature T, under which the
finite temperature equilibrium states may be described by a single wave-function ?

These questions are three aspects of the third objection mentioned in the preceding
paragraph. We thus recall that the point is to understand the BEC phenomenon in the
presence of interactions. The case of an ideal gas is essentially trivial, at least for questions
1 and 2.

One should keep in mind that, in the spirit of statistical mechanics, we aim at jus-
tifying the single wave-function description asymptotically in the limit of large particle
numbers, under appropriate assumptions on the model under consideration. Ideally, the
assumptions should reduce to those ensuring that both the N-body model one starts from

11997 Nobel prize in physics: S. Chu-W. Phillips-C. Cohen-Tannoudji.
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and the 1-body model one arrives at are mathematically well-defined. Let us note that,
for interacting quantum particles, the former is always linear, while the latter is always
non-linear.

Many recent results presented in the sequel are generalizations to the quantum case
of better known results of classical statistical mechanics. Related questions indeed occur
also in this simpler context. For pedagogical reasons, some notions on mean-field limits
in classical mechanics will thus be recalled in these notes.

This course deals with question number 1, and we will be naturally lead to develop tools
of intrinsic mathematical interest. One may use essentially two approaches:

e The first one exploits particular properties of certain important physical models.
It thus applies differently to different models, and under often rather restrictive
assumptions, in particular as regards the shape of the inter-particle interactions.
A non-exhaustive list of references using such ideas is [164], 163, 159, 160} 169] for
the classical case, and [14] [126], 166], 83, [168], 118, 116] for the quantum case

e The second one is the object of these lectures. It exploits properties of the set
of admissible states, that is of N-body wave-functions ¥y. That we consider
bosonic particles implies a fundamental symmetry property for these functions.
This approach has the merit of being much more general than the first one, and
in many cases to get pretty close to the “ideally minimal assumptions” for the
validity of the mean-field approximation mentioned before.

A possible interpretation is to see the mean-field limit limit has a parameter
regime where correlations between particles become negligible. We will use very
strongly the key notion of bosonic symmetry. There will be many opportunities to
discuss the literature in details, but let us mention immediately [138, [30] 94 5]
97, [162] and [68, [69) 146}, 1511 [106l, 108] for applications of these ideas in classical
and quantum mechanics respectively.

The distinction between the two philosophies is of course somewhat artificial since one will
often benefit from borrowing ideas to both, see e.g. [141] for a recent example.

To keep these notes reasonably short, question 2 will not be treated at all, although
a vast literature exists, see e.g. [R9L [77, 179, Ol [62], 63, (4, 67, [74], 157, 12| 100, 149] and
references therein, as well as the lecture notes [79, [13]. We note that the quantum de
Finetti theorems that we will discuss in the sequel have recently proved useful in dealing
with question 2, see [4, 5 [0, 34} [33]. The use of classical de Finetti theorems in a dynamic
framework is older [179, [180), [181]

As for question 3, it is a famous open problem in mathematical physics. Very little is
known at a satisfying level of mathematical rigor, but see however [167, [16]. We will touch
on questions raised by taking temperature into account only very briefly in Appendix
in a greatly simplified framework. This subject is further studied in the paper [107]

Plan of the course.
These notes are organized as follows:

e A long introduction, Chapter [ recalls the basic formalism we shall need to give a
precise formulation to the problems we are interested in. We will start with classical
mechanics and then move on to quantum aspects. The question of justifying
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the mean-field approximation for equilibrium states of a given Hamiltonian will
be formulated in both contexts. The proof stategy that will occupy the bulk
of the notes will be described in a purely formal manner, so as to introduce as
quickly as possible the de Finetti theorems that will be our main tools. Similarities
between the classical and quantum frameworks are very strong. Differences show
up essentially when discussing the proofs of the fundamental de Finetti theorems.

e Chapter [2| is essentially independent from the rest of the notes. It contains the
analysis of classical systems: proof of the classical de Finetti theorem (also called
Hewitt-Savage theorem), application to equilibrium states of a classical Hamilton-
ian. The proof of the Hewitt-Savage theorem we will present, due to Diaconis and
Freedman, is purely classical and does not generalize to the quantum case.

e We start adressing quantum aspects in Chapter Two versions (strong and
weak) of the quantum de Finetti theorem are given without proofs, along with
their direct applications to “relatively simple” bosonic systems in the mean-field
regime. Section contains a discussion of the various versions of the quantum
de Finetti theorem and describes the proof strategy that we shall follow.

e Chapters[dand 5] contain the two main steps of the proof of the quantum de Finetti
theorem we choosed to present: respectively “explicit construction and estimates
in finite dimension” and “generalization to infinite dimensions via localization in
Fock space”. The proof should not be seen as a black box: not only the final result
but also the intermediary constructions will be of use in the sequel.

e Equiped with the results of the two previous chapters, we will be able to give in
Chapter [6] the justification of the mean-field approximation for the ground state of
an essentially generic bosonic system. Contrarily to the case treated in Chapter
the quantum de Finetti theorem will not be sufficient in this case, and we will have
to make use some of the ingredients introduced in Chapter

e The mean-field limit is not the only physically relevant one. In Chapter [7] we will
study a dilute regime in which the range of the interactions goes to 0 when N — oo.
In this case one obtains in the limit Gross-Pitaevskii (or non-linear Schrodinger)
functionals with local non-linearities. We will present a strategy for the derivation
of such objects based on the tools of Chapter [4

The main body of the text is supplemented with two appendices containing each an
unpublished note of Mathieu Lewin and the author.

e Appendix [A] shows how, in some particular cases, one may use the classical de
Finetti theorem to deal with quantum problems. This strategy is less natural (and
less efficient) than that presented in Chapters 3 and |§|, but it has a conceptual
interest.

e Appendix[B]deviates from the main line of the course since the Hilbert spaces under
consideration will be finite dimensional. In this context, combining a large tem-
perature limit with a mean-field limit, one may obtain a theorem of semi-classical
nature which gives examples of de Finetti measures not encountered previously.
This will be the occasion to mention Berezin-Lieb inequalities and their link with
the considerations of Chapter

Acknowledgements. The motivation to write the french version of these notes came
from the opportunity of presenting the material during a “cours Peccot” at the College
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1. Introduction: Problems and Formalism

Here we describe the mathematical objects that will be studied throughout the course.
Our main object of interest will be many-body quantum mechanics, but the analogy with
some questions of classical mechanics is instructive enough for us to also describe that
formalism. Questions of units and dimensionality or systematically ignored to simplify
notation.

1.1. Statistical mechanics and mean-field approximation. For pedagogical reasons
we shall recall some notions on mean-field limits in classical mechanics before going to the
quantum aspects, relevant to the BEC phenomenon. This paragraph aims at fixing nota-
tion and reviewing some basic concepts of statistical mechanics. We will limit ourselves
to the description of the equilibrium states of a classical systems. Dynamic aspects are
voluntarily ignored, and the reader is refered to [79] for a review on these subjects.

Phase space. The state of a classical particle is entirely determined by its position z and
its speed v (or equivalently its momentum p). For a particle living in a domain Q c R?
we thus work in the phase space Q x R?, the set of possible positions and momenta. For
a N-particle system we work in QV x RV,

Pure states. We call pure state one where the positions and momenta of all particles are
known exactly. Equilibrium states at zero temperature for example are pure: in classical
mechanics, uncertainty on the state of a system is only due to “thermal noise”.

For a N-particle system, a pure state corresponds to a point

(X;P):($17'-'axN;p17"'7pN) GQNXRdN

in phase-space, where the pair (z;; p;) gives the position and momentum of particle number
1. Having in mind the introduction of mixed states in the sequel, we will identify a pure
state with a superposition of Dirac masses

pxip =Y 0x,p,- (1.1)
TEXN
This equation takes into account the fact that real particles are indistinguishable. One
can actually not attribute the pair (x;;p;) of position/momentum to any one of the N
particles in particular, whence the sum over the permutation group X in . Here and
in the sequel our notation is

Xo- = (xo(l)v PN ,l‘a(N))
Py = (po(l)a---,pa(N))' (12)
Saying that the system is in the state pux.p means that one of the particles has posi-

tion and momentum (z;;p;),7 = 1...N, but one cannot specify which one because of
indistinguishability.

Mized states. At non-zero temperature, that is when some thermal noise is present, one
cannot determine with certainty the state of the system. One in fact looks for a statistical
superposition of pure states, which corresponds to specifyinh the probability that the
system is in a certain pure state. One then speaks of mixed states, which are the convex
cominations of pure states seen as Dirac masses as in Equation (1.1). The set of convex
combinations of pure states of course corresponds to the set of symmetric probability
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measures on phase-space. A general N-particles mixed state is thus a probability measure
py € Ps(QN x RN satisfying

dpn(X; P) = dpy(Xe; Pr) (1.3)

for all permutations 0 € Y. One interprets py(X; P) as the probability density that
particle ¢ has position z; and momentum p;, 7 = 1... N. Pure states of the form are
a particular type of mixed states where the statistical uncertainty is reduced to zero, up
to indistinguishability.

Free energy. The energy of a classical system is specified by the choice of a Hamiltonian,
a function over phase-space. In non-relativistic mechanics, the kinetic energy of a particle
of momentum p is always m|p|?/2. Taking m = 1 to simplify notation, we will consider
an energy of the form

N ] N
Hy(X;P) ;:Zp;+2v<xj>+x Z w(z; — ;) (1.4)

where V' is an external potential (e.g. electrostatic) felt by all particles and w a pair-
interaction potential that we will assume symmetric,

w(—z) = w(x).

The real parameter A sets the strength of interparticle interactions. We could of course
had three-particles, four-particles etc ... interactions, but this is seldom required by the
physics, and when it is there is no additional conceptual difficulty.

The energy of a mixed state gy € Ps(Q2Y x R™V) is then given by

Elul = [ NP (X3 P) (15)

and by symmetry of the Hamiltonian this reduces to Hy(X; P) for a pure state of the
form ([1.1)). At zero temperature, equilibrium states are found by minimizing the energy

functional (|1.5)):

E(N) = inf {5[,LN], fy € Po(QN x RdN)} (1.6)
and the infimum (ground state energy) is of course equal to the minimum of the Hamil-
tonian Hy. It is attained by a pure state (1.1)) where (X; P) is a minimum point for Hy
(in particular P = (0,...,0)).

In presence of thermal noise, one must take the entropy

Sl == [ (X5 P)loglua (X: P) a7)

QN xR4N
into account. This is a measure of the degree of uncertainty on the state of the system.
Note for example that pure states have the lowest possible entropy: S[py] = —oo if py

if of the form (|1.1). At temperature 7', one finds the equilibrium state by minimizing the
free-energy functional

Flun] = Elpn] = TS[py]

= /QN . HN(X;P)dHN(X;P)—i-T/ dpy (X; P)log(puy(X; P)) (1.8)

QN xRAN
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which amounts to saying that the more probable states must find a balance between having
a low energy and having a large entropy. We shall denote

F(N) = inf {]—"[,uN], fy € Po(QN x RdN)} (1.9)

without specifying the temperature dependence. A minimizer must be a sufficiently regular
probability so that (minus) the entropy is finite

Momentum minimization. In the absence of a prescribed relation between the position and
the momentum distribution of a classical state, the minimization in momentum variables
of the above functionals is in fact trivial. A state minimizing (1.5)) is always of the form

By =0p=0® Z Ox=x0

gEXN
where X° is a minimum point for Hy(X;0,...,0), i.e. particles are all at rest. We are
thus reduced to looking for the minimum points of Hy(X;0,...,0) as a function of X.

The minimization of ([1.8]) leads to a Gaussian in momentum variables mutliplied by a
Gibbs state in position variable

2
e y H X‘ 0 ... O .
BN 7 exXp 2T jE / |pj| ® ZN €xXp < T N( s Uy ) ))

Momentum variables thus no longer intervene in the minimization of the functionals de-
termining equilibrium states and they will be completely ignored in the sequel. We will
keep the preceding notation for the minimization in position variables:

N
Hy(X)=> V(zj)+ XA > wlz;— )
j=1

1<i<j<N

Elpy] = /Q Hy(X)dpay (X)
Flu) = [ Oy 47 [ duy(Ologlun (X)) (110)
where py € Ps(QV) is a symmetric probability measure in position variables only.

Marginals, reduced densities. Given a N-particles mixed state, it is very useful to consider
its marginals, or reduced densities, obtained by integrating out some variables:

u%)(zl, ey Ty) = /QN (1, .. T, Ty, &)X, g . daly € Pg(Q). (1.11)
The n—th reduced density ,ug\?) is interpreted as the probability density for having one
particle at x1, one particle at zo, etc... one particle at z,. In view of the symmetry of
Wy, the choice of which N — n variables over which one to integrate in Definition (1.11])
is irrelevant.

2The partition functions Zp and Zn mormalize the state in L.
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A first use of these marginals is a rewriting of the energy using only the first two
marginalsﬂ

Eli] =N [ V@ Jau® (@) + A2 ‘1//M au? (z,y)

//ng < )+ V( )+)‘2)w($ - )) dugv)(x ), (1.12)

where we used the symmetry of the Hamiltonian.

Mean-field approximation. Solving the above minimization minimization problems is a
very difficult task when the particle number N gets large. In order to obtain more tractable
theories from which useful information can be extracted, one often has to rely on approx-
imations. The simplest and most well-known of these is the mean-field approximation.
One can introduce it in several ways, the goal being to obtain a self-consistent one-body
problem starting from the N-body problem.

Here we follow the “molecular chaos” point of view on mean-field theory: the approxi-
mation consists in assuming that all particles are independent and identically distributed
(iid). We thus take an ansatz of the form

N

;LN(:Ul,...,xN):p®N(x1,...,xN):Hp(xj) (1.13)
j=1

where p € P(Q) is a one-body probability density describing the typical behavior of one
of the iid particles under consideration.

The mean-field energy and free-energy functionals are obtained by inserting this ansatz
in (1.5) or (L.8]). The mean-field energy functional is thus

) = NEpN) = [ Viadp(a) + 35 [ wle - ndp()dpte). (114)

We shall denote EMF its infimum amongst probability measures. In a similar manner, the
mean-field free energy functional is given by

F[p] = N7 L[]
- /Q V(adp(x) + A / /Q e = w)dp(a)dp(a) + T /Q plogp  (1.15)

and its infimum shall be denoted FMF. The term “mean-field” is motivated by the fact
that (1.14]) corresponds to having an interaction between the particles’ density p and the
self-consistant potential

p*wz/Qw(-y)dp(y)

whose gradient is the so-called mean-field.

3More generally, an energy depending only on a n-body potential may be rewritten by using the n-th
marginal only.
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1.2. Quantum mechanics and Bose-Einstein condensation. After this classical in-
temezzo we can now introduce the quantum objects that are the main theme of this
course. We shall be content with a rapid review of the basic principles of quantum me-
chanics. Other “mathematician-friendly” presentations may be found in [I17, 178]. Our
discussion of the relevant concepts is in places voluntarily simplified.

Wave-functions and quantum kinetic energy. One of the basic postulates of quantum me-
chanics is the identification of pure states of a system with normalized vectors of a complex
Hilbert space $. For particles living in the configuration space R%, the relevant Hilbert
space is Lz(]Rd), the space of complex square-integrable functions over R¢.

Given a particle in the state ¢ € L2(R%), one identifies |¢)|? with a probability density:
|¢(x)|? gives the probability for the particle to be located at 2. We thus impose the

normalization
| k=1
Rd

We thus see that, even in the case of a pure state, one cannot specify with certainty the
position of the particle. More precisely, one cannot simultaneously specify its position and
its momentum. This uncertainty principle is the direct consequence of another fundamen-
tal postulate: |1ﬂ]2 gives the momentum-space probability density of the particle, where zﬂ
is the Fourier transform of 1.

In quantum mechanis, the (non-relativistic) kinetic energy of a particle is thus given by

2 ~
| B wra = [ S, (110

The fact that the position and momentum of a particle cannot be simultaneously specified
comes from the fact that it is impossible for both |1|? and |1|? to converge to a Dirac
mass. A popular way of quantifying this fact is Heisenberg’s uncertainty principle: for all

zo € R?
</Rd |W(x)|2dx> (/Rd = ~ fvo!2|¢(x)l2d:v> > C

Indeed, the more precisely the particle’s position is known, the smaller the second term of
the left-hand side (for a certain zp). The first term of the left-hand side must then be very
large, which, in view of rules out the possibility for the momentum distribution to
be concentrated around a single py € R

For many applications however (see [I14] for a discussion of this point), this inequality is
not sufficient. A better way of quantifying the uncertainty principle is given by Sobolev’s
inequality (here in its 3D version):

1/3
[ v +wp = c (/ W‘) |
R3 R3

If the position of the particle is known with precision, |1|> must approach a Dirac mass,
and the right-hand side of the above inequality blows up. So do the integrals (|1.16)), with
the same interpretation as previously.
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Bosons and Fermions. For a system of N quantum particles lving in R¢, the appropriate
Hilbert space is L2(RN) ~ ®" L2(R%). A pure state is thus a certain ¥ e L2(RY)
where |¥(x1,...,zy)|? is interpreted as the probability density for having particle 1 at z1,
..., particle N at zn. As in classical mechanics, the indistinguishability of the particles
imposes

[U(X)? = (X)) (1.17)
for any permutation o € Y. This condition is necessary for indistinguishable patricles,
but it is in fact not sufficient for quantum particles. To introduce the correct notion, we
denote U, the unitary operator interchanging particles according to o € X n:

Ugu1®...®uN:ua(1)®...®ug(N)

for all up,...,uy € L2(R%), extended by linearity to L2(R) ~ @~ L2(RY) (one may
construct a basis with vectors of the form u; ® ... ® uy). For ¥ € L*(R) to describe
indistinguishable particles we have to require that

<\I],A\P>L2(RdN) == <UUQ7AUUW>L2(RdN) (118)

for any bounded operator A acting on L?(R%). Details would lead us to far, but suffice
it say that condition corresponds to asking that any measure (corresponding to an
observable A) on the system must be independent of the particles’ labeling. In classical
mechanics, all possible measurements correspond to bounded functions on phase-space
and thus alone guarantees the invariance of observations under particle exchanges.
In quantum mechanics, observables corresponds to bounded operators on the ambiant
Hilbert space, and one must thus impose the stronger condition .

An important consequenceﬂ of the symmetry condition is that a system of in-
distinguishable quantum particles must satisfy one of the following conditions, stronger
than : either

U(X)=9(X,) (1.19)
for all X € R™ and ¢ € By, or
U(X)=¢(0)¥(X,) (1.20)

for all X € R¥ and o € Xy, where £(0) is the sign of the permutation o. One refers
to particles described by a wave-function satisfying (respectively ) as bosons
(respectively fermions). These two types of fundamental particles have a very different
behavior, one speaks of bosonic and fermionic statistics. For example, fermions obey the
Pauli exclusion principle which stipulates that two fermions cannot simultaneously occupy
the same quantum state. One can already see that imposes

U(x1, .oy Ty ooy Ty ooy @N) = =V (X1, .0, Tjy o, Tiy oo, IN)
and thus (formally)
\IJ(xl,...,xi,...,xi,...,xN) =0

which implies that it is impossible for two fermions to occupy the same position x;. One
may consult [117] for a discussion of Lieb-Thirring inequalities, which are one of the most
important consequences of Pauli’s principle.

4This is an easy but non-trivial exercise.
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Concretely, when studying a quantum system, one has to restrict admissible pure states
to those being either of bosonic of fermionic type. One thus works

e for bosons, in L2(R¥W) ~ @ L2(R?), the space of symmetric square-integrable
wave-functions, identified with the symmetric tensor product of N copies of L?(R%).
e for fermions, in L2 (R¥W) ~ ®C]L\; L?*(R%), the space of anti-symmetric square-
integrable wave-functions, identified with the anti-symmetric tensor product of N
copies of L2(R?).
As the name indicates, Bose-Einstein condensation can occur only in a bosonic system,
and this course shall thus focus on the first case.

Density matrices, mized states. We will always identify a pure state ¥ € L%(R?) with
the corresponding density matrix, i.e. the orthogonal projector onto ¥, denoted |¥) (¥|.
Just as in classical mechanics, mixed states of a system are by definition the statistical
superpositions of pure states, that is the convex combinations of orthongonal projectors.
Using the spectral theorem, it is clear that the set of mixed conciides with that of positive
self-adjoint operators having trace 1:

S(LARMNY)) = {r e GYLARM), T =TT >0, Tr[ = 1} (1.21)

where G1($) is the Schatten class [153, [I73] of trace-class operators on a Hilbert space §.
To obtain the bosonic (fermionic) mixed states one considers respectively

SQQ(RW»:{FGGWH UWN»r:rﬂrzaﬁT:1}

s/as s/as

Note that in the vocabulary of density matrices, bosonic symmetry consists in imposing

U, =T (1.22)
whereas fermionic symmetry corresponds to
Us,I' =¢(o)T.
One sometimes considers the weaker symmetry notion
U,TU; =T (1.23)

which is for example satisfied by the (unphysical) superposition of a bosonic and a
fermionic state.

Energy functionals. The quantum energy functional corresponding to the classical non-
relativistic Hamiltonian ((1.4)) is obtained by the substitution

P —iV, (1.24)

consistent with the identification ([1.16]) for the kinetic energy of a quantum particle. The
quantized Hamiltonian is a (unbounded) operator on L?(RV):

Hy = Z (—;A]‘ + V(x])) + A Z w(a:,; — :L'j) (1.25)

j=1 1<i<j<N

where —A; = (—iV;)? corresponds to the Laplacian in the variable z; € RY. The corre-
sponding energy for a pure state ¥ € L?(R) is

E[W] = (U, HyW) o). (1.26)
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By linearity this generalizes to
S[P] = TI‘LQ(RdN)[HNF]. (1.27)

in the case of a mixed state I' € S(L?(RY)). At zero temperature, the equilibrium state
of the system is found by minimizing the above energy functional. In view of the linearity
of as a function of I' and by the spectral theorem, it is clear that one may restrict
the minimization to pure states:

Es/as(N) = inf {g[ ] I'e S(Ls/as(RdN))}

— inf {E[W], ¥ € L2, (R™Y), 9] oggavy = 1}
(1.28)

Here we use again the index s (respectively as) to denoted the bosonic (respectively
fermionic) energy. In the absence of an index, we mean that the minimization is performed
without symmetry constraint. However, because of the symmetry of the Hamiltonian, one
can in this case restrict the minimization to mixed states satisfying , or to wave-
functions satisfying .

In the presence of thermal noise, one must add to the energy a term including the
Von-Neumann entropy

S = —Trpzgav[I'log '] = Zaj loga; (1.29)

where the a;’s are the eigenvalues (real and positive) of F, whose existence is guaranteed
by the spectral theorem. Similarly to the classical entropy , Von-Neumann’s entropy
is minimised (S[I'] = 0) by pure states, i.e. orthongonal projectors, which of course only
have one non-zero eigenvalue, equal to 1.

The free-energy functional at temperature T is then

FIT] = £[T) — TS[T) (1.30)

and minimizers are in general mixed states.

Alternative forms for the kinetic energy: magnetic fields and relativistic effects. In the
classical case, we have only introduced the simplest possible form of kinetic energy. The
reason is that for the minimization problems that shall concern us, the kinetic energy plays
no role. Other choices for the relation between p and the kinetic energyﬂ are nevertheless
possible. In quantum mechanics the choice of this relation is crucial even at equilibrium be-
cause of the non-trivial minimization in momentum variables. Recalling (1.16]) and (|1.24]),
we also see that in the quantum context, different choices will lead to different functional
spaces in which to set the problem.

Apart from the non-relativistic quantum energy already introduced, at least two gener-
alizations are physically interesting:

e When a magnetic field B : R? — R interacts with the particles, one replaces
p+e —iV+A (1.31)

50ther dispersion relations.
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where A : R? — R? is the vector potential. Of course B determines A only up to
a gradient. The choice of a particular A satisfying

B=curl A

is called a gauge choice. The kinetic energy operator, taking the Lorentz force into
account, becomes in this case

(p+A)? = (—iV+ A’ = —(V—id)*,

called a magnetic Laplacian.

This formalism is also appropriate for particles in a rotating frame: calling x3 the
rotation axis one must then take A = Q(—x2,21,0) with  the rotation frequency.
This corresponds to taking the Coriolis force into account. In this case one must
also replace the potential V(z) by V(z) — Q2|z|? to account for the centrifugal
force.

When one wishes to take relativistic effects into account, the dispersion relation

becomes
Kinetic energy = cv/p? + m2c2 — mc?

with m the mass and ¢ the speed of light in vacuum. Choosing units so that ¢ =1
and recalling ([1.24]), one is lead to consider the kinetic energy operator

VA —m = VAT —m (1.32)

which is easily defined in Fourier variables for example. In the non-relativitic limit
where [p| < m = mc we formally recover the operator —A to leading order. A
caricature of is sometimes used, corresponding to the “extreme relativistic”
case |p| > mc where one takes

V2 =+v-A (1.33)

as kinetic energy operator.
One can of course combine the two generalizations to consider relativistic particles
in a magnetic field, using the operators

V(=iV + A2 +m2 —m and |—iV + A
based on the relativistic dispersion relation and the correspondance ((1.31]).

Reduced density matrices. It will be useful to define in the quantum context a concept
similar to the reduced densities of a classical state. Given I' € S(L?(R%)), one defines
its n-th reduced density matrix by taking a partial trace on the last N — n particles:

r™ =Tr, . nT, (1.34)

which precisely means that for any bounded operator A, acting on L?(R),

Tr 2 any [An T ] 1= Tr 2 gany[An @ 19V 7T

where 1 is the identity on L?(R?). The above definition is easily generalized to any
Hilbert space, but in the case of L?, the reader is maybe more familiar with the following
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equivalent definition: We identify I" with its kernel, i.e. the function I'(X;Y") such that
for all ¥ € L2(R)

o :/ D(X;Y)T(Y)dY.
RAN
One can then also identify T'™ with its kernel
F(")(wl, e TS YLy ey Yn)
= / D(Z1, . s ®ny Zndy - o s EN3 YLy - v« s Yns Zntds - -« 3 2N )A2041 - - - AZN.
RA(N—n)

In the case where I' has a symmetry, bosonic or fermionic, the choice of the variables over
which we take the partial trace is arbitrary. Let us note that even if one starts from a
pure state, the reduced density matrices are in general mixed states.

Just as in ([1.12)) one may rewrite the energy (1.27) in the form

(V-1

N
E[N] = N Trpz2ga) [(—%A +V) r(1>] +A Tr 2 geay [w(z — y)T'?)]

= TI'LQ(RQd) {(J;f (_%Ax + V(a:) — %Ay + V(y)) + A‘Nv(]\;_l)w(x - y)) I‘(2):| .
(1.35)

Mean-field approrimation. Even more than in classical mechanics, actually solving the
minimization problem for large N is way too costly, and it is often necessary to rely
on approximations. This course aims at studying the simplest of those, which consists in
imitating by taking an ansatz for iid particles,

U(xy,...,on) =u®N (2, ..., 2n) = u(z1) ... u(zy) (1.36)

for a certain v € L?(R?). Inserting this in the energy functional (1.35) we obtain the
Hartree functional

Enlu] = N_IS[U®N}

= [ (G e vir) x5 [ Pt - i s

with the corresponding minimization problem
ey = inf {5H[u], lull 2 ey = 1} : (1.38)

Note that we have transformed a linear problem for the N-body wave-function (since the
energy functional is quadratic, the variational equation is linear) into a cubic problem for
the one-body wave-function u (the energy functional is quartic and hence the variational
equation will be cubic).

