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OBJECTIVE

These Lecture Notes were intended to support the course ”Geometric Quantization”
held in the winter term 2021/2022 at the LMU Miinchen as part of the program of
TMP (”Theoretical and Mathematical Physiscs”). Its content has been written down
step by step on the basis of the actual development of the course, and, in particular,
in interaction with the comments and questions of the participating students. Some of
the contributions of the participants are included in the Lecture Notes.

The result of these efforts (as of February 2022, end of the course) is roughly the
content of the first 10 chapters (with about 130 pages at Febr. 22) and the 6 appendices
(with about 90 pages at Febr. 22).

Since the end of the course the Lecture Notes has been developed further. Among
others with the aim to present further approaches to Geometric Quantization and to
provide more examples. The main goal is to add central achievements of Geomet-
ric Quantization such as half-density quantization, half-form quantization, metaplectic
structure, pairing, applications to field theory, etc. as well as to complement and im-
prove the first 10 chapters.
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LEITFADEN

Geometric Quantization begins with a set of observables of a model of Classical Me-
chanics. The model is realized as a symplectic manifold (M,w) and the observables
form a subset o of the space £(M, R) of (differentiable) real-valued functions on M. To
describe this background, these notes start with a mathematical exposition of Classical

Mechanics in chapter 1. They proceed with a first attempt to construct a quantum
model on the basis of (M,w) and o C £(M,R) in chapter 2.

This attempt shows that a Hermitian complex line bundle L with connection V
on M is required for the program of Geometric Quantization in such a way that the
curvature Curv(L, V) of the connection is the symplectic form w. In order to formulate
this requirement the basic notions of a complex line bundle (ch. 3), a connection (ch. 4),
a curvature (ch. 5) and a Hermitian structure (ch. 6) are developed.

With these ingredients at hand the first step of Geometric Quantization — prequan-
tization — is carried through in chapter 7: For a given symplectic manifold (M, w) and
a Hermitian linde bundle (L, V, H) satisfying Curv(L,V) = w — called a prequantum
line bundle — a complex Hilbert space H (generated by a subspace of sections of L)
and a map ¢ : £(M,R) — S(H) (using the connection V) is constructed, where S(H)
is a set of linear operators on Hl, such that the so called Dirac Conditions are satisfied:

(D1) ¢(1) = idg,
(D2) [¢(F),q(G)] = =q({F,G}), for all F,G € £(M,R).

Here, ”{ , }” is the Poisson bracket of the symplectic manifold. Note that prequantiza-
tion works for arbitrary subsets o of observables. But prequantization fails to provide
good quantum models for several reasons. For instance, let M be the symplectic space
M = R?" with the standard symplectic form w = dg’ A dpj, and let L = M x C be
the trivial line bundle with connection V given by the form —p;dg’. Then the Hilbert
space H is L?(R*",C), the space of square integrable functions ¢ : R* — C, and the
observables ¢, p; have as their prequantum operators

j :La i_. i
q(¢) 2T8pj+q Q7
i 0

q(pj) = mog D

Although (D1), i.e. ¢(1) =id, and (D2), i.e.
?

(@', P) = 50} = %{qimj} = %Q({qi,pj})
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are satisfied, this result is not in accordance with the usual quantum model. In particu-
lar, the prequantization ¢ is not irreducible. However, if we restrict the operators Q°, P;
to the smaller Hilbert space H = L?(R",C) C L*(R?",C) of functions only depending
on the variables ¢, the usual quantum model is achieved.

This procedure of cutting down the number of variables can be generalized by
introducing polarizations P C T'M on M (see ch. 9) along which the sections generating
the Hilbert space have to be constant.

Before the presentation of polarizations in chapter 8 the question is discussed under
which condition a symplectic manifold (M, w) admits a Hermitian line bundle (L, V, H)
with connection such that Curv(L, V) = w. It turns out that this condition is a purely
topological condition on M and w which can be expressed best by cohomology. When
this condition is satisfied, the symplectic manifold is called quantizable.

Chapter 10 is devoted to the construction of the first version of a full Geometric
Quantization. The construction is based on the geometric data of a prequantum line
bundle (L, V, H) on a symplectic manifold and a polarization P. The representation
space Hp is then a suitable Hilbert completion of polarized sections. Here, a polarized
section is a section s of L satisfying Vxs = 0 for all vectro fields X in P. Moreover,
we need the notion of a directly quantizable observable F' in order to confirm that for
a polarized section s the derivative Vx,s is polarized as well. Finally, the prequantum
operator g(F') determines the quantum operator, which will be denoted as ¢(F') as well,
and which satisfies the Dirac conditions with respect to a smaller representation space
H.

Several elementary examples are presented in detail in this chapter in order to illus-
trate the impact of Geometric Quantization. Among others, the geometric quantization
of the harmonic oscillator is calculated, leading to a reasonable result. This result has,
however, a shift in the eigenvalues in comparison to the known results from Quantum
Mechanics. By a modification of Geometric Quantization — the metaplectic correction
— this defect can be removed.

The content of the first 10 chapters of these notes covers the development of the
course given in winter 21,/22 which constitutes essentially half the notes. The second
half deals with various improvements, modifications and generalizations.

The second part of the notes begins in ch. 11 with an analysis of the existence
of enough polarized sections and quantizable observables. For instance, when some
the leaves of the quotient M/P of M induced by the polarization P on M are not
simply connected it can happen that there do not exist nontrivial polarized sections
and holonomy comes into play (Bohr-Sommerfeld condition). One way to overcome
this difficulty and to obtain reasonable representation spaces is to consider generalized
sections in the sense of distributions.

The next step in Geometric Quantization is Half-Density Quantization. In addition
to the prequantum bundle L on M and the polarization P a half-density bundle S on
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M is considered as an additional geometric structure together with a partial connection
induced on S by the polarization. The bundle L now is replaced with the line bundle
L ® S and the quantization is then based on the polarized sections of L ® S to obtain
the Half-Density Quantization roughly in the same way as in ch. 10. As a preparation
a detailed exposition of r-densities on a manifold and their integration theory is given
in ch. 12. Chapter 13 and 14 deal with the quantization, first for cotangent spaces
M = T*Q (sometimes called momentum spaces) and then in general.

Ch. 15 deals with Half-Form Quantization which is similar to Half-Density Quanti-
zation but the additional line bundle now is a half-form bundle S, i.e. a line bundle S
with the property S®S = A"PY (A" PV is the line bundle of n-forms in P, the so-called
canonical bundle of P). We discuss the topological condition on P and M under which
such a half-bundle exists. Note, that, in contrast to the half-form case, the half-density
bundle always exists as a trivial line bundle. The topological condition which ensures
the existence of a half-form bundle is needed for the existence of a so-called metalinear
structure on P (ch. 16) and the existence of a metaplectic structure (ch. 17).

Ch. 18 is dedicated to the metaplectic representation which appears in several
mathematical areas. The metaplectic representation can be used to refine the preceding
three chapters and it gives rise to generalize the procedure of geometric quantization
in a number of directions.

A chapter on Chern-Simons theory is planned.



1 Hamiltonian Mechanics

Hamiltonian Mechanics is the study of conservative systems of Classical Mechanics.
These systems are modeled by Hamiltonian systems. The purpose of this chapter is to
introduce step by step the concept of a Hamiltonian system, first on an open subset of
R"™ as configuration space, then on the cotangent bundle of a general manifold as phase
space and finally on a general symplectic manifold as phase space. A Hamiltonian
system is a special case of a dynamical system induced by a function H on phase
space.

Since we need general manifolds as phase spaces this chapter also serves to recall
the basic notions related to a manifold and the notation used throughout these lecture
notes.

1.1 A Simple Hamiltonian System
1.1.1 Canonical Equations

We begin with a special case of a system of Hamiltonian Mechanics where the config-
uration space (”Ortsraum”) is an open subset U C R™ of R" (n € N,n > 0):

e U C R” open subset of R", the CONFIGURATION SPACE,

o M :=U xR"=T*U, the (MOMENTUM) PHASE SPACE, and the smooth func-
tions f: M — Ror f: M — C are the OBSERVABLES,

e H € (C>®(M), the HAMILTONIAN FUNCTION.

The EQUATIONS OF MOTION are
o0H . oH

._ o _ . oa 1
ie.

4 OH . OH

q = a_a p] = T3

D ¢
forj=1,...n.
Here, ¢ = (¢, ..., q") are the POSITION COORDINATES in U (”Ortskoordinaten”)

and p = (p1, ..., pn) are the MOMENTUM COORDINATES of the cotangent space T, U =

R™ (”Impulskoordinaten”).

The equations of motion are also called CANONICAL EQUATIONS or HAMILTO-
NIAN EQUATIONS, and (M, H) will be called a SIMPLE HAMILTONIAN SYSTEM with
n degrees of freedom.

In many cases of simple Hamiltonian systems the function H has the interpretation
of the energy as we see in the case of the harmonic oscillator:
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Example 1.1. The harmonic oscillator in n dimensions can be modeled as a simple
Hamiltonian System in the following way (disregarding constants):

e U =R" and

o H(g,p):=3(Ipl” + ldlI*) = 3 30—, (0)* + (¢)?) , (¢;p) € M =U x R",

with canonical equations

¢g=p, P=gq.

In general, the canonical equations can be written in the form

=% %) )

In this form they look like a dynamical system on the phase space M of the type
z = A(z),
with a vector field A : M — T'M and z = (g, p), where the vector field A is similar to

a gradient

oF
A—VF—g

of a C*°-function F on M. This is, in fact, true up to a "twist”, the symplectic twist!

1.1.2 Symplectic Involution

To explain the symplectic twist, we define the SYMPLECTIC STRUCTURE on the phase
M =T*U = U xR" by the linear map ¢ on the tangent space T,M = R"xR" z € M,

o:R"xR"—=R"xR", (¢,p) — (p,—q), (3)

o ( o (1)) (4)
()= )6 - ()

given by the block matrix o

acting as follows:
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Definition 1.2. We define the SYMPLECTIC GRADIENT VF of a function F' € C*(M)
to be

V°F =0oVF = (3F aF).

o

The vector field V°H will often be denoted by Xy, Xy := V°H, and Xy will be
called the HAMILTONIAN VECTOR FIELD associated with H.

With these notations, the canonical equations obtain the form

2=V°H(z) for z=(q,p)e M,

or
Because of 02 = 000 = —idg2« the map o and ist matrix is called the SYMPLECTIC
INVOLUTION.

1.1.3 Symplectic Form

The symplectic structure on M = T*U can also be given by the symplectic form or by
the Poisson bracket, as will be explained in the following.

Definition 1.3. The SYMPLECTIC FORM w on the tangent space T,P = T,(T*U) =
R® x R" at z € M is

W= quj Ndp; = dg’ A dp;

J=1

(we use Einstein summation in the following).
Hence, the bilinear and alternating map
w:R" xR" — R
is given by

when

X=X .., X"Y,,....Y)), X=(X',..., X" Y1,...,V,) e R" x R".

with respect to the standard coordinates of R™ x R™.
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The corresponding standard vector space basis B = {ay, ..., a,,b',...,b"} of R" x
R™ determines the coordinates X = (X',..., X" V1,...,Y;) = X’a; + Y;V/ which we
have just used. w satisfies w(a;,#) = 6/ = —w(¥,a;) and for all other basis vectors

v,w € B: w(v,w) = 0. Such a basis is called a symplectic frame. The induced matrix
representing the symplectic form w is given by the coefficients w(v, w),v,w € B. It is
the symplectic involution o (cf. , ) Therefore, the symplectic form can also be
described by matrix multiplication

w(X,X)=X"ToX[]

1.1.4 Poisson Bracket

The Po1ssON BRACKET {F,G} of two functions (i.e. observables) F,G € C*(M) is
defined by
{F7 G} = w<XF7 XG) s

which is also given by the well-known expression

OF9G OF9G 9F 9G  OF G

F = 5 A T A A = 5 - - .
G =500y~ op g ~ 90 op,  Op; 0

Remark 1.4. Other sign convention are used in the literature, for example dp; A dg’
which is —w in our notation. See Table [19| for more conventions.

A straightforward and remarkable property of the Poisson bracket is the following
result

Proposition 1.5 (Equations of motion in Poisson form). A curve z : I — M in M
(i.e. z € E(I,M)) is a solution of the canonical equations z = Xg(z) if and only if
F={F H}

for all observables F' € E(M), i.e.

d

S (1) ={F(=(t), H(=(t)}, t € L.
Proof. 1f z(t) = (q(t), p(t)) is a solution of 2 = Xy(z) one obtains for every F' € E(M)
d
—F
dt

F = ((t))_a_F_+8_F__8_F8_H_8_F8_H
B =0 9 T g op ~ op oq

Hence, '
F={F H}.

IThe vectors X, X are tangent vectors written as column vectors and ’T’ denotes transposition.
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The converse follows by choosing ¢/ and p; for F:

oOH oH

(jj :{qJ,H}:% and pjz{p],H}:—G—q]
J

]

Corollary 1.6. ' € £(M) is a FIRST INTEGRAL or CONSTANT OF MOTION (”Be-
wegungskonstante”) if and only if

(FH}Y=0.

Observation 1.7. The symplectic structure of M = T*U = U x R" is given either

1. by the symplectic involution o, or
2. by the symplectic form w,

3. by the Poisson bracket { , }.

What we have described so far in this chapter presents only the local models of
conservative classical mechanics where a configuration space can be detected as an
open subset U of R"™. For global considerations which are, in particular, needed for the
program of Geometric Quantization one has to redefine the above concepts for general
manifolds.

Note, that in Classical Mechanics the reduction of degrees of freedom by first in-
tegrals, by constraints or by symmetry considerations leads to general manifolds in a

natural way (cf. Subsection [17.9)).

Example 1.8. The reduction of a Simple Hamiltonian System M = T*U with Hamil-
tonian function H with respect to a first integral H (e.g. F' = H): As a first step the
"surface” S, := F~!(c) for a c € F(M) is considered. When the gradient of F' does not
vanish on S, the surface will be a (2n — 1)-dimensional manifold. Identifying points
in S, which lie on the same solution of the canonical equations we get an equivalence
relation ~ on S.. The quotient S./ ~ is the space of orbits (= motions) with F' = ¢. If
this quotient space is also a differentiable quotient the study of the Hamiltonian system
continues by investigating the reduced space S,/ ~ of dimension 2n — 2. In general,
the reduced space will not be of the form T*R"~! or an open subset thereof. But the
reduced space obtains a natural symplectic form (pushforward of w) and so generates
a general Hamiltonian systems, as we explain in the next section. Concrete examples
of reduction are given in Section [1.3|
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1.2 Symplectic Manifolds and Hamiltonian Systems

In these lecture notes, a manifold will always be a differentiable (i.e. C*°-) real manifold
with countable topology and finite dimension. In most cases the manifold is also
assumed to be connected. Later we consider also complex manifolds.

Remark 1.9. In physics there appear also infinite dimensional manifolds having their
local models in a fixed Hilbert, Banach, or Fréchet space (see e.g. [AMTS, Put93]).
In this course, however, to simplify matters, we concentrate on the finite dimensional
case.

Relevant manifolds in geometry and physics are

e Open subsets U C R™

Tangent and cotangent bundles T'M, T*M over a manifold M

The rotation group SO(3) and other Lie groups

Products M; x M, of manifolds M, My

Submanifolds of the above like the spheres S* C R™! (of radius 1), or matrix
groups like SO(3) C R? x R? x R? 2 R?

e Quotients of the above like the projective spaces P"(R), P"(C)

Exercise 1.10. Describe the projective spaces P"(R), resp. P"(C) as quotient mani-
folds (cf. [A.10) of R\ {0}, resp. C"™'\ {0} and of S® C R", resp. S*"*! C C"*! by

explicitly presenting suitable charts and confirming the universal property.

1.2.1 Notations for Manifolds

Let us recall some notations for manifolds and related basic concepts. (The notion of
a differentiable (or smooth) manifold as well as related concepts are collected together

in the Appendix, Section [A| on Manifolds, particularly in[A.16] [A.19] ff.):

Notation 1.11 (Local view of tangent vectors). Let M be an n-dimensional manifold.

1. The CHARTS on M defining the differentiable structure of M will often be denoted
as follows
=" ...¢"): U=V,

where U C M is an open subset in M, V' C R” is an open subset of R” and ¢
is differentiable with differentiable inverse. The ¢/ : U — R, j = 1,...,n are the
(local) COORDINATES given by the chart q.
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2. Moreover, such a chart ¢ provides for each a € U a natural vector space basis

(2o e o)

of the TANGENT SPACE T, M at a, where

sor@) = [ (ala) + 2],

is the tangent vector of the curve ¢ '(¢q(a) + te;) through a € U and where

(é1,...,€y,) is the standard unit vector space basis of R". Sometimes
(a) is abbreviated 0 di(a) 0
——(a) is abbreviated as —,0;(a) or 0;,
8([] aq] J J

whenever it is clear from the context for which chart ¢ resp. for which point
a € M the expressions are employed.

3. The corresponding vector fields

0 0
8_qj:U—>TU7a'—>a_qj(a)7

can be used to represent every vector field X : U — TU over U through the
uniquely determined coefficients X7:

4. For a vector field X over U the action of X on f (the DIRECTIONAL DERIVATIVE;
”Richtungsableitung”) is

Lx (@) i= 57 0 2(0)cay

where the curve x represents X (a) at the point a = z(tp): X(a) = [z],.
With the abbrevation

of 0 d _
(0= (50 ) (@ = 7 07 @) + el
we obtain the formula for the action of X in local coordinates
) 8f
Lxf =X —.
f=X55

Ly is often called LIE DERIVATIVE in the direction of X. Sometimes the notation
X f instead of Lx f is used.
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Notation 1.12 (Local view of cotangent vectors). Let M be again an n-dimensional
manifold.

1. A chart ¢ : U — V provides for each a € U a natural vector space basis

(dd'(a),dq*(a) ..., dq"(a))

of the COTANGENT SPACE T M = (T,M)* of M at a, where

(@) (1) = (@ o)l ). ©)

when a = z(ty). For convenience, dq¢’(a) is often abbreviated as d¢’ when it is
clear for which point a the expressions are employed.
The basis is dual to the above basis if T, M:

0
k k
dq (a_qﬂ) = 0; .
2. Note that ' .
d¢ - U = T*U, aw— d¢’(a),

isa 1-FORM on U. Moreover, every 1-form o : U — T*U over U can be described
uniquely by .
a = a;dg’

where the coefficients o are smooth. «; can be obtained by

) = ala) (5@ = a(@))(0).

And dg;(X) = X7 for a vector field X € G(U).

3. A smooth function f : W — R on an open subset W C M induces a 1-form df
in the same way as dg’ (cf. formula (f)):

d
(@) (1) = ({0 o0l )
In local coordinates 9
if 9 ™
When the 1-form df is applied to the vector field X the result will be:

_of

=L X7,
o¢’

df (X)

In particular, df (X) = Lx(f).
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Notation 1.13 (Global view of fields and forms).

1. For manifolds M, N
EM,N)={f: M — N | f smooth }
denotes the set of smooth mappings from M to N. And
E(M) =E(M,K)

denotes the corresponding set of functions, where K € {R, C}. Pointwise addition
and multiplication defines on £(M) the structure of a commutative K-algebra
over K (i.e. a K-vector space with commutative ring multiplication).

From the point of physics, the smooth functions f € £(M,K) are the CLASSICAL
OBSERVABLES.

2. For a commutative algebra R, a DERIVATION is a K-linear map D : R — R with
D(fg) = D(f)g + fD(g) for all f,g € R. The set Der(R) of derivations of R
is a natural R-module by pointwise addition and multiplication. Moreover, with
respect to the commutator [D, D] : Do D' — D' o D for D, D" € Der(R) this
R-module is also a Lie-algebra over K.

Applied to R = £(M) we see that every vector field X can be interpreted to be a
derivation since the Lie derivative Lx is, in fact, a derivation. Conversely, every
derivation D € Der((M)) is induced by a unique vector field X, i.e. D = Ly.
As a result, the Lie algebra Der(E(M)) can be identified with the space of vector
fields, i.e. W(M) = Der(E(M). In this way B(M) obtains the structure of a Lie
algebra: [X,Y] is the unique vector field satisfying

[X,Y] :LXoLy—LyoLX
for X,Y € U(M).

3. The s-forms (DIFFERENTIAL FORMS of degree s, s € N) on M are the maps 7 :
(B(M))* — E(M) which are s-multilinear over the ring (M) and alternatingf’}
Finally, the £(M)-module of all s-forms is denoted by

A (M) ={n: (B(M))* - E(M) | s-multilinear over £(M) and alternating }
Particular cases:

A°(M) = E(M) are the O-forms or functions, and
AY M) =: A(M) are the 1-forms.

2In the same way one can define the (r, s)-tensor fields.
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4. The WEDGE PRODUCT a A 8 of two 1-forms «, 8 € A(M) is given by
aNpf=a®—-FRa,

le. aNB(X,)Y) = a(X)BY) - B(X)a(Y) for X,Y € U(M). Similarly one
obtains the general wedge product

A AT (M) x AS(M) = A™5(M) .

5. The EXTERIOR DERIVATIVE
=d°: A5(M) — AT (M)

is globally given by

s

dn(Xo, X1, .., X,) = S (—1) Ly, (n(XO, X ,X5)> +

Jj=0

+3 (D)X X, Xo, - X X X,

1<j

Here, )/(; means that X; has to be deleted.
For a 1-form o € A(M) the definition leads to

da(X,Y) = Lx (aY)) — Ly (X)) — o ([X, Y]) (7)
for X,Y € UB(M).

In local coordinates ¢ : U — V', n € A°(U) has the presentation

n= D Miesdd A A dg
J1<j2<...<Js
and the exterior derivative of 7 is then

dy= Y Z 8’7“2 S de g A da A LA dae (8)

J1<j2<...<js =1

1.2.2 Symplectic Manifolds

Definition 1.14. A SyMPLECTIC FORM (”Symplektische Form”) on a manifold M
is a 2-form w € A*(M) which is non-degenerate, i.e. w(a) : T,M x T,M — R is
non-degenerate for all a € M, and which is closed, i.e. dw = 0.
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Recall from Linear Algebra that a bilinear map ¢ : V' x V — R on a finite dimen-
sional real vector space is non-degenerate if for each v € V' the condition g(v,w) = 0
for all w € W implies v = 0. Or, equivalently if and only if the induced map

g V=V v (we go,w), v,w eV,

is an isomorphism of vector spaces. Here, V'V denotes the dual of a vector space, the
space of linear forms, also denoted by V*.

Also equivalent when we describe g with respect to a basis e; by g(e;, e;) =: g;; is the
condition that the matrix (g;;) has non-zero determinant.

In the case of g being alternating, this implies that the dimension of V' has to be
even. In fact,

det(gi;) = det ((gi;)") = det(—(gi;)) = (=1)" det(g;;)
if dimV = d, hence 1 = (—1)? when det(g;;) # 0.

Observation 1.15. As a result, if w is a symplectic form on M the dimension of M
is even, as we have seen in the fundamental example of the special symplectic form

w = dg’ A dp; on the phase space T*U (see .

Definition 1.16. A SYMPLECTIC MANIFOLD (”Symplektische Mannigfaltigkeit”) is a
manifold M together with a symplectic form w.

The corresponding maps which preserve the symplectic structure are the CANONI-
CAL TRANSFORMATIONS (”Kanonische Transformation”) or SYMPLECTOMORPHISMS
(" Symplektomorphismus”), i.e. the diffeomorphisms ® : M — M’ between symplectic
manifolds (M, w) and (M’,w’) which satisfy ®*w’ = w. Recall (cf. Definition [A.33}

W (X, V)]s = ' (a)(T,(X), T,8(Y)), for X,Y € T,(M),ac M.

For a symplectic manifold (M,w) we know that the dimension of M,
dim M = dimg T,M € 2N,

is even and we write, in general, dim M = 2n.

Examples are the phase spaces M = T*U for open U C R" as considered in Section
[I.1] We call such an example a SIMPLE PHASE SPACE. Slightly more general examples
are the cotangent bundles M = T*(@) of general manifolds () as will be explained below
in the next example. Further examples occur as quotients of M = T*() in the process
of reduction of degrees of freedom. Other examples are coadjoint orbits (see Section

1.3.5) and Kéahler manifolds (see [9.28)).

Construction 1.17 (Cotangent bundle). Let ) be a manifold of dimension n. Recall
that the COTANGENT BUNDLE T*(@) is given (as a set) by

rQ:=JT.Q

acqR
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T:Q = (T,Q)* = Homg(7,Q, R) , with projection 7* : T*Q — Q, 7*(T}Q) = {a},a €
. The structure of a 2n-dimensional manifold on the cotangent bundle M := T*() is
defined by the bundle charts (cf. [A.19))

G=1(q¢" . q"p1,...,pn) : T°U =V xR",

induced by the charts ¢ : U — V of the manifold @), U C @ open, where
= 0 U
pi(p) = n g ) IUS :

The LIOUVILLE form on M = T*(Q) is, by definition,
A= pjdqj

in local bundle coordinates.

It can be defined globally: For X € T, M and p € T;(Q) C M we define A\, : T,M —
R by

Ma(X) = p (T (X))

where T, 7* : T,M — T,Q is the tangent map (derivative) of 7* at u € M (see
Observation [A.14)). The same formula is well-defined for vector fields X € 2U(M) and
1-forms p € A(Q) providing a map A : (M) — E(M), p — A,(X). Since A is
E(M)-linear, it is a 1-form A\ € A(M).

With respect to bundle charts (¢, p) : T*U — V x R™ one sees

Nrev = pidg’.

In fact, p € A(Q) and X € B(M) have locally the following representations:

o, 0
— updg® d X=X"—+ X;,—.
M= paq an 6qﬂ+ kP

Hence,
= in
) o
with respect to bundle coordinates, which implies A, (X) = p(T,7%(X)) = u; X7 =
(pidg?),(X). Therefore, Ny = p;d¢’.
Note, that A can be characterized by the following property: A\ € A(T*Q) is the

unique one form on 7*@Q such that for any one form a € A(Q) on @ the pullback of A
via a gives back A:

L (X)(7* (W) = [77 0 X] .-, (1)

a*A=\.

The corresponding natural SYMPLECTIC FORM w on the cotangent bundle is w :=
—dA\. In local bundles charts w has the form

W\ \T*y = dq] AN dp]
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The local expression shows that w is indeed non-degenerate and closed. Therefore,
(T*Q,w) is a symplectic manifold, often called MOMENTUM PHASE SPACE.

Remark 1.18. In the case of the cotangent bundle 7*() the symplectic form is exact:
dw = —dd)\ = 0. The 1-form —A\ is called the SYMPLECTIC POTENTIAL.

In general, since a symplectic form w is closed by definition, w has a symplectic
potential locally, i.e. (by the Lemma of Poincaré) for each point a € M there exists a
neighbourhood U and a 1-form a € A(U) with da = w|y. A global potential always
exists if Hig (M, R) = 0. But many naturally defined symplectic manifolds do not have
a symplectic potential, this holds, for instance, for all compact symplectic manifolds.

Locally all symplectic manifolds look like open subspaces of the simple phase spaces
T*U 2 U x R" with w = d¢’ A dp; as the following result confirms.

Theorem 1.19 (DARBOUX’S Theorem). Every point a € M of a symplectic manifold
(M,w) has an open neighbourhood U C M and a chart

QDZ(Q7p):(q17"'aqnap17"'apn):U%VCT*RnanXRn,

such that in these coordinates
wly = dq¢’ Ndp;.

The proof of the theorem can be found e.g. in [LM87] or [Put93].

The ¢/, p; are called (local) CANONICAL COORDINATES. Note, that the chart
® = (¢,p) : U — V is a canonical transformation from (U,w|y) to (V,w'|y), where
w' is the standard symplectic form on T*R™, w’ = d¢/ A dp; or ' (X,Y) = X" JoY
(cf. Definition [1.3). As a consequence, (U, w|y) is symplectomorphically equivalent to
the open subspace (V,w') of T*R™ with the standard symplectic form.

Remark 1.20. 1. This result is in sharp contrast to Riemannian geometry: In case of
a semi-Riemannian manifold (M, g) in every point one can find a chart ¢ such that the
metric tensor g(a) has the form Z;L:() n;d¢’ ® dg? with n; € {+1,—1}. In general, this
cannot be achieved in a full neighbourhood of a. The measure of this deviation from
the "flat” case is the curvature of the Riemannian manifold at a € M. In this sense a
symplectic manifold has no curvature, it is locally flat.

2. Moreover, this result allows to transfer the notions of Hamiltonian vector fields
Xy and that of Poisson brackets { , } locally to a symplectic manifold. That these
notions have a global description will be shown in Subsection below.

3. As we will see in the next subsection, a symplectic manifold serves as a general
phase space for Hamiltonian Mechanics. The case of a cotangent bundle M = TQ
will be called MOMENTUM PHASE SPACE with respect to the configuration space
Q. In M = T*Q we have a special class of canonical coordinates, the bundle charts
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generated by the charts of (): To each chart ¢ : U — V we have the bundle chart
(' ... g p1y. . pp) : T*U — V x R™ | where

9 .
Pj(/i):ﬂ(a—qj) , peT™U.

The p; are called GENERALIZED MOMENTA, and this explains why 77%@) is called
momentum phase space. For a general symplectic manifold we have local canonical
coordinates ¢, p according the the theorem of Darboux. But these ¢ and p are inter-
changeable and neither of the two can be regarded to describe momenta.

Since in the case of a symplectic manifold the symplectic form w is assumed to be
non-degenerate, at each point a € ) we obtain vector space isomorphisms according

to Definiton [T.14t
Wla) : T,M - TiM, X — (Y= w(X,Y)), X,Y eT,M,

and its inverses w® := (w’)~!. These isomorphisms induce a vector bundle isomorphisms
w' : TM — T*M and w* : T*M — TM.

The following proposition is easy to show

Proposition 1.21. Let w € A*(M) be a 2-form. The following conditions are equiva-
lent:

1. w is non-degenerate

2. For every X € Y(M): X wvanishes everywhere <= w(X,Y) =0 for allY €
B(M).

3. W TM — T*M is a vector bundle isomorphism.

4. W =wAwA...A\w is a nowhere vanishing 2n-form. Thus it is a volume form.

1.2.3 Hamiltonian Systems

Definition 1.22. Let (M, w) be a symplectic manifold. To every observable H € £(M)
there corresponds the HAMILTONIAN VECTOR FIELD

Xy :=wodH.

The diagram
M

TINNG

"M —=TM

w

is commutative and illustrates the definition of Xg.
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Observation 1.23. X = wf o dH implies w’ o Xz = dH. Hence, Xy is also deter-

mined as being the unique vector field satisfying

wXg,Y)=dH(Y) forall Y € (M

Proposition 1.24. In local canonical coordinates (q,p) : U — V the Hamiltonian

vector field Xy can be written as

OH 0 O0H 0

X -
lo = dpr dg*  dqi Ip;

(9)

Proof. In these local canonical coordinates w|y has the form dg¢’ A dp; (cf. Theorem

1.19). With the use of the representation

-0 _ 0
Y=Y—+Y.—
g’ * ]8pj

of vector fields Y on U we deduce

9 .
b

o (L) = —dg.
(3193') I

which implies

Similarly, using

one deduces

As a consequence, w* acts with respect to the basis (d¢’, dpy) of TU as

. 0 3
Hdd) = ——— t(d
Thus, in local canonical coordinates w* has the form
6 0

(10)

(This resembles the symplectic involution o(a, @) = (&, —«), cf. formula (3)). Now,

OH oOH
dH = —d¢’ + —d
o 7+ o Dk
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gives the desired result

_OH 9 0H 9

OH OH o _OH 0
~ Opp gk dqi Op;’

Xylv = | ==d¢’ + —d
lo w(aqj T o

]

Definition 1.25. (X, w, H) is called a HAMILTONIAN SYSTEM whenever w is a sym-
plectic form. A MOTION of the Hamiltonian system is a curve z € £(I,U) on an open
interval [ satisfying

where 2(t) := [2].¢) is the tangent vector given by the curve z in the point z(%).
Using .
dg’ 0 dp, O

() = ((t), p(t) = = — + ———
(1) = (4(1). p(t) = — o0 di op
in local canonical coordinates the preceding Proposition immediately implies:

Corollary 1.26. In local canonical coordinates (q,p) the equations of motion for
z(t) =: (q(t), p(t)) have the form

0H . OH

qza—pap——a—q-

As before in the simple case where M = T*U , U C R", the symplectic form induces
Poisson brackets on a general symlpectic manifold (M, w):

Definition 1.27. The Po1ssoN BRACKET on £(M), given by the symplectic form
w € A*(M), is defined as

(F,G)} = w(Xp, Xg), F,G € E(M).

Proposition 1.28 (Equations of motion in Poisson form). The equations of motion
in case of a Hamiltonian system can again be written in the so called POISSON FORM

F ={F H}.

Proof. In local canonical coordinates (q,p) : U — V C R™ x R™ (cf. theorem [1.19) the
Poisson bracket has the form

OF9G OF9G 9F G OF G

FGly=2S2 28 2200 20w
Gl dq Op  Op Oq  O¢ Op;  Op; O

(11)
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which is well-known from the simple case. Hence, the proof reduces to the proof of
Proposition [I.5] O

Corollary 1.29. An observable F € £(M) is a first integral of the Hamiltonian system
(M,w, H) if and only if {F,H} = 0.

1.2.4 Hamiltonian Vector Fields

We study relations between the Poisson brackets and Hamiltonian vector fields. The
fact that the Poisson bracket satisfies the Jacobi identity and therefore induces on
E(M) the structure of a Lie algebra is of fundamental importance for the program of
Geometric Quantization. We provide two proofs of this result.

Theorem 1.30. The Poisson bracket { , }: E(M) x E(M) — E(M) of a symplectic
manifold (M,w) is a Lie bracket, in other words E(M) with the Poisson bracket is a
Lie algebra over REL the POISSON ALGEBRA, that is

1. { , } is bilinear over R.
2. {F,G} = —{G,F} for FGe EM), i.e. { , } is alternating.

3. {F,{G,H}} + {G,{H,F}} + {H,{F,G}} =0 for F,G,H € £&(M). (JAcoBI
IDENTITY)

In addition:

4. {F,GH} = G{F\H} + {F,G}H = G{F,H} + H{F,G} (Probpuct RULE).
Equivalently, {F, } is a derivation on E(M).

5. For connected M: G € E(M) is constant, iff {F,G} = 0 for all F € E(M)
( COMPLETENESS ).
In general: {F,G} =0 for all F € £&(M) iff dG = 0.

Proof. 1. and 2. are immediately clear.
First proof of 3.: We apply formula to obtain in local canonical coordinates

oF 0 OF 0
{F7{GvH}} = a_qa_p{GvH}_a_pa_q{G7H}
_ OF 0 (0GOH 0GOH oFr 0 (0GOH O0GOH
dq Ip (6_qa_p N 6_p8_q) ~ Op g (8_q8_p N a_pa_q>
- OR(Z0on oei_gGon o6 o)
dq \Opdq Op ~ dq Op*  Op* dq  Op Ipdq
oF (52G3H 0G 0°H 0*°G OH 8G82H>
dp

3¢ 9p " Bq9q0p  0qdp 04  Op O

3the Lie algebra properties are 1.-3.



18 1. Hamiltonian Mechanics

In the same way we get expressions for {G,{H, F'}} and {H,{F,G}}. Summing up all
the terms one sees that the Jacobi identity is satisfied.

Second proof of 3.: A more conceptual proof which, moreover, does not use local
canonical coordinates, is the following: We introduce the cyclic summation ), i Lijk
of summable terms as » ... Tijx := Tijx + Tjki + Trij. In particular, he Jacobi identity

ijk

has the form
> FGH=0.
FGH

The exterior derivative of w vanishes, hence, from

0 = dW(XF,XG',XH)
= Lx, (w(Xa, Xu)) — Lxg (W(Xp, Xu)) + Lx, (w(Xr, X))
— w(([Xr, Xe], Xi) + w(([Xp, Xu], Xe) — w(([Xe, Xul, Xr)

we obtain
0 = Lx, (w(Xe, Xn)) —w(([Xr, Xa], Xn)
+Lxg (W(Xu, Xr)) —w(([Xa, Xul, Xr)
+Lxy (W(XF, X¢)) —w(([X#, XF], Xc)
= D on Lxe @(Xe, Xa)) = w([Xp, Xo], Xn)
Now,

Lx, (w(Xg, Xu)) ={w(Xe, Xu), F} = {{G,H}, F} = {F{G H}}
since, in general,
Lx,. I =dl(Xp)=w(X;,Xr)={I[,F},
for a function I € £(M). Applying this again we obtain
—w([Xp, X¢], Xn) = LixpxqH =Lx,Lx;H—Lx,Lx, H
= {{#,G}. F} - {{H,F},G}
{FAG H}} +{G {H, F}} (12)

Implementing these identities in the above cyclic sum gives
0 = ZFGH LXF (W(XG’ XH)) - w(([XF’ XG] 7XH)
= Y —AFA{G, H} + {P{G, H}} +{G, {H, F}}
= Y AGHHFY =" {F{G, H}.

And this is the Jacobi identity!
The statement in 4. follows immediately from the chain rule d(GH) = HdG+GdH.

To show 5., observe that for G € £(M) the condition {F,G} = w(Xp, X¢) = 0 for
all FF € (M) is equivalent to Xg = 0 by the non-degeneracy of w and this is in turn
equivalent to dG = 0. O]
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The statement of 3. in the preceding theorem is essentially equivalent to the next
proposition.

Corollary 1.31. The mapping
:EM)—B(M), F——Xp,
1s a Lie algebra homomorphism, i.e. ® is R-linear and satisfies

O{F,G}) = —Xnay = [Xr, Xo| = [2(F), 2(G)].

Proof. For F,G,H € (M) we just have shown in formula (12):
Licevo H = {F, (G, H}} + (G, {(H, F)}.
By the Jacobi identity this is —{H, {F, G}} and we conclude
[Xp, Xo| H = —X(pey H.

Corollary 1.32. The Lie bracket of two first integrals is again a first integral.

Proof. Let F, G be first integrals of (M,w, H). Then {G,H} = {F,H} =0 (cf. Corol-
lary [1.29). By the Jacobi identity,

{F.G}LHY = —{HAF G} = {F{G, H}} +{G,{H,F}} = 0.
As a consequence, {F, G} is a first integral by Corollary [1.29] O

Observation 1.33. The second proof of the Jacobi identity (cf. proof of 3. in The-
orem yields more than merely the identity. Note, that for a non-degenerate
(and not necessarily closed) two-form w € A*(M) on a manifold M the generation of
Hamiltonian vector fields Xz and the introduction of the Poisson bracket is possible
in the same way as it is done in the preceding subsections. The above mentioned
second proof of 3. in Theorem now shows that for F,G,H € (M) the state-
ment dw(Xp, Xg, Xgy) = 0 is equivalent to F, G, H satisfying the Jacobi identity, i.e.
YoreptF {G,H}} = 0. Since the Hamiltonian vector fields generate the tangent
spaces T, M we have proven the following remarkable result:

Proposition 1.34. A manifold M with a non-degenerate w € A*(M) is symplectic if
and only if the Poisson bracket induced by w satisfies the Jacobi identity.

Observation 1.35. As a result, the Hamiltonian vector fields
Ham(M) :={Xp | F e &E(M)}

form a Lie subalgebra of the Lie algebra U (M) of vector fields. The kernel Ker & C
E(M) consists of the locally constant functions. Hence, for connected manifolds M one
has R = Ker ® and one obtains the following exact sequence of Lie algebras

0— R — &M) -2 Ham(M) — 0, .
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This exact sequence exhibits the Lie algebra £(M) as a CENTRAL EXTENSION of
the Lie algebra $Ham(M) of Hamiltonian vector fields.

Locally Hamiltonian vector fields form a Lie algebra (subalgebra of U(M)) as well
and have $am(M) as an ideal.

1.3 Examples of Hamiltonian Systems
1.3.1 Harmonic Oscillator
In this case the phase space reads:
M =TR"=R" x R" = R*",
The symplectic form is given by:
w = d¢’ A dp;,
The hamiltonian (total energy) takes the form:

] B )
Hlgr) = 5 (ol + I0IP) . X =pgs — '

The equations of motion are well known:
q=p,p=—q

H is a first integral, that is, every motion (q,p) : I — M with H(q(to),p(ty)) = E >0
satisfies

H(g(t),p(t)) = F Vel
Hence, the points (g(t), p(t)) of the solution (g, p) remain in the hypersurface
Yp=HE)

for all t € I. ¥ is in fact a submanifold of dimension 2n — 1 since VH = (¢q,p) # 0
for £ > 0. We see

ZEZ{@@HHmF+HmP:2E}:S%4<¢5v7
where
$1) = {o e RE |l = %)

denotes the (k — 1)-sphere of radius r in R*. This example is a reduction in the sense
of the following subsection.
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1.3.2 Reduction with respect to first integrals

Let F' be a first integral of a Hamiltonian system (M,w,H), ie. F € &(M) and
{F,H} =0 (c.f. Corollary [1.29). Let ¢ € R be a value with

Y. :=F () £,

i.e. ¢ € F(M). Assume that the level set ¥, is a smooth hypersurface, this holds e.g. if
VF # 0 on X.. Then the space of orbits with F' = ¢ is the quotient

O, =%/ ~,
with respect to the equivalence relation

a~b <= 3 motion z:I — ¥, with x(t1) =a and z(t2) =b for ti,ty € I.

Assume, moreover, that the orbit space O, has a differentiable structure, that is, the
differentiable quotient exists as a manifold (cf. [A.10). Then it is a (2n — 2)-dimensional
manifold. Furthermore, assume that w|y, induces on O, a natural symplectic form
we € A*(O,.) (such that w|p, = m*(w,) for the projection 7 : ¥, — O,).

Since the hamiltonian H is constant on the orbits it descends to O, as H. € £(O,)
with H = H,om on X..

As a result, the original system (M, w, H) has been reduced (by one degree of freedom)
to (O, we, H.). In general, this procedure can be repeated. In good cases (”completely
integrable systems”) one can go down to n-dimensional reductions, which then gives
the solution.

In case of the harmonic oscillator of dimension n (see above), the hypersurface g
is the sphere S?"*! and the orbit space OEE|

Op = Sp/~=5""1 (V2E)/ ~

is isomorphic to the complex projective space P"~!(C) of all complex lines going through
the origin 0 € C" in C". And the symplectic form wg is the usual Kahler form on
P1(C).

Here, we introduce complex coordinates (resp. the structure of a complex vector
space on R" x R™) by defining z := p + iq, 27 := p; +i¢’. Observe that the canonical
equations (¢,p) = (p, —¢) are now

z=1z.

Note, that multiplication by ¢ is the symplectic involution of Subsection 1.1: i = o .

4The equivalence relation given by the orbits is in this case also given by the action of the group
U(1) =S, so that O = S?"+1/U(1).
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The motions are z(t) = e'zy,t € R, where 2y = 2z(0) € C". Moreover, the
observables

H; = % (r5 + (¢)?) = % ||ZJH2 = %zjzj,j =1,...,n, (no summation!)

on R?" are first integrals:

d

Voisi o iz
%Hj(z(t)) = 5(2 7+ 27

1, ... . .
= §(z'zfzf + 27(—iz’)) = 0.

With the values E' = Y E;, E; = H;(2(ty)), for some t; € I, and E:=(E,...,E,),
we obtain the level set for (Hy,..., H,), an n-dimensional manifold,

Vg = (7 = [T8' (V2Fs).

which is an n dimensional torus. Again, the level Mz set is invariant in the sense that
the motion z(t) remains in Mg, if 2(ty) € Mz.

This "reduction” gives a complete solution: Every motion z = z(t) satisfies 27 (¢) €
S (\/2E;) for j=1,...,nand all ¢t € I. It is determined by z(t,), and if ¢y = 0 it will
be of the form

2 (t) = e"27(0) = (costp;(0) — sint ¢? (0) + i(sin ¢ p;(0) + cos(t) ¢’))

(qj(t),pj(t)) = (costqj(O) +sint p;(0), cost p;(0) — sintqj(())) .

This is a rather simple example of reduction of a completely integrable system. A
COMPLETELY INTEGRABLE SYSTEM is a hamiltonian system of dimension 2n with n
first integrals in involution, i.e. {F}, Fi} = 0 for 1 < j, k < n which are independent,
i.e. themap F' = (Fy,..., F,) : M — R" is of rank n. The theorem of Arnold-Liouville
says that in case the level sets are compact they are finite unions of tori.

1.3.3 Kepler Problem (Hydrogen Atom)

In this case the configuration and phase space is given by:
Q=R*\{0}, M =T"Q = Q x R®.

The symplectic form is the usual one:

w=dg¢ A dp;.
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And the hamiltonian reads:

1 k
H(q,p) = %lel2 — = m,k>0.

lq]

VH:< kg _2)7&0

lgll*” m

We have

in all of M. Hence, the energy hypersurface
Yp=HE)
is a smooth submanifold of dimension 5 for all £ € R.

Let E € | — 00,0 [. The orbits in X are ellipses and one can show (cf. Example
[7.7), that the orbit space O = X5/~ is isomorphic (as a differentiable manifold) to
S?(mk) x S?(mk). The symplectic form w descends to a form wg on g/ ~. And on
Sg = S?(mk) x S*(mk) it has the form

1 (d:vl Ndzy  dyy + dy2)
= — + ,
2p x3 Y3

with respect to the chart with z3 # 0 # y3 on Sg. Here p = v —2mFE.

It is interesting to ask which energy values occur if we quantize the system (Sg, wg)
according to the program of Geometric Quantization.
In Example [7.7| we show: After adjusting the constants the energy levels — predicted by
Geometric Quantization — are Ey = —21m2mh?N 2 N € N, N > 1, the values known
for the hydrogen atom from experiments!

WE

1.3.4 Particle in a Field

TwisT OF THE COTANGENT BUNDLE
In this general example the phase space is the cotangent bundle
M =TQ.
of an n-dimensional manifold (). However, the symplectic structure is not given by the
previously considered standard form
wo = dg’ A dp; ,
but by a TwiIsT
wWp=w:=wy+717F,

where F' € A%(Q) is a closed two-form and 7*F is the pull-back with respect to the
natural projection 7 : T*Q) = @Q x R” — (). This change of the symplectic structure is
sometimes called DEFORMATION OF THE SYMPLECTIC STRUCTURE.

As a special case we describe a RELATIVISTIC CHARGED PARTICLE in the following
example
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Example 1.36. The configuration space is a spacetime ) with Lorentzian metric g,
for instance, an open subset @ of the Minkowski space R*. The symplectic manifold
(T*Q,wp) is the phase space for a relativistic particle. The function

1 *
H:=§g(p,p)7p€TQ,

determines the dynamics of a relativistic particle by its Hamiltonian equations.

Let us assume that in addition to the above structure an electromagnetic field in
form of a closed 2-form F' € A?(Q) on Q is present. Then the Hamiltonian dynamics is
given by the Hamiltonian vector field Xy with the same Hamiltonian function H but
with respect to the modified symplectic form

w:=wy+ et (F),
where e is the charge of the particle.
The configuration space ) can also be a Riemannian manifold with metric tensor

g, and for I’ one can take a geometrically induced closed 2-form.

Since F'is closed, 7*(F) is closed as well, and consequently wp is closed. This shows
one part of the following assertion.

Proposition 1.37. For a two-form F € A*(Q) the twisted two-form wg := wy + 7*F
is a symplectic form on T*Q = M if and only if F is closed.

Proof. We just have seen, that wp is closed, whenever F' is closed. And, of course,
when wr is closed, 7*(F) has to be closed and, in turn, F is closed.

To investigate the non-degeneracy we use local coordinates ¢ in an open subset U
of () and see '
Fly = Fydg’ A dg*,

where Fj, € £(U) are suitable functions. On V :=771(U) = U x R™ this implies with
respect to the canonical coordinates (g, p) (of the bundle chart tu q)

wrly = woly + 7 (F)ly = d¢’ Adp; + 7*(Fiedg’ A dg*)
=d¢’ Ndp; + T Fydg’ A dg" = dg’ Adpj + (Fj o 7)dg? A dg

The action of wy on the tangent space T,M = R" x R™ at a € V is given by the

block matrix
0 1
-1 0

and, by the above local expression of wg, the corresponding action of wr at a is given

by the block matrix
F(a) 1
-1 0/’

where F'(a) is the matrix (Fj,(7(a))). This expression shows that wp is non-degenerate
and the proposition is proven. O
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TwISTED CANONICAL COORDINATES
By Darboux’s theorem every symplectic form can locally be written as dg* Adp;, with
respect to local canonical coordinates ¢/, p;. Let us find local canonical coordinates in
the case of the twisted symplectic form wp on M = T*@Q. Locally, on suitable open
subsets U C @ the closed form F can be expressed as F|y = dA, where A € AY(U) is
a one-form with A = A;dg’. Then, in the coordinates (g, p) of the bundle chart, which
are canonical coordinates of wy, we have:
wely = d¢® A dpy + 77dA = dg" A dpy, + 7 d(Ardg®)
= dq" A dpy + 77 (dAx A dg” +0) = dg® A dpy + TF(dAL) A THdGE
= dq* A dpy + d(TF Ay) AN d(T7¢") = dgF A dpy, 4 d(TF Ag) A dg”
= dq" A dpp — dg® AN d(TF Ay) = dg® N d(pe — T A).
This result implies, that the following definition yields canonical coordinates for the
twisted symplectic structure.

" =d", pr=pr—T"A} (13)

The formulas can be interpreted as describing a particle in a generalized magnetic
field, where A corresponds to the vector potential of electrodynamics.
TwISTED HAMILTONIAN VECTOR FIELD

We want to determine the Hamiltonian vector fields corresponding to wp = w and

to give a physical interpretation of the twist. We use local canonical coordinates (g, p)

with respect to the standard 2-form wy = d¢’ A dp;. Let H € £(M). The Hamiltonian

vector field related to wy will be denoted by X% and the one related to w will be denoted

by Xpy. According to Proposition m XY takes the form
0 OH 0 OH 0

Mo = G0~ 001 o, 09

w can be expanded locally as:
wly = dg’ Adpj + (Fji, o 7)dg’ N dq.

In the following, we omit "o 77 in order to have simpler formulas and understand Fj; as
functions on open subsets U C M. Similarly, we write A, instead of 7%(Ay) = Ag o 7.

The (local) transformation
(G:p) = (a,p) =G(¢,p) = (¢.p+ A),
which is the inverse of , leads to the following identity for functions f € £(U):

of _0foG’  ofoG; _ Of oF | Of 0(p; + 4)) _of | 0f04;
oGk 0¢? 08  Op; OGF  O¢i Ok Op; O  OqF  Ip; Ogk
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since

04, _oa,
oGk gk’

As a consequence,

o 0 04 0

= L
agk  0q*  Oq Op,
In the same way, we obtain
o 0
e Opr
Applying these identities, the Hamiltonian Xz can be expressed in the canonical
coordinates related to wy:

_90H 0 OH 0
~ Opr OGF O Op;
_(9H(3 (9Aj(9)_((9H (9Ak(9_H) 0

Xu

~ap \ogt "o ap;) " \ow " 99 op) o,

(o om oy (viod, odoity o
Opr 0g~  0¢7 Op; Opr 0¢*  Oq’ Opy.) Op;
o0H 0

= X%+ — (Fyj — Fjg) —.
We have shown:
Lemma 1.38. O 9
Xg— XY = — (F.; — Fy) —.

And the equations of motion in (M,wr, H) with respect to the coordinates of the
bundle chart have the following form:

Proposition 1.39.

oOH 0H oOH
ko S F.oo — F..)— .

Proof. 1t is easy to see that
4 OH OH
Opr. Op
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Moreover,
Pr = Dk aik T Pk O = Pk g’ Op, .
As a consequence,
0ALO0H OH 0A;0H 0H oOH
= o= + (Ej — Fiy)

P= 9 a5, o orop,  oF o,

]

Observation. As we have seen in the previous section, the Hamiltonian vector fields
determine the classical equations of motion. Therefore, the difference ® := Xz — XY
can be interpreted as a force. A possible physical interpretation: ® looks like the
magnetic part of a generalized Lorentz force. In dimension 3 it can rewritten as v x B,
as we see in the special example below.

CHARGED PARTICLE IN R3

Let B = B/d¢’ € U(R?) the divergence-free vector field representing the magnetic
field, where ¢’ , j = 1,2, 3, are the cartesian coordinates. The classical equations of
motion for a particle with charge e and mass m are given by the LORENTZ FORCE

Law (we set ¢ = 1):

dv
mo = e(v x B). (15)

We recover this law as the equations of motion of a suitable Hamiltonian system
which is given by the following following twisted symplectic form on M = T*R3 =
R3 x R3:

w:i=wy+eF, (16)
where .
F .= EiB(dql Adg* Adg®),
such that
F = BYdg® A dg® + B%dg® A dg* + B3dg' A dg?.
Note, that F'is closed, since B is assumed to be divergence-free.

The Hamiltonian system is (M,w, H) with H as the kinetic energy. The kinetic
energy is:

1
H = o (0 + 15 +13)
where p = mu.

According to Proposition the equations of motion include in particular

: 0H 0H
Pk = —8—(‘],€+6(ij—ij)6—%-
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which is, in our case,
: 1
P = e (Fjk = Fiy) —pj
These three equations are equivalent to . We check the case k = 1:
mz)l = pl = €(Fj1 — Flj)vj = 6Uj2Fj1 = 6('11283 — 1)332) = 6(1} X B)l .

Remark 1.40. F' has to be closed, which in this special case means that I’ is exact.
On more general spaces, not every two-form, which is closed, need be exact. F' = dA
holds true only locally and, in general, not globally. However, we can understand A as
being a connection one-form on a U(1)-bundle or on a line bundle, and F' as being the
curvature 2-form of the connection. This already is the topic of gauge theory treated
in the Chapters and [f]

1.3.5 Coadjoint Orbits

This class of examples of symplectic manifolds yields a close, but not obvious connec-
tion between the representation theory of Lie groups and Lie algebras and Geometric
Quantization.

In the following (see Appendix, Chapter |C]):

e (G is a connected Lie group of finite dimension (for instance a closed matrix group
G C GL(k,R)).

e g = Lie G is the associated Lie algebra.

e the conjugation with respect to g € GG yields the smooth map

Tg:G—>G,mr—>gxg_1,xEG,

e and the adjoint representation Ad : G — GL(g) of the group G is defined as the
derivative T.7, of 7, at the unit e of G}

Ad, =T, 7 T.G=9g— g="1T.G.
Ad, is the map X — gXg~! in case of a matrix group G.
From Adg, = Ad, o Adj, for g, h € G, one deduces that
Ad: G — GL(g)

is a Lie group homomorphism.

In the form Ad: Gxg— g, (9,X) — Ad,(X) one also speaks of the adjoint action
of G on g.
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Definition 1.41. The COADJOINT REPRESENTATION is the "dual” or "adjoint” of

the adjoint representation:
Ad*: G — GL(g"),
which is given by:
Ady i g" — g%, n— Adg(p) € ¢,
with
A (1) (X) 1= 1 (Ady 1 (X))
forpeg-={r:g— R|R—linear} and X € g.

It is easy to check that A}, = Ad; o Ad;,g,h € G, i.e. A" is again Lie group
homomorphism.

As a result, we have an action of the Lie group GG on the dual of its own Lie algebra

g".
Gxg' =g (g9,1) = Ady(p).

This is called the COADJOINT ACTION and has the orbits:
M, = {Ad2u|g€G} , pE g
One can show:

* A~ TPM

1. M, is a smooth submanifold of g* = with a natural symplectic form w, and
with symmetry group G.

2. Every symplectic manifold M on which G acts transitively by symplectomor-
phisms looks locally like an open part of smooth orbit M,. More precisely,M can
be realized as a covering M — M, of M,.

Here ¢ : (M,w) — (M’ ') is a SYMPLECTOMORPHISM (or canonical transformation),
if ¢ is a diffeomorphism preserving the symplectic structures, i.e. with ¢*w’ = w.

1.4 Lagrangian Mechanics

In many situations a system of Classical Mechanics is given as a Lagrangian system.
In the following we discuss when a Lagrangian system induces a Hamiltonian system
in a natural way and vice versa.

The ingredients of a LAGRANGIAN SYSTEM (M, L) are:

An n-dimensional manifold ) as the CONFIGURATION SPACE.

The tangent bundle M = T'Q), called the VELOCITY PHASE SPACE.
And a function L € £(M), called the LAGRANGIAN.
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Example 1.42. A NATURAL SYSTEMH is a Lagrangian system with a Lagrangian of
the form L(v) = 3g(v,v) —U(7(v)), v € TQ = M, where g is a Riemannian metric on
Q and U € £(Q) is a so-called potential.

In local coordinates

.0 4
v=vias and g(o,w) = gt g = g(r(v) = gsela)
v, w € Tr,)Q. Hence,
1 1

59(1},1}) = §gjkvjvk.

Definition 1.43. A curve ¢ : [ — @ on an interval I C R is called a MOTION of the
Lagrangian system (M, L), if ¢ satisfies the EULER-LAGRANGE EQUATIONS, that is:

d (0L, oL, .. . .
- (%(q)) = a—q(q) (in bundle coordinates) .

Here,

. dg
=—cTQ.
I=g €TC

In the case of a natural system the equations have the form

% (g(q)d") = S—Z(Q)

or
g 19+t = 55(0)

Fact 1.44. In case of a natural system without potential, i.e. L(v) = 1g(v,v) the
geodesics of the Riemannian manifold (Q), g) are essentially the motions in the level set

L),

2

Construction 1.45. Given a chart
o= (ql,...,q”) :U—=V CR"”

with associated bundle chart

o= (¢"....¢"v',... ") TU -V xR"
the local 1-form, called LIOUVILLE FORM induced by L is:

oL

. aL 2 1 9
AL = Dok q", ok generalized momenta

Scalled "mechanical” system in [Arn89)
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defining a 2-form

wy = —d)\L
0*L . 0L .
= ———d¢’ NdgF — ——=—dv’ Ndqg".
Oqi vk q T Boiger ™’ q

wy, is well-defined on all of M and it is closed. Therefore it is a symplectic form if it is
non-degenerate.

Let us call L (or the Lagrangian system (7'Q), L)) regular when wy, is non-degenerate.

For a regular Lagrangian L, (M,wy) is a symplectic manifold and with

Hp(v) := vk%(v) — L(v),

the Hamiltonian system
(Ma wr, HL)

has the same motions as (M, L).

Example 1.46. For a natural system the induced Hamiltonian Hj, is of the form
1
HL<U) = 59(“71}) + U(T<U)) )
veM=TQ.

To understand regular Lagrangian systems from the Hamiltonian viewpoint the
so-called fibre derivative of L is helpful: For L € £(TQ,R) let L, := L|,q : T,Q — R.

Definition 1.47. The map

FL:TQ —T*Q,
given by FL(v)(w) := TLy(v)(w) for ¢ € Q,v,w € T,Q, is called the fibre derivative
of L

By direct calculations we can show:

Proposition 1.48. The fibre derivative is a smooth map FL : TQ — T*Q preserving
the fibres[f| Moreover, w;, = FL*(w) where w € A*(T*Q) is the standard 2-form on the

momentum phase space T*Q), see[I.17.

The following statements are equivalent:

1. wy, is non-degenerate, i.e. L s reqular.

SFL is not a homomorphism of vector bundles, in general.
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2. The fibre derivative F'L is non-degenerate, i.e. its differential T(FL) : T(TQ) —
T(T*Q) is an isomorphism in all points v € TQ. In particular, FL is a local
diffeomorphism.

3. det (%) # 0 in local bundle coordinates.

As a consequence, for a regular L the fibre derivative
FL: (TQ7wL) — (T*Qaw)
is a symplectomorphism, i.e. F'L respects the symplectic structure.

Proposition 1.49. Whenever FL is a diffeomorphism the Hamiltonian systems
(TQ,wr, Hy) and (T*Q,w, H) are equivalent, where H := Hy o (FL)™'. Note, that
in local bundle charts H has locally the familiar form
OL(v)

ogk
The last identity can be solved for v: v = v(p), so that H(q,p) = v*(p)px — L(q,v(p)).

H(Q>p) = Ukpk - L(Q?”) ) where Pk =

F'L is often called Legendre transformation in this situation. Classically the name
is reserved for the transformation which takes L into H:

L(q,v) — H(q,p) = vp — L(q,v).

Observe, that the Legendre transformation is not a mere coordinate transformation
since L and H live on different spaces.

It is possible to describe the Hamiltonian systems which arise in this way:

Proposition 1.50. Let H € E(T*Q,R) such that the fibre derivative FH : T*Q — TQ
is a diffeomorphism. Then L := (\(Xg) — H) o (FH)™' : TQ — R is a Lagrangian
such that FH = (FL)™'.

Summary:

This chapter introduces the concept of a Hamiltonian system as the mathematical
model of a conservative system of Classical Mechanics. In order to formulate the
general manifold case the basic notations for manifolds have been recalled. Moreover,
several examples of Hamiltonian systems are presented, and it is shown in which way
a Lagrangian system generates a corresponding Hamiltonian system.

For the program of Geometric Quantization the notion of a symplectic manifold
with its Hamiltonian vector fields and its Poisson bracket is crucial. In particular, one
needs the Lie algebra homomorphism

EM)—=UBM), F——Xp,

which satisfies

[(Xr, Xg] = —X(ray -
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2 Ansatz Prequantization

We begin this chapter with some comments about quantization in general and proceed
by presenting canonical quantization in some details in the first section.

Quantization can be viewed to be nothing more than a large set of methods, princi-
ples and procedures to ”construct” quantum systems by using classical systems. Com-
mon feature: Little rigor, great freedom. Main objective: Arrive at a useful quantum
system.

In particular: Quantization is not physics. There are no physical ideas or principles,
which support quantization on a rigorous level. The process

classical system — quantum system
is speculation, even if it generates remarkable examples. Only the reverse process
quantum system +— classical system

by taking classical or semi-classical limits can be justified by physical considerations.
Nevertheless, many important quantum systems have been obtained by quantization.

Let us concentrate on quantum mechanics. The main quantum mechanical systems
have been obtained by ”canonical quantization” of models of Classical Mechanics, in
particular, of Hamiltonian systems.

2.1 Canonical Quantization

To quantize a classical system which is given by a Hamiltonian system (X, w, H) re-
quires according to Dirac to fix a collection o C £(M,R) of observables, and find a
complex Hilbert space H together with an R-linear map (the QQUANTIZATION MAP)

q:0— "End” (HY
such that the following so called DIRAC CONDITIONS are satisfied:
(D1) ¢(1) = Aida,

(D2) [¢(F),q(G)] = cq({F,G}), for all F,G € o.

where A # 0 # c are suitable constants.

In addition, all ¢(F') should be self-adjoint (possibly unbounded) linear operators
on H.

" End” means, that for F' € 0, ¢(F) is an operator ¢(F) : D — H on a dense subspace D C H. See
Chapter E] in the Appendix for operators in Hilbert spaces.
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The fact that ¢ should be R-linear says that o can be assumed to be a real vector
space. So we require o to be a real vector subspace of £(M,R).

Similarly, the first condition (D1) supposes that 1 € 0. And the second condition
(D2) means that o C £(M) can be assumed to be a real Lie subalgebra of the Poisson
algebra £(M,R). Furthermore, the Hamiltonian H should be in the Lie algebra o.

The constant A is taken as 1 in most cases. However, 27 or similar can be found
in the first papers on geometric quantization. With this choice several formulas in
geometry become simpler insofar that they need not the factor % But in these lecture
notes, from now on, A = 1.

The constant c¢ is mostly % or —i or similar, depending on the conventions. From the
mathematical point of view the value of ¢ is irrelevant except that the self-adjointness
of the operators should not be overlooked: The requirement of self-adjointness implies
that ¢ has to be purely imaginary (c.f. Proposition below). In our approaches later
on in these lecture notes, where the assignment F' — Xp is used in a crucial manner
and certain conventions concerning connections and their curvatures on line bundles,

1

the constant will be ¢ = i =—5-.

An important additional property of ¢ is that all ¢(F'), F' € o, can be recovered
from a common dense domain D C H. This means, that for the domains of definition
D(q(F)) C H of the operators ¢(F') the condition

D c (Y{D((F))| F € o}
is satisfied. By this condition, it is possible to form the addition ¢(F) + ¢(G) for
F,G €0 and rq(F) for r € R.
Moreover, the image ¢(F)(D) should be contained in D so that the composition
q(F) o q(G) can be formed. Only in this way it is possible to define the commutator
[9(F)|p,4(G)|p] € Hom(D, H)

and it makes sense that it coincides with
cq({F,G})|p.

This is the meaning of ”End” (H).

In many contexts a quantization satisfying the above axioms (D1),(D2) is called
a canonical quantization. But there is no prescription on how to obtain the Hilbert
space H or the map ¢. Also additional axioms are common, e.g. requirements of the
quantization for special observables like ¢’ or p;, for a simple phase space T*U ,U C R™.
In particular, in several cases irreducibility is required. However, such requirements
can be in conflict with the purpose to formulate quantization in an invariant way.

Geometric quantization is a canonical quantization in the sense above and gives
a well-defined procedure how to find H and ¢ in many cases. The first step in this
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procedure is PREQUANTIZATION and the purpose of this section is to motivate this
concept. In Chapter |7l we pursue this issue further.

Discussion: Essentially different (even controversial) usage of the term ”canonical”:

1. in physics: a special choice, in a standard or common way,

2. in mathematics: a natural way, not dependent on any choice, functorial.

We now come to the subject announced in the title of this section.

2.2 Ansatz: Prequantization

First of all, we have to complexify the whole machinery replacing every R-vector space
W, which occurred so far by the complexification W€ ie. W€ : =W @r C =W @iW.
In particular, the space of observables is now (M, C) = £(M) ®r C. More examples
are T, M ®C instead of T,M, A*(M)®C (= {n: E(M,C)* - E(M,C) | n s-multilinear
over £(M,C) and alternating}) instead of A*(M), g ® C instead of g, etc.
Afterwards, we omit C and in the following T, M, A*(M),E(M), g, . .. etc. shall denote
the complexified versions.

Let (M,w) be a symplectic manifold. We have a natural representation ® of the
Poisson algebra (£(M),{,}) by forming the Hamiltonian vector field of a function
F € E(M) (cf. Proposition [1.31)):

P :EM) — B(M) (= Der(E(M)) C End(E(M))
Fis ®(F) = — Xp.
Recall that ® is linear (meaning now C-linear) and that for /), G € £(M)
O ({F,G}) = —Xrey = [Xr, Xo| = [B(F), 2(G)], (17)

i.e. the respective Lie brackets are respected.
Let us now come to the "ansatz”:

Attempt 1: As a first try to find an operator for a given F' € £(M), let us consider
(F):=—cXp=cLx,:EM) — E(M),

although £(M) is not a Hilbert space. In the ansatz we weaken the conditions insofar
as we try to obtain a construction for ¢ with H replaced by the complex vector space

E(M).
Proposition 2.1. G(F) : E(M) — E(M) is C-linear and satisfies

[4(F),4(G)] = ca{F,G}), F,G e EM)
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Proof.
[G(F),§(G)] = (—C)Q[XF,XG] = (—X{F,G}) =cq({F,G})
O

Evaluation of attempt 1: (D2) is satisfied (at least for £(M)) and with o = E(M).
But for 1 € £(M), we have ¢(1) = 0, hence the first Dirac condition (D1) is not
satisfied.

Attempt 2:
In order to satisfy (D1), we can replace ¢ by ¢ with G(F) = F+q(F) : g — Fg—cLx,g.
Evaluation: Now, the first axiom (D1) is satisfied ¢(1) = idg(ar), but the second (D2)
is not. In the case M = T"R for example, with the coordinate functions ¢,p : M = R
we have {¢,p} = 1: X, = % and X, = 8%, and therefore: w(X,, X,,) = 1. Consequently,

¢({a,p}) = 1. But G(q) = ¢ +q, 4(p) = —c§, +p with

[4(q), G(p)] # 1.

We make a further adaption and arrive at
Attempt 3:
q(F):=F —cLx, + a(Xp), Fe&M),
with a suitable 1-form o € A'(M).
Proposition 2.2. ¢ : E(M) — E(M) is C-linear and satisfies the first axiom (D1) of

Dirac quantization (disregarding the fact that we do not have the Hilbert space yet).
Moreover, it fulfills the second axiom (D2) for o = E(M) if and only if da = w.

Proof. Evidently, ¢ is C-linear, and ¢(1) = 1 since X; = 0. So, (D1) is fulfilled.
(

We now check (D2). For F' € (M) define u(F) := F + a(Xr) € E(M) to be
the multiplication operator p(F) : E(M) — EM), H — u(F)H. Then ¢(F) =
G(F) + u(F).

[g(F), q(G)] = |

Hence,

[4(F),¢(G)] = cg({F, G}) + [q(F), (G)] + [(F), 4(G)]
according to first attempt (c.f. Proposition and because of [u(F), u(G)] = 0.
For every H € E(M)

[G(F), (G (H) = —cLx, (1(G)H) + cp(G) L, H = —cLx, (u(G)) H
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and we obtain
[G(F), 1(G)] = —cLx,pu(G) = { F, u(G)}.

In the same way

[1(F), 4(G)] = cLxopu(F) = e{p(F), G}

Altogether,

[¢(F),q(G)] = cq({F,G}) + c{F, u(G)} + c{u(F), G}
= c(@{F.G}) +2{F.G} + ({F a(Xg)} + {a(XF),G}))

= c(({F G} +{F G} +a(Xray)) +
+ ¢ ({F,GY+ {F,a(Xe)} + {a(Xr), G} — a(Xray))

and we obtain the following: Condition (D2), i.e.
[4(F), q(G)] = cq({ F, G}),
holds if and only if the term in the second bracket vanishes, i.e. iff
{F, G} = {a(Xe), F} = {a(Xp), G} + a(Xirey)-
Now, from the formula for da (cf. [L0), we know

dOé(XF,Xg) = LXFOé(Xg) - LXGOC(XF) - a([XF,Xg])
= {a(Xq), F} = {a(Xp), G} + a(X(pey)

and we can finally deduce:

holds <= da(Xr,Xg) ={F,G} =w(Xp, Xg) VF,G € E(M)

and
da(XF,Xg) = OJ(XF,X(;) VF,G € g(M) <— da= w,
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since locally the Hamiltonian vector fields generate the £(U)-module of vector fields.

]

Because of this result, let us assume for the moment, that w has a potential «, i.e.

da = w. To proceed further, we observe that the 2n- form

Wr=wAwA---Aw

is a volume form. Let H := L?(M,w") be the complex Hilbert space, which we obtain

by completing the space of square integrable functions on M, i.e. the space:

D= {6 cEM,CT)| /M 620" < o).
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with respect to the norm |[¢[| = 4/ [}, |#|?dw™. H is a complex Hilbert space with the
inner product defined by

00) = [ Guwr
M
for ¢,v € D and for general ¢, € H by continuation.

Then the ¢(F), F € (M), which are defined on H (or on suitable subspaces)
satisfy both the first and second Dirac condition. But there are generic defects of this
approach:

1. There are important cases without symplectic potential. For example for R x §?
("spin”) or S?x §? (hydrogen atom). Note, that for compact symplectic manifolds
(M,w) there never exists a potential o € A'(M), i.e. da = w. To manage this
problem, one has to generalize the ansatz, by replacing £(M) by sections of a
complex line bundle over M, which will be explained in the next chapter.

2. Even with a symplectic potential « for w the definition of ¢ depends on the choice
of the potential in an essential manner. To remedy this one can try to make use
of the way two potentials o, a/ differ: since d(a — o) = 0 there exists locally
functions ¢ such that o/ = «a + dg. With these local ”gauges” one can build a
quantization map which is no longer dependent on the choice of the potentials.
But this quantization is no longer defined on proper functions ¢ € £(M), it is
defined on generalized functions which can be given as families of local functions
(hi)icr , @i € E(U;), for an open cover (U;);e; of M transforming suitably. This
concept of generalized functions is explained in a reasonable manner by the con-
cept of sections in a complex line bundle where the derivatives are now replaced
by connections on this complex line bundle, see the next chapters.

3. The Hilbert space of wavw functions H is generated by functions in 2n vari-
ables. This should be reduced to n variables. This can be done by introducing
polarizations. We will discuss this in a later chapter.

Apart from these issues, one has to find the appropriate Hilbert space H on the
basis of these sections and then one has to check for which observables F' the ¢(F) are
self-adjoint, among other considerations.

We conclude this Chapter by restricting to the special case of a simple phase space
M = T*R"™ to figure out what properties follow when we use the PREQUANTUM OPER-
ATOR

q(F):= —cLx, + F+ a(XF),

with da = w as a first step in the program of geometric quantization..
Proposition 2.3. Let H := LQ(M, w™) be the Hilbert space introduced above in case of
M = T*R" 2 R*". For F € E(R™) define D := {¢ € HNER?*",C) | Lx,¢ € H}.
Then Lx, : D — H is skew symmetric if (and only if) F is real-valued i.e. F €
E(M,R).
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Proof. We use the fact that Xp is divergence free: In standard coordinates yj =
¢yt =piforj=1,2,... . nof R let Xp = Y* ¢ ‘9 . (Summing over k = 1,...,2n.)

Then oY’k 0 OF 0 OF
divXp=y — =" 7 _ = = _
A Z oYk Z ¢’ Opy,  Opj O™ 0

now summing over j,m = 1,...,n and using the expression @D for Xr. For ¢, € D:

(6, Lx,) = | oXp(¥)w

R2n

by partial integration. Hence,

- 709 e,
o) == [ Voggvwr = [ (Z o7 )
— /R% Lx,¢ppw" = —(Lx,¢,7),

where Z B = =0 and Y* = Y, where used. O

Note, that integration with respect to w™ is the same as Lebesgue integration over
R2" — up to a constant —, since w” is a constant multiple of the volume form induced
by Lebesgue integration.

Proposition 2.4. Let a € A(R*") be a real potential, i.e. da = w and all coefficients
ar of a real-valued., and let F' € E(M) be real-valued. Defined D := {¢p € H | q¢(F)¢p €
H, Lx,.¢ € H}. Then the prequantum operator

q(F) = —cLx, + F + a(XF)

is symmetric on D if (and only if ) c is purely imaginary.

Proof. We use (¢, cLx,¢) = c{¢, Lx, ) = —c(Lx,$,1) by Proposition , hence, for
purely imaginary ¢, (¢,cLx,1) = (cLx,¢,v), i.q. —cLx, is symmetric. Now, ¢(F)
is symmetric, since T'(F)¢ := (F 4+ Xp)¢ can be proven to be symmetric: We have
T(F) = T(F), since F and « are real. Therefore, for ¢, € D:

6 T(FW) = [ T(F)pw = / TE)G W = (T(F)p, 1)

R2n R2n
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Corollary 2.5. If the vector field Xp is complete, q(F') will be self-adjoint.

This will be proven in a slightly more general situation in Chapter [7]

Examples 2.6. We determine some ¢(F’) in the simple phase space M = T*Q, Q) C R”
open, with the symplectic form w = d¢’ A dp;. The canonical coordinates are ¢/, p;.
1. We choose the negative of the Liouville potential o« = —p;dg? = —\ and set

1
c=—

%7
so that )
1 .
C](F)¢ =F¢— %LXF - pjdq](XF) .
We know 5 5
Xj=——,X, =—
q apj Pk 8qk

a(X ’“) =0, Oé(ka) = —Dk-

q

So, we have:

. 9 ,
7 = — —L 0= = )
q(¢’) ¢ 5 Lx, +0=¢ '+ — 5 ap] Q
i ) 3

Q. F] = cq ({qj,pk}):Jr%éi.

Note, that with the symplectic potential a = ¢’dp; the resulting operators @7, P;
are quite different, see below.

2. By replacing the Hilbert space H = L*(T*Q,w") introduced above with its
subspace Hp of all square integrable functions ¢ of the form ¢ = go 7,9 : Q — C,

for suitable g we arrive at the function space with the correct dependencies, namely
Hp = L*(Q). From 1. we conclude:

, , 1 0
VT =¢), P=———.
Q q I J 27T 8(]9
These operators turn out to be self-adjoint, which says that for the simple phase space
and the algebra o of observables generated by 1,p; and ¢’ we have recovered the
canonical commutation relations, CCR.

Moreover, if we include the observable H = % > p]z into the discussion, we see that

0

Xy = —Dk=—
H pkaqk
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and . P
0
H)=—p——-H
a(H) 2" g~

This is not the result we expect. The expected quantum operator is a multiple of the
Laplacian A. It can be obtained by simply defining it as 1/2) " P, P.. But this adhoc
definition is not in the spirit of geometric quantization.

3. By replacing the potential —\ of w in 1. by the potential & = ¢/dp; (note, that
a— X =d(¢’p;)) we obtain

O‘(qu) = _qk’ O‘(‘ka) =0.

