QFT in curved space-time

1 Introduction

1.1 The Einstein-Hilbert action (31.01.2010)

Before we turn to quantum field theory in curved space-times, we shortly review the classical
theory of gravity. Einstein’s equations of classical general relativity can be derived from the
Einstein-Hilbert action:
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S = IGWG/dx\/ﬁ(R—ZA).

with R the Ricci curvature and the cosmological constant A. Under a variation dgu, the
variation of the action is given by:
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To analyze this expression, use:
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For the last derivation, we used normal coordinates around some point p, i.e. F]p =0 to get
rid of terms quadratic in the Christoffel symbols. Next, we replaced the partial derivatives by
covariant derivatives for the same reasons. Since the equation is now tensorial again, it holds
everywhere. In the last step, we used the property of the Levi-Civita connection, Vg% = 0.
A slightly different derivation is given in [9], appendix E.

The total derivative contributes only a boundary term, which can be eliminated adding an
additional piece 2 faMK where K is the extrinsic curvature, K = h%Vn’, where hy, =
GJab £ nanyp is the induced metric on the boundary, and n® is a normal vector on the boundary.
Ignoring these subtleties (for example for a manifold without boundary), we get:
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resulting in Einstein’s equations in vacuum after setting the variation to zero.
To add matter simply add another term to the action, p.e. a field strength term of Yang-Mills
gauge theory or electromagnetism:
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Define the energy-momentum tensor by Ty, = 2 2(vlm) and get Finstein’s equations
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1.2 Attempts to quantize general relativity

General relativity is a classical field theory, with metric field g3, which plays a dual role,
both being the dynamical variable in the game, and describing the background. Over the last
decades there were various attempts to find a quantum theory of gravity. One of the major
lines are the following:

1. Covariant perturbation method: gu, = g((l(;) + hgap, where the first part solves the classical
Einstein equations. Write down Feynman rules. The problem of this attempt is that
the perturbation theory is non-renormalizable. Let’s try to understand this.

In natural units ¢ = h = 1, the action is dimensionless. In dimension n, R has dimension
L2, while the measure contributes L™, so Newton’s constant Gy has dimension L™ 2.
In fact, Gy = lg_z in these units, where [, is the n dimensional Planck length.

So our coupling parameter is:
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with Planck mass M,. So at a distance X-times smaller (or at momentum X-times
larger), Gy seems X" 2-times larger, so Gy ~ p"~2 and the critical dimension is 2. So
in 4d, gravity seems non-renormalizable, i.e. gets stronger at shorter distances. In 4
dimensions Gy = lg.

Pure GR is finite to one-loop order (i.e. the divergences cancel due to an analogue of
the Ward identity) but not in higher orders or if coupled to matter.

Next step: supergravity. Make the theory supersymmetric, add a gravitino (spin 3/2),
to cancel some divergences. Highest dimension (with one time dimension) is 11, so this
is the most natural setup. Get solutions in 4 dimensions by dimensional reduction (like
in Kaluza-Klein theories).

Finally: Perturbative String theory.

2. Canonical quantization method: Wheeler-DeWitt equation: H |¥) = 0. Background
independance as a principle.
This approach leads to Loop Quantum Gravity after introducing Ashtekar’s variables.

3. Path integral method: Try a generating functional:

Z = / D [gap) e

with the Einstein-Hilbert action S as above. It is not known how to define a measure on
the moduli space of metrics. Another problem is again non-renormalizability. In LQG,
the moduli space is reduced, one ends up with the spin foam formulation.

4. Alternate routes: Twistor theory, gravitational OR (Roger Penrose), non-commutative
geometry (Alain Connes).

1.3 One step back: QFT in curved space-time

Lacking a full theory of gravity, let’s see how far we get without it. We saw above, that
(reinserting /) the Einstein Hilbert action in four dimensions is proportional to lﬁg Looking
p
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at the formal path integral

/D[gab] e ¥ = /D[gab] A

it seems that quantum effects of gravity become important only at the order of the Planck
length. A first step towards quantum electrodynamics is to consider matter in a classical
background of an electromagnetic field. In analogy, we might hope to get some insight to
quantum effects of gravity by considering quantized fields in a classical background, i.e. in
a classical curved space. Still there are some issues with this idea. The principle of general
covariance states that matter and mass couple equally strongly to gravity.

Nevertheless, if we consider for example a free field theory, only one-loop 1PI diagrams are
possible (lacking interaction vertices). Up to order ki, we can therefore truncate gravity also
to first-loop order.

For an interacting theory of matter fields, higher loops of these fields are possible, so we should
also better include higher graviton loops. Recall the very different nature of the coupling
constant in, say, electromagnetism, and in Finstein gravity. In the first case, it is given by the
dimensionless fine-structure constant a ~ %, while for gravity, the coupling is dimension-
full, being proportional to the Planck length. While one single graviton loop is of zeroth order
in Gy, higher loops come from graviton interactions, contributing powers of G. Hence for
length scales [ satisfying C;—QN = ;—’z’ L a= %, quantum effects of matter dominate, and we can
truncate gravity at one-loop order. It seems that this should give reasonable results, though
there is still much uncertainty about the domain of validity.

To sum up, there are several steps forward towards a quantum theory of gravity:

1. Quantum field theory in curved space-time: the background space-time is classical,
meaning we work in zeroth order in A. We ignore the back-reaction of the matter on
space-time.