Ansatz is a symmetric wave-function, appropriate for bosons. It corresponds to
looking for the ground state in the form of a Bose-Einstein condensate where all particles
are in the state u. Because of Pauli’s principle, fermions can in fact never be completely
uncorrelated in the sense of . The mean-field ansatz for fermions rather consists in
taking

U(z1,...,2N) = det (Uj(@“k))gj,k;gN
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with orthonormal functions uy, ..., uy (orbitals of the system). This ansatz (Slater deter-
minant) leads to the Hartree-Fock functional that we shall not discuss in these notes (a
presentation in the same spirit can be found in [I58])

Note that for classical particles, the mean-field ansatz ([1.13]) allows taking a mixed state
p. To describe a bosonic system, one always takes a pure state u in the ansatz ,
which calls for the following remarks:

e If one takes a general v € S(L?(R?)), the N-body state defined as
I =4®Y (1.39)

has the bosonic symmetry (1.22)) if and only if v is a pure state (see e.g. [91]),
v = |u)(u|, in which case I = [u®")(u®"| and we are back to ansatz (1.36).

e In the case of the energy functional (|1.35]), the minimization problem with and
without bosonic symmetry imposed coincide (see e.g. [I17, Chapter 3]). One can
then minimize with no constraint and find the bosonic energy. This remains true
when the kinetic energy is or but is notoriously wrong in the presence
of a magnetic field.

e For some energy functionals, for example in presence of a magnetic or rotation
field, the minimum without bosonic symmetry is strictly lower than the minimum
with symmetry, cf [165]. The ansatz is then appropriate to approximate
the problem without bosonic symmetry (in view of the Hamiltonian’s symmetry,
one may always assume the weaker symmetry ) and one then obtains a
generalized Hartree functional for mixed one-body states v € S(L?(R%)):

N-—-1
Enl] = Trrzgay [(—3A+V)q] + )\T Trpo (o [w(z — y)7®2] : (1.40)

The next two sections introduce, respectively in the classical and quantum setting, the
question that will occupy us in the rest of the course:

Can one justify, in a certain limit, the validity of the mean-field ansdtze (1.13)) and ((1.36])
for the description of equilibrium states of a system of indistinguishable particles ?

1.3. Mean-field approximation and the classical de Finetti theorem.

Is it legitimate to use the simplification to determine the equilibrium states of a
classical system ? Experiments show this is the case when the number of particles is large,
which is we mathematically implement by considering the limit N — oo of the problem
at hand.

A simple framework in which one can justify the validity of the mean-field approximation
is the so-called mean-fied limit, where one assumes that all terms in the energy have
comparable importances. In view of , this is fulfilled is \ scales as N1, for example

1
A= — 1.41
-, (1.41)
in which case one may expect the ground state energy per particle N~'E(N) to have a
well-defined limit. The particular choice (|1.41]) helps in simplifying certain expressions,
but the following considerations apply as soon as A is of order N~'. We should insist on

the simplification we introduced in looking at the N — oo under the assumption ([1.41)).
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This regime is far from covering all the physically relevant cases. It however already leads
to a very non-trivial and instructive problem.

The goal of this section is to dicuss the mean-field approximation for the zero-
temperature equilibrium states of a classical system. We are thus looking at

E(N) :inf{/QN Hydpy, ;LNGPS(QN)} (1.42)
with
al 1
Hy(X) =) V(z))+ ~N_1 > wlw— ). (1.43)
=1 1<i<j<N

We will sketch a formal proof of the validity of the mean-field approximation at the level
of the ground state energy, i.e. we shall argue that

Jim EWIN) _ pur _ g {EMFp), p € P(Q)} (1.44)
—00
where the mean-field functional is obtained as in ((1.14)), taking (1.41]) into account:
1
o) = [ vap+ 5 [ wla =~ p)dp@)dp(o). (1.45)
Q QxQ

Estimate for the ground state energy is a first step, and the proof scheme in fact
yields information on the equilibrium states themselves. To simplify the presentation, we
shall postpone the discussion of this aspect, as well as the study of the positive temperature
case, to Chapter [2|

Formally passing to the limit. Here we wish to make the “algebraic” structure of the
problem apparent. The justification of the manipulations we will perform requires analysis
assumptions that we shall discuss in the sequel of the course, but that we ignore for the
moment.

We start by using (1.12)) and (1.41)) to write

E(N 1.
WL =gt { [ e e, wy e P
Qx0

where Hj is the two-body Hamiltonian defined as in and ,ugg) is the second marginal
of the symmetric probability pp. Since the energy depends only on the second marginal,
one may see the problem we are interested in as a constrained optimization problem for
two-body symmetric probability measures:

E(N) 1
EN) _1.¢ {/ Hy(z,y)dp® (z,y), p® € PJ(VQ)}
N 2 QxQ

with
PE = {u® € P02 3uy € P(O), n® = u}

the set of two-body probability measures one can obtain as the marginals of a N-body
state. Assuming the limit exists (first formal argument) we thus obtain

fim 20D L inf{ / Hy(z,y)dp® (z,y), n® e 79}3)} (1.46)
N N QxQ

N—oo



22 NICOLAS ROUGERIE

and it is very tempting to exchange limit and infimum in this expression (second formal
argument) in order to obtain

E(N) 1

. _ 1. (2) (2) : (2)
]\}gnoo N 9 1nf{/QXQH2($7y)du (z,y), ' € J\}E)HOOIPN }

We have here observed that the energy functional appearing in is actually indepen-
dent of N. All the N-dependence lies in the constrained variational space we consider.
This suggests that a natural limit problem consists in minimizing the same functional but
on the limit of the variational space, as written above.

(2)

To give a meaning to the limit of 73]\?
sequence

(2)

, we observe that the sets 73]\? form a decreasing

(2) (2)
Pyi1 C Py
as is easily shown by noting that if pu® 771(\21, then for a certain py | € P, (QNVH)

2 N) @
n® = u = (u0h) (1.47)
and of course ug\],v_gl € Ps(QY). One can thus legitimately identify

2).— (2) _ (2)
PY = lim Py = (] Py
N>2
and the natural limit problem is then (modulo the justification of the above formal ma-
nipulations)

E(N) 1

lim = Esx = —inf {/ Hy(z,y)dp® (z,y), n® e Pg)} . (1.48)
N—oco N 2 QOxQ

This is a variational problem over the set of two-body states that one can obtain as reduced
densities of N-body states, for all N.

A structure theorem. We now explain that actually
B, — EMF,

as a consequence of a fundamental result of the structure of the space Pg).

Let us take a closer look at this space. Of course it contains the product states of the
form p® p, p € P(Q) since p®? is the second marginal of p® for all N. By convexity P

also contains all the convex combinations of product states:

{/ p®2dP(p), P € P(P(Q))} cp® (1.49)
PEP()

with P(P()) the set of probability measures over P(2). In view of (1.12)) and (|1.45) we
will have justified the mean-field approximation if one can show that the infimum
in is attained for p(® = p®?2 for a certain p € P(Q).

The structure result that allows us to reach this conclusion is the observation that there

is in fact equality in ((1.49)):

{/ p22dP(p), P e P(P(Q))} =P, (1.50)
pEP(2)
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Indeed, in view of the the linearity of the energy functional as a function of u(®, one may
write

1
B = 5 inf {/pep(m / QXQHz(rL‘,y)dp@(:n,y)dP(p),P € P(P(Q))}

= inf {/ EMEldP(p), P € P(P(Q))}
pEP(Q)

_ gMF

since it is clear that the infimum over P € P(P(Q2)) is attained for P = d,ur, a Dirac
mass at oMF | a minimizer of EMF,

We thus see that, if we accept some formal manipulations (that we will be justified
in Chapter [2)) to arrive at , the validity of the mean-field approximation follows by
using very little of the properties of the Hamiltonian, but a lot the structure of symmetric
N-body states, in form of the equality .

The latter is a consequence of the Hewitt-Savage, or classical de Finetti, theorem [48],
49, [90], recalled in Section and proved in Section Let us give a fex details for the
familiarized reader. We have to show the reverse inclusion in . We thus pick some
1 satisfying
(2) (2)

B =Ry
for a certain sequence py € Ps(2Y). Recalling (T.47) we may assume that
(N)  _
ENt1 = BN

and we thus have to deal with a sequence (hierarchy) of consistant N-body states. There
then exists (Kolmogorov’s extension theorem) a symmetric probability measure over the
sequences of Q, pu € Ps(QV) such that

py = p

where the N-th marginal is defined as in (1.11)). The Hewitt-Savage theorem [90] then
ensures the existence of a unique probability measure P € P(P(2)) such that

N= / pENAP(p).
peEP(Q)

We obtain the desired result by taking the second marginal.

Chapter [2| contains the details of the above proof scheme. We will specify the adequate
assumptions to put all these considerations on a rigorours basis. It is however worth to
note immediately that this proof (inspired from [138 94 95| 30, O7]) used no structure
property of the Hamiltonian (e.g. the attractions can be attractive or repulsive or a
mixture of both) but only properties of compactness and regularity.

1.4. Bose-Einstein condensation and the quantum de Finetti theorem.
We now sketch a strategy for justifying the mean-field approximation at the level of
the ground state energy of a large bosonic system. The method is similar to that for the



24 NICOLAS ROUGERIE

classical case presented above. We consider a mean-field regime by setting A = (N — 1)1
and thus work with the Hamiltonian

N
] 1
Hy = Z — (Vj + 2A(.1‘j))2 + V(xj) + ﬁ Z w(l'i - xj) (1-51)
= 1<i<j<N

acting on sur L2(R?). Compared to the previous situation, we have added a vector
potential A to start emphasizing the generality of the approach. It can for example
correspond to an external magnetic field B = curl A.

The starting point is the bosonic ground state energy defined as previously

E(N) = inf {TrLz(RdN) [HyT'n], Ty € S(Lg(RdN))}
= inf { (U, Hy W), U € LARN), [0 o ggav) = 1} (1.52)

where we recall that we can minimize over pure or mixed states indifferently.
Our goal is to show that for large IV the bosonic energy per particle can be calculated
using Hartree’s functional

. BN _

where

en = inf {5H[u],u € L(RY), lull p2gay = 1}
el = [ ((V+ il + Vi) +5 [ ju@Pule - plu)Pdedy. (154

Since Hartree’s energy is obtained by inserting an anzatz ¥y = u®Y in the N-body
energy functional, the asymptotic result is already a strong indication in favor of
the existence of BEC in the ground state of bosonic system, in the mean-field regime. We
will come back later to the consequences of for minimizers. As in the classical case,
the mean-field regime is a very simplified, but already very instructive, model. We will
present in Chapter [7] an anlysis of other physically relevant regimes.

Formally passing to the limit. The first step to obtain (1.53)) is as in the classical case to
reduce formally to a simplified limit problem. We start by rewriting the energy using (|1.35)
and the assumption A = (N — 1)1

E(N) 1

S = it {TrLQ(RQd) [ H, p(z)] T® ¢ 7)]<V2)} (1.55)

where
PR = {r<2> € S(LA(R*))|3Ty € S(LA(RW)), 1® = TrgﬁN[rN]}
is the set of ” N-representable” two-body density matrices that are the partial trace of a
N-body state.
Characterizing the set 77](\?) is a famous problem in quantum mechanics, see e.g. [41], T17],

and the formulation ([1.55)) is thus not particularly useful at fixed N. However, as in the
classical case, the representability problem can be given a satisfactory answer in the limit



DE FINETTI THEOREMS AND BOSE-EINSTEIN CONDENSATION 25

N — o0, and we shall rely on this fact. We start by noticing that, taking partial traces,
we easily obtain
Pe, cPY (1.56)
so that can be seen as a variational problem set in a variational set that gets more
and more constrained when NN increases.
Assuming again that one can exchange infimum and limit (which is of course purely
formal) we obtain

E(N 1
Jim Ev) = Eoo = 5 inf {TrLz(de) [HQ r® r@ e pgg>]} (1.57)
with
PO = lim PP = N P (1.58)
> N>2

the set of two-body density matrices that are N-representable for all N. As previously we
have used the fact that the energy functional does not depend on N to pass to the limit
formally.

A structure theorem. It so happens that the structure of the set ’Pg) is entirely known

and implies the equality

E =eqn, (1.59)
which concludes the proof of , up to the justification of the formal manipulations
we have just performed.

The structure property leading to (1.59)) is a quantum version of the de Finetti-Hewitt-

Savage theorem mentioned in the prevous section. Pick a I'® e Pg). We then have a

sequence I'y € S(L%(R?)) such that for all N
2) _ (2
r@ =ri.
Without loss of generality one can assume that this sequence is consistant in the sense
that

F%\Ql =Trnyi[Ins1] =Ty

The quantum de Finetti theorem of Stgrmer-Hudson-Moody [182), 1] then guarantees the
existence of a probability measure P € P(SL?(R?)) on the unit sphere of L?(R%) such
that

I'y = / |u®N><u®N|dP(u)
ueSL2(RY)
and thus
r@ = / [u®2) (u®?|dP(u).
ueSL2(RY)

We can then conclude that

1
FE. = inf { / TI‘LQ(RQd)[HQ‘u®2><u®2”dP(u), Pe P(SLQ(Rd))}
ueSL2(R4)

= inf {/ SH[u]dP(u), Pe P(SLQ(Rd))}
ueSL?%(R4)

:eH
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where the last equality holds because it is clearly optimal tp pick P = d,, with upg a
minimizer of Hartree’s functional.

We thus see that the validity of is (at least formally) a consequence of the
structure of the set of bosonic states and only marginally depends on properties of the
Hamiltonian . The justification (under some assumptions) of the formal manipula-
tions we just performed to arrive at (or a variant), as well as the proof the quantum
de Finetti theorem (along with generalizations and corrolaries) are the main purpose of
these notes.

Bose-FEinstein condensation. Let us anticipate a bit on the implications of ([1.53). We
shall see in the sequel that results of the sort

T - ™) (u®"|d P (u) (1.60)
ueSL2(R4)
for all fixed n € N when N — oo, follow very naturally in good cases. Here I'y is
(the density matrix of) a minimizer of the N-body energy and P a probability measure
concentrated on minimizers of &g. The convergence will take place (still in good cases) in
trace-class norm.
When there is a unique (up to a constant phase) minimizer uy for &g we thus get

Fg\?) — [ug™ (uf"| when N — oo, (1.61)
which proves BEC at the level of the ground state. Indeed, BEC means by definition

(see [118] and references therein, in particular [143]) in the existence of an eigenvalue of

order]’| 1 in the limit N — oo in the spectrum of Fg\lf). This is clearly implied by ,
which is in fact stronger.

One can certainly wonder whether stronger results than may be obtained. One
could for example think of an approximation in norm like

®N
o i

L2(Rd1\l)

Let us mention immediately that results of this kind are wrong in general. The good
condensation notion is formulated using density matrices, as the following two remarks
show:

o Let us think of a ¥y of the form (®;, stands for the symmetric tensor product)

Uy = ug(Nfl) ®s @

where ¢ is orthogonal to up. Such a state is “almost condensed” since all particles
but one are in the state up. However, in the the usual L?(R) sense, ¥y is of
course orthogonal to u%N . The two states thus cannot be close in norm, although
there n-body density matrices for n << N will be close.

e Following the same line of ideas, it is natural to look for corrections to the N-body
minimizer under the form

(N-1) (N-2)

®s P1 + ugy

with g € C and ¢ € L2(R%) for k = 1... N. It so happens that above ansatz
is correct if the sequence (¢r)g=o,.. n is chosen to minimize a certain effective

\IJNchou%N—Fuﬁ Qs 2+ ...+ YN

6Let us recall that all our density matrices are normalized to have trace 1 in this course.
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Hamiltonian on Fock space. The occurence of non-condensed terms implying the
o for k > 1 contribtes to leading order to the norm of ¥y, but not to the reduced
density matrices, which rigorously confirms that the correct notion of condensation
is necessarily based on reduced density matrices. This remark only scratches the
surface of a beautiful subject that we will not discuss here: Bogoliubov’s theory.
We refer the interested reader to [44] [123], [124] 177, 166} [83), 110, 142, 54] for recent
mathematical results in this direction.

A remark concerning symmetry. We have been focusing on the bosonic problem because of
our main physical motivations. The fermionic problem is (at least at present) not covered
by such considerations, but one might be interested in the problem without symmetry
constraint mentioned previously.

In the case where A = 0 in , the problems with and without bosonic symmetry
coincide, but it is not the case in general. One may nevertheless use the same method
as above to study the problem without symmetry constraint. Indeed, because of the
symmetry of the form of the Hamiltonian, one may without loss of generality impose the
weaker symmetry notion in the minimization problem. The set of two-body density
matrices appearing in the limit is also covered by the Stgrmer-Hudson-Moody theorem,
and one then has to minimize an energy amongst two-body density matrices of the form

r® = / ~Y22dP(v) (1.62)
YES(L2(RY))

where P is now a probability measures on mixed one-particle states, that is on positive self-
adjoint operators over L?(R%) having trace 1. One deduces in this case the convergence of
the ground state energy per particle to the minimum of the generalized Hartree functional

(cf (L0))
N—-1
Eulr] = Trpage) [(—(V +i4)? + V) 7] + A= — Trpaggas) [w(z — y)7™]

and the minimum is in general different from the minimum of Hartree’s functional
(see e.g. [169]).

We already recalled that 7®? can have bosonic symmetry only if v is a pure state
v = |u)(u|. it is thus clear why the problem without symmetry can in general lead to a
strictly lower energy. In fact the minimizer of where there is no magnetic field is
always attained at a pure state, in coherence with the different observations we already
made on symmetry issues. We finally note that taking bosonic symmetry into account

in the mean-field limit is done completely naturally using the different versions of the
quantum de Finetti theorem.
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2. Equilibrium statistical mechanics

In this chapter we shall prove the classical de Finetti theorem informally discussed above
and present applications to problems in classical mechanics.

To simplify the exposition and with a view to applicaions, we will consider particles
living in a domain Q C R? which could be R? itself. We denote OV and QN the cartesian
product of IV copies of {2 and the set of sequences of €2 respectively. The space of probability
measures over a set A will always be denoted P(A). In places we may make the simplifying
assumption that € is compact, in which case P(£2) is compact for the weak convergence
of measures.

2.1. The Hewitt-Savage Theorem.

We mention only in passing the first works on what is now known as de Finetti’s
theorem [48, 49, 03, 56]. In this course we shall starrt from [90] where the classical de
Finetti theorem is proved in its most general form.

Informally, the Hewitt-Savage theorme [90] says that every symmetric probability mea-
sure over QY approaches a convex combination of product probability measures when N
gets large. A symmetric probability measures py has to satisfy

NN(Al X ... XAN):IJ‘N(AU(l)?"‘?AU(N)) (2.1)
for every borelian domains A1,..., Ay C £ and every permutation of N indices o € Xy.

We denote P,(Q) the set of such probability measures. A product measure built on
p € P(Q) is of the form

and is of course symmetric. We are thus looking for a result looking like
N~ / p®NdP”N (p) when N — oo (2.3)
pEP(Q)

where P, € P(P(f2)) is a probability measure over probability measures.

A first possibility for giving a meaning to consists in taking immediately N = oo,
that is, consider a probability with infinitely many variables p € P(QY) instead of py,
which lives on Q. This is the natural meaning one should give to a “classical state
of system with infinitely many particles”. We assume a notion of symmetry inherited

from ([2.1)):

/J,(Al, AQ, .. ) = ;L(Ag(l), AO’(Q)) .. ) (2.4)
for every sequence of borelian domains (Ag)reny C QY and every permutation of infin-
itely many indices ¢ € Yo. We denote Ps(Q2N) et set of probability measures over QN
satisfying (2.4). Hewitt and Savage [90] proved the following:

Theorem 2.1 (Hewitt-Savage 1955).
Let p € Py(QN) satisfy (2.4). Let u\™ be its n-th marginal,

p™ (AL A = (AL A Q). (2.5)
There exists a unique probability measure Py, € P(P(Q)) such that

W= [ R, (2.6)
pEP(Q)
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In statistical mechanics, this theorem is applied as a weak version of the formal ap-
proximation (2.3)) in the following manner. We start from a classical N-particle state
py € P(QY) whose marginals

p (AL LA = (A, Ay, QYT (2.7)
convergeﬂ as measures in P(£2"), up to a (non-relabeled) subsequence:
pl =, p™ e pa), (2.8)

This means that
i (An) = 1 (4,)
for all borelian subset A, of Q" and thus

/nwwé/nw@
9] Q

for all bounded continuous function f, from Q" to R. Modulo a diagonal extraction
argument one may always assume that the convergence is along the same subsequence
for any n € N. Testing with a Borelian A, = A,, x Q™" for m < n one obtains the
consistency relation

(H(n)>(m) =pu™ forallm<n (2.9)

which implies that (,u("))neN does describe a system with infinitely many particles. One
may then see (Kolmogorov’s extension theorem) that there exists pu € P(QY) such that
p(™ is its n-th marginal (whence the notation). This measure satisfies and we can
thus apply Theorem to obtain

ug\?) —y p®"dP,(p) when N — oo (2.10)
PEP(Q)
where P, € P(P(Q2)). This is a weak but rigorous version of (2.3). In words the n-
th marginal of a classical N-particle state may be approximated by a convex
combination of product states when N gets large and n is fixed . Note that the
measure P, appearing in does not depend on n.

Of course, one first be able to use a compactness argument in order to obtain .
This is possible if 2 is compact (then P (") is compact for the convergence in the sense of
measures ) More generally, if the physical problem we are interested in has a confining
mechanism, one may show that the marginals of equilibrium states of the system are tight

and deduce (2.8).

As for the proof of Theorem there are several possible approaches. We mention
first that the uniqueness part is a rather simple consequence of a density argument in
Cp(P(2)), the bounded continuous functions over P(2) due to Pierre-Louis Lions [133].

Proof of Theorem [2.1], Uniqueness. We easily verify that monomials of the form

Cb(P(Q)) = Mk,d)(ﬂ) = /¢($1, .. ,J}k)dp®k(.’]31, e 'fk)? keN ¢e Cb(Qk) (2.11)

"We denote this convergence —, to distinguish it from a norm convergence.
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generate a dense sub-agelbra of C;(P(£2)), the space of bounded continuous functions over,
see Section 1.7.3 in [79]. The main point is that for all p € P()

My, () My (1) = Miyo.¢ 04 (1)

That this sub-algbra is dense is a consequence of the Stone-Weierstrass theorem.
We thus need only check that if there exists two measures P, et PL satisfying ([2.5)),

then

[ MoldPup) = [ Mis(p)dl(e)
PEP(2) PEP(Q)

for all k € N and ¢ € Cp(P(QF)). But this last equation simply means that

/ < (b(xla"'7xk)dp®k($17--'axk)> dpu(p)
peEP(Q) Qk

— / ( oz, ... ,a:k)dp®k(x1, .. ,a;k)) dP;L(p)
pEP() Ok

which is obvious since both expressions are equal to

/m TN T COME Y

by assumption. O

For the existence of the measure, which is the most remarkable point, we mention three
approaches

e The original proof of Hewitt-Savage is geometrical: the set of symmetric probability

measures over QY is of course convex. The Choquet-Krein-Milman theorem says
that any point of a convex set is a convex combination of the extremal points. It
thus suffices to show that the extremal points of Ps(Q2Y) conincie with product
measures, corresponding to sequence of marginals of the form (p®"),cn. This
approach is not constructive, and the proof that the sequences (p®"),cn are the
extremal points of Py(QV) is by contradiction.

An entirely constructive approach is due to Diaconis-Freedman [55]. In this prob-
abilistic argument, Theorem [2.1]is a corollary of an approximation result at finite
N, giving a quantitative version of .

Lions developed a new approach for the needs of mean-field game theory [133].
This is a dual point of view where one starts from “weakly dependent continuous
functions” with many variables. A summary of this is in the lecture notes [79,
Section 1.7.3], and a thorough presentation in [I39, Chapitre I]. Developments and
generalizations may be found in [88].

It happens that the proof of the Hewitt-Savage theorem following Lions’ point of view
is for a large part a rediscovery of the method of Diaconis and Freedman. In the sequel
we will follow a blend of the two appraoches. See [I39] for a more complete discussion.

2.2. The Diaconis-Freedman theorem.

As we just announced, it is in fact possible to give a quantitative version of (2.10))
which implies Theorem 2.1} Apart from it intrinsic interest this result naturally leads to a
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constructive proof of the measure existence therein. The approximation will be quantifid
in the natural norm for probability measures over a set S, the total variation norm:

lllry = / diul = sup / b dy
S 9]

#€Cy(S)
which coincides with the L' for absolutely continuous measures. We shall prove the
following result, taken from [55]:

(2.12)

Theorem 2.2 (Diaconis-Freedman).
Let puy € Ps(QY) be a symmetric probability measure. There exists Py, € P(P(2)) such
that, setting

v = [ VP (2.13)
pEP(Q)
we have
) _ =)  onn—1) 2.14
HHN Ky v = N (2.14)
Proof. We slightly abuse notation by writing p(Z)dZ instead of duy(Z) for integrals in
(21,...,25) = Z € QV. It is anyway already instructive enough to consider the case of an

absolutely continuous measure.
By symmetry of py we have, for all X = (21,...,2x5) € QV,

pv(X) = [ i(2) ¥ (V) ox—g,02 (2.15)
oEXN

where Z, is the N-tuple (25(1), - - -, 25(n))- We define

n (0 = [ nn(2) 3 N Vo g dz. (2.16)
v vel'y

where 'y is the set of all applz'cationﬂ from {1,..., N} to itself and X, is defined is the
same manner as X,. The precise meaning of (2.16) is

| o) = 3NV [ oz, )aun(2)

vel'n an
for every regular function ¢.
Noting that
N oN
SN Noxog =[N 6, (z1,...,2N), (2.17)
vel'n J=1
one can put (2.16) under the form (2.13]) by taking
N
P = [ Somputin(2)4Z, pala) = NS, (2.18)
i=1

8Compated to Xn, I'n thus allows repeated indices.
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Note in passing that P, charges only empirical measures (of the form pz above). We
now compute the difference between the marginals of g and f15. Diaconis and Freedman
proceed as follows: of course

(n) (n)
- = [ [ S ovnc) - (S vnc) Ju@e

OEXN vel'n

but
(n)

> (N toxoz,

OEXN

is the probability law for drowing n balls at random from an urn containing N ballsﬂ
without replacement, whereas

(n)
Z N_N(SX:ZW

vel'n

is the probability law for drawing n balls at random from an urn containing N, with
replacement. Intuitively it is clear that when n is small compared to IV, the fact that we
replace the balls or not after each drawing does not significantly influence the result. It is
not difficult to obtain quantitative bounds leading to , see for example [73].
Another way of obtaining (2.14)), which seems to originate in [84], is as follows: in view

of (2.16]) and (2.17)), we have

®Xn
N
[LE\?)(X):/QNNN(Z) N6 (@) d2
j=1

We then expand the tensor product and compute the contribution of terms where all

indices are different. By symmetry of ,u%l) we obtain

~(n NN_l...N_n+1 n
aly) = ML Lul 4, (2.19)

where v, is a positive measure on 2" (all terms obtained by expanding ([2.17)) are positive).
We thus have

—— N(N=1)...(N=n+1)\ @
u§V>—uSV>=(1— ( )N,(L )>M§v)—vn (2.20)

and since both terms in the left-hand side are probabilities, we deduce

[ - <1_N(N—1).].\}1SN—n+1)>‘

9abeled Z1,...,2ZN-
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Moreover, since the first term of the right-hand side of (2.20)) is positive end the second
one negative we obtain by the triangle inequality

n - (n NN-1)...(N — 1
/Qd\uﬁv)—uﬁv’s<1— WD), (Nont >>+/ dv,

Nn

ZQ(I_N(N—l).J.VLSN—n—Fl))_

It is then easy to see that

NN-1)...(N-n+1) T N—-j+1 o —1
N7 :];[ J :H<1_3>

Jj=1
n—1\" n(n —1)
><1_ ) S U
N >

N )
which proves (2.14]) with C' = 2. A better constant C' = 1 can be obtained, see [55,[73]. O
The following remark can be useful in applications:

Remark 2.3 (First marginals of the Diaconis-Freedman measure).