And
q(q’) I At = 1 Q
1 i 0
R —p -2 . p.
q<p]) p] o ij +0 pj 2 aq] J

Restricting the operations to the Hilbert space Hg, of functions ¢ = ¢(p) depending
only on the verical p € T*R" this approach leads to the self-adjoint operators
i 0

g—___—_ P
@ 2 Opi’ Y

with the same commutation relations.

4. The two quantizations in 2. and 3. are closely related from a the viewpoint of
representation theory. Both yield representations of the Lie algebra generated by the
pj, q~, the so-called Canonical Commutation Relations (CCR) , and these representa-
tions are equivalent. The equivalence is given by the Fourier transform F : Hy — Hp.
In fact, let

Fo)a) = [ o) explzripa)arf]
for differentiable functions ¢ € £(R") with compact support. F can be extended
uniquely to a unitary map Hg — Hp which will be denoted again by F.

Let us denote ), P the quantizations of ¢,p in 2. and @', P’ the quantizations of
¢,p in 3. Then for ¢ = ¢(p) in 3. with
1 0

leads to

PoF(©) =~ [ow)gemriip = [ potp)eap = Fpo) = Fo P'o).

8written for n = 1 or in a schematic notation q = (¢,...,¢"), dg = dg* A ... A dq™, etc.
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and

5o Q)= [ (gmot0) mdp = [ aoto)# iy = 47(6) = Qo F(6),

where we have used partial integration

0 . 0 . .
N KRS L p——

We illustrate these relations in a commutative diagram:

P

1)

Hp —Q> Hp
As a result, the two representations are the same up to unitary equivalence. This
result is a special case of the pairing described in Chapter [14.5] in particular in Propo-
sition [14.20)

Summary: In this Chapter attempts are made for obtaining a canonical quanti-
zation by using the operation F' +— —Xp for observables F' on a symplectic manifold
(M,w) and the fundamental fact that it respects the Poisson bracket. As a result, to
pursue these attempts in full generality one has to use complex line bundles on M
which will be studied in the next chapter. Insofar, Chapter 2 serves as a motivation to
study the geometry of complex line bundles.

Later we will see that starting with a symplectic manifold (M, w) and a suitable
complex line bundle L the ansatz developed in this chapter (attempt 3) leads to a
quantum model. This process is called prequantization, see Chapter 7. However, the
manifold M has to satisfy an integrality condition (discussed in Chapter 8), which
sounds familiar regarding the principles of quantum theory.
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3 Line Bundles

A line bundle over a manifold is a complex vector bundle of rank 1, i.e. with typical
fibre isomorphic to C. This chapter provides an elementary and detailed exposition of
the fundamental properties of line bundles including the description of line bundles by
cocycles. Moreover, the concrete examples of tautological line bundles on the complex
projective spaces are studied.

3.1 Basic Definitions

Definition 3.1. A LINE BUNDLE (”Geradenbiindel”) over a given manifold M is a
manifold L (the TOTAL SPACE, " Totalraum”) together with a map

m:L— M

with the following properties:

1. The fibres of 7 are LINES: Every fibre L, := 7 !(a), a € M, has the structure
of a one dimensional vector space over C.

2. 7 is LocALLY TRIVIAL ("lokaltrivial”), i.e. the total space locally looks like a
product U x C up to isomorphisms: To each point a € M there corresponds an
open neighbourhood U C M of a and a diffeomorphism

77D Ly = L|7r*1(U) —UxC
such that

(a) the diagram

Y|
LU —L;]U x C
7r|7T1(U)l (-

U
is commutative: pry o ¢|r, = W’ﬂ—l(U)m,

(b) for all b € U, the following induced map

1P| ro
Wy Ly =3 {b} x CZ% C, ¢y := pryo |y, ,

is a homomorphism (in fact an isomorphism) of vector spaces over C.

Yassumed to be smooth, as usual

YOpry, pro denote the natural projections pry : W x V. — W, (x,y) v x resp. pro : W x V —
V, (z,y) — y for a product W x V.
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A line bundle is TRIVIAL ("trivial”) if L = M x C with 7 = pry, and L, = {b} x C
obtains its vector space structure through the bijection pry : Ly, — C.

However, by abuse of language, the line bundles which are isomorphic to the trivial
line bundle are also called trivial, although they should better be called TRIVIALIZ-
ABLE. To understand ”isomorphic” we have to introduce the notion of a homomorphism
of line bundles.

Definition 3.2. A LINE BUNDLE HOMOMORPHISM (homomorphism of line bundles)
from L — M to L' — M is a map]] % : L — L' such 7 = 7’ o) and such that for
each a € M the restriction v, := ¢|p, : Ly — L, is a (vector space) homomorphism.

In particular, the diagram
M

L

1s commutative.

An isomorphism of line bundles is a homomorphism 1 of line bundles which is
bijective such that ¢~! is again a homomorphism of line bundles. In particular, an
isomorphism is a homeomorphism.

Definition 3.3. A SECTION of a line bundle 7 : L — M over an open subset U C M

is a mapY

s:U—L
such that 7o s = id|y.
The set of sections over U is denoted by I'(U, L). By pointwise addition and multi-

plication I'(U, L) becomes a vector space over C and an £(U)-module: For s,t € I'(U, L)
and f € E(U) we set

(fs +1)(a) = fa)s(a) +t(a),a € U,

and we see fs+t e I'(U, L).

In case of the trivial bundle L = M x C the space of sections I'(U, L) over an open
U C M is naturally isomorphic to £(U): Let s1(a) := (a,1), a € U, be the 1-section,
sy € (U, L). For every f € E(U) one has

fsi(a) = fla)si(a) = f(a)(a,1) = (a, f(a)), a € U.

Since every section s € I'(U,L) is of the form s(a) = (a, f(a)), a € U, for some
f € &), the map
5(U) _>F(U7L)> f’_>f317

swhich is again smooth
12xhich is again smooth
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is an £(U)-module isomorphism.

As a consequence, in a general line bundle 7 : L — M with a local trivialisation
Y1 Y (U) — U x C for every open subset W C U the space of sections I'(W, L) is
isomorphic to £(W) as an £(W)-module.

Proposition 3.4. A line bundle m : L — M is trivial (-izable) if and only if there

exists a global nowhere vanishing section of L, i.e. a section s € T'(M, L) with s(a) # 0
for alla € M.

Proof. Let s be such a section. It is enough to show that
Y:MxC— L, (a,\) = As(a),

for (a, ) € M x C is a diffeomorphism and linear in the fibres. Of course, 1) is smooth
and satisfies T o 1) = pry: mo(a,\) = w(As(a)) = a = pry(a, N). And for each a € M

Vo = Vlfayxc : {a} x C = Ly, (a,\) = As(a),

is an isomorphism of vector spaces, since s(a) # 0. O

The fact that for trivial line bundles L over M the sections of L are essentially the
same as functions, I'(M, L) = £(M), strengthens the viewpoint that for general line
bundles L the sections I'(M, L) of L are generalized functions in M. Another such
interpretation will be given after the next step in describing line bundles using cocycles

(cf. Observation [3.8]).

3.2 Cocycles Generating Line Bundles

The second condition in our Definition [3.1|yields an open cover (U;);er of M with local
trivializations

ijL’Uj %Uj x C.

In particular, ¢; is a diffeomorphism with 7 = pry o ¢;, and ¢, : L, — {a} x C
is an isomorphism. In addition, for each j € I one obtains a distinguished section
s; € I'(U;, L) by

sj(a) == z/zj_l(a, 1), aec U,

with the property
’ij(ZSj(a)) = (CL, Z) ;  Or 77[1]-_1((1, Z) = Z‘Sj(a)a
when (a, z) € U; x C.
The s; und s;, satisfy the identity:

Sj = GkjSk;




46 3. Line Bundles

on the intersection U;NUY'"| where the ”transition functions” (” Ubergangsfunktionen”)
grj : Uy N U — C are defined as

si .
grj =L, j kel
Sk

For each a € M and j,k € I one has sj(a) # 0 # sg(a). Hence, gyj(a) € C is
well-defined with s;(a) = gx;(a)sk(a).

Because if the importance of this simple identity, we give another description of
grj  Uj := U; N U, — C: The composition

kaZ/};lIUijC%UijC

where ¢! (a, 2) = zs;(a) and Y (wsi(a)) = (a, w) with wsg(a) = zs;(a), acts as

(a,z) — ¢y 0 wj’l(a,z) = <a, 5i(@) z) = (a, gxj(a).2) . (19)

sk(a)

Proposition 3.5. The transition functions (gjk)jker, gix € E(Ujk, C*), satisfy the
following COCYCLE condition (”Kozyklus-Bedingung”):

95 =1
(C) Jikgrj = 1
9ij9ikgri = 1

Proof. Nearly trivial: g;; comes by definition from ; o ij = id|{ayxc. when a € Uj,
and the identity id : C — Cis given by the multiplication with 1 = g;; : 2 + 1.2. In the
same way ¢;,gk; comes from 1; o;bk,_l oq/;ko;bj_l = id|faxc, @ € Ujk, inducing gjrgr; = 1.
And again, because of 1; owj_l o01; O@D,;l oka;/),;l = 1d|(ayxc, @ € Uiji := U;NU; N U,
one obtains g;;grgr: = 1. O

The transition functions describe how the various products U; x C glue together to
form the total spacd'}

The transition functions (g;;) of a line bundle L describe the sections of that bundle,
as explained in the following. Each section s € I'(M, L) yields the local function

fi == prao;os|y,

3Here and in the following the case of an empty intersection U i N Ui, = 0 contains no information,
so it is, in general, correct.

14This feature holds for the more general cases of vector bundles of rank k > 1 and principal bundles
as well
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i.e. the diagram

L’UJ Uj x C
3|UJ] jprz
U;———C

is commutative.

Lemma 3.6. For all j,k € I the following equations hold:
slu, = fjs5, on Uj,
Je=9kifi, on Uj.
Proof. For a € Uj:

s(a) = ;! owy(s(a)) = ;" (a,pry o ;0 s(a))
Vit (a, fi(a)) = fi(a)y ™ (a, 1) = fi(a)s;(a)

which shows the first identity. On Uj; # () we obtain
S\Ujk. = fksklUjk = ijj’Ujk = fjgkjsk’UW
hence fi, = fjgx;- O
The second condition is called SECTION CONDITION:

S)  fr=orf;

Proposition 3.7. Let m : L — M be a line bundle over M with local trivializations
Y; 1 Ly, = U; x C, j € I, such that (Uj);er is an open cover of M.

1. Then every global section s € I'(M, L) defines a collection f; € E(U;) of local
functions with (S).

2. Conversely, every collection (f;)jer, f; € E(U;), of local functions satisfying (S)
yields a global section s € I'(M, L) with s|y, = f;s;.

Proof. The first statement has just been shown. The data (f;) in the second statement
have the property f;s;|v,, = frsklu,, by (S) and thus define a global section s through

s(a) := f;(a)sj(a), a € U;.
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Observation 3.8. Note, that the result of Proposition provides another interpre-
tation of sections s € I'(M, L) as generalized functions. A generalized function under
this viewpoint is a collection of local functions (f;) which satisfy f, = gi;f; on Uj for
all j,k € I, i.e. it is a section. This generalization is adapted to our problem of not
having a global potential for a given symplectic form, in general.

The transition functions of a line bundle determine the line bundle completely up
to isomorphism: Similar to the reconstruction of a section from local functions (f;)
with condition (S) any collection of (g;;) with condition (C) allows to construct a line
bundle L with the (g;;) as its transition functions:

Proposition 3.9. Let (Uj);jer be an open cover of the manifold M, and let gy; €
EW;k, C*), 4,k € I, be a collection of functions forming a cocycle, i.e. such that (C)
is satisfied. Then the data (M, (U;), (gk)) induce a complex line bundle 7 : L — M
over M with local trivializations

1/)3‘ : LU]- — Uj x C
such that for (a,z) € Uj, x C:

v o1y (a, 2) = (a, gij(a).2).

Proof. On the disjoint union R := {J;c;U; X C, which is an (n + 2)-dimensional real

manifold, we consider the equivalence relation
(aj,z;) ~ (ak, 2zx) <= a; =ap and z; = gj(a).z, ,

where (a;,2;) € U; x C, (ag, z,) € Uy x C.

The quotient manifold L = R/~ exist{™] see Definition ff. for the concept of
a differentiable quotient manifold. The quotient map « : L — M is smooth, and the
maps

V;: Ly, = U; xC, [(a,2)] = (a,2),

for (a,z) € U; x C turn out to be local trivializations generating fibrewise the vector
space structure on L, through

pra oL, [(a, 2)] = 2.
The transition functions in this construction are the (gi;). In fact, for a = a; = a;, €
Ujr:
oy (a, 25) = i ([(a5, 27)]) = i ([(ak, gij(a)-21)]) = (@, grj(a).zp),
i.e. the (gi;) are the transition functions of the constructed line bundle.

]

150ne has to check that M is a Hausdorff space and that L is well-defined with the stated properties.
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Thus, we see that a line bundle can essentially be recaptured by its transition
functions.

With respect to this description of line bundles by cocycles, the trivial bundle is
given by Uy = M, (U;)jeqy and gii(a) = 1. But the data: (U;)jer an open cover,
gjk : Ujr = C, gji(a) = 1, yield also a trivial bundle L, more precisely an isomorphism
O : L — M x C of line bundles.

In general, a homomorphisms © of line bundles has a description using the transition
functions (i.e. the cocycles) of the two line bundles which are involved which is similar
to the descriptions of sections:

Proposition 3.10. For a homomorphism of line bundles © : L — L', where L resp.
L" have local trivializations v; resp. 1/1; with respect to an open cover (Uj)jeﬂ the local
mappings h; : U; — C given by

hj =praot;o®lr, os;

Vi
LUj 5 L/UJ Uj x C

Sj T LPM
Uj

C

satisfy the following identity:

/
hk = gﬂh]’7
Jkj

J.k € 1. Conversely, (h;) with this identity determines a homomorphism © by locally
defining
Olu, (V5 (a,2)) == ¥ (a, hj(a).2).

Proof. The definition of h; can also be read as follows:
(a,hj(a).z) = ;0O 01 (a,z) =9 0O o zsi(a), (a,2) € U; x C.

In the original definition h; := pry o ¢} o O|L, ©sj, on Uj, one can replace s; by gx;s
J
and ¢} by g3, These replacements yield

/ / / / /
hj = pra© gy © OlLy, © gejsk = GirgriPr2 © Yy 0 OlLy, , © 5k = Gt grihn

which is the required identity (note that gj, is the inverse of g;;). The converse is
clear. =

16Given two line bundles there always exists such a cover.
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Corollary 3.11. Under the assumption of the preceding proposition the line bundles
L and L' are isomorphic, if and only if there are non-vanishing functions h; : U; — C
with

P,
(1) G = 7 949

on Uj, and for all j,k € I. The isomorphism © : L — L' given by (h;) is locally defined
as ©(s;(a)) = hj(a)s}(a).

Observation 3.12. These results show that the isomorphism classes of line bundles on
a manifold are essentially isomorphism classes of cocycles. Here, two cocycles gi;, gy
are defined to be equivalent if there exists h; € £(U;) satisfying (I). This resembles
cohomology. We come back to this fact later.

But are there nontrivial line bundles at all? If not, the introduction of the notion
of a line bundles would give very little sense.

Presumably, the case of the tangent bundle T'S? is known in the form of the ”Hairy
Ball Theorem” (”Satz vom Igel”): There is no non-vanishing (smooth) vector field on
S?. Therefore, the tangent bundle cannot be trivial. It is easy to see that the tangent
bundle is, in fact, a complex line bundle by observing that S? has the interpretation of
being the Riemann sphere, the complex projective space P!(C).

The question of the existence of nontrivial line bundles has to do with the classi-
fication of all line bundles (determining the set of isomorphism classes) which could
be achieved with the help of cocycles. But we want, first of all, to investigate all line
bundles on a rather typical example, the complex projective space P™(C) of complex
dimension n.

3.3 The Tautological Line Bundle

The aim of this subsection is to present concrete line bundles and analyse their sec-
tions. This will be started for line bundles over the complex projective spaces where
the tautological bundles are introduced and will be continued by determining all line
bundles over the complex projective spaces.

THE Case P!(C)

Example 3.13 (The projective line P*(C)). Let P! := P'(C) be the Riemann sphere
resp. the one dimensional projective space over C: P! is the space of lines in C? through
the origin 0 € C?. The best way to make this precise is to introduce the following
equivalence relation in C*\ {0}:

z~w = INeC: z= ) \w.
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Then P! is the quotient C*\{0}/~ and is endowed with a natural projection
v:C?\ {0} — P',
mapping each line ¢ € C? to its corresponding equivalence class ¢\ {0} in P! (see
Definition ff. for the concept of a differentiable quotient).
The points of P! are represented by the so called HOMOGENEOUS COORDINATES
("Homogene Koordinaten”) induced from C?\ {0}: For z = (zg, z;) € C*\ {0} we set
(20 : 21) == 7(2)

(= [2], the equivalence class of z = (29, 21)). We conclude from y(Az) = A\y(z), for
A # 0, that the homogeneous coordinates fulfill

(z0:21) = (A\z0: Az1), for e C*:=C)\ {0}.

P! obtains its topological and complex manifold resp. differentiable structure as the
quotient C? \ {0}/ ~. Hence, U C P! is open if and only if y~1(U) is open, and a
map f : U — C is holomorphic (resp. smooth) if and only if fo~y : v} (U) — C is
holomorphic (resp. smooth).

P! can be covered by two holomorphic charts ¢; : U; — C, where U; := {(z : 21) |
z; # 0}, 7 € {0,1} and
o :Up—C,(1:2) =z, 2z€C,
1 :U; = Cy(w: 1) — w,weC.
On the intersection Uy; = Uy N Uy = {(20 : 21) | 20 # 0 # 21} we have for w € Up;:

o 07 (w) = o(w : 1) = ¢ho(1: =) = ~

1 . E) — E .
This is a holomorphic function on C* = C\ {0} with holomorphic inverse. Therefore,
the complex structure on P!(C) (and the differentiable structure as well) is given by
these two charts[7]

Up can be understood as the complex plane C with (1:0) as 0, (1: z) = z as the
coordinate and U; adds only the point (0 : 1) = oo to Uy = C, thus obtaining the
sphere S* =2 Uy U {(0: 1)} 2 CU {oo}.

Construction 3.14 (Tautological Bundle). The product P! x C? is a 3-dimensional
complex manifold and a 6-dimensional real manifold. It also has the structure of the
trivial complex vector bundle over P! of rank 2. Define

T :={(a,w) €P' x C* | IN € C : w = (Aag, A\ay) if a = (ap: a1)}
= {(a,w) eP' xC? |w=0 or y(w)=a}
= U{G}X ({O}U’yfl(a)): U{a}xga

acP! acPl

170One has to check that the quotient structure exists, which can be done, by proving that P!(C)
with the structure given by the two charts satisfies indeed the universal property of the quotient.
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and 7 :=pry : T — P, (a,w) — a. Here, ¢, := {0} Uy~ !(a) is the complex line in C?
represented by a € P!

T is a complex submanifold of P! x C? of dimension 2, since it also has the description
T = {((ao : al), (UJO?U)l)) € ]Pl X (CZ | AgWi — A1We = O}

And 7 = pri|p : T — P! defines a smooth (even holomorphic) projection . For each
a € P! the fibre T, = 7 '(a) = {a} x {, obtains its vector space structure from the
vector subspace £, C C%. Hence, the fibre T, = {a} x {, can be viewed to be precisely
the line given by the equivalence class a. This property is the reason why 7' is called
the TAUTOLOGICAL BUNDLE.

Moreover, to see that T is indeed a line bundle, we consider, for j = 0,1, the
diffeomorphisms
o; Ty, = U; x C, (a, (wo,wr)) = (a,w;)

with inverses

ot (s 2) v (a0 ) (222

Qo

- aop
o1t ((ag : a1),2)) = ((ao say), (za—,z))
1
It is easy to see that the ¢, are local trivializations which respect the open U;. The
diagram
—%? Uj x C

is commutative and the ¢; are linear in the fibres.

To calculate the transition functions with respect to g, 1 we determine the action
Ofg010g061 : U01 — U01 as

ai

prowit (ans a2 = o1 (o (22 ) = (000, (2))

Qo o

for a = (ap : a1) € Uy and z € C. Hence, the corresponding transition function
g10 : Uig — C* (defined by ¢y 0 ¢! (a, 2) = (a, gio(a).2), c.f. formula ) is simply

a; . ai
a)=—, le. a)(z) = —.z.
910( ) = 910( )( ) o

Analogously,
_ %
gor(a) = 0
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Note that T is the tangent bundle with respect to the differentiable as well to the
complex structure, i.e. 7' = TP' as holomorphic line bundles, and the differentiable
structure induced by T — P! (as a complex holomorphic line bundle over P! just
described) agrees with the differentiable structure of the tangent bundle T'S?. In other
words, the natural identification map F : T — T'S? is a diffeomorphism.

Proposition 3.15. The tautological bundle T over P! has no holomorphic section other
than the zero section: Tpo(P', T) = {0}.

Proof. Any holomorphic section s : P! — T is given by holomorphic functions f; :
U; — C satistying (S):

fo(2) = g01(2)fi1(2), 2= (20:21) € Un1, ie. fo(zo:2) = z—?f1(ZQ D 21)

according to the calculation above. The two functions F; on y~!(U;) given by Fj(z) :=
L1(1(2)), 2 = (20, 21) € v 1(U;) are well-defined and they agree on v~ (Up):

120

golz) = if (1) = 2, (7(2)) = if (1(2)) = a(2).

20 21
As a consequence, the given holomorphic section s induces a holomorphic function F
on C*\ {0} (= Fy = Fy on v !(Upy)) with the property
Fw) = X"'F(w), A€ C*,w e C*\ {0}.

But such a holomorphic function F : C?\ {0} — C is the zero function@ and in turn
the section s has to be zero. O

Corollary 3.16. T is not isomorphic to the trivial bundle P* x C as a holomorphic
bundle.

This result is no surprise regarding the Hairy Ball Theorem.
THE Case P*(C)

The whole consideration of the above example can be generalized to the n-
dimensional projective space P := P"(C), the space of complex lines through 0 in
C™*1. We define

P" :=P"(C) := (C"*'\ {0})/~

with respect to the equivalence relation

wez o= dA:w= Az,

BOne has to show that F defines a holomorphic function on all of C2, since there exist no isolated
singularities for holomorphic functions in more than one variable, cf. Appendix, Corollary @
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and obtain the projection
v CPIN{0} = P, y(2) =[2] = (201211t 2n),

where z = (29, 21,...,2,) € C"L.

P" obtains its topological, differentiable and complex structure as the quotient
(C"*1\ {0})/ ~. Convenient holomorphic charts are the following: ¢; : U; — C" on

Uj={(z0:21:...:2,) € P"| z; # 0} defined by
1 .
i(z0 s 21,0 2n) = = (20,215 - By oo oy Zn),s
Zj

J =0,1,...n, with biholomorphic ¢, o go,;l cUji — Uj

Construction 3.17 (Tautological Bundle). As before, we start with the trivial com-
plex vector bundle P" x C"*! over P" and define

T:={(z,w)eP"xC"" | IN€C:w=Az20,...,2,) if 2=(20:...:2,)}
= & x ({0tur =) = UL x 6

= {(z,w) € P" x C"*" | zyw; — zjw; =0 for i,j =0,1,...n}

with projection 7 = pri. T C P* x C*! is a complex submanifold of dimension n + 1
and it is the total space of a differentiable and holomorphic line bundle 7= : T" — P,
the tautological bundle over P". T is not trivializable as a holomorphic bundle and
also not as a differentiable line bundle.

Local trivializations are given by
VY Ty, = Uy x C, (2,w) = (2,w;)

with the corresponding transition functions

Z.:

gjk(z):z_Z’ z=(20:21:...:2,) €EUjy ={2 € P" | z; # 0 # 2}
In fact,
-1 A ~j
%’07% (ZaA):¢j Za_(207"'7zn) :(Za_)‘>7
2k 2k
ie.
z.
9k(2) = Z—;

YExercise: Check!
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Construction 3.18 (Hyperplane Bundle and More). In order to generate further line
bundles on P"” we modify the transition functions to

2k

Gip(zo 1ot zn) = <—) , 2 € Uy,

<j

where m € Z. g : Uy — C is holomorphic, in particular smooth. Furthermore, for
each m € Z the collection (g7} | i,j € I) satisfies the cocycle condition (C). Therefore,
by Proposition the cocycle (g?,";) determines a smooth line bundle, which will be
denoted by H(m). A slight modification of Proposition yields, that H(m) is a
holomorphic line bundle.

Note that our tautological bundle is T = H(—1). Obviously, H(0) is the trivial
bundle. H := H(1) is called the HYPERPLANE BUNDLE, it is dual to 7" = H(—1).
H can alternatively defined as the space of all hyperplanes in C*!, the n-dimensional
complex vector subspaces of C**1.

As before, one can show

Proposition 3.19. H(m) is not trivial as a holomorphic line bundle over P™ for m €
Z,m # 0.

See below, Corollary (3.23]

In order to determine the sections of each of the line bundles H(m) — P" over P"
we use the section condition (S) which has to be satisfied for the local functions which
represent a given section.

We introduce for each m € Z the m-homogeneous functions &,,(V') on a saturatedm
open subset V =~y (y(V)) € C" as follows

En(V)i={F € E(V,C) |[VA€C*Vz eV :F(\z) = \"F(2)}.

Now, let U C P" be open and V := v !(U): Every section s : U — H(m) deter-
mines a function § = F; € &,(V) in the following way: With respect to the open cover
(Uj)j=0,..n and to the transition functions

gir(z) = (?) s z="(20:... 1 2n), 2j #0# 2,

the given section s € I'(U, H(m)) determines f; € £(U N Uj;) such that (according to
(5))

fi = gjfr on Uj.
Recall sy, = fjs; where s;(a) = 1[1]-_1(a, 1). We define

Fi(w) = wl"f(v(w)), w ey (UNU;) =V Ny 1 (U;).

20V is saturated iff A\V =V for all complex numbers A € C.
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For all w € v~1(U N Uj;,) we obtain

ﬂ@»=wﬁmwwwnwmw:u¢(%)mnwwwzﬁum.

w;
As a consequence, F; and Fj, agree on V N~ (Uj;,) and
Fy(w) == Fj(w) for we V Ny (U;)
is a well-defined (smooth) function § = F; € £(V'). Morover, it is m-homogeneous:
Fy(w) = )™ f5(2(w)) = N fy(3(w)) = Nga(w) , (1, ) € V A1y (U) x C.
Therefore, § = F; € &, (V). The induced map
T:IU,H(m)) > En(V), s+— 3§,

is linear over C (it is even £(U)-linear) and injective. We have shown the first part of
the following result:

Theorem 3.20. For every open U C P" and V := v 1(U),
T (U, H(m)) = En(V),
s an isomorphism.
Proof. It remains to prove that ~ is surjective. Let F' € &,,(V) und set for z € UNU;
fi(z) i=w;"F(w), if y(w) = z.
In case of w' = Aw, A € C*, we have

(i) "g(w') = X"w; A g(w) = wi M g(w) .

Therefore, f; € E(U NU;) is well-defined. Moreover (f;) satisfies (S):

o w m . w m
fi(z) =w;"g(w) = (—k) w,"g(2) = (—k) fr(2), z€ UNUj.
Wj Wy
As a consequence, (f;) defines a section s € I'(U, H(m)) such that § = g. O

We are also interested in determining the holomorphic sections of the bundles H(m).
In general, a line bundle over a complex manifold M (i.e. a manifold with enough holo-
morphically compatible charts) which has enough local trivializations which are biholo-
morphic (so that the transition functions are holomorphic) is called a HOLOMORPHIC
LINE BUNDLE. However, when it is clear from the context, one simply denotes it as a
line bundle, as before. Let us introduce the following notations:
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e O(U) is the C-algebra of holomorphic functions f : U — C on an open subset
U C M of a complex manifold M.

o I'oi(U, L) is the O(U)-module of holomorphic sections s : U — L of a (holomor-
phic) line bundle L on U.

e 0,(V) is the O(U)-module of the m-homogeneous holomorphic functions on a
saturated V C C™1.

e C,,[20,21,- .., 2, is the C-vector space of m-homogeneous complex polynomials
in n + l-variables for m > 0. C,,[20,21,-.., 2] is generated over C by the
monomials 2, 2, ... 2, ,1; € {0,1,...,n} of degree m.

The arguments for the result of the preceding proposition also yield:

Corollary 3.21. For every open U C P and V =y~ 1(U),
. Fhol(Ua H(m)) — Om(V) R

18 an isomorphism.

With this result it is possible to determine all holomorphic sections in H(m) rather
explicitly:
Proposition 3.22.
Lho(P™(C), H(m))
Lho(P"(C), H(m))

I

{0} for m<0,meZ, (20)
Ci [20, 21, - -+ 2n) for m>0, meZ. (21)

12

Proof. For m > 1 one has to check that
O (C"N\ {0}) 2 Cyi [20, 21, - - -5 2n] -

Since each g € O(C"™' \ {0}) has a unique extension to all of C"*! as a holomorphic
function (for n > 1 there are no isolated singularities for holomorphic functions of
n + 1 variables, see Corollary in the Appendix) it is enough to observe that m-
homogeneous holomorphic functions g : C**! — C are m-homogeneous polynomials.

For m = 0 the m-homogeneous functions are the constants. The case m < 0 is left
as an exercise. OJ

As immediate consequences we obtain the following results:

Corollary 3.23.

e The C-vector space I, i(P"(C), H(m)) of holomorphic sections of the holomorphic
line bundle H(m) is finite dimensional for all m € ZF]

21Tn general, the space of holomorphic sections of a holomorphic vector bundle over a compact
complex manifold is finite dimensional.
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e All H(m), m # 0, are nontrivial as holomorphic line bundles.

e The bundles H(m) and H(k), m # k, are not isomorphic as holomorphic line
bundles.

Proof. The first statement follows from the fact dimc C,, [20, 21,...,2,] < oo. For
the second, observe that none of the above sections can be non-vanishing and apply
the holomorphic version of Proposition For the third: If H(m) and H (k) were
isomorphic then, according to Corollary there would exist h; € O(U;) such that

_ hg K
m—k
Z _ Ny
Zi hi7

gi; = 79 on Uij i.e.
which would imply that H (m—Fk) is trivial in contradiction to the second statement. [

S\ _hi (%)
24 _hi Zi ’

3.4 Classification

We conclude this chapter with a short digression of how cohomology is used to clas-
sify complex line bundles on a given manifold M. The notations and basics of the
cohomology theory which we use in the following is presented in Appendix E.

Observe, that two cocycles (gji), (hjk), gij, hij € EX(Ui;) = E(U;;, C*) which de-
scribe complex line bundles with respect to an open cover (U;) ey of M can be multi-
plied to yield another cocycle

fir = gixhix € E*(Ujr) ,

which defines another line bundle which is the ”product” of the two others. In case
that the two line bundles have their transition functions with respect to different open
covers one can define the product using a common refinement.

When one wants the stick to one suitable cover for all line bundles the following
property, proved in Proposition 77, is helpful:

Fact 3.24. Fvery line bundle on a contractible manifold M is trivial.

Recall, that M is contracible if there exists a family (7,)sens of curves 7, in M
which connect a with a fixed p € M, v : I = [0,1] — M, 7,(0) = a, 7.(0) = p,
such that H(a,t) : M x I — M, (a,t) — 7,(t), is smooth. In particular, for a chart
¢ : U — V C R" of the manifold M, the submanifold U is contractible if V' € R" is
convex.

Let $1 = (U;)ier be an open cover of M such that all U; are contractible. Of course,
there exist many such open covers. Than each line bundle L is trivial over U; and has
a local trivialization v; : L|y, — U; x C. The ¢, o ¢;1|Uij yield transition functions
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gi; as above. The point is that for all line bundles L one obtains transition functions
gij € £%(U;j) with respect to this one cover 4.

Now, a composition on the set Picgig(M) of isomorphism classes of line bundles on
M 1is defined. It is denoted [L,] * [Lj] when L, resp. Ly is the line bundle given by
g = (gjk), resp. h = (hj;), and [Lgy] is the isomorphism class of the bundles L,. The
composition is associative and commutative with the class of the trivial bundle as unit.
The inverse of a class [L] € Picgig(M ), where g = (g;;) generates L = L, is the class
generated by the so-called DUAL LINE BUNDLE LV associated to the cocycle (g;,'). In
this way Picqig(M) is endowed with the structure of an abelian group. It is called the
(differentiable) PICARD GROUP.

This composition can alternatively be described by the tensor product L ® L' of
line bundles L and L@, by

([L), [L]) = [L @ L] = [L] = [L].

Moreover, the Picard group Picgg(M) can be identified with the first (sheaf) coho-
mology group
Picgig(M) = H' (M, E*)

for the sheaf £* of germs of nowhere vanishing (smooth) functions on M. (See Section
for a short introduction to sheaf cohomology.) In fact, each such equivalence class
[L] of a line bundle on M is represented by a collection g* = (g;;) of suitable transition
functions g;; : U;; — C* which define a Cech class [¢¥] € H'(U, %), such that [L]
[g"] is an isomorphism (cf. Remark [E.25) and vice versa. Hence, Picgin(M) = H'(,£%)
and it follows Picqg(M) = H* (M, ).

Furthermore, H'(M,£) is isomorphic to E{Q(M, Z). This can be shown using
the connecting homomorphism 6 : H' (M, £*)—H?(M,Z), induced by the short exact
sequence of sheaves

0—Z-—E-—E —0
with e(¢) := exp(2mi¢), ¢ € E.
Note, that ¢; (L) = 0[L] is called the Chern class of the line bundle L:

As a result, the group Picgig(M) of isomorphism classes of complex line bundles on
a manifold X ist given by the second cohomology group H?(C';Z) with coefficients in
7.

We want to determine this group in the case of the projective space M = P*(C):
Since it is known that H*(P"(C),Z) 2 Z (cf. [?]), we conclude

PiCdiﬁ(]P)n> = 7.

22The tensor product of vector bundles is explained in the Appendix
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Finally, let us turn to the holomorphic case. Let M be a complex manifold (cf.
Appendix [B.5|) and introduce the ”holomorphic” Picard group Pic(M) is analoguously:

Pic(M) :={[L] | L a holomorphic line bundle},

where [L] is the class of holomorphic line bundles which are (holomorphically) isomor-
phic to L. The multiplication in the group is again given by

(I(gim)], [(gn)]) — [(gsngju)] resp.
([L], [L) +— [Le L] .

Similar to the differentiable case, the group Pic(M) is essentially H' (M, O*) where
O* is the sheaf of nowhere vanishing holomorphic functions on M.

In particular, in the case of complex projective space P"(C) and its line bundles
H(m) studied in the preceding section the multiplication in Pic(P"(C)) of the classes
[H(m)] takes the form:

(
[H(m)] « [H (k)] = [H(m + k)] = [H(m) © H(K)], [H(m)]+[H(=m)] = [H(0)] = unit.

As a consequence, the results in imply, that the [H(m)], m € Z, provide a subgroup
{[H(m)] | m € Z} C Pic(P"(C)) of the Picard group Pic(P™(C)) isomorphic to Z .

Moreover, since §([H(1)]) is the generator of H?(P*(C)),Z) this subgroup is the
full Picard group, i.e. Pic(P"(C)) = {[H(m)] | m € Z} = Z. As a consequence,

Picgg(P") = Pic(P") = Z = {[H(m)] | m € Z}. (22)

Summary:

In this chapter the basic notions and properties of line bundles and its cocycles are
presented in order to be able to develop the geometry of line bundles which encompasses
connections, parallel transport, curvature and Hermitian structure, the subject of the
next four chapters. In addition, the example of the tautological line bundle T" over
the complex projective space P"(C) is studied in detail, thereby applying the cocycle
representation in order to determine the space of holomorphic sections 'y (P"(C)), L
for the line bundle L = T and its companions L = T%™ (= H(—m)) for all m € Z.

There is a general aspect present in the programme of Geometric Quantization:
Whenever holomorphic structure is available, i.e. when M can be viewed as to be a
complex manifold, it is worthwhile to investigate the holomorphic case besides the
smooth case, since, in general, for holomorphic functions there are strong results avail-
able for applications in Geometric Quantization. Note, that a symplectic manifold is
not far from being a complex manifold, as well.

Because of the need of holomorphic functions in Geometric Quantization we present
basic notions and results of complex analysis in the Appendix.
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4 Connections

The concept of a connection on a line bundle and - more generally - on a vector bundle
is fundamental for the geometry of such bundles: A connection is the basic geometric
structure on a bundle. Moreover, connections on line bundles are needed in the program
of Geometric Quantization.

A connection on a vector bundle induces a connection form on the corresponding
frame bundle, - which is L* in the case of a line bundle L. Conversely, a connection form
on a principal fibre bundle P over M with structure group G induces a connection on
all associated vector bundles E, = P x,C", where p : G — GL(r, C) is a representation
of Lie groups. In this chapter we focus on line bundles and present several equivalent
descriptions of the notion of a connection. The general case of vector bundles and
principal fibre bundles is treated in the Appendix D]

In the "ansatz” of geometric quantization presented in Chapter 2 together with our
understanding of sections in a line bundle we are guided to replace £(M) with the
space ['(M, L) of sections of a line bundle L. This leads immediately to the question
of what the directional derivatives should be in the generalized context of line bundles.
Geometry gives the answer: the Lie derivatives Ly on £(M) are replaced by covariant
derivatives (also called connections) Vx for vector fields X € U(M).

4.1 Local Connection Form

Definition 4.1. A CONNECTION (”Zusammenhang”) on a line bundle 7 : L — M
over a manifold M is a collection of maps

V:Q(U) - Ende(I'(U, L)), X — Vx,

indexed[?] by the open subsets U C M, which are compatible with restrictions to open
subsets V' C UP] such that the following properties are satisfied:

(K1) V is an £(U)-module homomorphism with respect to X, i.e.

fo+y = va + Vy, \V/X,Y S iU(U), \V/f S E(U),

(K2) Vx € Endc(I'(U, L)) for X € B(U) has the derivative-like property:

Vx(fs) = (Lxf)s+ fVxs, for all seD(UL), fe&U), X eBU).

23We omit the index "U” attached to Vx to make formulas not too complicated.
24That Vx has to be compatible with restrictions means essentially the following if V is an open
subset of U: For X € U(U) and s € I'(U, L) the restrictions satisfy (Vx(s))|lv = Vx|, (s]v)



62 4. Connections

A connection in the form above is also called a KOSZUL CONNECTION. The operator
Vx is called COVARIANT DERIVATIVE (”Kovariante Ableitung”).
THE CASE OF A TRIVIAL BUNDLE:

We observe immediately that on the trivial bundle
L=MxC,

where we have I'(U, L) = £(U) for open U C M, the Lie derivative Lx : £(U) — £(U)
is an example of a connection, since Lxyy = Lx + Ly as well as Lyx = fLx, and
Lx(fg) = (Lxf)g + f(Lxg).

Are there more connections on M x C? How do they look?

Every section s € T'(M, M x C) has the form s(a) = (a,B(a)),a € M, with a
uniquely defined function B € £(M). With respect to the previously defined section
s € '(M,L), s1(a) = (a,1),a € M, we have s = Bs;. A given connection V defines,
in particular, a map

B B(M) — E(M)

by the unique function B(X) € &(M) with Vxs; = B(X)sy, or Vxsi(a) =
(a, B(X)(a)), a € M. By (K1) B is £(M)-linear:

B(fX+Y)Sl = VfXerSl = fVX51+Vy51 = fB(X)51+B<Y)51 = (fB(X)+B<Y))51

Therefore, B is a 1-form B € AY(M).

Lemma 4.2. Every connection V on M x C= L — M 1s of the form:

Vxs= (Lxf+2mAX)f)s1, if s= fsi|v,f € EW)

= (L%f + 2m’A(X)) s,

where s = fsi|y, f € E(M) and X € B(M), and where A € AY(M) is a one forn]

Conversely, for each A € A (M) the above formula defines a connection on L.

Proof. Vxs =Vx(fs1) = (Lxf)s1 + fB(X)s; according to (K2), and with A = ;=B
we get the corresponding form.

Conversely, for any A € A'(M):

Vxs:= (Lxf+2mAX)f)s1, s=fs; €T (U L), X € B(U),

25The choice of the factor 2mi in the formula fits to several expressions in the analysis of connections
and their curvatures. It can be replaced by other constants.
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defines a connection on L. (K1) is evidently satisfied. For (K2), take g € £(U). Then
for s = fsy, f € EWU):

Vx(g9s) = Vx(gf)s1 = (Lx(g9f) +2mAX)(g9f))s1
= ((Lxg)f + 9Lx f + gA(X)f)s1 = (Lxg)s + gVxs.

Note, that
MU, T"M ® L) = (B(U))" @ I'(U, L) = Homg ) (B(U), I'(U, L))
And a connection according to Definition [4.1| can also be described by a C-linear map
V:I'U,L) - T(UT"M® L)
with the property
V(fs)=df @ s+ fVs, sel'(UL), fe &)
and compatible with restrictions.

LocaL CONNECTION FORM:

We now want to describe an arbitrary connection on a non-trivial line-bundle L —
M locally by using Lemma . Let (U;) be an open cover of M with local trivializations
Y+ Ly; — U; x C and corresponding transition functions g, € £(Uj, C*). For each
U; x C there exists A; € A'(U;) such that

VX’Uj (ij) = (L)(f + 27TiAj(X)f)8j , (23)

where s;(a) = @/Jj_l(a, 1), as before.

We want to discover the interrelations of A; and Ay, on an intersection Uj, = U;NUj.
Given a section s € I'(U, L), we describe it locally by s|unu, = fis;, slurv, = feSk,
with suitable f; € E(UNU;), fi € E(UNUy). We obtain

S’UﬁUjk = fis; = fusk, on Uy NU
Consequently, on Uj;, the local expressions for V xs fulfill
Vxs=(Lxf;+2miA;(X)f;)s; = (Lx fr + 2miAx(X) fi) sk
We insert s; = gjsk, f; = g;r fx, and obtain

(Lx fr + 2miAp(X) fi) sk = (Lx (gjxfr) + 2miA;(X) gik fre) GrjSk
= ((Lxgji) fx + gjuLx fr + 2miA;(X)gji fr) Grjsk
= (Lx fr +2miA;(X) fi) sk + (Lx gjk) fuGrj Sk
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Hence,
N dg;i(X)
ik

?

which implies

L dgin

A A, = A
( ) k J+2m’gjk

(24)

on Ujy.

The A; are the LocAL CONNECTION FORMS of the connection V. We have shown
the first part of the following result:

Proposition 4.3. Let (U;) be an open cover of M such that the line bundle L —
M of M has trivializations over U; with transition functions g;, € €U, C*). Any
connection V on L determines uniquely a collection (A;) of 1-forms A; € AY(U;) with
(Z). Conversely, (A;) with (Z) induces a connection on L.

Proof. Indeed, given s € I'(U, L) with s|yry, = f;s5, f; € E(U N Uj), by
VijSj = (Lij + 27T’iAj<X)fj)Sj
a connection is defined. O]

The local 1-forms A; are called the LocAL CONNECTION FORMS (”Zusammen-
hangsform”) of the connection V.

4.2 Global Connection Form

In the next step, we want to understand how every line bundle connection is induced
by a global connection on the corresponding frame bundle L* C L.

Let # : L — M be a line bundle. The FRAME BUNDLE (”Reperbiindel”) L*
belonging to L is the bundle

L*:={pel|p#0s,a=m(p)} =L\{0, € Lo[a€ M} =L\zM),

where z : M — L, a — 0,4, is the zero section. L* is a principal fibre bundle with struc-
ture group C*, the multiplicative group of nonzero complex numbers (cf. Appendix,
Construction [D.4). The projection

m: L — M,
is the restriction of the projection 7 : L. — M. Moreover, the right action of C* is

U L x C* — L%, (p,2) — pz = U(p, 2),
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where pz = ¥(p, z) is simply the multiplication in the fibre L,,a = 7(p). The frame
bundle L* has the local trivializations

¥; Ly, — Uy x €%,

the restrictions of the trivializations v¢; : Ly, — U; x C of the original line bundle
L — M. 1, respects the right action (the multiplication) of C* on L*: v;(pz) = ¢;(p)z
for all (p,z) € L* x C*.

Let us consider a connection V on L given by the one-forms A; € A'(U;) satisfying
(Z) with respect to a suitable open cover (U;) and correspondlng transition functions
gij, according to Proposition . Then the forms A; can be lifted to Léj as the
pullbacks by 7 (c.f. Appendix, Definition . We obtain

m(Ay) € AL, €1
By Proposition the local forms A; satisfy (Z), hence

1 dg;
7T*Ak = 7T*Aj + 7T* (—ﬂ> .
270 gjk

Moreover, one can show the following lemma:

(%) (%)= (5)

Here, £ is an abbreviation of pr}(df) on Uj resp. Uy, or simply 1dz on U; x C*.

Lemma 4.4.

Proof. Exercise! m

As a consequence of these technical results, the two expressions

WA+27Tij(Z)’ Ak—i__wk:( )

agree on Léjk and define a global 1-form on « on A'(L*) by:
dz
X = *A I. 25
a|LUj " J+2mw(z>‘7€ (25)

This 1-form o € A(L*) is the GLOBAL CONNECTION FORM of the connection! It
is independent of the choice of local forms.

In order to investigate the main properties of the global connection form « let us
introduce the fundamental field induced by the action of C* on L*. This is a special
case of the notion of a fundamental field on a principal fibre bundle as defined in
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Definition 4.5. For { € C = Lie C* define the FUNDAMENTAL FIELD Y : L* — TL*
by:

d pexp(2mift)) |i=o = [pexp(2mi&t)], € T, L™,

Ye(p) == E<

It is easy to see that T'm(Y¢) = 0 and Y¢(p) is a tangent vector along the fibre L
for p € L* with a = 7(p): Ye(p) € T,L)S. More is true: The fundamental vector
fields generate the so called VERTICAL BUNDLE V' := Ker T'w. Since the map C —
T,LY, & — Ye(p) is a linear isomorphism (Y¢(p) # 0 for £ # 0!), we have

Vo =TpLy = {Ye(p) | € € C}. (26)
In particular, a vertical vector field X, i.e. X € U(L*), X(p) € V, for all p € L*,
can be described by X (p) = Y¢(p) where £(p) = 0,(X(p)) with o, : V,, = C the inverse

of £ — Y¢(p). Note, that Y is not the same as Y¢(,, the above defined fundamental
field Yz is Y¢(,) with constant map £(p) = !

Lemma 4.6. The global connection form o € A(L*) of a connection V on L satisfies
(I1) a(Ye) =€ forall € € C,
(12) Via = « for all c € C*.

Proof. Let p € Ly, with ¢;(p)) = (a,z) € U; x C*. Then m(pexp(2milt)) = m(p),
hence 7*A;(Ye) = A;(0) = 0. Furthermore,

V5 (dz) (Ye)(p) = dz[(a, z exp(2mi&t))](a,z) = dz|z exp(2mit)]. = 2milz,

1 ., [(dz B
%%‘ (?) (Ye) =¢.

Using the definition of the global connection form a (cf. (25)), we deduce condition
(I1).

To show (I2) let X = [p(t)], be a tangent vector at p = p(0) € L*|y,. By definition
we have

Ba(X)(0) = allplt)ehe) = A [rp)) + 5 (2 ) (9600]4) - €D

2me \ 2

hence

Because of 7(p(t)c) = m(p(t)), the first term in satisfies
Aj ([ﬂ-(p(t)c)]ﬂ(m)) = Aj ([ﬂ-(p(t))]ﬂ(p)) :
For the second term of let
¥i(p(t)) = (a(t), z(t)) with ¢;(p) = (a(0),2(0)) =: (a, 2) .
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Then ;(p(t)c) = (a(t), 2(t)c) implies dz([1h;(p(t)c))ly,;(e) = dz([(alt), 2(t)c)](aze) =
= 2(0). Hence, the second term
of is also independent of c:

s () (0O = 5520 = o8 20 = oL (2) (0,60)l0)
This proves (12). O

Proposition 4.7. Let a € A'(L*) be the global connection form of a connection,
defined as above. Then « satisfies the conditions (11), (12), and the covariant derivative
has the form

Vxs =2mis*a(X)s, (28)

for X € B(U) and s € T'(U, L™) , where U C M 1is open in M.
Conversely, each o € AY(L*) with (I11) and (12) defines a connection on L by (28)).

Proof. We confirm the formula Vxs = 2mis*a(X)s and leave the rest as an exercise:
We can restrict the consideration to the case s € I' (U;, L). We have s = fs;, where

sj(a) == qu_l(a, 1) and f € £ (U;). We know from Proposition
VXS = (LXf + 27TZAJ(X)f) Sj,
where A; is the local connection form. Now,
sfa=s"T"A; + s 2—m¢] (;) = (mos)*A;j+ (¢j05) <2_7r2?)

We know 7o s = idy, and ; o s(a) = (a, f(a)),a € U;. We assume U; to be a
coordinate neighbourhood, so that a vector field X € 2 (U;) has the form X : U; —
U; xR", a — (a,V(a)), V(a) € R". We conclude

W07 (£)) (X)(0) = 2 (T(8; 05).V(a) .
(e (5)) 0= 75

The derivative of ¢, o s is

E,
f”%°$:<aﬂumf»

with the Jacobi matrix as a block matrix (£, is the identity matrix in R"*"). As a
consequence,

T (¢j05)V(a) = 0;f(a)V’(a) = Lx f(a). (29)
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Therefore L LS
.. : X :
2mis (X)) = 2mi <Aj(X) + %T) , 1.e
2mis*o(X) fs; = (2miA;(X)f + Lx f) sy,
and finally,

2mis*a(X)s = Vxs.

4.3 Horizontal Bundle

There are more possibilities to describe a connection on a line bundle 7 : L — M.
With the global connection form « one defines the HORIZONTAL BUNDLE H := Ker «
over L*. H obtains its manifold structure from the inclusion H C T'L* and its linear
structure from the inclusion H, C T,L*, p € L*. Because of property (I1), a(Ye) =
¢, ¢ € C, the linear map «,, : T,L* — C is surjective, so that Kera,, = H, is a n-
dimensional subspace of the tangent space T}, L* of real dimension n+2. Consequently,
H is a real vector bundle of rank n.

Proposition 4.8. For a global connection form o on L™ the horizontal bundle H =
Ker a satisfies

(H1) H®V =TL* (H has the vertical bundle as a complement),

(H2) TV .(H,) = Hp. (H is invariant).
Conversely, such a horizontal bundle defines a connection on L.

Proof. The property o(Ye) = ¢ (I1) implies H, NV, = {0} since V,, is generated by the
Ye(p), € € C. Therefore, H, &V, = T,L*, which is (H1). To prove (H2) it is enough to
show TV .(H,) C H,.. But for X € H), the condition (I2) implies ¥}a(X) = a(X) =0,
hence a(TV.(X)) =0, i.e. TV.(X) € Hp.

The converse follows from the next proposition. n

For a subbundle H with (H1) and (H2) let v : TL* — TL* the projection with
Kerv =H and Imv = V. Then TV, 0v = v o TV, can be deduced from (H2).

Proposition 4.9. Let v : TL* — TL* a homomorphism of vector bundles with

(V1) vov=w (v is a projection) and Imv =V
(V2) TU.ov=voTV, (v is equivariant)

Then o = o o v defines a connection form.
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Proof. (I1) holds immediately because of v(Yz) = Y¢ by (V1): ( ¢) = oY =& (recall
that o, : V, = C is the inverse of the map & — [pexp(2milt] = Ye(p)). (I12) is clear for
X € Kervy: Vra(X) =0o0voT¥. (X)=00TV.0v(X)=0=«X). And for Y; we
obtain

Wea(Ye)(p) = (0pe © vpe © TyWe) (Ye) (p) = (0pe © vpe(Ye) (pe) = aYe) (pe),

because of T,V.)(Ye)(p) = Ye(pc), which confirms (12). O

For the formulation of the quantum operator in the context of half-density quantiza-
tion and half-form quantization we need another equivalent description of a connection,
which uses the frame bundle L* of L and where the operation Vx on sections in L is
essentially reduced to a Lie derivative on functions on L*.

We begin with the fact, that the sections of L can be described by invariant functions
on L*. Every section s € T'(M, L) of the line bundle induces a unique function s* €
E(L*) which satisfies

s(a) = ps*(p), p € 7 Y(a),
for p e L*.

Lemma 4.10. s* : L* — C is a well-defined smooth function with s*os = 1. Further-
more,

s'(pc) = s*(p)c™!

for all p € L™ and c € C*. With the notation

E(L) :={g € E(LX) | glpe) = ¢ g(p) = g(p)c " for all (p,c) € L* x C*}

the map
PiT(M,L) = E4(L%), s+ s,

is an isomorphism of E(M)-modules.

Proof. Of course, s* is well-defined and smooth, which can be seen using a local triv-
ialization. The identity s* o s = 1 follows directly from s(a) = s(a)s*(s(a)). Because
of s(a) = ps*(p) = pest(pe) the invariance s*(pc) = ¢~1s*(p) holds. It is easy to see,
that * is £(M)-linear and injective. Finally, this map is surjective: For g € £_1(M) the
definition s(a) := pg(p), p € 7~ 1(a), yields a section s of L with s* = g. O

The action of the fundamental field Y, on the invariant functions g € £ ;(L*) is
simply multiplication:

Lemma 4.11. Ly, g = —2mig for g € £ 1(L*).
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Proof.

d TiC
9(e*™p)i=o

Ly,g(p) =

d —2mic
:ae 2 tg(p)’tzo

= — 2micg(p)
m

Now, let a connection on L be given by the global connection form « and its
horizontal bundle H C T'L*. Since for p € L), a € M, the restriction

Ty, « Hy = T, M
of T, is bijective, each X € T, M has a unique lift X* € H, such that T,7(X*) = X.

Definition 4.12. X* € H,, is called the HORIZONTAL LIFT of X € T, M.
The horizontal lift X* is determined by the two conditions T,m(X*) = X and
a(X*) =0, in other words: {X*} = (T,m)"1(X) N Ker a,,.

The following result shows that the connection V x can be defined as a Lie derivative
on the level of L*.

Proposition 4.13. Let V be a connection on L. For sections s € I'(M, L) and vector
fields X € B(M) the following formula holds

LXﬁSti = (VXS)ﬁ.

Proof. First of all, we show that X*(p) = T,s(X(a)) — Yeax)(s(a)), 7(p) = a, by
establishing the above two conditions. Because of a,(T,s(X(a)) = (s*a,)(X(a)), we
have

a(Tos(X(a)) = Ysarx)(s(a)) = s’a(X(a)) — s"a(X(a)) = 0.
Moreover, T,7(Y,) = 0, which implies

Tym(Tas(X(a)) = Yeeawx)(s(a))) = TprTas(X(a)) = X(a).

We now determine Ly (x)s* and Lys*a(x)sti to obtain Ly:s*. Let v(t) represent X (a),
ie. X(a)=[y(t)], where v(0) = a.

L) = 5 (5((0) im0 = 0.

since s? o s = 1. The outcome of the other term is

LYS*Q(X)Sﬁ = —2mis*a(X)s",
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according to Lemma |4.11]

Altogether, Ly:s* = 2mis*a(X)s* and the last term is (Vxs)* since 2mis*a(X)s =
V xs saccording to Proposition [1.7] O

The last result gives another formulation of the concept of a connection:

Proposition 4.14. The horizontal lifts define a bundle homomorphism
D:TM xp L* = TL* , (X,p)— X*,

on the fibre product TM X L™ (cf. Definition , which is equivariant, i.e. such
that
['(X,pc) =TV . (T'(X,p)).

Conversely, an eqivariant bundle homomorphism I' : M X, L* — TL* defines a
connection.

Remark 4.15. The horizontal lift I' : M x,, L* — TL* is sometimes called an
EHRESMANN CONNECTION. And this expression is also used for the definition of
a connection on a bundle in terms of the (equivariant) horizontal bundle H or the
(equivariant) projection v.

We collect the results on the 6 different ways to introduce a connection on a line
bundle:

Proposition 4.16. A connection on a line bundle L — M 1is given by one of the
following five equivalent data:

1. A COVARIANT DERIVATIVE Vx : I'(U, L) — (U, L) satisfying (K1) and (K2)
of Definition[4.1] (c.f. Definition [D.19 for the vector bundle case).

2. A collection of 1-forms, the LOCAL CONNECTION FORMS, (A4;)
AY(U;), satisfying (Z), with respect to an open cover (U;)
local trivializations 1, see Proposition and Proposition

jer A €

< where Ly, has

3. A GLOBAL CONNECTION FORM « on the frame bundle L* with the two proper-

ties (11), (12) in Lemma and Definition |D.14).

4. A wector bundle H, the so called HORIZONTAL BUNDLE H C TL* with (H1)
(i.e. H is a complement to the vertical bundle V') and (H2) (i.e. H is equivariant),

see Proposition [4.8 and Proposition[D.15,

5. A wvector bundle homomorphism v : TL* — TL* with (V1) (i.e. v is a projection
onto the VERTICAL BUNDLE and (V2) (i.e. v is equivariant), see Proposition[{.

and Proposition[D.16,
6. An equivariant lifting I' : TM X L™ — TL*.
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To finish the chapter, we illustrate the 6 equivalent data on the trivial line bundle
U x C in a local situation, i.e. U is an open subset of R™.

1. Vis given by A = A;dq' € A'(U), A; € E(U,C) as a local connection form, in
such a way that Vy for X = X0; is

Vstl = (fo + 27T2A(X)f) S1
or ‘
Vx(a, f(a)) = (a,Xl (O f + 27TiAif)>
for f € E(U), where s1(a) = (a,1),a € U.

2. This is essentially the same, since U; = U.

3. The global connection form a on L* = U x C* is

1 d , 1 d

0= A+ —Z = Adg + —=

21 2 21 2

4. The horizontal subspace H, C T,L* = R" x C in p = (a,z) € L*, is given by
A, € EU) as

H, = {(X, §) € R" x C | 2miAi(a) X" + g = 0} :

5. This is essentially the same as in 4., but now H being defined by the corresponding
projection v : TL* — T'L* onto the vertical bundle V: In p = (a, 2) € L* given
by

v,(X, &) = (0,€ + 2miA;(a) X'2)

with p = (a, 2).

6. With TU xy L¥ = U x R* x C* and TL* = (U x C*) x (R* x C) the lift
[''UXxR"xC* — (U xC*) x (R" x C) takes the form

(X, z2) = (X, —2miA; X72),

where we drop the base points a,p = (a, z). The equation has the meaning that
for a given local connection potential A = A;dg’ the lift T' is of the described
form. It also has the meaning, that an equivariant lifting I' determines A.

In order to recognize the geometric nature of the notion of connection, we present
— in the Appendix — the concept of a connection on a principal fibre bundle and its
associated vector bundles, and we summarize some properties on principal connections.
In this way, we can regard connections on a line bundle with its principal fibre bundle
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L* in the framework of general connections. Some parts become more complicated,
but others look simpler in the general case.

Summary: The description of a connection on a line bundle is now complete.
The geometric nature of this concept has not been emphasized so far except for the
decomposition of the tangent bundle of the frame bundle L* of a line bundle L into
its vertical and horizontal subbundles. The geometry of connections on a line bundle
is the subject of the next chapters where we investigate parallel transport, curvature
and Hermitian structure.
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5 Parallel Transport and Curvature

We introduce and study parallel transport (also called horizontal transport) along a
curve v : I — M in the base manifold M induced by a connection V on a line bundle
7w : L — M. Furthermore, in order to determine whether the parallel transport is inde-
pendent of the curves, horizontal sections and the curvature of (L, V) are investigated.
An important result is the integrality condition for a 2-form on M to be the curvature
of a line bundle on M which is needed for the program of Geometric Quantization.

5.1 Parallel Transport

Definition 5.1. Let 7 : L — M be a line bundle with connection V, and let p € L* C
L be a point in the frame bundle of L with base point a = 7(p).

1. A HORIZONTAL (or PARALLEL) LIFT (horizontale Liftung” "% of a tangent vec-
tor X € T,M at p is a tangent vector X* € T, L with:

(a) T,m(X*) = X (X*is a LIFT)
(b) X* € H, (X* is HORIZONTAL)

2. Let v be a (smooth) curve v : I — M in M (where I C R is an open interval).
A HORIZONTAL LIFT of y (through py € L) is a smooth curve A : I — L with
v(to) = po, to € I, such that

(a) v =mo A (Ais a lift of v through py), and
(b) A(t) € Hyy for all t € I (the lifted curve \ is horizontal '}

Remark 5.2. Recall, that a horizontal lift X¥ of X exists, since Tr : T,L* — T,M
is surjective, and it is unique, since T,m|y, : H, — T,M is an isomorphism. Also,
if A is a horizontal lift of - then each A(t) is the horizontal lift of #(t). As a result,
the horizontal lift of a curve is unique if it exists (and it exists as we will see soon in

Proposition .

In order to explain the definition, the notion of horizontal subbundle H C TL*
induced by the connection V on L will be recalled (c.f. Section [4.3)): For a point a € M
there exists a trivialization

’QDZLU—>UXL

26known already from Definition

27A remark on the notation A(t) or #(t) seems to be appropriate: #(t) is the tangent vector at the
point y(t) = a € M given by the curve s — ~(t + s), i.e. (t) = [y(t + s)]a € TaM. Also, with
1€ TiI 2 R we can write ¥(t) = Tyy(1) € T, M.
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of the line bundle Ly = 7~ (U) — U over an open neighbourhood U of a. With respect
to this trivialization the connection V has the form

Vxfs1 = (Lxf+2mAX)f)s1, fe&U),X eWBU),

where s1(a) :=1"'(a, 1) as before, and A € A'(U) is a one-form, the local connection
form (or local gauge potential), uniquely defined by V: A(X) € £(U) is the function
with Vxs; = 2miA(X)s;. The horizontal space H, C T,L* , ¢(p) = (a,2) € U x C*,
is now given by

H, = {y = Tlayt0 (X, Q) €T,L" | (X,() € T,UXT.C* : 2m’A(X)—|—g=0} . (30)

This digression shows again that every X € T,M has a unique horizontal lift
X* € T,M through a point p = ¢¥~(a,2) € LY X! = T, (X, —2miA(X)z2).
Moreover, the map I'y, : T,M — H,, X — X ¥ is an isomorphism.

The collection of these lifts I', yield the Ehresmann connection I' : TM x5, L™ —
TL* introduced in Proposition [4.14]

If ¢',...,q" are local coordinates in U around a with A = A.dq", then the
Y, = T¢(p)¢_1 (8k, —27TiZAk>

k =1,...,n span the horizontal subspace H,, so they provide a vector space basis of

H

-
Proposition 5.3. Let V be a connection on the line bundle L — M, and lety : [ — M
be a (smooth) curve with v (ty) = a. For every point p € L) there ezists a uniquely
defined horizontal lift 4 : I — L* through p : 4 (to) = p. In particular, the horizontal
lift of the curve ~ through pc is the curve Yc for ¢ € C*.

Proof. Let ¥(p) = (a, z). In the above local situation one looks for a curve ¢ : I — C*,

((to) = 2z such that 5 := ¢7(7,() is a lift of v with 4 (o) = ¥~ (7 (t), ¢ (t0)) = p.
In order that this lift 4 through p is, moreover, horizontal, the two curves v, { have to
satisfy

" ()
2miA(Y(t)) + Ol 0,

according to (30]), which amounts to the differential equation

C(t) = —2miA(H(1))C ()

And this differential equation has a unique solution on all of I with { (¢y) € C* (initial
value problem for linear ordinary equations). The solution can be written in the form

¢(t) = cexp (—27rz' / tA(y(T))dT) ,

to

with ¢ = ((to). O
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Corollary 5.4. From the proof of the proposition we obtain the following characteri-
zation for a lift to be horizontal in a local situation: A lift =1(v,() of 7y is horizontal
if and only of

C(t) + 2miA(3(£))¢(t) = 0,

fort € I, which is - in slightly greater detail {(t) + 2miA;(v(£)) (57 (£))¢(t) = 0, or, in
a very short form:

Vi =0,

Observation 5.5. This result allows it to extend the horizontal lifting through all
points of the fibre L,, i.e. also through p € L\ L*. However, if the horizontal lift 4
of a curve 7 once is zero (¥(t;) = 0,¢,)) over a point b = ~(¢;) it vanishes completely:
’Ay(t) = O’Y(t) forallt e 1.

Remark 5.6. Note, that the definitions and results extend directly to connections on
a vector bundle £ of rank k. Such a connection V is locally given by

Vxf=Lxf+AX)f, XeDU)fe&(UK)

where A € A' (U,EndK") is a g = End K"-valued 1-form. Hence a horizontal lift of a
curve vy : I — M,~(ty) = a, looks locally like 4 = (v, n), with n € £(I,K") and

n+A(y)n=0.

Proposition leads to the concept of ”parallel transport” or ”horizontal trans-
port”.

Definition 5.7. With the notation of the last proposition and the choice of another
t1 € I let 4 = 7, be the horizontal lift of v through 4 (¢y) = p € L. Then the map

P (t), Ly = Loy,

is bijective: According to the last statement in Proposition pc is mapped to 7, (t1) c.
The mapping can be continued to all of L. ;y), L) by Oy(10) = O4(s;), or using the fact,
mentioned above in Observation , that the zero lift v(t) := 0, over v can also be
viewed as a horizontal lift of «. In this way one obtains an isomorphism (of C-vector
spaces) L) — Ly@,. This isomorphism is called PARALLEL TRANSPORT ALONG 7
(also called horizontal transport along 7) and will be denoted by

Pl to * Lntto) = Ltr)-
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The parallel transport P} , (also called parallel operator) describes a linear shift
of vectors over v (ty) to those over v (t1). This shift depends in general on the curve
from v (¢9) to v(t1) (see below).

The parallel operators P}, have many natural properties like

Py, o}, =idr,(y and P} oP], =P], forrstel (31)

One can reconstruct the connection V from the family (on,t 1)
12.3).

- (c.f. Proposition
sL05L1

We conclude ths section with an application of parallel transport yielding the fol-
lowing general result for bundles on a manifold.

Proposition 5.8. Every line bundle L on a contractible manifold M (over R or C) is
trivial?l

Definition 5.9. A manifold M is called CONTRACTIBLE when for a point p € M there
exists a map
H:-MxI—M,I=101],

such that for all a € M: H(a,0) = a and H(a, 1) = p.

The contractibility implies that there exists a family (V4)aenr, 7a(t) = H(a,t)), of
curves from a = 7,(0) to p = 7,(1), and this family depends smoothly on M x I.

As an example we observe, that every convex open subset M C R™ is contractible:

H(a,t) :==tp+ (1 —t)a where a,p € M and t € [ = [0, 1] is a suitable contraction.

A contractible manifold is simply connected. But the converse is not true: The
sphere M = S? is simply connected but not contractible.

Proof. (sketch) We endow the line bundle 7 : L — M with a connection and use the
induced parallel transport P, := P{ : L, — L, along the curve v,(t) = H(a,t). Such
a connection exists (cf. Proposition |[D.20)) when M is paracompact and we assume the
manifolds to be paracompact. Now, the map

o:L—Mx Ly, v (7(v), Prwy(v)),

is well-defined. Since parallel transport is differentiable, ¢ is an isomophism ¢ : L —
M x L, of line bundles. O

The notion of contractibility is mostly used in a topological manner, and there is a
purely topological proof using homotopy, but here we are interested only in manifolds.

28The result holds for vector bundles and fibre bundles as well with essentially the same proof.
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5.2 Horizontal Section

Definition 5.10. A section s € I'(U,L*) over an open subset U C M is called
HORIZONTAL if
T,s (TaM) C Hs(a)

holds for all a € U.

In case of a horizontal section s € I' (U, L*) one even has T,s (T,M) = Hy), and
T,s is the inverse of the restriction T, : Hyq) — ToM for alla € U.

Hga)

The inclusion T,s (T,M) C Hq) for a horizontal section s over U implies that for
each curve v : I — U,v(0) = a, the composition A := s o y satisfies

A =Tys(3(t) € Hyyqr))

i.e. A = so0~ is a horizontal lift of v. Hence, with the notation so~y = 171(7,¢) in a
local trivialization ¢ : L*|y» — U’ x C* (where U’ C U is an open subset of U), the
second component ((t) = prat(s o y(t)) satisfies

¢ +2miA(7)¢ =0,
and we conclude that Vxs = 0 for all X € U(U): When X(a) = [y(t)]. we obtain,
using s(y(t)) = C(£)s1(y(1)) = ¥~ (v(1),{(t)), that

Vxs(a) = Vx{s1(7)] )
= (Lxg + 27TZA(X)) C)|t081(a)
= (Ctt) + 2miAG () (1)) 51 (@)
= Osl(a) =0.

We have essentially shown:

Proposition 5.11. Let L — M be a line bundle with connection V. Then s € I'(U, L*)
is a horizontal section if and only if Vxs =0 for all X € YB(U).

Examples 5.12.

1. In the trivial case L = M x C, let A be the zero potential A =0, i.e. Vxfs; =
Lx fsy. In this case: s = fs; is horizontal if and only if f (and hence s) is locally
constant.

2. Again in the trivial case L = M x C with M = R? let us consider the connection
given by the non-zero local connection form A = ¢*dq' — ¢'d¢*. (Note, that
dA # 0, i.e. the connection has non-zero curvature, see below.) We show that
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for this connection there is no horizontal section. If s(a) = (a, f(a)),a € U,
would be a horizontal section on U C M open, U # (), with f(ag) # 0 at
one point ag € U we can assume f(a) # 0 throughout U (by possibly taking
a smaller neighbourhood of ag). Then Proposition implies Vxs = 0, i.e.
Lxf+2miA(X)f = 0. Hence,

af i of . 9
a—ql+2mA1f: 8—q1+2mq =0
of . of 9
a—q2—|—2mA2f: 8—q2—27mq =0
and this leads to the contradiction
2
—27'('2 = +W = 27T’l.

One can prove the following direct relation between V and the corresponding par-
allel transport:

Proposition 5.13. For every curve v : I — U and every section s € I'(U, L)

Vics(a) = lim - (Bl 15 01 (00 + 1)) — s(a) (32)

—0

where 7y represents X(a): X = 4(to) = [v]a,7(to) = a.

This result leads to an interesting GEOMETRIC INTERPRETATION of the covariant
derivative: The covariant derivative Vx measures along the curve v to what extent a
given section s of the line bundle deviates infinitesimally from being horizontal.

The connection can be reconstructed knowing the action of sufficiently many of its
parallel operators:

Proposition 5.14. Let 7 : L — M be a line bundle over M. Let (P],) a collection of
linear operators L.y — L) assigned to all curves v : I — M and s,t € I. Assume
that is satisfied, that P}, depends differentiably ont and that the P, do not depend
on the parametrization of the curves ~v. Then defines a connection with the given
Y, as parallel operators.

This description of a connection is not needed in the sequel. The rather involved
proof will not be presented.

This result yields another way to characterize the notion of a connection. In [Poo8]]
a comprehensive study of the various appearances of the concept of connections on
general bundles can be found.

Under which conditions does there exist a horizontal section, at least locally? We
have seen, that in case of a horizontal section s € I' (U, L*) for each curve v in U
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its horizontal lift through s (v (fp)) has the form s o ~. Consequently, for any two
points a,b € U and any curve v in U with v (ty) = a, v (t1) = b, parallel transport
of p = s(a) = s(v(ty)) € Lqa to Ly along v is s oy (t1) = s(b) : P}, (s(a)) = s(b)
independently of v (as long as the curves stay in U). (Forp’ € LY, p' = pc, with ¢ € C*,|
and s'(a) = s(a)c is a horizontal section transporting p’ to s(b)c, again independently
of the curve.) We have shown one direction of the following equivalence.

Proposition 5.15. Let L — M be a line bundle with connection V and U C M open.
Then U admits a horizontal section s € I' (U, L*) if and only if the parallel transport
from a point a € U to b € U is independent of the curves in U connecting a and b.

Proof. Assume that parallel transport is independent of the curves. Without loss of
generality we assume furthermore, that U is connected. We obtain to each a € U
and p € L) a unique horizontal section s : U — L* with s(a) = p by the following
prescription: s(b) := P} , (p), where v is a curve v : I — U with v (ty) = a and
v(t1) = b : s(b) is well-defined since the value does not depend on 7, s is smooth since
all the curves v are smooth, and s is horizontal, since, by definition s o y(t) is the
horizontal lift of ~. O]

The question of whether or not parallel transport is independent of the curve con-
necting the points in M is essentially related to the notion of curvature which is the
subject of the next section.

5.3 Curvature

We continue the discussion under which conditions on a given line bundle with con-
nection (L, V) there exist horizontal sections

s: U — L*

over an open subset U of M.

Assume, that U is a coordinate neighbourhood with coordinates ¢!, ---¢", i.e. we

have a diffeomorphism ¢ = (¢',...¢") : U — V C R" with ¢ = (¢',...,¢"). Let
a € U with ¢(a) = 0 and assume V = ¢o(U) = I X ... X I, where I, = |—r,r| are
equal open intervals around 0. Then the vector fields Xy = 0, € U(U) yield a basis
of the £(U)-module of vector fields B(U). We want to construct a horizontal section
s € I'(U,L*), and we see, that to check whether s is horizontal it us enough to show
Vx,s=0fork=1,...,n.

We start with the curve 7;(t) = ¢! (te;) through a representing X; = 0;,t € I,
and choose a point py € L. There exists the horizontal lift (c.f. Proposition A1 of
71 through py. In particular, v,(0) = a and 4,(0) = po. We set s (71(t)) :=41(t), t € I
with s(a) = po. For each t; € I; the curve 7' (¢) := ¢! (tie; +tes) ,t € I, C R, has
again a horizontal lift 43! (¢) through 41 (). We set s (75! (t2)) := 45! (t2). In the same
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way one can proceed with 3,... ,n. But let us stick to the case n = 2. (The case n > 2
is completely analogous.) Then s as above defines a section s : U = ¢ (I} x ) —

L* , S (gp‘l(tlel + t262>) = ’3/;1 (tg).

Let us check whether s is a horizontal section. s is horizontal if and only if Vxs =0
for all vector fields X € U(U), i.e. if and only if Vy,s = 0 for i = 1,2 in our special
situation. Now, Vy,s = 0 is evident by the definition of s, since ¢ — s (5 (£)) = 45 (t)
is horizontal for each ¢; € I;.

If now Vyx, and Vy, commute, we have Vx,Vx,s = Vx,Vx,s = 0 (because of
Vys = 0) and it follows that (for fixed t;)

U(t) = le 5(9071@17 t))

is a horizontal lift of 75(¢1,t) with n(0) = 0. (n(0) = Vx,71(f) = 0 since v, is a
horizontal lift of 71). 7 is horizontal because of Vx,n = 0. Eventually, since the
horizontal lift is unique, we have n(t) = 0 and:

Vx,s(p™ (t1, 1) = n(t) =0,

which implies Vx,s =0

We have shown that 3. implies 2. of the following theorem:

Theorem 5.16. For a line bundle L — M with connection V the following properties
are equivalent for each open U C M :

1. Parallel transport over U is independent of the curves.
2. There exists a horizontal section s € T'(U, L) .

3. [Vx,Vy] = Vixy = 0 for X,Y € B(U).

Proof. That the first and second conditions are equivalent is the content of [5.15, That
3. implies 2. has been shown just before this proposition. To prove the converse,

i.e. 2. implies 3., let s € I'(U, L*) be a horizontal section in a neighbourhood of a. Any
other section U — L has the form fs with f € £(U). Now, by (K2),

Vx(fs)=(Lxf)s+ fVxs=(Lx[)s,
since Vxs = 0 for a horizontal section. Hence,
[VX7 VY](fS) = ([LX, LY]f)S = (L[X,Y]f)s = V[X,Y](f3)>

which had to be proven. O

Definition 5.17 (Curvature). Let 7 : L — M a line bundle with connection V :
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1. The CURVATURE OPERATOR is, for U C M open:
F=Fg :UU)xWBU)— EndI'(U, L)

(X,Y) — — ([Vx,Vy] = Vixy))

v

2. The CURVATURE FOrRM Q = Curv(L,V) € A?*(M) is defined as follows: If
(Uj) e is an open cover of M with trivializations ¢; : Ly; — U; x C and local

connection forms A; € A' (U;) for V then
Q|Uj = dAj, j el

The last expression is well-defined, since we know from Proposition that:

1 dgjy

on Uy, = U; N Uy e dA; = dA,.

