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Suppose 1 ≤ p < ∞, R > 0, and let BR denote the ball B(0, R) in Rn, where n > 1.
Furthermore, let f ∈ C∞(0,∞) and define

u(x) := f(|x|) , x ∈ BR .

It is easy to show, using polar coordinates, that u ∈ Lp(BR) if and only if

ˆ R

0

rn−1|f(r)|p dr <∞ .

Now suppose further that
lim
r↘0

(
rn−1|f(r)|

)
= 0 .

Then we shall show that u ∈ W 1,p(BR) if and only if u ∈ Lp(BR) and

ˆ R

0

rn−1|f ′(r)|p dr <∞ .

We may now apply this to a number of different f to obtain several examples of radial Sobolev
maps.

(a) For u(x) = |x|−s, where s > 0, u ∈ W 1,p(BR) if and only if 1 ≤ p < n
s+1

.

(b) For u(x) = log(|x|), u ∈ W 1,p(BR) if and only if 1 ≤ p < n.

(c) For u(x) = x
|x| (∈ Rn), R = 1, u ∈ W 1,p(B1;Rn) if and only if 1 ≤ p < n.

Homepage: http://www.mathematik.uni-muenchen.de/˜soneji/pde1.php