We have
Ay (x) = i (=) (221)
and N 1
A (1) = @, 2) + ol (1), (222)

as direct consequences of Definition (2.17} - Indeed, using symmetry,

i IZ/ )02 —adZ = p ()
N
~(2 —_
i\ (1, 20) = N2 QNHN(Z) Zazj:m Zézj:m dz

=N > /uN Osy—y 02y =0y dZ + N~ 22/ pn (Z2)8ss 00—y dZ

1<i#j<N
N-—-1 (9 1
= TNS\,) (1'1, 1'2) + N“EV)(xl)(le:m' (2.23)
Higher-order marginals can be obtained by similar but heavier computations. O

As a corollary of the preceding theorem we obtain a simple proof of the existence part
in the Hewitt-Savage theorem:

Proof of Theorem Ezistence. We start with the case where () is compact. We apply
Theorem to V), obtaining

2
p™ — / p®"dPn(p)
pEP(Q)

n
< —
<C0% (2.24)
TV
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for a certain measure Py € P(P(£2)). When  is compact, P(£2) et P(P(Q2)) also are. We
thus may (up to a subsequence) assume that
Py — P € P(P(Q))

in the sense of measures and there only remains to pass the N — oo limit at fixed n

in 221).

When © is not compact, we follow an idea of Lions [I33] (see also [79]). We want to
ensure that the measure Py obtained by applying the Diaconis-Freedman theorem to p®V)
converges. For this it suffices to test against a monomial of the form (2.11)):

N
1
M dP :/ M =65 | du™M(z
/73(79(9)) ko (1) AP (f1) o Mo NE ;| ap'(2)

j=1
k 1 N
= o(xy,...,x — s dM(N) 7
/ZGQN/Xer (1 k)};[l N; 7 ( )
_/Z Ok ¢(21""7Zk)du(k)(z)+O(N71) (2'25)
€

by a computation similar to that yielding (2.19). The limit (2.25)) thus exists for any
monomial Mjy, 4, and by density of monomials for a any bounded continuous function over
P(£2). We then deduce
PN -, P
and we can conclude as previously. 0
Some remarks before going the applications of Theorems and

Remark 2.4 (On the Diaconis-Freedman-Lions construction).

(1) We first note that the measure defined by is that Lions uses in his approach
of the Hewitt-Savage theorem. Using empirical measures is the canonical way to
construct a measure over P(P(Q)) given one in P,(QY). Passing to the limit as
in can replace the explicit estimate if one is only interested in the
proof of Theorem . This construction and the combinatorial trick are
also used e.g. in [80} 140, [88].

(2) Having an explicit estimate of the form at hand is very satisfying and can
prove useful in applications. One might wonder whether the obtained convergence
rate is optimal. Perhaps suprisingly it is. One might have expected a useful
estimate for n < N, but it happens that v/n < N is optimal, see examples in [55].

(3) The useful formulae are useful in practice (see [162] for an application). It

is quite satisfying that ,u%) = /:l,g\lf) and that ,ugg) can be reconstructed using only

'Y and ).

(4) As a drawback of its generality, the previous construction actually behaves very
badly in many cases. Note that charges only empirical measures, which
all have infinite entropy. This causes problem when employing Theorem to
the study of a functional with temperature. Moreover, in a situation with strong
repulsive interactions, one typically applies the construction to a measure with

zero probability of having two particles at the same place, ,u%) (z,z) = 0. In this
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case [Lg\?) (z,x) = Nflu,g\l,)(:c) is non-zero and the energy of fi will be infinite if
the interaction potential has a singularity at the origin.

(5) It would be very interesting to have a construction leading to an estimate of the
form , bypassing the aforementioned inconveniences. For example, is it pos-
sible to guarantee that iy € L*(QY) if uy € LY(QY) 7 One might also demand
that the construction leave product measures p®V invariant, which is not at all
the case for .

(6) If Q is replaced by a finite set, say Q@ = {1,...,d}, one may obtain an error
proportional to dn/N instead of n?/N by using the original proof of Diaconis-
Freedman. One may thus replace by

() _ =) C L 2
HHN — [y TVS Nmm(dn,n ). (2.26)
We will not use this point anywhere in the sequel. O

Finally, let us make a separate remark on a possible generalization of the approach
above:
Remark 2.5 (Weakly dependent symmetric N-variables functions.).

In applications (see next section), one is lead to apply de Finetti-like theorems in the
following manner: given a sequence (uy)nen of symmetric functions of N variables, we
study the quantity

/ uy (X)dp (X)
QN

for a symmetric probability measure . The results previously discusses imply that if
this happens to depend only on a marginal ug\?) for fixed n, a natual limit object appears

in the N — oo limit. In particular, if

uN(X):<N>_1 S b, (2.27)

n . .
1<i1 <. <in <N

we have
| () = [ ot ) - ([ sam)arun ea2s)
QN Qn peP() \Jan

for a certain probability measure P, € P(P(£2)). One might ask whether this kind of
results is true for a class of functions depending on NN in more subtle a manner. The
natural assumptions seems to be that uy depend weakly of its N variables, in the sense
introduced by Lions [I33] and recalled in [79), Section 1.7.3]. Without entering the details,
one may easily see that to such a sequence there corresponds (modulo extraction of a
subsequence) a continuous function over probabilities U € C(P(f2)): one may show that,
along a subsequence,

/ un (X)dpy (X) U(p)dPu(p). (2.29)
QN pEP(R)

Think of the case where uy depends only on the empirical measure:

N
1
un(z1,...,2n)=F NZ% (2.30)
j=1
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with a sufficiently regular function F'. Such a function depends weakly on its IV variables
in the sense of Lions, but cannot be expressed under the form (2.27)). More generally, this
kind of considerations can be applied under assumptions of the kind

C
Ve,un(z1,.. zn)| < N Vi=1...N, Y(zi,...,zy) € QV.
One may then wonder whether the convergence rate in (2.29)) can be quantified. Results
in this direction may be found in [88]. O

2.3. Mean-field limit for a classical free-energy functional.

In this section we apply Theorem to the study of a free-energy functional at positive
temperature, following [138, [30, [05], [97]. We consider a domain  C R? and the functional

Pl = [ IV O(X)AX £ T | X og () ax (2.31)

defined for probability measures p € P(2V). Hete the temperature T will be fixed in the
limit N — oo and the Hamiltonian Hy est choisi is in mean-field scaling:

N
Hy(X) = Z Vi(x;) + ﬁ Z w(x; — xj). (2.32)
j=1 1<i<j<N

We denote by V' a lower semi-continuous potential. To be in a compact setting we shall
assume that either € is bounded or

V(z) = oo when |z| — oc. (2.33)

The interaction potential w will be bounded below and lower semi-continuous. To be
concrete, one may think of w € L, or a repulsive Coulomb potential:

.
w(z) = iz sid=3 (2.34)
w(z) = —log|z| sid=2 (2.35)
w(z) = —lz| sid=1, (2.36)

ubiquitous in applications. We will always take w even,
w(z) = w(=x),
and if the domain is not bounded we will assume
w(z —y) + V(zx) + V(y) = oo when || — oo or |y| = oo
w(z —y) + V(z) + V(y) is lower semi-continuous. (2.37)
We are intersted in the limit of the Gibbs measure minimizing in Ps(QV):

1 1
py(X) = —=—exp <—HN(X)> dX (2.38)
ZN T
and to the corresponding free-energy
Fy = inf Fylul=Fnluy] = —-Tlog Zy. (2.39)

neP(Ql)
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The free-energy functional is rewritten
N
Pl =N [ ViwanW@) + 5 [[ e pdu@ @)+ 1 [ plogn
Q 2 JJaxa Qv

- ];//§le9 (w(z —y)+V(z)+V(y)) du@)(%y) + T/QN plog . (2.40)

using the marginals
p™(xy, . a,) = / dp(zy,. .., zN). (2.41)
Tnt1,--TNEQ

Inserting an ansatz of the form
n=p"",pePQ) (2.42)
in (2.31)) we obtain the mean-field functional

FYp] := N~ Fn[p%]

= [ V@anta)+5 [[ e ndp@idot) T [ plogp (243

FMF MF

with minimum and minimizer (not necessarily unique) o*" amongst probability
measures. Our goal is to justify the mean-field approximation by proving the following
theorem:

Theorem 2.6 (Mean-field limit at fixed temperature).

We have
F
WN — FMY when N — oo. (2.44)
Moreover, up to a subsequence, we have for every n € N
i) = p?"dP(p). (2.45)
pEMMF

as measures where P is a probability measurer over MMY | the set of minimizers of FMF .

In particular, if FMF has a unique minimizer we obtain

n RN
I'LSV) -, (QMF) _

Proof. We follow [138|, [30, 94, O5]. An upper bound to the free energy is eeasily obtained
using test functions of the form p®V and we deduce
Fy _ ur
— < . 2.46
< (2.46)

The corresponding lower bound requires more work. We start by extracting a subsequence
along which

i) = (2.47)

for all n € N, with g € Ps(QN). This is done as explained in Section using either the
fact that €2 is compact or Assumption (2.37)), which implies that the sequence is tight.
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By lower semi-continuity we immediately have

N—o0

lim inf % //QXQ (w(x—y)+V(z)+V(y)) d,ug\z,)(x,y)

1
=5 //QXQ (w(x —y) +V(z) + V(y) du®(z,y). (2.48)

For the entropy term we use the sub-additivity property (this is a consequence of Jensen’s
inequality, see [I55] or the previously cited references)

N n n N—n| X N-n| X
/ pylog py = {J/ uﬁv)logugv) +/ N NJ(V L"J)loguj(v L))
QN n | Jon i

n

where | . | denotes the integer part. Jensen’s inequality implies that for probability mea-
sures p and v, the relative entropy of u with respect to v is positive:

/ulog’u:/y'ulogu > (/V'u> log </yu> =0.
v v v v v

We deduce that for all vy € P(Q)

(N-n[3])
(N=nl %)) 1o VL)) (N-n[%]) N
L A W=ty

Choosing vp € P(Q2) of the form vy = cpexp(—c1V) it is not difficult to see that the last
integral is bounded below independently of N and we thus obtain that for all n € N

1 1
liminf/ pylog ppy > / p™ log p™ (2.49)

N—oo

by lower semi-continuity of (minus) the entropy.
Gathering (2.48) and (2.49) we obtain a lower bound a lower bound in terms of a
functional of w:

liinf - Falia] > Pl =5 [ (wle =9) + Vi) + V) du®(a.y)

+Tlimsup1/ ™ log u™.  (2.50)
n—oo N n

The second term is called (minus) the mean entropy of pu € P(QN). We will next apply
the Hewitt-Savage theorem to . The first term in F is obviously affine as a function
of, which is perfect to aply . One might however worry at the sight of the second
term which rather looks convexe. In fact a simple argument of [I55] shows that this mean
entropy is affine. Let py, sy € P(QY) be given. We use the convexity of  +— zlogz and
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the monotony of x — logx to obtain

2/nu§)logu§)+2/mu§)logu§)2/n <2u§)+2u§ )>log<2u§)+2u§ )>

]- n n ]- n n
22/ ug)logu§)+2/ pl” log pg"”
QTL Q'IL

log(2) n n
T (/nuﬁ)Jr/mué))

1 n n 1 n n
=2/nu§ Nlog ! )+2/Qnu§)logu§)—log(2)-

Dividing by n and passing to the limsup we deduce that

Ps(Q") > p — limsup 1/ 1™ log (™
Qn

n—oo M

is indeed affine, and thus F[u| also is. There remains to use ([2.6), which gives a probability
P, € P(P(€)) such that

1
liminf — Fn|p 2/ Fp®>®)dP,(p
int Frlend 2 [ FPaR)

— / FME[pldP,,(p) > FMF,
pEP ()

Here we denote p®> the probability over P(QY) which has p®" for n-th marginal for all
n and we have used the fact that P, has integral 1. This concludes the proof of
and follows easily. It is indeed clear in view of the previous inequalities that P,
must be concentrated on the set of minimizers of the mean-field free-energy functional. [

2.4. Quantitative estimates in the mean-field/small temperature limit.

Here we give an example where the Diaconis-Freedman construction is useful to supple-
ment the use of the Hewitt-Savage theorem. As mentioned in Remark[2.4] this construction
behaves rather badly with respect to the entropy, but there is a certain number of interest-
ing problems where it makes sense to consider a small temperature in the limit N — oo,
in which case entropy plays a small role.

A central example is that of log-gases. It is well-known that the distribution of eigen-
values of certain random matrices ensembles is given by the Gibbs measure of a classical
gas with logarithmic interactions. Moreover, it so happens that the relevant limit for
large matrices is a mean-field regime with temperature of the order of N~!. Consider the

following Hamiltonian (assumptions on V' are as previously, taking w = —log| . |):
al 1
Hy(X) = ZV(a;j) T Z log |z; — ;] (2.51)
7j=1 1<i<j<N
where X = (x1,...,2x) € R, The associated Gibbs measure
1
pn(X) = Zy P (-BNHN(X))dX (2.52)

corresponds (modulo a #-dependent change of scale) to the distribution of of the eigenval-
ues of a random matrix in the following cases:
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ed =17 =1,2,4 and V(z) = @ We respectively obtain the gaussian real
symmetric, complex hermitian and quarternionic self-dual matrices.
ed=20=2and V(z) = @ We then obtain the gaussian matrices without
symmetry conditon, the so-called Ginibre ensemble [76].

In these notes we give no further precisions on the random matrix aspect, and will simply
take the previous facts as a sufficient motivation to study the N — oo limit of the mea-
sures with g fixed. This corresponds (compare with ) to taking T = B~'N—1!,
i.e. a very small temperature. For an introduction to random matrices and log-gases we
refer to [7, [71, 137]. For precise studies of the measures following different methods
than what we shall do here, one may consult e.g. [10, 111 25| [19], 20} 19, 32} 159] 164, 163].

In the case d = 2, measures of the form also have a natural application to the
study of certain quantum wave-functions appearing in the study of the fractional quantum
Hall effect (see [160, [161], 162] and references therein). Here too it is sensible to consider
(8 as being fixed.

The singularity at the origin of the logarithm poses difficulties in the proof, as indi-
cated in Remark but one may bypass them easily, contrarily to those linked to the
entropy. The following method is not limited to log-gases and can be re-employed in
various contexts.

Again, (2.52)) minimizes a free-energy functional
1
Pl = [ HN(O(0AX + o [ p(0logu(N)ax  (253)
Xeqn BN Jon
whose minimum we denote Fjy. The natural limit object is this time an energy functional
with no entropy term:

|
EW )= | Vip— // log | — yldp(z)dp(y), (2.54)
R4 R4 xR4

obtained by inserting the ansatz p®" in (2.53) and neglecting the entropy term, which is
manifestly of lower order for fixed 5. We denote EMF and oMF respectively the minimum
energy and the minimizer (unique in this case by strict convexity of the functional). It is
well-known (see the previous references as well as [97]) that

1
N1Fy = 3 log Zy — EMY when N — oo (2.55)
and ) o
n
pr = (M) (2.56)

We shall prove (2.56) and give a quantitative version of (2.55)), taking inspiration
from [162]:

Theorem 2.7 (Free-energy estimate for a log-gas).
For all p € R, we have

1
EME_CNTL (B +log N +1) < -3 log Zy < EMY L 0p~INL, (2.57)
Fine estimates for the partition function Zy of the log-gase seem to have become avail-
able only recently [103] 145, 159, 164, 163]. Amongst other things, the previous references
indicate that the correction to EMF is exactly of order N~!log N.
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Proof. We shall not elaborate on the upper bound, which is easily obtained by taking
the usual product ansatz and estimating the entropy. For the lower bound we shall use
Theorem [2.2] We first need a crude bound on the entropy term: by positivity of the
relative entropy (via Jensen’s inequality)

/ p,logﬁ > 0 pour tout u,v € P(QY)
RAN 1 %4
one may write, using the probability measure
N
vn = (coexp (=V(J2]))"
the lower bound

/ pylog ppy > / pylogry = —N/ Vd,ug\lf) — N log cg. (2.58)
RaN RaN R4

To obtain a lower bound to the energy we first need to regularize the interaction potential:
Let a > 0 be a small parameter to be optimized later and

2

—loga+1 ( - ﬂ) if 2] <

—log, |2| = BT 2 a? 1 7l <« (2.59)
—log|z| if 2| > a.

Clearly —log,, |z| < —log |z| is regular at the origin. Moreover, we have
d — + ﬁ sifz] <a
- log,, |z| = a = (2.60)
@ 0 si |z] > a.

Using the lower bound —log,, |z| < —log|z| to obtain

/ Hy(X)u(X)dX > N | Vdul) — // log,, |z — ylduy (z,
XeQN R4 R4 xR

we are now in a position where we can apply Theorem [2.2] More precisely we use the

explicit formulae (2.23)):
[ E Xy (0dx =
XeQN

N2
N d*”—// ] — yldu? ] . (2,61
Rdv oy Q(N— 1) Rd xR 08 |.CC y| 129 (wvy) +C Oga(o) ( 6 )

Combining (2.58)), (2.13]) and recalling that the temperature T' is equal to (BN )71
obtain

N~ Fnlpy] > / 5§4F[P]dpuw (p)
pEP(RY)

+CN~! (log,(0) — B71) > B — CN'log(a) — C(BN)™!  (2.62)

where EMY is the minimum (amongst probability measures) of the modified functional

1A N
el = [ Va5 N = gt [ s idote)dnty).
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Exploiting the associated variational equation, (2.60) and the Feynman-Hellmann princi-
ple, it is not difficult to see that for small enough «

|EMT — EMF| < Ca + ON 7!
and we thus conclude
N7 Fyluy] > EMY —CNtlog(a) —CBN" —CN~1 —Cad - C,
which gives the desired lower bound after optimizing over o (take a = N~1/%), O

Remark 2.8 (Possible extensions).

(1) One can also prove quantitative version of following essentially the above
method of proof. We shall not elaborate on this point for which we refer to [162].
(2) Another case we could deal with along the same lines is that of unitary, orthogonal
and symplectic gaussian random matrices ensembles introduced by Dyson [58], [59]
60]. In this case R? is replaced by the unit circle, 8 = 1,2,4, V =0 in . In
this case, dividing the interaction by N — 1 is irrelevant. O



DE FINETTI THEOREMS AND BOSE-EINSTEIN CONDENSATION 43

3. The quantum de Finetti theorem and Hartree’s theory

Now we enter the heart of the matter, i.e. mean-field limits for large bosonic sys-
tems. We present first the derivation of the ground state of Hartree’s theory for con-
fined particles, e.g. living in a bounded domain. In such a case, the result is a rather
straightforward consequence of the quantum de Finetti theorem proved by Stgrmer and
Hudson-Moody [182, 91]. The latter describes all the strong limits (in the sense if the &*
norm) of the reduced density matrices of a large bosonic system.

We will then move to the more complex case of non-confined systems. In this chapter we
will assume that the interaction potential has no bound state (it could be purely repulsive
for example), the general case being dealt with later (Chapter @ In the absence of bound
states it is sufficient to have at our disposal a de Finetti theorem describing all the weak
limits (in the sense of the weak-* topology on &) of the reduced density matrices.

The weak de Finetti theorem (introduced in [I06]) implies the strong de Finetti theorem
and in fact the two results can be deduced from an even more general theorem appearing
in [I82, O1]. In these notes I chose not to follow this approach, but rather that of [4]
106] which is more constructive. This will be discussed in details in Section which
announces the plan of the next chapters.

3.1. Setting the stage.

To simplify the discusstion, we will focus on the case of non relativistic quantum par-
ticles, in the absence of a magnetic field. The Hamiltonian will thus have the general
form

N
1
j=1 1<i<j<N

acting on the Hilbert space ¥ = ®iv £, i.e. the symmetric tensor product of N copies of
$ where §) denotes the space L?(f2) for @ C R?%. The operator T is a Schrédinger operator

T=-A+V (3.2)
with V' : @ — R and Tj acts on the j-th variable:

T ®..Yn =1 ®...0 T ® ... YN.

We assume that T is self-adjoint and bounded below, and that the interaction potential
w : R +— R is bounded relatively to T' (as operators): for 0 < f_, 84 < 1

—B-(I1 +T3) = C <w(w —x2) < (1 + 1) + C. (3:3)
We also take w symmetric
w(—r) = w(z),
and decaying at infinity
w e LP(Q) + L>=(2), max(1,d/2) < p < oo = 0,w(z) — 0 when |z| = oo. (3.4)
We will always make an abuse of notation by writing w for the multiplication operator

by w(xy — x2) on L*(Q).

Remark 3.1 (Checking assumptions on w).
One may check that assumptions (3.4) imply operator bounds of the form (3.3)), using
standard functional inequalities. We quickly sketch the method here for completness. Say
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w € LP(R?), such that the conjugate Holder exponent ¢ is larger than half the critical
exponent for the Sobolev injection Hy(R?) «— LI(R%):

_p p: « 2
q—p7_1> 5 P =g (3.5)

We decompose |w| as
|w| = [w[Ljy<p + WLy >R
Then, pick f € C°(R??) and write

(rn)=| [, e~ el Pinds,

< // \w(@1 — 22)Ljysp| | f (21, 32)*dziday + R/ |f (21, 22)|*day day.
R xR4 R4 xRd

Next, using Holder’s and Sobolev’s inequalities:

// |w(a1 — 22) Uiz | [ f (21, 22)[*drdas
Rd xR

1/p 1/q
</ ( \w(xl—x2>\Pﬂ|w|>Rd:c2) ( / \f(xl,m)\zqdm) iy
R4 R4 R4

< [l wzzl /]R 1£Cowa) 3 ds

with p~! 4+ ¢~! = 1. All in all we thus have

(ot < okl [[ (Vo b + £ )l) deda,

+R// |f (21, 22) [*dz1ds.
Rd xR4

Since w € LP, HW]llwIZRHLp — 0 when R — oo and we thus have

[(fowh) < h(R)[(f, =Day /| + (R+ h(R)) (f, [),

where h(R) can be made arbitrarily small by taking R large. In particular we can take
h(R) < 1, and this leads to an operator inequality of the desired form ({3.3]). O

The above assumptions ensure by well-known methods that Hy is self-adjoint on the
domain of the Laplacian, and bounded below, see [I52]. Our goal is to describe the ground
state of (3.1)), i.e. a state achievingjﬂ

E(N) = inf Hy = inf v, HyU . 3.6
(N) =infogn Hy \IfEfJJ{TI}H‘I’H:1< N >,V3N (3.6)

In the mean-field regime that concerns us here, we expect that any ground state satifies
Uy ~ u®Y when N — oo (3.7)

10The ground state might not exist, in which case we think of a sequence of states asymptotically
achieving the infimum.
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in a sense to be made precise later, which naturally leads us to the Hartree functional
1
(S’H[u] = N_l <u®N7 HNU®N>5:)N = <U,TU>57) + §<U XU, WU K U>ﬁ%
= [ VuP 4 Vi 4 L 2w(w — *dxd 3.8
= [ Vul"+ Vl]u|" + u(@)|"w(z — y)lu(y)|"dzdy. (3.8)
Q 2 JJaxa

We shall denote e and uyg the minimum and a minimizer for £y respectively. By the
variational principle we of course have the upper bound

E(N
) < e (3.9)
and we aim at obtaining a matching lower bound to obtain
E(N
5\7) — eg when N — oo. (3.10)

Remark 3.2 (Generalization).

All the main ideas can be introduced in the preceding framework, we refer to [106] for
a discussion of generalizations. One can even think of the case where both V and w are
smooth compactly supported functions if one wishes to understand the method in the
simplest possible case.

A very interesting generalization consists in substituting the Laplacian in by a
relativistic kinetic energy operator and/or including a magnetic field as described in Sec-
tion One must then adapt the assumptions and but the message stays the
same: the approach applies as long as the many-body Hamiltonian and the limit functional
are both well-defined.

Another possible generalization is the inclusion of interactions involving more than two
particles at a time, to obtain functionals with higher-order non-linearities in the limit. It
is of course necessary to consider a Hamiltonian in mean-field scaling by adding terms of
the form e.g.

AN Z w(w; — x4, 2 — Tp)
1<i<j,k<N
with Ay o« N72 when N — oco. It is also possible to take into account a more general
form than just the multiplication by a potential, under assumptions of the same type

as . O

3.2. Confined systems and the strong de Finetti theorem.

By “confined system” we mean that we are dealign with a compact setting. We will
make one the two following assumptions: either

Q c R is a bounded set (3.11)

or
Q=R and V(z) — oo when |z| = oo (3.12)
with V' the potential appearing in (3.2)). We will also assumte that
Vel (2),max(1,d/2) <p < co.

loc

In both cases it is well-known that

T = —A + V has compact resolvent, (3.13)
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which allows to easily obtain strong convergence of the reduced density matrices of a
ground state of . One may then really think of the limit object as a quantum state
with infinitely many particles. Taking inspiration from the classical setting discussed
previously, the natural definition is the following:

Definition 3.3 (Bosonic state with infinitely many particles).
Let $ be a complex separable Hilbert space and for all n € N, let 7 be the corresponding
bosonic n-particles space. We call a bosonic state with infinitely many particles a sequence
(7(™),,en of trace-class operators satisfying
° fy(”) is a bosonic n-particles state: 7(”) € 61(.62) is self-adjoint, positive and
Tren [y™] = 1. (3.14)
e the sequence (7)), ¢y is consistent:
Trn 1 [y D] = 7™ (3.15)
where Tr,,+1 is the partial trace with respect to the last variable in L
O

The key property is the consistency , which ensures that the sequence under
consideration does describe a physical state. Note that v(9) is just a real number and that
consistency implies that Tren[y™] = 1 for all n as soon as v(0) = 1.

A particular case of symmetric state is a product state:

Definition 3.4 (Product state with infinitely many particles).
A product state with infinitely many particles is a sequence of trace-class operators 'y(”) €
&L(H7) with
A = 487 (3.16)

for all n > 0 where +y is a one-particle state. A bosonic product state is necessarily of the
form

Y = ) W = (Ju)(u])®", (3.17)
with v € 59. O

That bosonic product states are all of the form comes from the observation
that if v € &!($) is not pure (i.e. is not a projector), then 7*? cannot have bosonic
symmetry [91].