2. Semi-classical gravity: still treat the background as classical, but now take the back-
reaction into account. Omne important element at this stage is the expectation value
of the energy-momentum tensor (being quantized) in some state . It contributes to
Einstein’s equation:

Rap — %Rgab =81G <Tab>¢

3. Include also higher graviton loops.

We concentrate here on the first two stages, which already lead to interesting results, like
particle creation, Unruh effect, and Hawking radiation.

2 Particle creation in a time-varying background (01.02.2010,
cf. [9])

To do perturbative QFT (at least in the classical fashion), one needs a notion of particle states.
Given such states, the S-matrix yields probabilities for a transition between a certain in-state
as an element of some Fock space into an out-state in another Fock space.

In particular, we want to define a vacuum state (a state without particle excitations). The



notion of a particle is no longer automatic in a curved background. As we will see later on,
different observers might well disagree over the number of excitations. Only under certain
assumptions, it is possible to define meaningful particle states. Possible setups are:

e asymptotically flat space-time, or
e non-vanishing curvature only in a compact region, or
e globally hyperbolic (space-time possesses a Cauchy hypersurface), or

e asymptotically stationary space-time (time-like Killing vector field gives rise to a split
into positive and negative frequencies, see below), or

e Feynman propagator (i.e. Green’s function) exists (propagating positive frequency in-
states into positive frequency out-states).

To define positive and negative frequencies, we want a positive-definite inner product. For
concreteness, consider a Klein-Gordon field. There exists a conserved current, which gives rise
to an inner product, the so-called Klein-Gordon product. We will come back to details later
on. If we restrict to fields of positive frequency (the Fourier transform &)(w,iz’) vanishes for
w < 0), the product is positive-definite. The Hilbert space of possible states is given by the
symmetric Fock space §g(H) with vacuum state |0) = (1,0,0,...), where the i-th component
in the infinite dimensional vector is in @ifl H. The field operator can now be given (in a
distributional sense) by
d(z) = Z (vf (z)a™ + vf (z)a™)
(2

where a™, a™ are creation and annihilation operators, and v; denotes an orthonormal basis of
‘H. Specify Hilbert spaces Hi, and Hqyt. The S-matrix describes, how a state evolves, p.e.
for an in-state |0) € Fs(Hin), the out-state S|0) € Fs(Hout) tells about spontaneous creation
of particle due to a time-dependant gravitational field. The latter state can be calculated. It
vanishes for an odd tensor product of Hilbert spaces, hence particles can only be created in
pairs. Particle creation only occurs, if some negative-frequency part is picked up.

3 Quantum fluctuations (13.02.2010)

We will from now on closely follow Mukhanov’s book [8].

Let’s start with an harmonic oscillator in a flat background with Hamiltonian H = 2 © | mwe?

2m 2
The classical equations of motion are & + w?z = 0.
The Schrodinger equation is: (—%A + m;2> |) = E'|1). Solve for the wavefunction:
1 /rmw\1/4 mwa? mw
U (z) = S (ﬁ) exp <— 5% ) -H, (Uhx> , n=0,1,2,....
In particular, the vacuum state is given by!:
mw 1/4 mwr?
=(— — . 3.1
nle) = (22) " ewp (") (3.)

'alternative derivation: a|0) = 0, where a = /2 (z + —p). This leads to: zto(z) + hdvolw) _

mw dx
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The vacuum state has expectation value (x) = 0. Nevertheless, there is a fluctuation dg ~
_h

mw’
Now consider the field theory case. Here we have "one oscillator at each point". In momentum
space: @y + (k? + m?)®y = 0, leading to a wave functional?:

1
U[®] ~ exp <2 /d3k |<I>k|2wk> .

In analogy, there occur vacuum fluctuations

1
0Pk = /(| Px|) ~ —.

e

If we consider fluctuations of a field in a box with length L, the fluctuations occur at k ~ %

and are given by:
L1 for L <«
8B ~ 1/ (0B)2 k3 ~
L (0®x) {L3/2 for L >

One consequence of these fluctuations is the Casimir effect (see below).

3=3=

4 Driven harmonic oscillator

In QFTCS, a time-varying background geometry leads to particle excitations. A lower-
dimensional analogy is a harmonic oscillator coupled to a time-varying source term. Take

the Lagrangian:
1 1
L=—¢*— -w’¢ + J(t)q.
50— 5wd +J(t)g

Assume further that J(t) is non-vanishing for ¢ € [0, 7] only®. Now a~ satisfies:

i
0 = —iwa” + ——J(t),
o (t)

which can be integrated. If we define

- T
2 .
Jo=—— [ dte*tJ(t),
: TW/O (1)

a straight forward calculation shows, that the occupation number operator has expectation
values*:

(01| N ()[03n) = |Jo|?
(Oout [N (£)[05) = 0.

Hence the energy expectation value gets shifted due to the interactions:

(O | H (1)]03) = <; + |J0]2) w.

2compare equation (3.1), with m =1, i=1, w = wi, © — Pi.

3This corresponds later on to a time-dependant gravitational field, which is stationary in the beginning and
the end, to get notions of particles.

4We are in the Heisenberg picture. If we start with the vacuum |0in), the state stays in |0in). So the first
line indicates an exictation of the vacuum. However, after the interaction, the true vacuum is given by |Oout)-
This is reflected in the second equation.