Fy can also interpreted as an operator with values in the endomorphism bundle
End L or even in £(M) by the first result in the following proposition which also treats
the interrelations between (2, the global connection form « and sections s € I'(U, L*:

Proposition 5.18. For a connection V on a line bundle L we have

1. Fg(X,Y) = QX,Y) for X,)Y € B(M), in the sense of: For s € I'(U,L):
Fo(X,Y)s =Q(X,Y)s.

2. Q) = da, where a € AY(L*) is the global connection form of V on L*.

3. s*da = Q|y for any section s € T' (U, L*).

Proof. 1. First of all, for each section s € I'(U, L) there exists a function 5(X,Y) €
E(U) such that Fg(X,Y)s = B(X,Y)s. It is easy to show that S(X,Y") is independent
of s (because Fy(X,Y) is linear over £(U) ) and it is bilinear over £(U) and alternating.
Hence, it is a 2-form. The main point of the statement is, that this form is the curvature
form €.

This can be checked by showing it over each U}, i.e. we need to show it only for trivial
bundles with Vx fs; = (Lx f +2miA(X)f) s1, si(a) = (a,1) and s = fs; = (a, f(a)),
where A € A' (U) is the local gauge potential:

\Vx,Vyl fsi =(LxLyf— LyLxf+2mi(A(X)Ly f — A(Y)Lx f)
+2miLx (A(Y) f) — 2mily (A(X) f)) s1
= (Lpey)f +2mi (Lx A(Y) = Ly A(X)) f) s
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Vixy)fs1 = (Lixy)f + 2miA(X, Y] f) s
Therefore
dA(X,Y)
(IVx,Vy] = Vixyy) fs1 = 2mi (LxA(Y) — Ly A(X) — A([X,Y])) fs1
Fo(X,Y)s =dA(X,Y)s = Q(X,Y)s
= Iy =

2. From Section [4.2] we know

a\Léj:w*AjJrzmw( ) Jel,

hence,
da‘L,X]_ =n'dA; = 7" (Q‘Uj> ,J€1.

3. The same relation between a and A; yields for s € I' (U, L)

* * % 1 dZ 1 * dZ
Sa:swAj+2m %(z) A+2—Z(¢jos) (—)

on UNU; and
s'da =dA; =Qon UNVU;.

5.4 Integrality Condition

In the following we want to show how the parallel transport for a line bundle with

connection (L,V) can be expressed by a suitable integral over the curvature form
= Curv(L, V).

Let £(a) be the set of all loops (closed smooth curves®), v : [to,t1] — M, which
start and end in a fixed point a € M: (o) = 7(t1) = a. Then the parallel transport

P;fyl,to : LCL = L’Y(to) — La - L’y(tl) y Y (tO) =7 (tl) -

is an isomorphism of 1-dimensional complex vector spaces. Therefore, it is determined

by a complex number Q(vy) € C* = GL(1,C):

P} =P :Le—= Lo, p—=Q(v)p=pQ(~7).

Proposition 5.19. Let (L, V) be a line bundle with connection and 2 = Curv(L, V)
its curvature.

29one can allow also continuous curves which are piecewise smooth
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1. Let vy € L(a) be a closed curve being contained in a coordinate neighbourhood U
of a. The parallel transport PV : L, — L, along 7y is given by

Q(7) = exp (—27rz' L A) — exp (—27r7j /t:l A(f‘y(s))ds) .

with A a local connection form of V.

2. Let S C M be an oriented compact surface in M with boundary 0S parametrized
by v € L(a). The parallel transport PV : L, — L, along vy is given by

Q(7) = exp (—2772' /S Q) |

Proof. Ad 1.: We can assume Ly = U x C. The horizontal lift of v(t) € M has the

form

Y(t) = (1), ¢(1)), t € [to, 1],
with ((t) = ((to)p(t) € C, where p(t) := ((t)((to)~'. By definition: Q(vy) = p(t1).
According to Proposition [5.4] we have

C+2miA(H)C =0, and consequently p+ 2miA(y)p =0,

where A is a local connection form V. Hence, p(t) can be expressed as the INTEGRAL

o(t) = exp (—27ri / tA(v(s))ds> |

to
In particular,
t1
p(t1) = exp (—27m'/ A(ﬁ(s))ds) :
to

Ad. 2: It is enough to show the result locally, i.e. we can assume the line bundle
to be trivial: L = M x C. This is evident if the surface is contained in one of the open
subsets U; where there is the trivialization ¢; : Ly, — U; X C. Otherwise S will be
contained in finitely many of the U;’s, since S is compact, and the surface will be cut
into finitely many surfaces with boundary, each of them contained in one U,

The integral along the full curve is

/t:lA(f'y(s))ds:AA:ASA:/gdA:LQ

by Stokes’ theorem. Therefore,
Q(v) = p(t1) = exp (—271’i/A> = exp (—2m'/ Q) .
0% S

30Exercise! Give a detailed proof of the cutting and gluing.
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Instead of restricting to smooth curves one often uses the more general class of
piecewise smooth curves with the same results for lifting to horizontal curves and for
parallel transport.

The last result in the preceding proposition leads to an INTEGRALITY CONDITION
for the curvature Q = Curv(L, V) € A*(M) of the line bundle (L, V) with connection,
which is of a topological nature and which is of great importance from the point of
view of quantization.

Let us explain this in some detail:

Let ¥ C M be an oriented, compact surface smoothly embedded into M. Assume,
moreover, that Y is closed, i.e. X has empty boundary. Then X is a 2-dimensional
oriented and compact submanifold of M (see the example in the illustration below).
We can find a simple closed smooth curve ~ dividing the surface ¥ into two parts S, S’
such that S is an oriented compact surface with boundary 95 parametrized by v, and
S’ is another oriented compact surface with boundary 05" = 05 parametrized by v~
(i.e. the curve 7 paramatrized in the opposite direction). We have S U S’ = X, and
SNS =098 =05 = |v| (as sets without orientation), where |y| := {~(t) | t € I} is
the support of 7. For example, as in the following illustration:

Closed oriented surface ¥ divided into 2 oriented surfaces S, S” with boundary |7|

Let a € 05 be the initial and end point of v. And suppose that ¥ is contained in
a an open U; C ¥ with trivialization ¢; : Ly, — U; x C. Then the parallel transport
along v is given by the number

0o (20t [ 1)) oo 21 [ o)

and the parallel transport along v~, where v~ (t) ==y (t; —t+to)) , t € [to,t1] ,, 18
given correspondingly by:

QQ~ =exp (—27m' [y_ AJ) = exp <—2m' // Q)
0= (2w [ )0 =2 [ )

hold true for general compact and closed oriented ¥ in M which are not necessarily
contained in a U; by cutting X into suitable pieces, such that the pieces are in suitable
U j’S.

The formulas
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Since ()~ is the inverse of ) (because )~ describes the parallel transport in the
opposite direction) we have

- qq - op(ami [ 0) s (20 [ 0)
oo (ari( [0+ [ 2)) = (-2xi [ 0)

/QEZ,
%

which is the INTEGRALITY CONDITION (”Ganzheitsbedingung”).

As a consequence,

Proposition 5.20. Let (L, V) be a line bundle with connection. Then the curvature
Q = Curv(L, V) satisfies the following integrality condition:

@) /EQEZ

for every oriented closed compact surface ¥ C M in M.

Another description of the integrality is given by cohomology:

Proposition 5.21. A closed two form Q € A*(M) on a manifold M satisfies the above
integrality condition (G) if and only if the deRham cohomology clasf™] [Q] € H2,(M,C)
is in the image of 1* : H*(M,Z)—H?*(M,C):

(D) [Q] € Im /2

2

The homomorphism ¢ is induced as part of the long exact sequence coming from

the short exact sequence

05Z5C32Ccx >,
where t(n) = n € C,n € Z, is the inclusion and exp(z) = e¢*™* 2z € C. In this
situation H*(M,G) is any of the cohomology theories like singular cohomology or
Cech cohomology, which are equivalent on a paracompact manifold M.

The condition (D) can be understood without general knowledge of cohomology
by using Cech cohomology and its equivalence with deRham cohomology as presented
in Chapter [E] of the Appendix. In particular, there is a natural isomorphism of the

3lsee Section in the Appendix
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groups H*(M,C) = H3,(M,C) and (> : H*(M,Z)—H?(M,C) is directly induced by
the inclusion homomorphism ¢ : Z — C.

With this information the condition (D) for a two form 2 can be reformulated in the
following way within deRham cohomology: Recall (see Section, that a cohomology
class in H3,(M,C) is given by a 2-cochain ¢ = (¢;j;) with respect to an open covering
(U;) of M, where the coefficients ¢;j; are in C: Z = [¢;]. In particular, a closed two
form © defines the following class [€] (see Remark [E.14)) if U;, Ujy,, Ui, are contractible:
Because of d€2 = 0 there are one forms a; on U; with da; = Q|y,. Since d(ax —a;) =0,
there are functions f;;, € £(U; N Uy) with dfj, = a; — o Now, ¢ije = fij + fir + fri
is constant on Usj, = U; N U; N Uy because of d(fi; + fjx + fri) = 0. The class of €2 is
9)] = [cuel

Definition 5.22. The 2-form Q € A?(M) is called ENTIRE if it fulfills condition (E):
(E) The ¢;;;, € C can be chosen to be entire, i.e. ¢, € Z.

The above discussion amounts to

Proposition 5.23. In more concrete terms, condition (D) for a 2-form § is equivalent
to condition (E).

The proof of the equivalence of (G) and (E), a purely topological result attributed
to A. Weil, will not be discussed here. But we come back to the integrality condition
and prove parts of the equivalence in Chapter |8/ on Integrality.

Summary: This chapter’s study of parallel transport and curvature of connections
V on line bundles culminates in the integrality condition which is the basis of the
concepts of a QUANTIZABLE MANIFOLD and PREQUANTUM LINE BUNDLE in Chapter
[7 The impact of the integrality condition and the question of existence and uniqueness
of prequantum bundles will be investigated in Chapter [§]
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6 Hermitian and Holomorphic Line Bundles

The Hilbert space we eventually want to determine for our program of Geometric
Quantization will be a generated by a subspace of the space of sections I'(M, L) of a line
bundle. In order to obtain on such a subspace a Hermitian scalar product we need the
notion of a Hermitian structure on the line bundle in question which we now introduce
and study in the first part of the chapter. In the second part we investigate another
additional structure on a line bundle, the holomorphic structure, and we consider the
question how the connection, the Hermitian structure and the holomorphic structure
fit together. Of course, the notion of a holomorphic structure on a complex line bundle
gives only sense if the base manifold is a complex manifold, i.e. has a holomorphic
structure.

6.1 Hermitian Line Bundles

As before, M is a smooth manifold and 7 : L — M denotes a complex line bundle over
M.

Definition 6.1. A HERMITIAN LINE BUNDLE is a line bundle 7 : L — M, for which
every fibre L, € M has a Hermitian metric or Hermitian form depending smoothly on
the points p € L. The Hermitian metric will be given by a map

H - ULaxLa%

aeM

such that H|LaxLa : L, x L, — C is a Hermitian scalar producﬁ for all @ € M. And
the smoothness condition simply means that H is smooth. We denote:

H(p,p') =: (p,p), p,p' € L.

Remark 6.2. Such a Hermitian metric H on L will induce a smooth function h :
Limes — Ry by h(p) := H(p,p), p € L* with h(\p) = [N h(p) for all A € Cx
and p € Lx. Conversely, h with these properties defines a Hermitian metric by:
H(2pa, wp,) := Zwh(p,) , where z,w € C and p, € L.

Example 6.3. In case of the trivial line bundle L = M x C we obtain a natural
Hermitian metric Hy by defining

HO((CZ?Z)’ (CL, w)) = <((I, Z)v (a’w» =Zw,

z,w e C,a e M. Hy is called the CONSTANT HERMITIAN METRIC.

32which is the same as a map H : L xj; L — C on the fibre product L x; L, see for the
definition of a fibre product
33The properties of a Hermitian metric are recalled in Appendix ff.
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We see that any other Hermitian metric on L = M x C is given by a smooth
h:M — R, h(a) >0, for all a € M by H (p,p') := h(a) (p,p’) = h(a)Hy (p,p’), i.c.

H ((a,2),(a,w)) = h(a)zw.

Lemma 6.4. A Hermitian line bundle (L, H), whose underlying line bundle is the
trivial line bundle M x C is isomorphic to the trivial line bundle with constant Hermitian
metric Hy.

Proof. The general case is of the form
H((a,2), (a,w)) = h(a)zw,

and @ : M x C— M x C,(a,z) — (a,/h(a)z), defines an isomorphism of Hermitian
line bundles (M x L, H), (M x L, Hy) : ® is an isomorphism of line bundles with

H(p,p') = Ho (®(p)), @ (p)),p,p € M x L.

]

Using the local existence of a Hermitian metric, we can conclude that on every line
bundle over a paracompact manifold there exists a Hermitian metric H such that it
turns our line bundle into a Hermitian line bundle. This can be proven in the same
way as the proof of existence of connection, c.f. Proposition [D.20]

To a Hermitian line bundle (L, H) one associates the CIRCLE BUNDLE L' — M,
where

L':={peL:H(p,p) =1}
This is a principal fibre bundle with the circle group U(1) 2 S! = {z € C : |z| = 1}
as its structure group. Conversely, if P — M is a principal fibre bundle with structure
group S! and p : S! — C* = GL(1,C) is the natural representation p(z) = z : C — C,
w — zw, then the associated vector bundle (see Section [D.5|for the concept of associated
bundle) L = P x, C is a line bundle, where S! acts on the fibers of P x C by scalar
multiplication. The Hermitian metric H on L is then given by:

H([z, 2], [y, w]) = 2w
where x,y € P,z,w € C.

Proposition 6.5. The group of isomorphism classes of Hermitian line bundles (L, H)
over M is isomorphic to H' (M, U(1)).

Here, H' (M, U(1)) is Cech cohomology with respect to the U(1)-valued locally
constant functions on M (see Chapter [El).

We now study line bundles on which there exists a connection together with a
Hermitian metric.
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Definition 6.6. Given a Hermitian line bundle (L, H) over M, a connection V on
L is called cOMPATIBLE with H if for all sections s,¢t € I'(U, L) and all vector fields
X €Y(U),U C M open, we have

LX<S,t> = <VxS,t> + <8,th>

(recall (s,t) = H(s,t)). Such a connection is also called a HERMITIAN CONNECTION.

The notion of a Hermitian connection is similar to the notion of a Levi-Civita
connection in Riemann Geometry: A connection V on the tangent bundle of a semi-
Riemannian manifold M with Riemannian metric ¢ is a Levi-Civita connection if it
respects the metric g:

LZg(Xa Y) = g<vZX7 Y) +g(X7 VZY)a
X.Y,Z € B(M).

Proposition 6.7. A connection V on L is compatible with a Hermitian metric H if
and only if the local gauge potentials (Aj)jer with respect to local trivializations ;
Ly; — U; xC, (where the U; cover M: |J; Uy = M) can be chosen to be real one-forms

A; e AHULR).

Proof. A collection of trivializations ¢; : Ly, — U; x C can be chosen in such a way that
1j is an isomorphism (Ly,, H|y;) — (U; X C, Hp) of Hermitian line bundles with respect
to the constant Hermitian metric Hy on U; x C, see Lemma Now, s,t € I'(U;, L)
have the form

SIij,t:gSj7 g?f eg(Uj>7
where s;(a) = 1/);1(@, 1). Hence, we have for geneeral local sections s,t at a € Uj:

(s,t)(a) = ((a, f(a)), (a, 9(a)))o = f(a)g(a), It follows:

Lx(s,t) = (Lxf) g+ fLxg.

(Vxs,t) = ((a, Lx f(a )+27TiA'(X)f(@)) (a,9(a))
(LXf —2mi A ( )) g(a)

(s, Vxt) = f(a) (Lxg(a )+27”A (X)g(a)).

Compatibility is therefore equivalent to:
(Lxf) g+ fLxg=Lxfg+ fLxg — 2mi (A;(X) — A;(X)) fg.

for all f,g € £(U;). If we restrict this equation to real vector fields X and evaluate it
for all f, g the equation amounts to:

0= A4;(X) — A;(X).

Hence, A; is a real form. The converse can be read off the above formulas. O
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Another characterization is the following:

Proposition 6.8. A connection V on L is compatible with a Hermitian metric H if
and only if for all non-zero sections s € T'(U, L*),U C M open, we have:

d(H(s,s)) = 2H(s, s)Re (E) |

S

where X2 denotes the one-form B € AY(U,C) given by

s

Vxs=p(X)s, X € B(U).

The compatibility is therefore also equivalent to:

Corollary 6.9. If s € T'(U,L*) is of length 1, i.e. H(s,s) = 1, then % is purely
1maginary.

Concerning the existence of compatible connections, we conclude:

Corollary 6.10. Let (L, H) be a Hermitian line bundle. Then there exists a compat-
wble connection V. Given such a compatible connection V, the set of all connections
compatible with H 1is the affine space

V + A (M,R).

Proof. In the existence discussion in Proposition [D.20] one only has to make sure to
choose the one-forms on the trivializations Ly, — U; x C as real one-forms. The
second statement follows from the description of all connections on L as the affine

space V + A (M, C) (c.f. Proposition ?7). O

Remark 6.11.

1. A given connection V on L, on the other hand, may not be compatible to any
Hermitian metric H on 1P

2. The curvature 2 = Curv(V, L) of a connection on L compatible with a given
Hermitian metric is always a real two-form Q € A?(M,R).

6.2 Holomorphic Case

In this section M is supposed to be a complex manifold. For a complex line bundle
7w : L — M the following additional structures will be considered:

1. connections V on L,

34 Exercise: Give an example!
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2. Hermitian metric H on L,

3. holomorphic structure on L.

For holomorphic functions and complex manifolds, in particular for holomorphic
vector bundles, we refer to Chapter |Bl Recall, that a complex line bundle 7 : L — M
over a complex manifold M is a HOLOMORPHIC LINE BUNDLE if L is a complex
manifold, 7 : L — M is a holomorphic map and there exists an open cover (U;);er of
M with trivializations

ijLUj%UjX(C,
which are holomorphic maps.

Similar to our results on general complex line bundles over a manifold, the holo-
morphic line bundles are given by transition functions (g;x);jker, but now they are
holomorphic functions:

gjk : Ujk — (CX, or (i - OX(U]k)
The group of isomorphism classes of holomorphic line bundles over the complex mani-
fold is H'(M, O%).

A section s : U — L of a holomorphic line bundle L over an open subset U C M
is called a HOLOMORPHIC SECTION if s is a holomorphic map. 'y, (U, L) C I'(U, L)
denotes the subspace of holomorphic sections

(U, L) :={s € I'(U, L) | s holomorphic}.

[ho(U, L) is a complex vector space and a module over the ring O(U) of holomorphic
functions on U C M.

Definition 6.12. Let 7 : L — M be a holomorphic line bundle with connection V on
L.

1° V is a HOLOMORPHIC CONNECTION if for any holomorphic section s €
[hot(U, L) the map

X +— Vxs, X € Y(U) with X holomorphic,

is a holomorphic one-form (with values in I'(U, L)), i.e. in local holomorphic coordinates
o= ('...2"):U—=>VCC

Vs = fjdzj S
with holomorphic f; : U — C. Hence, Vxs = f;X’s for holomorphic vector fields
X =Xx2
0z;

2° V is COMPATIBLE with the holomorphic structure on L if for any local holo-
morphic section s € 'y (U, L), the one-form

X — Vxs
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is of pure type (1,0), i.e. in local holomorphic coordinates
Vs = f;d2’s,
where f; € £(U).

Proposition 6.13. Every holomorphic line bundle L over the complexr manifold M
admits a connection NV compatible with the holomorphic structure on the line bundle L.

Proposition 6.14. Let L be a holomorphic line bundle and let V be a connection
on L, which is compatible with the holomorphic structure on L. Then the curvature
Curv(V, L) = Q has components only of type (2,0) and (1,1), i.e. in local coordinates
po=(z1,...,2"): U=V CC":

0= wjdej A dzF + pjkdzj A dzF y Wik, Pjk € S(U)

Without proof state we the following result:

Proposition 6.15. Let L. — M be a holomorphic line bundle, which is also endowed
with a Hermatian metric H. Then there exists a unique connection V , which is compat-
1ble both with the holomorphic structure and the Hermitian structure. This connection
is called the CHERN CONNECTION of the Hermitian holomorphic line bundle. The
curvature is of type (1,1).

Example 6.16. The tautological line bundle
T=H(-1) — P,(C)

is a holomorphic line bundle (c.f. Construction for the definition). Given an
open subset U C P"(C) a local section s € 'y, (U, T) yields for every a € U a point
s(a) € T C P" x C") s(a) = (a,z(a),...,2z,(a)) € P* x C"™' and the value s(a)
describes the point a € P" in homogeneous coordinates: a = (z9(a) : ... : z,(a)). A
natural connection is defined by:

5. A~J
Zjdz

= S
DI

where z; = 27 for notational reasons.

V is compatible with the holomorphic structure of the line bundle (but it is
not a holomorphic connection!): Indeed, for a local holomorphic section s(a) =
(a,z0(a),...,z,(a)), a € U, the connection is

Vs = Z Zk |zk| dzj Zf]dz s,

with > f;dz? € ABY(U) as required.
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V is also compatible with the Hermitian metric
n
H(s,s") = szz”.
§=0

H is induced from the standard Hermitian metric on C**!. To check the compatibility:
dH(s,s) = z;dz + z;d2’ = 2(p;d¢’ + ¢’dp;)

and ' ' .
Re (Ejdzj) = p;d¢’ + ¢’ dp;
lead to

5 dsi
dH(s,s) = 2H(s, s)Re ( i 2) :
> 17|
which is the criterium of Proposition
Proposition 6.17. Let L. — M be a smooth complex line bundle over the complex
manifold M equipped with a connection whose curvature is purely of type (1,1). Then

there exists a unique holomorphic structure on L for which a local section s of L is
holomorphic if and only if X — Vs is a one-form of type (1,0).

Proofs can be found in Brylinski [Bry93], for example.
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7 Prequantization

In the preceding chapters we have collected all the ingredients which we need in order
to continue the discussion started in Section 2 about obtaining a canonical quantization
by using derivatives on functions or covariant derivatives on sections of line bundles.
We now can describe the process of prequantization properly.

7.1 Quantizable Phase Space

Definition 7.1. A symplectic manifold (M,w) is said to be QUANTIZABLE if there
exists a complex line bundle 7 : L — M with connection V such that Curv(L,V) = w.

Definition 7.2. A PREQUANTUM LINE BUNDLE (L, V, H) on a symplectic manifold
(M,w) is a Hermitian line bundle (L, H) together with a compatible connection V such

that Curv(L,V) = w.

Evidently, when (L, H,V) is a prequantum bundle, the base space (M,w) has to
be quantizable. Conversely, on a quantizable symplectic manifold there always exist
prequantum bundles: since the connection V with Curv(L, V) = w can be chosen to
be real, we can find with the help of a partition of unity a Hermitian metric H such
that V is compatible with respect to H.

We have seen that for a symplectic manifold (M, w) the condition to be quantizable
is a topological condition on M and w: The cohomology class induced by w has to be
an entire cohomology class (condition (E)) or, equivalently, w has to satisfy integrality

condition (G) (see Section [5.4), i.e.:
/w €L
s

for all compact, oriented and closed surfaces S C M.

We come back to these conditions in the subsequent chapter. In particular, we will
construct a line bundle L with connection V such that Curv(L, V) = w when w fulfills
(E). And we discuss the uniqueness of this construction.

Before we come to these matters, in this chapter we want to present examples and
we describe the prequantization process.

Example 7.3 (Simple Phase Space). Let M = T*@Q be a cotangent bundle for an
open subset @ C R™ with the standard symplectic form w = —d\ = d¢’ A dp;, and its
symplectic potential A = —\ = —p;d¢’. The trivial line bundle L = M x C with the
connection

VXf51 == (fo + 27TZA(X>f)81,

s1(a) = (a, 1), has as its curvature
dA =w
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Since for every compact, oriented and closed surface S C T*() one has

/w:/ A=0
s as

by Stokes’ theorem (0S5 = @), the symplectic manifold (7*Q,w) is quantizable.

Remark 7.4. In the same way, any symplectic manifold (M, w) for which w is exact,
i.e. w=da, for a suitable o € A'(M), is quantizable.

Proposition 7.5 (Twisted Case). Let M = T*Q be a cotangent bundle for a manifold
Q with the twisted symplectic form

Wp ‘= WO+T*(F),

where wg = —dA\ is the standard symplectic form on the momentum phase space M =
T*Q and F € A%*(Q) is a closed 2-form on the configuration space Q (see Subsection
1.3.4). In general, F' will not be exact and so wgr will not be exact. But the following
result holds true: (T*Q,wr) is quantizable if and only if fSF = 0 for all surfaces
S C Q, i.e. F satisfies the integrality condition on ().

Proof. If T*Q is quantizable, the integrality condition |, ¢wr = 0 implies that, in par-
ticular, for all surfaces S C Q C T*Q we have [(wp = [(F = 0. Conversely, if Q
satisfies the integrality condition with respect to F' there exists a line bundle Lg on
() with connection V¢ such that Curv(Lg,Vg) = F. On T*Q we have the trivial
line bundle L with connection V with Curv(L, V) = wy locally. Now; L ® 7*L¢ with
V ® 77V is a prequantum bundle since

Curv(L® 7L, V@ 7*Vg = Curv(L, V) + Curv(r"Lg, 7"Vg) = wo + 7" F.
[

Example 7.6. Let M be the two sphere M = S? of radius 1 with the symplectic form
we = Cvol, for some constant C' € R\ {0}, where vol is the standard volume form on
S? (= sin @df Ad¢ in polar coordinates). Since [, we = Cvol(S?*) = C4r the symplectic
manifold (S?,w) is quantizable in the sense of Definition [7.1]if and only if

4rC = 7.\ {0},
ie. C=4£N,NeZ\{0}.

Example 7.7. The hydrogen atom. We recall from Example [1.3.3}

The classical system is given by the manifold M = T* (R*\ 0) = (R?\ {0}) x R?
with standard symplectic form w = d(—=\) = 3, ¢’ A p; and hamiltonian

k

1
H(Q7p) = %’p‘Q - ma
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where m, k € R;m > 0,k > 0. Since dH # 0, the "energy surface” for F € (—o0,0)
Yp=H Y E)CM
is a 5-dimensional submanifold of M (hypersurface in M).
Identifying points z,y € X on a joint orbit leads to the orbit space
Mg =Yg/ ~
as a quotient. Here, the equivalence relation ~ is given by
x ~7y <= 3 solution of ¥ = Xg(y) with v(0) =z and ~(t) =y

for a suitable ¢ in the domain of definition of ~.

The orbit space Mg has the structure of a quotient manifold for which the natural
quotient map 7 : > — Mp is a submersion. In order to show this, we consider the map

U Yp — S*(mk) x S*(mk)
into the product of two spheres of radius r = mk given by

V(a) = (pI(a) + R(a), pI(a) — R(a))
with a = (¢q,p) € X and where
I{a) = ¢
R(a) = I(a) x p Runge-Lenz vector
p=vV-—-—2mkE
The map W is constant on the orbits, since the observables I and R are constants of
motion. Moreover, the fibres U=!(s), s € S, := S*(mk) x S?(mk), are the orbits in

Y. Hence, there is a unique bijection ® : Mp — S,,x such that ¥ = & o 7m: The
following diagram is commutative.

X p angular momentum

VA

Mg

Of course, ¥ is smooth, and it can be shown that ¥ has maximal rank in all points
of ¥p. Hence, ¥ — S, is a differential quotient according to Proposition [A.29] As a
consequence, the differentiable structure on Mg induced by the bijection ® : Mg — S,
makes 7 : ¥ — Mp to a differentiable quotient.

Quantizing the classical hydrogen atom with energy FE is therefore equivalent to
quantizing the symplectic manifold

(S*(mk) x S*(mk), W)
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It can be shown that wf, induced on S, from wg := w|y,, has the form

/ p—
W =

1 (d$1 A dxg dyl N dyg
— -
2p T3 Y3

>7$37é07éy37

where (21,79, 23) : S*(mk) — R3 are the standard coordinates of R and similarly
(y1,y2,y3) for the second sphere S?*(mk).

Because of Do Ad
/ PPN AT2 47 (r)?
S2(r) T3

we obtain for S := S*(mk) x {y} C S?*(mk) x S*(mk) the quantization condition

1 drqi Nd 4

/W;E:— A2 _ k=N ezl
S 2p Js T3 2p

As a consequence, (M,wg) is quantizable only if 27rm7k =N e€Z,ie. if 4%2% = N2

Hence, —2mFE = z47*m*k? and we conclude that only for the energy values

the symplectic manifolds (S*(mk) x S*(mk),w}) are quantizable, i.e. (Mg, wp ) is
quantizable. We know this from experimental physics, this is the well known BALMER
SERIES!

7.2 Prequantum Operator

We are now in the position to define the prequantum operator of geometric quantization
on the space of sections of a prequantum line bundle, thus generalising the preliminary
ansatz in Section 2.2

Theorem 7.8. Let (L,V, H) be a prequantum line bundle over the symplectic manifold
(M,w). Then the C-linear map q : E(M,C) — End ¢(I'(M, L))

1
F)=—— F
q( ) 27TVXF+

satisfies the Dirac conditions:

(D1) ¢(1) = idr(as,z),
(D2) [¢(F),q(G)] = 5=q¢ {F,G}) for all F,G € E(M,C).
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q(F) is called the PREQUANTUM OPERATOR.

Proof. Evidently, ¢ is C-linear, and ¢(1) = id. To show (D2) we start with the quan-
tizibilty condition of the symplectic manifold (M, w):

% ([VX,VY] — V[X7y}) = Curv(V,L)(X,)Y) =w(X,Y).

Applied to X = Xp,Y =Y and using [Xp, X¢] = —X(rey this reads:

[VXF,VXG] = 27 {F, G} - VX{F,G}'

Hence,
[ = |: ﬂ_VXF‘f‘F VXG—I-G:|
1 ) 1 1 1
= % VXF,VXG ZWFVXG—F%VXGOF—F%GVXF—%VXFOG
1
_ (_> ~Vxipe, + 27 {F, G}) S (LXFG Ly, F)
) 7
% %VX{F,G} - {F7 G}) + 2% {F’ G}
1
Q—Q({F G}),

where we have used among others the identities: Vx, o G = (Lx,G) + GVx, and
Lx,.G={G, F}. O

Remark 7.9. One might not be content with the factor 5= in front of ¢({F,G}) (in

(D2)), preferring 5= or 2, where h := - for some h > 0. This can be achieved by

27 1)
changing the quantization condition Curv(L, V) = w to a new condition Curv(L, V) =

—w or Curv(L, V) = kw for a suitable k € C.

The special outcome in D2 in our case is reflected by the choices (see Subsection
for sign conventions in the literature):

1. Xy defined by ix,w := dH (and not —dH),
2. {f,9} = w(Xy, Xy) (and not —w(Xy, Xy)),
3. Curv(L,V) = 5= ([Vx, Vy] = Vixy)) and not ([Vx, Vy] = Vixy)),

4. k=1
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In general, to obtain an arbitrary ¢ in (D2) we have to choose in our conventions
1.-3. k = 5= in the quantization condition of Definition : Curv(L,V) = kw.

In particular, for ¢ = 2

%

= 7~ the quantization condition reads Curv(L, V) = —fw.

Before we discuss how to obtain a suitable representation space, the Hilbert space
on which the prequantum operators act, we want to describe an alternative way to
introduce the prequantum operator which is more in the spirit of the description of a
connection on a line bundle L given in Proposition |4.13| and where the connection is
induced by a Lie derivative on invariant functions on L*.

Let F' € £(M) a classical real observable. The hamiltonian vector field Xz € U(M)
has a unique horizontal lift X% = (Xp)! € T(L*, H) C B(L*) (cf. Definition 4.12).
Adding the vertical field —Ypo, € I'(L*,V), where Y. is the fundamental field we
obtain

Zp = X§p — Yror,
a vector field on L™, which we call the natural lift of Xp.

The natural lift Zr can also be defined by the following two conditions
TroZr=Xporm and a(Zp) =F o,
where « is the global connection form.

Proposition 7.10. The prequantum operator q(F) can be obtained by using the Lie
derivative Lz, on E_1(L*) in the following way: For s € I'(M, L) the section q(F)s €
(M, L) is given by

7
(g(F)s)* = _gLZFSﬁ'

Moreover, Zp preserves the global connection form o, i.e. Lz,a = 0, and any real
vector field Z € T'(M,TL*) preserving « is of the form Z = Zp for a suitable F €
E(M).

Proof. We concentrate on the formula: We have L x4 s* = (Vx,5)* according to Propo-
sition and we know Ly, s* = —2miF's* by Lemma [4.11] Therefore,

Lz,s" = LXaFSti — Ly, s" = (Vx,8)" — Ly, s* = (Vx,s + 2miFs)* = 27i(q(F)s)*,
which is essentially the formula. O]

In order to understand the relationship between X and its natural lift Zr we study
their local flows.
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Lemma 7.11. Let &, = ®F : M, — M_, be the flow of Xp and & = &F* - L, — L*_,
the flow of the natural lift Zr of Xr. Then

1. mo <I>§ = ®, o1 for allt € R. More explicitly, let M; be the maximal domain on
which the local flow @, is defined (see Proposition , and correspondingly, let
L*; be the maximal domain for the local flow <I>§, then 7= (My) = L*; and the
following diagram is commutative

@]
L*,——=L*_,

My —5 Mo

2. XF is complete if and only if Zr is complete.

3. CDQ commutes with the action of c.

Proof. For p € L* with m(p) = a the curve ¢(t) := ®,(a) is the unique solution of

o= Xr(e), p0)=a e M, (33)

and, correspondingly, the curve *(t) := CDg(p) is the unique solution of

d

awﬁ = Zp(¢"), ¢*(0) =pe L*.

Because of
d 4 d 4 4 4
—dt(ﬁ o) = Tﬂ(—dtgo )=Tmo Zp(p*) = Xpom(¢)

and 7 o ¢#(0) = a we deduce 7 o ¥ = ¢ by the uniqueness of the solutions of .
This implies, that the maximal intervals on which the solutions ¢ and ¢* are defined,
coincide. Hence, m1(M,) = L*, for all t € R. Now 1. follows since 7o ®(p) = ®,0m(p)
is nothing else then 7 o ©*(p) = p(a).

Moreover, 2. holds, since the maximal intervals coincide.

Finally, 3. is again a consequence of the uniqueness of solutions of integral curves,
here for the equation 4~ = Zp(y): Set ¢ := W0 = @b, where ¢ (t) = ®%(p). Then
¥(0) = pc and

d

G0 = TU(5h) = TOAZe() = Zr(W()) = Ze(0).

and therefore, ) = ®(pc) which implies ®f(pc) = ¢ (p)e. We have used TU, o Zp =
ZpoV,. O]



102 7. Prequantization

The last property guarantees that for sections s € I'(M;, L) the function s* o q)ﬁ_t :
L*_; — C is invariant, i.e. in & 1(L*_;). As a consequence there exists a unique
pF(s) € T(M_y, L) satisfying

(oF ()t = st ®F .

It is easy to show
Lemma 7.12. pI' : T'(M;, L) — T'(M_4, L) is an isomorphism of E(M)-modules. When

X is complete, all spaces My coincide with M and the maps pf : T'(M,L) — T'(M, L)
satisfy

Prow =Pt o p = phop;
for allt,t' € R.

The last equality holds true in the general case for suitable restrictions of the p;
and if the |t],|t'| are small enough.

Proposition 7.13. The infinitesimal generator of (pf') is q(F):

d(F)s = o pF (5)ico (34)

Proof. We use
d o ' d/,
(G©) =5 (vo0)

:dﬁ(%@&)
)

to obtain
i (d g, 0\ i i ﬁ
o= \ 7Pt (8) ) limo = —5—ds*(Zr) = —5—Lzps* = (a(F)s)",
where the last equality is the result of Proposition [7.10] O]

Remark 7.14. The definition of the prequantum operator we gave in Theorem is
inspired by the considerations made in Chapter [2| and the properties of connections
on line bundles. The description of ¢(F') in Equation can be used as a definition
as well. This definition is more geometric in nature and it can be generalized to the
half-density quantization and the half-form quantization.
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7.3 Prequantum Hilbert space

In quantum models one wants to represent the observables as operators in a Hilbert
space (see the Chapter [F] on Quantum Mechanics in the Appendix), in the so-called
representation space of the model. It is not difficult in the Geometric Quantization
program to replace the complex vector space I'(M, L), on which our prequantum op-
erators q(F') act, with a natural Hilbert space of sections: The symplectic form w of
a symplectic manifold (M,w) always induces a volume form (the so-called Liouville
measure)
vol = (=130 2 € AT,

where w" = w Aw--- Aw (n times) and dim M = 2n. We obtain the Hilbert space
L?(M, vol) by completing the prehilbert space {f € E(M,C) | [, |f|?dvol < co}. But
we are interested in the corresponding Hilbert space of square integrable sections in
the prequantum bundle.

Let (L, H) be a Hermitian line bundle over a symplectic manifold (M, w). We define
Hyo = {s € T(M, L) | / Is[2dvol < co} € T(M, L)
M

the space of SQUARE INTEGRABLE smooth sections where |s(a)|? = H(s(a),s(a)), a €
M. This space is a subspace of I'(M; L) and it is a prehilbert space with respect to
the scalar product

(s,t) ::/MH(S,t)dvol,

s,t € Hpye. The completion of Hy,. with respect to the norm

Is|| := / |s|2dvol
M

is the Hilbert space H = H(M, L) of square integrable sections This Hilbert space will
be called the PREQUANTUM HILBERT SPACE.

The prequantum operator ¢(F) is defined on the the space I'y = T'o(M, L) C H of
sections having compact support in M. And ¢(F)(Tg) C T'yg. Therefore, the prequan-
tum operator ¢(F) induces in any case a linear operator in H with domain D(q(F))
containing I'y. Thus, ¢(F') is densely defined. One can show, that for real F' the pre-
quantum operator ¢(F') will be symmetric on I'y in the same way as in Proposition .
Thus:

Proposition 7.15. For real F € E(M,R), the prequantum operator q(F') is a densely
defined symmetric operator in the prequantum Hilbert space H = H(M, L) of square
integrable sections of L.
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However, given an observable F' € £(M) it is, in general, difficult, to decide whether
the operator induced by ¢(F') is essentially self-adjoint as an operator of H. The
problem is, to extend the symmetric and densely defined operator ¢(F) : Ty — Iy to a
unique self-adjoint operator on a suitable domain D(q(F)) with I'y C D(q(F)) C H.

For a the class of observables F’ with complete hamiltonian vector field Xz we have
the following positive result.

Proposition 7.16. Let (M,w) be a quantizable symplectic manifold and let (L,V, H)
be a prequantum bundle. For every F' € E(M,R) for which Xp € V(M) is a complete

vector field on M the prequantum operator q(F) is an essentially self-adjoint opemtoﬁ
in H(M, L).

Proof. Let Zr € U(L*) be the natural lift of X as before. Since X is complete
by assumption, Zp is complete as well, and the local flows are global flows. As a
consequence p! is defined on I'(M, L) and leads a one parameter group of linear maps.
It is easy to see that pf' () C Ty C H, and that pl’|r, is bounded as an operator
from I'y to H, with a bounded continuation to all of H. This operator, which will
be denoted by pl again, turns out to be unitary, so that U; := —2mp! defines a one
parameter group of unitary operators (U;). According to the Theorem of Stone the
infinitesimal generator

1
As =1ilim—(Uss —s), s € D(A),
t—0 ¢t

is a self-adjoint operator A : D(A) — H. From the preceding proposition we know

CHE)| = sealF)s)

0 2m
for s € I'y € D(A). Hence, ¢(F) has A a self-adjoint extension, and therefore is
essentially self-adjoint. m

Observation 7.17. In the case of a compact symplectic manifold all ¢(F) are essen-
tially self-adjoint for F' € E(M,R).

Example 7.18 (Simple Phase Space). Let us recall the example at the end of Chapter
2, Examples [2.6] i.e. the case M = T*Q of the momentum phase space, Q C R"™ open
(see also Example . This example explains why we have to introduce and study
polarizations later. On M we have the standard symplectic structure given by the
2-form w = Y, d¢’ Adp; = d(—)), A = p;dg’ with respect to the canonical coordinates
¢ ,pj on T*Q) C R" x R". Let L = M x C the trivial line bundle with connection

VXfSl = (fo — QWZ)\(X)f)Sl y

3%i.e. the closure of ¢(F) is a self-adjoint operator, see Section in the Appendix [F|for the basics
of self-adjoint operators on a Hilbert space
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f € EM) and si(a) := (q,1) as before. Then Curv(L,V) = w. To determine the
operators ¢(F') = ﬁVXF + F for F = p;,F = ¢, we use

_OF 9 OF 9
" Opogt 8¢k dpy.’

to obtain 9
qu = _8_pj and ij a—q]

Hence,

q(q) QWVqu+q 27‘(( 8pj+ e o, +q’,

q (qﬂ) — %% + qj =: Qj. Analogously,

i 0

q(p;) omdg L

As a result: . )
) . ) . ) .
[0(¢) a0)] = (@ P = -6l = —a ({¢ . mi}). (35)

We see that the Dirac conditions are confirmed on the space I'(M, L) = (M) (which
is a consequence of Proposition , and also on the space

H = H(M, L) = LX(T*Q).

In particular, they are satisfied for the unbounded operators 7 and P, which are self-
adjoint. That is, the canonical commutation relations (CCR) (cf. Definition [F.38) are
satisfied.

However, in comparison to the usual canonical quantization in this situation, we
observe that too many variables are involved: the wave function ¢ € H should depend
on n variables and not 2n. In a more abstract wording, the representation of the @7, P,
is not irreducible. By definition, the representation of the (Lie algebra generated by)
()7, Py is called irreducible, if no proper closed subspace H of H is invariant under the
action of the Q?, P,. But Hy := {f € H | f = g o m} is invariant! And this Hj is a
good candidate for a better representation space as we show in the following.

By replacing the Hilbert space H(M, L) by its closed subspace Hp(M, L) of all
functions f of the form f=gom, g: Q — C, for suitable g, i.e. Hp(M, L) = Hy, we
arrive at a prequantization with the correct dependencies and moreover

i 0

Joo— 4 e
Q) '=¢ and P;:= o7 g

(36)

This quantization is called the SCHRODINGER REPRESENTATION of the @7, P, with

the commutation rules )
k (Y
[P, Q] = =50
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The replacement of H(M, L) by Hp(M, L) is one of the possibilities of arriving at
a correct representation space (space of wave functions). This procedure is not limited
to the simple case M = T*Q), Q C R" open, but can be generalized to all symplec-
tic manifolds by introducing the notion of a polarization. We study polarizations in
Chapter [9 and present their applications to geometric quantization in the subsequent
chapters.

Summary: The concept of prequantization is completed in this chapter as an impor-
tant step towards Geometric Quantization. It yields results in great generality as well
as in specific examples.

In the examples one sees that the condition for the existence of a prequantum bundle
i.e. the integrality condition allows only discrete values: The underlying symplectic
manifold is quantized. This is familiar from elementary quantum theory.

The general result is, that on the basis of a prequantum bundle on a symplectic
manifold the prequantum operators ¢(F') satisfy the Dirac conditions (D1) and (D2)
and a natural Hilbert space is determined on which all prequantum operators are
densely defined and symmetric. In many cases, namely if the hamiltonian vector field
Xr is complete, they are even self-adjoint. In particular, the canonical commutations
relations are rediscovered. The question of whether enough prequantum bundles exist
and how many there are leads to a closer inverstigation of the integrality condition in
the next chapter.
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8 Integrality

We now study in detail the question of existence and uniqueness of prequantum line
bundles on a given symplectic manifold (M,w). In particular, we construct a prequan-
tum bundle for a given symplectic manifold (M, w) when w is entire in the sense of (E)
and we show that the equivalence classes of such prequantum bundles are in one-to-one
corespondence to H*(M,U(1)). Finally, we bring this classification in connection with
flat line bundles and there classification.

8.1 Existence

Recall, from Chapter , Definition [5.22} that condition (E) can be stated as follows:

A closed w € A*(M) is ENTIRE (or w respectively its deRham class [w] sat-
isfies the condition (E)) if for an open cover Y = (U;)je; of M the Cech class
w] € H*(U))jer,C) = H*(M,C) = H2?,(M,C) induced by the deRham cohomol-
ogy class of w contains a cocycle z = (2;;), i.e. [w] = [2], with

(E) Zijk € 7

for all i, j, k € I with Uy, # @.

Proposition 8.1. Let w be a closed two form w € A*(M,C) satisfying the inte-
grality condition (E). Then there exists a line bundle with connection V such that

Curv(L,V) = w.

Proof. As before, we work with an open cover 4 = (U;);e; of M where all intersections
Uiojr.jw = Ujy U, 0 --- 0V Uy, Jo, J1,---Jp € I, are empty or they are contractible
(e.g. diffeomorphic to convex open subsets of R™), so that one can apply the Lemma
of Poincaré repeatedly.

We start the construction with the possible local connection forms a; € A'(U;)
without having determined the line bundle yet. Since w is closed, there exist, in fact,
a; € AY(U;) so that da; = w by Poincaré’s Lemma in U; for each j € I. On Uy, # &
the one-forms oy, — «; are closed:

dog, —doy =w —w = 0.

Hence, there exist f;; € £(Uj;) with df;;, = oy, — a; by Poincaré’s Lemma. We can
choose fj; so that fji + fr; = 0 for all j,k € I. Because of

d(fik + fri + fij) =0
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we finally obtain constants c¢;;, € C defined by
cijk = fij + fir + fri, on Ui # 2.

(ciji) is a cocycle associated with w, (cijr) € Z2(U, C), where ¢;;;, € C, in general. (cijr,)
determines the Cech cohomology class

[(cij)] € H*(Y, C) = Hip(M,C)

of the two form w.

Now we need the integrality condition (E) in order to go on with the construction.
(E) implies that there are entire numbers z;j; € Z which forms a cocycle (z;;;) such
that (z;) is equivalent to the cocycle (c;j,). That is, there exist z;; € C forming a
cocycle (z;1,) € Z' (4, C) such that

Zijk = Cijk + Tij + Tjp + Ty € Z, it Uy, # 2.
In the case of U, # &, we now set
gk = exp(2mifj, + 2mixjy)
and obtain g € £(Uj, C*). We immediately conclude that
GiiGikGri = exp (2mi(cijn + Tij + Tjk + Tri)) = exp (2mi(z5)) = 1

on Uy, (here, the integrality condition (E) is essential).

As a result, the smooth functions
gjkink%CX, j,kE[, Ujk#@

satisfy (C) and therefore, define a complex line bundle L over M according to Propo-
sition [3.91

The forms «; define a connection over each U; since the condition (Z) is fulfilled

Therefore, the «; are local gauge potentials (local connection forms) of a connection
V on L. Because of w|y, = da; the curvature of V is w: Curv(L,V) = w. O

Observation 8.2. Proposition [8.1]is formulated for general non-degenerate closed two
forms with (E).

In the real case, i.e. in case of a real form w, it is clear that the a;-s can be chosen
to be real valued as well, and hence the constructed connection allows a compatible
Hermitian structure.
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Corollary 8.3. Let (M,w) be a symplectic manifold where w satisfies (E). Then the
line bundle with connection, which has been constructed in the proof of Proposition|8.1
has a compatible Hermitian structure H. As a result, according to Proposition we
obtain a prequantum line bundle (L,V, H).

Remark 8.4. As we mentioned before, in Chapter , the integrality conditions (G)
and (E) are equivalent according to A. Weil’s Theorem. We have given a complete
proof for the implication (E) = (G): In fact, assuming (E) we obtain by Proposition
a line bundle L over M with connection V such that Curv(L,V) = w. Now our
previous result in Proposition assures that w satisfies (G), i.e. [jw € Z for all
oriented compact closed surfaces S C M.

The converse of the implication ”w satisfies (E)” = ”there exists a prequantum
bundle with curvature w” will be discussed at the end of the next section.

8.2 Uniqueness

After the question of existence, we now discuss the uniqueness of line bundles with
connection with given curvature form w € A?(M). In other words:

What freedom do we have in constructing Uniqueness(L,V, H)? How many in-
equivalent prequantum line bundles exist on (M,w)? Under which conditions is the
prequantum bundle essentially unique?

In order to answer these questions, we look at the construction in the proof of
Proposition which establishes the existence of a line bundle with connection (L, V)
with Curv(L, V) =w, and check step by step what freedom we have in the choice of
the transition functions g;, and the local connection forms «;. Before we start this
program, we make precise what the equivalence of line bundles with connections should
be.

We will study pairs (L, V) of line bundles L with connection V.
Definition 8.5. Two line bundles with connection (L,V), (L, V') will be called
EQUIVALENT (or isomorphic) (denoted by (L,V) ~ (L', V’)), if there exists an iso-
morphism F': L — L’ of line bundles such that for all local sections s € I'(U, L):
Fo(Vs)=V'(Fos).

In form of a commutative diagram:

(U, L)—=~T(U, L)

vj lv/

(U, L) -1 (U, L)
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Recall (cf. Corollary 3.11]), that with respect to local trivializations v;, ¢} for L, L'
related to an open cover Y = (U;) of M, an isomorphism F' : L — L’ is given by
functions h; € £*(U;) such that they satisfy condition (I), i.e.

h‘
/ J
9ik = Gjk7 5 »
gk J hk

for all j,k € I with respect to the respective transition functions gjp, g;.k of the line
bundles L and L'.

Proposition 8.6. Let (L, V), (L', V') line bundles with connection and assume an
isomorphism F' : L — L' is given by (h;). Then (L, V) ~ (L', V') with this isomorphism
F if and only if

, 1 dh;

= — 37
Oé] 271 hj ( )

aj —
Proof. With respect to the sections s;(a) = (¢;)"'(a, 1), and s}(a) = (¢}) ' (a,1), a €
Uj, the isomorphism is given by F'os; = h;si. Using V'(Fs;) = V'h;s) = (dh; +
2michy)sy and F(Vs;) = F(2mia;s;) = 2mia;h;s; the equivalence of the pair implies

dhj + 2miclhy = 2micghy

and immediately the result . Conversely, if holds then the calculation above
shows that F'(Vs) = V/(F\(s)) for local section, i.e. the pair is equivalent. O

Example 8.7. (Trivial Line Bundle) As an example, let be L = Ly = M x C the
trivial line bundle. The trivial connection Vy is Vo(fs1) = dfs;, where as before,
s1(a) = (a,1). Hence V, could also be denoted by d.

1. A general connection V on Ly is of the form V(fs;) = (df + 2miaf)s;, where
a € AY(M,C). and will be denoted by V,.

2. A general connection V with Curv(Lgy, V) = 0 is of the form V, with da = 0.

3. A general isomorphism F' : Ly — Lg is of the form F(p) = h(a)p for n(p) = a
where h(a) := pra(F(s1(a))), a € M. This can be confirmed using the general
description of ismorphisms through (h;) with the condition (I), i.e. gjr = gij—i,
which implies that h; = hy glue together to global functions h.

4. For an arbitrary function g € £(M) the one form o = dg is closed, hence the corre-
sponding connection yields a line bundle (Lg, V) with curvature Curv(Lg, V,) =
0, and all these zero curvature bundles (i.e. flat line bundles in the language of the
next section) are equivalent to the trival bundle (L, d) with trivial connection.
The equivalence is given by h := exp(—2mig) as follows from

1 dh
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5. The remaining closed one forms a € A'(M,C) defining a connection V, with
curvature Curv(Lg, V,) = 0 are the closed one forms which are not exact. This
situation will be studied in detail in the next section.

We see, that it is possible that line bundles L and L’ are equivalent as line bundles,
but not as line bundles with connection.

We now come the the uniqueness result:

Theorem 8.8. Let w € A*(M) satisfy the integrality condition (E). Then the set of
equivalence classes of line bundles with connection (L, V) such that Curv(L,V) = w is
in one-to-one correspondence with H*(M,U(1)), the first Cech cohomology group with
values in the circle group U(1) = S,

Proof. As mentioned before, we follow the construction of the possible pair (L, V) with
Curv(L, V) = w presented in the proof of Proposition 8.1] The proof will be carried
through in 3 steps. In the first step the possible changes in the a;-s of the construction
are considered, the second step treats the possible choices of the fj; and the third
and last step is devoted to the possible changes in the xzj;, which makes the cocycle
cijr induced by w entire. In the first two variations we remain in the class given by
the original construction, while the third step yields the isomorphism of the group
H'(M,U(1)) with the set of classes of pairs (L, V) with Curv(L, V) = w.

1. STEP: First of all, in the construction of the proof of Proposition 8.1 we choose,
using dw = 0, a one form a; € Al(Uj)m with da; = wl|y,. Any other one form
of; € AY(U;) with da; = wly, satisfies d(a; — o) = 0, and there are g; € £(U;) with
Olj = CY;- + dgJ .
The fir, € E(Ujx) with oy, — oj = dfjx, in the above construction will be replaced by
Fiv = Fix + 95 — 9,
and we obtain
df i = d(fix + g5 — gr) = ar — o + dg; — dg, = o), — @

The fJ’k lead to the same cocycle ¢;;;, as before:

cijk = fij + fix + fri
= (fij +9i—9;)+ (fir +95 — 9&) + (fri + 91— 9:) -
= fllj +f]/lc+fllm

36We have again an open cover (U;) with all intersections diffeomorphic to contractible open subsets
of R"
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As a result, the corresponding transition functions g, (instead of gj in the above
construction) are

Gt = exp (2 (fir + g5 — gr) + 2miz;i)

where the z;, € R make (c;ji) entire: ziy, := ¢ijp + i + xi + Tp; € Z as before. In
particular, g%, g;,9;; = 1 and

h:
9}1@ = gjkh_i7

where h; = exp (2mig;) .

As a consequence, the line bundle L' defined by the cocycle (g7;) is isomorphic to the
line bundle L defined by the cocycle (g;1) according to condition (I) in Corollary
the cocycles are equivalent. (They are also equivalent in the sense of Cech cohomology
and provide a class in H' (8, £%)).

Moreover, if V is the connection on L given by (c;) and V' is the connection on L'
given by (), then (L, V) is equivalent to (L', V') since

1 dh;
o =y =dg; =505

2. STEP: Secondly, fixing o with da; = wly;, we can replace each fj1. by fiy :== fijx+bj

where b;, € C are constants satisfying b, +0bx; = 0. There are no further possibilities in
j 8 Uj J

changing f;; if one wants to follow the above construction. Then, we get a new cocycle

c;-jk = ¢ijk + bij + bji, + by; representing w and a new cocycle x;k in order to achieve that

Ziik = Cijp T35 + 2y + 23, becomes entire. With the choice 2, 1= x;; — bjy, the cocycle

given by ¢}, + xj; + 2%, + 3, is indeed entire, since it agrees with 2. Because of

exp(2mi(fj; + 2%)) = exp(2mi( fir + bk + xj1 — bjr,)) = exp(2mi(fir + jx)) ,
the possible new line bundle with transition funcions g}, = exp(2mi(fj; + 27;)) is the

same. So again we stay in the same equivalence class of line bundles with connection.

3. STEP: Finally, we fix o; and fj,. We can replace the constants x;; by xji + yji,
where y;, € R with

Yij + Yjk + Yri € Z

for all 4, j, k € I, with U, # @ and y;, + yx; = 0. To maintain the construction there
are no other possibilities for changing (x;;).

Let tj; := exp(2miy;r) € U(1). In particular, t;; = exp0 = 1 = tj;t;;. Then
tijtinte: = exp(2mi(yi; + Yk + ki) = 1 because of y;; + yjx + yri € Z, which implies
that the collection t = (t;;) is a cocycle in Z'(4, U(1)). We replace g;x by

ik = exp (21 (fir + T + Y1) = gyt
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in accordance to the construction. (gf,) defines a line bundle L' with connection V*
given by the same «;. In fact, we have

1 dgie 1 d(gitp) 1 dg _
_.T—_.——_.__dfjk—ak_&j7
2t gy, 21 gtk 2T gji

since t;; is constant. Therefore, the a; determine a connection V* on L',

The cocycle t = (tj;) induces a cohomology class
[t] = [(t;n)] € H' (&, U(1)) = £ (M, U(1)).

Let ¢' = (t}),) be another cocycle ' € Z* (4, U(1)).

Claim: (L, V) ~ (LY, V") if and only if £ ~ ' as Cech cocycles. The latter equivalence
means that there are t; € U(1) with
2

! P . —_—

In fact, for t ~ # the ¢; induce an isomorphism L' — L¥ since (I) is satisfied.
Conversely, if Lt and LY are equivalent as line bundles with the same connection deter-
mined by the local connection forms «;, there are h; : U; — U(1) with gfk = g§»khjh,;1,
which describe the isomorphism and preserve the connection forms o;. Consequently
P 1 dh

J
O=a; —a; = 2_mh_J .

Hence, the h; are constant and yield the equivalence of ¢ and t' as Cech cocycles. [

As a first application:

Proposition 8.9. Let M be simply connected and let w € A*(M) satisfy (E). Then
there exists exactly one line bundle L with connection, such that Curv(L,V) = w up to
equivalence.

Here, we use

m(M)=0 = H'(M,U(1)) =0.

In fact, the abelianization of the fundamental group (M) is isomorphic to the
homology group Hy(M): m(M)/[x(M),m (M)] = H'(M) = H\(M,Z). H'(M,Z) =
H'(M, 7Z) is naturally isomorphic to the dual of H,(M,Z). This implies H*(M, U(1)) =
0 in case of m (M) = 0. See also Observation at the end of the next section.

Corollary 8.10. A simply connected quantizable symplectic manifold (M,w) has ex-
actly one prequantum line bundle up to equivalence.
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Example 8.11. We continue the Example of the sphere S? which is simply con-
nected. We have seen in that with the form w := ﬁvol the symplectic manifold
(S?,Cw) is quantizable if and only if C € Z, N = C # 0. With the preceding re-
sult we conclude that for each N € Z, N # 0, there is exactly one prequantum line
bundle (LY, V) up to isomorphism on (S?, Nw). We determine the line bundles with

connection (LY, V¥) at the end of the next section.

Remark 8.12 (Chern Class). Let M be a manifold and let 4l = (Uj);e; be an open
cover such that all Uj, ;, are contractible. The transition functions (g;;) of any complex
line bundle L over M with respect to the cover U always exist and define a cohomology
class in

HY (Y, E%) = HY(M,E),

and an entire cohomology class in H2(4(,Z). In fact, let

Zijk = % (log gij +log gjk +log gri) on Uiy
Locally, z;j, is well-defined and integer-valued, since e*™#ik = g,.qi.gr; = 1. Therefore,
(2i5) defines an element in Z?(8, Z). There is a problem in getting a global definition
of z;jx, due to the fact that the logarithm is ambiguous in C*, but the corresponding
Cech cohomology class [(zi)] in H?(U,Z) = H?*(M,Z) is well-defined: Any other
choices of branches of the logarithms lead to another cocycle 2, € Z%(U4,Z) such that

/ _ : : /
Zijk = Zigk + Mij + Mgk + My with entire m;, € Z. Hence, Ziik ™ Zijh-

The class ¢(L) := [(zijx)] € H*(M,Z) is called the CHERN CLASS of the line bundle
L. ¢(L) is an important invariant of the equivalence class of the line bundle. In case
of a prequantum bundle (L, V), H) on a symplectic manifold (M,w) the Chern class
of L is given by the symplectic form w: ¢(L) = [w].

As an immediate consequence, we obtain:

Assertion 8.13. A symplectic manifold is quantizable if and only if the symplectic
form satisfies the integrality condition (E).

We know this result already by using Weil’'s Theorem (i.e. (G) <= (E)), but the
assertion can now be deduced from the above results in the following way without
referring to Weil’s theorem:

1. "(E) = prequantum bundle exists” according to Proposition ,

2. The converse ”prequantum bundle exists = (E)” follows from the last remark.
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8.3 Flat Line Bundles

Flat bundles on a manifold are used to present an additional approach to understand
the variety of non equivalent line bundles with connection whose curvature form is
prescribed.

The basic idea comes from the fact that the set of equivalence classes of line bundles
on M is an abelian group where the group multiplication is induced by the multiplica-
tion of the transition functions or, equivalently, is induced by the tensor product L ® L’
as we have seen in Section [3.4] of Chapter [3] For two line bundles L, L’ with transition
functions g;y, 9}1@ the tensor product L ® L’ is a line bundle with transition functions

/
9ikYjk-

For connections V, V' on the line bundles L, L’ the corresponding tensor product
connection V@ is given by

VL®L/(S ®Rs)=Vs®s +se V',

for local sections s of L and s" of L. It is denoted by V + V' for reasons which becomes
clear regarding the result of the next Lemma. For a common open cover (U;) of M
which allows local trivializations ¢; resp. % of L resp. L, let a;,a} be the local
connection forms of the respective connections.

Lemma 8.14. The local connection forms of V+ V' on L ® L' are aj + o,
Proof. Let sj(a) = (¢;)""(a, 1), si(a) = (¢';)"*(a, 1) the standard non vanishing sec-
tions defined on U; and let fs;, f's} local sections. Then
(V+V)(fs; @ f's}) = (df +2mic; f)s; @ f's; + fs; @ (df + 2mic] f')s]
= ((df + 2mia; f) [ + f(df' + 2mic; f') (s; @ s)
- (d(ff’) + 2mi(a; + oz;-)ff') s}',
where s7 is the corresponding standard section of L @ L" over Uj. O
For a line bundle with connection (L, V) with transition functions g;x let V¥ be the

”dual” connection on the dual line bundle LY associated to the cocycle (gj_kl). Similar
to the proof of the preceding lemma one can show for the local connection forms «; of

V:

Lemma 8.15. The local connection forms of V¥ on LY are —a;.

As a result, the local connection forms of V + VY on L ® L’ vanish. In particular,
the curvature Curv(L ® LY,V 4+ VV) is zero.

Observation. The set of all line bundles with connection on a given manifold form a
group with respect to the composition

(L, V), (L"Y)'V)—= (Lo L'V + V")) .
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Definition 8.16. A line bundle with connection (L, V) is called FLAT if the curvature
vanishes. The connection V is called flat as well.

Lemma 8.17. The curvatures satisfy
Curv(L® L',V + V') =Curv(L,V) + Curv (L', V")) .

As a consequence, the flat connections form a subgroup of the group of all line bundles
with connection.

Proposition 8.18. Any flat line bundle with connection (L,V) is equivalent to a
suitable line bundle with connection (L', V), where L' has constant transition functions
and Vg is the trivial connection with local connection forms a; = 0.

Proof. Let «; be the local connection forms of the flat connection V. Because of
flatness, do; = 0 and there exist functions g; € £(U;) with dg; = «;. These g,
induce an equivalent line bundle L' with transition functions g7, := gjkhjh,;l where
h; := exp(2mig;). We have

2T Gk 2mi 9jk 2mi h; B 2_7TZh_k (38)
= ap — o +dg; — dgy

:Oék—&j—FOéj—Oék:O.

Hence gj,, is constant and o} = 0 defines a flat connection V' on L’. The isomorphism
L — L' is given by h; := exp(2mig;):
h]

g}kzgjkhk7 a; —0=dg;.

]

As a consequence of the above lemmata, the tensor product (L ® LY,V + VV) is
equivalent to the trivial flat bundle with trivial connection: Ly = M x C is isomorphic
to L& LY and (Lo, d) is the trivial line bundle with trivial connection d with connection
form o = 0. Evidently, (L, d) is flat.

Given a closed two form w € A%(M,C) satisfying (E) we want to determine the
set E, of equivalence classes [(L,V)] of line bundles with connections (L, V) with
Curv(L,V) = w. E, is an abelian group induced by the tensor product of line bundles
with connection. Given (L, V), for an equivalent line bundle with connection (L', V')
the tensor product (L ® L',V + V') is equivalent to the trivial flat bundle with
connection V + V'V determined by the connection forms a; — a; = 0. The connection
is flat.

Since for (L, V) with Curv(L, V) = w and a flat line bundle with connection (L', V')
the tensor product (L ® L',V + V') has the same curvature w we conclude:
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Lemma 8.19. E,, is in one-to-one correspondence with Ej.

Furthermore, Eqy 1s a group with respect to the tensor product as composition. In
fact, Ey is the quotient group of the group of all flat connections (cf. Lemma .

Therefore, in order to determine E,, it is enough to determine Fy. This is a major
point of investigating flat bundles and their equivalence classes.

Proposition 8.20. The equivalence classes of flat line bundles are in one-to-one cor-
respondence with the Cech classes of H*(8, U(1)):

Ey = HY(4,U(1)) = H' (M, U(1)).

Proof. This result is known already from the preceding section (Theorem [8.8). Here is
a proof using flat line bundles:

Each equivalence class of Ej contains a line bundle L with connection having con-
stant transition functions g;; € U(1) (cf. Lemma . Two such bundles L9, LY
given by g = (g;1), 9" = (gj1.), are equivalent as flat line bundles, if and only if there are
h; € U(1) with g, = gixh;h; ' (according to condition (I)). But this means exactly that
(gj) defines a class [(g;x)] in H'(&k, U(1)). Furthermore, it follows that the assignment
Ey — H'(4,U(1)), L9 + [g], is well-defined and bijective.

]

Example 8.21 (2-Sphere). We continue the Example of the sphere S? and want to
describe the line bundles (LY, V) on (S?, Nw) explicitly. For L¥ one can take the line
bundle H (N) which we have introduced in Section [3.3]in the context of line bundles over
the Riemann sphere P! which is diffeomorphic to S?. The [H(N)] describe the group
of equivalence classes of line bundles on S? which is isomorphic to H'(S?,£%) = Z. In
the section (3.4 the bundles H(N) have been described as N-fold tensor products of the
hyperplane bundle H(1) which in turn is the dual of the tautological bundle H(—1)
(which is also the tangent bundle of the sphere S?).

In the Example we have equipped H(—1) with a connection V(=1 compatible
with the Hermitian structure. And from the above we know the following: If this
connection V(= is given by the local one forms (cy;) with respect to an open cover then
the bundle H(N) obtains the connection V¥ determined by the one forms (—Ne;).
Hence, (LY, VY) ~ (H(N),VY).

With the notation of Example the connection V¥ is

5.2
VVs = — Z]dz,zs.
> 7]

Another elementary example is the cylinder:
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Example 8.22 (Cylinder). Let M = T*S' be the symplectic phase space with the
circle S = S! = {z € C| |z| = 1} as the configuration space. This is a special case of
the cotangent bundle 7T*(Q) with configuration space (). The cotangent bundle T™S is
trivial (as a real 1-dimensional line bundle): There exists a nowhere vanishing vector
field Z on S generated by the curve ~

v:R—=S, ~(t) =exp2mit, t e R,

Z(a) = A(to) = [y(to + t)]a, when y(tg) = a. The dual one form S on S is defined
by 5(Z) = 1 and also nowhere vanishing. Hence, the cotangent bundle is trivia]ﬂ
and looks like a cylinder S x R. The form f is locally given as dq where ¢ is a local
coordinate of S given by the angle

1
q=7"*(t) = =— logexp(2mit) = t,
2mi

t in an open interval of length < 1.

On any cotangent bundle there is the natural (Liouville) one form A (cf. Construc-
tion given in local canonical coordinates as A = pdq. —\ serves for the cotangent
bundle as symplectic potential with symplectic form w = d(—\) = dgq A dp. Globally:
w = B Adp. In particular, w is exact whereas 3 is not exact.

As for general cotangent bundles, a natural first choice for a prequantum line bundle
is the trivial bundle Ly = L with the connection

Vs = (df —2mi\f) s,

and the Hermitian structure H induced from L = M x C.

The inequivalent flat connections we expect according to Proposition m (because
of By = H'(M,U(1)) = U(1)) are given by Vs; = +2mi(r)dgs;, where k € R. Al-
though the one form xdq on S! looks like an exact one form, it is not so, because ¢ is
not globally defined, as we mentioned above. As a consequence, the V*, V* (resp. the
one forms kdq, k'dq) are pairwise inequivalent for x, &’ € ]0, 1], and they are equivalent
for general k, k" € R if and only if kK — k" € Z. This describes the result of Proposition

[8.20] explicitly:
Ey — HY(T*S', U(1)) = U(1), [(Lo, VF)] + exp(2mir) € U(1).

Therefore we have the connection
V*(fs1) = (df — 2mi\f + 2wirdqf) s1

with local connection form —\ + kdg, k € R. And we obtain a family of inequivalent
prequantum line bundles (L, V" H).

37In general, the tangent bundle of a Lie group is trivial, see Proposition and hence the
cotangent bundle is trivial as well.
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The corresponding prequantum operators P, assigned to the observable F' = p are

i 0
P, = =———+K.
) =—5-5 .
This leads to different quantizations which are not equivalent and describe different
physics as one can read off the respective spectra of the P,. As Hilbert space we
choose L?(S'), thereby reducing the number of variables (choosing the vertical real
polarization in the sense of the notions of the next chapter.)

Then the spectrum of P* is o(P*) = {n+ x | n € Z}. As a consequence, there
exists no unitary operator U : H — H with U o P* = P o U unless k — Kk’ € Z,

Observation 8.23 (Holonomy). The group Ej of equivalence classes of flat line bun-
dles has a physical interpretation as the MODULI SPACE OF FLAT CONNECTIONS mod-
ulo GAUGE TRANSFORMATIONS. The gauge transformations are the isomorphisms of
flat line bundles respecting the Hermitian structure, they are given by the multiplica-
tion by functions h € £(M,U(1)) as before: L — L, p+ h(a)p when p € L,, a € M.

This approach leads to the HOLONOMY REPRESENTATION of a flat bundle (L, V).
We can introduce a Hermitian metric which is compatible with V since the local con-
nection forms are real. Therefore we can introduce the corresponding U(1)-bundle
L'=S={pelL]lpl =1} = M (also being the frame bundle) and the induced
connection there. The associated parallel transport defines, for closed curves  start-
ing and ending in a fixed point a € M the parallel transport map Q(vy) : L} — L}
which can be called the HOLONOMY (see Section [5.4] for the definition of Q(7v)). Q(7)
is given as a multiplication with a complex number of norm 1, which we again denote
by Q(v). Since the curvature is zero, the parallel transport is locally independent of
the respective curves. As a consequence, for homotopic closed curves v ~ 7' starting
and ending in a € M the holonomies agree: Q(v) = Q(7'). This defines the map

Holy : m (M) — U(1), Holg([7]) := Q(v),

which is a group homomorphism. In our Example above the local connection
form of the flat connection V determined by the real parameter & is kdq. And Q(v) =
exp(—2mi f,y A) with A = kdq. For ~(t) = exp(2mit) we obtain Q(v) = exp(—27ik)
Now, m (T*S) = m(S) = {m[y] | m € Z} = Z and the connection V given by « yields
Holy (m[y]) = exp(—2mixm).

As a consequence, there is a natural mapping

Hol : Ey — Hom (m (M), U(1)), V — Holy,

~

which turns out to be an injective group homomorphism. Now Hom (; (M), U(1))
Hom (H,(M),U(1)) since U(1) is abelian. And Hom (H; (M), U(1)) = H'(M,U(1)).

~ We are back in the situation where we have worked before: Each class (t;) €
H'($4,U(1)) defines a line bundle with the transition functions ¢;;. And the line bundle
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with ¢;; is isomorphic with the line bundle with ¢7, if and only if the cocycles ¢;; and
t%y are equivalent. This shows that Hol : Ey — Hom (1 (M), U(1)) is surjective, hence
an isomorphism and all the groups are isomorphic:

Ey = Hom (7, (M), U(1)) = Hom (Hy (M), U(1)) = H* (M, U(1)) .

Summary:
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9 Polarization

In Quantum Mechanics one can represent the Hilbert space of states as the space
of square integrable complex functions on the spectrum of a given complete set of
commuting observables. In the classical situation a natural choice of a ”complete set
of commuting observables” on a given symplectic manifold (M, w) of dimension 2n is a
set of n = %dim M functions Fy, Fs, ..., F, € £(M,R), which are independent at each
point of M, commuting in the sense of

{F,F;}=0,Vi,je{l,...,n},

and such that the corresponding Hamiltonian vector fields Xp, Xp,,... X5, are all
complete. We thus arrive at the notion of a completely integrable system.

In general, however, such classical observables do not exist. As a consequence, one
has to relax the condition of globally defined F; and one considers instead distributions
which locally describe the above situation with a complete set of commuting variables.
Such distributions have to be integrable, i.e. they are foliations, and they have to be
adapted to the symplectic structure. These requirements lead to the notion of a real
polarization. However, some symplectic manifolds do not admit real polarizations, for
instance the 2-sphere S? with its natural volume form. Therefore, one generalizes this
concept to complex polarizations, i.e. complex Lagrangian subbundles of the complex-
ification TMC of the tangent bundles which are involutive.

In this chapter we cannot present much more than the formal definitions of the
different types of real and complex polarizations leaving aside the rich geometric theory
of foliations and polarizations. The goal is to prepare the way to the correct Hilbert
representation space by ”cutting down the number of variables” in the direction of
polarizations (which is discussed in Chapter 7)), and, moreover, to show that the notion
of a polarization is well adapted to the symplectic structure. In the special case of a
Kahler polarization the interplay of the symplectic structure with the polarization leads
to a complex (holomorphic) structure on the manifold.

9.1 Distribution

Definition 9.1. A DISTRIBUTION D on a manifold M is a subbundle D of the tangent
bundle TM : D C TM.

A distribution is therefore a real vector bundle (cf. Appendix Section D such
that D, is a real vector subspace of the tangent space T, M at each point. Moreover,
at each point a € M there exist an open neighbourhood U C M and k smooth vector
fields X1, ..., Xy € B(U) with

Dy, = spang{X;(b) | 1 <j <k}, beU. (39)
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In this description, the natural number k can be chosen to be the rank of the vector
bundle D.

If the distribution D is only given by a collection X of vector fields at each point
by Dy := spang{X(b) | X € X defined on U}, b € U, then in addition one has to
require that dimgD, is constant. Or, equivalently, that the generating vector fields
(X;) in (39)) are linear independent.

Definition 9.2. A distribution D is called INTEGRABLE if for each a € M there exists

a k-dimensional submanifold N in an open neighbourhood U of a so that for each
be N: TbN = Db-

Any such submanifold N C U is called an INTEGRAL MANIFOLD of the distribution.

Distributions D C T'M with dimg D, = 1 = rank D are always integrable, since
locally D, = RX,,a € U, for a (local) nowhere vanishing vector field X and the N,
are given by the integral curves of X.

Example 9.3. Let M = S? be the 2-sphere with the the volume form as symplectic
form w. There is no 1-dimensional distributions D on S?. This property can be deduced
from the fact that real line bundles on any manifold M are classified by H'(M,Z/27),
and H'(S?,Z/27Z) = 0 since S? is simply connected. Hence, every real line bundle is
trivial. As a consequence, a distribution D C T'S? would be a trivial subbundle of T'S?
which would have a nowhere vanishing section. Therefore T'S? would have a nowhere
vanishing section in contradiction to the ”Hairy Ball Theorem”.

Without proof, we state the fundamental theorem of Frobenius.

Theorem 9.4. A necessary and sufficient condition for a distribution to be integrable
is that the global sections of D form a Lie subalgebra of B(M):

X,Y eT(M,D) = [X,Y] € (M, D).

An integrable distribution is also called a FOLIATION. The maximal connected
integral manifolds, i.e. N C M with T,N = D, for all b € N, are called the LEAVES of
the foliation.

Let M/D be the space of leaves.

Definition 9.5. A foliation is called REDUCIBLE or ADMISSIBLE if M /D exists as
a quotient manifold (see Section [A.4) and the canonical map 7 : M — M/D is a
submersion.

Remark 9.6. Recall, that the last condition is equivalent to 7 having maximal rank
at all points of M. Using a result concerning quotient manifolds (cf. Proposition [A.29))
we know for concrete instances the following criterium in the case that the quotient
topology on M/D is Hausdorff: If M/D has a differentiable structure with respect to
the quotient topology and if there exists a surjective submersion p : M — M /D with
respect to this differentiable structure, then M /D with this differentiable structure is
the quotient manifold and p is the quotient map (up to isomorphism).
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Examples 9.7.

1. The vertical distribution: Let () C R™ be an open subset of R" with the stan-
dard coordinates ¢*,¢?, ...,q¢". The cotangent bundle T%Q = @ x R" with

standard (and canonical with respect to w = dg* A dp, = —d)) coordinates
q',...q",p1,...,pn has the VERTICAL DISTRIBUTION D spanned by

0 0 }

22 e,

D is integrable and the leaves are given by

{(gp) €Q xR :qg=c} ={c} xR"=7""(c).

Here, ¢ € Q) is constant and 7 : T*() — @ is the canonical projection. Moreover,
T*Q/D = @. Thus, D is integrable and reducible.