The strong de Finetti theorem is the appropriate tool to describe these objects and
specify the link between the two previous definitions. In the following form, it is due to
Hudson and Moody [91]:

Theorem 3.5 (Strong quantum de Finetti).

Let $ be a separable Hilbert space and (’y(”))neN a bosonic state with infinitely many
particles on $). There exists a Borel probability measure on the sphere u € P(S$) on the
sphere S$H = {u € 9, ||u|| = 1} of 9, invariant under the actioﬂ of S, such that

3 = [ ) duta) (3.18)
59
for alln > 0.

11Multiplication by a constant phase €, 0 € R.
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In other words, every bosonic state with infinitely many particles is a convex
combination of product bosonic states. To deduce the validity of the mean-field
approximation at the level of the ground state of , it then suffices to show that the
limit problem is set in the space of states with infinitely many particles, which is relatively
easy in a compact setting. We are going to prove the following result

Theorem 3.6 (Derivation of Hartree’s theory for confined bosons).

Under the preceding assumptions, in particular (3.11) or (3.12))
E(N)
lim ———= =ep.
Newse N o

Let W be a ground state for Hy, achieving the infimum (3.6) and

A= Ty gy [T ) (W]

be its n-th reduced density matrix. There exists a unique probability measure u on My,
the set of minimizers of Eg (modulo a phase), such that, along a subsequence and for all
n €N

N—oo

lim A = /M dp(u) [u®™) (u®| (3.19)
H

strongly in the GY(H™) norm. In particular, if Eq has a unique minimizer (modulo a
constant phase), then for the whole sequence

lim A = [ud™) (", 3.20

N TN ugr™) (g ( )
The ideas of the proof are essentially contained in [68], [146] [151], applied to a somewhat

different context however. We follow some clarifications given in [106, Section 3].

Proof. We have to prove the lower bound corresponding to (3.9). We start by writing

E(N) 1 1
1
=5 Treae (11 + T2 + w) ’Y](\?)] (3.21)

and we now have to describe the limit of the reduced density matrices 'y](\}) and 'y](\?).

Since the sequences (7](\7)) ~Nen are by definintion bounded in &, by a diagonal extraction

argument we may assume that for all n € N
W = e el (el
weakly-* in &!($"). That is, for every compact operator K,, over " we have
Tron [V K] = Tran [y K]

We are going to show that the limit is actually strong. For this it is sufficient (see [51], [156]
or [I73, Addendum H]) to show that

Trsg (1] = Trgp [y ] = 1, (3.22)
i.e. no mass is lost in the limit. We start by noting that Trg [T ’y](\})] is uniformly bounded
and thus, up to a possible further extraction, we have

(T+ 00)1/2 ’Y](\}) (T + 00)1/2 Ny (T+ CQ)I/Z 7(1) (T + 00)1/2
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for a certain constant Cy. Consequently
1= Tegr] = T [(T+ Co) ™ (T + Co) 29 (T + €)'
= Trs (T + Co) ™ (T + Co) 240 (T + €)' = Trg [y V)]

since (T + C’O)f1 is by Assumption (3.13)) a compact operator. One obtains ([3.22)) similarly
by noting that

1

1 - n
Trg [THV)] = T ZTm(v)
j=1

is uniformly bounded in N and that 2;21 T; also has compact resolvant which allows for
a similar argument.
We thus have, for all n € N

7 =A™

strongly in trace-class norm, and in particular, for all bounded operator B, on $i"
Trgn [y Bp] = Trgn [y B,].

Testing this convergence with B,11 = B, ® 1 we deduce

(n+1)] (n)

Tryt1[y =7

and thus the sequence (’Y(n))neN describes a bosonic state with infinitely many particles
in the sense of Definition We apply Theorem ﬁ, which yields a measure p € P(S9).
In view of Assumption , the operator Ty + T + w is bounded below on $?, say by
2CT. Since Trg2 72 =1 we may write

1 1
lim inf 5 Trge [(Tl + T+ w) 71(5)} = 1}51me 3 Trgo [(Tl + Ty +w—2C7) ’y](\?)} +Cp

N—oo
Ty [(T1 + Ty 4w — 207) 7(2>] +Or
— 5 Trge [(T1 F T+ w) 7(”}

using Fatou’s lemma for positive operators. Using the linearity of the energy as a function

of v and (3.18)

nmmﬂmz/ 5 oo (T3 + T+ 0) [0 () = | Eululdi(w) = en
N uess 2 ueSH

N—oo

which is the desired lower bound. The other statements of the theorem follow by noting
that there equality must hold in all the previous inequalities and thus that p may charge
only minimizers of Hartree’s functional. (|

It is clear from the preceding proof that the structure of bosonic states with infinitely
many particles plays the key role. The Hamiltonian itself could be chosen in a very abstract
way provided it includes a confining mechanism allowing to obtain strong limits. Several
examples are mentioned in [106], Section 3].
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3.3. Systems with no bound states and the weak de Finetti theorem.

In the previous section wa have used in a strong way the assumption that the system was
confined in the sense of —. These assumptions are sufficient to understand many
physical cases, but is highly desirable to be able to relax them. One is then lead to study
cases where the convergence of reduced density matrices is no better than weak-*, and to
describe as exhaustively as possible the possible scenarii, in the spirit of the concentration-
compactness principle. A first step, before asking the question of how compactness may
be lost, consists in describing the weak limits themselves. It turns out that we still have
a very satisfying description. In fact, one could not have hoped better than the following
theorem, proven in [106]:

Theorem 3.7 (Weak quantum de Finetti).
Let $ be a compez separable Hilbert space and (I'y)nen a sequence of bosonic states with
'y € GYHY). We assume that for allm € N

T, 4 (3.23)

in GL(HT). Then there exists a unique probability measure u € P(B$H) on the unit ball
B$ = {u € 9, |lu| <1} of 9, invariant under the action of St, such that

() = u®m) (u®n U .
y /Bﬁ| ) (W™ dpa(u) (3.24)

for alln > 0.

Remark 3.8 (On the weak quantum de Finetti theorem).

(1) Assumption can always be satisfied in practice. Modulo a diagonal extrac-
tion, one may always assume that convergence holds along a subsequence. This
theorem thus exactly describe all the possible weak limits for a sequence of bosonic
N-body states when N — oo.

(2) The fact that the measure lives over the unit ball in is not surprising since
there may be a loss of mass in cases covered by the theorem. In particular it is
possible that v(™ = 0 for all n and then y = 8y, the Dirac mass at the origin.

(3) The term weak refers to “weak convergence” and does not indicate that this result
is less general than the strong de Finetti theorem. It is in fact more general. To
see this, think of the case where no mass is lost, Trgn[y(™] = 1. The measure p
must then be supported on the sphere and convergence must hold in trace-class
norm. It is by the way sufficient to assume that Trgn[y(™] = 1 for a certain n € N,
and the convergence is strong for all n since the measure p does not depend on n.

(4) Ammari and Nier have slightly more general results [3, [4}, 5 [6]. In particular, it is
not necessary to start from a state with a fixed particle number. One can consider
a state on Fock space provided suitable bounds on its particle number (seen as a
random variable in this framework) are available.

(5) Uniqueness of the measure follows from a simple argument. Here we will mostly
be interested in the existence, which is sufficient for static problems. For time-
dependent problems on the contrary, uniqueness is crucial [4} 5] 6] [34].

0
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Coming back to the derivation of Hartree’s theory, let us recall that the energy upper
bound is always true. We are thus only looking for lower bounds. A case where
knowning the weak-* limit of reduced density matrices is then that of a weakly-* lower
semi-continuous functional. This remark may seem of marginal interest, but this case does
cover a number of physically relevant systems, those with no bound states.

We are going to prove the validity of Hartree’s approximation in this case, using Theo-
rem (3.7, We shall work in R? and assume that the potential V in is non-trapping in
every direction:

V e LP(RY) + L®(RY), max 1,d/2 < p < oo, V(x) = 0 when |z| — oco. (3.25)

The assumption about the absence of bound states concerns the interaction potential w.
It is materialized par the inequalitylﬂ
w

— A+ 5 >0 (3.26)
as operators. This means that w is not attractive enough for particles to form bound
states such as molecules etc ... Indeed, because of Assumption (3.4)), —A + % can have
only negative eigenvalues, its essential spectrum starting at 0. In view of (3.26)), it can in
fact not have any eigenvalue at all, and thus no eigenfunctions which are by definition the
bound states of the potential. A particular example is that of a purely repulsive potential
w > 0.

Under Assumption (3.26]), particles that might escape to infinity no longer see the one-
body potential V' and then necessarily carry a positive energy that can be neglected for a
lower bound to the total energy. Particles staying confined by the potential V are described
by the weak-+ limits of density matrices. We can apply the weak de Finetti theorem to
the latter, and this leads to the next theorem, for whose statement we need the notation

erg(A) == inf Eulul, 0<A<1 (3.27)
[lul*=A

for the Hartree energy in the case of a loss of mass. Under assumption (3.26) it is not
difficult to show that for all 0 < A <1

eg(A) >en(l) =eq (3.28)
by constructing trial states made of two well-separated pieces of mass.

Theorem 3.9 (Derivation of Hartree’s theory in the absence of bound states).
Under the previous assumptions, in particular (3.25) and (3.26) we have

lim M

N—ooco N
Let W be a ground state for Hy, achieving the infimum (3.6) and

A = oy [[N) (U]

be its n-th reduced density matriz. There exists a probability measure p supported on

My = {u e B9, Eulu] = en (Hu||2) - eH(1)}

= €H.

1201 an appropriate variant when one considers a different kinetic energy, cf Remark
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such that, along a subsequence and for allm € N

W= [ dpau) [ (3.29)
Mpu
in GL(H™). In particular, if en has a unique minimizer uy, with |uy|| = 1, then for the
whole sequence,
lim 5y = [uf™) (ug" 3.30
NN lug™) (ugy"| ( )

strongly in trace-class norm.

Remark 3.10 (Case where mass is lost).

Note that it is possible for the convergence in the above statement to be only weak-x,
which covers a certain physical reality. If the one-body potential is not attractive enough
to retain all particles, we will typically have a scenario where

eg(A) =eq(l) for A <A <1
eg(N) <eg(l) for 0 <A< A,

where A is a critical mass that can be bound by the potential V. In this case, ex(A) will
not be achieved if A, < A < 1 and one will have a minimizer for Hartree’s energy only
for a mass 0 < A < A.. If for example the minimizer uy at mass A; is unique modulo a
constant phase, Theorem shows that

7 =l g

and one should note that the limit has a mass A\ < 1. This scenario actually happens in
the case of a “bosonic atom”, see Section 4.2 in [106]. O

Theorem was proved in [I06]. In order to be able to apply Theorem we start
with the following observation:

Lemma 3.11 (Lower semi-continuity of an energy with no bound state).
(1 (2

Under the previous assumptions, let vy’ ,vn = 0 be two sequences satisfying
2 1 2
Trae v =1, 7Y = Trany)

as well as 7](\’;) —, Y®) weakly-+ in G*(H*) for k=1,2. Then
i (TooT30] 4 5 Trsefn 1) 2 Tol?9 ] 4§ Trplun®]. (33)
Proof. We shall need two trunctation functions 0 < ygr,nr < 1 satisfying
Xt + % = Lsupp(xr) C B(0,2R),supp(nr) C B(0, R)°, |Vxr| + |Vir| < CR™.
It is easy to show the IMS formula:

— A = xr(=A)xr + 1r(=A)nr — |V x&]* — [Vnr[®
> Xr(=A)xr +1r(=A)nr — CR™*  (3.32)
as an operator. For the one-body part of the energy we then easily have

Trg [T7\] > Tro[TxryN xr] + Trs [~ Angy Y ng] + r1(N, R)



52 NICOLAS ROUGERIE

with
r1(N,R) > —CR™? 4 Tr [nRV'y(l)]
and thus
liminf liminf r;(N,R) =0

R—oco N—oo

because in view of (3.25) we have
Trg [U%V’y](\})] = / n%g(a:)V(m)pg\l,) (x)dx — 0 when R — oo
Rd

uniformly in N. Here we have denoted pg\l,) the one-body density of ’y](\}), formally defined

by
1 1
PV (@) = (@, @),
(1)

where we identify vy’ and its kernel. To deal with the interaction term we introduce

o @.9) =27 i)

the two-body density of 'yN) (identified with its kernel 'yz(v)(ac y';x,y)) and write

2
Tro| w’yN //}Rd y w(z — ( )(:r,y)dxdy
X

- //Rded w(z — y) X&) (2, y)x % (y)drdy

+//Www(:r — y)n2(2)p (z, y)n% (y)dzdy

*”/Awww@—w&um@uw 2 (y)dady

N // w(z = y)xk@)pN (2, y)xk(y)dedy
R4 xRd

+ //}R%dw(x — (@) (z, y)nk (y)dzdy

+ TQ(N, R)
= Trge[w xp ® XR’Y](VQ)XR ® XR| + Trg2[wnr ® nR’Y](\?)nR ® NR]
+ TQ(Nu R)

where
liminf liminf ra(N, R) =0
R—o0 N—oo
by a standard concentration-compactness argument (see details in [I06], Section 4]).
At this stage we thus have

o 1 1 2
l}\t}g&f Try, [T'yj(v)] + 3 Trg2 [w’y](\;)] =

1
lim inf lim inf Trg [Txrvy xr] + 5 Trozw xr ® XRYS XR ©® X
1
+ liminf lim 1nf Trg[— Aany](\})nR] + = Trg2[wnr ® nR’y](\?)nR ®@nr| (3.33)

R—oo N— 2
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The terms on the second line give the right-hand side of (3.31). Indeed, recalling that
T = —A +V, using Fatou’s lemma pour —A > 0 and the fact that

1
XR’YJ(V)XR — XR’Y(l)

in norm since xr has comapct support, we have

lim inf Trg, [TXR’YJ(\})XR] > Trp[TxrY "V xR]-
N—o00

XR

It then suffices to recall that xg — 1 pointwise to conclude. The interaction term is dealt
with in a similar way, using the strong convergence

2
XR ® XR’YJ(V)XR OXR 7 XR® XRW(Q)XR & XR

and then the pointwise convergence xp — 1.

The terms on the third line of form a positive contribution that we may drop
from the lower bound. To see this, note that since 0 < nr <1 we have np ® 1 > nr @R
and (with Tro the partial trace with respect to the second variable)

1 2
?7R’Y]<V)77R > Tra[np ® 77R’Y](v)77R ® NR)

which gives, by symmetry of ’y](\?),

1 1 2
Trg [—AUR’Y](V)UR] t5 Tree[wnr ® URWJ(V)UR ® R

1
> S Try [((—A) R1+10(—A)+w) nr @ NrY Nk ® nR]

and it is not diﬂiculﬂ to see that Assumption implies
(~A)@T+1®(-A)+w>0
which ensures the positivity of the third line of and concludes the proof. OJ
We now conclude the

Proof of Theorem[3.9, Starting from a sequence I'y = |Un)(¥y| of N-body states we
extract subsequences as in the proof of Theorem [3.6] to obtain

Using Lemma [3.11] we obtain

. _ . 1 1 2
lim inf N~ Trow [HyTv] = lim inf (Tr;J V] + 5 Tro2 [ng\,)]>

1
> Trg [Ty] + 5 Iy [wy?)]
and there remains to apply Theorem 3.7 to the sequence (7(™),cx to obtain

liminf N™! Trgn [HNT N] > Enluldp(u) > en
N—00 BH

using (3.28) and the fact that [ By di(u) = 1. Once again, the other conclusions of the
theorem easily follow by inspecting the cases of equality in the previous estimates. O

13 Just decouple the center of mass from the relative motion of the two particles, i.e. make the change
of variables (z1,x2) — (71 + 72,21 — T2).
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For later use, we note that during the proof of Lemma [3.11] we have obtained the
intermediary result nous avons démontré le résultat intermédiaire ([3.33)) without using
the assumption that w has no bound state. We write this as a lemma that we shall use
again in Chapter [6]

Lemma 3.12 (Energy localization).
Under assumptions (3.4) and (3.25)), let U be a sequence of almost minimizers for E(N):
(Un, Hy¥n) = E(N) + o(N)
(k)

and vy’ the associated reduced density matrices. We have
E(N)
lim inf
iy

:liminfTr[ ()}—i— Trg2[w 1(3)]2

M 2. (2) @2
lin inf lim inf Tro [Tx r7x" XR] + 5 Trio? [w xF27n X7
o)

1
+ lim inf hm mf Tro[—AnryyN'1R] + 3 Trg2[w U%Q’y](\?)ngz] (3.34)

R—o00

where 0 < xg < 1 is Ct, with support in B(0, R), and np = /1 — X%-
3.4. Links between various structure theorems for bosonic states.

We have just introduced two structure theorems for many-particles bosonic systems.
These indicate that morally, if Iy is a N-body bosonic state on a separable Hilbert space
9, there exists a probability measure p € P($) on the one-body Hilbert space such that

o0 [ ) duta) (3.35)
uen

when N is large and n is fixed. Chapters [] and [5] of these notes are for a large devoted to
the proofs of these theorems “a la de Finetti”. As mentioned in Remark [3.8] Theorem [3.7]
is actually more general than Theorem and we will thus prove the former.

In order to better appreciate the importance of the weak theorem in infinite dimensional
spaces, we amphasize that the key property allowing to prove the strong theorem is the
consistency . When starting from the reduced density matrices FS\?) of a N-body
state 'y and extracting weakly-* convergent subsequences to define a hierarchy (fy(”))

4* fy(n) R

neN’?
(n)
Iy

one only has
TI'n+1 [’}’(nJrl)} < lim Trp41 |:fy](\7;+1)] = hm ,Y(") 7(n)
N—o00

because the trace is not continuous E for the weak-x topology, only lower semi-continuous.
Obviously, the relation

Tryp41 [’y(”ﬂ)} i) (3.36)

is not sufficient to prove a de Finetti theorem. A simple counter-example is given by the
sequence of reduced density matrices of a one-body state v € S$:

7O =1, 4V = Jv)(], /" =0 for n > 2.

MThis is a fancy way of characterizing infinite dimensional spaces.
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In these notes we have chosen to prove the weak de Finetti theorem as constructively
as possible. Before we announce the plan of the proof, we shall say a few words of the
much more abstract approach of the historical references [182, [91]. These papers actually
contain a version of the theorem that is even stronger than Theorem [3.7] This result
applies to “abstract” states that are not necessarily normal or bosonic. These may be
defined as follows:

Definition 3.13 (Abstract state with infinitely many particles).
Let $) be a complex separable Hilbert space and for all n € N, " = Q" be the
corresponding n-body space. We call an abstract state with infinitely many particles a
sequence (w™), ey where
e w(™ is an abstract n-body state: w™ € (B(H™))*, the dual of the space of bounded
operators on $", w(™ > 0 and

w™(Lgn) = 1. (3.37)
e w(™ is symmetric in the sense that
w(”) (B1 X ... Bn) = w(”) (Bg(l) X ... Ba(n)) (3.38)

for all By,..., B, € B($) and all permutation o € %,,.
e the sequence (w(™),cy is consistent:

W (Bi®... B, @1g) =w™ (B1@...By) (3.39)

for all By,..., B, € B(9).
O

An abstract state is in general not normal, that is it does not fit in the following
definition:

Definition 3.14 (Normal state, locally normal state).

Let $ be a complex separable Hilbert space and (w(”))neN be an abstract state with
infinitely many particles. We say that (w("))neN is locally normal if w(™ is normal for all
n € N, i.e. there exists (") € &'($") a trace-class operator such that

w™(B,) = Trgn [y B,] (3.40)
for all B, € B(H"). O

Identifying trace-class operators with the associated normal states we readily see that
Definition is a particular case of abstract state with infinitely many particles. Note
that (by the spectral theorem), the set of convex combinations of pure states (orthogonal
projectors) coincides with the trace class. A non-normal abstract state is thus not a mixed,
i.e. not a statistical superposition of pure states. The physical interpretation of a non-
normal state is thus not obvious, in particular in the type of settings that these notes are
concerned with.

The consistency notion (3.39) is the natural generalization of but it is important
to note that the symmetry is weaker than bosonic symmetry. It in fact corresponds
to classicaly indistinguishable particles (the modulus of the wave-function is symmetric
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but not the wave-function itself). One may for example note that if w(™ is normal in the
sense of ([3.40), then v(™) € G(H™) satisfies

Ug’y(") Ur = ,y(n)

where U, is the unitary operator permuting the n particles according to o € X,,. Bosonic
symmetry corresponds to the stronger constraint

U,A™ =My = 40,

cf Section [[.2
We also have a notion of product state that generalizes Definition [3.4

Definition 3.15 (Abstract product state with infinitely many particles).
We call abstract product state an abstract state with infinitely many particles such that

w™ = w®" (3.41)

for all n € N, where w € (8())* is an abstract one-body stateest un état abstait a une
particule (in particular w > 0 and w(1g) = 1). O

The most general form of the quantum de Finetti theorem says that every abstarct
state with infinitely many particles is a convex combination of product states:

Theorem 3.16 (Abstract quantum de Finetti).
Let $ be a complex separable Hilbert space and (w("))neN an abstract bosonic state

with infinitely many particles built on $. There exists a unique probability measure
weP((B(H)*) on the dual of the space of bounded perators on $ such that

p({we (BH)" w20, wly) =1}) =1 (3.42)
and
w™ = /w®” dp(w) (3.43)
for alln > 0.

Remark 3.17 (On the abstract quantum de Finetti theorem).

(1) This result was first proven by Stgrmer [182]. Hudson and Moody [91] then gave a
simpler proof by adapting the Hewitt-Savage proof of the classical de Finetti theo-
rem[2.1} they prove that product states are the extremal points of the convex set of
abstract states with infinitely many particles. The existence of the measure is then
a consequence of the Choquet-Krein-Milman theorem. This approach does require
the notion of abstract states and does not give a direct proof of Theorem [3.5]

(2) Hudson and Moody [91] deduce the strong de Finetti theorem from the abstract
theorem. An adaptation of their method (see [106, Appendix A]) shows that the
weak de Finetti theorem is also a consequence of the abstract theorem.

(3) This theorem has been used to derive Hartree-type theories for abstract states
without bosonic symmetry in [68, [I51) 146]. To recover the usual Hartree theory
one must be able to show that the limit state is (locally) normal. In finite dimen-
sional spaces, B($)) of course coincides with the space of compact operators, which
implies that any abstract state is normal. This difficulty thus does not occur in
this setting.



DE FINETTI THEOREMS AND BOSE-EINSTEIN CONDENSATION 57

At this stage we thus have the scheme (“deF” stands for de Finetti)
: (3.44)

’abstract deF = weak deF = strong deF

but the proof of the weak de Finettu theorem we are going to present follows a different
route, used in [106, [109]. It starts from the finite dimensional theoremﬂ

’ﬁnite—dimensional deF = weak deF = strong deF ‘ (3.45)

This approach leads to a somewhat longer proof than the scheme (3.44]) starting from the
Hudson-Moody proof of Theorem [3.16] This detour is motivaed by five main practical
and aesthetical reasons:

(1) The proof following is simpler from a conceptual point of view: it requires
neither the notion of abstract states nor the use of Choquet’s theorem.

(2) Thanks to recent progress, due mainly to the quantum information community [37,
36, 87, 10T}, 169], 109], we have a completely constructive proof the finite dimensional
quantum de Finetti theorem at our disposal. One first proves explicit estimates
thanks for a construction for finite NV, in the spirit of the Diaconis-Freedman
approach to the classical case. Then one passes to the limit as in the proof of the
Hewitt-Savage theorem we have presented in Section [2.2]

(3) The first implication in Scheme is also essentially constructive, thanks to
Fock-space localization techniques used e.g. in [2, [53], [105]. These tools are inher-
ited from the so-called “geometric” methods [64], 65, 170, 172] that adapt to the
N-body problem localization ideas natural in the one-body setting. These allow
(amongst other things) a fine description of the lack of compactness due to loss of
mass at infinity, in the spirit of the concentration-compactness principle [129} [130].

(4) In particular, the proof of the first implication in yields a few corollaries
which will allow us to prove the validity of Hartree’s theory in the general case.
When theassumptions made in Section[3.3]do not hold, the weak de Finetti theorem
and its proof according to are not sufficient to conclude: Particles escaping
to infinity may form negative-energy bound states. The localization methods we
are going to discuss will allow us to analyze this phenomenon.

(5) In Chapter m we will deal with a case where the interaction potential depends on
N to derive non-linear Schrédinger theory in the limit. This amounts to taking a
limit where w converges to a Dirac mass simultaneously to the N — oo limit. In
this case, compactness arguments will not be sufficient and the explicit estimates
we shall obtain along the proof of the finite dimensional de Finetti theorem will
come in handy.

An alternative point of view on the proof strategy is given by the Ammari-Nier
approach [3, 4] [5 6], based on semi-classical analysis methods. The relation between the
two approaches will be discussed below.

As noted above, the second implication in (3.45) is relatively easy. The following chap-
ters deal with the first two steps of the strategy. They contain the proof of the weak de
Finetti theorem and several corollaries and intermediary results. The finite dimensional

151 finite dimension there is no need to distinguish between the weak and the strong version.
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setting (where the distinction between the strong and the weak theorems is irrelevant) is
discussed in Chapter ] The localizatio methods allowing to prove the first implication

in (3.45)) are the subject of Chapter
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4. The quantum de Finetti theorem in finite dimensonal spaces

This chapter deals with the starting point of the proof strategy (3.45]), that is a proof of
the strong de Finetti theorem in the case of a finite dimensional complex Hilbert space ),

dim $H = d.

In this case, strong and weak-* convergences in &'(£") are the same and thus there is
no need to distinguish between the strong and the weak de Finetti theorem. The main
advantage of working in finite dimensions is the possibility to obtain explicit estimates in
the spirit of the Diaconis-Freedman theorem (with a completely different method, though).
We are in fact going to prove the following result, which gives bounds in trace-class norm,
the natural norm for quantum states:

Theorem 4.1 (Quantitative quantum de Finetti).

Let Ty € GH(HY) be a bosonic state over HY and 7](\7,1) its reduced density matrices. There
exists a probability measure uy € P(S$) such that, denoting

O s L (4.1)
u€eSH

the associated state and :y](\?) its reduced density matrices, we have

n  ~(n 2n(d + 2n)
%(v)*%(v)‘ S— N

foralln=1...N.

Remark 4.2 (On the finite dimensional quantum de Finetti theorem).

(1) This result is essentially due to Christandl, Koénig, Mitchison and Renner [37],
important earlier work being found in [I01I] and [69]. One may find developments
along theses lines in [36], 87, 109]. The quantum information community also
considered several variants, see for example [37, [38] [39] 154} 26].

