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T 1. Let & C R" be an non-empty, bounded domain and let u be harmonic on {2 such
that its gradient Vu : 2 — R” can be extended continuously to 2. Show that the function
|Vu|? attains its maximum at the boundary 99 of Q.

T 2. Let Q C R” be an open, bounded domain, let fi, fo € C(£2) be real-valued functions
with f; < fo and let g1, go € C(992) be real-valued functions with g, > go (i.e. g1(z) >
ga() for all z € 99Q). For i € {1,2} let u; € C*(Q) N C(Q) be a solution to the Dirichlet

boundary problem

{ Auy(z) = fi(x), = €Q
ui(z) = gi(x), x € IN.

Show that this implies u; > us.

T 3. For n > 2 define the functions ®,, : R"\{0} — R by

O, (1) = {

(a) Show that A®,(z) =0 for all z € R"\{0}.

—o=In|z], n=2
: n>2

(n—2)wn  [2[*=2>

(b) Show that for n > 2 the derivatives of ®,, satisfy the estimates
Ch
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90,8, (x)] < ="

[

VO, (2)] <
for all z in R™\{0}, where the constant 0 < C,, is independent of x.

(c) Verify that ®,, € L (R"™).
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T 4. Let Q2 C R" be a bounded domain on which the divergence theorem holds. Let us
assume that for u € C%(Q)

/\Vu(x)|2dx = min {/ Vo(z)]Pdz: ve CHQ)NC(Q) with vy, = u]aﬂ} :

holds. Show that u then is a weak solution to Au = 0, i.e. for all ¢ € C'°(£2) we have
Jo AY(z)u(z)dz = 0.

Hint: For any ¢ € C(Q) consider the function

R>t g(t) = / IV (u(x) + t(2))|? da.
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