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Question 1

Let Ω ⊂ Rn be open and bounded. A function v ∈ C2(Ω) is said to be sub-harmonic if

−∆v(x) ≤ 0 for all x ∈ Ω .

(i) Prove that if v is sub-harmonic, then

v(x) ≤
 
B(x,r)

v(y) dy for all B(x, r) ⊂⊂ Ω .

(ii) Prove therefore that for v ∈ C2(Ω) sub-harmonic we have

max
x∈Ω

v(x) = max
x∈∂Ω

v(x) .

(iii) Suppose v is sub-harmonic and, for a ball B = B(x, r) ⊂⊂ Ω, define HBv as in the
lectures by integration against the Poisson kernel. Show that

v(y) ≤ HBv(y) for all y ∈ B .

(iv) Let ϕ : R → R be smooth and convex. Suppose u ∈ C2(Ω) is harmonic in Ω and define
v(x) := ϕ(u(x)). Prove that v is sub-harmonic.

Hint: Recall that since ϕ is convex and C2, ϕ′′(t) ≥ 0 for all t ∈ R.

(v) Suppose u ∈ C2(Ω) is harmonic. Prove that v(x) := |∇u(x)|2 is sub-harmonic.



Question 2

(i) For a point x ∈ Rn \ {0}, define
x̄ :=

x

|x|2
.

Show that
∇xx̄(∇xx̄)t = |x̄|4I ,

where
∇xx̄ =

(
(x/|x|2)x1 , (x/|x|2)x2 , . . . , (x/|x|2)xn

)t

.

(ii) Let Ω ⊂ Rn \ {0} be open (n ≥ 2). The Kelvin transform Ku = ū of u is defined as

ū(x) := u(x̄)|x̄|n−2

= u(x/|x|2)|x|2−n .

Show that if u is harmonic on Ω, then so is ū.
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