In this example, the distribution D is generated by the hamiltonian vector fields of
the globally defined functions ¢!, ..., ¢" € £(T*Q, R) in involution ({¢*, ¢*} = 0):
Xgp = a%v and

D = spang g ry{Xgr 1 K =1,2,...,n}
This relation shows that this special distribution and the symplectic structure fit
together; in the terms of the following section, D is a polarization. Also, we have

the global definiton of D as described in the beginning of this chapter.

2. The cotangent bundle M = T*(Q with respect to a general manifold @) of di-
mension n has again the vertical distribution D given locally by aipl, ceey 8% in
suitable canonical bundle charts (¢, p) and leaves 77!(c) 2 R", c € Q. D is inte-
grable and reducible. However, in general, we do not have global Fi, ..., F,, which

Poisson-commute and whose Hamiltonian vector fields Xp , ..., X5, generate D.

3. The horizontal distribution: Let () C R™ be an open subset of R" and let M =
T°Q = @ x R™ as before in the first example. The horizontal distribution D is

given by {8%1, ceey %}. The leaves are

{(g.p) €@ xR |p=c} =Qx{c} =pry'(c), cER"
and M/D = an So, D is integrable and reducible.

4. The radial distribution: M = R?\ {0} with coordinates (q,p). Let D be the

distribution generated by
0 0

q(?_p - pﬁ_q'
D is a distribution whose leaves are the circles {p*>+¢* = r?}, r € R,r > 0. The

quotient exists as a manifold and satisfies M /D = R,. So, D is integrable and
reducible.

38 As a reminder, we assume our manifolds to be connected
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Note, that the vertical distribution D on M = R?\ {0} C R? induced by the
projection pr; : M — R is not reducible. The leaves are the vertical lines through
(0,p),p # 0 and the two rays

{(¢,0) : ¢ > 0} and {(q,0):q < 1}.

The quotient M /D is not Hausdorff in the quotient topology.

9.2 Real polarization

Definition 9.8. Let (M,w) be a symplectic manifold. A REAL POLARIZATION on M
is a foliation (i.e. an integrable distribution) D C T'M on M, which is MAXIMALLY
ISOTROPIC,i.e. for all a € M:

wo(X,Y) =0 for X,Y € D,,

and no strictly larger subspace of T,M which contains D, has this property. A real
polarization is called REDUCIBLE or ADMISSIBLE if it is reducible as a distribution.

This definition is modeled after the notion of a completely integrable system:

Example 9.9 (Completely Integrable System). Let Fy, Iy, ..., F, € E(M,R) be n in-
dependent functions on a symplectic manifold (M, w) of dimension 2n which commute,
ie. {F;, F;} =0, and whose corresponding Hamiltonian vector fields Xp,,... Xp, are
all complete. In particular, D := spang ;g {Xr, ... Xp,} C TM is a real polariza-
tion.

Conversely, any real polarization looks locally like this example:

Proposition 9.10. Let (M, w) be a symplectic manifold of dimension 2n. Then a given
smooth distribution D C T'M is a real polarization if and only if for each a € M there
exists an open neighbourhood U of a and n independent smooth functions Fy, ..., F, €
E(U,R) such that

1. For each a € U, D, = spang{Xr, (a),..., Xg,(a)};
2. {F;,Fy,} =0, ice. wly(Xp,, Xp,) =0 foralljke{l,2,...,n}.

Proof. Let D be a real polarization. Since D is in particular an integrable distribution,
there exist locally n independent smooth functions Fi, ..., F, € £(U,R) such that the
integral manifolds are of D are locally of the form

{a eU: Fl(a) =C1,-... ,Fn(a) = Cn}
with suitable constants ¢y, ..., ¢, € R. For each vector field X € I'(U, D) we have

LxF = X(F,) =0,
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fori=1,2,...,n. Hence

It follows that Xp € I'(U, D), since D is maximally isotropic. As a consequence, the
hamiltonian vector fields Xp,..., Xp, span D locally. Note, that the Fi,...F, are
independent, i.e. dFi(a),...,dF,(a) are linearly independent for each a € U. By
isotropy, we have w(Xp,, Xr,) = 0, hence

{Fi’ FJ} =0,
thus we have shown that the 2 properties are satisfied.

Conversely, by conditions 1. a distribution D is well-defined. The local conditions
{F,F;} =0 <= w(X;,X;)=0on U” imply that D is isotropic. Since the F; are
independent, dimg D, = n. Finally, again by the independence, the distribution D is
integrable whose integral manifolds on U are the following

{a € U|F\(a) =c1,...,F,(a) =c,}.
[l

Concrete examples are the first three out of the four examples in [9.7; They are
reducible real polarizations. Moreover:

Example 9.11. On a two-dimensional symplectic manifold (M,w) any distribution
of rank 1 is automatically integrable and Lagrangian, hence a real polarization. In
particular, the fourth example in of a radial distribution on M = R?*\ {0} is a
reducible real polarization. It is the distribution spanned by the hamiltonian vector
field Xy defined by the energy H(q,p) = +(p* + ¢*) of the harmonic oscillator. Note,
that M is diffeomorphic to S' x R by the diffeomorphism

(¢.p) — (@,T) , Ti= V@ PR

Closely related is the cylinder T*S! = S! x R with the symplectic form w = dg A dp
as in Example [8.22] and with the horizontal distribution D given by the non vanishing
vector field a%' The leaves of D are the circles {(exp 2mit,p) | t € R}, p € R. Thus,

T*S! can be seen as an extension of M : S' x R, C T*S!.

Horizontal distributions on 7*() for general () are quite special from the point of
view of polarizations. In fact, the (connected components of the) leaves have to be of
the form of open subsets of (S')* x R"~* due to general results for completely integrable
systems, which does not give much freedom.

In general, real polarizations need not exist on a given symplectic manifold, in
particular, when there does not exist any distribution of rank %dimR M, as we have
seen for the 2-sphere M = S? (see Example [9.3)).

For the purpose of geometric quantization we thus need a generalization of the
notion of a real polarization: the complex polarization!
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9.3 The Complex Linear Case

Before introducing the definition of a complex polarization on a symplectic manifold,
we first study the linear case, i.e. we consider a 2n-dimensional symplectic vector space
(V,w) as the prototype of the tangent space T,M ,a € M, of a symplectic manifold
(M,w). Here, w: V x V — R is bilinear over R, antisymmetric and non-degenerate.
We have studied this structure in the beginning (see Section .

Let VC := V@rC = V@iV be the complexification of V' with the obvious C-bilinear
extension of w: V xV = R to V®

w=wt:VExVt 5,
wv +iw, v +iw') == w(v,v") — w(w, w") + i(w(v, w") + w(w,v")),

and with conjugation

vHiw:i=v—iw,v,weEV.

Definition 9.12. A complex linear subspace P C V® is called a COMPLEX LA-
GRANGIAN SUBSPACE, if P is

e isotropic (i.e. for all z,w € P : w(z,w) = 0) and

e maximally isotropic, i.e. whenever QQ C VC is a complex isotropic subspace con-
taining P, P C @, it follows that P = ().

Our symplectic form w defines a sesquilinear and skew-symmetric form on V' by:
1

(z,2)p = —§z'w(2, 2, (40)

for z, 2/ € VC. In particular, for v,w € V we have

(v+iw,v+iw)p = w(v,w) .

Let P be a complex Lagrangian subspace. Then, in general, the form (, )p fails to
be non-degenerate on P. The null space of (, )p|pxp will be denoted by N:

N={zecP|{(z,w)p=0V wec P}= P
It is easy to see that N = PN P where P:={z|ze P} Therefore, the form is
non-degenerate if and only if N = PN P = {0} which is the case if P+ P = VT,

In case of N # {0} the form ( , )p projects to a non-degenerate sesquilinear form
on P/N. This form is, in general, not positive definite. Let (r,s) be the signature of
this form. Then its matrix with respect to a suitable basis of P/N is

diag [ 1,1,...,1,—1,...,—1 | ,0 <r+s=n—dimcN = dim¢c P/N . (41)

The complex Lagrangian subspace P is said to be
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e of TYPE (r,s) if the above signature is (r, s).
e POSITIVE in the case of s = (%

e REAL in case of 7 = s = 0. Then P = D for a real Lagrangian subspace D C V.
Then (, )p=0and N = P.

o KAHLE in case of r + s = n, i.e. N = PN P = {0}. In that case, the form
(, )p is non-degenrate and N = P. In some places the term Kéhler is reserved
for complex Lagrangian subspaces which are positive and satisfy N = {0}. Then
the complex Lagrangian subspaces P with merely N = {0} are called pseudo
Kéhler or of Kahler type.

Remark 9.13. The choice of sign in [40] is arbitrary, in many places in the literature
%z’w(z,z) is used as the corresponding form induced by P. As a consequence, with
the alternative choice of sign "positive” and "negative” interchanges for the complex
Lagrangian subspaces (and later Lagrangian subbundles). For the results this is not
much of a difference. In particular, what can be proved for positive Lagrangians mostly
can be proved for negative Lagrangian, as well.

The subspaces B o
D:=PNnPNV and E:=(P+P)NV
are of special interest in the following. Note, that D® = PN P = N and E® = P + P.

The number k := n—(r+s) = dim¢ PN P = dimg D is sometimes called the number
of "real directions” in P.

In the following we illustrate the definitions and the different spaces D, E, P, P, N
by an example which uses a special basis of V. A basis (uy, ug, ..., Uy v1,09...,0,) =
(u;v) is called a symplectic frame of the symplectic vector space (V,w) if the matrix
of the 2-form w with respect to this basis is the block matrix

0 1
=(5)

Example 9.14. Let (V,w) be a symplectic vector space with a symplectic frame (u;v).
We define a complex Lagrangian subspace P of VC of type (r,s) with dim¢ N = k =
n— (r+s) by
D =spang {u,...,u},D"=PNP=N,
P =spang ({ug, ..., upt U{uj+iv; |k <j+r<n}U{u;—iv; | k+7r<j<n}),
P =spang ({u, ..., upy U{u; —iv; |k <j+r <nyU{u+iv; | k+r<j<n}),
E = spang ({u1, ..., upy U{vpsr,...vn |k <j<n}),ES=P+P,
C :=spang {vi,..., v}, with E+C =VC,

where 1 is the unit n X n-matrix.

39see the Remark below
404150 called PURELY COMPLEX
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Note, that (u; +1v;, u; +iv;) p = w(uy;, v;) and (u; —ivj, u; —ivj)p = —w(u;,v;). As a
consequence, the form induced by ( , )p on P/N has the following diagonal matrix as
its matrix with respect to the basis of P/N induced by (u; +iv; | k+1 < j <n)

diag { 1,...,1,—1,...,—1 |, r+s=n—k.
—_——— ————

s S

Analogously, on P/N the corresponding matrix is

diag | —1,-1,...,-1,1,1,...,1

J/

-~ -~
T S

The Kéhler case we study in a later section in some detail.

9.4 Complex Polarization

We now come to the definition of a general complex polarization on a symplectic
manifold.

Definition 9.15. Let (M, w) be a symplectic manifold of dimension 2n. A COMPLEX
POLARIZATION P of (M,w) is a complex vector subbundle P C TM® of complex
dimension n such that

1. For all X,Y € I'(M, P) we have [X,Y] € I'(M, P) (P is INVOLUTIVE),

2. P, C T,MC® is maximally isotropic for all @ € M (P is LAGRANGIAN), i.e. a
complex Lagrangian subspace ,

3. D, := P,N P,NT,M has constant rank k € {0,1,...,n}: dimg D, =k, a € M.

By3. D=PNPnN T'M is a vector bundle and hence a distribution. When P is a
complex polarization then P is a complex polarization as well. It follows that D C T'M
is an integrable distribution.

Since we have the constant rank condition in 3. the assertion concerning the non-
degenerate form on P, /N, (see (41))) leads to a type (r, s) for all « € M. (Here we need
M to be connected which has been assumed in general.)

The complex polarization P is said to be

e of TYPE (r,s) if P,/N, is of type (r,s) for all a € M.

e POSITIVE if s = 0 (but see Remark [9.13)).
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e REAL if P, = Df_for at least one @ € M and then for all @ € M. This is
equivalent to P = P.

o KAHLER if D, = {0} for all @ € M (sometimes Kéhler polarization means D = 0
and positive and the condition D = 0 is called pseudo Kéhler).

e STRONGLY INTEGRABLE if the distribution £ C TM (E, := (P, + P,) N T, M)
is integrable.

e REDUCIBLE if the orbit space M/D exists as a differentiable manifold and the
projection M — M/D is a submersion.

Note, that the vertical distribution on T*R™ as well as the horizontal distribution
induce the complex polarizations P := D®, which are real polarizations in this termi-
nology.

A special and well-known example of a complex polarization is the following.
Example 9.16 (Simple Phase Space). Let M = (T*R", w) be the symplectic manifold

with the standard symplectic form w = d¢’ A dp;, where ¢/,p;, 1 < j < n are the
standard canonical coordinates of M. The vector fields

i —,1<57<n
apj?anJ —j— Y

form a basis for each tangent space T, M = R?". They form a basis of the complexified
T,MC (see below) as well, now over the complex numbers C.

Let z; := p; + i¢_complex coordinates, hence we understand M = R" x R™ as
a complex vector space and as a complex manifold M = C". As a reminder (cf.
Proposition [B.23)), the following vector fields form a basis of T, M* as well

o _1(o _,9
0z 2\0p; O¢i)’

0 _1(0 0
0z;  2\0p; 0¢i)

The polarization we want to introduce in this example is defined as

0
P = spang {8_2 1< < n}
J

(In Chapter B on Complex Analysis P is denoted by T, cf. [B.24l) Using the
identities

0 0
X, =2, X;, =2i-—, 1<j<n,
8zj / 8zj
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we see that P can be defined as the span of the corresponding hamiltonian vector fields

P :=spang ) {X., [ 1< j<n}. (42)

It is easy to show that P C TMC is involutive: For VW € T'(M, P) there are
w?,v7 € E(M) such that

v i
0z;’ 0z,

Now for f € E(M)

9 9 o [ .0
V. W]f=v oz, (“’ 8zkf) Y oz, (” oz, )

Ow” O\ 0
I _wiZ— | = e P.
<U 82j v 823) aék

Moreover, dz; Adz; = d(p; +i¢’) Nd(p; —iq’) = idg’ Adp; —idp; Ndg’ = 2idg’ Ndp;.
Therefore, our standard symplectic form w = dg’ A dp; can be written as:

1 o _ 1~
w:Q—i;de/\dzj:—?i;de/\de.

Using this form of w we can immediately conclude that

I R W
62k’821 o

i.e. P isisotropic (which can be deduced from as well).
P is maximally isotropic (Lagrangian) because of dim¢ P = n.

Since, furthermore

— 0
Pa::span(c{a— :1§j§n},

Jla
it follows that

P,NP,={0}, P,®P,=T,M".
As aresult, P is a complex polarization. Because of the last identity PNP, = D = {0},
P is a Kéahler polarization. Moreover P is positive.
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Note, that P defines a Kéhler polarization, too. But this Kihler polarization is
negative (see Remark9.13)). P is called the HOLOMORPHIC POLARIZATION and P the
antiholomorphic polarization[”]

Examples 9.17. We present three further elementary examples:

1. The two-sphere S? has no real polarization as we know by Example But it
has, similar to the cotangent bundle 7*R" in the preceding example, the holomorphic
polarization P. It is defined locally by % for local complex coordinates z. P is Kahler
and positive.

2. The same holds true for the cylinder M = T*S!.

3. Let M = T*R? with the usual symplectic form, the standard canonical coordi-
nates pi, p2, ¢', ¢* and the complex coordinates z; = p; + i¢’ as before. Define

P = span { 0 +1 0 0 }
. D op dg' " Ip2 | -
Then P is Lagrangian with

_ 0
D=PNPNTM = spalg s r) {(‘3—} )
bl p2

with dimg D, = 1, dimg E, = 3. Moreover, P and P + P are involutive. Hence, P is
a complex polarization. P is reducible and positive.

The example can be generalized to n > 1 by looking at Example|9.14] For instance,
a positive polarization P ¢ TM®, M = T*R", is given by

P = span 9 9 U i—|—’L’i|k:<'<n

P = span 9 9 U i—ii|k5<'<n
=nene) \(\gp o ) P \ay, ag 1 F ST

0 0
D:Spang(M,R) 8_])1’”"8—]% )

E = span i i U 0 0
= Paearm \(\ 500 o o g ()

Remark 9.18. The product of complex polarizations P of (M,w) and P’ of (M’ ,w')
is defined as

P®P cTMC®TM®=T(M x M)C.

where the symplectic form on M x M’ is w @ w': P & P’ is a complex polarization
of the symplectic manifold (M x M’ w @ ). For instance, the generalized example
P of T*R™ just described is essentially the product of the vertical polarization P, of
M = T*R¥ and the holomorphic polarization P,_; of T*R"~*.

41Tn some texts, P is called the holomorphic, and P the antiholomorphic polarization.
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The contribution of complex polarizations to the reduction of the prequantum
Hilbert space to obtain a correct Hilbert space as the representation space will be
treated in the next chapters.

9.5 Kahler Polarization

Kéahler polarizations P are those complex polarizations on a symplectic manifold (M, w)
which satisfy P N P = {0}. They obtained this name since every Kihler manifold,
i.e. a complex manifold M with a its symplectic (K&hler) form w, has the holomorphic
polarization as a natural polarization which is Kéhler (and positive). This will be
explained in this section in some detail, together with the converse, namely the fact,
that the existence of a Kéhler polarization on a symplectic manifold (M, w) induces a
complex structure on M such that M is Kahler with Kahler form w.

We first study the structure of a complex vector space on a real vector space V' of
dimension 2n.

Definition 9.19. Any R-linear map J : V — V with J? = —1 is called an ALMOST
COMPLEX STRUCTURE [2]

Note, that this definition appears also as Definition in the Appendix about
Complex Analysis.

It is easy to see that if J is an almost complex structure, then by
(a+if)(v) =av+ pJ(v), veV,a,f€R

a scalar multiplication C x V' — V is defined, introducing on V' the structure of a
complex vector space. On the other hand, if V' is the underlying real vector space of
a complex vector space, then the multiplication with ¢ (or —i): [ :V =V, v iv is
an almost complex structure: [ is R-linear and I(I(v)) = I(iv) =i*v = —v, v € V.

Let w be a symplectic form on V' (i.e. R-bilinear, non-degenerate and alternating).
w is called to be COMPATIBLE with J if

w(v,w) = w(Ju, Jw),
for all v,w € V, ie. if J is a (linear) canonical transformation.

Remark 9.20. If J, is the matrix representing w with respect to a basis of V' and if
the matrix representing J will be denoted be the same symbol J, then the compatibilty
condition is equivalent to: JoJ, = J,oJ. In fact: w(v,w) = v'J,w. Thus, because of
w(Jv, Jw) = (Jv) " J,Jw = v J"J,Jw and J~! = JT the compatibility is equivalent
to JJYJ,J=J,or JoJ,=J,0J.

42For example, the symplectic involution ¢ introduced in Sectionis an almost complex strucutere.



9.5 Kahler Polarization 133

In particular, we can choose the basis of V' such that J, is the block matrix

(0 1
7=\1 o)

where 1 is the unit n x n-matrix. (Such a basis is called a symplectic frame.)

We conclude that the complex structures J such that w is compatible with J can be
parametrized by certain elements of the (real) symplectic group Sp(n) (Sp(n) = {S €
GL(2n,R) | ST oo oS = o}, see (85)), namely those S € Sp(n) with $? = —1.

For example, if we choose a real n x n-matrix Y which is invertible and symmetric,

the block matrix
J— 0 Y !
\=Y 0

satisfies J2 = —1 and JtoJ = o and thus defines an almost complex structure com-
patible with the symplectic structure. In particular we see that there exist many
compatible almost complex structures.

Another set of compatible almost complex structures is given by the block matrices

g -X -1
C\l+X? X )
where X is an arbitrary real symmetric n X n-matrix. Moreover, any compatible J has
as its matrix the block matrix

7 -Y-1X ~y-!
S \Y 4+ XYlX XYy-l)”
X,Y as above.

A compatible almost complex structure on V' induces a symmetric bilinear form
g:V xV — R and a sesquilinear form h: V' x V — C on V defined by

g(v,w) = w(v, Jw)
h(v,w) = g(v,w) + iw(v,w)

g is non-degenerate, but in general not positive definite. One could have defined
g (v,w) = w(Jv,w) to obtain g = —¢' (see Remark |9.13]).

Let us now consider these structures on the complexification V¢ of V' as in Section
9.3l The R-linear map J can be linearly extended to V® as a C-linear map J® by
JC(v +iw) = Jv + iJw with (J©)? = —1. The 4n-dimensional space VC carries now
two almost complex structures, namely the extension J€ of J and the almost complex
structure coming from the complexification: v + iw — i(v + 1w) = —w + 7v.
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The extension J® can be diagonalized with respect to the two eigenvalues 4, —i: In
fact, for u € V:
J(u—iJu) = J(u) +iu = i(u — iJu)

and
JC(u+iJu) = J(u) —iu = —i(u + iJu)

with the eigenspaces

VOO =L —iJ%% | 2 e VO = {2 € VT | J®2 = +iz} = Ker (J© — 1)

43
VO = £ 4iJ%% | 2€e VO = {2 € VO | JC2 = —iz} = Ker (J© +1). (43)

Note, that V€ = V19 g V(OD: For each v € VC
vzi(v—zJ v)+§(v+zJ v) .

By definition, the two almost complex structures agree on V19 (J% = iv, v €
V10) and differ on V(®V by a minus sign (Jv = —iv, v € VOD).

The notation V10 | V(1) i5 due to the notation of the direct sum representation of
the complexified tangent bundle TM® = TW0 M@ T OV M in order to define differential
forms of degree (r, s), among others (see Definition |B.26]).

Proposition 9.21. Let (V,w) be a symplectic vector space.

1. Assume, in addition, that J is an almost complex structure on V which is com-
patible with w. Then the eigenspace P = VOV of JC with eigenvalue —i is a
complex Lagrangian subspace with PN P = {0}, hence Kdhler. Analogously for
P.

2. Conversely, a complex Lagrangian subspace P of VC, which is Kdhler, defines a
compatible almost complex structure J on V such that P is the eigenspace of J©
with respect to i or —i.

Proof. To show 1., we see that P is isotropic since for v,w € P
w(w,w) = w(J%, JSw) = w(—iv, —iw) = (—i)?w(v, w) = —w(v, w),

i.e. w(v,w)=0. P is maximally isotropic since dim¢ P = n. Finally, for v € PN P =
{0} we have iz = J®2 = —iz, hence z = 0.

To show the converse, i.e. 2., we use the decomposition V¢ = P @ P and the
corresponding projections m, 7 : VC — VC onto the subspaces P = Im7, P = Im 7.
Any v € V© has the representation v = 7v @ 7v. When v € V this decomposition
implies

V=0=Tv DTV =T0D TV,
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hence v = 7Tv, Tv = T . As a consequence:
ir(v) —im(v) = im(v) —in(v),
i.e. im(v) —im(v) € V Therefore, the map J: V — V
Jv:=1im(v) —in(v), v €V,

(which is roughly the ”imaginary part” of 7v) is well-defined and R-linear. Moreover,
J satisfies J? = —1 = —idy:

in(iTv — imv) — iw(iTv — imv) = —(7)*v — (7)*v = —7v — TV = —v.

P is the eigenspace Ker (JC + i) since for z € V©

JC2 = —iz <= i7(2) —im(2) = —i(7(2) + 7(2)) <= 7(2) =0 <= 2z € P.
Finally, J is compatible with w by the isotropy of P and P. O

As a result, for a given symplectic vector space (V,w) there is a natural bijective
correspondence between the set of complex Lagrangians on VC (with respect to w),
which are Kéhler, and the set of compatible almost complex structures on (V,w).
And there is a natural bijective correspondence between the set of positive Kéhler
polarization and the set of positive almost complex structures J (i.e. where g, g(v,w) =
w(v, Jw), is positive definite). Moreover, by Remark the set of compatible almost
complex structures can be identified with a subset of {J | Joo = oo J} = Sp(2n), the

symplectic group (see (89))).
Before we discuss the relation between Kahler polarizations and complex manifold
structure we present a generalization of Example[9.16|which shows the effect of changing

the almost complex structure on a given symplectic vector space. In particular, this
example indicates in which way non-positive Kéahler polarizations occur.

Example 9.22. We start with the simple phase space M = T*R" with its standard
symplectic form w = dg* A dp,, with respect to the usual canonical coordinates (g, p)

0 9
9q7 7 Opy,

(0.

Let J be the almost complex structure on M = R?" given by a real symmetric and
invertible n X n-matrix Y through the block matrix

0o YvY!
=5

of M. The corresponding basis { } is a symplectic frame, i.e. the matrix repre-

senting w is the block matrix
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We introduce complex coordinates z¥ := ¢/*p; + i¢*, where Y = (g;), Y ! = (¢7%).
In this way multiplication by ¢ reflects the almost complex structure J. Note, that
the complex coordinates in Example are given by Y = 1, i.e. 2¥ = p, +i¢*. In
particular, the new coordinates determine the holomorphic structure in the sense that
the holomorphic function are the functions f such that for all k =1,..n

0

ozl =0

Here,
0 1 0 w 0
— == |gp=—+1=—] .
oz~ 2 \Prap, T ogk
The symplecic form can be written as
. 1. .
w=dg¢ Ndp; = azgjkdzj Adz".

The symplectic potential is

1 )
o= Eigjkijdzk .

The holomorpic polarization P = P; determined by the compatible almost complex
structure J is generated by the hamiltonian vector fields % . The potential « is adapted
in the sense that a(X) =0 for X € I'(M, P).

Finally, let (r, s) be the signature of the matrix ¥ = (g,)) then this signature is the
signature of the polarization. In particular, P; is positive if and only if s = 0 which is
the same as Y being positive definite.

KAHLER MANIFOLDS

After this digression about the linear case we come back to manifolds. We have
seen, that on a real vector space V an almost complex structure is essentially the
same as a complex structure, in the sense that J determines on V' the structure of
a complex vector space. An analogous property for manifolds is no longer true. A
complex structure on a manifold is given by an atlas of holomorphically compatible
charts. These charts induce an almost complex structures in the tangent spaces, as is

explained in Section [B.21], but the converse need not hold.

Definition 9.23. An ALM0OST COMPLEX STRUCTURE on a manifold M is a section (a
tensor field) J € T'(M,End(T'M)) with J? = —idry. In particular, for each a € M the
map J, : T,M — T, M is an almost complex structure in the linear sense (cf. Definition
9.19).

Any complex manifold M has a natural almost complex structure, namely the
multiplication by ¢ in the tangent spaces T, M , a € M, induced by the holomorphic
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charts (see Example 3. in for the description in local coordinates). However,
there exist examples of differentiable manifolds with an almost complex structure which
cannot be induced by a complex manifold structure.

Definition 9.24. When an almost complex structure J on a manifold comes from
a complex structure, i.e. from a holomorphic atlas as required above, .J it is called
INTEGRABLE.

The following result of Newlander and Nirenberg can be found, e.g., in [Huy05].

Theorem 9.25 (Newlander-Nirenberg). An almost complex structure on a differen-
tiable manifold M is integrable if the induced TOVM = TMOY s involutive, i.e.
[TOD A, TO ] € TOO M.

Note, that an almost complex structure J induces a direct sum decomposition
TOOMSTODM = TMC of the complixified tangent bundle M€ into the eigenspaces
TOIM = Ker (JC —4) and TV M = Ker (JC 4 4) of the complexification J© of .J.

Proposition 9.26. A symplectic manifold (M,w) with a Kdhler polarization P in-
duces a compatible almost complex structure, which is integrable. In particular, M is a
complex manifold in a natural way and P = TV M is the holomorphic polarization.

Proof. We have to transfer the above results for symplectic vector spaces to the mani-
fold case. For each a € M, there is a natural and compatible almost complex structure
gy T,M — T,M whose complexification satisfies Ta(o’l)M = Ker (J¢+i) = P, c TM®
according to Proposition [9.21] The induced section J € I'(M, End (T'M)) is an almots
complex structure. Since P = TV is involutive as a complex polarization, by the
theorem of Newlander-Nirenberg J is integrable. [

Definition 9.27. A symplectic manifold (M, w) with a positive Kéhler polarization P
is called a Kahler manifold.

This is a definiton in the spirit of symplectic manifolds and polarizations.

By the last result a Kahler manifold is, in particular, a complex manifold such
that the complex structure is compatible with w and such that P is the holomorphic
polarization. Moreover, since the Kahler polarization is positive, the symmetric form
9g(X,)Y)=w(X,JY), X,Y € U(M), is positive and therefore a Riemannian metric g
on M.

The usual definition of a Kahler manifold is the following.

Definition 9.28. A Kéhler manifold is a complex manifold M with a Riemannian
metric g such that the almost complex structure J is compatible with g:

9(X,Y) = g(JX,JY) VXY € T,M, ae M.
Moreover, the induced form w(X,Y) := g(JX,Y) is closed.
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The two definitions are equivalent. Eventually, a Kéhler manifold (M, J, g) carries
the structure of a symplectic manifold (M.w) together with a positive polarization P
such that all the structures J, g,w, P are compatible with each other.
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10 Representation Space
With all the ingredients:

e a symplectic manifold (M, w);
e a prequantum line bundle (L, V, H)

e a complex polarization P C TM®

developed so far, one now can construct — as an essential part of the programme
of Geometric Quantization — the REPRESENTATION SPACE, i.e. the Hilbert space of
the quantum model, on which the quantum observables, which correspond to classical
observables of a given subset o C £(M), act as self-adjoint operatorg™|in an irreducible
way. Of course, this will be done on the basis of the prequantum operator

qF):H—H, Fe&M),

constructed for (L, V, H) in Chapter 7}, where H = H(M, L) is the prequantum Hilbert
space of the square integrable global sections of L.

To construct the reduced representation space with respect to a complex Polar-
ization P one considers polarized sections s of L (i.e. Vys = 0 for all vector fields
X € I'(M, P)) as the starting point. Intuitively, polarized sections are the sections of
L which are constant along the leaves of the polarization P, more precisely, along the
leaves of the induced distribution D.

The construction of the representation space can be quite complicated. Among
other problemﬂ, one needs to know how to integrate polarized sections. In general,
the natural volume induced by w” on M does not work any more. In the case of a
Kéhler polarization, however, — which we investigate in Section 2 — it is clear how to
integrate and a general programme of Geometric Quantization can be carried through
directly. Moreover, for the vertical polarization on the simple phase space M = T*U,
U open in R™, the integration is no problem, as well as for the horizontal polarization.

In the general case, we assume for this chapter, that there is a natural volume form
dvol on the quotient space M/ D@ where D is the integrable real distribution with
D€ = PN P. Now, the representation space Hp can be defined as the completion of
the prehilbert space

{s € (M, L) | s polarized and H(s,s)dvol < oo} .
M/D

43or at least as symmetric operators

44Tn some cases there are no non-zero polarized sections at all, cf. the next chapter.
45In general one should use a density on the quotient M /D, see Chapter
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Finally, for a first full version of Geometric Quantization one needs the concept
of a directly quantizable observable, that is a real function F' € £(M) such that for
all polarized sections s the derivative Vx, s is also polarized. For such an observable
F' the prequantum operator ¢(F') has a natural restriction to Hp yielding a quantum
operator, which is denoted again by ¢(F) € S(Hp), in such a way that the Dirac
conditions (see Chapter [2]) are satisfied.

10.1 Polarized Sections

The purpose of introducing polarizations is to reduce the set of wave functions (i.e.the
elements 1) in the prequantum Hilbert space H of prequantization (cf. Chapter [7))
in order to make the representation irreducible. This is done by restricting to those
functions, sections, vector fields, which are parallel to the given polarization, or, in
other words, which are polarized.

Definition 10.1. For a complex polarization P on a symplectic manifold (M,w) the
POLARIZED FUNCTIONS are the functions f € £(M,C) with

Lxf=0 forall X eI'(M,P).

The POLARIZED SECTIONS in a line bundle L over M with connection V are the
sections s € I'(M, L) with

Vxs=0 for all X eI'(M,P).

The basic idea is to consider only those sections of a prequantum bundle (L, V, H)
on (M,w) as possible "wave functions” that are ”constant along the directions of P”
with respect to a polarization P € TM®. This idea is made precise by using the
definition of a polarized section and by constructing the corresponding Hilbert space
of "wave functions” based on the space

Ty p(M,L):={s € (M,L)| Vxs=0 for all X € ['(M,P)}

of polarized sections. I'y p(M, L) is a vector space over C. However, I'y p(M, L) is
not a module over £(M). For a section s € I'y p(M, L) and a function f € £(M) the
covariant derivative V fs need not be polarized, in general. It is polarized, whenever
Vxfs=(Lxf)s+ fVxs=0forall X € I'(M, P). This holds true if f is a polarized
function. Therefore, I'y p(M, L) is a module over the ring Ep (M) of polarized functions.

Note, that Vxs is in general not polarized for polarized s and X € U(M). This is a
serious problem when it comes to determine the quantum operator ¢(F') appropriately,
which we will address in the third section of this chapter.

In order to construct the Hilbert space using the space of polarized sections, we
have to describe what kind of scalar product on I'y p(M, L) is reasonable. One can
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not simply integrate along the volume form w™ on M which is the right choice for
the prequantum Hilbert space. For instance, with respect to the vertical polarization
P = D® on M = T*R™, a non-zero polarized section s in the trivial bundle is constant
along the fibres of the canonical projection 7 : T*R™ — R", the leaves of the vertical
distribution D. These fibres are {(p,q) | p € R"}, ¢ € R™ fixed. As a consequence,
| w8, 8)dvol = oo for s # 0. In this case, one can integrate along R™ which is essentially
M /D with respect to the natural measure on M/D = R", the Lebesgue measure.

In the following elementary example we show that the original purpose to reduce the
number of variables by using the vertical polarization on T*R"™ and using the natural
measure is successful insofar that it leads to the expected results and gives the right
representation spaces. The same holds for the horizontal polarization.

Examples 10.2 (Simple Phase Space). Let M = T*U, U C R"™ open, with the
standard symplectic form dg’ A dp; and let L = M x C be the trivial complex line
bundle with the global section s; € I'(M, L), s1(a) = (a, 1), for a € M, and with the
induced Hermitian structure H on L.

1. Consider the vertical polarization P := D associated to the vertical distribution
D (see Example which is
jg=1... ,n} ,

and consider the connection V on L given by the negative of the Liouville form: —\ =
—prdq®. (L, V, H) is a prequantum line bundle. Recall

0
P = spang {%
j

Vxfsi = (Lxf —2mipedd*(X)f) s1, X € B(M).

The polarized sections are

Tvp(M,L) = {fsi € '(M,L) | f € E(M) with ;fzo,jzl,...,n},

J
since —prpdg®(X) =0 for X € ['(M, P).

This space of polarized sections can be identified with the space £(U) of functions
f = f(g,p) on M which only depend on the variable q. We integrate over U with
respect to the Lebesgue measure and get the Hilbert space Hp = L*(U,d\(q)) of
square integrable functions on U as the reduced representation space.

The quantum operators ¢(F) for F' = p;, ¢*, have the form
i 0

N _ b (_9 _ i i )
) = 5= (g =0) + =0 = @ on £(0).

) 0 , i 0
a(pj) = —5- (a—qj—%lpj> = 5 =: P, on E(U),
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as we expect it from elementary quantum mechanics in the Schrodinger representation.

2. Now let P’ := DT be the horizontal polarization associated to the horizontal
distribution D (see Example [0.7). Then
g=1... ,n} .

Consider the connection V' given by the 1-form: o = qpdp*. Recall

0
l)/ R
= SpanE(M) {8qj

Vi fs1 = (Lx [+ 2miqudp"(X)f) 1.

The polarized sections are
: 0 .
FV’,P’(Ma L) = {fSl S F(M,L) ’ f € g(M) with %f = O, ] = 1,. .. ,n}
J

since a(X) =0 for X € T'(M, Q).

This space of polarized sections can be identified with the space £(R™) of functions
f = f(q,p) on M which only depend on the variable p. The corresponding representa-
tion space is Hp = L?(R").

The quantum operators ¢(F) for F' = p;, ¢* have the form
, i 0 A i 0 :
Iy — — __+2 10 + b — — — —. j’
o) = —5 ( o, T qg) T = S, Q
7 0
q(p;) = —5- <—q +0> +pj =0 =,
as we expect it from elementary quantum mechanics in the Heisenberg representation.

Remark 10.3. The prequantum operators satisfy the canonical commutation relations

[QJ,Pk]:%(Si

in both examples. See Section [F.3]in the Appendix for the relevance of the canonical
commutation relations.

Remark 10.4. The two connections used in the preceding example are not the same,
but they induce representations which are unitarily equivalent. This can be seen di-
rectly by using the Fourier transform 7" : Hp — Hg as intertwining operator satisfying

ToQ =@ oT,ToP;j=PjoT.

Unitary equivalence follows also by applying the Theorem of Stone-von Neumann [F.47]
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What happens when we use the connection V defined by —\ also for the horizontal
polarization P’? We obtain another representation, which is unitarily equivalent in a
natural way to the second representation: s = fs; is polarized if and only if

9

f—2mip;f=0,7=1... n.
8qj J

A general solution of this system of partial differential equations is f = g(p) exp(27migp),
where g = g(p) € E(R") and gp := ¢’p;. Hence, the space I'y pr(M, L) of polarized
sections can be identified with the space {g(p) exp(2migp) | g = g(p) € E(R™)} and the
corresponding representation space is

H = {gexp(2rigp) | g = g(p) € L*(R")} = Hp:.

The quantum operators ¢(F) for F' = p;, ¢" are

(o) (exp(zrin) = (=09 ) exvlerian).

q(pj) = p; -

H together with ¢ is unitary equivalent to Hp and Hps together with its quantum
operators q.

The preceding considerations show, that in the case of a simple phase space T*U,
U C R™ open, the reduction by polarization leads to the right representation space
known from elementary quantum mechanic. Before we confirm this result also in the
case of a Kahler polarization, let us consider the general case.

For a reducible complex polarization P we have, as before, the induced integrable

distribution D with P N P = D® and the quotient M /D, the space of leaves M/P =
M/D. We assume that M /D is endowed with some natural volume form Vol.@.

Definition 10.5 (Representation Space). The representation space H = Hp = Hy p
is the completion of

Hpre = {S S Fvﬁp(M, L)

(s,s) := H(s, s)dvol < oo} .
M/D

Here, for a polarized section s € I'(M, L) the term H (s, s) in the integral is the following
function on M/D. H(s,s)(x) = H(s(a),s(a)) for a € x. This is well-defined since the
polarized s is constant on the leaves x of D, i.e. s(a) = s(da’) for a,ad’ € x.

46 According to Chapter we can relax this condition and integrate instead along a density on
M /D which is always possible, and which leads to representation spaces unitarily equivalent to each
other in a natural way.
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Remark 10.6. The representation space may be trivial in the sense that Hp = 0
because for no polarized section s the integral f M/D H (s, s)dvol is finite, see for insance

in the coming Example [10.13]

Before we describe Geometric Quantization using the new representation space Hp
we study the construction of the reduced representation space in the relatively easy
case of a Kéhler polarization, where M/D = M and the symplectic form w induces a
natural volume form.

10.2 Kahler Quantization

Let P be a Kihler polarization P C TM® on our symplectic manifold (M,w), that is
PN P = {0}. In this situation, there exists a unique complex structure on the manifold
M (i.e. a structure of a complex manifold, or in other words an almost complex struc-
ture which is integrable) such that P is the holomorphic polarization (cf. Proposition
[0.26), P = TV M. Thus, for all local holomorphic charts

po=z=(21,...2,) : U=V CC" UV open,

of the complex structure we have

) )
— ., — s CT, M =T,M & iT,M, acU.
(92’1 (9zn

P, = spang {
In addition, let (L,V,H) be a prequantum bundle on the symplectic manifold
(M,w).

Observation 10.7. The polarization P induces on the complex line bundle L a natural
structure of a holomorphic line bundle.@ Hence, in the following, we regard L is a
holomorphic line bundle. The polarized sections s : M — L are nothing else than the
holomorphic sections.

Proof. For each a € M there exists an open neighbourhood U C M and a nowhere
zero polarized section s € I'(U, L). Let (U;) be an open cover of M together with
nowhere zero polarized sections s; € I'(U;,L). On Uy, = U; N Uy # O there exists
gir € E(Uj) with s; = gi;s, since s;, s, are nowhere zero. The functions g;;, are
holomorphic because of the fact that s;, s;, are polarized: For X € I'(M, P):

0= Vij = (Lxgkj)sk + gkijSk = (Lngj>Sku

hence Lxgi; = 0.

Now, by
Y;: Ly, = U; x C, zs;(a) = (a,2), (a,2) € U; x C,

47"The holomorphic line bundle structure is compatible with V.
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a system of local trivializations of L is defined whose transition functions are holomor-
phic. In fact,

Yoy (a, 2) = Pi(zs;(a)) = Yi(zgrsi(a) = (a, 20x;(a) = (a, 95;-2) , (a,2) € Uy

and it follows that ¢y, o ¢;1 : Ujr — U,y is biholomorphic. As a consequence, the local
trivializations (¢;) determine the structure of holomorphic line bundle on L. It is clear,
that this structure is inedependent of the choice of the cover (U;) and the choice of the
sections (s;). O

The symplectic form induces a natural volume form vol = Cw” on M (C > 0 some
constant) and the prehilbert space we are looking for is:

Hye == {s € Tpo(M, L) | / H (s, s)dvol < co}.
M

H,,. can be completed in order to yield a separable quantum Hilbert space Hp, the
reduced representation space. Hp is a closed subspace of the full prequantum Hilbert
space H(M, L) (see Section of square integrable smooth sections of L considered
previously. One can even prove, that H,,. is already closed in H ([Woo80] and Propo-
sition and there is no need of completing Hl,,.

How can the prequantum operators act on the reduced representation space Hp? In
general, it might happen that for a polarized section s the covariant derivative Vs is
no longer polarized. In this situation the operator ¢(F') might not be well-defined on a
suitable dense subspace of Hp. The natural approach to overcome this difficulty is to
focus on a subset o of the Poisson algebra (M) of classical observables such that for
all F' € o there is a dense subspace Dp C Hp such that ¢(F)(Dp) C Hp. These F' are
called directly quantizable. We will not discuss these matters further at the moment
(see, however, the next section), but rather continue to present elementary examples
after the following remark.

Remark 10.8 (Kéhler Quantization). Summarizing the above considerations, the sub-
space Hp of holomorphic sections in the prequantum representation space H is the new
representation space of the Kahler polarization P and the restrictions of the prequan-
tum operators ¢(F) to Hp for the directly quantizable observables F yield a geometric
quantization satisfying (D1) aund (D2). This construction is sometimes called Kéhler
quantization.

Example 10.9 (Simple Phase Space. Holomorphic Polarization). We come back to

the example of M = T*R"™ with the standard symplectic form w = dg¢’ A dp; and
introduce, as before, the holomorphic coordinates

zj = pj i,
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(which is essentially introducing a complex vector space structure on M = R" x R"
such that M = C™). Let

0 0
P = spang(M) {8—21,,5} C TM(C

be the holomorphic polarization. The line bundle L — M is trivial (there are only
trivial line bundles on M) and the connection is unique up to isomorphism as well
(since Hjn(M,C) =0). A potential a of

i _
w:§Zde/\de,

which is adapted to P is given by
i _
o = 5 Z Zdej .
j

« is adapted in the sense that a(X) = 0 for all vector fields X € T'(M, P).

Instead of defining the connection of our prequantum bundle (L, V, H) with respect
to the non-vanishing section s;, where s;(a) = (a,1), a € M, as before, we choose the

section
ST T_
Se(a) = (a,exp <— g Ezjzj)) = exp(—Ezz)sl(a),

j=1
(with Zz := ||z||*) and define the connection V by
Vxse :=2mia(X)s,,

X € B(M).

Note, that the polarized sections depend on the choice of the connection resp. on the
choice of the potential o of w and the non-vanishing section s with Vs = 2mias. Even
equivalent connections have different polarized sections, see the subsequent observation
and the remark above. The spaces of polarized sections, however, are isomorphic, and
the resulting representation spaces with its prequantum operators will be unitarily
equivalent.

Each section s € I'(M, L) is of the form s = fs, with f € £(M). Because of
Vxfse = (Lxf + 2mia(X)[)se ,

the section fs, will be polarized if and only if Lxf = 0 for all X € T'(M, P) (recall
a(X) = 0) and this in turn is equivalent to f being a holomorphic function™] As a
result

Pop(M,L) = {fs.| f € O(C")} = O(C").

48 f is partially holomorphic because of Lx f = 0 for the generators X = 9/oz;, € P.
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The natural scalar product is

(f.9) = 5 fgexp(—n|z|*)dz

for those f,g € O(C") for which the integral is defined (dz is Lebesgue integration
or integration with respect to w”, which is the same up to a constant). The space of
polarized sections with the scalar product is essentially the Bargmann-Fock space

pi{reoe) | [ ifenrlaf <o}

Note, that this space of holomorphic functions is already complete in the norm
given by the scalar product (cf. Proposition . Thus, F is already a Hilbert space.
It is a proper subspace of O(C") as a vector space and a proper and closed subspace of
the Hilbert space L*(C", exp(—mzZ)dz) of functions which are square integrable with
respect to exp(—mzz)dz.

We have constructed the reduced representation space Hp = IF for the simple phase
space T*R™ = C" and the holomorphic polarization P. This space will be denoted by
Hp := F in the following. In comparison, the unreduced Hilbert space in the simple
case is the prequantum Hilbert space H = L*(R*", d)\) of square integrable functions
on R?" = M =~ C" with respect to Lebesgue integration d\.

Let us finish the example by determining the prequantum operators
1
F)=——Vx,+F

for F =z and F = 75

The Hamiltonian vector field Xz of an observable F' € £(M) has the following
expression in the complex coordinates

oF 0 OF 0
Xp=2 _——— — ] . 44
F ! zjj ((’32] aZj aZj 0@) ( )

Hence,
X = 22 x =99
’ 8zj ’ 8zj
For holomorphic f we have Vx_ fs. = 0 since X, € I'(C", P). Therefore,
q(z) = 2

is the multiplication operator f + z;f on Hp.

49We allow complex classical observables in this example.
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Furthermore,
Vx. fs1= QZif + 27moz(2zi)f s
Xz 0z; 0z; !
0
= QZﬁ_ij + 27T12(212])f 1
= ( — 27ri2jf) s
hence
(5.)—li_§.+g.—li
9= S wdz T rozy
With the notations
Zy =q(z) = 2 7 = (z) = 19 1<j5k<n
k= q\%k) = 2k, =q 9 ﬂ_azja =~ =~ )
we obtain . ny
7' Zyp = =616+ =20,
T T 0%
and finally

— 1 .
Z', 7] = ;5;.
These are essentially the canonical commutation relations (CCR).

Further classical observables F' will be discussed later, for instance, the energy
H = %Z?:l 2;Z; of the harmonic oscillator in the example below.

Remark 10.10. With a} := Z;, a; := 7’ we see that the Zj,Zj act as the familiar
raising and lowering operators. According to Remark the operator a} is a closed
operator with the space P of complex polynomials as its domain. Moreover, as the
notation suggests, a; is the adjoint of a;. The "position” and "momentum” operators
in this context are the self-adjoint operatorﬂ

1o .
Aj::zj—l—;a—zj—a +aj,

: 10 -
Bj =1 (Z]—;a—zj) :Z(a —aj).
The CCR are satisfied in the following form

7

[Aj, By] = 5Ok -

50In Section closed, adjoint and self-adjoint operators are treated.
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Observation. The covariant derivative Vs of the section s; = exp(3 12]|*)se = gse is

) _
Vs, =Vgs, = (dg + 27?25 Z zjdzjg> Se
= (g Z (Edej -+ Zdej) — WEdej) S1

(1 _ 7
= 2m (Z_l Z Zdej — Zdej) S1

In other words, when the connection V shall be defined with respect to the section
s this has to be done with the potential 8 = i/1(3" z;dz; — z;dz;) of w instead of « in
order to obtain the same connection. Let us denote by V' the connection defined using
a and sq:
V'sy = 2mias; .

The polarized sections are

I p(M,L)={fs:1 | fe€OC")},
FV,P(Mv L) - {fse | f € O<Cn)} .

Remark 10.11. The representation space in the preceding example is called the
BARGMANN-FOCK REPRESENTATION’Y] Similar to this example we have presented

the examples with the vertical resp. horizontal distribution (and real polarization) in
M =T"R" in 1. and 2. of Examples [10.2} Here the reduced Hilbert space is L*(R").

Examples 10.12 (Simple Phase Space With Different Polarizations). We collect our
results of geometric quantization of position and momentum in the classical case of a
simple phase space M = T*R" and the three main natural polarizations

1. The vertical distribution D on T*R™ induces the vertical polarization P = DC.
It will be used to reduce the prequantum representation space H = H(M, L)
to obtain as the reduced Hilbert space the SCHRODINGER REPRESENTATION
Hp = L*(R", d)) of square integrable functions ¢ = ¢(q) with respect to Lebesgue
integration d\ = d\(g) on the configuration space R™. The prequantum operators
corresponding to position and momentum are (cf. 1. in Examples

v 0

J.— 0 e
Q) =¢ and P;:= ST

They satisfy the following canonical commutation relations

5lalso called Segal-Bargmann representation or simply Bargmann representation
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2. The horizontal distribution D on T*R™ leads to the horizontal polarization
Q = D). The reduced Hilbert space is sometimes called the HEISENBERG
REPRESENTATION Hp = L?(R™, d\) with d\ = d\(p) the Lebesgue measure but
now consisting of wave functions depending on the momentum variables p; only.
One obtains the quantized operators (cf. 2. in Examples

and consequently the canonical commutation relations

(@7, P] = L

’ om K
3. Using the holomorphic polarization P on T*R™ in order to reduce the prequantum
representation space one obtains as the reduced Hilbert space the BARGMANN
SPACE Hp = F of the preceding example. The prequantum operators corre-

sponding to the "classical” observables z;, z; are

10

Zkzzka7j:__a 1§],]€§7’L,
w@zj

They satisfy the following canonical commutation relations
. 1 .
j

All three representations are unitarily equivalent to each other as is explained in

Section [F.3]

The Bargmann-Fock representation is useful for quantization of the harmonic os-
cillator in n dimensions (see below) and of a simplified model of a Bose-Einstein field.

Further Kéahler quantizations are given by a family of almost complex structures .J
on our simple phase space T*R"™ = R" x R" generalizing Example [10.9

Example 10.13 (Simple Phase Space. Variants of Holomorphic Polarization). We
come back to the example of M = T*R" = R" x R" = V with the standard symplectic
form w = d¢? Adp;. But in contrast to Example we do not introduce the holomor-
phic polarization of the standard almost complex structure ¢* — py, pr — —¢* but
the holomorphic polarization P = P; determined by the almost complex structure J
(see Proposition given by the block matrix

0 v
(5 ),

where Y = (gj;) is a symmetric and real n x n-matrix with inverse Y ! = (¢?%). In
this way Example [9.22 will be continued.
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The corresponding holomorphic coordinates with respect to J are
F =gy + i,
The symplectic form is
‘ 1 i
w=dg¢’ Ndp; = §zgjkdzj ANdz",

with symplectic potential

o= §z'gjk2jdzk.
The holomorphic polarization is P = P; = ker(J¢ + i) C TV is generated by the
vector fields %.

The prequantum line bundle L — V is trivial. The connection V on L will be
defined with respect to the non-vanishing section s,

™ _ ™
se(a) = (. exp(~ 5 g%%)) = (@, exp(—29(%,2)))
(9(2, 2) == gz’ 2") by
Vx$e :=2mia(X)s.,
X € Y(M), and the hermitian structure is the one induced from L =V x C.
Each section s € I'(V, L) is of the form s = fs, with f € £(V'). Because of

Vxfse=(Lxf+2mia(X)f)se,

the section fs. will be polarized if and only if Lxf = 0 for all X € I'(V, P) (recall
a(X) = 0) and this in turn is equivalent to f being a holomorphic function with
respect to J. Let O(V) denote the space of these holomorphic functions, a more
precise notation is O(V;) when V; denotes the complex vector space with underlying
V' and almost complex structure J. As a result

Fop(M,L)={fsc| feOV)}={f eXp(—gg(Z, ) [ feoV)=0V).

The natural scalar product on {fexp(—=3g(z,2)) | f € O(V)} is

_ T
1) = [ Fes(-Foz )i
v
for those f, f' € O(V) for which the integral is defined (dz is Lebesgue integration

or integration with respect to w™, which is the same up to a constant). The space of
polarized sections with the scalar product is essentially the Bargmann space

m=Fi={reow) | [ IrPen-Fae <o}
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This space of holomorphic functions is already complete in the norm given by the
scalar product (cf. Proposition , i.e. [Fis already a Hilbert space. It is a proper
subspace of O(V) as a vector space and a proper and closed subspace of the Hilbert
space L*(C", exp(—3g(Z, z))dz) of functions which are square integrable with respect
to exp(—5g(Z, 2))dz.

Note, that the representation space F; is trivial whenever Y is not positive definite
since then only the holomorphic f, f = 0, has a finite integral

[ 151 expl-Fo(z. 2y

Therefore, we mostly restrict to the positive case.

We have constructed the reduced representation space Hp = [F; for the simple
phase space T*R™ = R?" and the holomorphic polarization P;.

Example 10.14 (2-sphere). We continue the example of the 2-sphere M = S%. Let
w be the symplectic form such that w = ﬁvol for the natural volume form. We know
from Example that (S?,Cw) is quantizable if and only if C € Z, N = C # 0,
and from Example that up to equivalence each (S?, Nw) has only the prequantum
bundles (H(N),VY), N € Z, with V¥ as in Example ??. Here, H(1) is the hyperplane
line bundle and H(—1) the tautological line bundle. H(N) for N € N is the N-fold
tensor product of H(1)

As a differentiable manifold S? is naturally diffeomorphic to the projective line P*.
With respect to the holomorphic resp. Kihler polarization on P!, the polarized sections
of H(N) are the holomorphic sections. In Proposition it is shown, that the space
of holomorphic sections Vy = '), (P, H(N)) is finite dimensional of dimension N + 1
for N > 0 and 0 for N < 0. For the Kahler quantization this implies, that the space
of polarized sections of the line bundle H(N) is Vy & CN*!. In particular, no special
integration is necessary, all Hermitian structures on Vy are equivalent. And, once
q(F) for F € £(S*) can be implemented at all on Vy (see next section) then ¢(F)
is self-adjoint. The reduced representation space is V. This result agrees with the
spin—%—representations, including the dimension of the eigenspaces.

It can be shown, that on each HY an irreducible representation of SU(2) is induced,
thereby generating all irreducible representations of SU(2).

Examples 10.15. Now the door is open to investigate Kahler manifolds in general
and use the complex structure as well as the Kahler geometry as powerful tools. We
list some interesting cases:

1. C™ and all its open complex submanifolds.
2. M =T*St ~C*

3. M = S' x S! and all other 2-dimensional compact oriented manifolds without
boundary.
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4. P! x P! (Kepler problem) and other compact complex surfaces.

5. The projective spaces P" introduced earlier and all its closed complex submani-
folds M C P". These are the so-called projective manifolds.

10.3 Directly Quantizable Observables

We come back to the case of a general complex polarization: As before, let (L, V, H) be
a prequantum bundle on a symplectic manifold (M,w). Let P be a reducible complex
polarization P on M with its integrable distribution D = P N P NTM. Moreover, let
i be a measure on M/D.

The question arises, for which F' € £(M) the operator ¢(F') leads to an operator in
the representation space Hp. The following example illustrates the possible problems
for q(F') becoming an operator in Hp.

Example 10.16 (Harmonic Oscillator). It is rather a counterexample showing that
even with a natural measure on M /D a naive implementation of geometric quantization
is not always possible. Let M = T*R" be as before with the form w = d¢’ A dp;. The
energy of the harmonic oscillator is H = £(p? + ¢%), (¢,p) € M (we restrict to the case
n = 1 in the following).

We try to use the vertical distribution D with P = D in order to quantize H.
In this case the quotient manifold M/D = R is the configuration space and has the
Lebesgue measure as a familiar measure.

The Hamiltonian vector field is

0 0
Xy=q=— —p—.
H={( ap p g
The covariant derivative with respect to the potential —pdg = —\ reads
Vx,fs1= 9_,9 fs1 —2mip(—p)fs
and the operator ¢(H) for ¢ € Hp is

(16 = - (=020 + 20+ Ho
W= 50 \TPae?) TP ‘

This will not be a function in Hp, in general. A change in the potential (for instance
a = qdp) will not help.

As a result, although the vertical distribution looks good from the point of the
space of leaves M /D = R, the energy H of the harmonic oscillator cannot be quantized
directly when the representation space is reduced to Hp. To come around this problem
one can consider another polarization, e.g. the holomorphic polarization or the radial



154 10. Representation Space

polarization, see below, or one has to introduce other methods to incorporate classical
observables like H in the geometric quantization program, as will be done in later
chapters.

In order to verify whether the prequantum operator ¢(F') leads to an operator in
Hp the following fundamental question has to be answered: When s is a polarized
section of L, will ¢(F)s be polarized as well?

Definition 10.17. Let P be a complex polarization on a symplectic manifold. An
observable F' € £(M) will be called DIRECTLY QQUANTIZABLE (with respect to P) if for
all X € I'(M, P) the Lie bracket [Xp, X| remains in I'(M, P). In another description:
adx, (X) := [Xp, X] fulfills adx, (I'(M, P)) C I'(M, P).

Rp = Rp(M) denotes the set of all directly quantizable classical observables. Note,
that we consider complex-valued observables F' although in physics only real-valued F'
are relevant.

Lemma 10.18. Rp is a Lie algebra with respect to the Poisson bracket on E(M).

Proof. Let F,G € Rp and X € I'(M, P). Directly from
[X{F,G}]7 X] = [_[XF7 XG]a X] = [[XG7 X]yXF} + HX7 XF]; XG]
one can read off that [X(pqy, X] € I'(M, P), hence {F,G} € Rp. O

Remark 10.19. The condition adx . (I'(M, P)) C I'(M, P) means that adx, preserves
the polarization. This invariance property has a nice interpretation using the Lie
derivative Lx of a vector field Y. It is defined as

d
LXY = E((q)—t)*YMtZOJ

where ®; = @ is the local flow of the vector field X on M. In Proposition it is
shown that LyY = [X,Y], hence adx = L.

Proposition 10.20. For a prequantum bundle (L,V,H) on a symplectic manifold
(M,w) and a complex polarization P we have: When F € Rp and s € I'v p(M, L),
then q(F')s is polarized.

Proof. Let X € I'(M, P). We have to show Vx(q(F)s) =0 for s € I'y p(M, L). Now

Vx(q(F)s) = Vx <—%VXFS + Fs)

= —% (VXvXFS) + Vx(FS)

= —% (VxVx,$)+ LxFs+ Vxs

1
= —% (VXVXFS) + LXFS
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since s is polarized. By definition of the curvature

W(X,Y) = o (IVx, V] - Vi)

™

we obtain
—%VXVXFS = —%VXFVXS + W(X, XF>S — %V[X,XF}S = W<X, XF>S

since Vx,Vxs = 0 and V[x x5 = 0. We complete the above list of equations and
obtain

7
VX(C](F)S) = —% (VXvXFS) + LxF's

=4w(X,Xr)s+ LxF's
=—-Lxfs+Lxfs=0

10.4 Main Result

As the main result so far we obtain the first complete geometric quantization: The set
of classical observables Rp — defined in the preceding section — together with the other
ingredients yields a full geometric quantization scheme in the following sense:

Theorem 10.21. Let (L,V,H) be a prequantum bundle on a symplectic manifold
(M,w) together with a reducible complex polarization P on M. Assume, that there
exists a measure | on the quotient () = M/DH

FEach F € Rp induces a quantum operator
1
F)y=—-——V F

in the representation space Hp (defined in such that the following results hold
true

1. Rp is a Lie subalgebra of the Poisson algebra E(M).

2. q(F) € SHpf| for F € Rp, and the quantization map q : Rp — S(Hp) is
R-linear and satisfies (D1) and (D2) for o = Rp.

3. If Xr is complete, F' € Rp, then q(F) is self-adjoint.

52The existence of such a measure is not needed, integrals can be taken with respect to a density
on M/D, see Chapter
53S(H) denotes the symmetric and densely defined operators on a Hilbert space H
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Proof. By Proposition [10.20| the map ¢(F') : I'(M, L) — I'(M, L) maps polarized sec-
tions to polarized sections. Hence, it is well-defined on Dy := {s € I'y p(M, L) N Hp |
q(F)s € Hp}. Dp is dense n Hp since it contains the sections with compact support
in M/D.

Now 1. has been shown in Lemma [10.18] 2. Symmetry of ¢(F') can be proved as
in the proof of Proposition [2.4] The Dirac conditions and 3. follow in the same way as
for the prequantization (cf. Chapter [7)). [

Proposition 10.22. Determination of Rp in special cases of the simple phase space:

1. In case of the vertical distribution / polarization P on M =T*Q, Q C R"™ open:
Rp = {A(q) + B (q)p; | A, B” € £(Q)} -

2. Analogously, for the horizontal polarization P on M = T*R"™, swapping the roles
of ¢ and p.
3. In case of the holomorphic polarization P on M = T*R" = C":

Rp = {A(2) + Bi(2)z | A, B € O(C™)} .

Proof. 1. It is enough to restrict to local coordinates ¢/ of @ and to investigate

0
—, X
[apj ? F]
Recall that
_9F 9 _OF 9
E g0 dp;  Op; 0¢
The two equations
{ia_Fa'_ FF 0 OF0 8 OF 8 0
Opj " 0g* Op | Op;Oqi Opy, oq* dp; Opy, Oq* Opy, Opj
and )
{i OF 9] __O®F O O9F 9 O OF 8 9
3]%'7 Opr. Oq* | OpiOpr Oqr  Opy Op; OgF ~ Opy Dg* Op;
show that P
— P
[apjv F] S
if and only if
0*F B
Ip;Opr
Hence, F' € Rp if and only if
O*F
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for all 1 < j,k < n. As a consequence, F is of the form A(q) + B(q)p; with suitable
A B € E(Q).

2. and 3. are shown in the same way. O

The last result in the preceding proposition asserts that the energy H = % Y ziZj €
E(C™) of the harmonic oscillator is a directly quantizable observable with respect to
the holomorphic polarization P:

H € Rp.

We determine the quantum operator ¢(H) in the next example.

Example 10.23 (Harmonic Oscillator). This example can be viewed as a continuation
of Example [10.9] Consider the Hamiltonian

1 RS
H = 5227? +(¢) = 52%%
k=1

of the harmonic oscillator with phase space M = T*R"™ = C". The Hamiltonian vector

field 5 5
Xy =¢— —p—

does not fit to the vertical distribution as we have seen before. Hence, it is reasonable
to use the holomorphic polarization P with respect to the holomorphic coordinates
z; = p; + i¢. (No summation!). P is the polarization generated by the vector fields

X
P = Span{é%}.

Using or the above form of Xy we obtain

: o _ 0
XH =1 (Z,Zja —ng) .
J J

ket

With o = £3° jZjdz; and w = 15"z A dz; as before one has for holomorphic
functions f : C" — C:

i 1 , 0 K .
—%VXHfsl = —5 <Z;Zja_zjf + 2m§;zjzzjf) S1

1 0 1 _
= % Z Zjafsl — § Z ZijfSl.
j J j

Thus, the geometric quantization for the holomorphic polarization P yields
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27T ZZ 8zk

— essentially the EULER OPERATOR — as the quantized Hamiltonian H on the
Bargmann space Hp.

The eigenvalues E will be determined by the equation

1 0
— E 2=—¢=LE¢
s 8zk

Claim: For an entire holomorphic function f : C* — C this equality can be satisfied
if and only if f is a N-homogeneous complex polynomial and £ = Ey = %N , N € N.
To show this claim let us recall, that f has the power series expansion f = Y Py f with
suitable N-homogeneous polynomials Py converging uniformly on all compact subsets

of C" to f (cf. Proposition [B.5). Py f has the form

Py = Y O

,jl! .. jn' 821]1 e 8Zn]n

For a monomial ¢, ., 21" 25° ... zkm (no summation!) of degree N = g +pio+. ..+ iy,

it is clear that

0
H1 tn __ M1 Hn __ M1 y
kg Cprepn 21 -2 = (B n) Cuyan 21 - 2T = N 21 - 20"
8Zk
k

hence,

sz PNf NPy f

and eventually
sz f Zzzk—PNf ZNPNf

The claim follows from the last equahty. So the e1genva1ues of our operator q(H) on Hp
are By = %N and the eigenspaces Vy are the spaces of N-homogenous polynomials
(note, that the homogeneous complex polynomials in N variables are in the domain of
q(H)). And we obtain a complete decomposition Hp = @ Vy into eigenspaces. By
the way, this shows that ¢(H) is self-adjoint.

From the physical side this result is not correct. The observed eigenvalues are

%(N + n/2) instead. So the term § is missing, which is related to the zero point
energy.

By comparison, we see that as a correct quantized operator q(H) one should take

q(H) := % (Z 4%) + g (45)
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This can be achieved by replacing L with the line bundle L ® S where S — M is a
geometrically induced complex line bundle over M respecting the symplectic geometry
of (M,w) and the polarization (see Chapter [15| and the correction scheme in the next
section).

Let us recall how in conventional canonical quantization the quantum operator (45)
can be obtained. The energy is written in the form H = iz (2% + Zjz;) and the
quantum operators

_ 10
q(z) = 2, 4(3) = <0z
(cf. Example are used by replacing the classical coordinates z;, z; directly. As a
result we get for f € O(C):

1 0 0 1 1 0 n
H)f = — o L= — RN )
i1 =3 (st o0 ) = 3 (1) =5 (S + 5 )
Evidently, this ”conventional correction” has to do with operator ordering.

Remark 10.24. Let us consider the simple phase space T*R"™ = C" with the holo-
morphic polarization P to determine all appearing quantum operators by geometric
quantization. The directly quantizable observable are the functions A(z) + B’(z)z;
with A, B’ holomorphic. Hence, the real-valued directly quantizable observables are
the functions

F(z,2)=A+Dizj+ D'z + Y _ )z,

where A,,C7 are real constants and D’ are complex constants. We conclude from
the calculations of the preceding examples that all quantum operators ¢(F") for real
F € Rp are sums of the following elementary operators:

g(A) = Aidg

_ 1 0
q¢(Dz, + Dz,) = Dz, + D= ——
™ 8zk

10.5 Sketch of Correction Scheme

Let (L,V, H) a prequantum bundle on a symplectic manifold (M,w) with a complex
Kihler polarization P. The "polar” P°:= {u € T*M® | u|p = 0} is a complex vector
bundle of rank n over M, subbundle of the complexified cotangent bundle 7*MC of
M.
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The n-fold wedge product A" P is a complex line bundle which is called the CANON-
1cAL LINE BUNDLEPY of P and denoted by Kp.

Let P’ be another complex polarization on M with the condition PN P’ = {0} (for
instance P’ = P in case of a Kahler polarization). The line bundle Kp® K p/is naturally
isomorphic to the complex line bundle A>"T*MC over M. This line bundle is trivial
having w™ as a nowhere vanishing section. For sections o € I'(M, Kp), 8 € I'(M, Kpr)
the wedge @Af is a scalar multiple of w™: («, f)w™ = @A, which provides a sesquilinear

pairing (o, 3) — (a, ).
Kp has the natural (partial) connection Vya = ixa, X € ['(M, P), which is flat [

Now, let us assume that Kp has a square root S in the sense that for a line bundle
S over M there exists an isomorphism Kp = S ® S. (The existence of such a line

bundle S depends on a topological property of M.) We set K;D/Q := S and denote the
corresponding induced (partial) connection by V'/2,

Our prequantum bundle will be replaced by

I.cor — L®K113/27 Veorr - — V_I_VI/Z = V®1—|—1®V1/2

The polarized sections are the sections s @ a € I'(M, L ® K;h) satisfying
(V+ V) (s@a)=0

which is the same as Vs = 0 and V'2a = 0.

The representation space Hp is the completion of the space of polarized sections
1 .
s@ael(M,L® KP/Q) with respect to the scalar product by

/Hssaa /Hssa/\a<oo

The quantum operator is defined by

¢ (F)(s @ a) =~ (VX8®0z—I—8®L/2 >+F:q(F)s®a__3®L/2

277 2

for directly quantizable observables F' € £(M), where s ® a € I'(M,L ® K;,/2) are
polarized sections. In this way Hp and ¢ (F') yields a full geometric quantization.

This modification is called half-form correction and can be extended to more general
cases with P N P # {0}. This will be the subject of Chapter .

5 For general complex vector bundles V' an alternative deﬁnltlon is used: The canonical bundle is
K (V) := A"(VV),where 7 is the rank of the bundle V' (see[15.1)) and [15.7] -
55See Chapter
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Example 10.25. Applied to the harmonic oscillator on M = T*R = C with Hamil-
tonian H(z) = 3|z|* and holomorphic polarization P we get the following: The po-
larized sections of the (trivial) line bundle L are essentially the holomorphic functions

f:C— C. Kpistrivial and generated by dz. K ]13/2 is generated by a section denoted by
dz'". From Xy = i(22 —zZ) we deduce L, dz = idz and from this L;éildzl/Q = Ldz'"
using
Ly, dz = 2dz1/2L;£Idzl/2 .
With the result ¢(H) = ;-2 (from Example [10.23) and inserting the last formula

2T
in ¢°(H) the quantum operator ¢°°"(H) we obtain

1 d ? l 1, d 1
corr 1/2 . o Y. (. - 1/2
¢ H)(f@dz ") = oz f@de = oo f @ gda P = (e + ) (f @ d2 ).
Hence ¢ (H) acts on the space O(C) of holomorphic functions f : C — C in the

following way

1 d 1
o () = — (2 42 ) 4
) = 5 (s 5) (46)

Therefore, the corrected quantum operator yields the right eigenvalues with the
right multiplicities.

Note, that the very sketchy description of the representation space Hp is not
needed for the calculation of the quantum operator ¢°"(H) acting on the space
Lp(T*R, L") =2 O(C). We have mentioned the definition of the Hilbert space Hp,
since in half-density and half-form quatization it is important to obtain general and
corrected representation spaces and since it opens the way to pairing the spaces Hp
and Hp for different polarizations.

Summary: By implementing a complex polarization P as an additional geometric
data complementing the prequantum bundle on the symplectic manifold the reduced
representation space Hp can now be constructed as the completion of the space of po-
larized and square integrable sections. To complete the first basic version of Geometric
Quantization the concept of a directly quantizable observable F' has to be introduced in
order to confirm that for a polarized section s the derivative Vx, s is polarized as well.
For such F' it is easy to define the quantum operator ¢(F') in the new representation
space Hp to achieve a full geometric quantization.

Several elementary examples are presented in detail in this chapter in order to
illustrate the action of Geometric Quantization. In particular, for the simple case of
M = T*R" three different polarizations yield the well-known Schrodinger, Heisenberg
and Bargmann representations. Also, the quantization of the harmonic oscillator is
described, leading to a slightly incorrect result. A sketch of a correction is added
which is presented in greater generality in Chapter [15]
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In many situations the first version of Geometric Quantization developed so far is
not satisfying. Nevertheless, the previous 10 chapters cover a rather complete picture
of the basic principles of Geometric Quantization and they describe essentially the
content of the course given in winter 2021/22.

Among the weaknesses are, for example, that the representation space can be zero
since there do not exist non-trivial polarized sections, a phenomenon which we treat in
the next chapter. Moreover, eigenvalues are not correct as in the case of the harmonic
oscillator. In addition, there is a need the quantize many more classical observables
than merely the directly quantizable ones. As a consequence one has to modify or
complement the basic Geometric Quantization presented in the first 10 chapters. This
is the subject of the next chapters.
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11 Existence of Polarized Sections and Holonomy

So far we have seen polarizations in action only for the following two cases: For the
Kahler polarizations and for the vertical and the horizontal polarizations of the simple
phase space M = T*R". In these two cases it was no question of whether or not there
exist polarized sections at all (except possibly for the compact Kéhler manifolds as
phase spaces).

11.1 Bohr-Sommerfeld Variety

The following example exhibits a general obstacle to the existence of global polarized
sections different from zerd™l

Example 11.1. Let M = T*S the phase space with the circle S as configuration space
(cf. Example [8.22)) and with the HORIZONTAL POLARIZATION. The cotangent bundle
T*S = M is trivial and we write M = S x R. As before, as prequantum line bundle
we take the trivial bundle L = M x C with connection V given by the Liouville form
A = pdg, i.e.
stl = (df + 271'2(—)\)f) S1,

where s1(a) = (a,1),a € M and f € E(M), and H induced from L = M x C.

Differently from the previous discussion of this example in we now study the

horizontal polarization instead of the vertical polarization. The horizontal polarization

P is generated by the vector field
0

a_q )
where ¢ is essentially the angle variable. Consequently a general section s = fs; is
polarized if Lx f —2miA(X)f =0 for all X € I'(M, P), i.e. if

0
—f=2m
aqf pf
in local coordinates. This differential equation has the general solution

f(a.p) = g(p) exp 2mipq (47)

with an arbitrary function g € £(R). Moreover, f has to be periodic in the variable ¢
with period 1. Therefore, only for p € Z there is a non-zero solution of this equation,
depending on (¢,p) € S x {p} for fixed p € Z. It follows, by the continuity of f, that
f = 0. Altogether there do not exist nontrivial global polarized sections.

561f one asks for local sections which are polarized: In the situation of a general complex polarization,
there exist non-zero local sections which are polarized. We do not need this result, we are interested
in this section only in global polarized sections.
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There is another way to arrive at this result which exhibits a general pattern behind
this result and which generalizes to arbitrary reducible polarizations: The submanifolds
Sx{p} =:S,, p € R, are the leaves (integral manifolds) of the horizontal distribution.
The restriction V|g, of V to aleave S, is a flat connection on the line bundle L|g — S,
the restriction of L to S,. Let a = (1,p) € S,. Parallel transport Q(v) : L, = Lo ,v —
Q(7y)v, along the curve v(t) = (exp2mit,p),t € [0,1], is given by the integral (cf.
Proposition [5.19))

O(7) = exp <2m' L pdq) ~exp <27Tip /O 1 dt) — exp(2mip) . (48)

Assume that s € I'(M, L) is a global polarized section. Then the restriction of s to S,
is a horizontal section S, — L|g, and therefore determines the parallel transport given
by Vls,. In particular, if s(a) # 0, the parallel transport is s(y(0)) — s(v(1)) with
7(0) = (1) = a and therefore it is trivial in the sense that it is the identity L, — L.
This implies Q() = 1. But then it follows from that p € Z. As a result, s has to
be 0 outside the so called BOHR-SOMMERFELD VARIETY

S=|JS|peZ} =SxZ,

which implies that s = 0 by continuity.

With respect to a different connection V, given by the one form (k—p)dg, « € ]0,1]
(see Example [8.22)), one obtains essentially the same result. The corresponding parallel
transport is given by the integral (cf. Proposition [5.19))

Q"(7) = exp (2m' / (o m)dq) — exp(2mi(p — K). (49)

A global polarized section s on M = S x R has to be zero outside of S := [J{95, |
p — Kk € Z}, and hence is the zero section.

The above considerations generalize directly to the case M = T*T where T = (S)"
is the n-dimensional torus, n > 0.

It turns out that the non-existence of polarized sections is not a singular phe-
nomenon of this example but rather is a general property whenever the leaves of the
induced distribution are not simply connected. Before we present this result in the
next proposition below, we want to give a different interpretation of the above example

Remark 11.2 (Energy Represention). Consider the example M := R?\ {(0,0)} C
T*R = R x R with the usual symplectic form w = dg Adp. Let the prequantization line
bundle be L = M x C with connection V given by the connection form —pdg = —\ as
before.

Now, let D be the radial distribution given by the circles p* + ¢* = 2E, E > 0,
i.e. the distribution with the circles around (0,0) as its leaves. This distribution can
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be understood as the distribution generated by the energy function of the harmonic

oscillator 1

H=s0"+¢).
In fact, D is generated by the Hamiltonian vector field
0 0
Xy =p— —q—.
H=PD g Bp

Let P = D® be the corresponding complex polarization.
There is a natural embedding

L,

2"

with (M) = {(¢,p) € T*S = Sx R | p > 0} = S x R,. The map ® preserves
the symplectic forms, the polarizations and the connections. Hence, the results of the
preceding example show that there are no nonzero polarized sections on M.

d: M —>T*S=SxR, (q,p) = p+iq = re™ — (2™,

As mentioned before we can transfer the arguments of the example to the case
of general complex reducible distributions P: There exist severe restrictions to the
existence of polarized sections, if the leaves of the induced distribution D = PNPNTM
are not simply connected.