(2) One can add a step in the strategy :

’quantitative deF = finite dimensional deF = weak deF = strong deF ‘ (4.3)

Indeed, in finite dimension one may identify the sphere S with a usual, compact,
Euclidean sphere (with dimension 2d —1, i.e. the unit sphere in RQd). The space of
probability measures on S¥%) is then compact for the usual weak topology and one
may extract from py a converging subsequence to prove Theorem in the case
where dim §) < oo, exactly as we did to deduce Theorem from Theorem in

Section
(3) The bound (4.2) is not optimal. One may in fact obtain the estimate
~ 2nd
Tran 1) = A| < N (4.4)

with the same construction, see [36], 37, I09]. The proof we shall present only
gives but seems more instructive to me. For the applications we have in
mind, n will always be fixed anyway (equal to 2 most of the time), and in this
case and give the same order of magnitude in terms of N and d.
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(4) The bound in the quantum case is the equivalent of the estimate in dn/N
mentioned in Remark [2.4] for the classical case. One may ask if this order of
magnitude is optimal. It clearly is with the construction we are going to use, but
it would be very interesting to know if one can do better with another construction.
In particular, can one find a bound independent from d, reminiscent of in
the Diaconis-Freedman theorem 7

O

The construction of I'y is taken from [37]. It is particularly simple but it does use
in a strong manner the fact that the underlying Hilbert space has finite dimension. The
approach we shall follow for the proof of Theorem is originally due to Chiribella [36].
We are going to prove an explicit formula giving the density of T'y as a function of those of
I'y, in the spirit of Remark This formula implies in the same manner as
implies @ .

In Section [4.1] we present the construction, state Chiribella’s explicit formula and obtain
Theorem as a corollary. Before giving a proof of Chiribella’s result, it is useful to
discuss some informal motivation and some heuristics on the Christandl-Ko6nig-Mitchison-
Renner (CKMR) construction, which happens to be connected to well-known ideas of
semi-classical analysis. This is the purpose of Section Finally, we prove Chiribella’s
formula in Section following the approach of [I09]. It has been independently found
by Lieb and Solovej [122] (with a different motivation), and was inspired by the works of
Ammari and Nier [4, 5 [6]. Other proofs are available in the literature, cf [36] and [87].

4.1. The CKMR construction and Chiribella’s formula.

We first note that the Diaconis-Freedman construction introduced before is purely classi-
cal since it is based on the notion of empirical measure, which has no quantum counterpart.
A different approach is thus clearly necessary for the proof of Theorem

In a finite dimensional space, one may identify the unit sphere S = {u € 9, ||u|| = 1}
with a Euclidean sphere. one may thus equip it with a uniform measure (Haar measure of
the rotation group, simply the Lebesgue measure on the Euclidean sphere), that we shall
denote du. We then have a nice resolution of the identity as a simple consequence of the
invariance of du under rotations (see below for a proof). We state this as a lemma:

Lemma 4.3 (Schur’s formula).
Let $ be a complex finite dimensional Hilbert space and $H the corresponding bosonic
N-body space. Then

dim HY /Sﬁ [Ny (wEN | du = T g . (4.5)

The idea of Christandl-Koénig-Mitchison-Renner is to simply define

dun (u) == dim HY Tren (D [u®NY (w®N|] du

= dim HY Trgn <u®N, FNu®N> du, (4.6)
i.e. to take
Iy = dimf)é\]/ [u®N Y (N <u®N, FNU®N> du. (4.7)
S$
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Chriibella’s observatiorm is the following:

Theorem 4.4 (Chiribella’s formula).
With the previous definitions, it holds

~(n N4n+d—1\""< ¢
7§V>:< i > <£> 0 @5 g (4.8)
=0
with the convention
¢
19 &, Lgne = A=) Z Voo (@) @ (Lgn—2) o (t41),....0(n)

UES’IL
where (va)a(l)w’g(g) acts on the o(1)...,0(¢) variables.

From this result we deduce a simple proof of the quantitative de Finetti theorem:

Proof of Theorem [{.1 We proceed as in (2.20). Only the first term in the sum (4.8)) is
really relevant:

W W = (c(d,n,N)-1)y\" + B=-A+B (4.9)
where
—1)! |
C(d,n,N) = Weid- Ny

(N+n+d— 1D (N—n)

and A, B are positive operators. We have
Trgn[-A+ B] = Tr [5{” =] =0,

and thus, by the triangle inequality,

(n) (n

Tr vy — 7N

<TrA4+TrB=2TrA=2(1-C(d,n,N)).

Next, the elementary inequality

m+d—2 \* on+d—2
Cld;n, N) HN+j+d_< e R e e
gives
'H‘ﬂ$”—iﬁ)f§2n@§;%w, (4.10)
which is the desired result. O

Everything now relies on the proof of Theorem which is the subject of Section
Before we give it, some heuristics regarding the relevance of the construction (4.7 shall
be discussed.

1611 the quantum information vocabulary this is formulated as a relation between “optimal cloning”
and “optimal measure and prepare channels”.
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4.2. Heuristics and motivation.

Schur’s formula (£.5) epresses the fact that the family (u®V )u cgg forms an over-

complete basis of Y. Such a basis labeled by a continuous paramter is reminiscent
of coherent state decomposition [99] [I87]. This basis in fact turns our to be “less and less
over-complete” when N gets large. Indeed, we clearly have

W Ny n = (u,v)§ — 0 when N — oo (4.11)

as soon as u and v are not exactly colinear. The basis (u®N )u €55 thus becomes “almost
orthonormal” when N tends to infinity, and it is then very natural to expect every operator
to have an approximate representation of the form (4.1).

In the vocabulary of semi-classical analysis [113, [174] 15], trying to write

Iy — / e () [u®V (V|
uESSHN

amounts to looking for an upper symbol py representing I' . In fact, it happens [174] that
one may always find such a symbol, only py is in general not a positive measure. The
problem we face is to find a way to approximate the upper symbol (for which no explicit
expression as a function of the state itself exists, by the way) with a positive measure.

On the other hand, the measure introduced in is exactly what one calls the lower
symbol of the state I'y. One of the reasons why lower and and upper symbols were
introduced is that these two a priori different objects have a tendency to coincide in semi-
classical limits. But the N — oo limit we are concerned with may indeed be seen as a
semi-classical limit and it is thus very natural to take the lower symbol as an approximation
of the upper symbol in this limit.

One can motivate this choice in a slightly more precise way. Assume we have a sequence
of N-body states defined starting from an upper symbol independent of IV,

I'y = dim(f)i,v)/ 5P () [u® Y (u®N | d,
u€eSH

and let us compute the corresponding lower symbols:

S () = (BN TNy = dim(ﬁ?j)/ 15 () [N, 0N | du
uESH

—din(o?) [ ) )2 du.
ueSH
In view of the observation and the necessary invariance of ;" the action of S' it
is clear that we have
¥ (v) = 1% (v) when N — oc.
In other words, the lower symbol is, for large N, an approximation of the upper sym-
bol, that has the advantage of being positive. Without consituting a rigorous proof of

Theorem this point of view shows that the CKMR constuction is extremely natural.

4.3. Chiribella’s formula and anti-Wick quantization.

The proof of Theorem we are going to present uses the second quantization formal-
ism. We start with a very useful lemma. In the vocabulary alluded to in the previous
section it expresses the fact that a state is entirely characterized by its lower symbol, a
well-known fact [174], 99].
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Lemma 4.5 (The lower symbol determines the state).
If an operator v*) on 9F satisfies

(u®F k) Bky = for all u € §, (4.12)
then %) =0

Proof. We use the symmetric tensor product

\/W Z xg(g))q/k,g(xg(“_l), ...,xa(k))

for two vectors ¥, € H et Wj_, € HFL.
Replacing u by u + tv in (4.12]) and taking the derivative with respect to ¢, we obtain

(0 @y u®*1) 4By gy @E-1) _ g

for all u,v € $. Taking v of the form v = v + v7 puis v = v1 + 07 and iterating the
argument, we conclude

<vl Rs V2 Rs - .. Dg vkafy(k)gl ®s V2 Vs ... Ds ’17k> =0

for all vj,v; € $. Vectors of the form v; ®; v2 ®5 ... ®, vy form a basis of S’J’;, thus the
proof is complete. 0

By, @y W1, 21) =

For self-containedness we use the previous lemma to give a short proof of Schur’s for-
mula (4.5)):
Proof of Lemma[].3 In view of Lemma [£.5] it suffices to show that

dim $ |, v) |2 du =1
59

for all v € S$. Pick v and ¥ in §$ and U a unitary mapping such that Uv = ©. Then, by
invariance of du under rotations,

dimf)év/ | (u, ) 2V du:dimﬁi\]/
S9 S

and thus

KUMUWPNdu:&mﬁf/iKm@FNdU

9 S9H

&mﬁf/ﬁuvaNdu
59
does not depend on v. By Lemma [£.5| this implies that
dimf)f/ [Ny (N du = clgn
S9H
for some constant c. Taking the trace of both sides of this equation shows that ¢ =1 and
the proof is complete. O

In the sequel we use standard bosonic creation and annihilation operators. For all
fx € 9, we define the creation operator a*(fz) : 551 — H* by

() | D fo) @ @ fopeny | =)D fo) @ ® foiry

0E€SK_1 €Sk
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The annihilation operator a(f) : H*F1 — $* is the formal adjoing of a*(f) (whence the
notation), defined by

alf) | D b ® e ® forny | =R+ DV D A fo) fo2) @ - @ foriy

OESkt1 o€Sk 11
forall f, f1, ..., fr in . These operators satisfy the canonical commutation relations (CCR)
[a(f),alg)] =0, [a*(f),a*(9)] =0, [a(f),a"(9)] = (f 9)s- (4.13)

One of the uses of these objects is that the reduced density matrices 'y](\?) of a bosonic

state I'y are characterized by the relationﬂ
T Trgn [a*(v)"a(v)"T'n]. (4.14)
Lemma guarantees that this determines 7](\7) completely. The definition above is called
a Wick quantization: Creation and annihilation operators appear in the normal order, all
creators on the left and all annihilators on the right.

The key observation in the proof of Theorem [£.4] is that the density matrices of the
state (4.7) can be alternatively defined from I'y via an anti-Wick quantization where
creation and annihilation operators appear in anti-normal order: All annihilators on the
left and all creators on the right.

Lemma 4.6 (The CKMR construction and anti-Wick quantization).
Let Ty be defined by (4.7) and ’y]((,l) be its reduced density matrices. It holds

(N+d—-1)!

(N+Ek+d—1)!

(e, o) =

(@™ ~(n) oy —

VAN Trgn [a(v)"a*(v)"T N] (4.15)

for all v € H.

Proof. Tt suffices to consider the case of a pure state I'y = |Ux) (U x| and write

<v®k,7y/](\]f)q)®k> = dimﬁé\’ /SYj du|(u®N,\IJN>\2]<u®k,v®k>|2

:dimﬁiv/ du|(u®NHR) @k @ @) |2
59

N! . *
= N R dim H¥ /Sf) du| (u®NTE) g* ()P ) 2

N! dim $HV
~ (N +k) diI;H;J]\LFk’ (a(v)* ¥y, a(v)"¥y)
(N+d—1)!

T (N+k+d-1) (W, a(v)fa* (v)" W)

using Schur’s lemma (4.5) in HN+* in the third line, the fact that a*(v) is the adjoint of
a(v) in the fourth line and recalling that

N+d-1
dim@§:< ;_1 ) (4.16)

17We recall our convention that Tr['yl(\?)] =1.
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the number of ways of choosing N elements from d, allowing repetitions, without taking
the order into account. This is the number of orthogonal vectors of the form

Ui1®s--.®3UiN, (il,...,iN)E{l,...,d}

one may form starting from an orthogonal basis (uq,...,uq) of £, and these form an
orthogonal basis of $H7. O

The way forward is now clear: we have to compare polynomials in a*(v) and a(v) written
in normal and anti-normal order. This standard operation leads to the final lemma of the
proof:

Lemma 4.7 (Normal and anti-normal order).
Letv e S$9. We have

a(v)"a*(v)" = Z <Z> Z—:a*(v)ka(v)k for all m € N. (4.17)
k=0

Proof. The computation is made easier by recalling the expression for the n-th Laguerre

polynomial
— (m\ (=1)F
Ly(x) = .
() Z(k) e

k=0
These polynomials satisfy the recurrence relation

(n+1)Lpt1(z) = 2n+ 1) Ly(x) — xLp(x) — nlp—1(x)
and one may see that (4.17) may be rewritten

a(v)*a*(v)" = Z o a*(v)Fa(v)k (4.18)
k=0

where the ¢, ; are the coefficients of the polynomial
Ln(z) :=n! Ly(—x).
It thus suffices to show that, for any n > 1,
a(v)"Ma*(v)" = a*(v)a(v)"a* (v)"a(v) + (2n + 1)a(v)"a*(v)" — n%a(v)" ta* (v)* .

Note the order of creation and annihilation operators in the first term of the right-hand
side: knowing a normal-ordered representation of a(v)"a*(v)" and a(v)" !a*(v)"~! we
deduce a normal-ordered representation of the left-hand side.

A repeated application of the CCR (4.13) gives the relations

a(v)a*(v)" = a*(v)"a(v) + na*(v)"
a(v)"a*(v) = a*(v)a(v)" + na(v)" (4.19)
Then
a*(v)a(v)"a*(v)"a(v) = a(v)"a*(v)" M a(v) — na(v)" ta*(v)"a(v)
=a(v)"Ma* ()" — (n + Da(v)"a*(v)"
—na(v)"a*(v)" 4+ nla(v)"ta* (v)" 7,

and the proof is complete. O
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The final formula (4.8)) is deduced by combining Lemmas and @ with (4.14)).
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5. Fock-space localization and applications

We now turn to the first implication in the proof strategy . We shall need to
convert weak-* convergence of reduced density matrices into strong convergence, in order
to apply Theorem [3.5] The idea is to localize the state I'y one starts from using either
compactly supported functions or finite rank orthogonal projectors. One may then work
in a compact setting with &'-strong convergence, apply Theorem and then pass to
the limit in the localization as a last step. More precisely, we will use localization in finite
dimensional spaces, in order to show that the general theorem can be deduced from the
finite-dimensional constructive proof discussed in the previous chapter.

The difficulty here is that the appropriate localization notion for a N-body state (e.g. a
wave-function ¥y € L2(R%)) is more complicated than that one is used to for one-body
wave-functions ¢ € L2(R?). One in fact has to work directly on the reduced density matri-
ces and localize them in such a way that the localized matrices correspond to a quantum
state. The localization procedure may lead to particle losses and thus the localizaed state
will in general not be a N-body state but a superposition of k-body states, 0 < k < N,
i.e. a state on Fock space.

The localization procedure we shall use is described in Section We shall first give
some heurtistic considerations in Section [5.1} in order to make precise what has been
said above, namely that the correct localization procedure in L?(R%) must differ from
the usual localization in L?(R?). Section contains the proof of the weak quantum
de Finetti theorem and a useful auxiliary result which is consequence of the proof using
localization.

5.1. Weak convergence and localization for a two-body state.

The following considerations are inspired from [105]. Let us take a particularly simple
sequence of bosonic two-body states

1
v, = wn s d)n = ﬁ (wn @ ¢n + ¢n ® wn) € Lz(RQd) (5.1)

with 1, and ¢, being normalized in L?(R?). This corresponds to having one patricle in
the state v, and one particle in the state ¢,. We will assume

<¢n7 ¢n>L2(Rd) =0,

which ensures that ||, | = 1. Extracting a subsequence if need be we have
W, — U in L?(R*)

and the convergence is strong if and only if |¥| = ||¥,|| = 1. In the case where some
mass is lost in the limit, i.e. ||¥| < 1, the convergence in only weak.

We will always work in a locally compact setting and thus the only possible source for
the loss of mass is that it disappears at infinity [129] 130, 131, 132]. A possibility is that
both particles ¢,, and ,, are lost at infinity

Yp — 0, ¢ — 01in L2(R?*) in n — oo,

in which case ¥,, — 0 in L?(R??). In L%(R?%) this is the scenario that is closest to the
usual loss of mass in L?(R%), but there are other possibilities.
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A typical case is that where only one of the two particles is lost at infinity, which we
can materialize by

¥p — 0 weakly in L2(RY), ¢, — ¢ strongly in L?(R?9).
For the loss of mass of 1, one may typically think of the example
U = (. + xp) (5.2)

with |z,| — oo when n — oo and ¢ say smooth with compact support. We have in this
case
W, — 0 in L?(R?*?)
but for obvious physical reasons we would prefer to have a weak convergence notion en-
suring
U, =g 10 (5.3)
In particular, since only the parrticle in the state 1, is lost at infinity it is natural that the
limit state be one with only the particle described by ¢ left. We denote this convergence
—4 because this is precisely the so-called “geometric” convergence discussed by Mathieu
Lewin in [105]. The difficulty is of course that the two sides of live in different spaces.
To introduce the correct convergence notion, one has to look at the density matrices of
v,
’Y\Iz

n

= [ @, ) (fn @ ] = 0 in & (L2(R*))
3100} (@nl + § 1) (Ul = 310) (9] in & (I2RY)). (5.4)

One then sees that the pair (7\(1,23 , 7&2) converges to the pair (O, % |p) <qz5|) that corresponds

’Y\IJ

n

to the density matrices of the one-body state %(Z) € L?(R%). More precisely, the geometric
convergence notion is formulated in the Fock space (here bosonic with two particles)

FEALARY) := C o L*(RY) & L2(R™) (5.5)
and we have in the sense of geometric convergence on &' (]—";2)

000 |¥y) (Vs 92@ |¢><¢|@O’

which means that all the reduced density matrices of the left-hand side converge to those
of the right-hand side. We note that the limit does have trace 1 in &' (.7-"832), there is
thus no loss of mass in F=2. More precisely, in F=" the loss of mass for a pure
N-particles state is materialized by the convergence to a mixed state with less

particles.

Just as the appropriate notion of weak convergence for N-body problems is different
from the usual weak convergence in L?(R¥) (a fortiori when taking the limit N —
o0), the appropriate procedure to localize a state and turn weak convergence into strong
convergence must be thought anew. Given a self-adjoint positive localization operator A,
say A = P a finite rank projector or A = x the multiplication by a compactly supported
function y, one usually localizes a wave-function ¢ € L*(R?%) by defining

Yo = Ay
which amounts to associate

[9) (¥] < [Ay) (Ay].
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Emulating this procedure for the two-body state (5.1) one might imagine to consider a
localized state defined by its two-body density matrix

1P = 1A ® AV, (A AT,|.
It is then clear that
72 =, 0in 61(H2),

which was to be expected, but it is more disturbing that we also have for the corresponding
one-body density matrix

3 = 0in &1(9)
whereas, in view of ([5.4)) one would rather like to have

1
%(11,)4 3 |Ag) (A¢| strongly in G1(8)).

The solution to this dilemma is to define a localized state by asking that its reduced

density matrices be A® AV\(I,?A@A and A’y\(l,l i A. The corresponding state is then uniquely
determined, and it so happens that it is state on Fock space, as we explain in the next
section.

5.2. Fock-space localization.
After the preceding heuristic considerations, we now introduce the notion of localization
in the bosonic Fock spacd™|

Fs(H)=CaHad..an' ...
FLPR) =CoLl’RYe...0 XRMa.... (5.6)

In this course we will always start from N-body states, in which case it is sufficient to
work in the truncated Fock space

FV®) =Cone..ene..0H)
FEN(XRY) =Co L*RY ... 0 LXR™) @ ... o LARY). (5.7)

Definition 5.1 (Bosonic states on the Fock space).
A bosonic state on the Fock space is a positive self-adjoint operator with trace 1 on Fj.
We denote S(F5($)) the set of states (here bosonic)

S(Fs(H)) ={I' € 6"(Fs(9)), T =T*,T > 0, Trz, [ =1} . (5.8)

We say that a state is diagonal (stricto sensu, block-diagonal) if it can be written
=G Gi@...G,D... (5.9)
with G, € &1(H7). A state I'y on the truncated Fock space F=(§), respectively a

S
diagonal state on the truncated Fock space, are defined in the same manner. For a diagonal

state on F="(§), of the form
F'=Gon®GiND...DGNN,

18Tpe procedure is the same for fermionic particles.
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its n-th reduced density matrix Fg\?) is the operator on £ defined by

W (N VN [k
FSV) — <n> Z <n> Trn+1ﬁk GN,k- (510)

k=n

g

The acquainted reader will notice two things:

e We introduce only those concepts that will be crucial to the sequel of the course.
One may of course define the density matrices of general states, but we will not
need this hereafter. For a diagonal state, the reduced density matrices
characterize the state completely. For a non-diagonal state, one must also specify
its “off-diagonal” density matrices T®9 : §5% s §7 for p # q.

e The normalization we chose in is not standard. It is chosen such that, in
the spirit of the rest of the course, the n-th reduced matrix of a N- particles state
(i.e. one with Goy = ... =Gn_1y =01in ) be of trace 1. The standard
convention would rather be to fix the trace at (]X ), which is less convenient to

apply Theorem

We may now introduce the concept of localization of a state. We shall limit ourselves
to N-body states and self-adjoint localization operators, which is sufficient for our needs
in the sequel. The following lemma/definition is taken from [105]. Other versions may be
found e.g. in [2 53| 86].

Lemma 5.2 (Localization of a N-body state).
LetT'n € S(HY) be a bosonic N-body state un état bosonique & N corps and A a self-adjoint
operator on $) with 0 < A% < 1. There exists a unique diagonal state T4 € S(F=N(9))
such that
()™ = aenr( gon (5.11)
for all0 <n < N. Moreover, writing Fﬁ in the form
we have the fundamental relation
_A2
Trny [Gia) = Trgy—n [GXN20] (5.12)

Remark 5.3 (Fock-space localization).

(1) The uniqueness part of the lemma shows that one has to work on Fock space. The
localized state is in fact unique in S(Fs($)), but to see this we would need slightly
more general definitions, cf [105].

(2) The relation is one of the cornerstones of the method. Loosely speaking it
expresses the fact that, in the state I'y, the probability of having n particles
A-localized is equal to the probability of having N —n particles v/1 — A2
localized. Think of the case of a very siple localization function, A = 1 r),
the indicative function of the ball of radius R. We are then simply saying that
the probability of having exactly n particles in the ball equals the probability of
having exactly N — n particles outside of the ball. Indeed, in probabilistic terms,
these correspond to the same event. O
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Proof of Lemma 5.2 Uniqueness, at least amongst diagonal states on the truncated Fock
space, is a s1rnple consequence of the fact that the reduced density matrices uniquely
characterize the state. Details can be found in [105].

For the existence, on can use the usual identification

Fs(AH &1 — A%29) ~ Fs(A9H) @ Fs(V1 — A29)

and define the localized state by taking a partial trace with respect to the second Hilbert
space in the tensor product of the right-hand side. We shall follow a more explicit but
equivalent route. To simplify notation we shall restrict to the case where A = P is an
orthogonal projector and thus /1 — A2 =

By definition and cyclicity of the trace, we obtain

P®nrg\7)P®n = Trp 1N [P@m ® 18N -np, pen g 1®(an)}

T /N —n\2 @n+k ®(N—n—k) ®n+k ®(N—n—k)
= ( . ) Trns1o [P @ P Iy PEH g pe ]

k=0

N /N —n)\? Qk ®(N—k) ®k Q(N—k)
:Z<k_n> Tons1on [P @ PP pok @ pPOh]

k=n

(N—n)

upon writing 1 = P + P, and expanding the terms 1% using the binomial formula.

It then suffices to note that
N-n\?  [(N\?(N\ [k\""'
k—n -\ k n n

SIOANL o
penp( pen — kz_: (n) (n) T [Ghy] = (GR)
with (cf Definition (5.10])

NY? _ _
Gy = <k> Tripro | PO @ PP Ty pok g PP (5.13)

to obtain

and
GN=GNo®...®Gyy

There remains to show that Gﬁ is indeed a state, i.e. that its trace is 1. To see this, we
write

1 = Trgn [Ty] = Trgw [(P L PN Dy (P + PL)®N}

N N 2
- Z <k> Tryn [P®k ® PPNRpy pok g Pf(N*’“)}

N
Z Tk GNk Tr]-'(ﬁ)[G]I\Df]~
k=0

The relation (5.12)) is an immediate consequence of (5.13|) and the symmetry of T'y. O
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5.3. Proof of the weak quantum de Finetti theorem and corollaries.

We are now going to use the localization procedure just described to prove the first im-
plication of the strategy (3.45)). The idea is to use a finite-rank projector P combine ([5.10)
with (5.11)) to write (with n € N fixed)

N -1
peny () pen — $° ( > <n> Trpy1-k Gy

n
k=n
N k n
~ Z <N> Trni1-k G- (5.14)
k=n

Here we inserted the simple estimate (see the computation in [106], Equation (2.13))

<JZ>_1 (i) - (]/3)" +O(NTH. (5.15)

We then reason as follows: The terms where k is small contribute very little to the
sum because of the factor (%)n For the terms where k is large, we note that,
up to normalization, Gﬁ i is a k-particles bosonic state over P$). One may thus apply
the de Finetti theorem discussed in Chapter (4] to it, without worrying about compactness
issues since P$) has finite dimension. Since k is large in these terms, and n is fixed, we
obtain (formally)

Toion G~ TrulGR) [ ds(w)]u®) ("]
ueSP$H

for a certain measure v, and thus

N n

k

PP~ S TeulGhl () [ dmw) e,

’ N ueSP$H
k~N

In the limit N — oo, the discrete sum becomes an integral in A = k/N. Using the fact

that GJJ\D, is a state to deal with normalization, it is natural to hope that we can obtain

1
P®”7%L)P®” faﬁ/ d\ )\”/ d1/>\(u)|u®")(u®”\,
0 ueSPH

which may be rewritten in the form (3.24]) by defining (in “radial” coordinates on the unit

ball BP$))
u u
dp) = dp <|ruu , ”uH) = d [ul]? x dv (Hu”) '

There remains, as a last step, to apply this procedure for a sequence of projectors P, — 1
and to check some compatibility relations to conclude. The final measure might not be a
probability measure, which one can compensate by adding a delta function at the origin
without changing any of the previous formulae.

Note that this proof, which combines the methods of Chapter [4 and Section [5.2] gives a
recipe to construct the de Finetti measure “by hand” (up to fact that we have to pass to
the limit at some point). This is very useful in practice, see Chapters |§| and |7l The spirit
of the proof using localization is reminiscent of some aspects of the method of Ammari
and Nier [3], 4].
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Let us now present the details of the proof, following [106, Section 2].