5 Quantization of fields

Now we turn to quantum field theory. As stated above, there is "one harmonic oscillator at
each point":

Stol =5 [ated® ~ [ d'adtyotnxy)o)

M gets diagonalized to M (x,y) = (—Ax + m2) d(x—1y). Due to the Laplacian, the oscillators
are coupled. We can decouple them by a Fourier transformation. Next we perform a mode
expansion in eigenfunctions in momentum space.

The quantized solution for the field operator ¢ is given by:

~ 3 . .
i) = | (;fr)l; - \}5 (v (1) €™ * i + vty **a) (5.1)

where the mode functions satisfy:
By + wi () = 0.

In the case of a free field in flat space, one gets:

_ 1 Wt

vk (t) Jor e*rt (5.2)
with wr = VK2 +m?2. In particular, the mode functions are isotropic (independent of the
direction of k).
The vacuum energy is in general infinite. Each point is an oscillator by itself and therefore
contributes %wk. In the free field case in flat space, one can renormalize the Hamiltonian by
imposing a normal-ordering condition, thus substracting the vacuum energy.
Another way to understand the appearence of mode functions goes as follows (see [4]):

1. Start with a Lagrangian, p.e.

L= (u00"0 — m*6 — €RS)

& = 0 gives the standard Klein-Gordon equation and therefore easy equations of motion.
For £ = 0 the field is conformally coupled, so the action is invariant under g,, — e uv-
For the special case of conformally flat metrics (like FLRW metrics), the field decouples
from gravity, since its action is equivalent to an action in flat space.

2. Derive the field equations®:

O¢ +m2¢ 4+ ERg = 0.

Define an inner product on solutions. To this end, pick a Cauchy surface ¥ with normal
unit vector n*, and set:

ud
(vi,v2) =i [ vy Oy v1dEn! = i/(vé‘ﬁﬂvl —v10,v3) dEn”,

where v1 and vy are solutions to the equations of motion.

By the equations of motion, the definition does not depend on the specific choice of
Cauchy surface. Therefore, we get a well-defined inner product, the Klein-Gordon prod-
uct.

"Here 0 = V*V,,. For scalar fields: O¢ = V*0,¢.




3. Now proceed with canonical quantization:
[p(x, 1), 7(x',t)] = id(x,x), where
oL
™= —
o¢
/5(x',x) ¥ =1.

If (v;) is a complete set of positive norm ("positive energy" in the flat case), then as in

conventional QFT, ¢ gets operator valued, and can be expanded as:

~

_ ¥ 4 oo
¢ = g (via + v;a; ),
i
where at,a™ are creation and annihilation operators. In the non-discrete case, we are

back in (5.1).

The problem of curved space-times is the ambiguity in a choice of basis v;. While in the flat
case, one picks positive frequency solutions (5.2), there is no canonical choice in the curved
case.

5.1 Fields in FLRW models

Now consider a field ¢ with Lagrangian ({ = 0 above)

1

L= 3 (0,00" ¢ — m?¢?)

in a FLRW universe with metric
ds* = dt* — a*(t)dx* = a*(n) (dt* — dx?) .
It is equivalent to a field x = a¢ in flat spacetime, where x obeys the equation

X" = Ax +migx =0,
where msz = a’m? — %" and the prime denotes taking the derivative with respect to the
conformal time 7. For £ non-zero, m2g = a* [m2 + (f — %) R].

Again, the oscillator decouple after a Fourier transformation. Now the mode functions satisfy

vfl + wip(n)ve,

with wg(n) = 1/k? + mZz(n). This equation has two linear independent solutions, which we
interpret as a complex solution vi. Making use of the Wronskian, we normalize:

vivr — vl v Wlog, v
S(vpvf) = £k _E T — Lk — .

Note that the normalization is independent of 17 due to the equations of motion.

The normalization is equivalent to

(Vs Vi) = Okl s

with the scalar product defined above.



5.2 Bogolyubov transformations
For general manifolds, two isotropic mode functions are related via
U = apuy, + Bruk,

with Bogolyubov coefficients ay, 8. Normalization is kept, if |az|? — |Bx|?> = 1. The operators
are related via the Bogolyubov transformation:

. o et
b, = agay + Bra’,,
bl = ajal + Bra,.

The b vacuum can be expressed in terms of the a vacuum:

_ 1 _ B g
0)) = [H TP ( Mka;:atk)] 0.).

The product converges, if |3x|?> — 0 faster than k% This is the mean density of b-particles in

the mode yy in the a-vacuum, since (04| Ny|0q) = |B8k|26®)(0). The complete mean density of
b-particles is [ d3k |B,|*> which converges under the same condition as above.

5.3 Choice of vacua

One possible vacuum is the instantaneous lowest energy vacuum: minimize the energy at a
given instant of time 79. A solution exists, if w?(n9) > 0. The initial conditions for the mode
functions in this case are®:

1
vk(no) = m,
v (o) = iv/wi(m0),

which turn out to be isotropic. The Hamiltonian is:
- 1
H(no) = /d3kwk(n0) (a;a; + 25<3>(0)> :

|0,y) is the vacuum of instantaneous diagonalization, since the Hamiltonian is diagonal in its
exited states. At later times, the vacuum usually turns into a superposition of excited states.
In general, there is no unique prescription to define a vacuum. Several problems may occur:

e It makes sense to talk about a particle with momentum p, if Ap < p and hence the
spatial size A > %. But in this region, the spatial curvature may change. For high wave
numbers and small curvature, this effect might become irrelevant, even on a cosmological
scale.

e In general the 4d curvature counts, not only the spatial curvature. For example for a

FLRW universe, the frequency wi(n) = ,/k* + mgff(n) can become imaginary. In this
case, the modes become growing and decaying. No lowest energy state exists.

