MATHEMATISCHES INSTITUT WS 2014/15

DER UNIVERSITAT MUNCHEN — Blatt 6 —
Prof. Dr. S. Bachmann / Dr. P. Soneji 19.11.2014
PDG |
(Zentrallibung)

Problem Sheet 6
Question 1

Prove Theorem 34 from the lectures: consider the half-space
R?Y = {(x1,...,2, e R" : 2, > 0}.

Suppose f € CZ(R) and g € CO(R™*) N L*°(R"'). As in the lectures, define the Green
function for R’} by
G(z,y) ==z —y) — P(Z —y)

where ® : R” — R is the fundamental solution to the Laplace equation and

T = (xlw"axnflu_xn)u SUGR:L
Now define

fRi fly) Gz, y)dy — fam 9(y) %(m, y)dS(y) = e R}
g9(z) r € ORY .

v(x) =
Then

(i) ve C*(RL).

(i1) v satisfies
—Av(z) = f(z) xzeR}
v(x) = g(z) r € ORY .

(iii)) We have
lim v(z) = g(x)

T—TQ
n
z€RY

for all 7y € OR}.



Question 2

Let Q C R" be open and bounded, with C'' boundary. For a function w € C'() the n-
dimensional surface area over its graph

{(z,w(z)) 1z € Q}

is given by the functional

Aw) ::/\/1+\Dw(x)|2da:.

Q
Let g € C(92) and suppose that u € C?(€2) is a minimiser of A within the set
{fweCYQ):w=g ondN}.

Prove that this minimiser u solves the boundary-value problem

div <D“—<>) =0 r€Q

1+|Du(z)|?
u(z) = g(x) x € 09,

which is called the minimal surface equation.
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