Proof of Theorem [3.7, We carry on with the above notation. The following formula de-
fines M }(; ])V as a measure on [0, 1], with values in the positive hermitian matrices of size
dim (®F(P$)):

N
dMI(JT,Lj)V<)‘) = Z Or/n(A) Trpp1sk Gﬁ,k-
We then have, using (|5.15])

1 N
Tr P®n,yl£7]LV)P®n _ / N dM](DZ)V()\)‘ < %Z Tr Gﬁjk — 0 when N — cc. (5.16)

0 k=n

(n)

Since P is a finite rank projector and y,’ converges weakly-* by assumption,
P®n,7](\7;)P®n N P®n7(n)P®n (5_17)
strongly in trace-class norm. On the other hand
1
Trgn [/ aM () } Z Troe Gy < Z Troe GR =
0 7 k=n+1

so M })n])v is a sequence of measures over a compact finite dimensional space (positive
hermitian matrices of size dim P$) having a trace less than 1). One may thus extract
from it a subsequence converging weakly as measures to M 1(3”). Combining with ([5.16])

and (5.17) we have

1
pEny(m pen — /0 AT AMI)(N). (5.18)

We now have to show that the sequence of measures (M },n) ) N that we just obtained
ne

is consistent in the sense that, for all n > 0,

/dﬂMTdeMﬁ“%wz/dﬂMﬂ%@O) (5.19)
0 0

for all continuous functions f over [0, 1] vanishing at 0. Here Tr,; denotes partial trace
with respect to the last variable. We have

1)
Try 1 dM pn;\; Z O/N(A) Trpsp G
k=n+1

= AME V) = S, n(NGR,
and thus

1
100 T [T M ) = M) /f7mwmwm

</ (3)
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since Trgn Gﬁ,n < 1. Passing to the limit we obtain (5.19) for all function f such that

£(0) = 0.
We now apply Theorem in finite dimension. Stricto sensu, this result applies only

at fixed A\, but approaching dM gl) by step functions and then passing to the limit, we

obtain a measure vp sur [0, 1] x S$H N (P$H) such that

! (n) _ ! n mn
/0 FONAME) () = /3 i /0 FNdp (O, u) ™) (")

for all continuous function f vanishing at 0. We thus obtain

1
®n (n) ®n: y ” nu®n u@”
pEn. ) p /o/syf“’“ ) A" B (18|
1
_ / / dvp(h, ) |(VA) ™) (VAw)e"|
0 SH

- / dpup () ™) (w7,
B$

defining the measure pp in radial coordinates. We are free to add a Dirac mass at the
origin to turn pp into a probability measure.

The argument can be applied to a sequence of finite rank projectors converging to the
identity. We then have a sequence of probability measures u; on Bf) such that

pEny () pen _ /B . dpur () [u®™) (u®").

Taking an increasing sequence of projectors (i.e. Pr$) C Pr119) it is clear that py coincides
with py on Pp$) for £ < k. Since all these measures have their supports in a bounded set,
there exists (see for example [I76, Lemma 1]) a unique probability measure{ﬂ u on B
which coincides with pg on P.$) in the sense that:

/ dpage (w) [u®") (U] = / dp(u) | (Pew) ™) ((Pru)®").
B$ B$
We thus conclude

R A A RO I

and there only remains to take the limit & — oo to deduce the existence of a measure

satisfying (3.24]).

Let us now prove that this measure must be unique. Let p and p satisfy
[ ) wMdut) = [ ) (@) = 0 (5.20)
B9 B

for all £k > 1. Let V = vect(ey,...,eq) be a finite-dimensional subspace of £, P; =
lei)(e;| the associated projectors and py, i1, the cylindrical projections of p and p/ over V.

1974 construct it, note that the o-closure of the union for £ > 0 of the borelians of Pr$) coincides with
the borelians of .
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Applying P, ® --- ® P, on the left and Pj, ® --- ® P;, on the right to (5.20]), we obtain
[ iy e = ) ) =0
BV

for all mutli-indices 41, ..., i and ji, ..., jx (we denote u = Z‘j:l uje;). On the other hand,
by S' invariance of both measuresit is clear that if k # ¢,

/ iy iy T+ T dpy — iy ) (1) = 0.
BV

Since polynomials in u; and u; are dense in C°(BV,C) (continuous functions on the unit
ball of V), we deduce that the cylindrical projections of p and u' over V' coincide. That
being true for all finite dimensional subspace V', we conclude that the two measures must
coincide everywhere. d

We now give a particular case, adapted to our needs in the next chapter, of a very useful
corollary of the above method of proof (see [106, Theorem 2.6] for the general statement):

Corollary 5.4 (Localization and de Finetti measure).
Let (Ty)nen be a sequence of N-body states over $ = L*(R?) satisfying the assumptions
of Theorem [3.7 and p be the associated de Finetti measure. Assume that

Tr[—A’y](\})} Tr[|vw yV|]<C (5.21)

for some constant independent of N. Let x be a localization function with compact support
with 0 < x <1 and G be the localized state defined in Lemma . Then

lim Zf ( )mk G = [ dutu) f(lcul?) (5.22)

N—oo

for all continuous functions f on [0, 1].

Proof. Since polynomials are dense in the continuous functions on [0 1] it is sufﬁcient to

consider the case f(A) = A" with n =0, 1,.... We then use and ( again

to write
N

S () o G = oo [0
k=0

Assumption ([5.21)) ensures

— 0 when N — .

Tr Z—Aj 7](\7) <Cn
j=1

and we may thus assume that

Z‘VD ’YN Z!V\] —, Z\V]j ~ () Z]VU when N — oo.
j=1 j=1
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The multiplication operator by x is relatvely compact with respect to the Laplacian, thus

-1

Dy =" [ Y19,

is a compact operator. We then have

Tren [X@)"%(\?)X@”} = Trgn | DY

3
/-~
o,
Il 3
—

Vs (Do 1v1 | DX
j=1

— Trgn | DY VI | A DIV | DX
j=1 j=1

®n, (n)

= Trgn [X vy X®”} .

We conclude by using (3.24]) that

N

> (7)o G = [ aso) T [0 (300

k=0

- / dpu(u) xcul " = / dpa(a) £ (xcal®).
B B$H
O

Remark 5.5 (Weak de Finetti measure and loss of mass.).

(1)

Assumption is used to ensure strong compactness of density matrices, see the
proof. It is of course very natural for the applications we have in mind (uniformly
bounded kinetic energy). The convergence in means that the mass of the de
Finetti measure u on the sphere {||ul|> = A} corresponds to the probability that a
fraction A of the particles does not escape to infinity.

We will use this corollary to obtain information on particles escaping to infinity in
the following manner. We define the function

n=v1-x?
which localizes “close to infinity”. One of course cannot apply the result directly
to the localized state G Instead one may use Relation (5.12) to obtain

N N
k k
: oo X
J\;lm ;0 <N> Trgr Gy = J\}lm kgof <1 — N) Trer Gy

- / du(u) £ (1= [ull?), (5.23)
B$

which gives some control on the loss of mass at infinity, encoded in the de Finetti
measure. This is a bit surprising since the latter by definition describes particles
which stay trapped. Typically we will use with f(\) ~ en(\), the Hartree
energy at mass A, see the next chapter.

O
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6. Derivation of Hartree’s theory: general case

We now turn to the general case of the derivation of Hartree’s functional as a limit of the
N-body problem in the mean-field regime. In Chapter [3] we saw that, under simplifying
physical assumptions, the result is a rather direct consequence of the weak and strong de
Finetti theorems. The general case requires a more thorough analysis and we shall use
fully the localization tools introduced in Chapter [f

The setting is now that of particles in a non-trapping potential V, interacting via a
potential that may have bound states. Let us recap the notation: The Hamiltonian of the
full system is

N
1
H% :ZTJ‘-Fm Z w(:vi—xj), (6.1)
j=1 1<i<j<N
acting on the Hilbert space HY = @2 6, with £ = L2(R%). The one-body Hamiltonian is
T=-A+YV, (6.2)

that we assume to be self-adjoint and bounded below. We have emphasized the dependence
on the potential V' in the notation because we will be lead to consider the system
where particles are lost at infinity described by the Hamiltonian HR, where one sets V = 0.
One can generalize in the same directions as mentioned in Remark but we shall for
simplicity stick to the above model case.

The interaction potential w : R — R will be asumed bounded relatively to T: for some
0<p_,6y<land C >0

—B_(Th +Ts) — C <w(xy —x2) < Py (Th +T2) + C. (6.3)
We also assume symmetry
w(—z) = w(z),
and some decay at infinity
w e LP(RY) + L®°(RY), max(1,d/2) < p < oo — 0,w(z) — 0 when |z| — oo. (6.4)

This ensures [I52] that Hy is self-adjoint and bounded below. Again, it is rather vain
to consider partially trapping one-body potentials, and we thus assume that V is non-
trapping in all directions:

V e LP(RY) + L®(RY), max1,d/2 < p < 00, V(x) — 0 when |z| — co. (6.5)
The ground state energy of (3.1]) is always given by

EV(N)=infosnvHY = inf U HGWY . 6.6
(N) =infogvHy q;egzlv],a||q;||:1< N >5N (6.6)

Finally let us recall what the limit objects are. The Hartree functional with potential V'
is given by

el = [ VP4V +g [ @Pee-wPddy  6)

and we shall use the notation Sﬂ for the translation-invariant functional where V = 0.
The Hartree energy at mass A is given by

e (\) == ” i”gf_A EX[u],0 < X< 1. (6.8)
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Under the previous assumptions we will always have the binding inequality
eti(1) < efi(A) +ef(1 =) (6.9)

which is easily proved by evaluating the energy of a sequence of functions with a mass A
in the well of the potential V' and a mass 1 — A\ escaping to infinity. We will prove the
following theorem, extracted from [106] (particular case of Theorem 1.1 therein).

Theorem 6.1 (Derivation of Hartree’s theory, general case).
Under the preceding assumptions, we have:

(i) Convergence of energy.

EV(N
lim ( )

Jim = = ey (1). (6.10)

(ii) Convergence of states. Let Wy be sequence of L?(RW)-normalized quasi-minimizers
for H% :

(Un,HYUN) = EY(N) + o(N) when N — oo, (6.11)

and ’y](\];) the corresponding reduced density matrices. There exists p € P(B$)) a probability

measure on the unit ball of  with u(M") =1, where

MY ={ueBs &) = chlul®) = 1)~ - uP)}.  (6.12)
such that, along a subsequence,
k
W= [ ) dp(w) (6.13)
MV

weakly-+ in & (H), for all k > 1.
(#i7) If in addition the strict binding inequality
e (1) < ef(\) + el (1= N) (6.14)

holds for all 0 < X\ < 1, the measure p has its support in the sphere S and the limit (6.13)
holds in trace-class norm. In particular, if ef;(1) has a unique (modulo a constant phase)
minimizer ug, then for the whole sequence

'y](\]f) — |u?}k><u(§lk! strongly in &' (H*) (6.15)

for all fixed k > 1.

The proof proceeds in two steps. In Section [6.1] we first consider the completely
translation-invariant case where V' = 0, which will describe particles escaping from the po-
tential well V in the general case. We show that the energy e (1) is the limit of N71E?(N).
In this case one cannot hope for much more since there always exist minimizing sequences
whose density matrices converge to 0 in trace-class norm. In addition to the tools already
introduced we shall rely on an idea of Lieb, Thirring and Yau [125, 126] to recover a bit
of compactness.

We then use fully the localization methods of Chapter [5| to treat the general case
in Section In the spirit of the concentration-compactness principle we will localize
minimizing sequences inside and outside of a ball. The inside-localized part is described
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by the weak-* limit of reduced density matrices and we can thus use the weak de Finetti
theorem. The outside-localized part no longer sees the potential V' and may thus apply
to it the results of Section [6.1]

6.1. The translation-invariant problem.

Here we deal where the case where V = 0. It is then possible to construct quasi-
minimizing sequences for E°(N) with ’y](\})(. —yn) —« 0 for any sequence of translations
xzn. One may thus have vanishing in Lions’ terminology [129] [130] and without any specific
trick one cannot hope for more than the convergence of the energy. Indeed, it is possible
to construct a state where the relative motion of the particles is bound by the interaction
potential w but where the center of mass vanishes. This implies vanishing for the whole

sequence. We shall thus be content with proving the convergence of the energy:

Theorem 6.2 (Translation-invariant systems).
Under the preceding assumptions, we have

E%N
lim (V)

Jim = = ¥ (1). (6.16)

The first step is to use part of the interaction potential to create an attractive one-body
potential (this roughly amounts to taking out the center of mass degree of freedom). This
way we will define an auxiliary problem whose energy is close to the original one, but
for which particles always stay trapped. This is done in the following lemma, inspired
from [125] [126]:

Lemma 6.3 (Auxiliary problem with binding).
We split w = w — w™ into positive and negative parts and define, for some & > 0

we(z) = w(z) +ew™ (z).

Consider the auziliary Hamiltonian

N
5 =3 (K —ew_ (@) + ﬁ S wn(w— ) (6.17)

i=1 1<i<j<
and E¢(N) the associated ground state energy. Then

. ES(N) _ . E°(N)
= < — =a. .
CENLTN SN T (0:15)

Proof. Using symmetry, we can for all U € L2(R) write
N N N-1
\\ A |V )=—-—"(V —A; | V).

N(NZD <\P71§§§Nw(xi B mj)\ll> e [wvgq = Trse [ww&?)] — et [w*%(f)}

Similarly
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with vy = [¥)(¥|, then

2
TI“52 [wayg)} = (N — 1)(N — 2) Tr Z wg(ﬂsi — $j)’)/\1/

1<i<j<N-1
and
@ c N-1
€ Trge {wffy\p } =N _1 Tr Z; w(x; —xN)Yw | -
i=
All this implies
N-1
— (U, HY U
N < ) N >
N-1 1
=1 1<i<j<N-1

In the preceding equation the Hamiltonian between parenthesis depends on = via the
one-body potential ew™ (x; — xx) but since the other terms are translation-invariant the
bottom of the spectrum is in fact independent of wy. We thus have

N-—-1
T(\II,HR,\D > E°(N — 1)(¥,T) (6.20)
for all ¥ € L2(R®), which implies
E°(N) L BN -1)
N — N-1
The sequences E°(N)/N and E°(N)/N are increasing since they are the infimum of vari-
ational problems set on decreasing sets (cf ([1.55])). Using simple trial states one may on
the other hand show that

0 €
E'(N) <0, EE(N) <0
N N
and thus that the limits a and a. exist. Then ([6.20]) clearly implies (6.18)). O

We next derive a lower bound to E¢(N) for € small enough. It is much easier to work on
this energy because the corresponding sequences of reduced density matrices are strongly
compact in &!. Indeed, compactness or its absence (physically, binding or its absence)
resuts from a comparison between the attractive and repulsive parts of the one- and two-
body potentials. Here the one-body potential ew™ and the two-body potential w. are
well equilibrated because they have been built precisely for this purpose, starting from the

original two-body potential w. This trick will allow us to conclude the
Proof of Theorem[6.4 As usual, only the lower bound is non-trivial. Since ef;(1) < 0 one
may assume that a < 0 since otherwise a = eOH(l) = 0 and there is nothing to prove. We

are going to prove the lower bound
1
a: > eg(l) == | i”r%f {(u, (—A — cw_)u) + 2/ lu(z) [Pw.(z — y)|u(y)|2d3:dy} , (6.21)
ul||“=1

and it is then easy to show that e (1) — e¥ (1) when € — to obtain (6.16] by combining
with (6.13).
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Let W be a sequence of wave-functions such that

(Un, HyV ) = E°(N) + o(N).

and ’y](\];) the corresponding reduced density matrices. Then
o (Un HRUN) ], 1 2)
o= g P (1, [ ] o )

After the usual diagonal extraction we can assume that

k

and we are going to show that the convergence is actually strong. We shall afterwards use

the strong de Finetti theorem to obtain Hartree’s energy as a lower bound.
We pick a smooth partition of unity X%{ + n% =1 and use Lemma to get

1
Qe > lién inf lim inf {Tryj [(—A . ew_)XR’yJ(&)XR} + B Tree [wax%%ﬁ)x%?]

—00 N—o0

1
+Trg [—AHR’Y](V)UR} + 5 Trs [wgn%Q’y](\?)n%ﬂ } (6.22)

We define the ygr— and ng-localized states G and G by applying Lemma to Uy
We will use those to estimate separately the two terms in the right side of (6.22))

The ypr-localized term. Using (5.10|) and (5.11)) we have

1
Try, [(—A — aw_)XR’y](\})XR} + 3 Trge [nggzyﬁ)xgﬂ
N k 1 k
=% Z Trer Z(—A —ew_); + N1 Z we(z; — ) G?V,k (6.23)
k=1 i=1 1<J
We apply the inequality
A+tB=(1-t)A+t(A+B)> (1—t)info(A) +tinfo(A+ B) (6.24)
with
k
A=>(-A—ew ), A+B=Hy, t=(k-1)/(N-1).
=1
We have

liminfo(—A —ew_) =info(—-A) =0

e—0
and since we assume that a < 0, for € small enough
info(—A —ew_) >a>a. >k info(H. ).

Thus
info(A) > info(A+ B)

and we may then write

N X
1 kTrG E<(k
Try, [(—A _5w—)XR’Y](\})XR} + §Trﬁ2 {ngR 7N XR ] E Nk kE )
k=1
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But since
N X
kTr Gy, 2 (1) 9 E# (k)
I Nk (1)] ' _
S = pdod] oy T[] and - Jim S5

€
and k — ET(I"’) is increasing we conclude

. 1
lim inf <TI'.6 [(—A — sw_)XR’y](\})XR} + 3 Tree [waxg2vﬁ)xg2}> >a.'Tr {X%ﬂ(l)}

N—oo
(6.25)
by monotone convergence.

The ng-localized term. Using the results of Section [5.2] as above we have

(1)

1 1 2
Trg [TUR’YN UR} t3 Trge [%?7%2’7](\/)77}8%2}

N k Kk
1 1
= N E Trﬁk E —A; + N_1 E ws(:vi ij) G?V,k . (6.26)
k=1 i=1 i<j
Here we use

~A>0, w.=w+2ew > (1-2)wand E°k) <ak <0

to obtain
k k
1 (1—-2e)(k—1)
Z—Ai—FiN_lng(a}i—l'j) > —N—l Hk
=1 1<J
1—-2e)(k—-1
> (NE)_(l)EO(k) > EO(k) — 2ecak

for all £ > 1. Combining with (/6.26)) we obtain

1
Trg {_AWR'Y](\})UR} + 5 Tree [wsn}‘?fw(v?)n%ﬂ >
We finally deduce that

.. 1
lim inf <Trﬁ [TT]R%(&)UR} + §Trﬁz [wsn;?v](\?)ngﬂ) > (1—25)@(1—Tr[x%ﬂ(1)]) (6.27)

N—o0

upon using

N
k no_ 2, (1) 2 (1) . E°(k) _
kz_:o N TrGy,=Tr {UR'YN ] fendl 1-"Tr [XRV } and klggo L O

0
as well as the fact that k — ET(k) is increasing.
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Conclusion. Inserting (6.25) and (6.27)) in (6.22) we find
az > liminf (as Tr [x%v(l)} +(1—2¢e)a(l—Tr [X%'y(l)} ))
R—o0
= a: TrlyW] + (1 - 2¢)a(1 - Tr[yM))

Since we assumed a. < a < 0, we obtain

Tr[yM] = 1. (6.28)
There is thus no loss of mass for the auxiliary problem defined in Lemma [6.3] This suffices
to conclude that the reduced density matrices 7](\];) converge strongly. Indeed, one may

apply the weak de Finetti theorem to the sequence of weak limits 7(*) to obtain a measure
w living on the unit ball of $. But (6.28)) combined with (3.24]) implies that the measure
must in fact live on the unit sphere. We thus have, for all £ > 0,

TrlyW] = 1,
which implies that the convergence of 'y](\l;) to 'y(k) is actually strong in trace-class norm.
We can then go back to (6.22)) to obtain

lim inf <T1q;J [(—A — 5w7)7](\})] + %Trﬁz [W—:%@})

N—oo
> Try {(—A - 6w,)’y(1)} + %Trﬁz {wsw(m} .

We then apply the strong de Finetti theorem to the limits of the reduced density matrices
to conclude that the right side is necessarily larger than ef;(1). This gives (6.21]) and
concludes the proof. O

6.2. Concluding the proof in the general case.

We have almost all the ingredients of the proof of Theorem at our disposal. We
only need a little bit more information on the translation-invariant problem, as we now
explain.

For k > 2 consider the energy

k k
1. A
bk()\) = %mfaﬁk E —Ai + m E w(xi — a;j) s (6.29)
i=1 1<j

i.e. an energy for k particles with an interaction strength proportional to ﬁ In the last
section we have already shown that the limit & — co of such an energy is given by )\e%()\)
when ) is a fixed parameter. Using Fock-space localization method, the energy of particles
lost at infinity in the minimization of the energy for N > k particles will be naturally
described as a superposition of energies for k-particles systems with an interaction of
strength 1/(N — 1) inherited from the original problem. In other words, we will have to
evaluate a superposition of the energies by (\) with

k—1

N-—-1’

a bit as in (6.23) and (6.26]). Since this A depends on k it will be useful to know that by (\)
is equicontinuous as a function of A:

A=
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Lemma 6.4 (Equi-continuity of the energy as a function of the interaction).
We set the convention

Then, for all X € [0,1]

lim Abg(A) = el (). (6.30)
k—o00
Moreover, for all0 < A< N <1
0 <b(\) —bpe(\) < CIA=N| (6.31)

where C' does not depend on k.

Proof. We start by vindicating our claim that (6.30)) is a direct consequence of the analysis
of the previous section. For A = 0 there is nothing to prove. For A > 0 we use Theorem
to obtain

klggokbk(/\) :)\Huiu%le ( o ) // wiz =yl )’2>
:”uigfk<um 5 [ wte @) = v,

be(A) > b(N) forall 0 < A< N <1

is a consequence of (6.24). Indeed, one can see that either bi(\) = 0 for all A or the same
kind of argument as in (6.24]) applies.
For the equicontinuity (6.31)) we fix some 0 < o < 1 and remark that, with

S:=N =Nt =N,

The fact that

we have
1 (<& N 1—6 [ P
ri DOLE s DL Byl DUy OO
i=1 i<j i=1 i<j
5 k 1 &
+@ Q;Ki—FH;jwij

> (1o - L

using the fact the spectrum of the operator appearing in the second line is bounded below.
We deduce

0 < bp(A) — bp(N) < 5(bp(\) + Ca™t) < CIN — )|
since by(A) is uniformly bounded and |§] < C|A — N|. O

We may know conclude the

Proof of Theorem[6.1]. Let ¥y be a sequence of N-body wave-functions such that
(Un, HNUy) = BY(N) + o(N),
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(k

with 'yN) the associated reduced density matrices. After a diagonal extraction we have

(k)

T = (k)

weakly-*. Theorem ensures the existence of a probability measure p such that

A = / () ) (). (6.32)
ueEB$H

We pick a smooth partition of unity X%{ + n%% = 1 as previously and deinfe the localized
state G and G} constructed from |¥x)(¥y|. Using Lemma again we obtain

TR CL) R, <Tr r ()} + 5 Trse [w%(v)D

N—oo N N—oo

R—o00

> lim inf l}\lfn inf {Trg {TXR’Y](V)XR} + = Tryjz [wx?f%(\?)x%ﬂ
1 1 2
+ Try [_AUR'Y](V)UR} + 5 Trgpe [wn%Q'y](V)n%ﬂ } . (6.33)
First we use the strong local compactness and ([6.32]) for the yg-localized term:
1
lim inf {Tr;, [TXR%(\PXR} + = Trge [WX%’Y](\?)X%} }
N—o0 2
1
> Try, {TXR’Y(I)XR} + 5 Trge {wa @y ®2 / &Y [xruldp(w). (6.34)
Our main task is to control the second term in the right side of (6.33). We claim that
.. 1
lim inf (Tr [Tnm](v)mz] + = Trgpe [wng%ﬁ)nﬁ%ﬂ) > / e (1 — IIxrul?)dp(u). (6.35)
N—o0 2 B$

Indeed, using the ngr-localized state G?V we have

k k
1 1 1
Ty, [_AnR'V](V)nR} + §T1"5§2 [UJ??R ’VN TIR } = § Trf)k g —A; + N_1 E Wi G?\Qk

1<J

k
lefO'ka Z —A; + jl_lzwij

i=1 1<j
N
k—1
Yl
;TrGNkN (N_l)

where by, is the function defined in (6.29)). On the other hand

A}gnooZTrG ( (;‘_ﬂ) — e <§>> =0, (6.36)

TTMz
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because, using the equicontinuity of {b}?°, and the convergence limy_, oo Abg(A) = €% (\)
given by Lemma [6.4] we get

k
li —b - =]|=o.
Jm s (=5 ) e ()| =0

We just have to combine this Wlth

ZTrGNk_l

to obtain (6.36)). At this stage we thus have

o 1 1 2 k
l}ggof Trg [—AUR’Y](V)UR} + 3 Trge [wn}%Q'y](V)n%ﬂ > hm ZTr GN keH (N) .

We now use the fundamental relation (5.12)) and Corollary [5.4] as 1nd1cated in Section
to deduce

li ﬂG k lim 3 Tr GX P i
11m —
N—>oo NkeH N—)ook_0 N,N—k “H N

N—)oo

k
—— 'HGqu{< ¥) = [ =l

which concludes the proof of 6.35 ).
There remains to insert ((6.34]) and (6.35)) in (6.33]) and use Fatou’s lemma. This gives

_ EY(N) _ .. . % 0 2
g;Nz%ﬂ@hmmwwWMmﬁ

> /L tim inf [} peru) + e (1 — xrul®)] du(w)

£5) R—o00

— [ [&1 b1 = )] dutw)

B$

> [ [ebiCul® + e~ al®)] diste) = en () (637
B$

using the continuity of A — e{()\) and the binding inequality (6.9). This concludes the

proof of (6.10), and the other results of the theorem follow by inspecting the cases of
equality in (6.37)). O
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7. Derivation of Gross-Pitaevskii functionals

We now turn to the derivation of non-linear Schrédinger (NLS) functionals with local
non-linearities:

Ealili= [ [V0 + VI + Glol"

One may obtain such objects starting from a Hartree functional such as (3.8) and taking
an interaction potential converging (in the sense of distributions) to a a Dirac mass

wr(z) = L% (%) — (/Rd w> dp when L — 0.

Since we already obtained as the limit of a N-body problem, one might be tempted
to see the derivation of the NLS functional as a simple passage to the limit in a one-
body problem. The problem with such an approach is the total lack of control on the
relationship between the physical parameters N and L. One can see this as a problem
of non-commuting limits: it is not clear at all that one can interchange the order of the
limits N — oo and?) L — 0.

From a physical point of view, the good question is “What relation should N and L
satisfy if one is to obtain the NLS energy by taking simultaneously the limits N — oo and
L — 0 of the N-body problem ?” The process leading to the NLS theory is thus more
subtle than leading to the Hartree theory. We shall first elaborate a litlle bit more on this
point in the following subsection.

7.1. Preliminary remarks.

Until now we have worked with only two physical parameters: the particle number N
and the interactions strength A. In order to have a well-defined limit problem we have
been lead to considering the mean-field limit where A oc N~!. In this case, the range
of the interaction potential is fixed and each particle interacts with all the others. The
interaction strength felt by a typical particle is thus of order AN 1, comparable with
its self-energy (kinetic + potential). We saw that this equilibration of forces acting on
each particle, combinded with structure results a la de Finetti, naturally leads to the
conclusion that particles approximately behave as if they were independent. It follows
that Hartree-type descriptions are valid in the limit N — oo.

There are other ways to justify such models: the equilibration of forces which allows the
limit problem to emerge may result from a more subtle mechanism. For example, in the
ultra-cold alkali gases where BEC has been observed, it has more to do with the dilute-
ness of the system than with the weakness of the interaction strength. For a theoretical
description of this situation, we can introduce in our model a length scale L characterizing
the range of the interactions. Taking the total system size as a reference, a dilute system
is materialized by taking the limit L — 0. The interaction strength for a typical particle
is then of order ANL? (interaction strength x number of particles in a ball of radius L
around a given particle). This parameter is the one we should fix when N — oo to obtain
a limit problem. Different regimes are then possible, depending on the ratio between A
and L.