SCompare also with the free field solution (5.2).



e Further the definition depends on the chosen reference frame.

e Even for small deviations in the curvature and on a small time interval, the particle
production from |0, ) to |0,,) can be infinite.

Another possible vacuum choice which avoids the last difficulty is the adiabatic vacuum. If
the variation of wy is only small in some range of 1 one can use a WKB approximation. In
this adiabatic regime, at fixed 7y one solves for the mode function of the adiabatic vacuum,
s.t. vk(no) and vy (no) coincide with the WKB approximation

oVKB () = wlk(n) exp i / o)
at 7.

6 Particle creation

In the Heisenberg picture, the states are time-independant, while the operator change in time.
Let us prepare our system in the state |0,), the vacuum corresponding to operators dljf. These
operators can be chosen in a natural way, if the universe is static at initial time (see section
2). After an interaction with the gravitational field, let us assume, that our universe is again
in a static state. But now the natural operators are Blf, with vacuum |0p). Since our universe
is still in the state |0,), but particles are counted with Nb, the mean density of b-particles is

/ &k |62,

as we have seen above. The energy density is
2
/ Pk wy, |Br|* .

6.1 Example

Consider a massless scalar field in a FLRW universe which is static in the past and future.
We want to solve

Xh — Axk + migxr =0,
1
mgf‘f: a2 <§ - 6) R7

—iwn

with initial condition (in-state)

(i), \_ €
(n) = Nk

We can reformulate the problem as an integral equation
(i) Mmoo . _
Xe(n) = x5, () + — [ dixe() meg(n) sinw(n = 7),
—00

which can be solved perturbatively by iteration.
One application is particle creation due to gravitational interactions during inflation. After



a deSitter expansion (p = —p), the universe enters a matter dominated phase (p = 0). The
energy contribution can be estimated by

PVac
PPlanck

p= (1 - 66)2pVac

Here pyac is the density driving inflation and ppy is the Planckian density. For GUT scale
inflation, this contribution is negligible, if reheating is efficient:

pvac =~ (10" Gev)*
PPlanck = (1015 GGV)4

7 Fluctuations

First we calculate fluctuations in a vacuum state. There are two ways to calculate fluctuations,
leading to the same result:

e Equal time correlation functions:

2 sinkL

1
- . 3 310,12 —
Ol ) 8y n)l0) ~ [ P ol T ~ Bl at b~

where L = |x — y| is the comoving distance (the physical distance being a(n)L).

e Fluctuations over averaged fields, with window-function (bump-function) Wy, of order 1
at a scale L:

o (f d3xwL<x>>z<x,n>)2 0~ [ @Kl TP

Since the Fourier transformed window-function W, (kL) is of order 1 at scale k| ~ 1,

the result is the same as above, up to factors of order 1.

For the free field, one gets:

k3/2 k32 for large L
oxr(n) ~

(k2 + m2)1/4 "k for small L

In a non-vacuum state, the fluctuations become:

(6xX? = (5x1)? (1 +2|8]%) .

Another oscillating term occurs, which vanishes, averaging over large times, but can in general
yield a factor even smaller than 1.
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7.1 Example

For the effective mass:

) mZ  n<0andn>mn
meff(n) = 2
—-mg 0<n<m

one gets particle densities

1Bel? {(”,?)4 for large k
k ~Y

e2mom  for small k

The fluctuations now are given by

oxr(n) ~

k3/2 emom [3/2 for large L
(k2 +m2)1/4 k for small L

hence there is an enhancement of the fluctuations of €0 on large scales.

8 Fields in de Sitter spacetime

A de Sitter universe is a FLRW universe with a = ag et

to € = const. The usual coordinate patch

, corresponding to € = —p, leading

ds® = dt? — a%dx?

covers only a finite part of de Sitter space-time’, which is nevertheless enough for cosmological
applications. In cosmology, a de Sitter universe is used for inflation, with a large Hubble
parameter H. Due to dark matter and dark energy, also our current universe seems to resemble
de Sitter on large scales, but with a tiny Hubble parameter. So the expansion of our universe
increases exponentially.

In a de Sitter universe, there exists a horizon with scale a(to) Tmax(to) = % which can only be
reached asymptotically by lightlike particles.

Switch to conformal coordinates®:

ds* = a®(dn?* — dx?)

Now consider
11 Lhorizon
k|~ 7 — = —/———,
LaH Lphys
with physical wavelength Lynys = a(n)L. Small values give superhorizon modes, heavily af-
fected by gravity. In de Sitter the modes go like a power of 7. Large values correspond to

subhorizon modes, almost unaffected by gravity, so one gets flat modes. At a time when

"This follows from the fact, that for a massive observer —oo < t < 0 corresponds to finite eigentime.
8Coordinate transformation:
1 o Ht () 1
=—— , a(n) = ——.
"=TH " Hn

Here —oco < 1 < 0 corresponds to —oo < t < 00.
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Lyorizon = Lphys, horizon crossing occurs. Superhorizon modes do not have a particle inter-
pretation. Only correlation functions make sense.