HorLoNnoMYy GROUP

To explain this general result, we first recall some facts about parallel transport of
a connection V on a line bundle L over a general connected manifold X: Given a point
a € X and a closed curve v in X starting and ending in a the parallel transport along
7 is an isomorphism Q(v) : L, — L, given by a complex number which we denote with
Q(7) (cf. Proposition [5.19). This number can be expressed as the integral

Q) = exp (—2m' / A) |

where A is a local connection form of the connection. We have Q(v) € U(1).

The collection of all these () forms a group G(a), a subgroup of U(1). Note, that
G(a) is a quotient of the loop group L(a), see Section . This group G(a) is called
the HoLoNOMY GROUP of the connection at a. Since we assume X to be connected
the holonomy groups are isomorphic to each other: G(a) = G(b) for a,b € X. In fact,
they are even conjugate subgroups of U(1).

We have seen already in Observation [8.23 that in the case of a flat connection V
we obtain a natural group homomorphism

Holy : m (X) — G(a), Holy([h]) == Q(7),

since parallel transport is locally independent. Holy is surjective by definition of G(a).
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Observation 11.3. Let V be a flat connection on the line bundle . — X and let
X be simply connected. Then G(a) is the trivial group {1} for all @ € X, since the
fundamental group m(X) of X is trivial and Holy is surjective. This can also be
seen directly by using the fact that each closed curve v in X can be contracted to the
constant curve yo(t) = a and that the parallel transport L, — L, along ~ and along
vo coincide since the parallel transport of a flat connection is locally independent.

We come now to the existence of global polarized sections in the general case:
Let (M,w) be a symplectic manifold with a prequantum line bundle (L, V, H). Let
P a reducible complex polarization, i.e. P is a complex polarization such that with
D = PNPNTM the quotient manifold M/D exists and the projection 7 : M — M /D
is a submersion.

We fix a leaf (integral manifold) A C M of the distribution D, i.e. A =7~ 1(z) for a
suitable x € M/D. The restriction of the connection V to A induces a flat connection
V|a on the line bundle L|y — A.

Definition 11.4 (Bohr-Sommerfeld Variety). Let P be a reducible complex polariza-
tion and D its induced real distribution. For each leaf A of D and a € A let Gy(a)
denote the holonomy group of the connection V|, on the restriction L|y — A of the

line bundle L. Then
S:=|J{a € M| G(a) = {1}}

denotes the BOHR-SOMMERFELD VARIETY.

In particular, let A be a leaf which is simply connected. Since the connection V|
is flat, the holonomy group Gy (a) has to be trivial: Gx(a) = {1} which implies A C S.
As a result we obtain the inclusion

{a € M | A(a) is simply connected} C S'.

where A(a) denotes the leaf through a: a € A(a). It follows S = M, when all the leaves
A are simply connected. However, the condition G (a) = {1} does not imply that A
is simply connected as the Example shows.

With the same arguments as in the above Example we can deduce the following
result.

Proposition 11.5. Any polarized smooth section s € T'(M, L) vanishes outside the
Bohr-Sommerfeld variety.

Proof. Let s be a polarized section and a € M with s(a) # 0. Let A be the leaf of
the distribution D with a € A. Then s|y € I'(A, L|s) is a horizontal section of the
restriction V|, and thus determines the parallel transport L, — L, of V|5 over A.
Recall that this means the following. If  : [0,1] — A is a curve in A starting in a and
ending in b € A, the parallel transport of s(a) = s(v(0)) € L, along v is determined as
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s(7v(1)) = s(b) € Lp. In case of a = b which we consider here, the parallel transport is
the identity, hence Q(y) = 1. We conclude that the group G (a) is trivial and therefore
ach. O

As a consequence of this result, for a general reducible complex polarization there
exist non-zero polarized global sections only if the Bohr-Sommerfeld variety has a non-
empty interior. For instance, if all leaves are simply connected. Therefore, in several
cases the space of global polarized sections is zero, and cannot be used to determine a
meaningful representation space.

11.2 Distributional Sections

To overcome this difficulty one studies generalized sections, which could be defined in
the same way as distributions{gj

Let us describe the introduction of distributional sections in the case of the example
of the cylinder.

Example 11.6 (Continuation of Example [11.1). The differential equation allows
the solutions

dn(q) == exp(2mign) = (*™)" , q € [0,1],
defined on S,, = S x {n}. For fixed n € Z these solutions are unique up to a multiplica-
tive complex constant. We consider the Hilbert space (2(Z) := {(z,) € CZ | Y |z,]? <
oo} and understand an element (z,) € (*(Z) as a generalized function

>zt

which is zero outside of the Bohr-Sommerfeld variety S and where z,¢,, represents the
corresponding polarized section in I'(S,, Lg,) on the circle S,. In this interpretation
we denote the Hilbert space by Hp = ¢?(Z) (with respect to the horizontal polarization
P) and we regard Hp as the representation space of the model.

The height function h := pry : S x R — R, (¢,p) — p, is a classical observable
whose Hamiltonian vector field X, = aﬁ generates the horizontal distribution. As a
consequence, the operator Vy, vanishes on polarized sections and the prequantum
operator h = q(h) is simply the multiplication ¢ +— h¢ on the space of polarized
sections. With respect to the representation space Hp this implies that h defines a
self-adjoint operator in Hp with domain of definition

D(h) :={(z) € *(Z) | Y n’|z]* < 00},

by h((zn)) = S (g, n)zndn = 3 nzndn = (nz,). Therefore, the representation space
Hp decomposes into one dimensional eigenspaces E, := C¢, = Ker(h — n) with
eigenvalues n: h(¢,) = no,.

57in the sense of generalized functions which are linear functionals, not to mix up with the notion
of a distribution in the geometrical sense as a subbundle of the tangent bundle
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Remark 11.7 (Continuation of Remark. Applied to the Example in Remark
(energy representation) the introduction of distributional sections leads to the Hilbert
space Hp = (*(N,), with N, := {n € N | n > 0}. In this situation, ¢, = e, , n € N,
stands for a special distributional polarized section with support in the circle C 5, :=
HYn) = {(¢,p) | & +1p* = (vV2n)?} € M = T*R* of radius v2n. And each
(2n) = > 20, € £? is a sum of such sections. Notice, that H = h o ®. Moreover, since
Xpg generates the horizontal distribution P in M = T*R*, the program of geometric
quantization yields the prequantum operator ¢(H) in Hp as the multiplication operator
¢ — H¢ as before. This multiplication operator, with H(q,p) = n for (¢,p) € C s,
i.e. ¢>+p? = 2n, becomes a densely defined self-adjoint operator ¢(H) in /*(N, ) = Hp:

q(H) : (zn) — anngbn = (nz,).

The eigenspaces of q(H) are C{¢,},n € N, with eigenvalues n € N,. In particular,
the eigenspaces of ¢(H) are one dimensional which is in accordance with the known
quantum mechanical model, but the eigenvalues are again not correct with the same
defect as in the previous Example @ The eigenvalues should be n — % instead of
n. This can be corrected with the use of half form quantization as is described in the

preceding Section [10.5]

However, another correction is possible, which is closer in spirit to the geometry of
the Bohr-Sommerfeld condition by choosing an alternative connection for the prequan-
tum bundle. We have seen in Example m that the non-vanishing of H*(T*S,U(1))
allows non equivalent connection forms —\ + kdq depending on the real parameter
k € ]0,1]. With respect to the new connection V, over T*S and the corresponding
new prequantum bundle there appears a shift by —x in the formation of the Bohr-
Sommerfeld variety. Indeed, by it follows as in the case of kK = 0 that any global
polarized section s on M =S x R has to be zero outside of the new Bohr-Sommerfeld
variety S := {5, |p—r € Z} CT"S.

The result of the correction in case of Kk = % now reads as follows: The representation
space is essentially the same as above, it is *(N,), but now with the interpretation
that the polarized sections ¢, have their support in the circles C jg=1 := H'(n — %)
As a result, since H =n — 3 on C/zn—1, We obtain

a(i)0n) = (n=3 ) 0. or atin)(e) = (-3 ) =)

for n € N,. This result leads again to a decomposition of the representation space Hp
into one dimensional eigenspaces F,, now with the correct spectrum

ola(H)) = {n— 3 | n e N},

Summary:
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12 Densities and Their Derivatives

The search for an appropriate representation space is not over. We have introduced
complex polarizations P C T M on a symplectic manifold (M, w) in Chapter 9 in order
to reduce the prequantum Hilbert space but we have seen the effect of this reduction
in the preceding chapter so far only in case of the vertical resp. horizontal polarization
on the simple phase space M = T*R" (simple phase space) and in case of a Kéhler
polarization, i.e. a purely complex polarization.

In the following we use the concept of densities on a polarization P in order to
obtain a representation space also for the non-Kéhler case. In that case the newly
constructed representation space is essentially a space of half-densities defined on the
quotient manifold M/D, where D = PN P NTM.

We have decided to include in these Lecture Notes a rather detailed exposition of
densities and of the application of densities to geometric quantization, although this
application, the so-called half-density quantization, leaves many problems of geometric
quantization open. One reason for this decision is, that the new structure of r-densities
on a vector bundle deserves an extra attention, and in the literature the treatment is
mostly rather short. Another reason for presenting half-density quantization in detail is,

that it can be understood as a preparation for the more involved half-form quantization
which we develop later in Chapter [15]

The basic idea of half-density quantization for a quantizable symplectic manifold
(M, w) with prequantum bundle (L, V, H) and reducible polarization P is the following:
In order to find a scalar product for polarized sections s, s’ € I'(M, L) which we use in
order to construct the representation space Hp we observe that the expression H (s, s)
is a function on M which is constant on the leaves of the distribution D (recall: D =
PN PNTM). Hence, one could try to integrate H(s,s') over the quotient manifold
M /D. However, there is no natural measure or volume form on M/D. So 1-densities on
M /D come into play since a 1-density on any manifold X can be naturally integrated
over X, as we explain in Section . To use this fact, the expression H(s,s"), which
can be viewed as to be a function on M /D, has to be transformed into a 1-density on
M/D. This can be done by altering the original approach of geometric quantization in
such a way that

e the line bundle L will be replaced by a line bundle L ® § where 6 — M is a
suitable line bundle of densities induced by P[B'_g] which descend to half-densities
on M/D and

e the connection V will be replaced by V ® V°, with a flat (partial) connection V°
on ¢ (see Section [12.3]).

If this is done properly, one considers the space Hp of sections ¢y = s® p of L ® ¢
of compact support, which are polarized, i.e. which satisfy (Vy ® V%)(s ® p) = 0 for

®more precisly, ¢ is the line bundle §_.(P) of —1/2-densities on P.
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all X € T'(M, P). For two such sections ¢ = s ® p,1)' = §' ® p’ the quantity H (s, s")pp’
descends to a unique 1-density on M/D. Integrating this 1-density yields a scalar
product on Hp, and the completion of Hp with respect to the induced norm is the
representation space H% = H°(M, L, P) one is looking for.

In this chapter a detailed exposition of the concept of a general r-density is pre-
sented. We treat the integration of a 1-density on a manifold and we introduce the
partial connection as well as the partial Lie derivative of r-densities on a polarization
P as a preparation for the half-density quantization in the following to chapters.

12.1 Densities

Let X be an m-dimensional manifold and let 7 : V' — X be a complex vector bundle
of rank k. (In our intended application the manifold X is, in one of the situations, the
space M /D of leaves where D = PN P NTM is the real distribution induced by the
complex polarization P and V is the complexified tangent bundle 7X®, and in another
situation X = M and V is the polarization P C TMC, the distribution D€, or the
quotient bundle ZP = TM®/DC.)

The vector bundle V' induces a frame bundle R(V) — X (see Construction [D.4)):
R(V) is a principal fibre bundle over X with structure group G = GL(k, C) whose fibre
R, (V) over a point = € X is the set of all ordered bases (frames) of the complex vector
space V, = 7 !(z), and whose transition functions are the g,;, the transition functions
determining the vector bundle V. The right action of G = GL(k,C) on R(V)

R(V)x G — R(V)
is given by

(b9)a =1bpg?, (1<a,B<k),

for a matrix ¢ = (¢°) € G and for b = (by,bs,...,bx) € R,(V). Then bg =
((bg)1,-..,(bg)r) € Ry(V) is another frame of V. Once a frame b € R, (V) at v € X
has been chosen, the map G — R, (V), g — bg, is bijective.

To motivate the notion of a density let us consider the top differential forms on
a manifold X of dimension m. Any complex m-form n € A™(X) is a section of
the complex line bundle A™(7*X®) and it can be evaluated at a complex frame b €
R.(TX®), z € X, to yield the value 1,(b) € C. In this sense n induces a (smooth) map
n*: R(TX®) — C, b — n,(b). This map 7* has the following transformation property:

nﬁ(bg) = (det g)nﬂ(b) ,be R(TXC) , g € GL(m,C). (50)

Conversely, a map w : R(TX®) — C with
w(bg) = (det g)w(b), b € R(TX®),g € GL(m,C),

defines an m-form 7 on X with n* = w.
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Definition 12.1 (Density). Let 7 : V' — X be a complex vector bundle of rank k
and let 7 be a real number. A DENSITY”| of weight r, also called r-density, on V is a
function

u: R(V)—C,
u € E(R(V), C which transforms under GL(k, C) according to

u(bg) = | det g|"u(b), g € GL(k,C), be R(V).

The (M )-module of r-densities u : R(V) — C on V will be denoted by A, (V)]

An r-density on TXC is also called an r-density on X and we write A.(X) =
A (TXE).

A slightly different but equivalent definition in case of = 1 will be given at the be-
ginning of the following Section where the integration of 1-densities is introduced.

A straightforward example is the 1-density || on V' induced by a k-form n €
T(M,A*(VY)) = AM(D(M, V), E(M)), where VV is the dual bundle of V and where
A¥(VV) is the vector bundle of k-linear alternating forms on V. For an alternating and
k-linear 1 : T'(M,V)* — (M) and a basis (b, ba,...b) of V., x € X, one sets

(b1, bas .., bg) == [0y (b1, oy ..., by -

Then |n| is a 1-density on V' because of n,((bg)1, ..., (bg)r) = (det g) n.(b1,bs, . .., by),
and thus

nl(bg) = [n(bg)| = | det gn(b)| = | det g|n|(b) .

This example will be used, in particular, in the case of V = TX® where
D(M,AF(T* X)) =2 A¥(X) (k = m = dim M) is the £(X)-module of differential k-

forms.
Moreover, |n|" is an r-density on V for r € R.

Densities can be multiplied, conjugated, dualized, and more. These properties of
densities can be best understood by transforming densities into sections of suitable line
bundles.

Definition 12.2. Let 7 : V — X be a complex vector bundle and let r» be a real
number. The line bundle R(V') %, C over X associated to the frame bundle R(V) — X
with respect to the representation p, : GL(k,C) — GL(1,C) = C*, p,(g) := | det g| ™",
is called the bundle of r-densities on V' and denoted by 4, (V).

59%in physics a density is sometimes called a pseudoscalar

50Tn the following, we mostly omit C in expressions like £(X, C) and write £(X), as before.

61This definition describes complex densities. In the same way one defines real r-densities on a real
vector bundle. Moreover, by choosing X to be the manifold consisting of one point, we obtain the
definition of an r-density on a vector space.
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The concept of an associated vector bundle is explained in Section[D.3] Recall, that
the line bundle R(V') x, C is the quotient of R(V') x C with respect to the equivalence
relation

(b, z) ~ (bg, | det g|"2) = (bg, pr(g_l)z) , for g € GL(k,C),
where (b, z) € R(V) x C.

Remark 12.3. In particular, by Proposition [D.7, we know that the sections s €
['(U,6,(V)) on an open subset U C X are equivalently described by the functions
u: R(V)y — C transforming according to

u(bg) = | det g|"u(b) ,

be RV)y,g € GL(k,C). Hence, A.(V), the E(M)-module of r-densities on V', can
be identified with the &(M)-module of global sections o € T'(X,6,(V)) of the line
bundle 0, (V'), and it is justified to call §,(V') the line bundle of r-densities. To simplify
formulas, we often write I, (V') instead of I'(X, 6,(V)) in the following.

We recall the isomorphism A, (V) = I'.(V) = I'(X, ,(V)) in detail by using the
construction of the associated line bundle: Every u € A, (V) induces a section

Sy X = 0,.(V) by su(a) :=[(b,u)],be R,(V), acX.

The map s, is well-defined: The elements of the fibre 771(a) of the line bundle 7
R(V) x,, C — X over a € X are the equivalence classes [(b, z)] of the form [(b, z)] =
{(bg, |det g|"2) | g € GL(k,C)} with b € R,(V'). Hence,

(bg, u(bg)) = (bg, [det g|"u(b)) ~ (b, u(b)) ,

which shows that the assignment s,(a) = [(b, s(u))] is independent of the choice of
b € R,(V). Therefore, s, is a well-defined global section of §,(V). Moreover, u > s,,
is £(X)-linear and injective.

Conversely, a section s € I'(X,6,(V)) defines an r-density s*: Let b € R(V) with
7m(b) = a € X. Then s(a) € 6,.(V), as the equivalence class s(a) = [(V/, 2')] contains
exactly one pair of the form (b, 2) € s(a). Define s*(b) := 2. Then s* : R(V) — C is well-
defined and satisfies s*(bg) = | det g|"s*(b), since the unique ¢ € C with (bg,() € s(a)
is ¢ = |detg|"z: (b,2) ~ (bg,|detg|"2)], hence, s*(bg) = ¢ = |detg|"z. Clearly,
(54)" = u and (s*), = s. Moreover, s — s* is £(X)-linear, and hence an isomorphism

L(X,5,(V) = A(V).

From Proposition we obtain

Fact 12.4. Let gj; be transition function for the vector bundle V' with respect to an
open cover (U;) of X. Then |det gjx|™" are suitable transition functions for 6,(V).

Lemma 12.5. Any line bundle 6,.(V') of r-densities on a complex vector bundle V
over X 1s trivial. There exists a positive r-density which induces a a vector bundle
isomorphism §,(V) — X x C.
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Proof. 1t is enough to determine a nowhere vanishing section s = s, € I'(X,9,(V)
given by a non-vanishing r-density w : R(V) — C: Let (by,...,b;) be a fixed basis of
CF. There is an open cover (U;) of X with local trivializations ¢; : Vi, — U; x C" of the
vector bundle V. On U; the local sections b, (z) := @Z)j_l(m,b,@), reU;,k=1,...k,
form a frame field b, : U; — R(V)y, given by bi(z) = (by(x),...,bp(x)) € R,V|y,. Now,
wj(lA)jg) = |det g|", g € GL(k, C), defines a positive r-density w; on the restriction Vy,
satisfying w;(b;) = 1. Hence, with a smooth partition of unity (h;) subordinated to
the cover (U;) we obtain a positive r-density

wi= Y hjw;: R(V) - C.
O

As a result, all density line bundles on a vector bundle V' over X are the same from
the viewpoint of isomorphism classes of line bundles.

Observation 12.6. Up to scaling, the line bundle §,(V) is determined completely

by choosing one nowhere vanishing r-density u € A,.(V): Then every w € A, (V) =
['(X,0,(V)) is of the form w = Au with a unique A € £(X).

In particular, A, (V') is an £(M)-module of rank 1 and is isomorphic to £(M).

Using this result we obtain, by choosing a nowhere vanishing and positive 1-density
w on V', an isomorphism of complex line bundles A (V) — A.(V), fu — fu", resp.
91(V) = 6,(V). This isomorphism is not of great interest, it depends on the choice of
u.

Nevertheless, certain natural isomorphisms are of interest. The rest of this section
is not directly needed in the sequel, it is only an elementary and detailed investigation
around the new notion of r-density bundles and gives an impression how to work with
them:

Proposition 12.7. For complex vector bundles V, W, Z over the manifold X andr,s €
R there exist the following natural isomorphisms of density bundles:

1. 57’(‘/) ® 68(V) = 5r+s(v)
(0:(V))Y = 6,(VY) = 0_.(V)
(Ve Z)=6.(V)®6.(Z)

S(W)®_.(V) 2 6,(Z) and, equivalently, 6,(W) = §,(V) ® 0,(Z) if
0 —=V —>W —27—0

1s an exact sequence of vector bundles.



174 12. Densities and Their Derivatives

The isomorphisms, and hence their ”natumlz’ty’@ are described in the proofs.

Proof. Short proofs can be given by using the transition functions. For instance, in
case 1., the transition functions of &§;(V') for general ¢ are |detg;;|~* when g;; are
the transition functions of the vector bundle V. Hence, the transition functions of
5-(V) ® 04(V) are |det g;;|™"|det gij| = = |det g;j|~"*+*). This equality implies that
0, (V) ®d5(V) and 0,,5(V') are isomorphic as line bundles.

However, we present proofs which use the properties of densities directly in order to
give a detailed impression about how one can work with r-densities on vector bundles
which are interrelated.

Ad 1.: For abasisbof V,, z € X,ie. b€ R, V,and for o € I',(V), 7 € T's(V) we
define
(o.7)*(b) == o*(b)T*(D).

For g € GL(k,C), k = rk V| the following transformation property is satisfied:
(0.7)F(bg) = o*(bg)T*(bg) = | det g|"o*(b)| det g|*T#(b) = | det g|"**(0.7)*(b) .

Hence, 0.7 is a well-defined r + s-density on V. And it is easy to check that the induced
map ¢ ® 7 — 0.7 is an isomorphism of line bundles.

Ad 2.: For b € R,V let b” be the dual basis b € R, V" with bY(bx) = djx. Then
6,(VV)=6_.(V), 7 o,, is given by

(07)}(b) = TH(0")
for 7 € 6,(VV). Indeed, for g € GL(k,C) we have
(07)(bg) = T((bg)") = T*(0"g™") = TH(b)| det g7[" = (o)} (b)| det g| "

Hence, o, € T'_, (V).

Ad 3.: If c € R,V,d € R,Z then b = (¢,d) € R,(V & Z). The isomorphism
0,(V)®6.(Z) = 0,(V & Z) is given by 0 ® 7 +— o - 7 where

(o -7)*(b) := o*(c)T*(d).

This is well defined, since for another choice of (¢, d') (instead of (¢,d) = b) there are
unique g € GL(k,C) and h € GL(m,C) (m = dim Z) such that ¢ = cg, d = dh.

Therefore, with
_(9 0
“= (0 1)

62The results of this proposition may be described by stating that the d, (or A,), r € R define a
family of functors satisfying certain natural properties.
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we obtain
(0 - 7)F(bG) = (0 - 7)*(cg, dh)
= o*(cg)7*(dh)
= o*(c)| det g|"7*(d)| det A"
= (0*(c)7*(d))| det G|"
Now o7 has to be extended to all of R, (V@& Z) by the transformation rule (o-7)*(bG) =

(o-7)¥(b)| det G|" for all G € GL(k +m, C) to become an r-density on V. The induced
map is an isomorphism of line bundles.

Moreover, 3. is a special case of 4.

Ad 4.: We cannot apply 3. directly, since W is not necessarily isomorphic to the
direct sum V & Z, although this is locally true. We omit the base point ”,” in the
following.

Let (Zy,...,Zn) be a basis of Z, let ¢ = (X3,..., X)) be a basis of V' and let
b= (Xq,...,Xg Y1,...Y,,) a basis of W such that p(Y;) = Z; with respect to the
projection p : W — Z in the exact sequence. Let o € 6_.(V), e € §,(W). Define
v =1v(o,¢e) by

V21, ) = e8(X, o X, Y, Y ) o (X, X)) = R (b)at(c).
The choice of another basis O = (X1,..., X}, Y/,... Y, ) such that (X],...,X}) is in
R(V) and p(Y]) = Z;, j = 1,...,m, satisfies ¢ = ch with a unique h € GL(k,C) and
Y=Y+ Xﬁdf for suitable df €eC, d= (df) As a consequence, b’ is of the form

b’ = bg, where
_(h d
7=\0 1
with det g = det h. Hence,

X (b)a*(c') = | det g|"| det h| ¥ (D)o (c) = £*(b)at(c),
and v¥(Zy,...,Z,) is well-defined. In order to show that v is an 7r-density
let ¢ € GL(m,C). With the notation z := (Z1,...,Z;) the following trans-
formation property holds true: 1vf(zg) = &4(Xy,..., Xk, (Y1,...Y)g)o(c) =
|det g|"e* (X1, ..., X3, Y1,... YVn)ob(c) = |det g|"v¥(2), so that v € 6,(Z). Finally, it
is straightforward to check that the map
S (W)R6_.(V)—=6.(2), c®er—v=ur(oe)

is an isomorphism of line bundles. O

Remark 12.8. If we choose a fixed nowhere vanishing r-density € € I',.(W) in the last
part of the proof above, the definition of v € T'.(Z) leads directly to the definition of
a line bundle isomorphism v : 6_,.(V) — 6,(Z), 0 — v(o), by setting

v(o)¥(z) = eX(b)a*(c).

This kind of isomorphisms of density bundles will be used later in several occasions.
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12.2 Integration of Densities

Densities occur in the context of integration on a manifold X. A traditional definition
is the following. Let X be a manifold of dimension m. A density is a rule that assigns
to each chart ¢ : U — V of a differentiable atlas of X a function g, € £(V,R), such
that for any other chart ¢ : U — V with the following transition property is satisfied:

UNnU #0
.
()

The concept agrees essentially with the notion of a 1-density u € A;(TX®) in the
sense of Definition whenever u is real-valued, i.e. u(b) € R for b € R(TX )P For
such a density u, the assignment

w 0 oN_. (90
gq—u(aql,...,aqn) —.u(aq> e &(V)

for a chart ¢ : U — V defines a density in the traditional way, since
u 2 =u 0_@72 = |det 8_q u g
dq¢)  \0qoq) dq o7) ’

by the definition of a 1-density wu.
Conversely, a traditional density (g,) defines a 1-density u through

9q = q-

u(z) := g (q(z))|dg" A ... Ndq™|, z € U.

u is well-defined because of the transition property, and the map u + (gy) is one-to-one.

In the following we recall how integral of a density on a general manifold X.

Definition 12.9 (Integration). Let w : R(TX®) — C be a 1-density. Leaving aside
convergence problems the integral [ < w € Cis defined as follows. With respect to a
chart ¢ : U — V of X, V C R™ open, the integral wa of w over U is

o=@

where dq denotes Lebesgue measure on V' C R™ and

DN w2 2N (2D
w oy q) =w 3 Bgm q) =w Bgl v g 17

with g(z) = q € V', x € U. The result is independent of the chart because of the change
of variables formula for the Lebesgue measure dg and the transformation property of

63which means that u is a (real) 1-density on T'X.
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w: Both change with the absolute value of the Jacobian, but in an inverse manner to
each other. When ¢ : U — V is another chart and ¢ = ¢(gq) : V' — V the induced
change of coordinates, we have (schematically)

Jq _
det (a—q) \ 14

dg =

The integral is extended to all of X by a partition of unity subordinated to a
covering (U;) with charts ¢; : U; — V.

The integral is well-defined, even if X is not oriented. Recall, that the integration
of a volume form 7 on an oriented manifold X is similarly defined: In that case an
orientation is chosen meaning that we have an atlas with positive coordinate changes
fi; i.e. with det D f;; > 0. Then locally

=] (o age) 4
an an g ogn ) -
/nz/W-

X X

Remark 12.10. With the aid of densities we not only have a natural integration on
a manifold X but we also can define natural LP-spaces LP(X) of 1/p-densities, where
pE€R,1<p< oo On the space A, (TX®). of 1/p-densities u on X with compact
support in X one defines the norm

full = ( ruwp);’ ,

and LP(X) as the completion of the normed space (Au,(TX®)., || ,)-

As a consequence

In particular, we obtain the natural Hilbert space L?(X) as the (completion of
the) space of half-densities u on X such that [, |u|* < oo. The scalar product is
(u,vy = [ + uv. This Hilbert space is sometimes called the canonical Hilbert space of
the manifold X.
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We conclude the section with some remarks and results on orientable manifolds.
These results are not needed for for the half-density quantization.

Definition 12.11 (Orientation Bundle). Let X be an m-dimensional manifold with the
frame bundle R(T'X') which is a principal fibre bundle with structure group GL(m, R).
The ORIENTATION BUNDLE is the real(!) line bundle O = O(X) associated to R(T'X)
using the representation ¢ : GL(m,R) — GL(1,R) = R*, g — sgndetg, i.e. with
respect to the left action GL(m,R) x C — C, (g, 2) — (sgndet g)z.

Another description of the orientation bundle is the following: Let (U;) be an open
covering of X with differentiable charts ¢; : U; — V;. Denote f;; = ¢; o cpj_l :
©;(Ui;) = ¢i(U;j) the change of coordinates. Let O" be the line bundle which arises
by glueing the U; x C with respect to the cocycle s;; := sgndet D f;;. O’ is isomorphic
to O. Indeed, with the aid of the given charts ¢, the frame bundle R(7T°X) has as
transition functions the g;; := D f”@ Hence, the transition functions of the associated
line bundle O (see Section are o(g;;) = sgndet g;; = s;;, and the two bundles are

naturally equivalent (note, that si_jl = Si;).

Proposition 12.12. X s orientable if and only if O is trivial.

Proof. If X is orientable, then, by definition, there exists an atlas of the differentiable
structure such that the changes of charts (coordinate changes) f;; are all positive in
the sense that there Jacobians g;; := D f;; have positive determinants. Therefore the
si; = sgndet g;; are all 1. This implies that O is trivial, a trivialization is induced by
the section t given by local functions ¢;(x) = 1,2 € U, j € I, respecting the section
condition (S): t; = s;;t;. Conversely, if O has a trivialization there is an atlas such that
the transition functions can be chosen to be s;; = 1 = sgndet D f;; and this means that
the D f;; have positive determinants. m

Notice, that for an orientable manifold X an orientation is given by a global nowhere
vanishing section t € I'( X, O).

Remark 12.13. If, in the case of » = 1, one changes the above definition for the bundle
of r-densities by replacing the representation p;(g) = | det g|~* with the representation
7(g) = (det g)~!, one obtains the line bundle A™7T* X of complex m-forms on X up to
isomorphism (cf. (50))). This line bundle is also called the determinant bundle of the
cotangent bundle 7*X or the canonical bundle of X (see Section for the concept
of a canonical line bundle).

Proposition 12.14. §;(TX) = A™(T*X) ® O as real vector bundles.

Proof. T*X is the dual TX" of TX. Let (U;) be an open covering of X with charts
q; : U; — V; of the differentiable structure. The Jacobians g;; := D f;; of the coordinate

64since the gi; are the transition functions of the tangent bundle T'X.
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changes fi; = ¢; o q;lqu(UmU]-) are transition functions defining the structure on the
tangent bundle. Hence, the transition functions of A™(T*X) are the det g;;', those
of 01(X) are the |det g;;|~!, and those of the orientation bundle are sgndet g;;. The
isomorphism now follows from

| det g;;] ' = det gzgl -sgndet g;; .
O

Corollary 12.15. X is oriented if and only if there exists a volume form, i.e. a nowhere
vanishing m-form.

12.3 Partial Connection

We need the concept of partial connection on the line bundle of densities d,(P) on a
polarization P. We formulate in this section a general approach suitable for densities
on polarizations on an arbitrary symplectic manifold which can be generalized to half-
forms (cf. Chapter . The partial connection will be used in Chapter In the next
chapter, Chapter [13] we need only a simplified version of the partial connection.

Let (M,w) be a symplectic manifold of dimension 2n, and let P € TMC be a
complex polarization. We want to define a partial connection on the line bundle §,(P)
of r-densities on P (and similarly on §,(DT), cf. end of this section, where D = PN PN
TM). The partial connection Vx will only be defined for vector fields X € I'(M, P) C
U(M), and not for general vector fields on M.

Let U C M be an open subset U in M and let {; € I'(U, P), 1 < j < n, local vector
fields such that (&1(a),...,&.(a)) is a basis of P, for all a € U. Then £ := (§,...,&,)
yields a local section £ : U — R(P) of the frame bundle R(P) of P, which is also called
a frame field.

For instance, &; could be generated by n independent functions Fi, F5, ..., F, €
E(U,C) as the Hamiltonians §; = X,. In that case we call { a Hamiltonian frame
field. It is clear that to every a € M there exists an open neighbourhood U C M such
that there exists a Hamiltonian frame field £ € I'(U, R(P)).

Given a frame field £ we define an r-density
oe € D(U,6,(P)) by oc(a) = [(€(), )] a € U.

It is easy to see that o¢ is the unique section U — 6, (P) with ag o0& = 1. In particular,
o¢ is nowhere vanishing. Any other section o € I'(U, 6,(P)) has a presentation as

o= (Uﬁof)ag,
since for 0 = foe and a € U:

o*(€)(a) = (foe)*(€)(a) = f(a)of(€)(a) = f(a).
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Now let & be a Hamiltonian frame field. The connection to be defined shall have
the property that the covariant derivatives of r-densities o € I'(U, §,(P)) should vanish
when the function 0% o £ : U — C is covariantly constant along P in the sense that
Lx(c*0&) =0 for all X € T'(U, P). This requirement leads to the following definition.

Definition 12.16. Let let £ be a Hamiltonian frame field. For a vector field X &
[(U, P) and o = (0% 0 &) 0¢ € T'(U, 6,(P)) one defines

VXU = Lx<0'ti Og) O¢ .

In particular, Vxoe = 0.

Lemma 12.17. The definition Vxo, where X € I'(U, P) and o € I'(U,0,(P)), is
independent of the Hamiltonian frame field & and extends to all of M.

Proof. Any other Hamiltonian frame field ¢’ : U — R(P) is of the form £ = £g where
g : U — GL(n,C) is a smooth map. Because of

e = 05, (§)oe and 1= o¢y(Eg) = | det g| o, (€)

we have o¢, = | det g|"0¢. Moreover, o*(£g) = | det g|"0*(¢), since o is an r-density.
Comparing now Lx(o% o £) o¢ with

Lx(0%0&g)oey = Lx (0% 0 &g)|det g| "o¢
= Lx((c% 0 &)|det g[") | det g|"o¢
= Lx(c*0&)o¢ + (0P 0 &) Lx(|det g|") | det g| "o

it remains to show Lx(|det g|”) = 0 in order to obtain
Lx(0* 0 &) og = Lx(0* 0 £g) 0gq.

It is enough to show Lxg’ = 0 for all 1 < a,8 < n, and X € I'(U, P), i.e. the
components g2 of the map g = (¢°) : U — GL(n,C) are ”covariantly constant along
P”. For the moment, let us assume that X is Hamiltonian: X = Xz € I'(U, P). Then

X, =0 and [X,&] = 0.
Using the Lie derivativd®™| of vector fields, this is the same as

Lx&, =0 and Lx&=0. (51)
As a consequence

0= Lx&, = Lx(&95) = (Lx&s)g + £s(Lxgl) = €s(Lxgl) .

65see Proposition for the Lie derivative LxY = [X,Y] of a vector field Y along a vector field
X and some of its properties.
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This implies Lxg? = 0, since £ is basis. Since a general X is locally asum X = Y h X"
with Hamiltonian X" we finally obtain

Lxgl=> heLxegl =

We have shown, that the local definition of Vxs is independent of the frame field
. Therefore, the local definitions on U and U’ with U N U’ # () agree on U N U’ and
define Vx on U U U’, and furthermore, on all of M. O

The partial connection has all the usual linearity and derivation properties a con-
nection should have. The following properties are easy to prove.

Lemma 12.18. Whenever o € I'(M,6,(P)) and X,Y € I'(M, P), the following equa-
tions hold for functions f € E(M)

1. Vx(fo)=(Lxf)o+ fVxo.

2. Vixyyo = fVxo+ Vyo.

3. VxVyo + VyVxo = Vxy)o.

In particular, the last equation means that the partial connection is flat.

THE CASE D

In an analogous way there is a partial connection on D®: For o € T',(D%) and
X € T(M, P) we obtain Vxo € T',(D%). The definition works for vector fields X €
'(M,P+ P)=T(M, E®):

Let U C M be an open subset for which there exists a Hamiltonian frame field £ €
I'(U, D). Define o¢ € T'(U,6,(D) by the property of(¢) = 1. Any o € T'(U,4,(D%))
is of the form o = o#(&)oe .

Definition 12.19. For a vector field X € I'(U, E®) and o € T'(U, 6,(D%)) one defines
VXU = Lx(aﬁ 0] f)O’g .

Lemma 12.20. The definition Vxo, where X € T'(U, E%) and o¢ € T'(U,§,.(D%)), is
independent of the Hamiltonian frame field & and extends to all of M.

Proof. This Lemma has essentially the same proof as Lemma [12.17] m

Observation 12.21. The connection is partial, because the condition (51f) is crucial
for the construction.
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12.4 Partial Lie Derivative

We want to compare the partial connection just defined with a partial Lie derivative on
r-densities o € I',.(P). We need both derivatives for the formulation of the Half-Density
Quantization.

The Lie derivative Ly : I';,(P) — I'.(P) will be defined only for those vector fields
X € U(M) which preserve P, i.e. for which [X,Y] = LxY € I'(M, P) holds for all
Y € I'(M, P). Notice, that the vector fields X € I'(M, P) preserve P since P is
involutive. But in general, the set of P-preserving vector fields is strictly larger than
['(M, P) as the following example shows.

Example 12.22. Let us have a look at the harmonic oscillator with phase space
M = T*R™ = C" and holomorphic polarization P generated by the vector fields

9
0z,

(see Example [10.23)). The Hamiltonian vector field Xy of the energy H = z]zj is
preserving P but is not in P:

0 0 0 0
Xg=1 — — Z—— I'(M, P X =1—€cI'(M, P
H Z(szazj Zjazj) §é ( ) ) and |: H> azk:| Zazk € ( )

Moreover, the set of P-preserving vector fields is not an £(M)-module it is merely a
module over the ring of polarized functions. In fact, z; Xy does not preserve P.

As a consequence the partial Lie derivative Ly will be defined for a larger class of
vector fields X than the previously considered vector fields X € I'(M, P) for which the
partial connection V x has been defined. This is important when defining the quantum
operator for observables F', since the directly quantizable observables F' are precisely
those for which X preserves P (cf. Definition , and this implies that Lx,o is
well-defined for o € T'.(P).

We know that X preserves P if and only the local flow (®;¥);cr of X satisfies

T®X(P)=P,tcR.

Let us abbreviate ®; = ®X and T,0,(b) = (T,P:(b1),...,T,®:(b,)), where b =
(b1,...,by) € Ry(P) is a frame. For o € I'(M,6,(P)) the pull-back ®jo of o with
respect to ®; is given by (®:0)*(b) = o (T, P,(b)).

Definition 12.23. For X € (M) preserving P the (partial) Lie derivative Ly :
['.(P) — I';(P) is defined for o € I',.(P) and b € R,(P) by

(Lxo)) = 2| @01ty =S| oma)).
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Notice, that the Lie derivative is defined in analogy to the Lie derivative of a
differential form (cf. (72))) using the pullback of forms, see Definition [A.33]

Proposition 12.24. Let o, € I'(U, 6,(P)) be the local section corresponding to a Hamil-
tonian frame field ¢ € T(U, R(P)) with (c¢)*(€) = 1, as above. For each Hamiltonian
X € I'(M, P) the Lie derivative Lxoe vanishes.

Proof. There exists a unique ¢, € (U, GL(n, C)) such that T®,(§) = £g;, in the sense
of

(Tu®:)é((a) = &(Pe(a))gila), a € U,

for the local flow @ = &; of X. For a section o € I'(U, §,(P)) this definition of g
leads to

Uﬁ(Tq)t(g)) = aﬁ(f(@)gt) = | det gt|r0ﬁ<f(‘bt))-

Therefore, Lxo is given by

(Lxo) (€(a)) = 5| _ ot (T.0(6(@)

- % t:0| det Qt(a)‘rgti (£(Pe(a))

B % ol det gu(@)"o*(§(a)) + | det goa) % 0 (E(@u(a)) .

In the case of o0 = o¢ the second term vanishes immediately, since 02(5 ) = 1. The first

term vanishes, as well: Differentiating T®;(£) = £g; gives

d d d d
(%T(Dt) (&) = (af) gt + 5%% = fagt ;

which implies

d d
— =|=To = (|X XL E]) =0.
ol = (57, ) © = (el xeh =0
As a consequence
ol =0 and hence Ligr| =0
dtgt =0 anc, hence dt 9t t=0
so that the first term vanishes. O

The partial Lie derivative has all the usual linearity and derivation properties a Lie
derivative should have. In particular,

Lx(fO') = LXfO' + fo(T

for a scalar function f € E(M).
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Corollary 12.25. For a Hamiltonian vector field X € I'(M, P) the partial connection
Vx and the partial Lie derivative Lx agree on T'.(M,d,(P)):

Vxo=Lxo.

Proof. A general section o has locally the form ¢|U = fo, € I'(U, §,(P)). By definition
of the partial connection Vxo = (Lx f)oe. And Lxo = (Lx f)oe + fLxoe = (Lx f)oe,
since Lxo¢ = 0. O

This is not true for all vector fields X € I'(M, P) as the following example shows.

Example 12.26. In case of the vertical polarization P on M = T*R the vector field
X = 0 e (M, P)
- pap )
satisfies Lx|dp| = |dp| but Vx|dp| = 0.

Proof. Vx|dp| = 0 by definition, since o¢ = |dp| for & = a%‘ To determine Ly |dp| we
see that the flow of X is ®, = (¢, pe’). Now, a basis b of P is b = {£}, i.e. b € R(P).

Inserting
ap(T@,0) = dpl (T ()] = dp| (-2 ) = Jel] = ¢
dp dp
into
Lldpl®) = | apl(@@)®) = 5| e =1=jdp
x1ep —dttzop t _dttzoe— = 1Pl
finally yields Lx|dp| = |dpl|. O

Note, that for the Hamiltonian vector field

0 0
Xp=q— —
F q@q + p@p
of F' = pg we obtain the same result
Lx,|dp| = |dp|

with the same calculation now using the flow @, = (e'q, e'p).

The following example will be used to determine the Half-Density Quantization of
the harmonic oscillator.
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Example 12.27. In case of the holomorphic polarization P on M = T*R = C the

Hamiltonian vector field
Xg=1 Z2 — 22
A 0z 0z

of the energy of the harmonic oscillator (see Example [12.22]) satisfies
Lx,|dz| =0.

Morever, for the vector field
0
X =iz—
iZ5
we obtain the same result Lx|dz| = 0.

Proof. The flow is ®;(z) = €'z, and for the basis

9
0z
_ ONY _ st (it (9N _ ity
az] (cht (a_» _ i ( (02)) e = 1.
As a consequence
(9 _d _ 0 o d
Lxuld2 <a_> = ool (T@t (a_>) T

and Lx|dz| = 0. O

of P we obtain

Not all Lie derivatives Lx annihilate |dz|:

Example 12.28. Again in case of the holomorphic polarization P on M = T*R = C
the vector field

0
X =+4z— €T'(M,P
+Z8§€ (M, P)

satisfies
Lx|dz| = |dz].

Proof. With the flow ®,(z) = e’z we get

(N dp ON _d| . (.0) d
Lx]dz] (a_) = Gl (T(Dt <3_>) = Gl ( a_> ~a

hence Lx|dz| = |dz|. O

lef] =1,
t=0
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Observation 12.29. The various partial connections V" := V on 6,.(P), r € R, as
well as the partial Lie derivatives Lx are compatible with each other- For instance,
given 0 € I'.(P), 7 € ['4(P) and 07 = 0 @ 7 € ', 5(P) the following holds:

Vi(or) = (Vio)T + o(ViT),
Lx(o7) = (Lxo)T +0o(LxT),
In particular V3 (72) = 2V% 7 and Lx(7%) = 2LxT.

Remark 12.30. The partial connection Vx on §,(D®) for X € I'(M, E) agrees with
the Lie derivative Lx if X is Hamiltonian as in the case of P, see Corollary
However, the Lie derivative Ly can be extended to vector fields X preserving EC as in
the case of P.

Summary
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13 Half-Density Quantization of the Momentum Phase Space

On the way to the half-density quantization in general we consider in this chapter the
special case of a cotangent bundle M = T*(Q) with the vertical polarization P. This
case is sufficiently important to deserve a special attention and, moreover, it is less
complicated than the general case, so that the procedure is easier to explain.

So let M = T*@ be the cotangent bundle of an n-dimensional manifold ), with
its standard symplectic form w = —d\ = dq A dp and with the vertical polarization
P C TMFC. Recall that the vertical polarization is P = D% where D = Ker T'7* is the
vertical bundle (or distribution) with respect to the natural projection 7* : T*Q — Q.
Of course, P is reducible, we have M /D = (). We shall denote the projection onto the
quotient manifold M/D by m : M — M/D, which is essentially 7* : T*Q) — @ with
fibres = R™. With respect to local coordinates ¢ = (¢',...,¢") : U — V C R" on an
open subset U C () we have the bundle chart

(¢ ....¢"p1,...pn) : T*U =V x R"

on T"U = T*Qly = V x R™ with its generalized momenta p;. A basis (over £(U)) for
the vertical polarization Py = P|y is given by

0 0
— e, — | = (X, X n) .
(ap17 78pn) ( q ) q)

In particular, the above basis is a basis of the distribution Dy, now over £(U, R).

The prequantum line bundle L is trivializable and we set L = M xC. The Hermitian
structure H on L is the induced structure given in terms of the standard section
si(a) = (a,1), a € M, through H(s;,s;) = 1. Finally, we choose the connection
determined by the Liouville form A = p;dg;, i.e.

VXf51 = (fo — 27TZ)\(X)f) S1,

for a general section s = fs; of L with f € £(M) and X a vector field on MI@

The local connection form o = —\ = —p;dg¢’ is adapted to P: a(X) = 0 for every
X € P. In particular, s; is polarized, i.e. Vxs; =0 for all X € T'(M, P).

Observe, that the covariant derivative of fs; along P, i.e. Vxfs;, X € I'(M, P),
is essentially the usual directional derivative Lx on the scalar f on M:

0
VXj%fsl = <LXJ6£)f) S1 = (XJ%) S1,
3 Pj 5

since Vxs; = 0.

66other connections are possible by choosing other potentials o of w leading to the same results.
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As a consequence, the space of polarized sections is
0 .
Pop(M.L) = {fsi| 22 =0, j=1.....n}.
8])]-

and can be viewed to be the space £(Q) of functions on ). The representation space can
be constructed on the basis of these functions. Since, in general, there does not exist a
natural volume form on () we work with 1-densities on (). Here the preceding chapter
comes into action! The representation space turns out to be the square integrable
1-densities on the configuration space @)!

After these preliminaries, we describe the half-density quantization of 7@ with
respect to the vertical polarization in the following three sections.

13.1 Descend of Densities

In order to obtain suitable densities on TQC we relate the densities on TQC with
densities on P = D®. We use the quotient bundle Z? := TM®/P — M and see that
the tangent map T : TMC® — TQC satisfies P = Ker T'm and therefore induces a map
T : ZP — TQ® which is fibrewise an isomorphism. Z” is the pull-back of TQ% with
respect to 7, ZP = 7m*(TQC), and it is essentially the complexified tangent bundle TQ®
but lifted to a bundle over T*Q) = M. The following commutative diagram illustrates
these properties
0—P—>TM¢——2ZP —0

o, 4

TQC

The natural map T : ZP — TQC enables us to lift the densities ¥ on TQF to
densities 7 on ZP”, as we explain in the following.

Every r-density v € I'(Q, 5,(T'Q%)) can be lifted to become an r-density 7 = 7, €
(M, 65,(ZP)) = T.(ZP): In terms of the functions 7,* and v one sets

Tyﬁ(Yl, oY) (a) = I/ﬁ(Taﬂ'(Xl), o Tem (X))

for any basis (Vy,...,Y,) € R,(ZP) and X4,..., X, € T,M® with X; + P =Y}, j =
1,2,...,n. It is easy to check that 7, transforms appropriately and thus ¢, is an
r-density. In particular, we see that v — 7, defines a homomorphism, the lift L :
I(T(Q)F) = T'n(ZP).

But not every r-density on ZP is such a lift, in fact, T'.(ZP) = ['(M,6,(ZP)) is
a module over £(M) while I',(TQ%) = I'(Q,6,(TQ%)) = A.(TQ%) is a module over
£(Q). With respect to any nowhere vanishing v € T'.(TQ%) and its lift 7, € T'.(ZP)
each 7 € I',(ZP) has the unique representation 7 = Ar; with a factor A € £(M) which
may depend on p.
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We are essentially interested to determine those densities 7 on Z” which descend to
a density v on TQC, in other words, which are a lift of a . To obtain a characterizing
property we introduce the partial connection V° on the line bundle ¢ := §,(Z7).

Definition 13.1. For 7, as above (lift of non-vanishing v, € T',(TQ%)) every 7 €
[.(ZP) =T (M,d) has the form 7 = fr; with a unique f € £(M) and we set

V&T = V% (fn) == (Lxf)m
for X e I'(M, P).

Lemma 13.2. This definition is independent of .

Proof. For another 75 which is the lift of a non-vanishing v5 there is a A € £(Q)
such that v; = A, It follows that 71 = hm with h :== Aow € E(M). Now, for
7 = fr = fh7my we have

(Lx(fh))m2 = ((Lx f)h + fLxh) 72 = (Lx f)hme = (Lx f)71,

because of Lxh =0 for X € I'(M, P), which shows the assertion. H

V9 is called partial connection, since it is only defined for X € I'(M, P).
The partial connection is used to formulate the following simple criterion.
Lemma 13.3. 7 € ['.(ZP) is the lift of an r-density v € T',.(TQ%) on TQ®, and hence

descends to v, if and only if V&%t = 0 for all X € T'(M,P), i.e. if T is covariantly
constant along D¢ = P,

Proof. Let oy be a lift of a nowhere vanishing vy, as above. A general o € A,.(ZP) can
be expressed as 0 = fo, with f € £(M). Then V%o = Lx fo,. We conclude

V%o =0 for all X € I'(M, P)
<= Lxf=0forall X € I'(M,P)
<= f does not depend on the vertical direction
<= f has the form f = o7 with A\ € £(Q)
<= 0 is the lift of Ay, where f = Ao with A € £(Q) O

13.2 Representation Space

We now come to the representation space of the half-quantization of M = T*(Q) using
densities. As explained at the beginning of the preceding chapter, the main aspect is
to replace the line bundle L with a line bundle L ® 9, as we describe in the following.
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Construction 13.4 (Representation Space of T7*@Q)). The new line bundle on M = T*Q
is L®§, where 6 := 61(Z b )@ and where the corresponding new connection is V® V°,
with V? the (partial) connection just defined.

A section ¢ = s ® 7 € I'(M, L ® §) is covariantly constant along D (or P) (also
called a polarized section) if (V @ V%)(s ® 7) = 0 for all X € I'(M, D), and this is
equivalent to

Vxs=0 and V%7 =0.

In particular, when s ® 7 is covariantly constant along P, 7 descends to a 1/-
density v = v(7) on TQ® according to Lemma|13.3] As a result we obtain for two such
polarized sections ¢ = s ® 7,9’ = s’ ® 7/, the 1-density

H(s,s"\ov' = H(s,sv(r)v(r)

on TQ® = T(M/D)® as a section of 6;(TQ%), where v/ = v(7') lifts to 7. In this
way one defines the scalar product through integration of the density H(s,s")vv/ over

Q = M/D:

(W, =(s@T,sdx7) = H(s,sv*" (52)
M/D
on the vector space Hp of polarized sections with compact support. Finally, the com-
pletion H}, = H(M, L, P) of Hp is the representation space we wanted to construct.

Note that we could have used the line bundle §_.,(P) instead of 6:15(Z7), see
Remark [13.10] as it will be done in the general case in the next chapter.

In a more concrete picture of the representation space the basic elements of the
Hilbert space are functions on () which are integrated by suitable half-densities on the
space @, as we show in the following:

Fix a nowhere vanishing positive !/2-density v, on () which exists according to
Lemma m Then v := vy = v} is a positive 1-density on Q. For instance, when Q
has a natural volume form ¢, we can take v, = /|| and it follows v = |¢|.

Let 7, be the uniquely defined lift of v; in I'y /2(M ,ZP ). T is a positive half-density
on ZP. Any polarized section s ® 7 in L ® 8, § = 61,(Z”), can be expressed as

SRT=fs1R9gm = ps1 @7

with f,g € £(Q) and ¢ = fg@.

676 =6_4 2(P) is an alternative choice, as we will see below and in the next chapter.

%Notice, that every global section ¢ € T'(M, L ® §) has the form ¢ = s ® 7 for suitable s € I'(M, L)
and 7 € T'(M, ), since 4 is trivial.

59More precisely, there are f, g € £(Q) with ¢ = fg such that 7 = (for)s;®@(gom)T = poms; @7 =
é.
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Therefore, the scalar product for polarized sections ¥ = s ®@ 7 = ¢s1 @ 71, V' =
sT =¢'s;m € '(M,L®94), as defined in can be written as

(W) = (s @78 ® 1) = /Q STt = /Q G,

which is

(W, = (6,6 = /Q et

It is easy to show that this integral is independent of the choice of v.

As a result, we can identify HS with the Hilbert space of functions ¢ on @ such
that fQ |p|?v* < oo, or — which is essentially the same — the canonical Hilbert space

L*(Q) of @ (cf. Remark [12.10)).

13.3 Quantum Operators

To finish the case of the momentum phase space T*() = M the main step is to de-
termine the quantum operators associated to the quantizable classical observables.
Regarding the prequantization — as developed in Chapter [7]— one is tempted to define
the quantum operator in HY assigned to a quantizable classical observable F' € (M)
by the preliminary definition

i

5® ViFT, (53)

(V6 V), +F) b= F)s) 07 - -

1
21

PE) = (

where ¢ = s ® T is a polarized section of L ® §, and ¢(F') is the prequantum operator.

However, the partial connection operator V¢ is defined only for vector fields X €
['(M, P). Let us have a look at these vector fields. When X € P we know that (V ®
V) x4 = 0, since v is polarized. In this way we only get multiplication operators as
quantum operators, and the whole effort of introducing connections on line bundles and
polarizations looks superfluous, in particular, there would be no geometric quantization.

To overcome this problem, we shall define a partial Lie derivative operator Lx :
[.(ZP) — T,(ZP) which for vector fields X on M such that Lx is well-defined at
least for the case of X = Xp, F' € £(M), where, in addition, F is directly quantizable
(cf. Section . Under these assumption, Lx can be used to define the quantum
operator. The notation Ly for this operator is justified since it is related to the Lie
derivative, although it is not defined directly as a Lie derivative. As a reminder, F’
is called directly quantizable or simply quantizable, if Vx,s is polarized for polarized
sections s. This is equivalent to X preserving P, i.e. to the property that [Xp, Y] €
['(M, P) for all Y € P. The Lie algebra of all quantizable classical observables is
denoted by Rp.
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In order to define the operator Ly we recall the concept of a Lie derivative of n-
forms on an n-dimensional manifold () and its divergence: The Lie derivative Lxe of
an n-form ¢ € T'(Q, A"TQ) is given by

LXg = dixé +ixd€ = dix€,

since de = 0. The divergence of X with respect to € as the unique div.(X) € £(Q)
with Lye = div.(X)e where ¢ # 0, otherwise div.(X) = 0. For instance, locally, for
coordinates ¢/ in an open subset U of @, when X = X70; and ¢ = d¢* A ... ANdq" €
I'(U,A™(T'Q)) we have the familiar expression

A general n-form n € I'(U, A"(T'Q)) can be written as n = he with h € E(U). Then
Lxn= (Lxh)e +hLxe = (Lxh+ hdiv.(X))e, and we deduce

hdiv,(X) = Lxh+ hdiv.(X).

Using the local flow & : Q; — Q_; of the vector field X there is the alternative
description of the Lie derivative by the formula

d
LX€<517 v 7571) = %E (T(Dix(gl)’ e 7T(I)§{(€n)) ‘t:O ’

when (&1, ...,&,) is a basis of T,Q, g € Q, see (72).

For the Lie derivative of densities, we take the last equation as the definition.
Definition 13.5. For v € I',(TQ) define

d

(L) (&nsoos ) = 5 (P (TONG), - TN ()

t=0
We obtain the induced divergence div, through Lxv = div, (X )Vm

For instance, locally, for coordinates ¢’ in an open subset U of @, when X = X709,
and v = |dg' A ... Adg"" € T(U, 6,.(TQ)

n J
div,(X) =7r) 0x7

We now want to define Lx, 7 for 1/2-densities 7 € I'1,(Z%) for the special vector
fields X = Xp, F € Rp, by lifting the Lie derivative Ly : [',(TQ%) — I'i,(T'Q%) just

"div, is not a one form, in general, since it is not £(Q)-linear; it does not define a connection!
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defined. Let 7 € T'1,(Z”) be the lift of a non-vanishing vy € I'i,(TQ), as before. For
a general T € I'_1,(ZP), 7 = gm with g € E(M) we set:

Lx,7:= (Lx,g+div,,(Tn(XF))g) 1 .

It is easy to see that this definition does not depend on the choice of 7.

In case of Xp € I'(M, P), the definition entails Ly,m = 0, since Tw(Xg) = 0.
Hence, for general 7 = g7:
Lx,(9m) = (Lxp9)m1.

Comparison: Recall that for Xz € I'(M, P) the partial connection is defined by
V%, (9m1) = (Lx,g)71, for a non-vanishing lifted 7, (cf. Definition @ Comparing
with the last equation it follows that the partial connection V& for X = X € T'(M, P)
agrees with Ly just defined. Hence, Ly, for general I’ € ?Rp can be considered to be an
extension of the partial connection V., Xp € I'(M, P) to mor general Hamiltonian
vector fields Xp by Ly,.

We now can define the quantum operator ¢°(F) on the polarized sections s ® 7 €
['p(M, L ® ) improving our first attempt in (H3)):

Definition 13.6 (Quantum Operator). For directly quantizable F' € £(M) the QUAN-
TUM OPERATOR is

7
—s® Lx,T,

C(F)(s®7) = (¢(F)s) @7 — 5

where ¢(F') is the prequantum operator. Hence, the quantum operator also has the
form

i
C(F)(s®7):= —%(VXFS(X)T—FS@LXFT)—I-FS@T,
An additional motivation for this definition is explained later in the context of
defining the quantum operator as an infinitesimal generator for the general case in

Definition 14.8

MaAIN RESULT

Summarizing the results of this chapter we have the following.

Theorem 13.7. The constructed half-density quantization for the cotangent bundle
M = T*Q with its vertical polarization P yields the representation space H) as de-
scribed above and is a full geometric quantization in the following sense:

1. The quantization map ¢° : Rp — S(HS) is R-linear and satisfies (D1) and (D2),

now for the new representation space, the well-defined Hilbert space H3 = L2(Q)"]

"IThis means that the Dirac conditions are satisfied for any set o of classical observables contained
in mp.
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2. If Xr is complete, F € Rp, then ¢°(F) is self-adjoint.

The description of half-density quantization of the momentum phase space
M = T*@Q with its vertical polarization is now completed.

But we want to make the formula for ¢°(F') slightly more explicit in our special case
M = T*@Q regarding the fact, that the quantum operators act essentially on functions
¢ € £(Q). Let s1 be the usual global section of L and 14 a nowhere vanishing %-density
on @ with its unique lift 7y € T'1,(Z”). Then every section ¢ of L ® ¢ has the form
¢s1 ® 11 . The quantum operator is

£ (F)os1 ©7) = (@(F)oss) & 71 — 598 @ divy, (Tr(Xe))

= (al#) - 5 diva(Tr(xR) ) o510

This means acting on (M), or more precisely on the functions with compact
support, the operator is

P () = aF) = 5= divy, (Tr(Xp)) |,

and the additional term induced by the half-density quantizaion in comparison to the
prequantization is apparent in this form. Let us study the additional term in the case
of a simple phase space:

Example 13.8 (Simple phase space). When the configuration space ) is an open
subset of R with the standard volume form ¢ = dg¢' A...dq" = dq we get a formula for
the quantum operators ¢°(F') which is more explicit. Here, F is a directly quantizable
observable on the simple phase space M =T*(Q).

Let us begin by calculating the prequantum operator ¢(F). F' has the form F =
A+ B’p; with functions A4, BY € £(Q).

The Hamiltonian vector field is

9
— Rk _
Xp=B'5 (

0A  0B' \ 0
o " o) apy

in global coordinates ¢* of ) and the induced p;. Applied to the functions ¢ € £(Q)
only the first term of Xp is relevant. Moreover, A\(Xr) = B’p;. Prequantization then
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yields for s = ¢s1:
1

q(F)s= (— 27TVXF + F)(bsl
= (—2LLXF¢ - ijj¢ + F¢)81
m
1

. 0
= (——B—
( 27TB aq]¢+A¢)Sl

Acting on ¢ € £(Q) this means

i .0
Fy=A—_pi 2.
q(F) x5
To bring the additional term into a simpler form we use the density v := |¢], also

denoted as |dg|, and the positive half-form v, := /v = |dg|"* € T,(TQ). From
Lxv? =2 Lxv, and Lyv = div.(X)v we receive

1
Lxv, = 5 div.(X)wy

for X € U(Q). We have mentioned already that div(X) = div.(X) has the familiar

form ot
. X
le(X) = Z a_qk .
Furthermore, Tm(Xp) = B0; =: B, and so
1 . 1 OBk
Lpv, = 5 div(B)v, = 5 a—qkyl.

As a consequence

5 oy (4 LNNOBYY i 0
¢’ (A+ Bp,) <A Angqk 2WB@qj.

This formula reveals the impact of Ly, resp. of %div(B) as the essential part
of the additional term. In comparison to the prequantization of T*R™ (cf. Example
without half-density quantization by simply restricting to those functions which
are independent of the variable p; and using the Lebesgue volume on () we see that
half-density quantization imposes an additional term in the quantization, namely mul-
tiplication with

9B L), (54)
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Restricting to the special cases FF = A = ¢ and F = B/ = p; we obtain the known
quantized observables

v 0

) = ¢ P (p) = —— L
@)= @) = =555

The additional term is 0 in these cases.

For a single particle, or a particle system, one wants to quantize the energy H of
the system in order to complete the Schrodinger picture. However, an energy like H =
g"“pip; — V(q) is not directly quantizable when one uses the vertical polarization. The
rules of Geometric Quantization are too restrictive to treat this important case. They
have to be extended to cover this case and more. We come back to the quantization of
the energy after having introduced the so-called BKS-pairing in the context of half-form
quantization.

Observation 13.9. The additional term resembles operator ordering, a concept which
is not part of Geometric Quantization in a direct way. For instance, in case of M = T*R
and F' = gp we see from the above formulas

(qp) = 1 0
q\qp) = o aq )
and ) )
5 _ v v 9
With the notation
= = d P:= = ———
Q:=q¢"(q) =q an ¢’ (p) 57 g
this amounts to
¢(qp) = QP
5 7
= —— P
q’(qp) T er

with —/ar as the additional term. Inserting the canonical commutaion relation

PQ-QP =~
2T
we deduce 1
¢ (qp) = 5 (PQ+QP).
Similarly,

{(p) = —-Q+ QP = PQ ~ QPQ + QP
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For the typical component of the angular momentum F = ¢*p; — ¢’p;, (here M =
T*R™ n > 1 and j # k) the additional terms cancels out and we get the familiar
quantum operator

¢ (F)=Q"P,~ Q'P,

agreeing with the prequantum operator.

13.4 The Case of a Real Polarization

Before we study the case of a general polarization in the next chapter, let us consider
the case of a real reducible polarization, i.e. P = P and therefore D® = PNP = P = P.
This case is close to the case of a cotangent bundle M = T*(@) with vertical polarization
and can be treated in the same way.

Step 1: The quotient bundle Z” = TM®/P is essentially the complexified tangent
bundle T'(M/D)® and the r-densities on T'(M/D)® can be lifted to r-densities on ZP.

Moreover, a section 7 € T',(ZP) is a lift of an r-density (i.e. descends to) v €
[.(T(M/D)%) if and only if V%7 = 0 for the partial connection V on 4,(Z?), defined
as in Definition [13.1]

Step 2: L will be replaced with
L®d,8:=08y2Z"),

and V will be replaced with V @ V°.

As before, any two sections ¢ = s® 7,9 = ¢ ®@ 7" € I'(M,L ® §), which are
polarized, i.e. on which V ® V° vanishes, induce on M/D the 1-density

H(s,s" o',

where 7 (resp. 7') is the lift of v (resp. V).

This leads to the scalar product

(W, 'y = H (s, s’)?ﬂz/ti

M/D

on the space of polarized sections Hp C I'(M, L ® ¢) with compact support, Finally,
the representation space H3 = H°(M, L, P) is the completion of Hp with respect to
the norm given by the scalar product.

Step 3:

q‘S(F)(s ®7T):=(q(F)s)@T — %s ® Lx,T.

We conclude this chapter with the following remark which shows how the 1/2-density
bundle § = d1,,(Z”) can be replaced by —1/2-densities on P. This remark has no impact
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to the half-density quantization of T() which we just have carried through, but it
prepares the use of P instead of Z” in the subsequent considerations for the general
case of a complex polarization P given on a symplectic manifold (M, w).

Proposition 13.10. There is a natural isomorphism 7p : 6_.(P) — §,(ZP) induced
by the exact sequence

0— D — TM® — ZP =TM®/D* — 0.
Recall P = D®. And we are back in the case of the momentum phase space M = T*Q.

Proof. We know this from Proposition With the r-density e = &, on TM® defined
by
(€5)a(b) = |wg (B)|", b€ Ry(TM®) ,a € M,

w

and with the notation [Z] := Z + P € ZP for Z € T,MC®, an r-density 7p(p) on ZP
can be defined for p € I'_.(P) by

(te(P)* ([Z1], ..., [Za]) = XXy, .., X, Za, oo Z) PP (X, X)),

where b = (X1,..., X0, Z1,...,Zy) € R (TME) with z = (X1,...,X,) € Ru(P)
and 2 = (Zy,...,7Z,) such that ([Z1],...,[Z,]) € R.(ZP). This is well-defined for
fixed (X1,...,X,). When Z; with [Z;] = [Z,], we have e/(X1,..., Xn, Z1,..., Zy) =
ef(X1,...,Xn, 24, ..., Zy), since the matrix ¢ with bg = 4(Xy,..., X, Z1,...,Zy)
satisfies det g = 1. The definition is independent of the choice of the frame z. Any other
basis y = (Y1,...,Y,) € R(P) of P, has the form y = xg for a suitable g € GL(n,C),

and we conclude

e'(zg, 2)p*(xg) = €' Va, .. ., Yo, Z1, ..., Zo) M (YA, ..., Yy)
e¥(x, 2)| et g|"pf ()| det g| ™"
X1y Xy Zas o Z) PN (X X))

Moreover, 7(p) is an r-density on ZP since

(T(p)¥([2]) = €¥(x, 29)p(x) = €¥(x, g)| det g|"p*(x) = (7(p))*([2])| det g|"

(cf. proof of Proposition [12.7, part 4.) O

Note, that in the case of M = T*R" the isomorphism has the following simple
and explicit form: With the notation |dp| = |dpy A ... Adp,| € T'(M,6,(P)) and with
the lift 7, of a suitable non-vanishing r-density v; on TQ® the above isomorphism
7:0_.(P) = 6,(ZP) is given by

fldp|™" = fr1.
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Moreover, when we choose vy := |dq|", dg = d1* A ... A dq™ and the lift 7, is denoted
by the same symbol the isomorphism is simply

fldp|™ = fldgq|".

As a consequence, the crucial half-densities 7, 7" € I'(M, d1,(Z”)) tensored to the
sections s,s" € I'(M, L) of the original prequantum bundle L could also be considered
as to be —1/>-densities p,p’ on P with 7 = 7(p), 7/ = 7(p’). The partial connection
on 81,(Z"”) in this interpretation will correspond to a partial connection on d_15(P)

which has been defined in the preceding chapter (see Definition [12.16]).

Summary
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14 Half-Density Quantization in General

We now come to the construction of the representation space in case of a general
complex polarization in order to achieve the half-density quantization in general. Let
(M, w) be a quantizable symplectic manifold with prequantum bundle (L, V, H) and let
P be a complex polarization with real part D, i.e. D is the distribution D = PNPNT M
of rank k£ = dimg D. It is assumed throughout this section, that M/D exists as
a (2n — k)-dimensional differentiable quotient manifold such that the quotient map
7w : M — M/D is a submersion (i.e. the complex polarization P is reducible, according

to Definition [9.15)).

In the following, we generalize the three construction steps described in the preced-
ing chapter for the vertical polarization on the momentum phase space M = T*Q to
the case of an arbitrary reducible complex polarization P on a general symplectic man-
ifold (M, w). This is the content of the next three sections. First, we have to generate
half-densities on the quotient manifold M /D which are induced by the polarization P.
Then the representation space will be determined and finally the quantum operators
are defined.

14.1 Descend of Densities

We use again the quotient bundle ZP := TM®/D® — M which is essentially the
(lifted) tangent bundle T'(M/D)®: Since the quotient map = : M — M/D is a sub-
mersion by definition, the tangent map 7w : TM — T(M/D) induces a vector bundle
homomorphism T : ZP — T(M/D)® which is fibrewise an isomorphism, i.e. the re-
strictions T, : ZP — Ty(,)(M/D)® are vector space isomorphisms. Notice, that the
action of T is essentially that of T'm: When pr : TM® — ZP = TM®/DC is the nat-
ural projection, we have T'm = T o pr. Altogether there is the following commutative
diagram:

0—=P—>TMC 27D

v, A

TQC

In particular, we obtain a bundle morphism R(Z?) — R(T(M/D)%) which we
denote again by T with isomorphisms T, : R.(ZP) — R.(T(M/D)%), a € M. For
vectors Z; € T,M®, j = 1...,2n — k, such that ([Zy],...,[Z2n4]) is a basis of ZP
(1Z;] := Z; + D,), T, is given by

T.([Z1), .. [Zonot]) = (Tur(Z1), . .. Tam(Zons)) = (Tu([Z3])s - - -, To([Zon_s])) -

With the aid of T one can lift the r-densities on M /D, i.e. the r-densities on T'(M /D)€,
to r-densities on Z as we have done in Chapter [13]
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Let us describe this lifting in detail for a given section v € TI'.(M/D) =
[(M/D,6,.(T(M/D)%)): For Z; as above the lifted r-density 7 is defined by

22, [Zanil) = Vi o (Tum(Z0), - . Tar(Zon ) -

This yields a unique r-density L(v) = 7 € I'.,(ZP) = T'(M, §,(ZP)) with the property
L(v)f = v# o T. The lifting defines an £(M/D)-homomorphism L : I'.(T(M/D)%) —
r.(ZP).

We describe how suitable —r-densities on P descend to r-densities on M/D, and

apply the result to the case r = /2. To achieve this goal we first discuss which densities
on ZP are lifted densities and then consider isomorphisms §_,.(P) — 4,(Z%).

The lifted densities can be characterized by a partial connection (as in the case of
M =T%Q), cf. Chapter :

Definition 14.1. Let v; € I'(M/D,T(M/D)%) be a nowhere vanishing r-density on
M/D (recall that all density line bundles are trivial according to Lemma [12.5] and
consequently admit nowhere vanishing sections), and let 7, € T',(ZP) = T'(M, §,(ZP))
its lift: 7, := L(v). Any section 7 € T',(Z”) has the form 7 = fr; with a function
f € EM). Now, for X € I'(M, D%) we define

Vx7:=(Lxf)m.

This definition is independent of the choice of 14 and yields a well-defined partial
connection for X € I'(M,D®). This can be shown as in the case of M = T*Q in
Section 1311

Lemma 14.2. 7 € T'.(ZP) is a lift of an r-density v on M/D if and only if Vx1 =0
for all X € I'(M, D).

Proof. A general 7 € I',(ZP) has the form 7 = fr; with f € E(M). Vx7 = (Lx f)7 =
0,ie Lxf =0, for all X € I'(M,DC) is equivalent to f having the form f = hom
with h € E(M/D). And fr is the lift of huy if and only if f = ho . O

To proceed in the construction of the half-density quantization we want to determine
a line bundle isomorphism §_,.(P) — §,(Z”) respecting the partial connections. Recall
from Proposition that the exact sequences

0— D —TM® — 7P 0

0— Dt —P— P/D° —0

induce natural isomorphisms

0:(Z2") = 6,.(TM") ® 6_.(D"),
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5_+(D%) 22 6,(P/D%) @ 6_,(P),

and as a combination

6.(ZP) =2 6.(TM®) ® 6,(P/D%) ® 6_,.(P) .
As a result, there exist natural isomorphisms (see Remark [12.8))

(D% —TI.(Z7)

and
I .(P)—=T.(Z").

In the following, we work with explicit isomorphisms 7p : I'_,.(D%) — T',.(ZP), resp.
7p : T_.(P) — I',(ZP) (cf. Proposition[14.3)), and use them for the construction of the
representation space. Later we show that the construction is essentially independent
of the isomorphism used (see Observation [14.7). And we will see in Remark
that using 7p or 7p in the construction will lead to the same representation space up
to unitary equivalencﬂ and thus to the same geometric quantization.

The main technical result is the following proposition. The proof is rather elemen-
tary, but due to the importance of the result in the construction of the representation
space we will present all details of the proof.

Proposition 14.3. There exists a natural line bundle isomorphism
7P 0_(P) = 6,(Z7)

with
Vxorp=T1poVyx

for all X € T(M, D). In particular, the following diagram is commutative

F—’I’(P) —> r (ZD)

vxl v

I (P)—=T,(Z")

Here, the partial connections Vx are defined previously: Vx on 0,.(P) in Definition
and Vx on 6,(ZP) in Definition [14.1]

The isomorphism Tp can be understood as an isomorphism of line bundles with
connection as in Definition 8.5, but here the connections are only partial.

"In the literature 7p is preferred.
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Proof. We introduce the following notation: Let
5: (Xla-"an>Yk+l-'-7Yn>Zl---aZk7Zk+1'--7Zn7)

be a basis of T, MC such that
P = (X1,...,X) is a basis of D,,
& = (X1, ., Xp, Yia1,...,Y,) is a basis of P,
¢ = (X1,...,Xp, Ziy1,...,Zy) is a basis of P,, (55)
v o= Yetr,. o, Yo, Z1 ... Zy,) determines a basis T,7(7y)

of Tr(ayM/D".

1.
2.
3.
4.

For Z € T,MC let us denote [Z] := Z + DS € ZP| the image of the projection
T,M® — TME/DS = ZP. Then the image of v := (Yii1,...,Yn, Z1...2Z,) is a
basis [v] = ([Viql, -, [Yal, [Z1] ... [Z0]) of Z2. Moreover, with  := (Yiy1,...,Y5)

we obtain a basis [n] of P,/D® and we see that (17,7) = (Yis1,.--s Yo, Yigts - Yn)
induces a basis ([n], [7]) of E,/DS.

Let ¢ := |w"|" be the r-density on TM® induced by the symplectic form w. And
let 0%([n]) := |w"*|"2(n,n) define a corresponding r-density § on P/D®. Then for
p € T'_(D%) we set:

(0 (]) = TP (P (Yesal, -, Val [Z4] . [Z0]) = E(B)F () pF (€) . (56)

7p(p) € ['.(ZP) is a well-defined r-density as we have shown in similar situations
before:

For an alternative choice 8 = (X'l, s X Yisr, Yo 2y Zy) € Ro(T,M®) to
[ satisfying the analogue of we denote

P = (Xy,..., Xp),

¢ =X, Xy Y, Vo),

% ~1 k~ k+1 ) (57)
77 = (Yk+1, .. 7Yn>7

’3/ = (?k+17"'7}>n721*"2n)'

Then there exists a unique G € GL(2n,C) with 3 = SG such that G can be written
as a block matrix

G:

S O
o S *
T Xk ¥

with d € GL(k,C),h € GL(n — k,C) and k € GL(n,C). Moreover, {¥ = &d, ij = nh,
¢ =¢&H and 4 = g, where H is the block matrix

(1)
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and g is the block matrix

Na}
I
VR

g Z) . (58)

Then 75([3]) as in satisfies

([3) = £ (B)6* ([P (€)

e (BG)G([nh)p* (€H)

e¥(B)| det G|"6%([n))| det h|" p*(€)| det H| ™"

£*(8)| det d|"| det h|"| det k|"6%([n])| det h|"p*(€)| det d|~"| det A"

()] det gI",

since det G = detddet hdetk, det H = detddeth and detg = det hdet k. Conse-

quently, there is the following transformation rule.

75(M9) = Th(])I det g" = T4 ([3])] det G| det d| (59)

5([]g)

for the special G, g, d as above.

In order to check whether the definition (56| is independent of the choice of the
representatives Z of the classes [Z] = T,M® /DS we assume &P to be fixed and [§] = [1].
In that case all elements of the diagonal of G are 1. Hence det G = 1 = detd = det g,
and the equation yields

7H([3]) = ().