20The L — 0 limit of the N-body problem is by the way very hard to define properly.
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One may discuss the different possibilities starting from the N-body Hamiltonianlﬂ

N
Hy =3 BtV 4y 3 NP ay) (7.1)

j=1 1<i<j<N
which corresponds to choosing
L=N7"XoxN®B-1

the fixed parameter 0 <  is used to set the ratio between L and A. We consider the
reference interaction potential w as fixed, and we shall denote

wy(z) := NPw(NPr). (7.2)

For g > 0, wy converges in the sense of distributions to a Dirac mass

wy — (/Rd w> o, (7.3)

materializing the short range of the interactions/diluteness of the system. Reasoning
formally, one may want to directly replace wy by ( fRd w) do in . In this case we are
back to a mean-field limit, with a Dirac mass as interaction potential. This is of course
purely formal (except in 1D where the Sobolev injection H' — C° allows to properly
define the contact interaction). Accepting that this manipulation has a meaning and that
one may approximate the ground state of under the form

Uy = &N (7.4)

we obtain the Hartree functional
1
eulu)i= [ IVl + VIS + G0Pws o) (75)

Replacing the interaction potential by a Dirac mass at the origin leads to the Gross-
Pitaevskii functional

Eulili= [ V0 + VI + Glol" (76)

In view of ([7.3)), the logical choice seems to imagine that when 8 > 0, we obtain, starting
from ((7.1)), the above functional with

0= /Rdw. (7.7)

In fact one may prove the following results (described in the case d = 3; d < 2 leads to
subtleties and d > 4 does not have much physical meaning):

e If 3 = 0 we have the previously studied mean-field (MF) regime. The range of
the interaction potential is fixed and its strength decreases proportionally to N 1.
The limit problem is then (7.5)), as previously shown.

210nce again, it is possible to add fractional Laplacians and/or magnetic fields, c¢f Remark (3.2} For
simplicity we do not pursue this here.
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o If 0 < 8 < 1, the limit problem is with the parameter choice , as can be
expected. We will call this case the non-linear Schrédinger (NLS) limit. This case
does not seem to have been considered in the literature prior to [I08] but, at least
when w > 0 and V is confining, one may adapt the analysis of the more difficult
case f = 1.

e If 5 =1, the limit functional is now with

a = 41 x scattering length of w

(see [118, Appendix C] for a definition). in this case, the ground state of (7.1))
includes a correction to the ansatz ([7.4)), in the form of short-range correlations.
In fact, one should expect to have

N
‘IJN(:Bl,...,xN) ~ H’Lﬁ(:ﬂﬂ H f (Nﬂ(xi—xj)> (78)
j=1

1<i<j<N

where f is linked to the two-body problem defined by w (zero-energy scattering
solution). It so happens when 5 = 1, the correction has a leading order effect
on the energy, that of replacing fRd w by the corresponding scattering length, as
noted first in [57]. We will call this case the Gross-Pitaevskii (GP) limit. It is
studied in a long and remarkable series of papers by Lieb, Seiringer and Yngvason
(see for example [127, 128 120, 119, 121, 116, 118]).

As already mentioned, the corresponding evolution problems have also been thoroughly
studied. Here too one has to distinguish the MF limit [9, 4 [74], 157, [149], the NLS
limit [66, 148] and the GP limit [67, 147, ?].

There is a fundamental physical difference between the MF and GP regimes: In both
cases the effective interaction parameter ANL? is of order 1, but one goes (still in 3D)
from a case with numerous weak collistions when A = N~!, L = 1 to a case where rare but
strong collisions when A = N2, L = N~!. The different NLS scaling sort of interpolate
between these two extremes, the transition from “frequent weak collistions” to “rare strong
collisions” happens at A=1,L = N~1/3 ie. = 1/3.

The difficulty for obtaining by taking the limit N — oo is that there are in fact two
distinct limits N — oo and wy — adg to control at the same time. A simple compactness
argument will not suffice in this case and one has to work with quantitative estimates. The
goal of this chapter is to explain how one may proceed starting from the quantitative de
Finetti theorem stated in Chapter 4l Since this theorem is only valid in finite dimension,
we will need a natural way to project the problem onto finite dimensional spaces. We thus
deal with the case of trappend bosons, assuming that for some constants ¢,C > 0

clz]* = C < V(x). (7.9)

In this case, the one-body Hamiltonian —A + V has a discrete spectrum on which we have
a good control thanks to Lieb-Thirring-like inequalities.

The results we are going to obtain are valid for 0 < 8 < By where Sy = 5o(d, s) depends
only on the dimension of the configuration space and the potential V. We shall give
explicit estimates of 3y, but the method, introduced in [108], is for the moment limited to
relatively small 5. In particular, we will always obtain as interaction parameter. The
main advantage compared to the Lieb-Seiringer-Yngvason method [127, 119] 1211 [116] is
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that we can in some cases avoid the assumption w > 0, always made in these papers (see
also [I18]). In particular we present the first derivation of attractive NLS functionals*é in
1D and 2D.

Recently, a blend of the following arguments, the tools of [127, [1T9] 121], 116] and new
a priori estimates for the many-body ground state has allowed to extend the analysis to
the GP regime [141].

7.2. Statements and discussion.
We take comfortable assumptions on w:

w e LR, R) and w(z) = w(—z). (7.10)
Without loss of generality we assume
sup |w| =1
R4

to simplify some expressions. We also assume that
z— (1+|z)w(z) € LYRY), (7.11)

which simplifies the replacement of wy by a Dirac mass. As usual we use the same notation
wy for the interaction potential (7.2 and the multiplication operator by wy(z —y) acting
on L%(R%?).

For 8 = 0 we have shown previously that

lim EEVN) = eq. (7.12)

We now deal with the case 0 < 8 < 5y(d, s) < 1 where we obtain the ground state energy
of (7.6):
= inf  Ens[v] (7.13)
HwHL2(Rd):1
with a defined in ([7.7). Because of the local non-linearity, the NLS theory is more deli-
cate than Hartree’s theory. We shall need some structure assumptionson the interactions
potential (see [108] for a more thorough discussion):
e When d = 3, it is well-known that a ground state for ((7.6) exists if and only if a > 0.
This is because the cubic non-linearity is super-critical®? in this case. Moreover,
it is easy to see that N1 E(N) — —oo if w is negative at the origin. The optimal
assumption happens to be a classical stability notion for the interaction potential:

// p(z)w(x — y)p(y)dzdy > 0, for all p € LY(RY), p > 0. (7.14)
R xRd

€nls *

This is satisfied as soon as w = wy + ws, w1 > 0 and Wy > 0 with Wy the Fourier
transform of we. This assumption clearly implies fRd w > 0, and one may easily see
by changing scales that if it is violated for a certain p > 0, then E(N)/N — —oo.

220ne often uses the non-linear optics vocabulary to distinguish the repulsive and attractive cases :
repulsive = defocusing, attractif = focusing.
230ne may for example consult [98] for a classification of non-linearities in the NLS equation.
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e When d = 2, the cubic non-linearity is critical. A minimizer for (7.6) exists if and
only if a > —a* with

a* = Q2 (7.15)
where Q € H'(R?) is the unique [102] (modulo translations) solution to
—AQ+Q—-Q@*=0. (7.16)

The critical interaction parameter a* is the best possible constant in the interpo-

lation inequality
/ lul* < C (/ |Vu2> </ ]u|2> . (7.17)
R2 R2 R2

We refer to [85] [134] for the existence of a ground state and to [I86] for the
inequality . A pedagogical discussion of this kind of subjects may be found
in [72].

In view of the above conditions, it is clear that in 2D we have to assume
Jw > —a*, but this is in fact not sufficient: as in 3D, if the interaction po-
tential is sufficiently negative at the origin, one may see that N"'E(N) — —oo.
The appropriate assumption is now

1
e 1Vala + 5 [/ @ Pl Pote - pdedy >0 (@9
X

for all u € H'(R?). Replacing u by Au(\z) and taking the limit A — 0 we obtain

1
fulls 19t + 5 ([ w) [ @itds =0, vue mie)

which implies that

/ w(z)dr > —a™.
R2

A scaling argument shows that if the strict inequality in is reversed by a
certain u, then E(N)/N — —oo. The case where equality may occur in is
left aside in these notes. It requires a more thorough analysis, see [85] where this
is provided at the level of the NLS functional.

e When d = 1, the cubic non-linearity is sub-critical and there is always a minimizer
for the functional . In this case we need no further assumptions.

We may now state the

Theorem 7.1 (Derivation of NLS ground states).
Assume that either d =1, or d =2 and (7.18) holds, or d = 3 and (7.14)) holds. Further
suppose that

s
< Bol(d, s) := 1. 1
0<B<bolds)i=grmiop < (7.19)
where s is the exponent appearing in (7.9). We then have
(1) Convergence of the energy:
E(N
EN) . (7.20)

N
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(2) Convergence of states: Let Uy be a ground state of (7.1)) and
(n)

Y = Trnsion [UN) (Y]]
its reduced density matrices. Along a subsequence we have, for allm € N,
lim " = / dpu(w) [u®™) (u®"| (7.21)
N—o0 UEM s

strongly in &1 (L2(R™)). Here y is a probability measure supported on
Mg = {u € L2RY), [Jul 2 = 1, &) = ems (7.22)

In particular, when (7.6) has a unique minimizer uys (up to a constant phase),
we have for the whole sequence

lim 7](\7) = |uS") (w7 (7.23)

N—oo

Uniqueness of uys is ensured if @ > 0 or |a| is small. If these conditions are not
satisfied, one can show that there are several minimizers in certain trapping potentials
having degenerate minima [8], [85].

Remark 7.2 (On the derivation of NLS functionals.).

(1) The assumption 5 < (5y(d, s) is dictated by the method of proof but it is certainly
not optimal. see [116, 119, 127, 128]. One may relax a bit the condition on S,
at the price of heavier computations, something we prefer to avoid in these notes,
see [108]. In 1D, one may obtain the result for any 5 > 0.

(2) Let discuss in more details the conditions on fy(d, s). For the case of a quadratic
trapping potential V' (x) = |z|? for example, we can afford 8 < 1/24in 3D, 8 < 1/12
in 2D and § < 1/4 in 1D. The method adapts with no difficulty to the case of
particles in a bounded domain which corresponds to setting formally s = oo.
We then otain fy(d,s) = 1/15 in 3D, 1/8 in 2D and 1/3 in 1D. Improving these
theresholds in the case of (partially) attractive potentials remains an open problem.

(3) When £ is smaller than the critical $y(d, s) by a given amount, the method gives
quantitative estimates for the convergence , see below. We refer to [108,
Remark 4.2] for a discussion of the cases where a convergence rate for the minimizer
can be deduced, based on tools from [31], [72] and assumptions on the behavior of
the NLS functional. O

The proof of this result occupies the rest of the chapter. We proceed in two steps.
The bulk of the analysis consists in obtaining a quantitative estimate of the discrepancy
between the N-body energy per particle N~'E(N) and the Hartree energy

eg:= inf  Exlu] (7.24)

”u”LQ(]Rd):l

given by minimizing the functional
1
Eul] ;:/ (1Vuf> + VIuf?) da + 2// (@) P (2 — o) u)Pdedy.  (7.25)
R4 R x R4

The objects depend on N when 8 > 0, whence the necessity to avoid compactness ar-
guments and obtain precise estimates. Once the link between N~1E(N) and (7.24) is
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established, there remains to estimate the difference |eys — ep|, which is a much easier
task. Most of the restrictive assumptions we have made on w are used only in this second
step. The estimates on the difference |eg — N =1 E(N)| are valid without assuming (7.11])

and (7.14)) or (7.18). They thus give some information on the divergence of N~!E(N) in
the case where eg does not converge to eyig:

Theorem 7.3 (Quantitative derivation of Hartree’s theory).

Assume (7.9) and (7.10). Let
1+ 2dS

= 7.26
24+d/2+d/s (7.26)
If
t > 2dp, (7.27)
then, for all d > 1 there exists a constant Cq > 0 such that
E(N
ey > % > ey — CyN—1H2d5, (7.28)

Remark 7.4 (Explicit estimates in the mean-field limit).

(1) Condition is satisfied if 0 < 8 < fy(d, s). For the proof of Theorem we
are only interested in cases where |egg| is bounded independently of N, and ((7.28)
then gives non-trivial information only if holds.

(2) The result is valid in the mean-field case where 5 = 0 and thus ey does not depend
on N. We then obtain explicit estimates improving on Theorem 3.6 These present
a novelty in the case where Hartee’s functional has several minimizers, or a unique
degenerate minimizer. In other cases EL better estimates are known, with an error
of order N~! given by Bogoliubov’s theory [110} 166} 83| 54]. See [142] for exten-
sions of Bogoliubov’s theory to cases of mutiple and/or degenerate minimizers.

g

The proof of Theorem occupies Section We then complete the proof of Theo-
rem [Z.1] in Section [.4l

7.3. Quantitative estimates for Hartree’s theory.
The main idea of the proof is to apply Theorem on a low-energy eigenspace of the
one-body operator
T=-A+V

acting on $ = L%(R?%). Assumption ensures that the resolvant of this operator is
compact and thus that its specturm is made of a sequence of eigenvalues tending to infinity.
We denote P_ and Py the spectral projectors corresponding to energies respectively below
and above a given truncation A:

P_=1(_on(T), Py =15—P_ =P, (7.29)
We also denote

Np = dim(P_$) = number of eigenvalues of T smaller than A. (7.30)

24The simplest example ensuring uniqueness and non-degenerescence is that where w > 0 with @ the
Fourier transform of w.
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Since the precision of the quantitative de Finetti theorem depends on the dimension of
the space on which it applies, it is clearly necessary to have at our disposal a convenient
control of Ny. The tools to achieve this are well-known under the name of Lieb-Thirring
inequalities, or rather Cwikel-Lieb-Rosenblum in this case. We shall use the following
lemma:

Lemma 7.5 (Number of bound states of a Schrodinger operator).
Let V' satisfy . For all d > 1, there exists a constant Cq > 0 such that, for all A large
enough

Np < CgAYs+d/2, (7.31)

Proof. When d > 3, this is an application of [I17, Theorem 4.1]. For d < 2, the result
follows easily by applying [42, Theorem 2.1] or [175, Theorem 15.8], see [108] for details.
The familiarized reader can convince herself that the right side of is proportional
to the expected number of energy levels in the semi-classical approximation. We refer
to [117, Chapter 4] for a more thorough discussion of this kind of inequalities. O

In the sequel we shall argue as follows:

(1) The eigenvectors of T' form an orthogonal basis of L?(R?%) on which the N should
be distributed. The methods of Chapter [5| provide the right tools to analyze the
repartition of the particles between P_$) and P.$.

(2) If the truncation A is chosen large enough, particles living on excited energy levels
will have a much larger energy per unit mass than the Hartree energy we are
aiming at. There can thus only be a small number of particles living on excited
energy levels.

(3) Particles living on P_$ form a state on F=" (P_$)) (truncated bosonic Fock space
built on P_$). Since P_$) has finite dimension, one may use Theorem to de-
scribe these particles. These will give the Hartree energy, up to an error depending
on A and the expected number of P_-localized particles. More precisely, in view
of , we should expect an error of the form

(A + N) x Ny
N_ 7

i.e. dimension of the localized space x operator norm of the projected Hamiltonian
/ number of localized particles.

(4) We next have to optimize over A, keeping the following heuristic in mind: if A
is large, there will be many P_-localized particles, which favors the denominator
of . On the other hand, taking A is small favors the numerator of .
Picking an optimal value to balance these two effects leads to the error terms of
Theorem [7.3]

Proof of Theorem [7.3 The upper bound in (7.28) is as usual proven by taking a trial state
of the form u®Y. Only the lower bound is non-trivial. We proceed in several steps.

(7.32)

Step 1, truncated Hamiltonian. We first have to convince ourselves that it is legitimate
to think only in terms of P, and P_-localized particles, as we did above. This is the oject
of the following lemma, which bounds from below the two-body Hamiltonian

Hy=T@1+18T +wy (7.33)
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in terms of its P_-localization, P~ ® P_ Ho, P_ ® P_ and a crude bound on the energy of

the P;-localized particles.

Lemma 7.6 (Truncated Hamiltonian).
Assume that A > CN® for a large enough constant C > 0. Then
A 2N2d8

Hy > P®*H,P®? + —PP? —
2 Z 247 +4 + A

Proof. We denote
H =Tol+1eT

the two-body Hamiltonian with no interactions. We may then write
Hy = (P-+P)®H)(P-+P)®= Y PPHPRP
.5,k Le{—,+}
= Y PoPHIP®P.
bje{—+}
Indeed,
P,@P;H)P,® P =0
if i £k or j # £, since T' commutes with P. and P_P, = 0. We then note that
P, TP, > AP, and P.TP_ > —-CP_,
which gives
P,®@P, HYP, ® P, >2A P, ® P,
P,®P_HYP, ®P_>(A—-C)P, ® P_
P.@P HIP-®Py>(A-C)Py @ P_.
This gives
HY > P22 HY P®? + (A — O)II
where
MN=P,®P, +P_-®@P, + P, ® P_ =14 — P2
We turn to the interactions:
wy = (P®? + 1) wy (P92 +11) .
We have to bound from below the difference
wy — PP wy PS?
by controling the off-diagonal terms
Huwy P®?% + P22uNIT
in . To this end we write

wN:wj\“,—wR, Withw]j\[,ZO

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

and we use the well-known fact that the diagonal elements of a self-adjoint operator control

the off-diagonal elements@

25Cf for a positive hermitian matrix (mi ;)1<i j<n the inequality 2|mi ;| < mii +m; ;.
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Since wﬁ are positive as multiplication operators on L?(R??) we have for all b > 0

(p/2P22 2 071/2m) wi; (512P22 £ 6771) > 0.
Combining these inequalities appropriately we obtain
Mwy P%? + PP2wnIl > —bP%% wy|P®? — b~ |wy |II
for all b > 0. We then recall that, as an operator,
jwn| < wyl[e < N
and we choose b = 2N% /A to obtain

o N2d8 A

Mwy P22 + P2l > — pP%? _ Sl
Inserting this bound in ([7.38]) we get
2N?2d8 A
wy > PRy pet - 2N poa (2 T Ndﬂ) 1 (7.39)

by simply bounding from below
Mwy T > —Twy|IT > —NIL
Combining with (7.37) and (7.39) we obtain for all A > 1 the lower bound

2248 A
Hy > P¥?H,P®? - TPE92 + (2 — N9 C) I
Since we assume A > CN% for a large constant C' > 0, we may use P_ @ P_ < 1 52 and
P_® Py, PL ® P_ >0 to deduce
2N28 A

7P®2
A Tt

which concludes the proof. O

Hy > P®?Hy P®? —

Step 2, estimating the localized energy. Let ¥y be a minimizer for the N-body
energy, I'y = [V ) (¥ | and
’Y](\?) = Trpp15n[N]

the corresponding reduced density matrices. We can now think only in terms of the P_
and Py-localized states defined as in Lemma by the relations

(G3)" = PEmpen. (7.40)

We recall that Gji\, are states on the truncated Fock space, i.e.

N
D TGyl =1 (7.41)
k=0

We now comare the Hartree energy ey and the localized energy of 'y defined by the
truncated Hamiltonian of Lemma [7.6}
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Lemma 7.7 (Lower bound for the localized energy).

If A > CN for a large enough constant C' > 0 we have,
1 2 2,.(2) A 2,.(2) AN A
5T P2, P2 )] + T (PE2Q] = en - = -4 (7.42)

This lemma is proved by combining Theorem and the methods of Chapter [} We
define an approximate de Finetti measure starting from G. The idea is related to that
we used for the proof of the weak de Finetti theorem in Section [5.3

i (u) = i @[ > o (’;’) dim ((P,sa)’;) <u®k, G]*\,7ku®k>du (7.43)

k=2
where du is the uniform measure on the finite-dimensional sphere SP_$). The choice of the
weights in the above sum comes from the fact that we want to approximate the localized
two-body density matrix wavﬁ)wa, which is the purpose of
Lemma 7.8 (Quantitative de Finetti for a localized state.).
For all A > 0, we have
8Ny

Trfj2 S T

PEARPE — [ ) dp ()
SP_$

Proof. Up to normalization, G . is a state on (P_$)®*. Applying Theorem with the

explicit construction (4.6) we thus have
- Na
Ty (O] = [ 10 @ dnatw)
SP_§

with
dun (u) = dim(P_ﬁ)'§<u®k, Gy ku®k>du.

In view of ([7.40) and (7.43) we deduce
N -1
N k\ 8Na _
< —_— .
<2 <2> (2) PRl {GNJJ

k=2

Trg2 P?QVJ(\?)PEQQ—/ 1u®?) (U2 dpu ()
SP_$

There remains to use the normalization (|7.41]) and
N\ 'R\ E(k—1) _k
2 2) NN-1)~ N
to conclude the proof. O

We proceed to the

Proof of Lemma[7.7]. We start with the P_-localized term. By cyclicity of the trace we
have

Tr [PE2H PE2 Q| = Tr [ PE2H, P22 (P92 PEY) |

We then apply Lemma [7.8] which gives

P22 pe2 _ / ) (w2 dpu (u)
SP_$

< 8

Try)Q =N
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On the other hand we of course have
| P22 Ho P2 < 2A + [lwn ]| < 3A (7.44)

in operator norm, and thus

1 1 AN
B Tr {P§2H2Pi®27](3)} > 2/ Trg2 [Hg]u®2><u®2|] duy — CN A
SP_$
CAN,
:/ Enluldun — ~ A (7.45)
SP_$

By the variational principle Ey[u] > e, we deduce

N -1

1 N\ "k _\ CAN

5T [PE2HPEQ | = e <2> ( 2) Trye (Gra) = 5 (7.46)
k=2

where the computation of [ duy is straightforward using Schur’s formula (4.5)).
For the P, -localized term we use (7.40)), (5.10)) and (5.12)) to obtain

N -1
ZTI“[PJF W P = 1 ’;:2: 9 9 Tr [GN,k}

_ 2:2 (27) B (NQ_ k) Tr |Gyl - (7.47)

0

Gathering ((7.46]), (7.47)) and recalling that

(J;[)l(g) - ]liz +O(NY, (];)1(]\72_ k) = (N];f)Q +ONTY,

we find
1 A
5 Tr [P H PP Q] 4+ 2 TP
N
B k2 (N —Kk)2A C(len| +A) CANy
2> [G] (et T ) - R - 0w

k=0

The first error term comes from the fact the sums in and do not run exactly
from 0 to N, and we have used the normalization of the localized states to control
the missing terms.

It is easy to see that for all p,q, 0 < A <1

2 2 P2
PAT+q(1—N) Zp—;-

We then take p = ey, ¢ = A/4, A\ = k/N and use (7.41) again to deduce
A
Tr |P22H PP | + 5 Te(PEyY)

¢ Clen| +A) CANy
> ey — 1 — — .
A N N
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from ([7.48)). There remains to insert the simple estimate
len| < C + lun|lpe <C+ NP <C+A (7.49)

the obtain the sought-after result. O

Step 3, final optimization.. There only remains to optimize over A. Indeed, we recall
that by definition
E(N) _ 1 2)

T = §Tr52[H27N ]

with the two-body Hamiltonian (|7.33]). Combining Lemmas and we have the lower
bound

E(N) CN23 ANy A
— L >eg— - C - C—
N =T TR N N2
for all A > CN% with C' > 0 large enough. Using Lemma this reduces to
E(N) C N248 A1+d/s+d/2
— 2 €H — —Cq .
N A N
Optimizing with respect to A we get
A=N! (7.50)
where
14 2dp
g o
4s + ds + 2d

and the condition ¢ > 2d# in (7.27) ensures that A > N29 for large N. We thus conclude
eq > w > ey — CgN 1248,

which is the desired result. O

Remark 7.9 (Note for later use.).

Following the steps of the proof more precisely we obtain information on the asymptotic
behavior of minimizers. More specifically, going back to , using Lemma and
dropping the positive Py localized terms we have

EWN) lTr[PE@ZHQPE@%}V?)] +o(1) > [ Enfuldun(u)+ o(1)

>
H="N =2 S5

and thus
o1) > / (Enlu] — ex) dpun () (7.51)
S9H

when N — oco. We do not specify here (cf Item (3) in Remark the exact order of
magnitude of the o(1) obtained by optimizing in Step 3 above. Estimate morally
says that gy must be concentrated on the minimizers of &;. This will be of use in the
proof of Theorem [7.1 (|
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7.4. From Hartree to NLS.
There remains to deduce Theorem as a corollary of the above analysis. We start
with the following lemmas:

Lemma 7.10 (Stability of one-body functionals).
Consider the functionals (7.25) and (7.6). Under the assumptions of Theorem there

exists a minimizer for Eys. Moreover, for all normalized function v € L?(R?) we have

Il < C(Enlu] + C) (7.52)
and
2
|Ex[u] — Ens|u]| < CNF <1 +/ |Vu|2) . (7.53)
Rd
Consequently
len — ents| < CN 7P, (7.54)

Proof. The stability assumptions we have made guarantee that minimizing sequences for
Enls are bounded in H!. Assumption (7.3]) allows to easily estimate the difference between
the Hartree and NLS functionals for H* functions. Details are omitted and may be found
in [108]. O

We are now equiped to complete the derivation of NLS functional.

Proof of Theorem[7.1. Combining (7.54]) with (7.28)) concludes the proof of (7.20]). There

thus remains to prove convergence of states, the second item of the theorem. We proceed
in four steps:

Step 1, strong compactness of reduced density matrices. We extract a diagonal
subsequence along which

P =A™ (7.55)

when N — oo, for all n € N. On the other hand we have
T [T =T [(—a+ V)] <, (7.56)

independently of V. To see this, pick some a > 0, define

al 1+
d
Hyo = Z (=8 + V() + Z NPw(NP(z; — ;)

j=1 1<i<j<N

and apply Theorem to this Hamiltonian. We find in particular Hy, > —CN and

deduce Ve Hod
enis +0(1) = <N’NNN> > -C(l+a)t+ 1;_% Tr [T’y](\})],
which gives ([7.56)). Since T' = —A + V has compact resolvant, (7.55) and (7.56]) imply

that, up to a subsequence 7](\}) strongly converges in trace-class norm. As noted previously,
Theorem implies that also 71(\7,1) strongly converges, for all n > 1.

Step 2, defining the limit measure. We simplify notation by calling ry the best
bound on |E(N)/N — eys| obtained previously. Let duy be defined as in Lemma It
satisfies

n(SP_§) = Tr [P?%}V?)PE@?] .
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We have
8N AL+d/s+d/2

T <C
: N = N

— 0.

PEIP [ ) Wl ()| <
SP_$

One may on the other hand deduce from the energy estimates of Section [7.3] a control on
the number of excited particles:

r
1— un(SP_$) = Tr [(1 - me)fy](\?)] <. (7.57)
By the triangle and Cauchy-Schwarz inequalities we deduce
A1+d/s+d/2
Tr |y —/ ) (2| dpuy ()| < C——— + Oy |2 (7.58)
SP_$ N A

We now denote Pk the spectral projector of T' on energies below a truncation K, defined
as in (7.29). Since 7](3) —~v® and Pg — 1
lim lim puny(SPx$H) =1.