The effective frequencies in de Sitter are imaginary for k|n| small enough (superhorizon modes).
Hence instantaneous vacuum states cannot be defined. Instead define the Bunch-Davies vac-
uum by applying the Minkowski vacuum prescription as n — —oc:

v — 1 ik, V), = WU
Wk
An explicit solution can be given in terms of Bessel functions. In inflation, de Sitter space-time
is usually applied for times 7; < n < n;. Therefore in this setup the Bunch-Davies vacuum
can only be chosen for subhorizon modes, k|n;| > 1.
The fluctuation look as following:

unknown, N < Ni, OF Lphys 2 Lmax = H_l%
-1 _
5(I)Lphys (77) = Lphys’ Lphys <H !
H‘LphysH|n_3/2a Lphys > H_l
with n = 3/2 — %— E—z ~ 1 for small masses. Since Lmax ~ et the unknown regime

gets shifted to high physical scales rather quickly. A de Sitter inflation therefore helps to
iron out unkown fluctuations. On small scales, the fluctuations are like in Minkowski space

-1
~ LphyS’
for inhomogeneities in the early universe in the inflation model.

while on large scales they approach a constant value H. These fluctuations account

9 Some physical effects

9.1 Lamb shift

Energy splitting between 2p and 2s: different geometry of electron cloud — different inter-
action with vacuum fluctuations.

9.2 spontaneous radiation of hydrogen atoms

2p — 1s, due to interactions of electrons with vacuum fluctuations of electromagnetic field
(otherwise: 2p is stable).

9.3 Schwinger effect

ete™ pair production in an electromagnetic field. If virtual pairs get separated, they can
become real, if leE > 2m.. Probability:

2
P ~ exp (—mE6> .
e

9.4 Pair production due to gravity

Works only for time-dependant (non-static) gravitational field, otherwise the virtual pair does
not get apart.
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9.5 Casimir effect

Consider two uncharged plates in a distance L in vacuum in 1 4 1 dimensions. The field has
now discrete frequencies due to boundary conditions. The shift in vacuum energy is’

oo oo
m m 7r
—€=— — lim — = ———.
=g n im g ) =5
n=1 n=1
Here € denotes the energy per length L In 3 + 1 dimensions:

F w2

A 240L%
10 The Unruh effect

10.1 Rindler space-time

We follow [3], section 4.5, with slightly different metrics and sign conventions.
The Unruh effect deals with an accelerated observer in flat Minkowski space-time. For sim-
plicity, we only look at the 2-dimensional case. The relevant metric is Rindler space-time:

ds% = (ap)?dr® — dp*.

The metric is the analogue of polar coordinates for Minkowski space. A transformation to
ds?w = dt? — dz? can be given via

x = pcoshar
pe (10.1)
t = psinhar.

In Euclidean space, the lines of constant radius are circles, while in the Minkowski case, lines
of constant p are hyperbolas z? — t> = const. But in special relativity, an observer that
is uniformally accelerated with acceleration a follows a hyperbola exactly parametrized by
(10.1). Hence Rindler space-time describes uniformal acceleration, as sketched in Figure 10.1.
Null geodesics in flat Minkowski space satisfy

0 =ds3, = dt* — da°.

So out-going geodesics (moving in positive z-direction) are described by constant wys, while
in-going geodesics correspond to constant vys, where

uy =t —x,
vy =t+x

are the null coordinates. The same works for Rindler space-time. Here geodesics satisfy

0 = ds% = (ap)?dr? — dp?,

Yusing zeta-function regularization:

1
> (-1 = -5

The result can also be derived with a cut-off function.
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accderated X
observer

Figure 1: Rindler space-time

and null coordinates are

ur = a1 — log p,
vg = aT + log p.

In null coordinates, the metrics read:

ds?\/[ = duys dvyy,

ds% = e"R7UE dup dupg.

Written in this way, the Rindler metric can be seen to be conformally flat (as is any metric in
two dimensions).

An observer following the hyperbola as sketched in Figure 10.1 can only receive signals from
the lower quarter, while it can only send signals to the upper quarter. Hence there is no way to
synchronize clocks in these cases and hence no notion of distance. The Rindler metric therefore
only covers one quarter of Minkowski space. In particular there is a horizon, corresponding to
the boundary of the Rindler wedge x > |¢| in Minkowski space time. The horizon consists of
up = o0 (or upr = 0) and vg = —oo (or vy = 0).

Next we add a second wedge, which we get by reflecting the old one in the origin. The old one
is called R (right), the new one is called £ (left). The remaining wedges are called § (future)
and P (past).