Hence the term 7p(p)?([y]) is well-defined when the basis £ = (X1,...,X}) of D, is
fixed.

Next we show that the expression (56)) is independent of the choice of the basis
¢P € R,(D®). Any other basis £” can be described as P = ¢Pd with a unique
d € GL(k,C). With h = 1 and k = 1 in our block matrix G we have det d = det G and
we obtain from ([59))

7H([3) = Th([9) = £8(8)| det GI"6*([n) p* (&) det d| " = *(B)6([n])p*(€) = Th([7])

Thus, is independent of the choice of £P.
As a result, 7p(p)*([7]) is well-defined.

Let us confirm that 7p(p) determines an r-density on ZP. Let 5 an alternative
choice of a frame for T,M® according to (57). We can require {ND = ¢P since the
expression (56) is independent of £P as we have just shown. There is a unique g €
GL(2n — k, C) such that 4 = vg and which can be written as a block matrix as in (58)).

With G as the block matrix defined by 3 = G we obtain immediately from (59)

h([Mg) = 7 ([7])| det g|".
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As a consequence, fixing a 3 = (£, ~) with (55)) the assignment
h([1g) = Th([A)|det g|", g € GL(2n — k,C)

for general g € GL(2n — k, C) coincides with just proven transformation property for
special g with , and thus defines a well-defined r-density on ZP7.

We have shown that 7p(p) is an r-density and defines an isomorphism of line bundles
7p 1 0_.(P) — 6,.(ZP).

Finally, let p € T'(M,5_,(D%)). We have to show Vx7p(p) = 7p(Vxp) for all
X € I'(M,D%). Tt is enough to show this locally. Let a € M and let U be an
open neighbourhood of a for which there exists a frame field 8 : U — R(TM®), 3 =
(&1 &y st - -5 Ty C1s - - -5 Ga), Which satisfies in each point of U. In particular

7= (nk—i-la ces s C17 ) gna) generates ZD7 Le. ['}/] = ([nk-‘rl]u s [Un]a C17 SRR [Cna]) 18
a frame field for ZP, and T'r(v) is a frame field of T(M/D)C. Finally, by changing

¢P we can assume £°(8)0%(n) = 1 (replace £ with A¢P, where A € C satisfying A% =
()64 (1),

From Section we know that there is a unique density p; = pe € I'_,.(U, P) with
p1(€) = 1and Vx(p;) = 0 for all X € T'(M, D) (even for all X € T'(M, P)). Moreover,
any p € I'_.(U, P) is of the form p = p#(&)p; with Vxp = Lx(p#(€))p1. Hence

(Vxp)H(€) = Lx (p4(€)) -

In the same way there exists a unique density 7 : U — 6,(Z2) with 77 ([y]) = 1 with
Vx(71) = 0 for the partial connection Vx , X € I'(M, D%). Any 7 = fr, € I'(U, ZP)
has the representation 7 = 7#([y])7; and satisfies Vx7 = Lx(7%([7]))71. In particular,

7r(p) = tP(p) (M) = E(B)F ()P () = P (E)m
It follows 7p(p1) = 71 since 7p(p1)([7]) = p*(§)7([7]) = 1. In addition we obtain

) =
Vx7r(p) = Lx (0(€))m
)

Replacing in the last term the expression Ly (p*(€)) by (Vxp)*(€) completes the proof
of the proposition due to the following identities

Vx7p(p) = (Vxp)H(E)m = (B)0 () (Vxp) (§)m = 7p(Vxp) .

]

Observation 14.4. Let 1, € ['(M,6,(Z")) be a nowhere vanishing (now global!) lift
of a nowhere vanishing r-density v; € T',(T(M/D)%). The result of the preceding
proposition implies that there exists a nowhere vanishing density p; € T'(M, 6, (P))
such that Vxp; = 0 for all X € ['(M, D), namely p; := (7p) (7). Conversely, the
existence of such a p; yields the result of the proposition, by simply defining

7P 0_(P) = 6.(Z°), fp1— fr1.
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Lemma 14.5. Any other line bundle isomorphism 7 : §_,(P) — 6,(ZP) has the form
T = frp with f € E(M). Moreover, T satisfies

Vyxor=70Vyx

for all X € (M, D) if and only if f = homx for a suitable h € E(M/D).

Proof. The first statement is clear. Moreover, when 7 = f7p satisfies Vxor =70V
for all X € I'(M, D), then Vx(frp(p1)) = Vx(fn) = Lxfri = 7(Vx(p1) = 0, hence
Lyxf=0and f=hon, he&(M/D). And viceversa. O

14.2 Representation Space

The construction of the representation space can now be carried through as in Chapter
using directly the bundle 6:15,(Z”). However, we are interested in describing the
representation space using the density bundle §_1,(P) (and §_1,(D%), see below in

Section [14.4)).

Construction 14.6 (Representation Space). We replace L with
L® 5, 0= (5_1/2<P) y
and V with V ® V?, where V? is the partial connection on § = §_1,(P).

Let s®p € T(M, L ® d_15(P)) be polarized™ Then Vys = 0 and Vxp = 0 for
all X € T'(M, D¢ According to Proposition Vx(7p(p)) = 0. This implies that
there is a unique v = v(p) € I'1,(T(M/D)) (cf. Lemmal14.2), such that 7p(p) is the lift
of v. As a consequence, any two polarized sections ¢ = s®p, ' = s®p’ € I'(M, L®J),
determine the 1-density
H(s,s o/
on M/D (with v/ = v(p’)). This 1-density on M /D defines the scalar product
(W, ') = H(s, t)7*v"
M/D
and the pre Hilbert space
Hp={y € T'(M,L ®0)y polarited and (¢, ) < oo}

of polarized sections with with finite integral. The completion of Hp with respect to
the induced norm

[l = v (@, 9)

is the representation space H% = H°(M, L, P) which we wanted to construct.

"Every section ¢ € I'(M, L ® §) can be written in the form ¢ = s ® p, since there exists a nowhere
vanishing global section p of §.

™ p can be chosen to be polarized and nowhere vanishing, hence V x (s®p) = (Vxs)®@p+s02Vxp =0
if and only if Vxs = 0.



14.3 Quantum Operator 207

Observation 14.7. Using a different isomorphism
7= frp: T 1p(P) = T 1(Z")

with the property Vy o7 = 70 Vy for all X € I'(M, D%) the scalar has the form
f =hom, cf. Lemma The use of 7 instead of 7p leads to the representation space
H°(7) which is unitarily equivalent to H° by the unitary map

H(7) = H, ¢+ ho.

14.3 Quantum Operator

Before we state the main result of this section in the theorem below the quantum
operator ¢° has to be defined. Let (L,V,H) be a prequantum line bundle on the
symplectic manifold (M, w) with complex polarization P and with the additional line
bundle 6 := 6_15(P). For every directly quantizable observable F' € £(M, R)lﬂ the
local flow (@) of the Hamiltionian vector field Xz on M induces — with the aid of
the naturally lifted vector field Zp on L* — the local one-parameter group (pf) of
transformations, pf : T'(My, L) — T'(M_4, L), where the impact of the connection is
already included as we have deduced in Lemma This local one-parameter group
(pF') has as its infinitesimal generator the prequantum operator

o(F)s = oo (5

=0

See Proposition |7.13] Moreover, the local flow (®{") of the Hamiltonian vector field X,
given by the diffeomorphisms ®F : M; — M_;, induces a pull-back (®¥); : T'(M;,d) —
['(M_;,6), a local one-parameter group, which we denote again by ®f" = (®f)*. We
know

d
LXFO' = E(I)f()'

by definition of the Lie derivative Lx,.

d
:_(I)F*
t=0 dt( i)'

t=0

The two local one-parameter groups (pf”) and ®) on the sections of L resp. § define
a local one-parameter group

ki :T(My, L®6) = T(M_,, L®9J).
Locally, we set rf (p) = pf's @ ®Fo for p = s® 0.

Definition 14.8. The (half-density) quantum operator ¢°(F) for directly quantizable
F'is defined by

where ¢ is a section of I'(M, L ® 9).

750Only real observables are relevant.
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Lemma 14.9. For sections ¢ = s® o

1

¢ (F)(s®0) = q(F)s @0 = 5-s® Lx0
= —% (Vxps+2miFs) @0+ s® Lx,0).
Proof.
P (F)o = (F)s @ o) = ool
= %%pﬁs - X0 —|— s ® %%@fc o
:q(F)s®a—s®%LXFJ
O
Certainly, the formula
q5(F)(s®a) :q(F)s®a—%s®LXFU (60)

can also serve as a definition of the quantum operator.

Observe, that P, := (®7)(P) = P, when X is complete, and this implies that the
corresponding representation spaces Hp, agree with Hp. Therefore, kI and ¢°(F) is
defined on Hp and ¢°(F) is an operator in Hp.

Lemma 14.10. ¢(F)° is the infinitesimal generator of the one-parameter group (kI
of unitary operators.

In particular, when Xr is complete, ¢°(F) is self-adjoint. Summerizing;
MAIN RESULT

Theorem 14.11 (Half-Density Quantization). Let (L,V,H) be a prequantum line
bundle on the symplectic manifold (M,w) with a reducible complex polarization P. The
half-density quantization for P has as its quantum operators ¢® : Rp — S(H?) the
maps .
1

%S & LXFp )

for polarized sections s @ p € T'(M, L ® §), where q(F') is the prequantum operator.

C(F)(s®p)=q(F)s®p—

Moreover, half-density quantization is a full geometric quantization in the following
sense:
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1. ¢*(F) is R-linear and satisfies (D1) and (D2), now for the new representation
space H° = H°(M, L, P) (resp. H?(M, L, D), see below).

2. If for F € Rp, the vector field X is complete, then ¢°(F) is self-adjoint.

Let us consider the special case D = 0, i.e. P is a Kahler polarization. Then
M = M/D. In particular, there is no need to search for a natural measure or volume
form, we have the natural volume form w™ on M.

Example 14.12. Let M = T*R™ = C" be the simple phase space (see Examples
9.16} [10.9} [10.23) in complex coordinates z; = p; + i¢’ and with symplectic form
W= %z > dZ; A dzj. The holomorphic polarization P is given by

0
P = spang {8_2 1< < n}

J

The prequantum bundle is the trivial bundle L = M x C with connection given by

a = % Z Zdej .
The additional line bundle § = §_1,(P) is generated by the —1/>-density |dz|~"/, where
dZ is the n-form dz = dz; N ... N dZ,.
In order to describe the transformation 7p : 6_1,(P) — d1,(M) (note that Z2 = M)
let p € T'_1,(P) be defined by
(X1, X)) = (W) (X, X, X, X))

for a basis (X1,...,X,) € P,. Up to a constant p coincides with |dz|~"2. The corre-
sponding 7p(p) according to is

A general section ¢ € I'(M, L ® ) has the form ¢ = fs. ® p with f € £(M) and

Se(a) = (a, exp (— ; ngZj>> = exp(—giz)(a, 1)
(with zz := ||z||*), as in Example [10.9]
Since Vxs, := 2mia(X)s, , for X € B(M), and hence

VXfSe®p: (LXf)Se®p

for X € I'(M, P), the polarized sections of the line bundle L ® ¢ are the sections
Y = fse ® p with
0

=0, j=1,...n.
azjf ,Jj=1...n
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Consequently, they are in one to one correspondence to the holomorphic functions f
on C" and the representation space H% of the half-density quantization is — according
to the construction in Section [14.2] — essentially the Hilbert space

Hp = {f € O(C") | . ff exp(—mzz) < oo}

This is the Bargmann-Fock space [F, the reduced representation space Hp of the
uncorrected quantization as in Example[10.9] As a consequence, the quantum operators
q and ¢° are both defined on F with

1

S® Lx,p. (61)

¢*(F)(s®p) =q(F)(s)®p— o

We are interested to know to which extend ¢(F) and ¢’ (F) differ for directly quantizable
observables [’ which amounts to determine L, p.

We restrict to real observables, i.e. F has the form F = A+ D*z,+ DFz, +>°CiZ;2;
with real constants A, C; and complex constants D*. We concentrat on A = 0 = D*
and C; = % Then F'is the energy F' = H = %Zz of the harmonic oscillator. We have
seen Ly, |dz| = 0 in the case of n = 1 (cf. Example and this result holds true
for arbitrary n. But then we have

LXH)O: 0.

As a result, the additional term of the quantum operator ¢°(H) in is zero,
and the half-density quantization does not change the Kéhler quantization q(H) we
had discussed before in Chapter 10 without using half-densities (see Remark [10.8)). In
particular, the half-density quantization does not resolve the problem of the shift in
the spectrum of the quantized energy (cf. Example .

For complex observables F' the partial Lie derivative does not always annihilate |dZ]|
as the Example [12.28| shows. In general, for F' = iC(2)zz, a non-zero imaginary part
of C(z) will contribute a non-zero factor v: Lx,|dz| = v|dZ|.

The half-form correction, however, will lead to a correct quantization in the case
of the harmonic oscillator as we show in the next chapter, Chapter [15 on half-form
quantization.

14.4 Other Constructions

Instead of §_1,(P) one can also use the line bundle 81,(Z”) as we have done in the
preceding chapter in the case of the momentum space M = T*(@). Moreover, one can
take the line bundle § = §_1,(D®) as the additional line bundle, when D # 0, i.e. when
P is not Kahler. The general message is that these other choices lead to the same
half-density quantizations up to unitary equivalence.
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Before we go into details needed for § = d_1,(D®) we look at the case of a momen-
tum phase space M = T*() and compare the half-density quantization of this chapter
with the quantization described in the preceding chapter.

Proposition 14.13. Let P be the vertical polarization on M = T*(Q). The construc-
tions using 6 = 615,(Zp) or § = 0_15,(P) lead to the same half-density quantization.

Proof. We use the line bundle isomorphism 7p : d_1,(P) — d1,(Z”) introduced in
Proposition which induces an isomorphism

T'(M,L® 6_1,(P)) = T(M,L® 6 ,(Z"))

respecting the connections. For polarized sections ¢ = s®p, ¢’ = s'®@p' of L&J_1,(P)
the scalar product of Hp (with respect to 6_i,(P)) is

(6,8 = /Q H(s, (o) ()

(Recall M/D = @Q.) For the corresponding sections s ® 7p(p), = s ® 7p(p’) of
L ® 61/,(ZP) the scalar product of Hp (with respect to 61,(Z7)) is

(s @Tpp,s @Tpp') = / H(s,sv*/",
Q

according to (52), where v = v(7p(p)), v = v(7p(p')). This establishes a unitary
equivalence between the two representation spaces.

For the quantum operators we look at the local situation and assume () C R™. The
quantizable classical variables are the F' = A + Bip; with A, B’ € £(Q). Then the
Hamiltonian of F' is

The quantum operators agree on the sections s of L. So one only has to show that the
additional terms agree, as well.

In case of 0 = §_1,(P) the partial Lie derivative Ly, on d,(P), executed on |dp| €
['(M,6,(P)) yields

_ 0?F 0B’
Lx,|dp| = div(Xp)|dp| = ((9qjap') |dp| = _Tldp|-
j

Hence,

10B’

Lxeldpl™ = 555

dp| 2.
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As a consequence, the additional term is

In Chapter 12 the Hamiltonian vector field X = Xp leads to the operator Lx, on
sections 7 of 6,(ZP) by Lx,7 = div,(Tn(XFr))7, where 7 is a lift of v. Note, that

0

TT(XF) = Bja_q] .

The Lie derivative Lx of densities on Q is determined by Lx|dq|, |dq| € T(Q, 5 (TQC)):

190 ¢l o,
Lx|dq| = a—qj!dQ\ , for X = X]a—qj € U(Q).

In particular,
oBJ
Lx,|dq| = 6_qj|dq"

This implies

10B7
Lxplddl” = 355

dg| "

Therefore, the additional term is the same as above:

]

We now want to show that in the case of D # 0 one can use § = 6_1,(DC) instead
of 6_1,(P). The construction using is similar to the one described in the preceding
sections. One starts with ZP = TM®/DC and considers the lifting of densities from
T(M/D)® to ZP. In Section we recall that densities on Z? are lifts of densities on
T(M /D)t if they are covariantly constant along D (cf. Lemma. As a further part
of obtaining a suitable descend one proves the analogue of Proposition [14.3] namely

Proposition 14.14. There exists a natural line bundle isomorphism
mp 1 6_p(D%) = 6,.(ZP)

with
Vxorp=7poVx

for all X € T(M, D).
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The definition of 7p is simpler than that of 7p: With the notation of the proof of
Proposition we set for 0 € I'_,.(D®):

7h([]) = 4 (B)* (7).

This result is used in the construction of the representation space on the basis
of 0 = §_1,(DC) along the same lines as in the case of d_1,(P). The outcome is
the representation space H° = H°(M, L, D) induced by polarized sections of L ® 4.
Moreover, the quantum operator is defined the same way and leads to a corresponding
main theorem, now based on DT and § = §_.,(DC).

Remark 14.15. The representation spaces H’(M, L, D) and H°(M, L, P) are unitarily
equivalent.

One advantage of using P instead of D — as is done in the literature — is, that the
construction (based on the definition of 7p) has a natural interpretation also for D = 0.

Another advantage of using P instead of D is that a pairing between Hp and Hp:
for different complex polarizations can be defined in a natural way as we explain in the
next section.

14.5 Half-Density Pairing

In general, given two different polarizations P, P’ on a quantizable manifold with pre-
quantum bundle, one should be able to compare the geometric quantization induced
by P with the corresponding geometric quantization induced by P’. In particular,
the resulting representation spaces Hp and Hp/ should be closely related. In an ideal
case they should be unitarily equivalent by a natural isomorphism and the quantum
operators should be intertwined by this unitary equivalence.

The results of the preceding section can be used to formulate a pairing between
representation spaces Hp and Hp: as a natural relation between these Hilbert paces.

Definition 14.16. Let P, P’ be complex polarizations on the symplectic manifold
(M,w). They are called COMPATIBLE with each other, when the following three con-
ditions are satisfied.

C1 The intersection D := PN P'NTM is an integrable distribution.

C2 D is reducible in the sense that the quotient M /D exists as a manifold such that
the projection =7 : M — M /D is a submersion.

C3 E:= (P + P)NTM is integrable.

P is called TRANSVERSAL to P’ if PN P’ = {0}, i.e. if D = 0.
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Transversal polarizations are compatible to each other.

It is easy to see, that P is compatible to itself if it is reducible and if £ = (P +
P)NTM is integrable, i.e. if P is strongly reducible.

Note, that P’ is a complex polarization, which we sometimes write Q := P’ in the
following in order to simplify notation.

In order to construct the pairing we consider the quotient vector bundle Z? :=
TMC®/DC, as before. Recall that ZP is essentially the tangent bundle T'(M /D) of the
quotient M /D, and ZP = TM® if D = 0.

The polarization P resp. Q = P’ has its real distribution Dp := PN P NTM
resp. Dg = QNQNTM = PnPNTM. Moreover, the distribution D as in C1 is
the intersection Dp N Dg: By definition D = P N Q NTM contains the intersection
Dp N Dy = PNPNQNQNTM. Since for X € D = PN QNTM we have
X=XePNnQNTM wesee X € PNQNPNQNTM, hence

DCDpNDg=PNPNQRNQNTM.
Along the same arguments as in the proof of Proposition [14.3| we obtain

Proposition 14.17. Let P be a complex polarization on (M,w) and let D C Dp
be a distribution such that M/D exists as quotient manifold where the quotient map
M — M/D is a submersion. Then there is a natural line bundle isomorphism

7P 0_(P) = 6,(ZP) with Vxorp=1poVyx

for all X € T(M,D®) C T'(M,P). Here Vx are the partial connections on 6_.(P)
resp. on 6,(ZP).

Observation 14.18. Any isomorphism satisfying the compatibility condition V yor =
7oV for all X € I'(M, D®) is of the form fp; — f7i, where 7y is the lift of a nowhere
vanishing vy € ['(M/D, 6,.(T(M/D)®) and where p; is a nowhere vanishing section of
§_,(P) satisfying Vxp, = 0 for all X € I'(M, D%). We know that vy and 7 exist. And
p1 can locally be defined by

Pi(E) = (B () ' (1),

where the notation is the one used in the proof of Proposition [14.3]

Now we come to the construction of the pairing on the basis of two compatible
polarizations P and P/ = Q. Let ) = s®p € I'(M,L ® 5) resp. ¢ = s ®p €
['(M, L ®d") global sections (where § := (57%(]3) as before and ¢’ := (57%(62)) which are
polarized, i.e.

(Vo V) xth =0 for all X e D(M,P), (Ve V®)xy' =0 for all X e T(M,Q).

"6Every global section can be written in this form.
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Then
Vxs=0 for all X e (M,P), Vxs =0 for all X e I'(M,Q),

and
Vip=0,V%p =0 for all X € I'(M, D).

As a consequence, s and s" are constant on the leaves of D and the result of Propo-
sition implies that 7p(p) € T14(ZP) resp. 79(p') € T14(ZP) are lifts of suitable
half-densities on M/D which we denote by v = v(p) resp. V' = v(p'). Altogether, the
sections 1,1’ induce a 1-density

(1, ') := H(s, t)i*"*

on M/D, which defines a natural sesquilinear map

Bro: Hp x Hy — C, (10,0/) s Bpo(th, 1) = / W)= [ Hs, )7t
M/D M/D
Recall, that Hp = H% resp. Hg = Hg is the space of polarized sections of L&J_1,(P)
resp. L®J_1,(Q) with compact support. We can also take the larger spaces of secctions
where the integal is finite.

To make the formula for the pairing Bpg more concrete let us assume, that L is
trivial and has a global nowhere vanishing section s; € I'(M, L), a situation which is
locally true. Moreover, let p; resp. pj be global nowhere vanishing sections of § =
57%(]3) resp. & = 57%(62) with Vxp; = 0 for all X € I'(M, P) resp. Vxp| = 0 for
all X € T'(M,Q). Then the polarized sections ¢ € I'(M,L ® §),¢' € T(M,L ® ¢')
can be written in the form ¢ = ¢s; ® p; resp. ¥ = ¢'s; ® p| with functions ¢, ¢’ €
E(M/D). Moreover, Tp(p1) resp. To(py) is the lift of a half-density vy resp. v{ in
I'(M/D, 6, (T(M/D)%)). As aresult, the density (,¢’) has the form (¢, 1) = ¢¢' v 1/}
which implies

By, ¢) = o' vy . (62)

M/D

Note that 14 and v] can be chosen to be p'”? with an everywhere positive 1-density s
on M /D™ With this choice the formula simplifies to

B, y') = o0 1iF
M/D
Moreover, B is non-degenerated.

We have defined a natural pairing B = Bpg on Hp x Hg which is directly induced
by the construction of the half-density representation spaces. To obtain a map T =
Tpg : Hp — Hg from this pairing the continuity of B would be helpful.

"TIn the following we omit the upper indices §, " for convenience.
™Such a yu exists according to Proposition m
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Lemma 14.19. When B s partially continuous, i.e. B is continuous in each variable,
there exists a linear map T : Hp — Hg such that for each ¢ € Hp

B(i,¢) = (T, ¥')

for all ' € Hg.

Proof. In fact, fixing ¢» € Hp defines a continuous and linear map
HQ —C 5 w/ — B(WW%

which can be extended to Hg as a continuous linear functional By, : Hgy — C. By the
Riesz representation theorem the continuous linear functional B, can be represented
by a unique T € Hy in the sense that B(i, ') = (T, ') for all ¢ € Hg. The map
T : Hp — Hg is linear and injective. O

When B is continuous, i.e

B, ') < Clo [, (0, ) € Hp x Hg

for a constant C, then the map 7" = Tp in the preceding lemma is continuous as well
and can be continued to all of Hp yielding a continuous and bijective T : Hp — Hy.
However, T will not be unitary, in general.

There seems to be no general method to show the continuity of B. One of the
problems to implement such a method originates in the fact, that the norms of Hp
resp. Hq are, in general, not related to the definition of the form B: The three distri-
butions D = PNQNTM, Dp:=PNPNTM, Dg:=QNQNTM are, in general
different form each other. Therefore, the integration over M /D, which is used to define
B, is not related to the integration over M/Dp, which is used to define the norm on
Hp and not related to the integration over M/Dg, which is used to define the norm of

Ho, Q=T

Summarizing, we cannot be sure that the pairing is defined on all of Hp x Hg in
a reasonable way, nor that it is unitary or at least continuous. However, in important
cases T turns out to be well-defined and unitary as we see in the following proposition.

Proposition 14.20 (Fourier Transform). Let M = T*R"™ be the momentum phase
space (simple case) with standard symplectic form w = d¢’ A dp; and prequantum
bundle (L,V,H), where L = M x C, V given by the connection form —p;d¢’ and H
is the constant Hermitian metric on M x C. In the case of the vertical polarization
P and the horizontal polarization P' = @Q the natural pairing Bpg is continuous on
Hp x Hg, and the corresponding map Tpq is unitary. T is the Fourier transform up
to a scaling factor.
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Proof. P is transversal to Q and ZP = TMC®, since D = PNQNTM = {0}. The
connection can be written in the form

Vxfsi = (Lxf—2mipidg(X)f) s1
for a general section s = fs1, f € E(M), of L. Here, s; is the special section s;(a) =

(a,1), a € M, as before.

Let dp denote the n-form dp := dp; Adps A ... ANdp, € T(M,A"(P")) with the
densities |dp| = |dp* A dp* A ... Adp?| € T(M,6;(P)) and |dp|~"* € T(M,5_1,,(P)).
Any —1/>-density of P is of the form f|dp|~"* with f € £(M). Hence, a general section
Yp=s®pel'(M,L®0d) with § = 0_.,(P) can be written as

U = ¢s1 @ |dp|

with ¢ € £(M). The generating section |dp|~"/* is polarized with respect to P, since

) )
dp| P (=——, ... ) =1,
|dp| (ap1 8p1)

so that Vx(|dp|~"?) = 0 for X € I'(M, P). As a consequence, the section 1) = ¢s; ®
|dp|~'/> € T'(M, L ® §) is polarized if and only if ¢s; is polarized and this is equivalent
to
0
op

Hence, we have recovered the result of Construction that the space of polarized
sections 1S

=0,5=1...,n.

Powwsp(M,L®8) = {fs1® |dp| ™ | f = f(q) € ERM)},

and H% (M) can be identified with L?(R™, d\(q)).

In the same way, dq := d¢* Adg* A ... ANdg™ € T(M,A"(QV)) induces the polarized
section |dg|="2 € T(M,d_1,(Q)). And a section ¢ = ¢'s; @ |dg|™"* € T(M, L x &),
where 0’ = §_1,(Q) and ¢’ € £(M), is polarized if an only if

0 . .
a_qjgb/_Qij(bI:O’]:l o,

The general solution of this system of differential equations is
#(q.p) = f' ()™ (q.p) € T'R" =R" x R",

with an arbitrary function [ = f'(p) € E(R™, C).
Hence, the space of polarized sections with respect to the horizontal polarization ()
is
Togus o(M,L® &) = {fe™%s; @ |dg|~" | f' = f'(p) € ER™)},
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and HY (M) can be identified with {f’e2™7 | f' € L*(R", d\(p))} = L*(R™).

The induced 1-density (¢,v') on T*M® = ZP — which leads to the form Bpg :
Hp x Hg — C according to the construction explained above (see (62)) — is

(1, ¢") = ¢¢'|dq|dp| = d¢'|dq A dp) .
Hence,

Brglth, tf) = / (6, = / 56/dq A dp
/ F(@)f'(p)e*™®i7" dg A dp

-/ ( - f(q)e—wmdq) F(p)dp.

B = Bp, is continuous, since it is bounded:

By, )] < / I < \/ / 1) / 12 = el

for (¢,¢') € Hp x Hg. Therefore, B can be extended uniquely to Hp x Hg as a
continuous bilinear form. Furthermore, T": Hp — Hg defined by T¢ =T fs; ® \dq]_l/ 2
with

Tfw) = | f (g)e ™" dg,
satisfies
Bro.w) = [ TFfdp = (T1.1) = (000
for all (¢,') € Hp x H.

T is linear, continuous and bijective. Since (T'f,Tf) = (f, f) the map T is even
unitary. Up to a scaling factor ¢ > 0, T" is the Fourier transform. Altogether we have
a natural unitary mapping 7" : Hp — Hg between the representation spaces Hp and
Hy. O

Remark 14 21. T 1ntertw1nes the quantum operators Q; = ¢ %q;), P = ¢°(pj),
resp. Q7 = ¢” (), P = ¢")p;) in the sense that T o Q7 = Q" o T resp. ToP = PoT.
In other words, T' mtertwmes the representations

q = q(S resp. q/ = q6

of the algebra 0 := {a +bp; + cxq" | a,V’, cx € R}, a subalgebra of the Poisson algebra
(R?*" R). This means that the following diagram is commutative

Hp —>H,
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In fact, it can be shown that Pj = p; and

i_ 40
Q N 27 8pj .
Hence
T oQ"(f)(p) = / ¢" fq)e ™% dg
and

- »
QTN = 57 [ Ha)e g

= —/f —2mig") 2’”"’J'qjdq

- /q Flg)e™>™ "% dg = T 0 Q*(f)(p) -

k .
As a consequence, To Q% = Q" oT. ToP; = PjoT can be shown in an analoguous
manner.

Summary
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15 Half-Form Quantization

In principle, half-form quantization is similar to half-density quantization. The differ-
ences are:

1. Half-form quantization corrects the shift of the eigenvalues in many cases, which
is not achieved by the half-density approach. Recall, that the geometric quanti-
zation of the harmonic oscillater using the holomorphic polarization (i.e. Kéhler
quantization) leads to an incorrect model with a shift of the eigenvalues of the
quantized energy operator, see Example [10.23] and that the half-density quan-
tization does not change this, see Example [I4.12] However, in the sketch of
the half-form quantization for the harmonic oscillator in the Example we
arrived at the correct model.

2. Half-form quantization is only possible when a certain topological condition of
the phase space (M,w) (more precisely of the frame bundle R(P) assigned to
P) is satisfied, while half-density quantization works without any additional as-
sumption.

3. The topological condition forces one to consider rather involved new structures,
like the concept of a metalinear frame bundle as a special case of a metalinear
structure for a principal fibre bundle with structure group GL(n, C) or the concept
of a metaplectic structure. These structures make the half-form quantization less
accessible, although from an elementary standpoint forms can be considered as
to be more basic than densities.

In this chapter we present the half-form quantization without using the concept of
a metalinear or metaplectic structure. Instead, we only need the existence of a square
root line bundle S of a certain line bundle K, i.e. S ® S = K, where K = K(P) is
naturally induced by the polarization P, it is the canonical bundle of P.

In general, such a square root bundle .S will not exist. And in case of existence there
might be several inequivalent choices. Existence is guaranteed if a certain cohomology
class induced by P vanishes. We give a detailed explanation of this result in the Section
below. Note, that a given metalinear structure for the frame bundle R(P) of P
always induces such a square root.

Interestingly enough, the condition which is necessary for the existence of a square
root bundle of K is exactly the same condition which ensures the existence of a met-
alinear frame bundle associated to the frame bundle R(P). A metalinear frame bundle
immediately leads to a square root S and the metalinear structure allows one to define
this bundle by transformation properties of the sections similar to the properties of
half-densities. We come back to metalinear structures in the next chapter where also
metaplectic structures are studied. A metaplectic structure on (M, w) induces met-
alinear frame bundles for several different polarizations at once and thus opens the
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possibility of comparing polarizations and the corresponding half-density quantization
in an efficient and elegant way, in particular in order to construct a natural pairing.
We study all this in the next chapter.

15.1 Canonical Bundle of a Vector Bundle

In order to define half-forms of a polarization we introduce the notion of the canonical
line bundle of a general complex vector bundle.

Definition 15.1. Let V — X be a complex vector bundle of rank k over an m-
dimensional manifold X: Then K (V) := A¥(V") is called the CANONICAL BUNDLE of
V.

Note, that the canonical bundle of the tangent bundle 7X® on the m-dimensional
manifold X is the line bundle of forms of top degree m on X: A™(T*XC) =
A™((TX®)Y) = K(TXC). This line bundle K(TX®) is sometimes denoted by K(X)
and called the canonical bundle of X. For n € K(X) we have the standard integral of
m-forms with respect to an orientation of X: [ + 7 - Without orientation a reasonable
general integration is only possible for densities.

Lemma 15.2. Let V — X be a complex vector bundle of rank k with transition func-
tions g;; with respect to an open cover (U;) of X. Then det gigl are suitable transition
functions of the canonical bundle K (V') = A*(VV). Moreover, K (V) is (isomorphic to)
the line bundle R(V') xgrk,c) C associated to the frame bundle R(V') of V' with respect
to the representation p = det™" : GL(k,C) — C*. As a result, the global sections
a € T'(M,K(V)) can be identified with the smooth functions of : R(V) — C on the
frame bundle R(V') of V' satisfying the equivariance property

o (bg) = (det g) o*(b)
for allb € R(V) and g € GL(k,C) (for the notation bg see Section[12.1]).

Proof. The dual vector bundle V'V has the transition functions g; which implies that
det g;;' = (det g;;) " are transition functions of A*(V). From this result we can read off
that K (V) can also be defined as the line bundle R(V') x,C with respect to p = det™",
since, in general, the transition functions of such associated bundle are p(g;;) (cf. .
Finally, the transformation property for of is the general transformation property in
case of associated bundles (cf. which we have encountered in a similar form in

the case of r-densities (cf. [12.1)). O

The correspondence a — of is very simple in the case of the canonical bundle:
Each section o € T'(M, K (V) induces a family of maps «, : VF — C, z € X, and
therefore, af(b) := a,(by, ..., by) is well-defined for each basis b = (by, ..., b) of V,. In

other words, of is the restriction of a to R(P).



222 15.  Half-Form Quantization

As a result of the lemma, there is a similarity of sections a of K (V') with 1-densities
on V: The line bundle 6, (V') of 1-densities on V' is determined by transition functions
| det g;;| 7. And the sections u € I'(M,6;(V)) are in bijective correspondence to maps
p? . R(V) — C with the equivariance property

1 (bg) = |det g|u*(b)

forallb € R(V) and g € GL(k, C), cf. Section[12.1] In particular, any a € T'(M, K(V))
induces a 1-density |a| € T'(M, 0, (V)).

Notation. The sections a € I'(X, K(V)) are called 1-forms of V. Of course, this
concept of a 1-form is different from the notion of a differential one form n € A'(X).

The transformation property of the canonical bundle K (V') gives rise for introducing
the following definition.

Definition 15.3. Let V — X be a complex vector bundle of rank k over an m-
dimensional manifold X. Then for £ € N: K,(V) := K(V)®[%] K_4(V) = K(VV)®¢ =
K,(V)V.

Observation 15.4. Let g;; transition functions of V, then (det g;;)~* are suitable

transition functions of K,(V) for ¢ € Z. And the equivariance property of sections
g el (M, Ky/(V)is
3 (bg) = (det g)*5*(b)

for b € R(V) and g € GL(k,C). Moreover, K,(V) can also be described as the
associated bundle R(V') xqru,c) C with respect to the representation p = det .

Remark 15.5. A concept which is similar to the canonical bundle is the determinant
line bundle which is simply the dual of the canonical bundle (up to isomorphism): For
a vector bundle V' of rank r we have the following isomorphisms

det(V) := A"(V) = (A" (VY)Y 2 K(V)Y = K_ (V).

In generalization to the sequence Ky(V')yez) of ”canonical” bundles we intend to
introduce K,(V) for half-integers £ € {¢ | 2¢ € Z} or at least for £ = /2 and —1/2. This
means we need to require the existence of a square root S of K (V') in order to define
the new sequence by K, (V) := S* for £ € {¢ | 2¢ € Z}. Note, that S is a square root
of K(V) = K(V) if and only if S¥ is a square root of K_;(V):

Observation 15.6. One might be tempted to define a square root of K (V') by simply
requiring the transformation property

u(bg) = (det g) " u(b),

W@ is the ¢(-fold tensor product W W @...Q W
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for a function uw : R(V) — C. Or equivalently, to define the square root of K (V)
through the transition functions (det g;;)~"/?, when g;; are transition functions for V.
But the square root (det h)~™/* is not well-defined for general h € &(M,GL(k,C)).
In general, for a manifold M every given function g € £(M,C) has a square root in

E(M,C) if and only if M is simply connected.

Let us have a look at the related problem of describing a possible square root of a
given holomorphic function f : U — C on an open U C C in Complex Analysis: One
uses a_double covering p : U — U of U on which a holomorphic f : U — Cis deﬁned
with f f op and such that f has a holomorphic square root g : U — C, i.e. g2 = f

On the basis of this idea to obtain a square root of K (V') one can consider a double
cover of GL(k, C) — namely the metalinear group ML(n,C) — together with a suitable
double cover R(V') of R(V'). This will be carried through in Section of the next
chapter.

We postpone the discussion of these problems to the next chapter. In the actual
chapter we want to circumvent these issues and treat the half-form quantization under
the hypothesis that we only have a line bundle S with S ® S = K(P). Before that, let
us comment the usage of the term ”canonical bundle”:

Remark 15.7. We have introduced the notion of canonical line bundle in Definition
15.1] which works for a general complex vector bundle. The usage in the literature
is not completely uniform. In the context of Geometric Quantization the canonical
bundle of a polarization P C TMC is often defined as A"P° where P° C T*MC is
the polar or annihilator P° := {u € T*M® | u|p = 0}. Since P is isomorphic to P°
when P is a polarizatio this definition amounts essentially to A"P? =~ A"P =~ K.
i.e. the canonical line bundle defined with the aid of P is the inverse of the canonical
bundle K = Kp used in these Notes, and changing the definitions leads merely to
interchanging K, and K_;, { € 7Z, as well as K15, and K_1, in case of existence. We
have introduced the general Definition in accordance with the usage in Algebraic
Geometry and Complex Analysis, where the canonical line bundle for a non-singular
variety X is the line bundle of forms of top degree.

15.2 Need for a Square Root of a Line Bundle

This section is inserted into this chapter in order to motivate the search for a square
root of K(P) resp. K_;(P) for a polarization. The results are not needed in the
following, so the reader can proceed immediately with the next two sections to learn
how the square root is applied to achieve the half-form quantization.

Recall that a square root of a line bundle B over M is a line bundle C' with
C? .= C®C = B. We also speak of a square root when S ® S = B with a fixed
line bundle isomorphism S ® S — B.

80with respect to the isomorphism X — w(X, ), X € P,



224 15.  Half-Form Quantization

Our starting point is a prequantum line bundle (L, V, H) on a symplectic manifold
(M,w) with a reducible complex polarization P. The polarized sections s € I'(M, L)
are constant on the leaves of the distribution D = PN PNTM and consequently they
define sections on the quotient manifold M /D with values in the induced line bundle
L|yyp. In particular, for two polarized sections s,t € I'(M, L) the Hermitian structure
H on L yields a function H(s,t) € £E(M/D). Such functions we intend to integrate in
order to obtain the representation space (a Hilbert space) of the quantization. However,
as we have stated already several times, there is, in general, no natural measure on
M/D. Therefore, as a first possibility one studies densities on M /D which can be
integrated without depending on an extra structure on M /D, e.g. like a volume. This
approach leads to the half-density quantization considered in the preceding chapter.

If one wants to base the quantization on forms instead on densities, one sees that
sections on K_1(P) can be directly composed to yield 2-densities on the quotient @) :=
M/D. We explain this in the case of a reducible real polarization P, i.e. D¢ = P = P:
Let ZP = TM® /D% = 7*(T(Q)%) be the pullback of TQ® with respect to the quotient
map 7w : M — M/D = Q.

Lemma 15.8. Let P = P. There is a natural sesquilinear pairing

(,):K_|(P)x K_{(P) = 6,(27)

defined by

(a, Y21, .. [ Z0]) = |w"(Xuy o, X, Zas o, Z) PR (X X)) BH (XL X
where (o, ) € K_1(P) x K_{(P) and (Xy,..., X, Z1,...,Zy) € Ry(TM®) such that
(X1,...,X,) € Ru(P) and ([Z1),...,[Zy)) € Ru(ZP) (recall [Z] := Z + P, € ZP, for
Z € T,MC).

Proof. For a fixed Z = (Z3, ..., Z,) the definition is independent of X = (Xi,...,X,,):
For another basis X’ of R,(P) there exists g € GL(n,C) with X’ = Xg; and

w"(Xg, Z)[af (X g)*(Xg) = (| det g*|w" (X, Z)|?) (det g)~"a*(X)(det g) ' F*(X)
= |w"(X, 2) P (X) 5 (X),
Replacing Z by Z = Z +Y,Y; € P, the following holds for fixed X
WX, Z)aF(X) B(X) = |w"P(X, Z)a (X)B4(X),
hence (a, B) is well-defined. Moreover, for g € GL(n,C)

(. BY¥([Z9)) = |w"(X, Zg)[a* (X)F*(X)
= | det g|*|w" (X, Z)[*a*(X)5*(X)
= | det g|*(av, B)*([2))
Therefore, (o, 5) is a 2-density. O
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Disregarding at the moment the question of how to descend from Z¥ to Q = M/D
(which has been settled in the preceding chapters) we see that («, 5) would lead to a
suitable 1-density on M /D if one would be able to take square roots of the occurring
objects. This amounts to take square roots of the involved line bundles, in particular

of K_1(P).

Let us explain this idea: If S is a square root of K_1(P), i.e. S® S = K_1(P), we
obtain for sections o, 8 € T'(M, S) a natural 1-density (o, 8)s € T'(M, §;(Z")) defined
by

(a, Y[ Z1], .. [ Zn) = |Ww™(X1, .o Xy Za,y oo Zo)[@ (X, X)) BH (X, ., X)),

as in the preceding lemma.

Furthermore, {(a, #)s descends to a 1-density on Q = M/ D, if the «, 5 are constant
along D, i.e. if they are polarized. This is the starting point of forming a representation
space from polarized sections of L ® S as the first main step in half-form quantization.

15.3 Descend of Half-Forms

We present in this section a direct approach to the half-form quantization which avoids
the use of metalinear or metaplectic structures on the vector bundles in question. In
this way we obtain a straightforward and rather elementary construction similar to
the half-density quantization. But we cannot obtain stronger results on isomorphisms
of the relevant line bundles or relations between square roots, since we are not yet
in the position to describe half-forms by transformation properties on the frame bun-
dles. The metalinear structure will enable us to formulate the half-form condition via
transformation properties (cf. next chapter).

In the following, we assume that there exists a square root S of K_;(P), i.e. a line
bundle S with S ® S = K_;(P), or — more generally — a line bundle S with a fixed
isomorphism S ® S — K_1(P). S will be denoted also by S = K_.,(P). The existence
and uniqueness of such a line bundle will be discussed in the next section. A section
in K_(P) will be called a —1-P-form and correspondingly a section of S = K_i,(P)
will be called a —1/2- P-form. The term ”half-form” will be used, in general, to denote
sections of K1, (V) or K_i,(V) for a vector bundle, in particular for P = V.

As before, P is a reducible complex polarization on a symplectic manifold (M, w)
and we consider the quotient bundle ZP = TM®/D® which can be described as the
pullback of TQ® where QQ := M/D is the space of leaves of the distribution D =
TM N PN P with its projection 7 : M — Q = M/D. We intend to define a natural
sesquilinear map (a pairing) Bp : K_1/,(P) X K_1,(P) — 01(Zp), as was explained in
the preceding section. We need the following elementary result:

Lemma 15.9. Any two —'/2-P-forms a,o/ € T'(M,K_.5,(P)) define a —1-density
ao/ € T'(M,0_1(P)).
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Proof. The squares o> = a®@a, o/ = o/ @ are in (M, K_1(P)), hence, the product
B = a’d” = (aa')? is a —2-density § € T'(M,5_y(P)): Indeed, for b € R,(P) and
g € GL(n,C) one has

B4(bg) = (@°)*(bg)(a'*)*(bg) = (detg)~"(@®)*(b)(det g) " (a*)*(b) = | det g| 2B(b)
Hence, aa’ = /B is a —1—densit on P. [

Another way to see that aa’ is a 1-density is to determine the transition functions
for the line bundle

K_1/2(P) & K_l/Q(P> :

Let z;; be transition functions for of K_1,(P). Then Z;;z;; = |z;|* are transition func-
tions of K _1,(P) ® K_1,(P). Since |z;;|* = | det g;;|, they are also transition functions
of of the density bundle §_; (P) according to Definition Hence the two line bundles
are isomorphic. In particular, the sections of K_1,(P) ® K_1,(P) are —1-densities.

In other words, the line bundle K _1,(P) ® K_1,(P) is trivial and isomorphic to
the line bundle d_;(P). The choice of an isomorphism K _1/,(P) ® K_1/,(P) — 6_1(P)
determines a non-degenerate sesquilinear pairing K_.,(P) x K_i5(P) — 6_1(P) and
vice versa.

We know from Proposition that there exists a natural isomorphism
mp : 0_1(P) = 6,(ZP)
preserving the partial connections.
Corollary 15.10. We thus obtain a natural pairing map
(,)p: Ko1p(P) x Koap(P) = 61(Z7) , = (a,d)p = Tp(ad),
where aco’ is the —1-density from the previous lemma.

Because of the central importance of the statement of the corollary, we recall the
resulting definition of the pairing ( , )p in detail: It is enough to define the map locally
around each a € M.

In a suitable open neighbourhood U C M of a € M there exists a frame field

(&0 = (&, &0, Cly oo, Go) U = R(TME)
for TMC such that

81Here we notice a little disadvantage resulting from the decision to avoid the use of metalinear
frames in this chapter: We cannot give a seemingly obvious proof by establishing the transformation
property for (aa’)¥ through inserting bg in &* and in o/ u, since we cannot use a transformation property
like a(bg) = (det g)~"*a(b). Such a transformation property does not hold. It is, however, satisfied
on the appropriate double cover of R(P) as we explain in Section of the next chapter.
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1. £:U — R(P) is a frame field for P,
2. (&,...&): U — R(DC) is a frame field for D,
3. the [§] = & + D¢ € ZP and [¢j] == (; + D® € ZP define a frame field

o] = (Eetlr s [Enl [ [G]) - U — R(ZP) for 2P, and
4. the [§] € P®/D® and their conjugates [¢;] = & + D € F(C/D(C yield a
frame field 7 := ([es1l, -5 [&n), [Eera], - [&]) : U — R(E®/DC) for E€/D®. Here,

E =TM N (P + P) and therefore, E© = P + P.
Finally, let § be the 1-density on £€/DC induced by |w" |2, i.e.

61 (n) = (|0 (s e o E))

Definition 15.11. For every pair (a, ') € I'(U, K_.,,(P)) x I'(U, K_15,(P)) we define
(a, ) p € T(U,01(Zp)) by

(@, @) p([]) = " (€ Q16 () (@) (€).

Proposition 15.12. (o, a')p yields a well-defined 1-density in T'(M,5,(ZP)). More-
over, it is a lift of a unique 1-density v(a, ') € T(Q, 5 (TQ%)) on Q = M/D if and
only if it is polarized and this is the case if the —1-density ao’ satisfies Vx(aa') = 0 for
all X € T(M, D), where V is the partial connection on 6_1(P) (cf. Definition[12.16).

Proof. To be completed in a similar way as before in the preceding chapter. O]

PARTIAL CONNECTION

To exploit the last statement about describing the density (o, ') p as the lift of a
density on @) := M/D, we need to define a partial connection also on our square root
line bundle S = K_.,(P). We follow the definition of the partial connection on §,(P)
(see Section [12.3)), but now for the line bundle K,(P), 2( € Z.

We begin with ¢ € Z. Locally, on a suitable (e.g. for example contractible) open
subset U C M there exists a Hamiltonian frame field £ : U — R(P). This frame field
determines a unique o, € I'(U, K,(P)) with 02(5) =1

Definition 15.13. Let ¢ € Z. Every o € I'(U, K;(P)) has the form ¢ = fo, with
f=0%&). For X € I'(U, P) the partial connection is defined by

VXo' = (LX.]C)OE = LX (O'ﬁ(f)) 0'5.

In particular, Vxog = 0, i.e. o¢ is polarized. For ¢ € {%, —%} the definition of Vx
is given below in Corollary [I5.15] See also Section [16.2]

The partial connection is well-defined for all X € I'(M, P) and ¢ € Z (i.e. indepen-
dent of the choice of the frame field &), and satisfies the properties of a flat connection.
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This can be shown in the same way as for the partial connection on §,(P) in Section

2.3

Moreover, an analogous partial connection is given on the conjugate canonical bun-
dles K¢(P) :={p| p € K,(P)} which can be defined also by

Vxp:=Vxp.

Lemma 15.14. All these partial connections are compatible to each other, i.e. for
mstance
Vx(op) = (Vxo)p+oVxp

foro e I'(M, K,,(P)),p € I'(M, K¢(P)) where op =0 @ p € I'(M, Kp1o(P)).

Proof. Given the Hamiltonian frame field ¢ the sections o, € I'(U, K,,,(P)), pe €
I'(U, Ki(P)) and 7¢ € I'(U, K,y10(P)) are determined and they satisfy 7. = o¢pe. For
general sections o = fog, p = gpe and 7 = op = fg7e we have

VxT =Lx(fg)1e = (Lx f)g + fLxg)ocpe
=(Lx foe)gpe + fouilxgpe
=(Vx0)pe + 0,4V x pe .
O]
Corollary 15.15. In particular, Vxa? = 2aVxa for a € Ky(P) and for nowhere
vanishing o
1
VxOé = —VXOé2 .
2a

This result is used to define Vx = Vi on the root bundle S = K_15 or S = K_1),:

For a € I'(U, S) we set

1
Vya=—Vxa?.

The compatibility extends also for mixing the conjugate with non-conjugate sections
of Ky(P), K,(P).

For instance, for o,p € I'(M, K_.,(P)) the following holds:

Vx(ap) = (Vxa)p+(Vxp). (63)

Again there can be proven many compatibility conditions for all these partial con-
nections, including the special connections V°. For instance

Vx(aa') = (V5a)d +avid, (64)

for any pair of sections a, o’ € I'(M, K_15(P)).
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Lemma 15.16. For polarized sections a,o’ € TI'(M,K_1,(P)) the density aa’ €
[(M,5_1(P)) satisfies
VX (5[06/) =0

for X € I'(M, D). Here, V is the partial connection on §,(P) defined in|12.16]
Proof. This follows immediately from ((64). ]

Collecting these results we obtain:

Corollary 15.17. For any pair of polarized sections o, € I'(M, K_15,(P)) the density
(a, ) p € T(6,(ZP)) is the lift of a unique 1-density v(a, o) € T(Q, §,(TQT)).

15.4 Representation Space and Quantum Operator

We are now in the position to describe the half-form quantization in full generality:

Construction 15.18 (Representation Space, Using K_.,(P)). Let (L,V,H) be a
prequantum line bundle on the symplectic manifold (M,w) and let P be a reducible
complex polarization on (M,w). In addition, we assume that the line bundle K _(P)
has a the square root S = K_1,(P).

As before, we replace L with
L®S, S:Kfl/Q(P)7

and V with V® V¥, where V¥ is the partial connection on S = K_1,(P) (see Definition
[i3E)

Let v = s®@ o, = ¢ ®@a € T(M,L®S) polarized sections. Then s,s" are
polarized, hence VxH(s,s') = 0 for all X € I'(M, D), i.e. H(s,s') is constant on
the leaves of D and therefore descends to a smooth function on @ = M /D which we
denote by H(s,s') again. Moreover, the sections «, o’ of S are also polarized, which
by Corollary implies that the result Bp(a, ') € T'(M, §;(ZP)) of the pairing is a
lift of a density v = v(a, ') € T(Q, 6 (TQ)).

As a consequence, we obtain the scalar product

W, =(s®a,s®d):= H(s,t)v(a,a)*.

M/D
The completion of

Hp={Y €T (M,L®S) | polarized and (1,v) < oo}

with respect to the induced norm is the representation space Hy = H®(M, L, P) which
we wanted to construct.
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For the definition of the quantum operator we need, as in the case of half-density
quantization, the concept of a partial Lie derivative

LX : Kg(P) — Kg(P)
for vector fields X preserving P, in particular for ¢ = —%:

Definition 15.19. A vector field X € I'(M, P) preserving P induces the flow ®; :
M, — M_; with T®,(P,) = P,, a € M;. Let £ € Z. Then for o € I'(M, K,(P)) the
natural partial Lie derivative

d
Lxa)* (&) := —a*(Td
(Lxa)(€) = Lo (To )| _ .
¢ € R(P), is well-defined.
The definition can be transferred to S = K_1,(P) to obtain LY = Ly : T(M,S) —
['(M,S), as well, by setting
1
Lja:= —Lx(a?
X % x(a”)
on{a € M| a, # O}@. Similarly, we can define the partial Lie derivative on general
Ky (P), 2t € Z.

Definition 15.20. The quantum operator ¢°(F )ﬁ for FF € Mp on polarized sections
p=s®aof L®S is defined by

FF)s®a) = (¢(F)s) ® a— %3 @ Ly, 0.

Since every global section ¢ can be written locally in the form ¢ = s®a, this determines
a unique polarized section ¢(F)p of L® S.

MaIN REsSULT

The main result of this section is the following

Theorem 15.21. Let (L, V, H) be a prequantum line bundle on the symplectic manifold
(M,w) with reducible complex polarization P, and let S be a square root of K_1(P).
The constructed representation H® has as its quantum operators q¢° : Rp — S(H®) the

linear maps
]

%8 QL Xp&,

82The partial Lie derivative on half-forms can be defined in a more natural manner by using the
transformation property which we only have on the metalinear frame bundle R(P) linked with the
square root bundle.

83 A definition based on the local flow (¢f") on T'(M, L ® S) induced by the local flow (®) of Xp
(as in the last chapter, see Definition [14.8)) can only be given using the metalinear structure linked to
the square root. This will be explained in the next chapter.

(F)s®a)=q(F)s®a-
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for polarized sections s @ a« € I'(M, L ® S), where q(F') is the prequantum operator.

Moreover, half-form quantization is a full geometric quantization in the following
sense:

1. ¢°(F) is R-linear and satisfies (D1) and (D2), now for the new representation
space H® = H%(M, L, P).

2. If Xp is complete, F' € Rp, then ¢°(F) is self-adjoint.

Example 15.22 (Harmonic Oscillator). We want to show the effect of half-form quan-
tization in the case of the harmonic oscillator, thereby continuing Example and
see that the quantized operator ¢°(H) will have the correct eigenvalues. Therefore,
one speaks of ”half-form correction”.

The phase space is M = T*R™ = C" with its standard symplectic form w = d¢’ Adp;.
We use complex coordinates z; = p;+iq’, j =1,...,2,, so that w = % > dz; ANdz; with
connection form and potential § = 3 ; Zjdzj. The Hamiltonian H of the harmonic
oscillator is the energy

1 n
H(Z) = 5 szzk.
k=1

The corresponding Hamiltonian vector field is
. 0 0
=i (L 35 )

The prequantum line bundle (L, V, H) is the trivial bundle L = M with the con-
nection V given by 6 and the natural Hermitian structure H on L = M x C. The
polarization P is the holomorphic polarization P generated by the vector fields X .
Observe that Xy preserves P, i.e. H is directly quantizable. The representation space
Hp can be identified with the Bargmann space F.

For the prequantum operator we know already, according to [10.23}

1 < 0
q(H) = %;Zké_zk

on the space of holomorphic functions on C".

In order to determine the additional term in the quantum operator
i
¢(H)(s®a) = g(H) ® a = 55 ® Lxya,

we have to evaluate the partial Lie derivative Ly, o for o € I'(M, K_1/,(P)).

The standard n-form dz := dz; A ... A dz, € K(P) generates K(P) and K(P) is
trivial. Moreover, K_;(P) = K = M x C has the square root S = K_1,(P) generated
by a —!/o-form o, a~? = dZz which we denote by o =: dz— .
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Cartan’s formula yields LxdZ = ixddz + d(ixdz) = d(ixdZ). From

ixgdZ = —iy_ Z(=1)dz A AdZ AL A dE,
J

we deduce
LXHdZ = —indé,

and

1
Ly, dz"'* = Eindi.

H

Therefore, the additional term is multiplication by

acting on holomorphic functions ¢ € O(C™).

The eigenvalues will be determined by the equation

1 0 n
— — + = =F¢.
o (szazk i 2) ¢o="Ee
Using the result of Example [10.23]| we conclude that the eigenvalues are the

1
By =o (M+2), MeN,
2m 2
and the corresponding eigenspaces V), are the spaces of M-homogenous polynomials
in n complex variables. The V,; can be understood as Vi and F as the Fock space

of Vl-

This is in accordance to the standard quantum model for the harmonic oscillator.

15.5 Square Root: Existence and Uniqueness

The objective of this section is to study the topological condition which is needed for
the existence of a square root of a given complex line bundle, and to determine to
which extent a possible square root is unique. The conditions are formulated in the
context of Cech cohomology with values in the group Zs, cf. Section .
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Let K be a complex line bundle on the manifold M with transition functions h;
with respect to an open cover Y = (U;). We require that 4 has the property that the
U;,U;j ... are all contractible.

From the characterization of vector bundles by transition functions we know that a
square root S of K will have transition functions z;; with z = hi;, when h;; are tran-
sition functions for K. As a consequence, we are looking for functions z;; € S(Um, C*)
satisfying

1. zfj = hy; on Uy,
2. Ziijkai =1 on ka

(65)

As a first try to find suitable z;; we pick for each pair (i,j) € I? a smooth square
root d;; € E(U;;,C*) of hyj;, ie. d;; 2 = hi;. This is possible since U;; is contractible.
Since h;; satisfies the cocycle Condltlon we have d7;d%.dz; = 1. But the condition 2. for
the choice z;; = d;j, here d;;d;idr; = 1, will not be satisfied, in general. We define

Ak = dijdjkdki on Uijk .

The collection a := (ayj;) is a Cech cocycle in C?(44, Zy), since a;j;, € Zy = {1, —1}.
because of a7, = 1. a induces a cohomology class [a] € H?(4,Zy). This cohomology
class is independent of the choice of the square roots d,;, it only depends on the tran-
sitions functions hm In fact, with another choice of dj; € £(U;;, C*) with (dj;)* = hy;

we set ¢;; := dj;d; ;' € Zy and obtain for the new cocycle a’ := (al;;,)

g g _
z]k dz]d]kdki = dijdjkdkicijcjkcki = QijkCijCikChi -

Hence ,

;g

= CijCikChi

isn 7Cj

which means that a’a™! is the coboundary of ¢ = (c;;) € C*(4,Z,). The two cocycles
a,a’ define the same cohomology class [a] = [a/] € H?*(4,Zy). Moreover, different
transition functions for K lead to the same class, as well.

This cohomology class depending on the line bundle K will be denoted by w(K) =
la] = [(h;;)] and it will be called the obstruction class. It is the obstruction for the
existence of a square root, as we will see in the following.

Of course, a = (a;;;) can be regarded as a cocycle in C2(4,C*) with values in
the group C*, and by definition a;j; = d;jd;idy; it is a coboundary there. In order
that a is a coboundary in C?(4, Z,), and hence trivial, it would require that a cocycle
b= (b;;) € C*(, Zy) exists which satisﬁe

ijk = bijbjkb;.

We have prepared the proof of the following proposition:

84We write the abelian group Zs as the multiplicative group {1, —1} instead of the additive group

{[0], [1]}.

85When the condition is written additively, it is Ajjk = bij + bjk + by; = bjk — bk + bij = (S(b)l]]C
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Proposition 15.23. There exists a square root line bundle for the complex line bun-
dle K over M if and only if the obstruction class w(K) = [a] = [(hsj)] is trivial in
H2(8, Zy), i.e. if it is the class [1]. One also says, w(K) vanishes, when one empha-
sizes the additive notation Zy = {[0], [1]}.

Proof. We have stated earlier that the existence of a square root implies the existence of
2 € E(U;;, C*) satistying z?j = hy; with 2252 = 1, see . Since aijr = 2ij%jk ki,
the obstruction class [a] = [(a;jx)] is trivial.

Conversely, let the class [a] given by a;j, = d;;d;xdy; for a choice of d;; and assume
that it is trivial. Then [a] is a boundary §([b]), i.e. there is a cocycle b = (b;;) €
C (8, Zo) with a;jx = 8([b])ijr = bijbjkbri. As a consequence, the functions

dij v

Zij = — &€ g(Um,C )
satisfy 1. and 2. of , and thus define a square root S of K with z;; as its transition
functions. L

Concerning the uniqueness of the square root we can prove:

Proposition 15.24. Given a complex line bundle K with trivial w(K), the isomor-
phism classes of line bundles S with S* = K are in one-to-one correspondence to the
elements of the Cech cohomology group H'(i, Zs).

Proof. Assume that w(K) = [(h;;)] is trivial, so that there is a line bundle S with
5% = K. The transition functions z; of S satisfy 27; = hy;.

For every class [¢] € H'(i,Zy) with cocycle ¢ = (c;;) the functions Zi; = Cijij
determine a line bundle S’ with transition functions z{;. Since z,* = %22 = 23 = hy;,
S" =: 5([¢]) is a square root of K. S’ is not isomorphic to S when [c] is not trivial.
Thus we obtain an injective map

S : H'(U,Zy) — {isomorphism classes of square roots of K} , [c] — S([c]).

Let S’ be square root bundle S" of K with transition functions zj;. They satisfy

12 _ 2 R i -1 /
2 = hij = 2j;. Hence, c¢;j := z; 2, = £1. (c;) is a cocycle, since (z;;), (z;;) are

cocycles. Tt follows zj; = ¢;;2;; which implies that the above map S is surjective. [
Corollary 15.25. For the program of half-form quantization it follows that K_1(P)
has a square root if and only if the corresponding obstruction class w(K_1(P)) of the

bundle K_1(P) vanishes. This is equivalent to the vanishing of the obstruction w(Kp)
of the canonical bundle Kp = K1(P)) of P.

Moreover, whenever there exists a square root of K_y(P) the Cech cohomology group
H' (M, Zsy) parametrizes the inequivalent square roots of K_i(P).
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Summary:
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16 Metalinear Structure

A naive approach to define half-forms on the frame bundle R(P) of P (where P is a
polarization or more generally a vector bundle) would be to require, that such a half-
form corresponds to a function w on R(P) with the following transformation property

u(bg) = (det g)”* u(b) (66)

for frames b € R(P) and g € GL(n,C). However, the square root (detg)’? is not
well-defined, in general. We have discussed this in Observation in the preceding
chapter.

To remove the ambiguity in the square root the general linear group GL(n,C) will
be replaced be its connected double covering, the METALINEAR GROUP ML(n, C), and
subsequently the frame bundle R(P) by a metalinear frame bundle R(P).

16.1 Metalinear Frame Bundle

The (complex) metalinear group ML(n,C) is the connected central extension of the
Lie group GL(n,C) by Z,:

1 — Zy — ML(n,C) % GL(n,C) — 1,

in particular, p : ML(n,C) — GL(n,C) is a double covering.

To obtain a more concrete description the metalinear group can be defined as the
quotient (C x SL(n,C))/27Z as we show in the following:

We start with the simply connected Lie group C x SL(n,C) with its group law
((u,s),(u,s")) — (u+u',ss"), and consider the action

Z x (C x SL(n,C)) — C x SL(n,C)

of Z on C x SL(n,C) given by

(k. (u, 5)) = <u+ 2mik - > |

,e n S

Lemma 16.1. The fibres of the homomorphism
p: CxSL(n,C) —» GL(n,C), (u,s)+— e"s,

are the orbits of the above Z-action. In other words,

C x SL(n,C)/Z = C x SL(n,C)/Kerp = GL(n,C) .
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Moreover, the injection

2 k 27
j:Z— CxSL(n,C), ks ( ™ ,en’“ln) keZ,
n
satisfies Im j = Kerp, i.e. we obtain the following exact sequence

1— 7 -1 C x SL(n,C) -2 GL(n,C) — 1.

Proof.

27Ti]€ _ 2mik o u+27rik _ 2mik T
plu+ e s =e""Tn e Tn s=¢e"s=p(u,s).
n

2 k 27
Kerp:{( m ,enkfn) ]kEZ}:Imj,
n

and the orbits have the form It is easy to see that p is a homomorphism and surjective,
so that C x SL(n,C)/Kerp = GL(n,C). p is invariant under the action of Z:

Z(u,s) = (u,s) + Kerp = p~'(e"s),
for (u,s) € C x SL(n,C). O

In particular,

We conclude that p : C x SL(n,C) — GL(n,C) is a universal covering of
GL(n, C) since SL(n,C) and hence C x SL(n,C) is simply connected. It follows, that
m1(GL(n,C)) = Z. This covering ”contains” a 2-fold covering, which defines the met-
alinear group:

Definition 16.2. The quotient group (Cx SL(n, C))/27Z with its Lie structure is called
the (complex) metalinear group and will be denoted by ML(n, C).

Two elements (u, s), (v, s") € C x SL(n, C) are equivalent with respect to 27Z if and
only if there is k € Z such that u = v’ + % and s = exp(—%)s’. As a consequence,
the coset [u, s] of (u,s) is

w(u,8) == [u, s] = { <u +

The definition of ML(n,C) comprises the quotient homomorphism
p: ML(n,C) - GL(n,C), [u,s] — e"s,
which is a twofold covering such that the following diagram is commutative
C x SL(n,C)
p'l \
ML(n, C) —— GL(n, C)

where p’ denotes the projection C x SL(n,C) — (C x SL(n,C))/2Z = ML(n,C).

The kernel of p consists of the elements [u, s] satisfying e*s = Iﬂ which implies s =

4mik _ 4mik

e n s> \kGZ} , (u,s) € C x SL(n,C).

86 Here I,, denotes, as in other occasions, the unit n x n- matrix.



238 16. Metalinear Structure

21k for suitable h € Z. As a consequence,

e “I,, hence det s = ™™ = 1, where u =

2 k 4 h 271 Ly 2 ) 27i
Ker p — {( e A ,en’“e“nhfn) |k h e Z} - {[o,[n], {ﬂ,enInH ~7,.
n n n

We obtain the above mentioned exact sequence

1 — Zy - ML(n,C) % GL(n,C) — 1,

where (we write again Z, multiplicatively: Zo, = {1, —1})
2 ) T
t(1) :=10,1,],e(-1) := {ﬂ,e_zn_fn} :
n

Observe, that this exact sequence characterizes ML(n,C) as a connected double
covering of GL(n, C).

We also want to note that the fibre of p over an element g € GL(n,C) is

27TZ g
p_1<g> = { |:U, e_ug:| ) |:u + 77 6_(u+2n)g:| } )

where u € C is a complex number with det g = ™.

The Lie group homomorphism y : ML(n,C) — C* defined by x([u,g]) := e
satisfies Y2 = det o p, i.e. the following diagram is commutative

ML(n,C)
&
p C*
det
GL(n,C)

In this sense, x can be regarded as to be the square root of the determinant.

In order to use this square root not only for a single point of M but globally over the
manifold M we consider an equivariant double (i.e. 2-to-1) covering p : R(P) — R(P)
of the frame bundle R(P), where P is a polarization. Over a point a € M where the

fibre R,(P) is essentially GL(n,C) the covering p, : R.(P) — R.(P) should represent
the covering p : ML(n,C) — GL(n,C) just described. More precisely:

Definition 16.3. A METALINEAR FRAME BUNDLE for a polarization P C T'M Cisa
principal fibre bundle 7 : R(P) — M with structure group ML(n, C) together with a

2-to-1 covering p : R(P) — R(P), such that
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1. p is compatible with the projections, i.e. the diagram

R(P) R(P)

A

M

is commutative: ™ = p o, and

2. p is equivariant, i.e. the following diagram is commutative

R(P) x ML(n, C) — R(P)

(ﬁw)j Lﬁ

R(P) x GL(n,C) — R(P),

where the horizontal arrows are the right actions of the respective groups: In other
words, p(b3) = p(b)p(7)) for (5,3) € R(P) x ML(n,C).

Two such metalinear frame bundles R(P) and j' : R'(P) — R(P) for P are equiva-
lent, if there exists an equivariant diffeomorphism ¢ : R(P) — R'(P), i.c. a diffeomor-
phism satisfying ¢(bg) = ¢(b)§ and ¢ o #' = 7. Finally, a METALINEAR STRUCTURE
on P is an equivalence class of metalinear frame bundles for P.

Given a metalinear frame bundle é(P) and a frame b € R,(P) each of the two
objects in p~'(b) C R(P) is called METAFRAME. A metaframe is sometimes denoted
by b although this notation is slightly ambiguous.

In general, a metalinear frame bundle does not exist. It exists whenever a certain
obstruction class in H?(M,Zs,), which is induced by P resp. R(P), is trivial. In case
of existence the metalinear structures on P are parametrized by the Cech cohomology
group H Y(M,Z,). This is similar to the existence and uniqueness of square roots of
the canonical bundle K(P), see Section in the preceding chapter, and will be
explained in Section below in detail.

Let j : R(P) — R(P) a metalinear frame bundle for P and let gi; be transition
functions for this metalinear frame bundle with respect to some open cover i = (U;),
again with the property that U;, U;;, Uiji, ... are contractible. Then there exist functions
Uij - Uij — C and Sij Uij — SL(TL, C) such that gij = [uij7 Sij]' It is easy to show that
Gij *= pog;; = e“9s;; are transition functions for the frame bundle R(P) (see the proof
of Proposition below). Moreover, z;; := x(gij) = exp §uy; is a cocycle. Therefore
(2ij) defines a complex line bundle S — M, see Proposition

Now the square of S, the bundle S? := S® S, has transition functions zfj satisfying
zfj = x*(gi;) = det g;; by definition of the character x. We know by Observation
that det g;; are the transition functions of K_;(P) as well. As aresult, S®S = K_;(P
and the dual S is a square root of the canonical bundle K (P) = K;(P).

We conclude
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Proposition 16.4. For a polarization P the equivalence classes of square roots of the
bundle K_1(P) are in one-to-one correspondence to the metalinear structures on P.
More explicitly, we can describe this bijection with the aid of transition functions: Let
[(i;)] denote the equivalence class of the metalinear frame bundle R(P) determined by
transition functions §;; : U;; — ML(n,C), i.e. [(gi;)] is a metalinear structure on P.
Then the bijection s given by

[(935)] = [0x(935)] -

Proof. We have just seen that a metalinear structure on P with transition functions
gi; induces a square root of K_;(P) determined by transition functions x(g;;) = ;-
Note, that z7; = det gy;.

Conversely, any square root S of K_1(P) is given by transition functions z;; satis-
fying zfj = det g;; where g;; are transition fnctions for P. We can find u,;; with

n
Zij = €XP ZS U5 -

2

(Recall, that the U;; are assumed to be contractible.) Since (z;;) is a cocycle, 22k 2k =
exp 5 (uij+ujptur) = 1, ie. 5 (ug+ujtug) = 2mim, thus w;+uj,+ug = 4”%, where
m is a suitable integer m € Z. We define §;; := [, exp(—u;595)] : Ui; = ML(n, C).

We show that (g;;) is a cocycle:

~ o~ o~ Wi —Ush  —Ups 47TZTI’L _ 4mim
Gij0ikri = [Wij + Ujp + ugi, €T e” ke gy g1 g15] = { n ¢ In] =[0,I,] =1

by the definition of the metalinear group as (C x SL(n,C))/2Z. This cocycle (g;;)

defines a metalinear frame bundle R(P) determined by the square root of K_;(P)
given by the transition function z;;. Moreover, z;; = x(i;)-

As a result, the assignment [(g;;)] — [(x(gi;)] is bijective. O

Note, that the set of equivalence classes of square roots of K_ is also in bijection
with H'(U4, Zy) = HY(M,Zs,), see Proposition [15.24] and thus the set of equivalence
clases of metalinear structure on P are in bijection with H'(M, Z,).

A slightly different look at the line bundle S induced by the metalinear frame bundle
is the following: With respect to the charecter x : ML(n,C) — C*, (z,9) — z, we
obtain the associated complex line bundle to the principal fibre bundle R(P)

S = R(P) X ML(n,C) C = R(P) Xx C.

The transition functions for S’ turn out to be x(§;;) = 2; according to Proposition
It follows that S and S’ are isomorphic.

In the same way one can prove:
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Lemma 16.5. In case a square bundle of K(P) exists, for each half integer r the
bundle K,.(P) of r-forms is isomorphic to the associated complex line bundle

R(P) X ML(n,C) C= R(P) Xy—2r C.

With this result we can formulate the correct form of the transformation property
adjusting the naive ansatz ([66)):

Corollary 16.6. Let j : R(P) — R(P) be a metalinear frame bundle, where P is a
polarization of the symplectic manifold (M,w). For each half integer r the sections o €
I'(M, K, (P)) are in one-to-one correspondence with the functions &4 = u : R(P) — C
satisfying 3 3

u(bg) = x(9)*"u(b),

where b € E(P) and g € ML(n,C). In particular, with r = 3

Moreover, forr € Z

u(Bg) = (det p(5))"u(B) = (det g)"u(f),
when p(3) = g.

Proof. The transformation rule follows immediately from the construction of the asso-
ciated bundle R(P) x,-2- C, cf. Corollary . O

Note, that in the case of an integer r € Z a section a € I'(M, K,.(P)) induces
o' : R(P) — C with
o (bg) = (det g)"a?(b)

and & : R(P) — C with
& (bg) = (det g)"a@*(b), g = p(9)

The two functions are simply related by &* = of o j when r € Z.

16.2 Half-Form Quantization Based on a Metalinear Structure

In this section a fixed metalinear structure is given by a metalinear frame bundle R(P)
where P is a reducible complex polarization on the quantizable symplectic manifold
(M,w) with a prequantum bundle (L, H, V). The metalinear frame bundle R(P) in-

duces a square root S = K_i,(P) of the dual K_;(P) of the canonical bundle K (P),
as we have seen in the preceding section.

With the aid of this square root line bundle S = K_.,(P) the programme of half-
form quantization can be carried through in the same way as is done in Section [15.4]
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We mention four occasions where, in comparison to the Section and before,
the transformation property of half-forms can be used directly in order to make the
arguments more transparent. Recall, that the transformation property in question is

(cf. Corollary [16.6)): 3 )
6*(bg) = x(9)~'a*(b)
for sections o € I'(M, K_1/,(P)), where (b,§) € R(P) x ML(n, C).

1. Proof of the statement of Lemma [15.9} ” Any two sections a, 8 € T'(M, K_.4(P))
determine a —1-density af € I'(M, 5 1(P)).”

Here, a8 =: p is given by
HE(b) = GF(b) 5 (D)
for p(b) = b. To prove this statement, we first observe that

X(@)x(9) = Ix(@)I” = [ det p(g)]| det g]
when p(g) = ¢g. The new transformation property
6 (bg) = x(9)"'6*(b)
(see Corollary [16.6]) yields:
1 (bg) = a#(bg) 54 (bg) = x(9)~1a#(b)x(9) ' F*(b) = (x(9)x(9)) " 1F(b) = [ det g|~ F(b) .
Hence, p* is well-defined and u = af € T'(M,5_1(P)) because of uf(bg) =
| det g[ =" 1#().
2. Definition of partial connection Vo for o € I'(U, K¢),2( € Z, and X € I'(U, P):

Locally, there exists a metaframe field € : U — R(P) such that the corresponding
frame field & = j o € is Hamiltonian. We obtain as in the case of R(P) a section

og € I'(U, K¢) such that for the induced 52 ; E(P)|U — C the following holds
62(5) = 1. A general section o € I'(U, K,) satisfies 0 = 6%5)05 and the definition
1s

Vxo = Lx(ﬁﬁ(f))()'g.
This direct definition avoids the two step definition using the square o2, cf. Corol-

lary [15.15]

3. Definition of partial Lie derivative: Let X € I'(M, P) preserve P and denote the
flow of X by @, : My — M_;. Let £ € {1, —1}. Then for o € T'(M, K,(P)) the
partial Lie derivative Lxa given by

—_~—

N d . —
tey . O
(Txa)(@) = 5o (T0(E)| .
5 € R(P), is well-defined since T'®; can be transferred to R(P) as T®, : R(P) —
R(P) such that T®,0p = jo T®,.

Thus we avoid the 2 step definition [15.19]
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4. Definition of the quantum operator for classical variables F' using the local flow
of F' in dynamic form, see Proposition [7.13 and Definition [14.8]

16.3 Metalinear Structure: Existence and Uniqueness

This section discusses under which topological conditions on the manifold M and the
polarization P there exists a metalinear frame bundle for P and to which extent it will
be unique up to isomorphism. These questions will be investigated in the case of a
general principal fibre bundle 7 : B — M with structure group GL(n,C) instead of
R(P). A comparison with spin structures on a manifold will be described in the next
chapter.

