
MATHEMATISCHES INSTITUT WS 2014/15
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Recall that given an open subset Ω of Rn and a continuous function u : Ω → R, we define the
support of u as

supp(u) := {x ∈ Ω : u(x) 6= 0} .

We then define
Cc(Ω) := {u ∈ C(Ω) : supp(u) is compact } ,

and, for k ∈ N ∪ {∞},
Ck
c (Ω) := Ck(Ω) ∩ Cc(Ω) .

Question 1

Let Ω = Rn × (0,∞), g ∈ L∞(Rn) and b ∈ Rn. Show that the function u : Ω̄→ R, u(x, t) :=

g(x− bt) is a weak solution of the Initial Value Problem{
ut + b ·Dxu = 0 in Rn × (0,∞)

u = g on Rn × {t = 0} .
(1)

Here we say that u is a weak solution of (1) precisely when for all ϕ ∈ C∞
c (Ω) we have

ˆ
Ω

(
ϕt(x, t) + b ·Dxϕ(x, t)

)
u(x, t) dx dt = 0

and u(x, 0) = g(x) for almost all x ∈ Rn.

Hint: Use the change-of-variables (x, t) 7→ (y, t) := (x− bt, t).

Question 2

Let Ω ⊂ Rn be open and bounded. We define

Ck(Ω̄) := {u ∈ Ck(Ω) : Dαu has a continuous extension on Ω̄ ∀α ∈ Nn
0 with |α| ≤ k} .

Show that the following statements are equivalent:

(a) u ∈ Ck(Ω̄)

(b) u ∈ Ck(Ω) and Dαu is uniformly continuous on Ω for every multi-index α ∈ Nn
0 with

|α| ≤ k.



Question 3

Let u ∈ L1(Rn), ϕ ∈ C1
c (Rn). Show that the convolution

ϕ ∗ u(x) =

ˆ
Rn

ϕ(x− y)u(y) dy

is in C1(Rn), with
∂

∂xi
(ϕ ∗ u)(x) =

ˆ
Rn

∂ϕ

∂xi
(x− y)u(y) dy . (1)

Hint: For h > 0, x ∈ Rn, 1 ≤ i ≤ n, consider the difference quotient

(ϕ ∗ u)(x+ hei)− (ϕ ∗ u)(x)

h
,

and use the (continuous) Dominated Convergence Theorem to establish the identity (1). Argue
similarly to show that the derivative is continuous.
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