We want to find out the physical implications of the acceleration. Let us quantize a scalar
field as usual, that obeys the Klein-Gordon equation

(07 — 02) ¢ = Ouup, Ovyy @ = 0.
Since the equation of motion is conformally invariant, in Rindler space it is simply
OupOvr® = 0.
The solutions are the same as given above in equation (5.2). In Minkowski space, they are:

1 .
M ezwt )



In Rindler space, we can solve in R or £ respectively:

0 in £

’UR(E) _ 0 in R
k 1 e-iw(vr—ur) ip o

Vo ©
Now @ ; L o R(D) . .
oW v, is a complete set of solutions in R, while v, is complete in £. Furthermore, one

can show, that together they are complete in the whole Minkowski space.
The fields can be expanded in either set:

d3k 1
o [ (g e ) -
Pk 1 ROy gilox = ROV ik jR4 (RO x gikex o= R(9) —ilex je+
:/(27r)3/2\/§<(vk )" e hT + FEh T (o ) e T T e )
Now there are two vacuum states:

Minkowski vacuum: a, [057) = 0,

Rindler vacuum: b~ |0g) = b~ |0g) = 0.

The system must be in the Minkowski vacuum, being the lowest energy state of an inertial
observer. To prepare a state in Minkowski space in the Rindler vacuum, one needs an infinite
amount of energy: if the energy is uniformly distributed in Rindler space, the energy den-
sity diverges (after zero-energy subtraction) at the horizon, which corresponds to an infinite
coordinate region in Rindler space. This is not sensible, since it would lead to an infinite
backreaction due to Einstein equations.

To compute the excitation number, an accelerated observer measures in the Minkowski vac-
uum, we have to compute generalized Bogolyubov transformations, i.e. the transformation is
no longer diagonal in the momentum. Rather:

oo
i = / dw (a(w, Q) &5 + Blw, Q) ) [
—0o

The Rindler mode functions must pick up some negative frequency, since they are non-smooth
at the horizon, due to the sign flip in the exponent. Therefore, they cannot be superpositions
of the analytic Minkowski mode functions.

To do the calculation, we construct two combinations that are analytic and bounded in the
lower half planes in «f* and v, namely:

1 R(R) | _mw, R(L)\x
ZSinh(%) (uk te (u_k ) )

1 R(®)\+ , ™ R(£)
ZSinh(%) <(U_k ) e Uk )

as one can check in a straight-forward fashion.
Expanding in these new mode functions, the corresponding operators must now annihilate the
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Minkowski vacuum. By taking inner products ((b,uf(%)) and (gb,ukR(E) ) one gets the needed
Bogolyubov coefficients.

Between the accelerated frame and the flat metric, one finds the mean density of particles
with momentum ) as seen from the accelerator to be:

exp (—M) 1

a —
2sinh ™ exp (2”7“’) -1

no =

This corresponds to a Bose-Einstein blackbody radiation of Unruh temperature

T=2
2

11 Black holes and thermodynamics

11.1 Basic facts on Black holes

Several solutions for black holes were found. They can be listed by increasing complexity:
1. The first solution found was the Schwarzschild black hole (1916):

1
ds? = — (1 — 7i) At + o dr® + 17d,
r — LIs
T
where r; = 2M = 3Mﬂ®km is the Schwarzschild radius.
It solves the Einstein equations in vacuum R, = 0, and is

e stationary: there exists a time-like Killing vector field £* (or a one-parameter group
of isometries ¢; with time-like orbits).
e spherically symmetric: the isometry group contains SO(3).

o static!?: the orbits of ¢; are integrable, meaning there exist hypersurfaces orthog-
onal to ¢y, for any to. By Frobenius’ theorem:

& AdE =0.

Here £ is the corresponding one-form, which in abstract-index notation is written
§a = gabS"

11.2 Hawking radiation

In 1 + 1 dimensions, the situation is the same as for the Unruh effect. Kruskal coordinates
give a conformal metric. The proper acceleration is given by a = ﬁ, leading to the Hawking
temperature:
ket 1 M
TGk 8tM T M

10Staticity follows in fact from being spherically symmetric, which is known as Birkhoff’s theorem (and
generalizes a theorem by Newton). In other words, even if a mass distribution oscillates in a spherically

symmetric fashion, the space-time outside is static, hence there is no emission of gravitational waves. There
exist no gravitational monopoles.

H
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With massive fields, the particle density is given by:
1

exp (%) -1

with £ = v/m?2 + k2 which is only large enough for small masses. In 3 + 1 dimensions, one
must include a greybody factor < 1 accounting for a barrier-like potential in the Laplace
equation. If one considers a black hole being formed by gravitational collapse, the radiation
can be considered to stem from particles staying close to the horizon for a long time and
escaping eventually.

n =

11.3 Thermodynamics

Black holes have an entropy

drE amM 1 1
SBH /T / 7 = 4m(2M)7 = 1A,

using the black hole radius R = 2M.

Stefan-Boltzmann!!:

L=~oTHA,
leads to: 1/
t M3
M:/dtL:Mg <1> , tr = 5120m—2,
tr, Y

and hence leads to a finite life-time (without quantum gravity effects)'?.

Black holes have negative heat capacity

oE  OM 1

or — or  8xT¥’

so they become colder, if they absorb mass and energy. Only reservoirs of finite volume with
a heat capacity being positive and not too large can lead to a stable equilibrium.

Cpu =

Hawking’s original derivation of the black hole radiation [6] was somewhat different. He did
not consider an eternal Schwarzschild black hole, but instead he looked at matter collapsing
to a black hole. Intuitively, black hole evaporation can be understood as highly energetic
particles staying close to the horizon for a long time. Eventually, they can escape and reach
the detector. Though the two approaches seem to desribe different physical setups (in the
first case, an eternal black hole emitting particles, in the second a black hole forming), they
give the same result, namely a black body radiation with Hawking temperature.