Definition 16.7. For a principal fibre bundle 7 : B — M with structure group
GL(n,C) a metalinear bundle over B is a principal fibre bundle 7 : B — M with
structure group ML(n, C) together with a 2-to-1 covering p : B — B, such that

1. p is compatible with the projections, i.e. the diagram

N4

B

is commutative: ™ = 7 o p, and

2. p is equivariant, i.e. the following diagram is commutative

B x ML(n,C) —= B (67)

(ﬁ,p)l ‘ﬁ

B x GL(n,C)—= B,

where the horizontal arrows are the right actions of the respective groups: We have
#(63) = p(b)p(@) for (b, 3) € R(P) x ML(n, C).

Two such metalinear bundles p : B — B and i NE’ — B over B are called to
be equivalent if there exists an equivariant map ¢ : B — B, ie. p = p' o ¢ and
o(bg) = ¢(b)g for (b,§) € B x ML(n,C). An equivalence class of metalinear bundles
over B is called a METALINEAR STRUCTURE.

Evidently, when P is a polarization on a symplectic manifold (M, w), then a met-
alinear structure on B = R(P) is represented by a metalinear frame bundle for P as
defined in Section [I6.1} On the other hand, when B is a general principal fibre bundle
m 1 B — M with structure group GL(k,C) and transition functions g,;, then these
transition functions determine a complex vector bundle E of rank k£ on M and B is
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isomorphic to the bundle R(FE) of bases of E. Of course, M can be a general manifold
of dimension m.

Given a general principal fibre bundle B with structure group GL(n,C) the ex-
istence and uniqueness of a metalinear structure over B can be treated in the same
way as in the case B = R(P) with the result [16.4 We present the slightly more gen-
eral considerations which are analogous to the discussion at the end of the preceding
chapter:

Let p : B — B be a metalincar bundle over B and let §;; : Uj; — ML(n, C) be
transition functions for B with respect to an open cover i = (U;), where the U;, U;; . ..
are contractible. Then g;; has the form g;; = [u;}, s;;] with suitable w;; : U;; — C, sy -
Uij — SL(n, C), as before. Moreover, z;; := x(gi;) = e2%i : Uy — C*, gij == p(Gij) =
e“is;; « Uiy — GL(n, C) satisty

1. zfj =detg;; on U, (68)
2. zyzjpzsk =1 on Ugjy.
Proposition 16.8. The g;; are transition functions for the bundle B. Conuversely,
when g;; are transition functions for B and w;; : U;; — C can be found such that with
Zij i= exp Fu;; the above conditions 1. and 2. are satisfied, then §i; := [u;;, e™" g;;] :
Uij — ML(n,C) are transition functions of a metalinear bundle 7 : B — B over B.

Proof. To show the lemma is easy, only the various conditions have to be checked,
and this is not very interesting. Nevertheless, in order to get acquainted with the new
structure, which is important also in the next chapter, we present a detailed proof.

So let p : B — B a metalinear structure over B. The compatibility conditions on
p, p and the group actions (see the commutative diagram in the definition) imply
that g;; are transition functions for B as we see by investigating the local situation:

Let ¢; : By, — U; x ML(n,C) be the local trivializations with respect to the cover
(U;) which define the transition functions g;; by

i o (a,h) = (a,§i;(a).h), (a,h) € U; x ML(n,C).
The double covering p induces local trivializations 1; : By, — U; x GL(n,C) for the
principal bundle B: Each b € B with m(b) € U; has two inverse images by € 5 (b),
and 1;(b) := (id x p)(¢);(b1)) is well-defined: 9);(b1) = (a, hs) with two hx € SL(n, C)
with a common image p(h+) = h, hence (id x p)(1;(by)) = (a, h) = (id x p)(b;(b_)).
Since p is a local diffeomorphism, 1), is smooth, and, moreover, a diffeomorphism which

respects the action of GL(n,C). Hence, the ¢; are local trivializations of the principal
fibre bundle B satisfying ¢;0p = (id X p) 0);, i.e. the following diagram is commutative

By, Y . U; x ML(n, C)
ﬁL lipr
BU]. Uj X GL(Tl, (C) .

pj
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Finally, the diagram helpsto varify

b0y H(a,h) =0 po Tﬂ_l(a ha)

= (id x p) o ¥y 0 ;' (a, hy)
= (id x p)(a, gm( ).h)

= (a, p(gij(a).hy))

= (a, (p(3i;(a))-(p(h))))
= (a,gi;(a).h),

As a result, g;; = p(g;;) are transition functions for B.

Conversely, 1. and 2. imply that g;; : U;; — ML(n, C), given by g;; := [wij, e~ g;],
are well-defined and satisfy the cocycle condition (C) which we have shown already
in the special case of B = R(P) in Proposition [16.4; In fact, (z;;) = (exp ju;;) is a
cocycle, i.e. exp g (u; + wjr + up) = 1, such that Z(u;; + wjr + up) = 2wim for a
suitable m € Z. Hence,

~ o~ ~ Wi —s vy 47T'lm _4mim
GiiGik0ki = [Wij + Wk + Up, € Ve ke kg g gri] = [ € I } =[0,1,] =1.

The corresponding principal fibre bundle 7 : B M having g;; as its transition
functions can be constructed as in the case of line bundles, see Proposition [3.9, The
fact g;; = p o gi; gives immidiately the 2-1 covering map p : B — B with all its
compatibilities establishing that in this way we obtain a metalinear structure over B.

]

We now come to the essential part of this section where we determine when a
metalinear structure exists and to which extent it is unique. From the preceding
proposition we know that a metalinear structure on a principal GL(n,C)-bundle B
with transition functions g;; exists if and only if one can find w;; : U;; — C such that
for z;; == e3%J and gi; the conditions 1. and 2. are satisfied.

In the following, we require again that the open cover 4 = (U;) has the property
that the U;, U;; ... are all contractible, and we proceed in the same way as at the end
of the preceding chapter.

We pick for each i, j € I a smooth square root d;; € £(U;;, C*) of det g;;, i.e. d?j =
det g;;. Since g;; satisfies the cocycle condition this holds for det g;; as well and thus
d3;d5.di; = 1. In order to discuss condition 2., here dj;djpdy; = 1, we define

Ak = dijdjkdki on Uijk .

The collection a := (a;j) is a cocycle with Qijk € Zs = {1,—1} since a]k =1 It
induces a cohomology class [a] € H?(4, Zy) = H?(M,Z,). This cohomology class is
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independent of the choice of the square roots d;;, it only depends on the transitions
functions g;;. For different transition functions with respect to possibly other covers
i we obtain the same class depending only on B. This cohomology class w(B) := [a]
will be called the obstruction class.

a = (a;j) can be regarded as a cocycle in C’Q(ﬂ,v(C), and by definition it is a
coboundary there. In order that a is a coboundary in C?(4, Zy), there should exist a
cocycle b = (b;;) € C'(4, Zy) which satisfies

Qijk = bz’jbjkbmw
We have prepared the proof of the following proposition:

Proposition 16.9. There exists a metalinear structure over B if and only if the ob-
struction class w(B) = [a] is trivial, i.e. if it is the class [1]. One also says, it vanishes,
when one emphasizes the notation Zs = {[0], [1]}.

Proof. We just have deduced that the existence of a metalinear structure over B implies

the existence of u;; € £(Uy;, C) such that z; := exp Fu,; satisfy zfj = det g;; and

ZijZikek = 1, see . Since a = z;;zj,2K; = 1, the obstruction class [a] is trivial.

Conversely, let a be given by a;j := d;;d;rdy,; for a choice of d;; with dfj = det g;;.
When [a] is trivial in H2 (11, Zg), then there is b = (bU) € Ol (il, Zg) with Qi = b”b]kbkl
As a consequence,

satisfy 1. and 2. of .
[

Corollary 16.10. For the program of geometric quantization it follows for a complex
polarization P that a metalinear frame bundle R(P) — R(P) exists if and only if the
obstruction class w(R(P)) is trivial.

If w(R(P)) is trivial and R(P) is a metalinear frame bundle we have a natural
bijection between H'(M,Zy) and the set of metalinear structures in the same way as
for the case of square roots, see the end of the preceding chapter.

Note, that w(R(P)) = w(K_1(P)).

Examples 16.11.
1. Momentum space (7T%Q,w).
2. P#1(C), but not P?*(C), k € Z.
3. Grafmannian Gr(2,4).
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Summary:
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17 Metaplectic Structure

In case of a quantizable symplectic manifold (M,w) with a prequantum line bundle
and with two different complex polarizations admitting a square root of the canonical
bundle we want to compare the corresponding representations induced by the half-form
quantization (see Section with respect to the different polarizations. In order to
construct a pairing between the two representation spaces the square roots have to fit
together. In other words, the metalinear structures related to the square roots (see
Chapter have to be compatible. In which way? It turns out that the different
metalinear structures on the polarizations should be induced by a joint metaplectic
structure given on the symplectic manifold (M, w).

As the main result of this section we show, that for a positive complex polarization
P of (M,w) a metaplectic structure on (M, w) determines a unique metalinear structure
on R(P) and vice versa.

This result is applied to try to construct a pairing between representations deter-
mined by different positive presentations.

17.1 Metaplectic Frame Bundle

Let (M,w) be a symplectic manifold. A SYMPLECTIC FRAME at a € M is an ordered
basis
(u;v) = (U1, -y Up, V1, ..., 0,) of T,M

such that w(u;,v;) = 0;; and w(u;, u;) = w(vg,v) = 0,4,4,k,1 < n. The collection
R,(M,w) of symplectic frames at a € M is in one-to-one correspondence with the
symplectic group Sp(n), the group of linear canonical transformations R?" — R?*",
with respect to the standard symplectic form.

The symplectic group Sp(n) can be defined (see Examples |C.6|) as the concrete
matrix Lie group of 2n x 2n real block matrices

A B
= b)
where A, B, C, D are real n X n-matrices,satisfying

WUSzL\MthLﬂ:(i @,La

ATD-C"B=1, ATCc=0"A, D"B=B"D. (69)

There is a natural right action of Sp(n) on R,(M,w):

(u;v) x (g IB;) = (uA +vC;uB + vD),
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which provides a bijection Sp(n) — R,(M,w) by fixing a frame (u’;1°) € R,(M,w):

For each (u;v) € R,(M,w) there exists exactly one S = (é g) € Sp(n) with

(u®;0°)S = (u;v).

Lemma 17.1. The subgroup U,, of Sp(n) consisting of all block matrices S with A = D
and C = —B is isomorphic to th Lie group U(n) of unitary n x n-matrices. The
S € Sp(n) which are in U, can be characterized by JS = SJ or by S~ = 8T, U, is a

mazximal compact subgroup of Sp(n).

A B . A B
(—B A>r—>A+ZB:.7(_B A)’

is an isomorphism v : U, — U(n). We have ATA+ BB =1, A"B = BT A (cf. (69)),
and for U := A + B this implies TU=1 by

Proof. 1In fact,

(A+iB) (A+iB)=ATA+ BTB+i(ATB -~ BTA)=1+i0=1.

Therefore, 7 is a well-defined homomorphism and it is easy to see that it is bijective.

A B
the condition JS = SJ is

(Lo)(e )= (5 5)=( o) (& o0)=( o)

which is equivalent to A = D and B = —C.
S~ = ST implies S7'JS = STIS = J, hence JS = SJ for S € Sp(n) O

Given

Note, that U(n) occurs also as a maximal compact subgroup of the general linear
group GL(n,C).

The symplectic group is homeomorphic to the product of the unitary group U(n)
and a contractible space: Let S, (n) denote the symmetric and positive symplectic
matrices, then

Si(n)x U, = Sp(n), (S,U)~— SoU,
is a homeomorphism.

Therefore, since Sy (n) is Contractlble the fundamental group of the symplectlc
group is m (Sp(n)) = m (U(n l so that Sp(n) has a universal covering Sp( ) —
Sp(n) whose fibres are isomorphlc to Z and where Sp(n)/Z = Sp(n).

8THere, we use the result 7 (U(n)) = Z.
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As a consequence, there exists a double covering §13(n) /27 of Sp(n), denoted by
Mp(n), which is again a Lie group. In particular, one obtains the central extension

1 — Zy — Mp(n) -2 Sp(n) — 1.

Mp(n) is called the METAPLECTIC GROUP. This definition does not yield a concrete
description of the metaplectic group Mp(n), as e.g. the description of the metalinear
group ML(n,C) in Section In the next chapter the metaplectic group is investi-
gated and described in some detail.

The collection of all the symplectic frames over a symplectic manifold (M, w) defines
the symplectic frame bundle on (M, w)

R(M,w) := | J Ra(M,w) & M, Ry(M,w) > (;0) = a € M.

aeM

R(M,w) is a right principal bundle over M with structure group Sp(n). This fibre bun-
dle comes automatically with the structure of a symplectic manifold and is constructed
in an analogous way as the frame bundle R(E) of a complex vector bundle £ — M (see
Construction . In particular, the symplectic frame bundle R(M,w) is a subbundle
of the (tangent) frame bundle R(M) = R(TM) of all bases of T,M , a € M, with
structure group GL(2n,R).

Definition 17.2. A METAPLECTIC FRAME BUNDLE for a symplectic manifold (M, w)
is a right principal bundle 7 : R(M,w) — M with structure group Mp(n) together with
a double covering

p: R(M,w) — R(M,w),
such that

1. p is compatible with the projections, i.e. the diagram

)

R(M,w)

P R(M,w
S

2. p is equivariant, i.e. the following diagram is commutative

is commutative: ™ = pom, and

R(M,w) x Mp(n) —= R(M,w)

(ﬁ,p)l Lﬁ

R(M,w) x Sp(n) —— R(M,w),

where the horizontal arrows are the right actions of the respective groups: In other
words, the condition 2. is

p(bg) = p(b)p(g))
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for (b,§) € R(M,w) x Mp(n).

Two such metaplectic frame bundles R(M,w) and 7 : R'(M,w) — R(M,w) for a
symplectlc manifold (M, w) are equivalent, if there ex1sts an equivariant dlffeomorphlsm
¢+ R(M, w) — R'(M,w), i.e. a diffcomorphism satisfying 7' o ¢ = p, ¢(bg) = ¢(b)§
and ¢ o 7’ = 7. Finally, a METAPLECTIC STRUCTURE on (M,w) (or on R(M,w)))
is an equivalence class of metaplectic frame bundles for (M,w). Note, that metplectic
structures can also be defined for Sp(n) bundles B over a manifold z.

Remark 17.3. This definition is completely analogous to the definition of a metalinear
structure (see Definitions or , and can be generalized to further geometric
situations as we explain in the next section. Moreover, the similarity extends to the
questions of existence and uniqueness, see Proposition [17.7]

17.2 General Metastructures

The notion of a metaplectic structure of a symplectic manifold is not only analogous
to the notion of a metalinear structure of a complex polarization but also to the notion
of a spin structure of an oriented Riemannian manifold (M, g) and other geometric
structures like the metaunitary structure of a Hermitian vector bundle (£, H). For the
general definition recall the notion of central extension of a Lie group G:

Let B
1— 72560656 —1,
an exact sequence of Lie groups where Z is abelian with ¢(Z) in the center of G and

where we write the trivial group as 1. In this situation G is called a central extension
of G by Z. Sometimes, the exact sequence is called central extension.

Definition 17.4. Consider the central extension above, and let B — X be a G-bundle,
i.e. a principal fibre bundle over X with structure group G. A p-lifting is a G-bundle
B — X together with a p-equivariant principal bundle morphism p : B — B. That is,
the following diagrams are commutative:

\\ﬁ/B
X
BxG—=DB

(ﬁ,p)t \ﬁ

B x G—— B,

B

Two p-liftings p : B — B and 0 . B — B are equlvalent if there exists an
equivariant principal bundle map ¢ : B — B’ with p = p o¢. In particular the
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following diagram is commutative:

B

ol §’
N
B

In case of a central extension of the Lie group G by Zs,
1— 7y G- G —1,

a p-lifting is a double coverimg p : B — B with the usual equivariance properties. An
equivalence class of p-liftings could be called a meta-G-structure in this case.
METALINEAR AND METAPLECTIC STRUCTURE
It is easy to see that the notions of metalinear structure and metaplectic structure fit
into the new definition of a p-lifting with respect to the corresponding central extensions

1 — Zy - ML(n,C) -5 GL(nC) — 1,

of GL(n, C) as the structure group of the frame bundle B = R(E) of a complex vector
bundle E resp.
1 — Zy = Mp(n) -2 Sp(n) — 1,

of Sp(n) as the structure group of the symplectic frame bundle B = R(M,w).
Let us mention another "metastructure” which we need in the following, namely
the metaunitary structure, before we discuss the spin structure as another example.
METAUNITARY STRUCTURE

Here, the group G is the unitary group G = U(n) = U(n,C). The unitary group is
the structure group of the frame bundle R(E, H) of orthonormal frames of a hermitian
vector bundle (F, H).

The metaunitary group MU(n) is the connected double covering of U(n) determined
by the following central extension:

1 — Zy 5 MU(n) 2 U(n) — 1.

For the unitary frame bundle R(E, H) corresponding to a Hermitien vector bundle
(E, H) a p-lifting p: R(E, H) — R(E, H) is a metaunitary frame bundle and leads to
the notion of a metaunitary structure.

SPIN STRUCTURE

Let X be an oriented manifold of real dimension k£ with Riemannian metric g and
let 7 : R(X,g) — X be the principal fibre bundle of oriented orthonormal frames with
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structure group SO(k) called orthonormal frame bundle. R(X,g) can be constructed
in a way similar to the construction of the frame bundle R(X) or other frame bundles
we have encountered. In particular, the fibre 77'(z) = R,(X,g) is the set of ordered
bases b of T, X, which are oriented and orthonormal with respect to g(z). R.(X,g)
can be parametrized by SO(k) by the action (b,g) +— bg of SO(k): In particular,
for a fixed oriented, orthonormal and ordered basis b € R,(X,g), x € X the map
SO(k) — B, , g — bg is bijective.

Recall, that the spin group Spin(k) is the nontrivial 2-1 covering group of the special
orthogonal group SO(k), or in other words, Spin(k) is a central extension of SO(k) by
Zo, with respect to the exact sequence of Lie groups:

1 — Zy — Spin(k) 2 SO(k) — 1.

p denotes the 2 — 1 covering map p : Spin(k) — SO(k).

Definition 17.5. A SPIN FRAME BUNDLE for the orthonormal frame bundle 7 :
R(X,g) — M over a k-dimensional oriented Riemannian manifold (X, g) is p-lifting

p:R(X,9) = R(X,g).

A spin structure is an equivalence class of spin frame bundles.

In the following we describe a cohomological condition for a principal G-bundle
B — X to admit a p-lifting with respect to the central extension above

1l—7 505G —1.

In general, for a Lie group G let us denote by H'(X,G) the set of equivalence
classes of principal G-bundles. With respect to an open cover 4 = (U;) of X for
which all Uj, U;j, Uiji, ... are contractible, the equivalence classes can be represented in
the following way: Each principal G-bundle B is determined by transition functions
(hij), hij € E(Uij, G), and we have B = B’ if and only if there exist ¢; € £(U;, G) with
hij = c{lh;jci. Hence H'(X,G) can be identified with the set of ”cohomology” classes
[hij] where (hi;) is a cocycle and [hy;] := {c; ' hyjei | ¢; € E(U;, G)}

In case of an abelian Lie group Z the above construction leads to sheaf cohomology
of the sheaf £7(U) := E(U, Z) of abelian groups (cf. ??). It follows that H'(X, Z) =
H'(44, EZ) and this is essentially H'(X,E%).

Remark 17.6. The central extension induces a connecting homomorphism 9
HY(X,E%) — H?*(X,E%) so that the following sequence (long exact sequence) is
exact ~

HY(X,E%) — H'(X,E%) — H'(X,E%) -2 HX(X,E7).
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We give an explicit description of the so-called connecting homomorphism ¢6: A
class h € H' (X, EY) will be presented by transition functions h;; € E(U;j, G) of the G-
bundle B. Since p is surjective and a quotient map, there are iLU e E(U;, é) such that
In general, ﬁij does not satisfy the cocycle condition. But ¢ := ﬁijﬁjkﬁki is mapped
to 1 by p: p(cijk) = hijhjrhi = 1, i.e. ¢ is in the kernel of p. By the exactness of the
sequence

1—7Z 5050 —1
there are z, € E(Uyj, Z) with t(zi) = cije. Therefore, d(h) = [zi] € H*(X,E%)

is well-defined and the construction yields a homomorphisem § : H*(X,£%) —
H*(X,E%).

Let us call w(B) := §([B]) the obstruction class in H?(X,E?) of the G-bundle B
with respect to p.

Proposition 17.7. A p-lifting of B exists if and only if w(B) is trivial. Moreover,
when a p-lifting exists, the equivalence classes of p-liftings of B are in a 1-to-1 corre-
spondence to the cohomology classes of H*(X,E%).

Proof. Let B— Ba p-lifting with transition functions g,; of B. Then gi; = p(Gi;) are
transition functions of B and yield the class [B] = [gi;] € H' (M, E%). Since §;; satisfy
the cocycle condition §;;g;kgr; = 1 the 2, with ¢(2zijk) = GijGkri satisfy z;;, = 1 and
define the trivial class 0([B]) = §([ziz]) € H*(M, Z).

Conversely, let g;; be transition functions of a G-bundle B with trivial w(B). There
are gij € E(Ul],é) with p(?]l]) = Gij and Zijk € E(Ul],Z) such that L(Zijk) = gugjkgkz
with [z;;x] = 0([B]) = 1. Hence, there are z;; € £(U;j, Z) with 2z, = 2ij2k2k. Now,
the functions X

9ij
t(zi5)
satisfy the cocycle condition, since all ¢(z;;) are central elements, and therefore deter-
mine a p-lifting.

Gij =

Moreover, when p : B — Bisa p-lifting with transition functions g;; and when
[2i5] € H'(M,E7), then gj; = §ie(2;) defines a~nother cocycle and, hence, another
p-lifting. This p-lifting is equivalent to the given B — B if and only if [z;;] is trivial in
HY(M,E7%). O

Remark 17.8.

1. We recognize our results for the existence of a metalinear structure of a GL(n, C)-
bundle B proved in the previous chapter, as well as for the existence of square
roots in Chapter 15. In case of existence, these structures are parametrized by
the group H'(M, Zs).
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2. Completely in the same way one can prove a corresponding result for U(n)-
bundlse B — M and its possible metaunitary structures p : B — B with respect
to the exact sequence 1 — Zy — MU(n) — U(n) — 1.

3. For the case of the symplectic group Sp(n), the proposition asserts that the
metaplectic structures are also parametrized by H' (M, Z,). Moreover, with some
effort, one can deduce that in the situation of a symplectic manifold (M, w)
a metaplectic structure for R(M,w) exists if and only if the obstruction class
w(R(M,w)) € H*(M,Zs) is trivial®¥ We will prove this at the end of the next
section.

4. And for the spin case we obtain: A spin structure for the orthonormal frame
bundle R(X,g) exists if and only if w(R(X,g)) € H*(X,Z) is trivia When
this is the case, the equivalence classes of spin structures are parametrized by
HY(X,Zs).

ENLARGED EXTENSION

There are interesting manifolds for which a metaplectic structure does not exist.
For instance, for the complex projective space M = P"(C) with n even the obstruction
class w(Sp(M,w)) is not trivial”®} In order to include such symplectic manifolds in the
program of Geometric Quantization one can modify the exact sequence

1— 7y G -5G—1,

on which the p-lifting is based by a suitable Lie group H which contains Zs in its center
(cf. [FHT9)):
GH =G X 74 H.

We obtain the exact sequence
LH ~H PH
l—H —G" —G—1.

In particular, with H = U(1),G = Sp(n), and the abbreviation Mp®(n) :=
Mp(n)V®) | p¢:= pUM) | we obtain the exact sequence

1 — U(1) -5 Mp(n) 25 Sp(n) — 1,

where (© and p¢ are the obvious homomorphisms.

Similiarly, one obtains Spin‘(n), MU*(n), ....

88w (R(M,w)) is the second Stiefel-Whitney class wo(TX) of the real vector bundle T'X.

89This obstruction class is the second Stiefel-Whitney class wo(TX) = w(R(X, g)) of the real vector
bundle T'X.

907t is the second Stiefel-Whitney class of M = P"(C), the nontrivial element of H?(P"(C), Zy) = Z.
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The group Mp®(n) is called generalized metaplectic group. It will be appear again
in the context of metaplectic representation in Section . Mp“(n) is used to define
symplecic spinors.

We obtain the following diagram where rows and columns are exact:

Here, ( is the inclusion and 7 : Mp“(n) — U(1) is the character whose restriction
to U(1) € Mp®(n) is A — A2

As a result, in some cases it is reasonable to study p°-liftings to obtain so-called
generalized metalinear frames, i.e. frames in the corresponding Mp“(n)-bundle over the
symplectic frame bundle R(M,w). In particular, since an Mp®(n)-structure exists for
every symplectic manifold, see below.

17.3 Square Roots, Metalinear and Metaplectice Structures

After these preparations on metastructures we show in this section how a given meta-
plectic structure on the symplectic manifold (M,w) induces on every positive polar-
ization P C TM® on (M,w) a metalinear structure and thus a square root of the
canonical bundle Kp.

This section is developed along the lines of a paper of Rawnsley [Raw8].

We begin with the reduction of the symplectic frame bundle R(M,w) of the sym-
plectic manifold to a U(n)-bundle. We pick a compatible almost complex structure J
which is positivd’] i.e.:

1. Jis a section M — End (T'M,TM) satistfying J o J = —1 = —idyp.

91Such an almost complex structure exists on any symplectic manifold (M,w): One equips M with
a Riemannian metric g and uses the condition 2. — g(X,Y) = w(X, JY) — to determine J.
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2. g/ (X,Y) := w,(X, J,Y) defines a symmetric, positive definite bilinear form g’/
on T, M for each a € M. Hence, (M, g7) is a Riemannian manifold.

3. w(X,Y) =w(JX,JY) for all X,Y € T,M, a € M[?]
Proposition 17.9. Let
R(M,w,J) = {(u;v) € R(M,w) |v=(Juy,...,Ju,)}.

Then R(M,w, J) is a reduction of R(M,w) to a U(n)-bundle and every U(n)-reduction
arises this way. Moreover, the Sp(n)-bundle R := R(M,w, J) Xy Sp(n) is a sym-
plectic frame bundle isomorphic to the symplectic frame bundle R(M,w) .

Proof. The condition (Juy,...,Ju,) := Ju = v for a symplectic frame (u;v) remains
true for those g € Sp(n), which satisfy Ju' = v" when (u/;v) := (u;v)g, i.e. Jg= gJ.
These group elements g form exactly the subgroup U, of Sp(n) isomorphic to U(n)
according to Lemma [17.1]

The isomorphism R = R(M,w) is given by
[(u;0), 9] = (w;v)g, ((u;v),9) € R(M,w, J) x Sp(n).

]

With an almost complex structure J the real vector bundle 7'M becomes a complex
vector bundle TM" of dimension n on which J and w induce the hermitian metric H”:

H/(X)Y):=g/(X,Y) —iw(X,Y), X, Y € T,M,a€ M.

Lemma 17.10. The U(n)-bundle R(TMY,H”) of unitary frames of (TM7, H”) is
isomorphic to the reduced bundle R(M,w,J) by the map

R(M,w,J) > (w;v) = u € R(TM’,H”).
Proof. In fact, for (u;v) € R(M,w, J) with u = (u4, ..., u,) the condition
HY (ui, ug) = g(ui, ug) — iw(ug, uy) = w(ug, Jog) = w(ug, vg) = i

is satisfied, so u is an orthonormal frame. Moreover, every orthonormal frame u can
be expanded to become a symplectic frame (u;v) := (u; Ju) € R(M,w, J). O

Now, let P be a polarization. We want to determine a natural bijection between
the metalinear structures on P and the metaplectic structures on (M,w). We have
learned in the previous chapter that the metalinear structures on P are parametrized
by HY (4, Zy).

92The compatibility condition 3. follows from 2.
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The same is true for the metaunitary structures on (M7, H”), cf. Remark
Regarding the isomorphisms R(M,w) = R(T M7, H’) we conclude that the equivalence
classes of metaplectic frame bundles of (M, w) is parametrized by H'(4,Z,) as well.
As a result, there is a bijection between the set of metalinear structures on P and the
set of metaplectic structures on M given by any bijection of H'(4,Z), in particular
by the identity id.

However, we are interested to describe and construct a natural bijection using
geometric insight. So we have to go into some details.

As a first step of our way from a metaplectic frame bundle ﬁ(M ,w) to the cor-
responding metalinear frame bundle E(P) on a given positive polarization P we just
have started with the symplectic frame bundle R(M,w) and arrived — with the help of
Proposition [L7.9] - at the U(n)-bundle R(TM?, H’) = R(M,w, J) of hermitian frames
of the tangent bundle of M as a reduction of R(M,w). The strategy is to identify this
bundle with the U(n)-bundle R(P, H”) of unitary frames of P where P is the positive
polarization in question, which will induce a metalinear structure on P.

Conversely, a metalinear structure E(P) on P gives a metaunitary structure
R(P,H”) by reduction. Using the close relations R(M,w) — R(M,w,J) = R(P’,J)
this metastructure is transferred to yield a metaplectic structure on M.

We introduce the notion of Lagrangian subbundle which generalizes the notion of
polarization:

Definition 17.11. A Lagrangian subbundle P C TMC is an n-dimensional complex
vector bundle in the complexification TM® of the tangent bundle TM such that each
P,,a € M is a Lagrangian subspace of (T,M®,w,), i.e. w|pyxp = 0.

P is called positive, if —iw,(X,X)>0forallac M, X € P,.

A polarization is an involutive Lagrangian subbundle as introduced in Chapter [9]
The results we present in the following hold for the more general case of Lagrangian

subbundles.

Proposition 17.12. Let P be a positive Lagrangian subbundle of TM® and let J be
a positive almost complex structure on (M,w). TM®9 denotes the i-eigenspace of J
TM® — TMC and TM the tangential bundle equipped with the complex multiplication
by J. Then the complex vector bundles P, TM’ and TM™O are isomorphic in a
natural way.

As a consequence, when the hermitian form H” is transformed to P by the isomor-
phim TM’ — P we have a natural isomorphism R(TM”’, H') = R(P, H”).

Moreover the Chern classes of the three vector bundles agree with ¢;(M,w), the

Chern class of M.
Proof. The i-eigenspace of J is Im 7 for the projection

1
T :TM® — TM®, n(X):= 5(X —iJX).
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Moreover, TM*?) = 7(T M) and the restriction of 7 to the complex tangent bundle
TM? is an isomorphism, i.e. R-linear and
n(JX) =

(JX —iJJX) = ~(JX +iX) = i(n(X)), X € TM.

1 1
2 2
TM®0 is a positive Lagrangian and —iw(X,X) > 0 for X € TMI0 X £ 0.
Hence, the orthogonal complement TM1:0) = Im (1 — 7) satisfies —iw(X, X) < 0 for
X e TM®O) ' X #0. We conclude PNTM19 = (). As a result, the restriction of 7
to P is an isomorphism, since m(P) C TM™9 and 7|p is injective: For X,Y € P the
equality 7(X) = 7(Y) implies X =Y € Kerm = TM 1.0 hence X —Y € PNTM10) =
0, ie X =Y. 0

A symplectic manifold (M,w) admits a metaplectic structure if and only if the
second Stiefel-Whitney class wy(M) € H?*(M,Zs) of M is trivial. Here, the second
Stiefel-Whitney class wq (M) is the modulo 2 reduction of the first Chern class ¢; (M) €
H?(M,7Z). Hence, (M, w) admits metaplectic structures if and only if ¢; (M) is even, i.e.
wy (M) is zero. In case of we(M) = 0 the equivalence clases of metaplectic structures
are in 1-to-1 correspondece to H'(M, Zy).

CONSTRUCTION

After these preparations we now concentrate on a positive Lagrangian P on (M, w)
and assume that it is equipped with a metalinear structure represented by a metalinear
frame bundle p : R(P) — R(P). We use this structure to construct an associated
metaplectic frame bundle R(M,w) — R(M,w) and hence a metaplectic structure on
(M,w).

As before, pick a positive compatible almost complex structure J on M and trans-
form the Hermitian form H” on TM” to P by the isomorphism 7'M’ = P (cf. Propo-
sition. The Lagrangian P thus becames a Hermitian vector bundle (P, H”). The
corresponding unitary frame bundle R(P, H”) is a subbundle of the GL(n,C)-frame
bundle R(P). The subbundle

B = (p)(R(P.H”)) C R(P)
is a MU(n)-bundle and turns out to be a metaunitary frame bundle
p:R(P,H’):= B — R(P,H’).

[a¥)

Again using the isomorphism T'M7 = P this construction yields a metaunitary

frame bundle B
R(TM’ H”) — R(TM’, H”).

Considering the isomorphism R(M,w) = R(M,w,J) Xywm) Sp(n) of Proposition
17.12| we define the Mp(n)-bundle

R’ := R(TM’, H”) Xpu(m) Sp(n) — R(M,w)
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with the 2-to-1 mapping
0 R = R(TM’, H')xymSp(n), [(b,8)] = [((b), 5], (b, S) € R(TM, H”)xSp(n).
Then it is not difficult to check that
o R(TM’, H”) Xnumy Sp(n) = R(TM?, H') Xy Sp(n)
is a metaplectic frame bundle determining a metaplectic structure on (M, w).

Proposition 17.13. For each positive Lagrangian P the above construction exhibits a
natural bijection between the metalinear structures on P and the metaplectic structures

on M.

Proof. We have constructed a map [R(P)] — [R(TM”, H”) Xy Sp(n)] from the
metalinear structures on P to the metaplectic structures on M. Since both sets are
paramterized bx H'(M;Z,) it is enough to check that the assignment is injective.

The inverse map can be determined by reversing each step: Given a meta-
plectic frame bundle p : R(M,w) — R(M,w) the reduction to U(n), B’ :=
Y R(M,w,J)), B” = R(M,w,J) = R(P,H’) yiclds a metaunitary frame bundle
B’ — R(P,H”) of (P,H’). R(P) := B’ Xmum) ML(n,C) — R(P) is the metalinear
frame bundle of (P) yielding the inverse map [R(M,w)] — [B’ Xmu(m) ML(n, C)].

Another way back can be described on the level of transition functions. Given
a metaplectic structure represented by a metaplectic frame bundle R(M,w) one can
choose transition functions g;; with values in the metalinear group MU(n) (reduction
of R(M,w)). gi; = p(gi;) are transition functions of R(M, w) with values in U(n). The
gi; are also transition functions of the tangent bundle (M7, H'). Now, let P be a
positive Lagrangian. P is isomorphic to TM7 and thus can be described by the same
transition functions g;;. As a result, the g;;, now as functions with values in M L(n, C),
determine the metalinear frame bundle for P in which we are interested.

]

Note, that the last step seems to work also for general Lagrangian which are not
positive. But we do not know whether 7MY and P are isomorphic.

Remark 17.14. Blattner [Bla77] (see also Sniaticky [Sni80] and Tuynman [Tuyl16])
presents an alternative proof of Proposition using as an intermediate structure
the bundle of positive Lagrangian frames F, (M,w) on (M,w). A positive Lagrangian
frame at a € M is an n-tuple (uy, ..., u,) of vectors u; € T, M® such that w,(u;, uy) = 0
and —iw, (U;, ug) is positive semi definite. Note, when P is a positive Lagrangian then
each element b € R(P) of the frame bundle R(P) is a positive Lagrangian frame.
F, (M,w) consists of the collection of all positive Lagrangian frames at all points of M,

F.(M,w)={be P|PcTME positive Lagrangian subbundle} .
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In particular, every positive polarization P is a subbundle of F (M,w). On F(M,w)
there are natural actions of Sp(n) (from the left) and of GL(n, C) from the right. Given
a metaplectic frame bundle R(M,w) — R(M,w) by direct geometric considerations
about F'y(M,w) a "metaplectic” bundle of positive Lagrangian frames

p~ : F+<M7w> — F+(M7w>

can be constructed which induces on each positive Lagrangian R(P) C F(M,w) a
metalinear frame bundle R(P) := (p) "' (R(P)).

Remark 17.15. A different way to introduce and apply the concept of metaplectic
structure has been suggested by Woodhouse [Wo091], p.232. In order to explain this
approach we need the space L, (M,w) of positive Lagrangian subspaces over M:

L, (M,w) = U {P C T,M® | P positive Lagrangian subspace of (T, wa)}
aceM

This is a topological fibre bundle L, (M,w) — M with fibres
{P c T,MC | P positive Lagrangian subspace of (Ths,w,)}.

A metaplectic structure on (M,w) is defined to be a square root S of the canonical
bundle K = Ky, j of Ly (M,w). In this situation, a positive Lagrangian P on (M, w)
is essentially the same as a section s : M — L (M,w), a— P,: P = s(M). P obtains
a square root of the canonical bundle Kp by pullback: Since Kp = s*(K), the given
metaplectic structure induces Sp = s*() directly. In this way, a given metaplectic
structure induces directly a square root on every positive polarization of (M, w).

17.4 Half-Form Pairing

(incomplete)

Let (M,w) be a quantizable symplectic manifold with a prequantum line bundle
(L,V,H). Let P be a polarization of (M,w) and assume that K_;(P) has a square
root S = K_1;,(P). Then we can build the corresponding half-form quantization with
its representation space Hy = H¥(M, L, P) as in Section m

For another polarization P’ we know by the considerations of this chapter that there
exists a square root S’ of K_;(P'). We want to compare the representation spaces H?,
and H?, and hope that this can be achieved by a pairing

H$ x Hz, — C.

As a model we can use the attempts to find a pairing of half-density quantizations
as presented in Section [I4.5]
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For the rest of this section, P and P’ are compatible in the sense of Definition [14.16]
that is the intersection D := P N P’ NTM is an integrable distribution, the quotient
M/ D exists as a manifold such that the projection 7 : M — M/D is a submersion,
and the distribution E := (P + P’) N TM is integrable.

We want to produce a sesquilinear map
p:D(M.L%) x T(M, L) — T'(M/D, 6, (M/D)),

so that
(¥, ¢") =~ p(,4'), for suitable ¢ € H® ¢/ € HY

M/D
is the germ of a pairing H$ x H%, — C in which we are interested in.

Of central importance for the existence of such a p is the following lemma

Lemma 17.16. Let p : 8" — S be an isomorphism of line bundles with V xop = poV x
for all X € T(M, D%). Then there exists a natural sesquilinear map

(M, S) x T'(M,S") = T'(M, 6,(Z"),

such that for all (a,a’) € T'(M,S) x I'(M,S") satifying Vxa = 0 = Vxa' for all
X € I'(M, D)® we have Vx7(a,a') = 0 for all X € T'(M, D).

Proof. We have the map I'(M, S)xI'(M, S) = 6:1(P), (a,a’) — aa’ as in Lemmall5.9]
Then 7/(a, ') := ap(a’) satisfies: When Vya = 0 = Vxa' for all X € I'(M, D®) we
have Vx7/(a, /) = 0 for all X € I'(M, D%). Now we use the result of Proposition
14.17; There exists a natural line bundle isomorphism

7p 1 6_1(P) = 61(Z”) with Vxorp=r7poVyx

for all X € I'(M, D%). The composition 7 =: 7p o 7/ provides the result of the lemma.
[l

Remark 17.17. According to the preparations described in this chapter the typical
case where the lemma applies is the following: P and P’ are positive complex polar-
izations and, in particular, isomorphic. If K_;(P) admits a square root S, this square
root induces a metaplectic structure on (M,w) and, hence, a directly related square
root S’ of K_1(P’). Without loss of generality we can assume that S’ is the trans-
port of S given by the above mentioned isomorphism. This implies that the induced
isomorphism ¢ : S — S satisfies the compatibility condition of Lemma [17.16]

Summary:
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18 Metaplectic Representation
(incomplete)

In the context of studying and applying the metaplectic group Mp(n) it is natural
to introduce and study the metaplectic representation. This is a distinguished infinite
dimensional unitary representation of Mp(n) and Mp®(n) which is interesting in its
own right and which is an active area with links to quantum physics, symplectic ge-
ometry, differential geometry, index theory, geometric analysis, representation theory
and number theory.

In particular there is a direct relation to the infinite dimensional irreducible rep-
resentation of the CCR relations (cf. Section [F.3), i.e. to the induced represention of
the Heisenberg representation. In this way the quantization of 7T*C" and the induced
Bargmann representation comes into play. Moreover, the metaplectic representation
can be used to obtain concrete details of the group structure of Mp(n)and Mp©(n) and
it can be applied to see another way how a metaplectic structure determines half-form
bundles on positive polarizations.

Last not least, the use of Mp® opens the way to further geometric quantizations
schemes beyond the approaches we have described so far. in particular, since every
symplectic manifold admits Mp®(n)-structures.

18.1 Representation of the Heisenberg Group

We start with the essentially unique (continuous) unitary irreducible representation of
the Heisenberg group, which is described in Section in the context of canonical
commutation relations(CCR). Let (V,w) be a symplectic vector space, i.e. V is a real
2n-dimensional vector space and w a constant non-degenerate alternating bilinear form
on V. The corresponding Heisenberg group is

HS = HS(V,w) :=V xR

with multiplication
1
(v, 8)(w,t) = (v+w,s+1t+ iw(v, w)) .

HS is a Lie group and a central extension of the abelien Lie group V by R given by
the exact sequence
0 —R—HS(V,w) — V — 0.

Its Lie algebra is the Heisenberg Lie algebra hs:

hs =hs(V,w) =V xR
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with Lie bracket
[(v,5), (w,t)] == (0,w(v,w)).

For a fixed dimension 2n, the Lie groups HS(V,w) are isomorphic to each other as
well as the Lie algebras hs(V,w).

With respect to a symplectic frame of (V,w), i.e. a basis (u;;vy) of V' with
w(u;, vg) = djk, w(uy, up) = w(vj, vy) = 0 we obtain the CCR in the form:

[(u;,0), (vg, 0)] = 931 (0, 1).

With U; = (u;,0), Vi := ¢(v;,0), Z := (0,1) for a constant ¢ € C a variant of the CRR
is of the familiar form
[Uj, Vk] = C(Sij.

For every unitary irreducible representation W : HS — U(H) on a separable Hilbert
space H the center {0} x R of HS will act by multiplicities of the identity W (0, s) =
e*idy inducing the central character (v,s) > €™ with parameter X. We observe:

In case of A = 0, the representation comes from an irreducible representation of the
abelian group V and thus is one-dimensional of the form W (v,s) = e™(®w0),

In case of A # 0, W is unitarily equivalent to the Schrédinger representation with
(0, 5) acting as eidy (cf. and below).

One can change the value of the parameter \ by scaling: W' (v, s) := Wy (cv, ¢%s), ¢ >
0, has parameter N = c?\. Replacing W = W, by W* leads to the parameter —\.
Altogether, we obtain the result that up to scaling, equivalence and dim V' there is only
one infinite dimensional unitary irreducible representation of HS = HS(V,w).

In the course of these lecture notes we have encountered CCR already several times.
In particular, when describing geometric quantization of the simple phase space V =
T*R™ with the standard symplectic form w and different polarizations (see Examplae
10.12): We have on H = L?(R") in case of the vertical polarization (Schrodinger
representation) the CCR

. 1 .
[Qjapk] = %éé )

where
0
27 Ogk’
In case of the horizontal polarization (Heisenberg representation) the same CCR ap-
pear, however with the variables ¢ and p interchanged. In case of the holomorphic
polarization (Bargmann representation) the Hilbertspace is the Fock space of holom-
prphic functions a with CCR

Q' =¢ and P, = — 1<j5,k<n.

i 1 .
7, 2] = =67
7T

for w
Zk:zk,ijz——, 1§j,k}§n
70z
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Integrating the Schrodinger representation which we have just recalled we obtain a
unitary representation on H = L?(R")

Upys H—=H, (v,s) = (z,y,5) e R" X R" xR = HS(R2”,w),

which is also called also the Schrédinger representation:

Usy ) i= ™e™ 36 +\0) 6 = 0{q) € H = L(R").

Here, )\ is a real parameter and xy, qy is the scalar product. It is easy to check that
Usgy.s 1S a unitary operatoﬂ Let us confirm that (z,y,s) — U, s is homomorphism
HS — U(H) by an elementary calculation:

Aol

U$,y7SU$/,y/7S/¢(Q) - Ux7y7sez>\s,61’qyl+’b§$ Y ¢(q + Ax) (70>
_ ez')\sez‘qy—i-i%xyei)\s’6i(q+>\m)y’+i%m’y’¢(q + Mz + )\JZ/)
= e”‘(s“/)eiQ(yﬂ/)“%xyei)‘xyuri%z/y/¢(q + Az + Az')
_ iMsts)+ig (Y —a'y) ew(y+y’)+i%($+x’)(y+y’)¢(q + Mz +2'))
= U.t—&-:v’,y—&—y’,s—l—s’—i—%(wy’—yx’)¢(q)
The unitary representation U is irreducible which can be proven as in Proposition
[E.46

The infinitesimal version of U, the corresponding Lie algebra representation U of
bs, is

Upys® = iXs) +iqud + X < g—f;, T > .

It is useful to realise the CCR and the Heisenberg group in the Bargmann represen-
tation on Fock space. For this we consider on the symplectic space (V,w) compatible
almost complex structures J : V' — V which are positive. Recall that an almost
complex structure on V' is an R-linear isomorphism

J:V =V with J>=—-1=—idy.
J is called compatible with w when
w(v,w) = w(Jv, Jw) for (v,w) e V.

J is positive if
w(v, Jw) is positive definite.

9first defined on all continuous ¢ in H = L?(R") and then extended to all of H
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In case of a compatible and positive almost complex structure J the real vector
space V' becomes a complex vector space V; by the multiplication

w:=Jv,veV.
Moreover, V; is a Hilbert space with respect to the inner product
<v,w>=<v,w >;=wv, Jv) +iw(v,w), v,w €V,

The corresponding Fock space is
F=F;,=HV,w,J):={f € (Vy) | / < f(2), f(2) >, e FPdy < oo}
1%

Finally, the Bargmann representation W = W : HS(V,w) — U(H,) with respect
to these data is given by

(WJ)'[),,sf(Z) — qu,sf<z) — ei)\sei%<z,v>1+i%<v,v>Jf(z + )\’U) ’ f c HJ )

W is a homomorphism (we mostly drop the index J in the following):

Wv,sz’,s’f(Q) _ vasei)\s’ei%<z,v’>+i%<v’,v’>f(z + )\U’)

. .1
— ez/\s€z§

iA(s+s")

-y o/ ;1 / DN i
ez)\s 612<z+)\v,v >+ig<v’v >f(Z + )\'U/ + )\’U)

i<z,v+v’>+i%<v,v>+i%<>\v,v’>+i%<v’,v’>f(z 4 /\(U + U/))

<z,v>+i%<v,v>

=e €

_ ez’)\(s+s’)ei<z,v+v/>+i%<v+v/,v+v’>+i%<v,v’>—z%<’u/,v>f<z + )\(U + ’U/)>
. /1 / . / DN / /

— ezA(s—i—s +5w(v ))ez<z,v+v >+ig <vtv’vtv >+f(Z 4+ /\(U + Ul))

= Wv+v’,s+s’+%w(v,v’)f<z) :

We have used i3 < v,v' > —i3 < v/, v >= iw(v,v’).
W is a unitary irreducible representation of HS.

The infinitesimal version is

W,of(2) = irsf(2) —i—i% < z,0 >y f(2) —i—)ng(;—(zz).

18.2 Representation of Mp and Mp*°

For a symplectic vector space (V,w) the symplectic group Sp(V,w) is the Lie group of
all invertable real linea maps g : V — V with w(v,w) = w(gv, gw) for all v,w € V.
Sp(V,w) acts on the Heisenberg group HS(V,w) as a group of automorphsims:

g-(v,s):=(g9(v),s), for g€ Sp(V,w), (v,s) € HS(V,w).
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By composing the unitary representation W; of HS(V,w) on the Fock space
H(V,w, J) with an automorphism g € Sp(V,w) we obtain another representation WY
of HS(V,w):

Wi(v,s) :=Wy(g-(v,s)) = W;(gv,s).

This unitary representation is still irreducible and it has the same parameter
W9(0,s) = W;(0,s) = €. Hence, according to the Theorem of Stone-von Neumann
there exists a unitary U € U(F ), where F; = H(V,w, J)) such that

W9 =UW,U".

By the Lemma of Schur the operator U is determined up to a scaler o of norm 1.
We consider the group af all occuring U and describe it in the following way.

Definition 18.1.

Mpc(‘/? W, J) = {(Ua g) € U(FJ) | Wg = UWJU_I}'

This group turns out to be naturally isomorphic to the previously defined covering
group Mp€(n), see page but this is not evident from the definitions and will be
shown later.

The projection map o : Mp“(V,w,J) — Sp(V,w),, (U,g) — g, is a surjective
homomorphism. By the Lemma of Schur Kero is U(1) and we obtain the following
exact sequence.

1 — U(1) — Mp“(H,V,J) — Sp(V,w) — 1

In order to see that the unitary representation Mp®(V,w, J) < U(F;) induces a
representation of the metaplectic group Mp(V,w, J) = Mp(n) one has to understand
that Mp(V,w) is contained in Mp“(V,w, J). This we see with the help of parametrizing
Sp(V,w) and Mpe(V,w, J)

18.3 Parametrizing Sp and Mp°

Summary:
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Appendix: Mathematical Background Knowledge

A Manifolds

There are many different classes of manifolds which are investigated in the various fields
of mathematics and physics. In these lecture notes we are interested only in differen-
tiable{g_‘f] or complex manifolds and in the differentiable bundles over these manifolds.

In this chapter we summarize the basic notions and results for differentiable man-
ifolds. Complex manifolds will be treated in a later section (in Chapter [Bf) as well as
the principal bundles and the vector bundles over manifolds (in Chapter @

A.1 Basic Definitions

Definition A.1 (Manifold). Let M be a Hausdorff space and n € N;n > 0.

e A manifold| of dimension n is M together with a differentiable structure D.

o A differentiable structure on M is an equivalence class D of differentiable atlases
20 on M.

e A differentiable atlad™ (?Atlas”) on M is a collection A = (g, : U, = V,),e; of
(n-dimensional) charts of M which are smoothly compatible to each other and
which cover M:

M:UM:M

eJ

e An (n-dimensional) chart ("Karte”) on M is topological map ¢ : U — V (i.e. ¢
is continuous with a continuous inverse ¢! : V' — U), where U C M is an open
subset of M and V' C R" is an open subset of R™.

e Two such charts ¢ : U — V,¢ : U' — V' on M are called smoothly compatibld”|
if the induced map

q oq gy : qUNU') = ¢(UNT)

is smooth (i.e. infinitely often differentiabld™)), or if U N U’ = 0.

94
95

i.e. infinitely differentiable, also called smooth
more precisely a differential manifold; but in these notes we will only deal with differentiable
manifolds.
9n the following mostly called simply atlas, since only differentiable atlases will be considered.
9in the following we say simply compatible
9We only consider smooth functions and C> structures in these notes. In general, also C*-
differentiable atlases and C*-differentiable structures are studied.
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e Two atlases 2, B are equivalent, if their union is an atlas, i.e. if each chart of 2
is compatible with each chart of 8.

Observation A.2 (Maximal Atlas). Let M be a manifold with its differentiable struc-
ture D.

Any atlas 20 in the equivalence class D determines a mazimal atlas N given as
the collection of all charts on M which are compatible to the charts of 2. Then
I is maximal in D with respect the inclusion of atlases.

e The maximal atlas 99t of D is the union of all the atlases in D.

As a result one could say that a manifold is a Hausdorff space M together with
a maximal atlas 9.

If we refer to a chart on M then it is always a chart of some atlas determining
the differentiable structure of M, in particular, it will be chart of 9.

In general, in these notes a manifold will be metrizable, and therefore paracompact.
In most cases the manifold is also assumed to be connected.

Definition A.3 (Smooth Mappings and Functions). A smooth (or differentiable) map-
ping on an open subset D C M of a manifold into another manifold N is a mapping
f D — N such that for every a € D there exist charts ¢ : U — V C R” on M and
¢ U = V' CR™on N with U C D and f(U) C U’ such that

gofop™:VR™
is smooth. Notation for manifolds M, N:
EM,N):={f: M — N | f, smooth}.

E(M) =E(M,K),

where K € {R,C}. Smooth mappings with values in K are often called smooth func-
tions or simply functions. A diffeomorphism is a smooth map F' : M — N with a
differentiable inverse.

SUBMANIFOLD:

Definition A.4. A submanifold (” Untermannigfaltigkeit”) N of a manifold M is given
by a subset N C M such that restrictions of suitable charts on M to N provide an
atlas on N: For each a € N there exists a chart ¢ : U — V on M such that a € U and
qUNN)={y eR" | ygy1 = ... = yo = 0} 2V NR? where d € N,d < n, providing
the chart

q\UQN:UﬂN%VCRd

of N.
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These charts are automatically compatible to each other and define the structure
of a d-dimensional manifold. In particular, open subsets U C M are submanifolds.

Proposition A.5. A subset N of an n-dimensional manifold M defines a submanifold
of dimension d < n if and only if either

e d=mn and N is open in M, or

e d < n, N is contained in an open subset W C M, and for every a € W there
are an open neighborhood U and functions f1, ... fn_q € E(U) such that UNN =

{xeU| fj(0)=0foralj=1,...,n—d} and rk(f1,..., fo—a) =n—d [

Notation. n — d is called the codimension of N.
A closed submanifold N of codimension 1 is called a hypersurface ("Hyperflache”).

Observation. With the notation of Proposition a submanifold is closed in the
open subset W of M, but, in general, not in M.

ProbpucTt MANIFOLD:

Definition A.6. The product (manifold) (" Produktmannigfaltigkeit”) of two mani-
folds M, N is the Hausdorff space M x N with the differentiable structure given by all
the charts

gxq:UxU —=VxV,
where ¢’ : U — V is a chart on M and ¢’ : U' — V' is a chart on V.

Proposition A.7. The product My x My of two manifolds My, My together with the
projections p; : My x My — M;, (x1,22) — x;,j = 1,2 satisfies the following universal
property: Every map f : M — M; x My is smooth if and only if the compositions
piof and pao f are smooth. And any manifold P with smooth p; : P — M; satisfying
the above universal property is isomorphic to My x My (i.e. there is a diffeomorphism

f:P—=MxN)

Slightly more general is the notion of a fibre product:

Definition A.8. The fibre product (”Faserprodukt”) of two mappings f: M — S, g :
N — S over a third manifold S is the submanifold

M xs N :={(z,y) € M x N | f(z) =g(y)}

of the product M x N, together with its map 7: M xs N — S5, (z,y) — f(z) = g(y).

9here we use the notion of rank of a smooth mapping which is explained later.
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Note, that the two induced maps f*(z,y) := x, g*(z,y) =: y for (z,y) € M xg N
satisfy: m = f*og = g* o f, i.e. we have the following commutative diagram

Mxs NN

T8

M S

Proposition A.9. The fibre product M xg N — S of satisfies the following universal
property: When the (smooth) mappings r : Z — M ,t : Z — N satisfy for =got:
Z — S then there exists a unique r Xgt : Z — M Xg N such that r = g* o (r Xgt) and
t = f*o(rxgst), in particular mo (r xgt) = for =got: Z — S. And any manifold P
with smooth f P — M, g: P — N with the above universal property is isomorphic
to M Xg N.

QUOTIENT MANIFOLD

Definition A.10. A quotient (manifold) (” Quotientenmannigfaltigkeit”, ” Quotient” )
of a given manifold M with respect to an equivalence relation ~ on M is any manifold
(@ together with a surjective and smooth map 7 : M — @ such that the following
universal property is satisfied: For every smooth f : M — N such that f is constant
on the equivalence classes of ~ there exists a unique smooth g : () — N such that
f=gom.

M-LoN

| A

Q

A quotient manifold is unique up to diffeomorphism.

Note, that the existence of the quotient as a manifold is guarantied only for special
equivalence relations ~. In particular, the relation ~ = {(z,y) € M x M | x ~ y} has
to be closed as a subset of M x M to ensure that M/~ is at least Hausdorff within
topological spaces. We come back to quotient manifolds in Section

A.2 Tangent and Cotangent Bundle

Each curve x € £(I, M) defined on an open interval I C R with 0 € I through the
point a := z(0) € M determines a TANGENT VECTOR [z], at a: [z], is the equivalence
class of (germs of) curves in M through a which is given by the equivalence relation

oy (e =) < £@ow)leo= F@opln

where y € (1, M) with y(0) = a.
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Definition A.11. The TANGENT SPACE (”Tangentialraum”) at a € M is the space
T.M :={[z], |z € &I, M),z(0) =a}
of all equivalence classes [z],.

Observation A.12. The set T,M carries a natural structure of real n-dimensional
vector space: For [z],, [yl € T,M (with 2(0) = y(0) = a) and A € R one chooses a
chart ¢ : U — V C R™ with ¢(a) = 0 and defines

2(t) = q " (qox(t)+ Agoy(t)),t € Iy,

for a suitable small open interval I containing 0. Then [2], is independent of the choice
of the chart ¢ and we set

[#la + Alyla = [2]a-
Proposition A.13. The Tangent Bundle (" Tangentialbiindel”)

T™ = | J T.M,

aeM

together with the projection
T=1y:TM — M, [z], — a,

has a natural structure of a 2n-dimensional manifold where T is a smooth map and the
fibers 71 (a) = T,M are n-dimensional vector spaces.

Proof. For a chart ¢ : U — V C R"™ the corresponding bundle chart ¢ : 771(U) —
U x R™ is defined by

. d

q([2]a) = (a, a0 z(t)liz0) , 2(0) = .
q is bijective, since G, := §|7,0 : T.M — R™ is bijective (and linear). For another chart
¢ : U — V' we obtain, with g := ¢’ o ¢~!, the change of the bundle charts

¢ o q~_1’T(UﬂU/) LGUNU) =qUNU) xR = ¢(UNU) =¢UNU") xR",

as the map given by
(¢:v) = (9(a), Dg(q)-v),

where Dg(q).v is the Jacobi matrix (or derivative) Dg(q) of g at ¢ € ¢q(UNU") applied to
v € R™. In particular, this description shows that ¢ o q~_1|T(UﬂU/) is a diffeomorphism.
Now, the topology on TU := 77}U) will be defined by ¢ : TU — U x R™ in such
a way that ¢ is a topological map (i.e. continuous with a continuous inverse). For
another chart ¢’ : U’ — V' the topologies on T(U NU") induced by § and ¢’ agree, since
q o ¢ rwenun is a diffeomorphism, hence in particular, a topological map. Because
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of the smoothness, the charts ¢ and ¢’ are compatible and thus define a differentiable
structure when the topology on T'M turns out to be Hausdorff. But the Hausdorff
property can indeed be proven quite easily.

The proof is complete, but let us describe the differentiable structure using atlasses.
Note, that with respect to an atlas 2 = (¢; : U; — Vj) of charts ¢; defining the
differentiable structure of the manifold M the change of charts is given by ¢; o qj_1 :
q;(Ui;) = ¢;(Ui;), where U;; = U; N Uj;, and for the induced bundle charts we obtain
the diffeomorphisms ¢; o cjj_l 0 ¢;(Uij) x R* = ¢;(U;;) x R*. Thus, the bundle charts
(¢;) form an atlas of the differentiable structure of the tangent bundle 7M. O

Observation. For the bundle charts ¢ : TU = 771 (U) — U xR™ the following diagram
is commutative

TU —% U x R"

-
l pry

U

where pry : U X R" — U, (z,v) — x, is the natural projection. Moreover, for a € U the
induced map T,M — {a} x R" =2 R" is liner over R.

This property essentially implies that TM — M is a (smooth) vector bundle of
rank n (see Section for an exposition of vector bundles). Moreover, for an atlas of
charts (¢;) as at the end of the proof the preceding proposition the transition of bundle
charts has the form

Gio ;' q;(Usy) x R* = qi(Uy) x R™, (q,v) = (g0 q; (), D(gi o g; ) (q)v).

Consequently, the transition functions g;; : U;; — GL(n,R) of the vector bundle T'M
in the way they are used in Section and elsewhere are given by ¢;;(¢) = Dg; o
¢; ' (¢)GL(n,R).

Observation A.14. For a smooth map f : M — N between manifolds M, N the
TANGENT MAP (” Tangentialabbildung” ), DERIVATIVE (” Ableitung”) (also called total
derivative) or DIFFERENTIAL of f at a point a € m is given by

Tof : TuM — TroyN, T.F([z]s) = [f © 2] f(a)-

T,f is linear. Moreover, the T, f,a € M, fit together to define the TANGENT MAP
(DERIVATIVE or DIFFERENTIAL)

Tf:TM — TN, v T,(v), v=€7 a)=T,M,

which turns out to be a smooth map. The smoothness can be proven by using the
respective bundle charts. T f is compatible with the projections (i.e. fory = TnyoTf)
and R-linear in the fibers T, M, Ty N. Hence, T'f is a vector bundle (homo-) morphism
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over f. The compatibility condition can also be expressed by stating that the diagram

™ .o TN

R

is commutative: fory =7y o Tf.

Cotangent Bundle:
Similarly, one introduces the COTANGENT BUNDLE (”Kotangentenbiindel”)
T*M = | ] T;M,
aceM

where

T*M := Hom(T,M,R) = (T,M)*

with the projection T*M — M denoted by 7 or 7*. T*M is a vector bundle of rank n,
as well.

Every manifold is endowed not only with the two vector bundles T'"M ans T*M,
but in addition, with further naturally associated vector bundles. Important for the
sequel are the bundles of k-forms for k =1,2,... n:

k
AFM = /\ (T,M) = {a: (T,M)" - R | o k—multilinear over R and alternating}

AM = ] MM
aeM

with smooth projections
T AFM — M.

The A¥M are vector bundles of rank (Z)

Exercise A.15. Describe the differentiable structure of the real vector bundles A* M
by bundle charts.

VECTOR FIELDS:
A wector field (" Vektorfeld”) on the manifold M is a smooth map

X:M—TM, with X(a) €e T,M for all a € M,
i.,e. X is a smooth SECTION of the tangent bundle:

X € &(M.TM), with 70X =idy.
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We denote the set of all vector fields on M by B(M). U(M) is a vector space
over R and a module over the commutative ring £(M) with respect to the following
operations for X,Y € U(M) and f € M:

(X+Y)(a) =X(a)+Y(a),a e M and

(fX)(a):= f(a)X(a), a € M.

It turns out that, in addition, U(M) is a Lie algebra over £(M). This fact explains
the notation B (M) with a ¥ in Gothic type.

DIFFERENTIAL FORMS

Definition A.16. A DIFFERENTIAL FORM (”Differentialform”) or simply form of de-
gree k is a section in the bundle A*M:

A(M) = {a € E(M, A*M) | 70 a = idy}
The differential forms of degree k are mostly called k-forms.

Let a € A¥(M) be k-form and f € E(M) a smooth function. Then fo : M —
A*(M) is defined by (fa)(a) := f(a)a(a),a € M. Certainly, fa is smooth and a
section, hence fa € A*(M). Moreover,

E(M) x A¥(M) — A¥(M), (f,a) = fa,

is linear over the commutative ring (M),

Similarly, for a k-form o € A*(M) and (X,,...,X}) € (B(M))* by
a(Xy, ..., Xp)(a) == ala)(X1(a),. .., Xi(a)),a € M,
one obtains a smooth function a(Xy, ..., X}). Tha map
(VM) = (M), (X1,...,Xx) = a(X1,..., Xz)
ia k-multilinear over £(M). It is easy to show:

Proposition A.17. A*(M) is an E(M)-module with respect to the multiplication de-
fined above. Moreover the following map is an isomorphism of E(M)-modules

AEM) 2 NDBOM)), @i (X, Xe) o (X, X)),

identifying the respective £(M )-modules:

A(M) = AN(M) = (B(M))" := Homer) (B(M),E(M))
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Here, for a module W over a commutative ring R with 1 one defines
k k
/\RW = /\ W :={B:W* = R| B k—multilinear over R and alternating}

Remark A.18. The preceding Proposition suggests an alternative definition of
a k-form by

since every £(M)-multilinear and alternating n : G(M)* — £(M) induces a section
n: M — N'M by n(a)(Xy,..., Xs) =n(X1,..., Xp)(a) for X; € B(M).

LocAL EXPRESSIONS

In the following we present local expressions for the vector fields and forms which
are used throughout the notes.

Notation A.19. Let M be a manifold of dimension n with its tangent bundle T'M
and its cotangent bundle T M.

1. The CHARTS on the manifold M defining the differentiable structure of M are
mostly written in the following way

¢: U=V, q=(d", ¢ ...q"),

where U € M is an open subset in M, V' € R" is an open subset of R" and ¢ is
differentiable with differentiable inverse.

2. The smooth functions ¢ : U — R (the components of ¢) are called the (local)
COORDINATES given by the chart q.

3. A chart ¢ : U — V provides for each a € U a natural vector space basis

(2o e o)

of the TANGENT SPACE T, M of M at a, where

o @)= [ (ala) + 2],

is given as the tangent vector of the curve ¢~ (q(a)+te;), t €| —¢,e [ through a €

U and where (eq, ..., e,) is the standard unit vector basis of R": For convenience,
these tangent vectors at a are abbreviated as
0 0
0j(a) = 8_qj(a>’ or og resp. 0,

when it is clear from the context which coordinates ¢ are used resp. for which
point a the expressions are employed.
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4. Note that

0 0
a—qu—>TU7 al—>a—qj(a),

is a VECTOR FIELD on U. Moreover, every vector field X : U — TU can be

described uniquely by

) A
_ J — J17.
X=X aqj_X(?],

where the coefficients X7 are smooth, X7 can be obtained by

X/(a) = = (@ 0 2) (1)) li=to
where the curve z : I — U, z(ty) = a, represents X at a: X(a) = [z],.

Every chart ¢ : U — V induces a BUNDLE CHART (cf. |A.2) G: TU — V x R
on the TANGENT BUNDLE T'M:

~ n n n d
q= (ql,...,q ol ) :TU -V xR", [z], — ((q(a),%(qox)h_to) ,

when z(to) = a. Here, v/ acts as
(ela) = (5 0ol )« resp
dt
v/ (X(a)) = X(a), for a vector field X = X79; € B(U).
A chart ¢ : U — V provides for each a € U also a natural vector space basis
(dq'(a),dq*(a). .., dq"(a))
of the COTANGENT SPACE T M of M at a, where

(@) () = (0 o0l

Hence, d¢’ coincides with v/ (see above). For convenience, d¢’(a) is abbreviated
as dg’ when it is clear for which point a the expressions are employed.

Note that A A
d¢/ - U = T"U, aw d¢’(a),

isa 1-FORM on U. Moreover, every 1-form « : U — T*U over U can be described
uniquely by ‘
a = ojdg’
where the coefficients o/ are smooth. a; can be obtained by
0
a;(a) = a(a) a—qj(a) = a(9))(a).

And o (X) = X7 for a vector field X € U(U).
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8. Every chart ¢ : U — V induces a BUNDLE CHART (cf. |[A.2) ¢: TU — V x R"
on the COTANGENT BUNDLE T"M:

qi=(q"....d"p1,....pn) : T°U -V XR", ars <q(a),Zajej) :
when « = a;dg?(a). As a consequence, p; acts as
pi(a) =q;, if a=a;d¢(a) in TU, or

pj(a(a)) = aj(a), for a l-field a = a;d¢ € A(U).

A.3 Vector Fields and Dynamical Systems

A DYNAMICAL SYSTEM is essentially an autonomous differential equation of first order
on a manifold M. Such a dynamical system will be represented by a a pair (M, X)
consisting of a manifold M and a vector field X on M @ A special example has
been introduced in Section [1.1| with M = U an open subset of R” and X = Xy a
Hamiltonian vector field (see determined by a function H on T™*U.

For a dynamical system (M, X) the corresponding differential equation is
¢ =X(q)

Here, ¢ is the same as the tangent vector [g|, at a given by the curve ¢ = ¢(t). Any
curve q : I — M (I C R an open interval) is a solution of the dynamical system (also
called integral curve) if it satisfies ¢(t) = X (q(t)) for all t € I.

The elementary theory of differential equations of first order establishes the follow-
ing result

Proposition A.20. Let (M, X) be dynamical system. For each point a € M there
exists a unique maximal solution q, : [t_(a),t,(a)] = M with ¢, = X(qa.) and q,(0) = a
satisfying

1° My:={aecM|telt_(a),ti(a)} is open in M with |J,cx M; = M.
2° &y My — M_y, ®y(a) := qu(t), is a diffeomorphism with ®;' = &_,.
3° M, = U, enia} xJt_(a),ty(a)] is open in M x R and

O: M, — M, (a,t) = P(a,t) = Pa) = qu(t)

1s differentiable.

100Thig is the right concept for geometry and elementary analysis. There are more general concepts
in other mathematical domains, e.g. ergodic systems in Stochastics.
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Notation A.21. The map ® =: ®¥ in the above Proposition is called the (local)
Frow of the vector field X. X is called COMPLETE if M, = M xRi.c.if |[t_(a),t:(a)] =
R for all @ € M and ¢ € R. In this case, (9;¥);cr is a one parameter group: 92X, =
dX o & of diffeomorphisms.

In the general case, when X is not complete, (%) is a local one parameter group.

Note, that on a compact manifold M every vector field is complete.

Proposition A.22. A one parameter group (®,)ier of diffeomorphisms
O, M—>M,teR

(i.e. Do =idpsr, Pyt = P50 Py for s,t € R with (a,t) — Py(a)) differentiable) induces
a unique vector field X such that ®F = ®,.

Proof. The induced vector field is

d
X:EM)—EM), g <a — Eg(q)t(a))h_()) :
Or, in another description, the tangent vector X (a) = [®4(a)], € T, M at a € M is the
tangent vector given by the curve t — ®,(a) through a. X is called the INFINITESIMAL
GENERATOR of (®;). O

Since only local curves are needed for the definition of X the result extends to the
local one parameter groups, as well. As a consequence, the vector fields (the dynamical
systems) on M can be identified with the local one parameter groups on M.

LiE DERIVATIVE OF VECTOR FIELDS

The concept of the flow of a vector field X on a manifold M enables us to extend
the notion of a Lie derivative of functions to the notion of a Lie derivative of vector
fields (and, moreover, of differential forms, see (72))). Let X € U(U) a vector field on
an open subset U of a manifold M and let ® = & the local flow of the vector field.
As before, let ®,(a) = d(a,t).

In the case of a function f € £(U) on an open subset U C M one can compare f(a)
to a neighbouring f(®,(a)) (a € U), and define

Lxf(@) = 25 @a)limo.

In the case of a vector field Y : U — TM such a comparison is not available,
in general: Y'(a) and Y (®,(a)) live in different fibres T, M and T, oM. Therefore, a
suitable isomorphism between these fibres could help. And, indeed, the flow ® provides
such a natural isomorphism: Denote

(2-0):Y)(a) = (Tu®) 'Y (i(a)) = Tay@ @Y (Pi(a) ;
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then
(CI)_t)* : T<I>t(a)M —T,M

is an isomorphism. Now, Y (a) and (®_;).Y (®.(a)) are both contained in T, M and can
be compared.

Definition A.23. The LiE DERIVATIVE of the vector field Y along the vector field X
is

d
LxY(a):= a((CI)_t)*Y)(a)h:o, aecU.
Proposition A.24. For a vector field X € B(M), for f € E(M) and for Y € B(M)
one has
1. Laf = df(X).

2. LyY =[X,Y].
3. Lx(fY)=(Lxf)Y + fLxY
Moreover, some natural linearity properties are satisfied.
Proof. 1. is obvious. To show 2. let ¥ be the flow of Y. Then for fixed ¢:
T, )P Y (Pi(a)) = To,a)P—t[Vula, @) = [Pt 0 Vo 0 P)]a,(a) -
For f € £(M) it follows that

(8027 (@)f = o @Y ((@ifa)) = 5 f(B, 0 Wy 0 @ifa))uco-

Therefore,

t

d (d
-4 (@f@t 0, o cbt(a))yu:o) mo

d d
T (f(Wy0®(a)) = f(PyoWi(a))) lu=oli=o
= Lixy1f(a)

where we use the product rule. This completes the proof of 2., and 3. is again obvious.
m

Note, that the Lie derivative can be extended to all tensor fields. The case of
differential forms is treated in Section [A.5l
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A.4 Quotient Manifold

Let M be a manifold with an equivalence relation R C M x M on M and let 7 : M —
M /R be the natural projection onto the quotient, i.e. the set of equivalence classes of R.
In several situations one is interested in the quotient M/R as a manifold, the quotient
manifold or differential quotient. The pragmatic way to achieve this, is to endow M/R
with a differentiable structure and to use this structure for further investigation. In
general, little attention is paid to the question, whether this choice yields the quotient
manifold, or whether or not the quotient manifold exists at all. One reason for this
carelessness might be, that the definition of quotient which is shaped as a universal
property is not well adapted to the situation in the study of differentiable manifolds.
Quite general, it is known that in many categories the notion of subobject, quotient
object or epimorphism is not easy to define in a satisfying matter.

In this section we present some examples in detail, describe results about the exis-
tence of the quotient structure and establish criteria which make sure whether or not
a candidate, i.e. a differential structure on M /R is indeed a quotient structure.

In order that the quotient manifold exists, M/R has to be a Hausdorff space in
the quotient topology. We thus begin with the investigation of topological quotients of
spaces M which are merely topological spaces.

A.4.1 Topological Quotients

Definition A.25. Let M be a topological space and R an equivalence relation. A
ToPOLOGICAL QUOTIENT with respect to R is a topological space X together with a
map p : M — X with the following properties:

1° The fibres p~!(z) of p are the equivalence classes of R, and p is surjective,
i.e. (X, p) describes the equivalence relation exactly,

2° p is continuous,

3° whenever f: M — Y is continuous and constant on the equivalence classes, the
induced map f: X =Y, f= fop,is continuous.

The topology on X is called the QUOTIENT TOPOLOGY.

The last property can be formulated as a universal property: For every commutative
diagram

M-ty

| A

X
with Y a topological space and f, g maps the following holds:



A.4  Quotient Manifold 283

f is continuous if and only g is continuous.

It is evident, that a topological quotient is unique up to isomorphism, i.e. for another
topological quotient p’ : M — X’ there exists a unique homeomorphism h : X — X’
with hop =p'.

Lemma A.26. Let M be a topological space with an equivalence relation R and the
natural projection m : M — M/R. The topological quotient exists. The quotient
topology on M /R is the collection of all subsets V-C M/R for which the inverse image
7 Y(V) is open in M.

Proof. 7 is continuous: If V. C M/R is open, then 71(V) is open by definition.
Moreover for any continuous f : M — Y into another topological space Y the function
f(p(a)) := f(a),a € M, is continuous: If W C Y is open, then U := f~1(W) is
open in M. Since 7~ }(7(U)) = U the image V := «(U) is open by definition. Hence,
V =n(U) = f~'(W) is open, and f is continuous. O

Examples A.27. In these lecture notes quotients often appear as orbit spaces. The
starting point is a manifold M and a partition of M into orbits of some geometric
origin, for instance solution curves of a vector field, integral manifolds of a foliation
(cf. Section [9)) or equivalence classes of a Lie group action (cf. Section Already
the case of orbits of a Hamiltonian system is interesting.

1. Let M be R™ with the equivalence relation: ¢ ~ ¢’ (i.e. (¢,¢') € R) if and only if
llg|l = ||¢|| with respect to the euclidian norm. The equivalence classes are the spheres
S*(r)={qeR"| |lql? =7}, 7 € [0,00[. In the case of n = 2 these equivalence classes
are the orbits of the Hamiltonian vector field H(q, p) = 3(p* + ¢*). The quotient M/R
is the collection of spheres {S"(r) | r € [0, 00[} with a natural bijection

h:M/R—[0,00[,S"(r)—r.

The quotient topology on M/R is the topology, which makes h to a homeomorphism,
with respect to the standard topology on the interval [0, 00[: A~}(WW) is open for an
open subset W, W C [0, oo, since

s o) [rew} =x1 (7 (W)
is open in R™. h(U) is open in the interval for an open subset U in M/R since 7' (U)
is open in R™ and therefore 7=(U) N ([0, oo[ x {0}) is open in [0, 00 x {0} = [0, oo].
In particular, the quotient topology is Hausdorff.

This simple example shows that it is helpful to call p := hom : M — [0, co[ quotient
as well.

2. Let M = R? with the differential equation (¢, p) = (p,0). The solutions (i.e. the
motions) are q(t) = pot + qo, p(t) = po, t € R. The set of all orbits O is

O={{{ty)[teR}[yeR,y#0tU{{(z,0)} |z €R}.
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Thus the orbits are the vertical lines through (0, p), p # 0 and the points (z,0), xR. The
orbits determine an equivalence relation R with the orbits as the equivalence classes.
A natural way to parametrize the orbit space O = M/R seems to be the use of the
axes of coordinates A := {(z,y) € R* |z =0 or y=0} by h:0 — A, {(2,0)} —
(2,0), {(t,y) |t € R}, (y # 0) — (0,y). In this way one is tempted to take A with
the topology induced from the inclusion A C R? as the topological quotient.