K—00 N—oo

This condition allows to use Prokhorov’s Theorem and [I76l Lemma 1] to ensure that,
after a possible further extracion, py converges to a measure p on the ball Bf). Passing
to the limit, we find

20) = / ) (02| dpa ()
B$

and it follows that u has its support in the sphere S$) since Tr[y(?)] = 1 by strong conver-
gence of the subsequence.

Step 3, the limit measure only charges NLS minimizers. Using (7.51]) and

un(SP-H) =1+0 (%N) ,

we deduce that
/ (Enlu] — em)dpn(u) < o(1)
SP_$H
in the limit N — oco. By the estimates of Lemma [7.10} it follows that, for a large enough
constant B > 0 independent of N,
BQ
g duy(u) < [ (Eulu] — en) dun (w) < o(),
IVull 2258 IVull2>B
and
/ (Ems[u] — ems)dun < C(1+ BYHNF +/ (Eulu] — en)dpn(u) < o(1).
Vull,2<B Vull,2<B

Passing to the limit N — oo, we now see that u is supported in M.
At this stage, using (7.58) and the convergence of puy we have, strongly in trace-class
norm,

W [ dutu),
Mus
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where p is a probability measure supported in My)s. Taking a partial trace we obtain

NOBR / ) (uldp(w)

and there only remains to obtain the convergence of reduced density matrices of order
n > 2.

Step 4, higher order density matrices. We want to obtain
7 - / (u®"|dp(w),
nls
in trace-class norm when N — oco. In view of the definition of u, it suffices to show that

Tr |y — /S T ()| 0 (7.59)

where p v is the measure defined by applying Lemma to 'y](\?). To this end we start by

(n)

approximating vy, using a new measure, a priori different from py = ,u?v

dpt (u) = i (N >1 (ﬁ) dim(P_sa)’;<u®’“, G]_V’ku®k>du. (7.60)

mn
k=n

Proceeding as in the proof of Lemma we obtain

PP — [ ()
SP_$
An estimate similar to (7.57)) next shows that

A - / ™) (W ()
SP_$

N\ 'k E\"
= (= N1
() ()= () +or
as well as the triangle inequality and Schur’s formula (4.5) we deduce from ((7.61)) that
N 2 n
k k _
n I{ n B
(%) o [6n]

> <§>2Tr5k (G| + o). (7.62)

niNp

Tren <O (7.61)

Tl'yjn — 0.

Using again the bound

Tr

= [ e s )
SP_$H

= o

+

k=0

S|

Finally, combining the various bounds we have obtained

i (]@)QTW G| =1
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But, because of (7.41)) it follows that

N /2
k=0
We may thus apply Jensen’s inequality to obtain

1> ki:% <§>nTrﬁk = (kZN::O <§>2T&ﬁk [GM,{])n/Q 1

There only remains to insert this and ([7.41)) in ((7.62)) to deduce ([7.59)) and thus conclude
the proof of the theorem. O

APPENDIX A. A quantum use of the classical theorem

This appendix is devoted to an alternative proof of a weak version of Theorem (3.6 The
method, introduced in [96] is less general than those described previously. This cannot
be helped since it consists in an application of the Hewitt-Savage (classical de Finetti)
theorem to a quantum problem. Here we follow an unpublished note of Mathieu Lewin
and Nicolas Rougerie [111].

In some cases (absence of magnetic fields essentially), the wave-function ¥y minimizing
a N-body energy can be chosen strictly positive. The ground state of the quantum prob-
lem may then be entirely analyzed in terms of the N-body density py, = |¥x|?, which
is a purely classical object (a symmetric probability measure) whose limit can be de-
scribed using Theorem This approach works only under assumptions on the one-body
Hamiltonian that are much more restrictive than those discussed in Remark [3.21

A.1. Classical formulation of the quantum problem.
We here consider a quantum N-body Hamiltonian acting on L?(RV)

N

Hy = Z (T; + V(zj)) + ﬁ Z w(x; — ;) (A1)
j=1 1<i<j<N

where the trapping potential V and the interaction potential w are chosen as in Section 3.2
In particular we assume that V' is confining. We shall need rather strong assumptions on
the kinetic energy operator 7. The approach we shall discuss in this appendix is based on
the following notion:

Definition A.1 (Kinetic energy with positive kernel).
We say that T has a positive kernel if there exists T'(z,) : RY x R — R* such that

w.r) = [[ Tt — vl dedy (A2)

for all functions ¢ € L?(R%). O

It is well-known that the pseudo-relativitic kinetic energy is of this form. Indeed

<w \/71#> ::11/2 //Rded W}w_ ’dS—I)| dzxdy, (A.3)
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see [115, Theorem 7.12]. More generally one may consider 7' = |p|*, 0 < s < 2:

Wbl = (. oy 0) =y, [ WDV,

recalling the correspondance ([1.24)).
The non-relavistic kinetic energy does not fit in this framework, but one may neverthe-
less apply the considerations of this appendix to it because

_ 2 o [ (x) — ()’
w—dv) = [ Vo= citma-g [ B iy (A

-1
C’d:</ costa) .
gd—1

Here S ! is the euclidean sphere equiped with its Lebesgue measure o and # represents
the angle with respect to the vertical axis. One may thus see —A as a limiting case of
Definition Formula is proved in [23 Corollary 2] and [135], see also [24], 136].

The cases with magnetic fields T = (p + A)? and T = |p + A| are not covered by this
framework. One may deal with them with the methods of the main body of the course,
as already mentioned, but not with those of this appendix.

with

An important consequence of the above choice of kinetic energy is that, by the triangle
inequality

(W, TY) = ([P, T|Y)
and thus the total N-body energy
EN[UN] = (Vn, HyUn)
satisfies
EN[UN] = En [[UnN]]-
The ground state energy can thus be calculated using only positive test functions

E(N) = inf{SN[\IJN],\IfN c Lg(RdN)} - inf{SN[\IJN],\IfN e L2(RM), Uy > 0}. (A.5)

This remark actually allows to prove a fact mentioned previously: the bosonic ground state
is identical to the absolute ground state in the case of a kinetic energy of the form (A.2))

or (A.4), see [I17, Chapter 3].

We recall the definition of Hartree’s functional:
1
ulul = (w.Ta)+ [ ViP5 [ ute)Pute - plu()Pdody,
Rd 2 ) JrixRrd

its infimum being denoted ey. In the sequel of this appendix we prove the following
statement, which is a weakened version of Theorem [3.6}

Theorem A.2 (Derivation of Hartree’s theory, alternative statement).

Let V' and w satisfy the assumptions of Sectz’on in prarticular . We moreover
assume that T has a positive kernel in the sense of Definition or is a limit case of
this definition, as in . We then have

lim M

= €H.
Noco N
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Let Uy > 0 be a ground state of Hy, achieving the infimum in (A.5)) and

pg\?)(xl, ey ) = / |UN (21, .. ,xN)]2 drpiq...dey

RA(N—n)
be its n-th reduced density matriz. There exists a probability measure p on My, the set
of minimizers of En (modulo a phase), such that, along a subsequence

lim px;) = / }u@m|2 du(u) for alln € N, (A.6)
N—oo H
strongly in L' (Rd”). In particular, if ey has a unique minimizer (modulo a constant
phase), then for the whole sequence
lim (Y = [ug"|? lneN,, AT
NgnoopN ‘UH ‘ for alln ) (A7)
Remark A.3 (Uniqueness for Hartree’s theory).
In the case of kinetic energy with positive kernel, uniqueness of the minimizer of &y is
immediate if w > 0. Indeed, the kinetic energy (¢, T%) is then a strictly convex functional
of p = +/|1|?, see [115, Chapter 7]. If w is positive the functional £y is thus itself strictly
convex as a function of p. O

The particular case where 7' = —A has been dealt with by Kiessling in [96], and we
shall follow his method in the general case. It consists in treating the problem as a purely
classical one, which explains that we only obtain the convergence of reduced densities
instead of the convergence of the full reduced density matrices . We pursue in the

direction of (A.5) by writing
E(N) = inf {€y [/ix] . sy € Po(R™) (A8)

where p, plays the role of | ¥ y|? and we used the fact that we may assume Wy > 0. The
object we have to study is symmetric probability measure of N variables, and our strategy
shall be similar to that used to prove Theorem :

e Since the system is confined, one may easily pass to the limit and obtain a problem
in terms of a classical state with infinitely many particles pu € Py(R™M). We
then use Theorem ﬂ to describe the limit p(™ of ug\?), for all n, using a unique
probability measure P, € P(P(R%)).

e The subtle point is to prove that the limit energy is indeed an affine function of .
This uses in an essential way the fact that the kinetic energy has a positive kernel
(or is a limit case of such energies), as well as the Hewitt-Savage theorem.

These two steps are contained in the two following sections. We then quickly conclude
the proof of Theorem in a third section.

A.2. Passing to the limit.
The limit problem we aim at deriving is describe by the functional (compare with (2.50))

1
E[p] == limsup —T < u(”)>

YD () + - w(z — y)du® (z .
+/Rdv( )dp ()+2//RdXRd (z —y)dp'™ (,y), (A.9)



106 NICOLAS ROUGERIE

where p € Ps(RN) and we set

T (k) =< Vi, ZT un> (A.10)

for all probability measure p,, € P(R").

Lemma A.4 (Passing to the limit).
Let py € Ps(RWNY) achieve the infimum in (A8). Along a subsequence we have

US\Y[L) -, H(n) c Ps(Rdn)

for all n € N, ine the sense of measures. The sequence (p,(”)) defines a probability

neN
measure p € Ps(R™N) and we have

E
lim inf (V)
N—oo

> E[p]. (A.11)

Proof. Extracting convergent subsequences si done as in Section The existence of the
measure p € Py(R¥N) follows, using Kolmogorov’s theorem.
Passing to the liminf in the terms

Ly (1)
NJZ:;/RCW V(zj) dpuy(z1,...,2n) = /Rd V(z) d,u]\l, (x)

and

_1 B )
NN_ Z \/]Rd dl"l’N(x17"'7 - 2\//1;d><Rdw(x y)dl'l’N (x7y)

1<i<j<N

uses the same ideas as in Chapters [2| and [3] We shall not elaborate on this point.
The new point is to deal with the kinetic energy in order to obtain

l}\r};ioréf %T(M) > lirirgsolip %T < ,u(”)> . (A.12)
To this end we denote Uy = u?\, a minimizer in and we then have
1 N
ST (VAR) = 3 T [ 375 W) (0
j=1
n
= ];TJ N

(n)

where «yy” is the n-th reduced density matrix of ¥y. It is a trace-class operator, that we
decompose under the form

+o00
A= ST ARk
k=1
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with u¥ normalised in L2(R%) and > 72, A% = 1. Inserting this decomposition in the
previous equation and recalling ((A.10)) we obtain by linearity of the trace

1 1
NIV = 2T (Vi)
k=1
+o00
> Al
k=1
1

-ar ()

where the inequality in the second line uses the convexity of the kinetic energy as a
functions of the density p, already recalled in Remark cf [I15 Chapter 7]. In the last
equality

Y
\
~

oo
_ ky, k2
p,y](\;ﬂ - Z)‘n|un‘
k=1
is the densit of 7](\7) and it is easy to see that

P Zpg\?) :/ |\I/N(:L’1,...,xN)|2de’n+1...d:UN,
N RA(N—n)

which yields
1 1 (n)

To obtain (A.12)), we first pass to the liminf in N (using Fatou’s lemma), then to the
limsup in n. O

The notion of kinetic energy with positive kernel is already crucial at this level. It
provides the convexity property that we just used. It will play an even greater role in the
next section.

A.3. Le probléeme limite. We now have to show that the functional is affine on
P,(RN). The last two terms obviously are, which is not suprising since they are classical
in nature. It thus suffices to show that the first term, which encodes the quantum nature
of the problem, is also linear in the density:

Lemma A.5 (Linearity of the limit kinetic energy).
The functional

T (V) = limsup ~T < u(”)>

n—oo N

is affine Ps(RN).

26F01rrnally7 the diagonal part of the kernel.
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Kiessling [96] gave a very elegant proof of this lemma in the case of the non-relativistic
kinetic energy. He notes that in this case
wx L

()=l L

and that the last expression is identical to the Fisher 1nformat10n of the probability mea-
sure (™. The quantity we study can thus be interpreted as a “mean Fisher information”
of the measure p € P,(RWN), in analogy with the mean entropy introduced in .

This quantity has an interesting connection to the classical entropy of a probability
measure. Letting pu(™ evolve following the heat flow, one may show that at each time
along the flow, the Fisher information is the derivative of the entropy. Since the heat
flow is linear and the mean entropy is affine (cf the simple computation in the proof of
Theorem originating in [I55]), Kiessling deduces that the mean Fisher information is
affine. Another point of view on this question is given in [88], Section 5].

Here we shall follow a more pedestrian approach whose advantage is to adapt to the
general kinetic energies described in Definition among other to the pseudo-relativistic
kinetic energy.

Vlogu”) (n)

Proof. Theorem implies that P,(R) is the convex envelop of the propability measures
symmetric characterized by p(™ = p®" p e P(R9). To prove the lemma it thus suffices

to take

pr=p7" e =p" m=dpg 4 S

with p1, p2 € P(RY), p1 # p2 and to prove that
T (V&) — 4T (i) — 47 (/)| < o) — 0 (A.13)

when n — co. By symmetry of u(™ and in view of Definition we have to compute

. 2
T =n [ aX [ T | Vel - Vb
Rd(n—1) RAdxRd
where we denote
X =(z1,..,xn), Y =(y1,22...,2p), X = (T2, ...y xy).
We start by claiming that for all X,Y

08| =|[Vil) = Vv = 4V = Vi@ = § [Vl - Vil

1/2

<o(Mntpntn) (|Vorted - Vo] + Vot - Vo] )

Jj=2

, (A.14)

(A.15)

We will prove (A.15) in the case
p2(y1) < pa(z1) et p1(y1) < p1(x1). (A.16)
The adaptation to the other cases is left to the reader. We simplify notation by setting

UZ:\/E, Ui:\/p?n.
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After expanding the squares we obtain
2I(X,Y) = U (X)UL(Y) 4+ Ua(X)Ua(Y)
—JURX)UR(Y) + U3(X)UR(Y) + U (X)UR(Y) + U3(X)UR(Y).

Then

UL X)UF(Y) + U3 (X)UF(Y) + UH(X)U3(Y) + Us (X)UF(Y)

= (U1(X)UL(Y) + Ua(X)U2(Y))*+UF (X)U3 (V) +U3 (X)UL(Y ) —2U1(X) U (Y) UL (Y)Ua(X)

and thus,

21(X,Y)| = | ((X)U(Y) + Ua(X)Us(Y))
y (1_ \/HU%(X)U%(YHU%(X)U%( ) — 2 (X)UF(Y >U1<Y>U2<X>)|

(UL(X)Uh (Y )+U2( )Us(Y))?

<U12(X)U§( ) + Us(X)UR(Y) — 2U1(X)Us (Y)U1(Y)Us(X)
= U1(X)U1( )+ U2(X)U2(Y )

= (ﬁ“l(l’j)w(xj)) |u1($1)“2(?/1)—Ul(yl)uQ(x1)|2

uy (z1)ur (Y1) + uz(z1)ua(y1)
Jua(y1) (ua (1) — wa(y1)) + ua (1) (ua(y1) — ua(21))l
uy(z1)ur(y1) + uz(z1)uz(y1)

<2 ﬁm(m')w(fc‘) ( ) (ur (1) — ur (1))”
-7\ L ! ! ur(z1)ur(y1) + uz(z1)uz(yr)

uy(y1)? ,
uy (z1)ug (Y1) + v )uz(y1) (ua(y1) — ua(x1)) ) )

Estimate (A.15) immediately follows in the case ({A.16]) and by similar considerations in
the other cases.

Inserting (A.15) in (A.14]) and recalling ({A.10) we obtain

n—1
7 (i) - 4T (Vi) - AT (vim) < on ([ vava) (T + T (e)

(A.17)
by Fubini. We may assume that T (1 /pl) and T (1 /p2) are finite, otherwise all the quan-
tities we estimate are equal to +o0o and there is nothing to prove. There remains to note

that
1
53:/ \/01\/P2<2</ ,01+/ PQ) <1
Rd Rd Rd

since p; # p2 by assumption. We conclude that
T (VA — AT (i) - T (yim)| < Cns™!

and 6" ! — 0 when n — +00, as desired.
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To deal with the case of the usual, non-relativistic, kinetic energy, we first apply the
preceding arguments to the kinetic energy T defined by the positive kernel
Ty(w,y) = Cylw — y| (2

with 0 < s < 1 fixed, to obtain the analogue of with T' = Ts;. We then multiply
this inequality by (1 — s) and take the limit s — 1. Using this gives with T
the non-relativistic kinetic energy. We may then pass to the limit n — oo to obtain the
desired result. O

A.4. Conclusion.
The upper bound follows by the usual trial state argument. Combining Lemmas [A4]
and as well as the representation of p given by Theorem [2.1] we deduce

.. E(N) @0
liminf —= —5[/79(Rd)p du(ﬂ)]
= / E [p®>=] du(p)
P(R%)

—/ Eu [vp) du(p) > / en du(p) = en,
P(RY)

P(R%)
which gives the energy convergecne. The convergence of reduced densities follows by noting
that there equality must hold in all the previous inequalities.
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APPENDIX B. Finite-dimensional bosons at large temperature

Until now we have only considered mean-field quantum systems at zero temperature,
and obtained in the limit NV — oo de Finetti measures concentrated on the minimizers of
the limit energy functional. It is possible, taking a large temperature limit at the same
time as the mean-field limit, to obtain a Gibbs measure. In this appendix we explain this
for the case of bosons with a finite dimensional state-space, following [82], 112].

In infinite dimension, important problems arise, in particular for the definition of the
limit problem. The non-linear Gibbs measures one obtains play an important role in
quantum field theory [52, 171 183, [75, [78] and in the construction of rough solutions to
the NLS equation, see for example [104), 2], 22| 185], 28, 29], 27, 184, 50]. We refer to the
paper [107] for results on the limit “mean-field/large temperature in infinite dimension”
and a more thorough discussion of these subjects.

B.1. Setting and results.

In this appendix, the one-body state space will be a complex Hilbert space $) with finite
dimension

dim $H = d.
We consider the mean-field type Hamiltonian
al 1
j=1 1<i<j<N

where h is a self-adjoint operator on $) and w a self-adjoint operator on $) ® ), symmetric
in the sense that
wu®v) =wlvu), Yu,vESN.
The energy functional is as usual defined by
En[YN] = (YN, HN V)
for Uy € ®év.6 and extends to mixed states 'y of 7V = ®év $ by the formula
En[IN] = Trgn [HyIN].

The equilibrium state of the system at temperature T is obtained by minimizing the
free-energy functional

fN[FN] = gN[FN]-f-TTI“ [FNIOgPN] (B.Q)
amongst mixed states. The minimizer is the Gibbs state
-T-'H
Py = o2l v) (B.3)

" Trfexp (T THy)|’

The associated minimum free-energy is obtained from the partition function (normalisation

factor in (B.3))) as follows:
1
Fy =inf {Fy[[n],Ty € S(HV)} = —Tlog Tr [exp (—THNH : (B.4)

We shall be interested in the limit of these objects in the limit
N — o0, T =1tN, tfixed (B.5)
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which happens to be the good regime to obtain an interesting limit problem. We will in
fact obtain a classical free-energy functional that we now define.

Since $ is finite-dimensional, one may define du the normalized Lebesgue measure on
its unit sphere S$. The limiting objects will be de Finetti measures, hence probability
measures g on S§), and more precisely functions of L'(S$,du). We introduce for these
objects a classical free-energy functional

Falp) = [ Eufulutu)du-+ [ patu)log (u(u)) du (B.6)
S9H 59

and denote F its infimum amongst positive normalized L' functions. It is attained by

the Gibbs measure
exp (—t_lé’H [u])

G= B.7
el Jsg exp (=t~ &u(u]) du (B-7)

and we have )

Fy = —tlog (/ exp <—5H[u]> du)
S t
Here Enfu] is the Hartree functional
1

Enlu] = N <u®N,HNu®N>ﬁN = (u, hu)g + 3 (U ® U, wu @ u)gs . (B.8)

The theorem we shall prove, due to Gottlieb [82] (see also [81], 92]) is of a semi-classical
nature since it provides a link between the quantum and classical Gibbs states, (B.3))

and (B.7):
Theorem B.1 (Mean-field/large temperature limit in finite dimension). In the

limit (B.5), we have

Fy = —Tlogdim () + NF, + O(d). (B.9)
Moreover, denoting 'y]((,l) the n-th reduced density matriz of the Gibbs state (B.3]),
W = [ (e (B.10)

strongly in the trace-class norm of &1(H").

Remark B.2 (Mean-field/large temperature limit).
A few comments:

(1) One should understand this theorem as saying that essentially, in the limit under
consideration,

I'y ~ / SN (N ey (w)du.
59

The Gibbs state is thus close to a superposition of Hartree states. The notions of
reduced density matrices and de Finetti measures provide the appropriate manner
to make this rigorous. We will see that the de Finetti measure (lower symbol)
associated to I'y by the methods of Chapter [4] converges to pe(u)du.

(2) Note that the first term in the energy expansion diverges very rapidly,
see . The classical free-energy only appears as a correction. In view of the
dependence on d of this first term, it is clear that the approach in this appendix
cannot be adapted easily to an infinite dimensional setting.
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(3) Our method of proof differs from that of [82]. We shall exploit more fully the semi-
classical nature of the problem by using the Berezin-Lieb inequalities introduced
in [15] 113, 174]). The method we present [I12] owes a lot to the seminal paper [113]
and is reminiscent of some aspects of [121].

(4) It will be crucial for the proof that the lower symbol of I'y is an approximate de
Finetti measure for I'jy. This will allow us to apply the first Berezin-Lieb inequality
to obtain a lower bound to the entropy term. A new interest of the constructions
of Chapter [4]is thus important here. We use not only the estimate of Theorem
but also the particular form of the constructed measure.

O

B.2. Berezin-Lieb inequalities.

We recall the resolution of the identity (4.5 over $” given by Schur’s lemma. We thus
have for each state 'y € S(HY) a lower symbol defined as

un = dim (ﬁév) Tr [FN|’LL®N><U®N|] .
The first Berezin-Lieb inequality is the following statement:

Lemma B.3 (First Berezin-Lieb inequality).
Let Ty € S(HY) have lower symbol puy and f : RT — R be a convex function. We have

. N UN
Tr[f(Tn)] > dim (£ )/Sy)f (chm(f)f!)) du. (B.11)

The second Berezin-Lieb inequality applies to state having a positive upper symbol (see
Section |4.2). One may in fact show that every state has an upper symbol, but it is in
general not a positive measure.

Lemma B.4 (Second Berezin-Lieb inequality).
Let T'y € S(HY) have upper symbol ux > 0,

Ty = / BN (N | () d (B.12)
ueSH
and f:RY — R be a convex function. We have
Tr [f(Ty)] < di N/ (“N>d. B.13

Proof of Lemmas[B.3 and[B.4] We follow [174]. Since I'y is a state we decompose it under
the form

Py =D ANVANVR]
k=1
with VX € $ normalized and 3, Ak = 1. We denote

2
o) = | (V& u®N)|
and by (4.5) we have

dim (f){j)/ pk () du = <v]$, /§> =1 (B.14)
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On the other hand, since (V{)y is a basis of Y, for all u € S9
2
> () = 3OV =1 (B.15)
k k

First inequality. Here py is the lower symbol of I'y and we have

N (u) dlm Z )\N#N
and thus
. UN .
dim (§7) /Sﬁ f (dlm(.ﬁ?’)) du < dim (HY) /Sﬁ zk:f <)\va> ik (u)du
by Jensen’s inequality and . Next
dim (57) [ 57 () byt = 321 () = L)

k
using (B.1).
Second inequality. Here T'y and py are related via (B.12)). We write

rw) =32 f (M) = 2o £ (V& T vih))
k k

-3 (., v (wan)

< Ek:dim (»)) /Sﬁ f ((%) gy (u)du

=i (52) [ 1 (i)

using Jensen’s inequality and (B.14) to prove the inequality in the third line and
then (B.15) to conclude. O

We have here presented a specific version of these famous inequalities. It is clear that
the proof applies more generally to any self-adjoint operator on a separable Hilbert space
having a coherent state decomposition of the form . In the next section these inequali-
ties will be used to deal with the entropy term by taking f(z) = xlogz. This will complete
the treatment of the energy using Theorem and make the link with the discussion of

Chapter

B.3. Proof of Theorem [B.1l
Upper bound. We take as a trial state

rigt .= / @V @ g ().
59

The energy being linear in the density matrix we have

ex [0 = [ &n (W) ] patu)du = N | Enfulpa(u)du
) 2]



DE FINETTI THEOREMS AND BOSE-EINSTEIN CONDENSATION 115

For the entropy term we use the second Berezin-Lieb inequality, Lemma with f(z) =
xlog xz. This gives

test test : N :uCl(u) luCl(u)
Tr [FN log I'y ] < dim ()ﬁs )/ng dim () log (dim(ﬁé\’) du

= logdim (52) + [ _pa(ulog () .

Summing these estimates we obtain
Fy < Fy [I%'] < —Tlogdim (9)) + NFy
since ] minimizes JF.

Lower bound. For the energy we use the reduced density matrices as usual to write

En[I'n] = N Try [hfy](\})} + %T’%? [w%(\?)} .

Denoting
pn (u) = dim (ﬁiv) <u®N, I‘NU®N>
the lower symbol of I'y, we recall that it has been proved in Chapter [4] that

d
T o~ [l (u)du] < €1
59
(2) ®2\ /7, ®2 i
Trez |7y w5 (P |y (w)du| < Cor.
S9H

Since we work in finite dimension, A and w are bounded operators and it follows that
N
En[TN] > N/ Trg [hlu)(u]] py(w)du + 2/ Trge [wu®?) (u®?|] pn (w)du — Cd
S9H 59

=N | Eululpn(u)du— Cd.
59

To estimate the entropy we use the first Berezin-Lieb inequality, Lemma with f(z) =
xlog x. This yields

= logdim (52) + [ ov(w)log (v (1) du.

There only remains to sum these estimates to deduce
Fy = Fn[In] > —Tlogdim (9)) + NFaun] — Cd
> —Tlogdim (9)) + NF; — Cd

/553 p (u)du = 1

since

by definition.
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Convergence of reduced density matrices. The lower symbol py(u)du is a probability
measure on the compact space 5. We extract a converging subsequence

pun (w)du — p(du) € P(S$H)
and it follows from the results of Chapter [4 that, for all n > 0, along a subsequence,

NG /S (). (B.16)

Combining the previous estimates gives
d
Foa > Falpn] — CN' (B.17)

To pass to the liminf N — oo in this inequality, the energy term is dealt with as in the
preceding chapters. For the entropy term we note that since du is normalized

/ pn log undu > 0
59

since this quantity may be interpreted as the relative entropy of uy with respect to the
constant function 1. Using Fatou’s lemma we thus deduce from (B.17)) that

Iy > fcl[,ul]

and thus dp(u) = pa(u)du by uniqueness of the minimizer of F;. Uniqueness of the
limit also guarantees that the whole sequence converges and there only remains to go back

to (B.16) to conclude the proof. O
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