Another, more heuristic interpretation goes as follows: consider a pair of particles, one with
positive, the other with negative energy. The latter can tunnel through the event horizon.
Inside the black hole, the time-like killing vector field turns space-like, and hence the particle
becomes real (now propagating time-like). The particle of positive energy can propagate to
infinity. The probability of this effect to happen is proportional to the surface gravity, the
area of the black hole horizon.

1. flux of energy, v: degrees of freedom, o = ’g—;: Stefan-Boltzmann constant.

20nly for very light black-holes, the life-time is small w.r.t. the age of the universe.
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12 Path integral methods

J_ /Dq oiSlad]

Effective action:

Get:
. R §m eiTlJ]
(Oowt|T q(t1) - - - G(tn)|O0m) _ 570)~57Gn)
< out‘ > eiFU]
R . §m eil'[J]
(O[T q(t1) - -+ 4(tn)|Om)  57CE)-07(En)
< m‘() > eil[J]

GF_)Gret

where we replaced the Feynman propagator by the retarded propagator in the last equation.

12.1 Backreaction

For a system classical background plus quantum system, one gets a total effective action:
Seff[J] — Sbackground[J] + F[J]

The equation of motion for the background now becomes:

6Sp[J]  or[J]
0J(t) 8J(t) Gr—Gret

The effective potential T" leads to source terms (0in|G(¢)[Oout ) -
Examples:

=0.

e Electromagnetism: J is here replaced by A,, the equations of motion are
Lo, p 4 (7 =0
47_‘_ v b
with:

N wasz eS_fp¢jueiS

5A,  [Dye’S [Dy e ="

e Semi-classical Gravity: J gets replaced by g*”, with equations of motion:

A 1 V=g 7
“16xG oo~ g9 R ) 757 (Tw) = 0.

with:

oT] _ [Désgwe™  [DoY3 T =g s
sgv — [DpeS fD¢ezS =g Tw

leading to a vacuum polarization.
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13 Heat kernel

For an action S = % [ dt $O¢, the effective action is given by!3:
1
= 3 log det O.

Find an appropriate Hilbert space and an Hermitian operator M with the same eigenvalues
An. Define the zeta function of the operator M by

Cip(s) = i <A1n> — e AT

n=0
Now:
o LAy
2 ds |,

Define the heat kernel:
Ky (1) = ZeiAnT [¥n) (¢nl
n

The effective potential can be calculated in terms of the trace of the heat kernel, using the
identity'4:
1 * s—1 o

Solve perturbatively:
KM:K0+K1+....

Writing —M =0+ 3, one gets a chain of equations:

dK,

dr 05 0( ) 5

dK . . X R

— L — OMEK, + 3K, K1(0) =0,
=

dK X X X R

- 2 —OMK, + 3K, K5(0) =0,
=

3Since in Euclidean notation:

el = /Dgi) e~ 0% _ Vdet O.

HMUse:
Ca(s) =D ()%,
Tr K (1) = Z e T

I'(s) = As/ dr e " 7L
0
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One can either expand in curvature or in 7. The first corrections are the same. Seeley-DeWitt
expansion in d dimensions is given by

IR} = 50 (14 (o) + aaa)r? ).

For O = —0O + V(z), the first Seeley-DeWitt coefficient is given by

The (y;-function diverges for 7 — 0, due to UV divergences'®. The divergences have to be

regularized and renormalized by defining new physical parameters in addition to the bare
parameters (like the cosmological constant, Newton’s constant and a R? coupling constant).
Finite terms can be found in the expansion up to second order in the curvature (not in 7),
yielding the Polyakov action (in two dimensions)

1 -
F[g/“/] = 9677'(' d2$ \/ERD 1R ==

1

= o= d*z d*y \/g()\/g(y) R(z)G (z, y) R(y).

The variation of I' under a conformal transformation leads to a conformal anomaly:

f ooy = (@) _ R(@)
O u(@)|0) = == = 5 =

This origins from the fact, that in path integral quantization, while S is conformally invariant,
the measure D® cannot be chosen to be generally covariant and conformally covariant at the
same time.

An alternative derivation comes from looking at the Seeley-DeWitt expansion to first order.

14 (*-algebras

Definition 14.1 (C*-algebra). A C*-algebra A is a associative C-algebra with norm and
*: A — A, C anti-linear, s.t.

1. a** =a

2. (ab)* =b*a*

3. [labl] < [l l6]
4. [la*]| = Jlall (isometzy)
5. llaa*| = [|al}? (C*-property)

15 Another divergence for 7 — co only appears in the Seeley-DeWitt expansion. This is not a serious problem,
since the expansion is only valid for small 7 anyway.
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Definition 14.2. Let A be a C* algebra, a € A.
Resolvent set:

ra(a) ={A € C |A-1—a invertible}.
Spectrum:
oa(a) =C\ra(a).
Spectral radius:

pa(a) = sup{[A[| A € 0a(a)}.

A self-adjoint element a is called positive, if one of the following holds!S:

1. a = b2, for some b self-adjoint,
2. a = c*c, for some c,
3. oa(a) C [0,00).
Lemma 14.3. o4(a) is nonempty and compact. Further:

— 7 n|l/n _ : n|l/n
pa(a) = lim [la” V" = inf " V" < ],

The norm is uniquely determined by A and *:

lal* = /pa(a*a).

Lemma 14.4. Let f: A — B be an injective and unit-preserving x-morphism. Then:

1F(a)]| = [lall

15 States, observables, and operators

Definition 15.1. Let A be a C* algebra, H a Hilbert space. A representation is a x-map
from A to L£(H), the linear bounded operators. The universal representation is given by

@7‘(’7—214—>£ @HT ;

reS(A) reS(A)

where S(A) is the set of all states. H, is the Hilbert space defined in the GNS representation
below. A state is a positive linear functional 7 : A — C with ||7]| = 1. An observable is a

self-dual operator on H.

e Pure vector state: H Hilbert space, O € L(H) linear bounded operator in H, ¥ € H

vector. Set:
7(0) = (¥,0V) = (¥|0|¥) .

In physics notation, |¥) is called state.

'° An element can be decomposed into positive elements, a = a;—a— with ay = 1(a+|a|) and a—
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e Mixed state: density matrix (trace class operator). Let Y, A; = 1 and \; > 0. Define!”:

(Z Ai [¥i) <¢i|) o

If Tr(p?) = 1, the state is pure, if it is less than 1, the state is mixed.

Note: a convex combination of states in the algebraic sense leads to mixed states (or
density matrices), while a convex combination of states as vectors (in the usual QM
sense) gives again a pure state.

7(0) = 3 NilW, Oi) = 3 A (il Olihi) = T — Tr(p0).

Theorem 15.2 (GNS representation). Let 7 be an arbitrary state. A scalar product is given
by (a,b) = 7(b*a) Next we construct a Hilbert space. Therefore mod out the null space N,
consisting of elements a € C* with T(a*a) = 0. Complete the pre-Hilbert coset-space A/N; to
a Hilbert space H,.

Now the Gelfand-Naimark-Segal (GNS) representation is given by:

mr: A— L(H;),
(7-(a)) [b] = [ab].

16 Wightman axioms

Consider the following set-up:

e States are one-dimensional subspaces of a separable complex Hilbert space H. H carries
a unitary representation of the Poincaré group P = SL(2,C) x R3. Leads to notions of
energy, momentum, angular momentum, center of mass.

e F is a collection of fields. A field ® € F' is a operator-valued distribution (S denotes
the Schwartz functions), i.e.

d: S(RY?) = O(H),
(I)(f) : Dq>7f — H.

Here ®(f) is defined on Dg , a linear dense subspace of H. Further there exists a linear
dense subspace D with Dg y C D for all ® and f. Leads to notions of locality.

e There exists a vacuum vector 2 € D.

Now the Wightman axioms are:

7This has to be distinguished from a convex linear combination (superposition) of pure states (in physics
sense), which would lead to

7(0) = (o AWilO1 D Aiths),

and >, A [¢h:) (1i| cannot be written in terms of >, >~ XX ) (1.
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1. Covariance: YA € P,Yf € §,Y® € F,Vx € R'3, the following hold:

U(A)

®(f)D C D,

UA)R(f)U(A)" = ®(Af),
Af(z) = f(A )

2. Spectrum condition. Let T denote time-translations and T; € P, j = 1,2,3 spatial
translations. Then

U(Ty) = exp(iPy), Py Hamiltonian,
U(T;) = exp(—iP;).
The joint spectrum of 7} is the forward light cone C...

3. Locality, microscopic causality: if supp(f) and supp(g) are causally separated, ®(f) and
U(g) commute (or anti-commute).

Remark 16.1. Irreducible representations of the Poincaré group P of non-negative energy, can
be described by the so-called Wigner classification. The mass m = v P2 is a Casimir invariant
of P. Now the following situations can occur

e m > 0: in the rest frame: Py = m, P; = 0, allowing for a representation of Spin(3).

e m =0,P > 0. Go to the light-cone frame P = (k,0,0,—k), giving us a representation
of the double cover of SE(2), denoting the special Euclidean group (rotations plus trans-
lations). There occur irreducible representations characterized by the helicity (multiple
of %) and continuous spin representations.

e m =0, P = 0. This is the vacuum, leading to the trivial representation.

17 Algebraic Quantum Field Theory

Definition 17.1. We define three Categories:
1. Loc:

e obj(Loc): globally hyperbolic Lorentzian manifolds, oriented and time-oriented.
Or: bundles over space-time.

e mor(Loc): isometric embeddings. Or: conformal transformations (for CFTs).
The morphisms preserve orientation and time-orientation. Further, for a,b € M,
causally connected, also causally curves between 1 (a),1(b) must be contained in

2. Obs

e 0bj(Obs): C*-algebras. Or: *-algebras. Or: von Neumann algebras.

e mor(Obs): injective, unital x-homomorphisms.
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3. Test

e obj(Test): smooth, compactly supported test functions.

e mor(Test): push-forward.

Now a locally covariant QFT is a covariant functor A between Loc and Obs. Let D be a
covariant functor between Loc and Test. A locally covariant quantum field ® is a natural
transformation between A and D.

Loc Loc
i
Obs Test

The following conditions must be satisfied:

1. A is causal: if the images of two manifolds are causally separated, the images of the

corresponding algebras commute.

2. A obeys the time-slice-axiom: if the image of a manifold M; contains a Cauchy surface

in Mo, the image of the algebra A(M;) is the complete algebra A(Mz), not just a subset.
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