But p === hom : M — A is not continuous. The inverse image ~(V) of the
open subset |r,r + 1[ x {0} C A is the set |r,r + 1] x {0} C R? which is not open as a
subset of R?. The quotient topology on O = M/ R is strictly weaker than the topology
induced on A from R2.

In particular, the quotient topology is not Hausdorff: Any open neighbourhood V'
of a point {(z,0)} € O contains an open neighbourhood of the form V,(z) := 7(U,(x))
where U,(x) = |Jx —r,x +r] x |—r,+r[ for a suitable » > 0. This neighbourhood
of {(z,0)} is Vo(z) = {{(«",0)} | 2" € ] —rz+r[\ {0} U{{{t,y) | y # 0} | y €
|—=r,4+r[}. For a different point {(z’,0)} € O any neighbourhood V" of {(2’,0)} contains
an open Vy/(2'). Let r < /. Then V,(x) N V,.(z") # 0 since this intersection contains
{0} x ]=r,+r[\ {(0,0)}. Hence, VNV’ #£ 0, i.e. every pair of neighbourhoods V' of
{(x,0)} resp. V' of {(2/,0)} has a nonempty intersection V NV’ # ().

3. Projective Space: Let M be K" \ {0} and consider the equivalence relation
z ~ w (i.e. (z,w) € R) if and only if there is A € K with 2 = Aw. The quotient
M/R =: P*(K) is the set of lines in K™*! through 0. Here, K € {C,R}*] Let
v : M — P"(K) be the natural projection. The homogeneous coordinates for z =
(29,21 ..., 2") € M are [2°: 2! : ... : 2"]. They describe the equivalence classes and
completely: v(z) = [2: 2t : ... 2"

The quotient topology on P"(K) can be described as follows: For each j €
{0,1,...;n} let U; := {[2°:2':...:2"] | 27 # 0} and H; := {w € K" | w! = 1}
The U; cover P*(K). Each H; is a hypersurface in K"*! and also an n-dimensional
affine subspace of K"™'. H; is naturally isomorphic to K". Now,

1
w;jU; — Hj, [zo:zl : z"] |—>—j(z0,zl,...,z”)
z
is a bijection. Each U; will be endowed with the topology induced by ¢;. These
topologies determine a unique topology on all of P"(K) which we call the ”chartwise”
topology. It consists of all unions of subsets of P(K) which are open in one of the Uj;.
In particular, ¢; is a homeomorphism and can be called a topological chart.

We claim that this topology is the quotient topology. First of all, the projection ~
is continuous with respect to this topology.

Define M; by M; := v *(U;) = K"*'\{27 # 0}. 7 is continuous, since all restrictions
Y|, : My — Uj are continuous which is a consequence of the fact that the ”projections”

101or other topological fields
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Pj = @; O’)/|Mj : Mj — H] given by

1
piz) = =
are obviously continuous maps.
M D Mj
P;
w]
P*(K)> U; 5 H; =K"

Moreover, 7 is also open in the chartwise topology. For an open subset U C M and
j =0,1,...,n the intersections U N H; are open in H;, hence v(U)NU; = o (U N H;
is open for all 5. It follows that

1U) =u{y(U)NU; | j=0,1,...,n}

is open in the chartwise defined topology.

By the universal property it follows that the quotient topology is finer than the
chartwise defined topology. It is also coarser: Let V' C P"(K) be open in the quotient
topology. Then v~!(V) is open, and by the openness of the projection v with respect to
the chartwise topology, V' is open in the chartwise topology. Hence the two topologies
coincide.

Finally, it is not difficult to prove that P"(K) is Hausdorff. Given two different
points [21] # [z2] in P*(K) by homogeneous coordinates we can assume that ||z;|| =
|22]] = 1. In case of K = C the two compact subsets Sy, := {expitz; |t € R}, k=1,2,
of C"*! have no point in common. In case of K = R or K = Q the same is true for
Sk = {2z, —2zr}. Hence, there is a positive r > 0 such that ||w; — wse| > 3r for all
(w1, ws) € S; x Sy. Now, the union of open balls Uy, := | J{ B(wy, ) | w € Sy} is open
(k = 1,2) and therefore, Vi, := v(Uy) is an open neighbourhood [z;]. By construction
Vi NVy = . Otherwise, there would exist a point [w] € Vi NV, with w € Uy, k =1, 2.
Since w € B(wyg,r) for suitable wy € Sy the distance between w; and wy would be
|wy — wa] < ||lwy — w|| + ||w — ws|| < 2r contradicting ||w; — wal| > 3r.

Finally, P"(K) is compact, since it is the image of the restriction of «y to the compact
sphere §" (K = R) resp. (K = C).

4. One can generalize the last result to 2 or KV instead of K"*! and to other
(infinite dimensional) sequence spaces by essentially the same arguments. If S is the
sequence space"| there are the natural coordinates z = (27) ey of S and M = S\ {0}
as in t he finite dimensional case. The equivalence relation is the same with the lines
through 0 as the equivalence classes and the natural projection v : M — P(S). We

102§ i5 a locally convex space with a Schauder basis
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obtain infinitely many coordinate neighbourhoods U;, j € N, covering P(S) with the
charts

Moreover, v~ '(U;) = M; projects to H; by the continuous maps p;(z) = % with
pj = ®j 7|,

M > M;
pj
’YMjl \
P(S) D> U; H; =S

Pj

Consequently the chartwise topology is the quotient topology. Moreover the quo-
tient topology is Hausdorff. However it is not compact when S is infinite dimensional.

The final arguments in the third example above works in general and leads to a
general criterium for a continuous map being a quotient. We have explained before
that in many cases one is interested to know whether a given continuous and surjective
map g : M — X is a quotient, i.e. X carries the quotient topology.

Proposition A.28. A continuous and surjective map g : M — X is a quotient

1. whenever g is an open map, or

2. whenever g has local continuous sections, i.e. for all x € X there exists an open
neighbourhood V' and a continuous s : V. — M with g o s = idy .

Proof. Let f: M — Y continuous and constant on the equivalence classes, that means
on the fibres f~1(y),y € Y. We have to show that f: X =Y is continuous. For an
open W C Y, f~1(W) is open in M hence , if g is open, g(f~1(W)) = f~1(W) is open,
ie. f is continuous. If f has local continuous sections s : V' — M, the composition
fos= f lv : V = Y is continuous, and it follows that f is continuous. O]

A.4.2 Differentiable Quotients

Similarly, for the differentiable case. Note, that the notion of differential quotient is
analogous to that of a topological quotient, see Definition

Proposition A.29. A differentiable and surjective map g : M — X for differentiable
manifolds M, X is a differentiable quotient

1. whenever g has local differentiable sections, i.e. for all x € X there exists an open
netghbourhood V' and a continuous s : V. — M with go s = idy, or

2. whenever f is a submersion, i.e. the derivative T, f is surjective for all a € M.
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Proof. 1. has the same proof as in the last proposition. And a submersion always has
local differentiable sections according to the implicit mapping theorem. O

Examples A.30. We investigate the 4 examples in

1. We know that hom : M = R™ — [0,00][ is a topological quotient and the
quotient is Hausdorff. [0, 00| is not a manifold in any sense, but it is a manifold
with boundary {0}. Deleting 0 in M and in [0,00] we obtain a differentiable map
g: M\ {0} — ]0,00[. It is the differentiable quotient since g has differentiable local
sections and is a submersion.

2. The quotient O in example 2. above is not Hausdorff, so there is no chance
that the differentiable quotient exists. Note, that the defining differential equation
(¢,p) = (p,0) is the equation of motion of a Hamiltonian system: The Hamiltonian
vector field is Xp (g, p) = (p,0) where H(q,p) = 3p*. Xy does not define a distribution,
since X(H)(¢,0) = 0.

3. The natural projection v : K"\ {0} — P*(K) is the topological quotient
according to the third axample above in [A.27] and the quotient is Hausdorff. The
projective space P"(K) obtains a differentiable structure by the charts ¢ : U; — H;
which are (smoothly) compatible to each other. The projection - is differentiable with
respect to this differentiable structure: Since v is a submersion, v : K"\ {0} — P*(K)
is the differentiable quotient.

In the case of K = C v : K»™\ {0} — P"(K) is, moreover, the holomorphic quotient.
In particular the charts ¢; are biholomorphic and P"*(C) is a complex manifold (see
Chapter ”Complex Analysis” .

4. For sequence spaces like /2 or KN we obtain in the same manner differentiable
resp. holomorphic quotients. However, we need the notion of an infinite dimensional
manifold.

Example A.31. Here is an example of a surjective smooth mapping which is not a
submersion: f: R — R, f(x) = 23, f is not a submersion, since f'(x) = 3z? is zero
at x = 0. Note, that f is an open mapping. Hence, it is a quotient mapping in the
topological category, but it is not a differentiable quotient.

In a later section on Lie groups actions and explain in Theorem the following
general result on quotients arising from suitable Lie group action on manifolds:

Proposition A.32. Suppose G is a Lie group acting smoothly, freely and properly
on a manifold M. Then the orbit space M /G is a Hausdorff space, and ezists as
differential quotient manifold of dimension equal to dim M —dim G. The quotient map
m: M — M/G is a submersion.

A.5 Operations on Differential Forms

We introduce the main operations on forms in order to describe the interplay between
the Lie derivative, the exterior derivative and the interior derivative on differential
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forms and prove the formula

=0 (71)

+ Y (DX X)L X, X X X)

0<i<j<s

which is used as the definition of the exterior derivative d in the first chapter, cf. @

PuLLBACK

Definition A.33. Given a smooth map F' : N — M between manifolds N and M,
the PULLBACK

F* o AF(M) — AR(N)
is defined as follows: For n € A*(M) and Y; € U(N), j=1,...,k, we set:
Fn(Yy,...Yy) =0 (TFY),..., TF(Ys)) = n(F(X1), ..., Fu(Xk),

where TF : TN — TM is the derivative of F' (see Observation [A. 14" and F,(X;) :=
TF(X;). Pointwise we have for a € N

Fry(Ya,... Y)(a) = n(F (@) (TE(YL), ... T.F(Y;)

Since TF : (M) — G(N) induces a map A*T'F : A¥(M) — A*(N) the pullback F*n
is the same as o A*TF.

EXTERIOR PrRODUCT

The wedge product A : A¥(M) x A™(M) — AT (M) is given as in multilinear
algebra. The wedge product endows

A°(M) = @Ak(M)

with the structure of an algebra that is GRADED COMMUTATIVE,
ie. for o € AP(M), B € AY(M) we have

alAf= (_1)|a||5|5 A

where |a] = p, |3 = ¢, denote the respective degrees of @ and f.

103The essential part of this section is taken from an exercise of M. Stankiewicz
104Exercise: Describe F*n in local coordinates.
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In physics, especially in the context of supersymmetry, this such a graded commu-
tative algebra is often refereed to as a superalgebra.

LIE DERIVATIVE

Given a vector field X with the corresponding flow ®; (c.f. Proposition |A.20)), the
Lie derivative along X of a differential form is a K-linear map Ly : AP(M) — AP(M)

defined by

d
LXw = a((b:w)hzo (72)

For functions g € £(M) this reduces to the known directional derivative Lxg = Xg =
dg(X). Moreover, since the wedge product is natural with respect to pullbacks, we
obtain

Lx(aNB)=LxaNB+aALxp (73)

INTERIOR DERIVATIVE

The interior derivative ix along a vector field X is the £(M)-linear map
ix : AP(M) — AP~H(M)
defined by inserting X into the first argument of the form, i.e.
(ixw)(Y1,....Y,1) =w(X, Y1, ..., Y, 1)

The interior derivative of a function is defined to be zero.

The interior derivative is sometimes called interior product; but here we are inter-
ested in the property that ¢x is a derivation with respect to the graded commutative
algebra structure of A°(M).

Since differential forms are alternating it follows that

Observation A.34.
ixly +ixty = 0. (74)

Moreover iy satisfies a graded version of the Leibniz rule
ix(@AB)=ixaAB+(—1)anixs. (75)

which follows from the definition of the wedge product.

EXTERIOR DERIVATIVE

The exterior derivative can be defined axiomatically as a K-linear map
d: AP (M) — AP (M)

that satisfies the following properties:
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1° For any smooth function f, df is the differential of f.
2° d? = 0.
30
dlaAB)=da B+ (=1l (andp). (76)
Equivalently d can be defined locally as in Equation Chapter 1.

An important property of d is that it respects pullbacks, i.e. for any smooth map
F: M — N and a € A°(N) we have d(F*a) = F*(da).

SUPERALGEBRA OF DERIVATIONS

Although iy, Lx,d are all defined in quite a different way, one can actually view
them as three instances of the same kind of object, namely a derivation on superalgebra.

Definition (Derivation). We say that a linear map § : A°(M) — A°(M) is a DERIVA-
TION of degree |d] if for any «, 5 € A°(M) it satisfies the graded Leibniz rule

S(aAB)=danB+(—1)WlaAss
and da € AlCHBI(AL).
From equations ,,, one sees that Ly , ix, d are derivations of degrees
respectively 0, —1 and +1.
Definition. The COMMUTATOR of two derivations d1, dy on A°(M) is defined as
(01, 05] = 6105 — (—1)1%111%215,5,
Proposition. If 61, do are derivations on A*(M) then [d1, 2] is a derivation of degree

01| + [d2].

Proof. Clearly, for any a € AP(M), we have that [01, dy]a € APHOLH%21 Therefore it
suffices to check that the graded Leibniz rule holds. This follows from direct computa-
tion.

5102(a A B) = 81 (62 A B 4 (=1)112lg A §,3)
= 81000 A B+ (—1)ulled+102D 5,0 A 6, 5
+ (—1)'52“0“51a A 023 + (—1)|O‘|(|51|+|52|)a A 01023
<_1)|51II52\ 5201 (a A B) = (_1)\51II52|5251a AB+ (_1)\all52\+2|51||52\51a A 8of3
+ (_1)|51Ha|+l51||52\52a A6
+ (_1)|a\(|52|+|51|)+|51Héala A 69618
In the commutator the mixed terms cancel leaving
(01, 82)(a A B) = (6165 — (= 1)1 1%215,6 Yo A 3
+ (_1)Ia\(|51|+|62|)a A (810 — (_1>\61H62|5251)5

as required. O
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By considering the degrees of ix, Lx and d, the above proposition and the fact that
lix,iy] and [d,d] both vanish one may suspect that the algebra generated by these
derivations should close. And indeed, ix, Lx and d satisfy the commutation relations
as stated below, thereby forming, what is sometimes called a Lie superalgebra.

Theorem A.35. The following relations hold on A°(M)

[iXa ZY] = [2X7 LY] = [ZXa d] =
=ixly +iyix =0 :ixLy—Lin:i[X7y] =ixd+dix = Ly
[LX7 LY] - [LX7 d] -

:LxLy—LyLX:L[X,y] :Lxd—dLX:O

[d’d]:
=d*+d*=0

Proof. The cases of [ix,iy| and [d,d] have already been considered. Also [Lx,d] =0
clearly holds, because the exterior derivative respects pullback.

To prove the remaining three relations let us notice that it suffices to do so locally.
In particular one only needs to check them for the case of functions and exact 1-forms
because of the coordinate expression and fact that we are comparing derivations of
equal degree.

Let us start with Lx = [ix, d] also known as CARTAN’S MAGIC FORMULA which
has the dorm
Lxn=dixn+ixdn (77)

for a differential form 7. For a function f € £(M) we have
lix,d]f =ixdf = X(f) = Lxf
since ix f = 0. Using the above and the fact that [Lx,d] = 0 we also get
lix,dldf =dixdf =dLxf = Lxdf.
In the similar way we prove the remaining two relations:
lix, Ly|f =ix(Ly f) = 0=1ixyvf
lix, Ly|df = ixLydf — Lyixdf
=ixd(Ly f) = Ly (X(f)) = ixd(Y (f)) = Y (X(f))
)

= X(Y() =Y (X(f) =X, Y](f)
:i[X7y]df.
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[Lx, Ly|f = Lx(Ly f) — Ly (Lx f)
= XY (f)) = Y(X(f) = [X.YI(f)
= Lixyf

[Lx,Lyldf = Lx(Ly(df)) — Ly (Lx(df))
=d(Lx(Ly[f)) — d(Ly(Lx[))
= d(Lixy)f
= Lixy)(df)

This finishes the proof. O

These commutation relations are quite useful, in particular they allow us to prove
the formula used to define the exterior derivative in Chapter 1:

PROOF OF FORMULA : The proof proceeds by induction on the degree p of the
differential form involved.

1) p=0: For a function, the commutator term of is simply zero and we are left
with
df (X) = X(f) = Lx(f)

2) Induction step: Suppose the formula holds for all differential forms of degree at
most p — 1 and let n € AP(M). We can then write

d?](XO, ...,Xp) = iXP...ixliXO(dn)
= —iXP...ixld(iXOn) + iXp"'in (LXOT])
= —d(iXOT])(Xl, ceey Xp) + iXP...iXI (LXO’O).

Now, since ix,n is a (p — 1)-form we can apply our formula which will give us

:—Z J lLX ZXO )(Xl, XJ,...,Xp))

- Z (=12 (i) ([ X, X1, Xy ooy Koy ooy Xy ooy Xp) i, vixy (Lo 1)
1<i<j<p

_Z 1) L, (0(Xoy X1y ooy Xjy ooy X))

+ Z H‘] X“X] Xo,Xl,... Xl,...7Xj,...,Xp) +iXp---iX1(LX077)
1<e<i<p

where the negative sign in the commutator term vanishes because we exchange X, and
[X;, X;] in the arguments of . We can now use [ix, Ly] = i[x,y] to commute the Lie
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derivative in the last term all the way to the left yielding

. Z P L, (X0, X, Ky, X))

+ Z 1) *n(1X:, X1, Xo, X1, o0 Xiy ooy X5y oy X))

1<i<j<p

+ LXO(U(le ) Xp)) + ZiXp"'i[Xj,Xo]"'inn-

The second last term can be then absorbed into the first sum and in the last term we
move i[x; x,] all the way to the right with j — 1 swaps gaining a factor of (—1) for each
of them and finally we get

_Z JLX Xo,Xl,--- X,...,Xp))

+ Z D™ n(1X;, X5, Xoy X1, o0y Xiy oo X5y oy X))

1<i<j<p

p
+ Z(—l)f—ln([xj, Xol, X1,y X5,y X))

_Z 1) L, (0(Xoy X1y ooy Xjy ooy X))

+ Z (=)™ n([X:, X,], Xo, X1, oo Xiy ooy Xy oy X))

1<i<j<p
p
+Y (=1 X, X), X1, o, X5, X)
j=1
p .
= (—1)‘7LXJ.(77(X0,X1,...,X 7...,Xp)>
§=0
+ ) (D)X, X)), Xo, X, X XG0 X)
0<i<j<p

which is the desired formula. O
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B Complex Analysis

Elementary properties of holomorphic functions in one variable are assumed to be
known in the following. General reference for the theory of holomorphic functions in
several vasriables, i.e. in Complex Analysis is the book of D. Huybrechts [Huy05].

B.1 Cauchy Integral

A domain is a connected open subset U C C" in C". A polydisc D = D(r) of polyradius
r=(ry,...,m,) € R} in C" is a product of discs, it has the form D(r) := D x...xD,, C
C", where D; = {z; | |#;| <r; } = D(r;) is the usual disc in C.

Definition B.1. A HOLOMORPHIC FUNCTION on a domain U C C" is a function
f U — C, which is partially holomorphic in the following sense: For each a € U and
for each j = 1,...,n the one variable function z — f(a + ze;) is holomorphic in a
neighbourhood of 0 € C.

F. Hartogd™™| proved about 100 years ago (published 1906 in Math. Ann.) that
a holomorphic function is already continuous. This result is difficult to prove and it
seems that it has no relevant implications for the theory of holomorphic functions in
several variables. Consequently, one mostly works with the definition that a function is
holomorphic if it is continuous and partially holomorphic. From now on, we assume a
holomorphic function to be continuous. Let O(U) be the space of holomorphic functions
in this sense. By pointwise operations, O(U) is in a natural way an algebra over C.
We can apply the 1-dimensional CAUCHY INTEGRAL to obtain:

Proposition B.2 (Cauchy Integral). Let f € O(U), and assume 0 € U with D C U
for a polydisc D = D(r) = Dy X ... X D,,.

o Then for z; € D; the Cauchy integral representation

f(Chy. oy G)

ey - - - de,
oD, (C1—21)++ (Co — 2n) G ¢ (78)

f(Zl,...,

0D

holds true.

e The partial derivatives have the following description

akl++kn VAR n k b ) n
f(21 : - 7 27TZ /8 /(9 Cl C ) dCI o dgn
D1

821k1 P aznkn Dn gl J— zl k1+1 .o (Cn —_ Zn)kn+1

105F Hartogs was university professor at the LMU in Munich
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Proof. The integrals are interated integrals in one variable, and they do not depend on
the order of evaluating the single integrals since the integrand is continuous.

The first formula can be proven by induction: The result is known for n = 1. Let
n > 1. For fixed z, € D,,, by the induction hypothesis we can assume

Cl,--an—th)
f(Zh o Zn 27” (2mi)n—1 /8D1 /8Dn 1 Cl - 21 (Cn—l - Zn—1) s dn-1 (79)

For fixed ((1,...,(y-1) € 0D1 X -+ X OD,,_; the 1-dimensional Cauchy integral is

L f(Cthn)
2mi 0Dy, (Cn - Zn)

Inserting this equality in the formula we receive the result.

f(gl;--an—lazn) - dgn

Since the integrand is continuous we can exchange integration and differentiation
to obtain the second result. O]

The Cauchy integral representation of holomorphic functions exhibits a special kind
of mean value property. The value f(0) of f € O(U) is the average of the values on
the product OD; x ...x 0D, (if D C U): For z = 0 and with respect to new variables
¢ =r;e’, d¢; = ire®idf;, we obtain

27 27
f(0 (2#) / f(re’ o rneian) do, ...do, . (80)

This result leads to

Proposition B.3 (Mean Value). For a holomorphic function f € O(U) and w € U
with w+ D(r) C U the value f(w) is the average of the values of f at w+ D(r):

1 1
fw) === | o [

2
mry a2
where dz is Lebesque integration over C" in this situation.

Proof. We set w = 0 without loss of generality. The integral [ D) f(2)dz is, with
respect to new variables p, 0 and dz; = p;dp,db;,

2T 27 1 Tn
/ / / / f(plezel,...,pnew”)del...dﬁnpldpl...pndpn.
0 o Jo 0

Inserting yields

(%)” /D(T)f(z)d,z: /Orl.../orn £(0) prdpy ... pudpy, .
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The result follows from

[ ot emnn = gt
e Ppdp, = =Ty =T
; . p1ap1 Pn@p 27’1 5

3N

The Cauchy integral can be used to define holomorphic functions by integrals:

Proposition B.4. For continuous g : 0Dy x ... x 0D, — C and (z1,...,2,) € Dy X
. X D, the integral

Clw"an)
foree ) = G /aDl /aDn Gy,

defines a holomorphic function f: Dy x ... x D, — C.

Proof. f is certainly continuous (the integrand is continuous in the variables ¢; and z;).
Again by interchanging integration and differentiation one deduces that the function
is partially holomorphic. O

B.2 Power Series

Proposition B.5 (Power Series Development). Let f € O(U). For each a € U there
exists a sequence of homogeneous polynomials P* = PFf(a) € Ciylz1, - - -, 2a) such that
for every polydisc D such that a + D C U

fla+2) ZP’f
keN

forall z = (z1,...,2,) € D. The convergence is absolute and uniform on the polydisc

D.

Proof. We may assume a = 0 and use the formula : For (; € 0D; and z; € D; (i.e.
|z;] <|¢j] = r;) the fraction

has a series development

(Cr—21) (Gu— 2n)

1 o Z Z{l Z%n
- 1 1
(Cl - Zl) T (Cn - Zn) J1odn€N <J1+ Cﬁz *
which converges uniformly on compact subsets K contained in the polydisc D = Dy x
. X D,,. Therefore, summation and integration can be interchanged to yield, using
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the abbreviation f(¢)d¢ := f(Ci,y ..., Cn)dC -+ - dGy:

[ o= /aDn‘ ﬁﬂoc

..... In EN
J1 J
=X g
- .71+1 ]n+1
oD oD “Gan
,,,,, Jn€EN "
- </<9D /8D ]1+1 Cjn-i-l) “1 “n
J1ye5Jn €N ! n

Let

Ciyoi = d
JLseean (2mi) /8D1 /8Dn ]1+1 CJn"l‘l ¢
be the coefficients in the last formula. Using we obtain

/ / ) d¢
2mi) Jop, oD, (C1—21)+ (Cu — 2n)
Z Ciryenss anl -z

.....

which proves the proposition. O

if PR(z) = D itk Citgn 21 2 P* is a homogeneous polynomials of degree k,

From the proof one can deduce the following results:

Corollary B.6. The cocefficients of the homogeneous polynomials P* f(a) are suitable
sums of higher partial derivatives according to Proposition . In fact, the P*f are of
the form
1 irt-+in . _
Pia)z) = Y A (51)

P _k] jn‘ 821]1 . .azn]n
n

Hence the power series development is the Taylor expansion.

Furthermore, the mappings P*f : U — Cuyl21, - - -, 20 are holomorphic.

The following result is in sharp contrast to the theory of smooth functions:
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Proposition B.7 (Identity Theorem). Let f,g € O(U) holomorphic functions on the
domain U C C™.

1. If PEf(a) = Pkg(a) holds for all k € N at one point a € U the two functions
agree in all of U.

2. If fIV = g|V for a nonempty open subset V-C U the two functions agree in all
of U.

Proof. 1. If P*f(b) = Pkg(b) holds for all k € N at b € U the two functions agree
in a neighbourhood of b according to Proposition [B.5] Hence the set W := {b € U |
PEf(b) = PFg(b) for all k € N} is open and W # ) because of a € W. By the
continuity of all P*f, P*g) the intersection W = (,.y{b € U | P*f(b) = P*g(b)}
is closed as well. Therefore, W = U because U is connected (we assume U to be a
domain).

2. The assumption implies P¥f(a) = P*g(a) for all k € N and for any a € V. The
result follows from 1. O

Corollary B.8. O(U) is an integral domain (i.e. has no zero divisors).

Proposition B.9 (Open Mapping). Every nonconstant f € O(U) is an open mapping.

Proof. We have to show that f(1V) is open in C for any open subset W C U. Let
a € W and let D be a polydisc with V' := a+ D C W. There exists b € V with
f(a) # f(b) according to Proposition [B.7} The function h(¢) := f((1 — ¢)a + ¢b) is
holomorphic in the unit disc A = {( | |(| < 1} and not constant. Therefore, h is open
as a holomorphic function in one variable, and h(A) is an open neighbourhood of f(a).
As a result, f(V) is a neighbourhood of f(a) contained in f(1W') which proves that
f(W) is open. O

Proposition B.10 (Maximum principle). If a holomorphic f € O(U) attains its maz-
imum in a point a € U, i.e. |f(a)] = max{|f(2)|, z € U}, then f is constant.

Proof. Otherwise, f would be open, in particular f(U) would be an open subset of C.
But for an open W C C the maximum of the |z|, z € W, is not attained: In every
neighbourhood V' of a point z € C there e exists a point w € V with |z| < |w|. O

B.3 Hartogs’ Extension Theorem

The extension theorem considers certain configurations of two open subsets V. W C
C", V. ¢ W and V # W, such that every holomorphic function f : V — C has
a holomorphic continuation f : W — C: f is holomorphic and f|v = f. As a
consequence, the restriction mapping O(W) — O(V), g — g|y is an isomorphism of
vector spaces. This property of holomorphic functions in more than one variable is in
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strong contrast to smooth functions on open subsets of R™ as well as with holomorphic
functions in one variable.

We prove a special case of the extension theorem of Hartogs. Let || || be a norm
on C" and B(a,r) :={z € C" | |la — z|| < r} the open ball of radius r around a with
respect to this norm.

Proposition B.11 (Kugelsatz). Let U be domain such that B(a, R) \ B(a,r) C U
for some a € U and for R,v with 0 < r < R. Then every holomorphic function
f € OU) has a unigque HOLOMORPHIC CONTINUATION@ to UU B(a, R), i.e. there
is a holomorphic f € O(U U B(a, R)) such that f|y = f.

Proof. We prove the statement for the supnorm and for n = 2 for simplicity. We can
assume a = 0. Let (21,22) € B(0,R) \ B(0,r) with r < |z;| < p < R, j = 1,2. This
configuration is illustrated in the following sketch of the absolute space:

& B(0, )\ B(0, )
O<r<p<R
R
p
T

r PR |z

For fixed z; and varying z5 the Cauchy integral in one variable yields
1 21,
frm) = g [ Ly,
271 D (p) CQ — 29
where Dy (p) is the open disc of radius p. For each fixed (5 € 0Ds(p) we obtain in the

same way
f(z1,6) = L/ Mdg.

271 D1 (p) Cl —z21

Inserting one formula in the other yields

1 f(ChCQ)
1,22) = 70—y dCid(y .
fen =) = G /aw /am) (G 21) (G — ) 2 (82)

106 Also called analytic continuation.



300 B. Complex Analysis

This is again the Cauchy integral as presented above. The clou is, that the integral
gives sense not only for the z = (21, 22) with r < |z;| < p but for all z = (21, 22) , |25 <
p, ie. for all z € B(0,p). Therefore, defines a holomorphic function f(z) for
z € B(0, p) by Proposition , ie. f e O(B(0,p)) which agrees with f on U N B(0, p)
and thus defines a holomorphic continuation to U U B(0, R).

]

Corollary B.12. A holomorphic function in 2 or more variables can have no isolated
singularity, i.e. if a € U is a point in the domain U and f is holomorphic in U \ {a},
then f can be continued holomorphically to all of U.

B.4 Sequences of Holomorphic Functions

The convergence behaviour of sequences of holomorphic functions in several variables
is in many aspects the same as for holomorphic functions in one variable. The following
is an important result which is easy to prove using the Cauchy integral representation.
Note, that a corresponding result for smooth function does not hold.

Proposition B.13 (Weierstrass). Let (fx) be a sequence of holomorphic functions
fr € O(U) which converges uniformly on compact subsets of U to a function f, Then
f 1s holomorphic.

Proof. Because of the uniform convergence on compacta the limit function is continu-
ous. Hence, for z = (z,...,2,) € U and D(r) c U

fk‘ <1a"'>C’ﬂ)
f(z) = lim fg(z) = lim —— @ri) /BD1 /6Dn G 2) (G2 d¢y - - - dg,
hmfk Cla"'aCn) dC1d§n,

dDy, Cl - Zl (Cn - Zn)

0D

since (fx) converges uniformly on 9D; X ... x dD,, and, therefore, integration and limit
can be interchanged. As a consequence,

C1, -5 Gn)
dGr -+ dGy
op,  Jop, (G —21) (C )
and f is holomorphic according to Proposition [B.4] O

Note, that all partial derivatives of f; converge — uniformly on compact subsets —
to the corresponding partial derivative of f. Likewise, P™ fj converges to P™f.

We present an application of this result which is useful in the context of geometric
quantization of the phase space T*R™ = C" (simple phase space) with respect to
the holomorphic polarization. In this application a standard representation space of
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Quantum Mechanics is described, the Bargmann space, also called Fock space: It is
the space

F:.={feO(C" |f(2)] exp(—m22)dz < oo},

|

cn
where 2z = |z|* = Y] 2;Z; and dz is Lebesgue integration over C". Let us denote
the density in the above integral by k(z) = exp(—nzZ), and du(z) = k(z)dz the
corresponding measure on C"m The Bargmann space F is a subspace of the Hilbert
space L*(C", du) of functions on C™ which are square integrable with respect to du. In
this way, [F is a prehilbert space and a normed space with the norm

|mh4ﬂu=¢/uuwwu»

Proposition B.14. The Bargmann space F is complete and, hence, a closed subspace
of the Hilbert space L*(C",du). In particular, F is a Hilbert space.

The Hilbert space F will be denoted by Hp with respect to the holomorphic polar-
ization P in the context of representation spaces determined by polarizations (e.g. in

Ezxample and Example .

Proof. According to Proposition , for every holomorphic function f € O(C") the
value f(w) at a point w € C" is the average of the values f(z), z € w + D(r), where
D(r) is any polydisc. If we assume all radii ; to be equal, r; = p, we obtain

Applying the Cauchy-Schwarz inequality to the right hand side leads to

uwnz(i)swua1MMuwm7
vy zeD

where the abbreviation D = w + D(r) is used and where xy is the indicator function
of X.

In particular, this inequality implies that the evaluation w : F — C, f +— f(w), is
continuous.

The inequality can be extended to be uniform over compact subsets: Let K C C"
be a compact subset. Then

L:= Uw—l—W:K—l—m

weK

107The result below is true for more general densities k.
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is compact as well and contained in a big polydisc D(R) C C™. For each w € K the
inequality now reads.

sl () s k@ ool 111, (53

z€D(R)

Now let (fx) be a Cauchy sequence in the Bargmann space F with respect to the
norm || || . With C := (ﬂip) SUP,¢ p(r) k(2) ™ HXD(R)HH we obtain, by (83), for each
we K

[fe(w) = fm(w)] < C || fi = full,,

and conclude: (fx(w)) is a Cauchy sequence in C converging to a value f(w) defining
a function f : C" — C. And the convergence f;, — f is uniform on K. Hence, by
Proposition f is holomorphic. Moreover, the last inequality implies, that f is in
F and that fy — f in the norm || ||, ie. fy = finF C L*(C", dp). O

To get to know more about the Bargmann space, we observe that F # O(C"). As
an example, the holomorphic function

T 9

f(2) = exp(5 2

21)

is not contained in F. We have f(2)f(z) = exp(m(z? — v?)), i.e. ffexp(—mz2) =
exp(—27y?) and hence

/ffdu /dxl/exp 27Ty1)dy1/ exp(—72'2')dz = oo,
Cn-—1

where 21 = Rez;, 1 = Imz; and 2’ = (2,. .., 2,). Of course, F is not empty. The con-
stants are in IF as well as all complex polynomials, since the monomials 27 := 2J* ... 2/
are in F for multiindices j = (j1,...,Jn). In fact, introducing polar coordinates for

each variable z; and using Fubini’s theorem it is easy to show
Lemma B.15.
”ZjHu < oo, and <zj,zk> =0 if j#k.
As a consequence,
P=Clz,...,z:) TF C O(C").
We conclude this subsection with

Proposition B.16. The space of polynomials P is dense in F. As a consequence the
normed monomials

2! , n
m;(2) 3=HZTH,]€N,
I

form an orthonormal basis of the Hilbert space FF.
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Proof. Let f € F. As a holomorphic function f has the power series expansion

f(z) = prk ZC] )

keN jeENn

where ¢; € C (cf. Proposition . The convergence is uniform with respect to every
polydisc P(r), r € Ry. We want to show that the series converges in norm, as well.
By the preceding lemma we know that the terms ¢;z? (no summation!) are orthogonal
in F. Therefore, in order that Y ¢;2? converges to f in the norm of F it is sufficient,
that the sequence (|¢;| [|27|]) is square summable.

Restricting to a polydisc D(r), the ¢;2? are again orthogonal in L*(D(r), dp) (same
proof as for the preceding lemma). The convergence of Y ¢;z7 is uniform on D(r),
which implies, that summation and integration can be interchanged in

||f||izDr d :/ ffdﬂz/ Wcjzjd,uz |Cj|2/ 2 dp

r)

to obtain
17 1Z2 oy = 210l 12712 e

For r — oo we conclude (monotone convergence)

Hf”?ﬁ(@",d,u) = Z ;] szHi?((C",du) ’

which is enough to assure the convergence Y ¢;z/ — f in the norm of F. O

This result has the following interpretation.

Remark B.17. Let V := C*” C T the space of complex linear functionals on C* with
the induced Hilbert space structure and let V®* its k-fold symmetric tensor product.
Then F can be identified with the symmetric Fock space of V

T VO
D

Moreover, the operators P* : F — V are the projections of the above decompositon
of FF.

Remark B.18. It is easy to show that for a complex polynomial g the multiplication
operator M, : P =P CF, f— gf == My(f) is a closed operator with domain P in
the Hilbert space F (see Definition [F.7]) and densely defined.
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B.5 Complex Manifolds

Most of the basic notions of smooth manifolds (see Section |[A.1)) carry over to the
holomorphic case.

A map F : V — V'’ between open subsets V' C C" and V' C C™ is holomorphic by
definition, if for every a € V and b € C", the map
2z Fla+ zb)

is a holomorphic map in one variable in a neighbourhood of 0 (with values in C™).
This condition is equivalent to the property that all the components Fj : V — C of
F = (F,..., F,) are holomorphic in the sense Section but V' is no longer assumed
to be connected, in general. As before, by the result of Hartogs, F' is continuous.

Definition B.19. M is a CoMPLEX MANIFOLD of dimension n, if it is a smooth
manifold of real dimension 2n where an atlas of the differentiable structure is specified
which determines the complex structure of M and which consists of HOLOMORPHIC
CHARTS (¢;);er which are holomorphically compatible to each other. This means

0; U =V, cC", jel,V; open in C",

are diffeomorphisms, where (U;),er is an open cover of M and V; C C" is open, such
that the transition maps:

prop; iUy NUL) — o (U; N U)

are biholomorphic.

This atlas determines the complex structure by defining general holomorphic charts:
A holomorphic chart on the complex manifold is a continuous map ¢ : U — V from
an open U C M to an open V' C C" such that all

g00g0;1:goj(UﬂUj)—>g0(UﬂUj),j€I,
are biholomorphic.

A mapping F': M — N between complex manifold is holomorphic if the mappings
@' oF|gopt:V — U are holomorphic for all holomorphic charts ¢ : U — V C C"
of M and all holomorphic charts ¢’ : U' — V' ¢ C™ with F(U) C U’.

Fly

U—=U'

A

V--=V
O(M, N) denotes the set of holomorphic maps F': M — N.
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SUBMANIFOLDS, PRODUCTS, QUOTIENTS

The notion of submanifolds, product manifolds and quotient manifolds are com-
pletely analogous to the real case (see Section . The universal property of quo-
tients, however, need some care since there exists complex manifolds which have no
global holomorphic functions except for the locally constant functions.

Observation B.20. In fact, the maximum principle (Proposition [B.10) implies that
for a complex manifold M, which is connected and compact, the space of holomorphic
functions is O(M) = C.

HoroMORPHIC VECTOR BUNDLES

The notion of holomorphic vector bundle carries over as well (c.f. Definition [D.1)):
m . . — M is a holomorphic vector bundle of rank r over a complex manifold M,
when FE is a complex manifold such that 7 is holomorphic and when each fibre E, :=
71 (a), a € M, has the structure of a r-dimensional complex vector space. Moreover,
there is an open cover (U;),e; of M with biholomorphic maps (the local trivializations)
Y; : By, == n'(U;) = U; x C" such that

L. 7| By, = PT1© 1}, i.e. the following diagram is commutative

By, —2U; x C

T Eyr.
Uﬂl pri

Uj

2. the restrictions E, — C", v — pray(¢;(v)), are C-linear.

TANGENT AND COTANGENT BUNDLES

In particular, for a n-dimension complex manifold M the tangent bundle 7 : TM —
M is a complex manifold of dimension 2n and a holomorphic vector bundle of rank n,
and the same is true for the cotangent bundle 7* : T*M — M. Some facts about these
bundles are summarized:

Each curve v € O(D, M) defined on an open disc D := {z € C | |z| < r} through
the point a := v(0) € M determines a (complex) TANGENT VECTOR X = [y], at a to
M: [v], is the equivalence class of (germs of) curves in M through a which is given by
the equivalence relation

d d
Yo B E(SO 0 Y)|2=0 = E(@OB)’ZZ(M

where 8 € O(D, M) with 5(0) = a and ¢ : U — V is a holomorphic chart with a € U.
The equivalence relation is independent of the holomorphic chart ¢. The tangent vector
X =[], is denoted also by

Y|z=0 OI S1MPIy .
dz 0 7
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Every holomorphic chart ¢ : U — V induces a BUNDLE CHART (cf. |A.2) ¢ : TU —
V x C" on the tangent bundle T'M by which the complex structure on the tangent
bundle is determined:

~ n n n d
¥ = ('217""2 7w1a"'7w ) :TU -V xC ) I:’Y:ICLH ((sp(a)’E(QOO’Y)lZO) )

when 7(0) = a. Here, w’ acts in the following way

w(ol) = (6 0lena)

The holomorphic sections of the two bundles are the holomorphic vector fields
resp. holomorphic one forms.

DIFFERENTIAL FORMS

Let X(U) be the O(U)-module of the holomorphic vector fields on an open subset
U C M of a complex manifold. As in the smooth case the O(U)-module Q(U) of
holomorphic one forms and the O(U)-module of holomorphic vector fields X (U) are in
duality: The O(U)-bilinear form

() :QU) x X(U) — OU), (o, X) = a(X),
is non degenerate and defines the isomorphisms
XU)—=QU), X = (a— a(X) ={a, X) ,
QU)—=XU)", a— (X = aX) =(a,X) .
The holomorphic k-forms are the k-multilinear and alternating maps
XU — o)

over O(U), and the O(U)-module of holomorphic k-forms is denoted by QF(U) with
QUU) = O(U), and Q(U) = Q(U).

In local coordinates given by a holomorphic chart ¢ = (2!,...,2"): U -V Cc C"
a holomorphic vector field X € X(U) can be represented by X = X79;, where 9; is the

holomorphic vector field 9;, = [¢~!(¢(a) + ze;)|, and X; € O(U). This vector field
acts on holomorphic functions f as the Lie derivative

. -0
Lxf=XLyf=X (‘9_zfj
In particular,
_o9f _d 1 |
Lajf - 82] T dZ f(go (@(CL) + Ze]))?

z=0
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for holomorphic f € O(U), and it seems natural to denote 0; by
0
027"

analogous to the case of a differentiable manifold, where a coordinate 27 generates the
vector field
0

dai
However this notation is reserved for a slightly more general definition and leads to
a vector field which acts not only on holomorphic but also on differentiable functions

(see below (84)).

A typical 1-form is df € Q defined by df (X) = Lx f, X € X(U), for f € O(U). In
particular, dz’ is dual to 9; with dz7(9,) = 47.

A k-form n € QF(U) has the representation

with

UNDERLYING SMOOTH STRUCTURE

A complex manifold considered as a differentiable manifold has differential forms
which are not holomorphic. They have additional graduations coming from the complex
structure of the manifold and, in addition, from the complexification of the tangent
bundle. This graduation will be described in detail in the following.

The results are best motivated by investigating the local situation first.

So, let U C C™ be an open subset with standard holomorphic coordinates
(21,...,2") and related real coordinates z7,y’ satisfying 27 = 27 + iy/. Let us re-
gard the real tangent space T,U, a € U, considered as the tangent space of dimension
2n with respect to the differential structure. Then

—_— —_ < ] <
93:] b a j b _— ,] — )
is a natural basis of T, M over R. Recall that

0
= [a +te;], , and Eriie la + tiej], |

ox7 |,

where e; is the standard basis of C" defining the complex (and holomorphic) coordinates
2 z=2zle; for z € C". The
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are smooth sections in the tangent bundle and hence they are (smooth) vector fields
which are not holomorphic vector fields!

The multiplication by ¢ giving C" the structure of a complex vector space carries
over to the tangent space T,U: Applied to the basic vector fields

9 9
OxI " Oy
we obtain
) 4 ) 4 . 0
7 % . = [a—l—tzej]a = a—yj‘a s and 7 a_yj . = |:6L+t226j]a: [a—tej]a = — % . .

As a consequence, the multiplication by 7 in the tangential space T,U is the real
isomorphism determined by

9 .,90 9 . 9
Oxi Oy’ Oyl Oxd

Definition B.21. Let V be a real vector space. An ALMOST COMPLEX STRUCTURE
on a V is a R-linear map J : V — V with J2 = Jo J = —idy.

An ArLmosT COMPLEX STRUCTURE on a differentiable manifold M is a section
J € T'(M,End (T'M)) satisfying J o J = —idyy. (M, J) is called an almost complex
manifold.

It is easy to see that an almost complex structure requires V' to be even dimensional
when V is finite dimensional. In Section [9.5/on Kahler polarizations the concept of an

almost complex structure is introduced and investigated (cf. Definitions ff.).

Examples B.22. 1. When V' is a complex vector space, then the multiplication
with 4 induces an almost complex structure v — iv since 720 = —v. Conversely,
a given almost complex structure J : V' — V on a real vector space defines the
structure of a complex vector space on V by (a +if)v := av + 5J(v), a,n €
R,veV.

2. As we have just seen above, the real tangent space T,U for U open in C", a € U
admits the almost complex structure J,, a € U given by

0 0 0

0
JaZTaU TQU,—, ., = el
- ox7 ~ oyl " Oyl ~ oxJ

which is independent of the choice of the holomorphic chart.

3. The corresponding section J € I'(U, End (T'U)) is an almost complex structure
on U. Therefore, every complex manifold is an almost complex manifold. The
converse is only true for integrable almost complex manifolds (see Theorem [9.25]).



B.5 Complex Manifolds 309

4. The symplectic involution (c.f. Section [1.1.2)) defining the symplectic structure
in Chapter 1 is an almost complex structure.

Now, let V be a real vector space VV with an almost complex structure J and let
V€ be its complexification V ® C. Then J has a linear continuation J¢ : V¢ — VC by
J® ) =Jw)@A. JCis an almost complex structure of V', so that on V¢ we have
the two different (almost) complex structures given by J® and by the multiplication
with i : v @ A= v ® .

V€ decomposes into the eigenspaces of JC for the eigenvalues i, —i (see (43))). This
decomposition carries over to the tangent space TMC of an almost complex manifold

(see also in Section [0.5)):

Proposition B.23. Let (M, J) be an almost complex manifold. The continuation

JE : T,M @ C — T,M ® C has the two complementary eigenspaces: TN with
: . (0,1) 0 .

eigenvalue © and Ty ' M with eigenvalue —1.

In case of a complex manifold M the decomposition can be described with the aid of
local holomorphic coordinates 2/ in an open subset U C M. The complexified tangent
space T,U ® C has the basis

over C. We define

We obtain 5
THOU = Ker (JC — i) = spang {—

zJ

j—l,...,n},

0
077 — C L= -
T.°U = Ker (J +2)—spanc{azj‘j—1,...,n}.

Remark B.24. The decomposition T,M @ C = Tél’O)M P TCEO’I)M holds true in all of
M and remains true for the bundles:

TMCE = TGO N @ 7O Mg

with the obvious definition for the holomorphic bundle structure on the direct sum of
the bundles 700U, TODY

The operator J induces J* by J*(u) := po J for p € T*M. J* o J* = —id. In the
same way as before we obtain:

TiM© =T;"OM @ T; DM
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Corollary B.25. The analogous decomposition holds for the cotangent bundle with
respect to J*:
T*U ® C — T*(I,O)U @ T*(O,I)U

with A
T;"OU = Ker (J* —i) = spanc{d2’ | j = 1,...,n},

T;OVU = Ker (J* +1i) = spanc{dz | j = 1,...,n}.
Here, for a differentiable f € E(U) the form df € T(U, T*U®) by

0 0 0

0
df(@)zﬁfadf(ﬁ):@f-

Definition B.26. We define as bundles and spaces
NTU = N0 A \T*ODU

forr,seN, r+s<n

A(V) =T(V, N\T*U), V.C U,V open.

The k-forms n € A™(V), k = r + s, are called differential forms of degree (r,s) or
(r, s)-forms.

Note, that A*(V) = @, ,_ A™*(V). In local coordinates

AT’S(V) = Z 77j17...jr;31,...33d2j1 Ao Adz A dgjl ARERRA dgjn} Mt eeginiit i € 5(‘/7 (C)

F1yeerdridlyeeeds
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C Lie Theory

The concept of a Lie group is important in many areas in physics, since essentially
all SYMMETRIES are formulated with the aid of Lie groups and correspondingly the
INFINITESIMAL SYMMETRIES are formulated by using Lie algebras{zg]. In mathematics
Lie groups are equally important in particular in Differential and Algebraic Geometry
as well as in Number Theory.

In this chapter we will present the basics of Lie groups and Lie algebras. Our ap-
proach will be introductory, we start from the basic definition of a Lie group, then
specialize to matrix Lie groups (Section C.1), and explain several examples, in partic-
ular by semidirect products or central extensions. Afterwards, we study Lie algebras,
which can be defined over general fields, a priori without emphasizing the connection
to Lie groups (Section . The two concepts are related as described in Section
namely: to every Lie group, there is a corresponding Lie algebra. Conversely for every
finite dimensional Lie algebra L over R there exists a Lie group whose Lie algebra is
I Note, that this correspondence is not one-to-one. There might be several Lie
groups with the same Lie algebra.

Symmetry often leads to an identification of elements which are related directly by
the symmetry. In this way orbits are created in the space on which the symmetry group
acts, and the orbit space is indeuced. If the symmetry is given by a Lie group G acting
on a differentiable manifold M it is of great interest to have a natural differentiable
structure on the corresponding ORBIT SPACE M /G, where natural means that it is
the quotient structure. Under quite general assumptions on the action such a result is
known, as we explain in the Section of this chapter.

C.1 Lie Groups

Definition C.1. A LIE GROUP G is a group, which at the same time is a manifold,
such that the multiplication

p:GxG—=G,(f,g9)— uf 9) = fg,

and the inversion

j:G =G, fei(f)=f"
are smooth maps. A LIE GROuP HOMOMORPHISM between Lie groups G,G’ is a
group homomorphism A : G — G’ which is smooth.

Of course, R™ with the addition as group operation is a Lie group. The same is true
for R* and C* with respect to multiplication. A typical Lie group homomorphism is
exp : C — C* from the additive group C of complex numbers onto the multiplicative
group C*: exp(z + w) = exp z exp w. Moreover:

108 This is the topic of our book [Sch95].
109Theorem of Ado
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Examples C.2.

1. Circle Group. The circle group U(1) := {z € C | |z| = 1} with the multi-
plication inherited from C is an abelian group. Evidently, U(1) as a group is
isomorphic to the group of rotation matrices

cost —sint
S0(2) '_{(sint Cost)‘teR}'

As a subset of C!' = R? the group U(1) inherits a natural smooth manifold
structure from R?, namely as a submanifold it is the circle S'. The multiplication

St x St — St (e, ) = ellet¥)
and the inversion
j:St =S j(e?) =7,

are clearly smooth, hence U(1) is a Lie group. Notice, that C* = R, x U(1) as
Lie groups.

2. Special Unitary Group SU(2). Important in Quantum Mechanics is the special
unitary group SU(2):

SU(2) :={A € U(2) | det A =1}.

U(2) := {A € C2| (42, Aw) = (z,w) for all z,w € C},
where (z,w) := z'w! + z%w? is the Hermitean scalar product on C2.

SU(2) can also be written as:

(2 )

The equation |z|? 4 |w|* = 1 shows that SU(2) is a manifold diffeomorphic to the
3-sphere S? in C? = R*. One can easily see that matrix multiplication is smooth
and — by using Cramer’s rule — the same is true for building the inverse. Hence,
SU(2) is a Lie group.

|22 + |w|]? = 1.} :

3. General Linear Group. The group GL(n,R) of all real invertible (n x n)-
matrices is an open subset of the R—vector space of all (n x n)-real matrices
R(n) = R". This follows from:

GL(n,R) ={A € R(n) : det A # 0},

HOK (n) denotes the algebra of (n x n)-matrices with coeffincients in K.
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since the map det : R(n) — R is continuous. The GENERAL LINEAR GROUP
GL(n,R) has the structure of a differentiable manifold as open subset of R™,
The matrix multiplication

w: GL(n,R) x GL(n,R) — GL(n,R), (A, B) — AB,

is polynomial of degree 2 in the coefficients af, b’ of the matrices A = (af) and
B = (b}):

AB = i alb}.
=1

Therefore, matrix multiplication is smooth (even analytic). Similarly, using
Cramer’s rule, one can see that the inversion is also smooth and analytic. There-
fore, GL(n,R) is a Lie group. In the same way, one can show that GL(n,C), the
group of invertible n xn complex matrices is a Lie group. GL(n, C) is, in addition,
a complex manifold, and the group operations are holomorphic mappings.

4. Special Linear Group:

SL(n,R) := {A € R(n) : det A =1}
SL(n,C) :={A € C(n) : det A =1}

To show that the special linear groups are Lie groups one only has to check, that
they are submanifolds of the general linear groups. This is not difficult since
they are the zero sets of the differentiable function det. However, one can use a
general result on closed subgroups of a Lie group to deduce the Lie property as
we explain in the following.

Let us define:

Definition C.3. A MATRIX LIE GROUP or simply a matrix group is a closed subgroup
G of GL(n,C), n € N,

Of course, GL(n,C) itself is a matrix group. Moreover, GL(n,R), SL(n,K),
U(1),SU(2),SO(3) are all matrix groups.

With some work, one can show that every matrix group is a Lie group. Since the
inversion and multiplication are smooth, it is enough to show the following result (cf. in
[RuS13], for example).

Proposition C.4. A closed subgroup of a Lie group is a submanifold of the Lie group
and thus a Lie group. In particular, a matriz Lie group G C GL(n,C) is a Lie group
and a differentiable submanifold of R4,

A large class of geometrically induced matrix Lie groups is given by the following
result:
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Lemma C.5. Let B € K(n) be a non-degenerate (n x n)-matriz. Then
Op(n,R) = {AcR(n) | ATBA = B}

in case of K =R, resp.
Op(n,C) = {A € C(n)| 4 BA = B},

in case of K = C, is a matriz Lie group.

Proof. For A, A" € Op(n,K) the equality (AA’)TBAA' = ATATBAA' = ATBA' = B
holds true. Furthermore, A is invertible because of 0 # det B = det AT det B det A.
Finally, AT BA = B implies (A"))TBA~! = B (vesp. (A )TBA~! = B). As a result
Ogp(n,K) is a subgroup of GL(nK). Opg(n,R) is closed since it is the zero set of the
continuous map A — AT BA—B. Hence, Op(n, K) is a matrix group and Lie group. [

We list a couple of matrix groups of the form described in the Lemma:

Examples C.6.

1. Orthogonal Group:
O(n) :=={A€R(n)| ATA=1} = O0:(n,R)

is the ORTHOGONAL GROUP. The orthogonal matrices A € O(n) leave invariant
the Euclidean scalar product ( , ) on R™. O(n) is compact, since the coefficients
of the matrices A € O(n) are bounded: |A}| < 1 and since O(n) is closed in C(n).
It is easy to see that |det A| =1 for all A € O(n). The SPECIAL ORTHOGONAL
GRroup

SO(n) :={A € O(n)|det A =1}

is connected, and it is a proper subgroup of O(n). O(n) is not connected, since
{A € O(n,R) | det A = —1} is open and closed. Note, that O(n,R) = SO(n,R)U
{-A]A€SO(n,R)}.
2. Unitary Group.
U(n) := {A € C(n) | A'A= 1} = 04(n,C)

is the UNITARY GROUP, the operators A € U(n) respect the hermitian scalar
product. THE SPECIAL UNITARY GROUP is

SU(n) :={A € U(n):det A =1}.

The groups U(n) and SU(n) are connected and compact.
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3. Generalized Orthogonal Group. For p,q € N,n = p + ¢, let B the bilinear

form ) .
B(z,y) = ijyj — Z Iy
J=1 Jj=p+1
The matrix Lie groups Op(n,R) are called the GENERALIZED ORTHOGONAL
GRoUPS and they are denoted by O(p, ¢). The corresponding special orthogonal
groups SO(p, q) are defined as the connected components of the identity of O(p, q).

4. Symplectic Group. Let I € R(2n) be the matrix

0 1
(o)

where 0 and 1 are n x n matrices (see Section [L.1). The corresponding matrix
group O;(2n,R) is the SYMPLECTIC GROUP:

Sp(n) :={A€R(2n): ATIA=1} . (85)

A matrix Lie group of the form Opg(n,K) can be understood as a symmetry group,
namely as the group of linear mappings K" — K" preserving the vector space structure
and the structure given by B. Many more Lie groups occur as symmetry groups,
for instance the Euclidean group E(n), which is the group of all differentiable maps
R" — R™ preserving the euclidean scalar product and the orientation, in short the
isometries. Similar to the Galilean group and the Poincaré group, the Euclidean group
has a description as a semidirect group.

Definition C.7. Let G, H be Lie groups and o : G — Aut H'| a group homomor-
phism such that G x H — H, (g, h) — o(g)(h), is smooth. The SEMIDIRECT PROD-
UCT of G over H (denoted by G x H or G X, H) is the group with the underlying set
G x H and the group operation

((g,h)(g", h)) = (g4, (o(g)h)R) .

It is not difficult to check that a semidirect product G x H of Lie groups is a Lie
group. The underlying manifold is the product G x H of the two manifolds. The group
operation ((g,h)(g’,h')) — (g94’, (c(g)h')h) is smooth since ¢ and the group operations
on G and H are smooth. The inversion (g,h) — (g7, 0(g7')h™1) is smooth as well.
Finally, the associativity can directly be checked.

Examples C.8.

1. The product F = GG x H of Lie groups is a special case of a semidirect product
where o(g) = idy.

H1Aut H is the automorphism group of H, i.e. the group of Lie group isomorphisms
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2. The Euclidean group F(n) is (isomorphic) to the semidirect product SO(n) x R"
with respect to the inclusion o : SO(n) C GL(n,R) C Aut (R"), where R" is
considered as the abelian Lie group.

3. The affin linear group Aff(R") can be described as the semidirect product
GL(n,R) x R" .

4. The Galilei group I' is isomorphic to the semidirect product of the Euclidean
group E(3) and the translation group V = R*: ' = E(3) x V. The action o :
E(3) = AutV is defined by o(g)(q,t) = (Ag+tv,t) for g = (A, w) € SO(3) x R?
and (q,t) € R* = R3 x R. Eventually, I' & (SO(3) x R?) x R%.

5. The Poincaré group P is isomorphic to the semidirect product of the Lorentz
group O(3,1) and the translation group R¥*: P = O(3,1) x R

C.2 Extensions of Lie Groups

A Lie group F has a representation as a semidirect product £ = G x H if and only if
there is an exact sequence

1—H-5SFE-5G—1

of Lie group homomomorphisms such that there exists a splitting s : G — FE, i.e. a Lie
group homomorphism with 7o s = idg.

Such a sequence is an extension of groups in the following sense:

Definition C.9. An EXTENSION E of G by the group H is given by an exact sequence
of group homomorphisms

l1—H-“SEFE-5G—1.

EXACTNESS of the sequence means that the kernel of every map in the sequence equals
the image of the previous map. Hence the sequence is exact if and only if ¢ is injective,
7 is surjective, and Kerm = Im¢.

The extension is called CENTRAL if H is abelian and its image im ¢ is in the center
of F, that is
ac Hbe E=1(a)b=>bi(a).

In case all groups are Lie groups we have (central) extensions of Lie groups.

Note, that H is written multiplicatively and 1 is the neutral element even if H is
supposed to be abelian.

There are extensions with abelian H which are not central, as e.g. in the above
examples of semidirect products.
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Examples C.10.

1. A trivial extension has the form
l1—wH-“S5E=GxH->SG—1.

with «(h) = (1,h) and m = pry. More generally, a central extension is called
TRIVIAL if it is isomorphic to a trivial central extension, and this is, in turn,
equivalent to the existence of a splitting s : G — E, mo s = idg.

2. Given k € N, k > 2, a nontrivial central extension is the sequence
1 — Z/kZ - E=U(1) = U(l) — 1,

with 7(z) = 2% and «([n]) = exp2r%. A splitting s : U(1) — U(1) would
correspond to a global root of z — z*.

3. A familiar central extension is

1 — U(1) = U(n) = SU(n) — 1.

4. The universal covering SU(2) — SO(3) is a central extension
1 — Z/2Z — SU(2) — SO(3) — 1,
as well as the corresponding covering SL(2,C) — SO(3,1):
1 — Z/27 5 SL(2,C) = SO(3,1) — 1.

5. In general, the universal covering F of a Lie group G is again a Lie group and
the projection 7 : Y — G gives rise to an extension of Lie groups

l—-H=Kermn —FE -5 G—1,

6. The METALINEAR GROUP ML(n, C) is the non-trivial 2-1-covering of the general
linear group GL(n,C): p: ML(n,C) — GL(n,C). The fibre over the unit matrix
1 € GL(n,C), p~'(1), consists of two elements and is isomorphic to Z/27Z. This
yields the following exact sequence of Lie groups:

1 — 7/27 — ML(n,C) % GL(n,C) — 1.
A concrete description of ML(n,C) can be found in Section m

7. The HEISENBERG GROUP HS, is defined as the central group extension of the
abelian group R?" by R: HS,, can be described by HS,, := R x R?" with the group
composition

1
(r,p.q) - (r',p',q,) = (7“+7"’+ 5(p'q’ —q-p’),p+p’,q+q’> :
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where p,q,p’',¢' € R", r,r" € R. The corresponding exact sequence of Lie groups
is
l1—R—HS, —R"™ —1.

A variant of the Heisenberg group is the polarized version HSP® = U(1) x R®
with exact sequence

1— U(1) — HSP! — R*™™ — 1.

A coordinate free version is the following: Let (V,w) be a symplectic vector space
of dimension n. The Heisenberg group HS(V,w) is R x V' with the group law

1
(r,0)(r', V") = (r+17" + §w(v, V'), v+ ).

Notice, that HS,, is not abelian although R?" and R are abelian.

. An important example in the context of quantization of symmetries is the fol-

lowing: Let H be a Hilbert space and let P = P (H) be the projective space of
one-dimensional linear subspaces of H with the natural projection ~ : H — P(H).
IP is the space of states in quantum physics, that is the quantum mechanical phase
space (see Appendix . The group U(H) of unitary operators on H turns out to
be e central extension, as we explain in the following.

By definition, the group U(P) = U(P(H)) of projective unitary operators ()or
quantum symmetries) consists of the bijective mappings V' : P — P which are
induced by unitary operator U € U(H) by V(y(¢)) := v(U(¢)), ¢ € H. Let us
denote V =: 5(U). Then 7 : U(H) — U(P) is surjective with kernel {\idy | A €
U(1)} = U(1) and yields in a natural way a nontrivial central extension of the
group U(P) of (unitary) projective transformations on P by U(1):

1 — U(1) - UMHE) L UP) — 1. (86)

U(H) is a topological groupf™3 with respect to the strong topology (see [Sch93]).
The strong topology on U(H) is the topology which is generated by the sub-
sets V(T,¢,e) == {S € UMH) | ||[Sp—T¢|| < e}: The open subsets of
U(H) are arbitrary unions of finite intersections of sets in the subbase B =
(V(T,¢,e) | T € UMH), ¢ € H,e > 0). Note, that the strong topology is weaker
than the operator norm topology when H is infinite dimensional. In case of finite
dimension the strong topology on U(H) = U(n) is simply the usual topology
induced from C(n) = C" x C".

11

%i.e. the group multiplication and the inversion are continuous. Note, that in the infinite dimen-

sional case, no Lie group (or differentiable) structure on U(H) is known. However, in finite dimen-
sions, the Hilbert space is isomorphic to C", H = C", and U(H) = U(n) with a Lie group quotient
U(n) — PU(n) & U(P). In particular, the sequence 1 — U(1) — U(n) — P(n) — 1 is an exact
sequence of Lie groups.
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In general, U(IP) becomes a topological group by the quotient topology with
respect to 4 : U(H) — U(PP). This topology is called the strong topology as well.

We have introduced these topologies on U(H), U(IP) in order to state, that the
above exact sequence consists of continuous maps, and therefore is an exact
sequence (and a central extension) of topological groups.

Remark C.11. In the light of the last examples it is possible to explain to which
extent a classical symmetry given by a Lie group G can induce a quantum symmetry.
Let G act on a symplectic manifold (M,w) by symplectomorphisms, i.e. there is an
action U : M x G — M such that ¢ — W¥(q,g) := ¥ (q) is a symplectomorphism.
If Symp(M,w) denotes the group of diffecomorphisms which are symplectomorphisms,
the action induces a group homomorphism ¥ : G — Symp(M,w), g — ¥,. Assume
now, that a Lie algebra S8 C E(M) of classical observables has been quantized yielding
a subalgebra ¢(R) of self-adjoint operators on a Hilbert space H. The best one can
hope is that the action ¥ transforms into a projective unitary representation p : G —
U(IP’(H))B In general, this property can not be deduced from physics or mathematics.
But of course, it can be formulated as a postulate.

Since in Quantum Mechanics calculations are essentially carried through in the
Hilbert space H associated to the quantum mechanical phase space P one is interested
to lift the projecive representation p : G — U(P) to a unitary representation G — U(H)
i.e. a group homomorphism which is continuous with respect to the strong topology on
U(H)™] Such a lift will not exist in general, but it exists up to a central extension.
In fact, there exist a surjective Lie group homomorphism 7 : G — G with ¢ : U(l) =
Kerm — G in the center of G and a unitary representation p : G — G such that the

following diagram commutes (see, for instance [Sch08§]):

1 U(1) G——=@ 1
idl ﬁt i Pl
1 U(1) U(H) UP)—1

According to a theorem of Bargmann, for a simply connected Lie group G with
trivial second (Lie algebra) cohomology[”®] H?(Lie G,R) = 0 the upper row can be
replaced by a trivial central extension and therefore, the representation p : G — U(P)
has a direct lift p: G — U(H) with p = pod: plg) = p(1,9), g € G. The following

113 is a projective unitary representation if p is a group homomorphism and a continuous map with
respect to the strong topology on U(P) defined above.

H4often enough it is simply assumed that such a representations exists.

15We give a survey of Chech cohomology in Section E but not of Lie algebra cohomology.
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diagram is commutative:

1 U(1) U(l) x GF—G 1
o | / |
1 U(1) U(H) U(P) 1

Note, for instance, that the Lie groups G = SU(2) and G = SL(2,C) are simply
connected and satisfy H?(Lie G,R) = 0.

As a consequence, in the case of G = SO(3) the upper row in the diagram can be
replaced by
1 — Z/27 — SU(2) — SO(3) — 1,

and analogously in the case of G = SO(3, 1) by

1 — Z/27 — SL(2,C) — SO(3,1) — 1.

These properties explain why it is reasonable to call SU(2) the quantum mechanical
rotation group or SL(2, C) the corresponding Lorentz group.

C.3 Lie Algebras

Definition C.12. A LiE ALGEBRA L over a field k is a k-vector space together with
the map [, | : L x L — L (the LIE BRACKET) with the following properties: For all
X,Y, Z € L and X € k the Lie bracket satisfies

L [X+ )Y, Z] = [X,Z]+ \]Y, 7]
2. [X,Y]=—[V,X]

3. [X, [V, 2]+ Y, [Z, X]||+ [Z,[X,Y]] =0

A Lie algebra homomorphism between Lie algebras L, L’ is a linear map h : L — L’
with h([X,Y]) = [h(X),h(Y)], X,Y € L.

Examples C.13.

1. Abelian Lie Algebra. Every k—vector space L with [X,Y] =0forall X,Y € L
is a Lie algebra over k, the so called trivial or abelian Lie algebra.

2. Cross product. R? with [X,Y]:= X xY (cross product) is a three-dimensional
Lie algebra over R.
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3. Endomorphism Algebra. Let V' be a k-vector space and let L = Hom (V, V) :=
EndV be the k-vector space of k-linear maps (endomorphisms) from V' to V.
With the ”commutator” [X,Y]:= X oY —Y o X for X,Y € EndV as the Lie
bracket, this defines a Lie algebra structure as can easily be shown be direct
calculation. The triple (End Vo, [,]) is called the ENDOMORPHISM ALGEBRA.

4. Matrix Algebra. In case of k = K € {R,C} and V = K" the endomorphism
algebra consists of matrices X € K"*" and the Lie subalgebras of End K" are
called matrix algebras. End K" is denoted by gl(n,K). Several matrix algebras
are described further below in Examples [C.18]

5. The Lie algebra of vector fields. Let M be a manifold. For smooth vector
fields X on M let Lx : E(M) — E(M) be the Lie derivative. To vector fields
X,Y there is a unique vector field Z, for which L; = Lx o Ly — Ly o Lx. Let

Z =:[X,Y]. Therefore the R— vector space of vector fields on M becomes an
infinite-dimensional Lie algebra (M ). In a local chart ¢, we have:
oYk oxX*
(X, Y]F = X" —y* .
oqH oqH

6. The Poisson algebra. Let (M, w) be the phase space of Hamiltonian Mechanics,
namely a manifold M with symplectic form w. Then £(M) with the Poisson
bracket is a Lie algebra. Moreover, the Hamiltonian vector fields $Ham(M) form
a Lie algebra, and the map F' — —Xp is a surjective Lie algebra homomorphism

(cf. Corollary and Observation [1.35)).

Example C.14. (Heisenberg Algebra) Let V be a finite-dimensional vector space over
R with a non-degenerate (constant) 2-form w, i.e. a symplectic vector space. The
HEISENBERG ALGEBRA is the central (Lie algebra) extension hs = hs(V,w) of the

abelian Lie algebra V' with respect to the 2-form w: Its underlying vector space is
R x V and the Lie bracket is

[(r, X),(s,Y)] := (rsw(X,Y),0).

The projection p = pr; : R x V' — V is a surjective Lie algebra homomorphism and
the injection j : R — V', t +— (¢,0), is an injective Lie algebra homomorphism with
Im j = Ker p. As a result,

0 —R—bhs(V,w)=RxV —V —0

is an exct sequence of Lie algebras. Moreover, the elements (r, 0) are central in hs(V, w):
[(r,0), (t, X)] =0 for all (t,X) € hs(V,w), so it is a central extension.

There exists a symplectic frame, i.e. a basis (e;), (fx), 1 < j,k < n, of V, such
that w(ej, fr) = 01 and w(ej, ex) = w(fj, fr) = 0. The elements Z := (1,0),Q; =
(1,e;), P, = (1, fi) satisty the canonical commutation relations (CCR)

[kaZ] - [Qj’Z] =0, [Pjan] = - ij'
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In case of V' = R" and the standard symplectic form on R" the Heisenberg algebra
is also denoted by bs,, (or sometimes by hs,,, ;).

One can introduce a so-called central charge ¢ € R* changing the above Lie brackets
to c- (0,rsw(X,Y)) resp. —c-dj;z. The result is an isomorphic algebra, the change can
also be achieved by replacing w by ¢ - w.

Remark C.15. The Heisenberg algebra yields an abstract form of the canonical com-
mutation relations (CCR) which is an important concept of Quantum Mechanics. In
Section [F.3] of the Appendix [F] on Quantum Mechanics we study the representations
of bhs,, and of the corresponding Heisenberg group HS,, in a Hilbert space, thus real-
izing the canonical commutation relations. Up to unitary equivalence, the Heisenberg
Lie group has essentially only one irreducible unitary representation and this is the
Schrodinger representation (cf. . In particular, hs,, is not matrix algebra.

After having seen the abstract definition and concrete examples of both abelian and
non-abelian Lie algebras, let us discuss the connection between Lie algebras and Lie
groups. We will do this in two steps: first we discuss it for the simpler case of matrix
Lie groups, then turn to abstract Lie groups.

C.4 The Lie Algebra of a Lie Group

For any matrix X € C(n) the exponential series

o0

1

tX v

X =3 S(EX)", tER,
v=0

converges in C(n), and ™ is invertible with inverse e *X. Furthermore, the exponential

map e : R x C(n) — GL(n,C) is smooth™]

Let us begin with the Lie group G = GL(n,C). The exponential map etf( induces
the so-called FUNDAMENTAL FIELD, namely the left-invariant vector field X € U(G)
defined by

. d
X (A) := [Ae¥]4 = p Aet|_ =AX, AeG.

In fact, t — Ae'X |t € R, is a curve 7 in G through A = 7(0) and determines the
tangent vector [y]a = X(A) € T4G in the tangent space ThG at A € G. Using the
trivialisation T'GL(n,C) = GL(n,C) x C(n), the fundamental field can be described
in the simple form X : G — TG, A — (A, AX). Hence, the fundamental field can be
considered to be constant and we conclude

Assertion C.16. The Lie bracket of X,Y defined in B(G) = £(G,C(n)) coincides
with the Lie bracket induced by the commutator in End C* = C(n): [X,Y] = [X,Y].

116

even analytic!
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~ The flow of the vector field X (i.e. the solution of the differential equation
® = X(®),0(4,0) = A, cf. Notation A21) is ®(At) == Ae'X | (At) € G x R.
In particular, the vector field X is complete.

X is called left-invariant, since for the left multiplication Ly : G = G, A~
gA, A, g € G, the following invariance condition holds:

XoLy,=TL,0X.
This invariance gives rise to an alternative definition of the vector field X, namely

X(9) =T.Ly(X), g€ G.

The main result of this section is:
Proposition C.17. Let G C GL(n,C) be a matriz Lie group. Then
g:=LeG:={X eC(n) |VteR : ¥ G}

is a Lie algebra over R with the Lie bracket [X,Y] = XoY —YoX XY € g, i.e. LieG
is a Lie subalgebra of the endomorphism algebra C(n). Moreover,

LieG = {§(0) : v curve in G with y(0) =id¢r =€ } .

Therefore, g = Lie G can be identified with the tangent space at the identity element of
G.

Proof. We first show that Lie G = T,G. For each matrix X € LieG the curve t — X
in G through e = €° induces a tangent vector [e!*]y at identity e € G which can be
identified with %etX]tzo = X. Hence, LieG C T,G.

Conversely, each tangent vector X € T,G determines a left-invariant vector field
X on G (even on all of GL(n,C)) by X(g) := T.L,(X). The differential equation
y=X (7) has a locally unique solution v : I — G on an open interval I containing 0
such that v(0) = e. Since the flow ®(A,t) = AeX is also a solution of 4 = X (v) with
7(0) = e the two curves agree on I, which implies /X = ~(¢) € G for t € I. It follows
e!X € G for all t € R, which implies X € LieG. Thus T.G C LieG.

T.G obtains a Lie algebra structure through the left-invariant vector fields. Given
X,Y € T.G the fundamental fields X and Y determine the Lie bracket [X,Y] € 0(G).
Then Z := [X,Y](e) € T.G is well-defined as the bracket Z = [X,Y] of X, Y. It is easy
to check that in this way, T.G becomes a Lie algebra. Furthermore, by the assertion
C.16|the Lie bracket [X,Y] = [X,Y](e) € T.G for X,Y coincides with the commutator
of X,Y in End C". In particular, this shows that g, as defined in the proposition, is a
subalgebra of C(n). O
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We now come to the general case: the notion of the Lie algebra Lie G assigned to a
given abstract Lie group G. Once again, we focus on the tangent space at the identity
T.G of G and we define for each tangent vector X € T,.G the left-invariant vector field
X to X as: .

X(g) == TeLy(X),

where g € G and where L, : G — G is the left multiplication in G. X is a vector
field on the manifold G, and for two such left-invariant vector fields X and Y the Lie
bracket [X,Y] € U(G) is a vector field on G. As a consequence, the tangent vector
given by [X,Y] := [f( , }7](6) € T.G is well-defined. By construction, the tangent space
T.G with this bracket [, | becomes a Lie algebra. This Lie algebra is called the Lie
algebra of the Lie group G and is denoted g or Lie G.

Examples C.18.
1. The Lie algebra of GL(n,R) is gl(n,R) = R(n) = End R™.
2. The Lie algebra of SL(n,R) is sl(n,R) = {X € R(n) | trX = 0}.

3. The Lie algebra of O(n) is o(n) = {X € R(n) | X" + X = 0} the othogonal
algebra. Moreover, Lie SO(n) = Lie O(n) = o(n).

4. The Lie algebra of U(n) is u(n) = {X € C(n) | X' +Xx= 0}.

5. The Lie algebra of SU(n) is su(n) = {X € C(n) | X'+X=0and trX = 0}.
Moreover, Lie SO(3) = Lie SU(2).

6. The Lie algebra of Op(n,R) is op(n,R) = {X € R(n) | X"B + BX = 0}.
7. The Lie algebra of the Heisenberg group HS,, is the Heisenberg algebra bs,,.

Proposition C.19. The assignment G — Lie G for Lie groups G is categorial in the
following sense: Ewvery Lie group homomorphism h : G — G’ induces a natural Lie
algebra homomorphism Lieh : LieG — Lie G’ given by Lieh = T,h : T.G — T.G'.
Any further Lie group homomorphism h' : G' — G" satisfies Lieh' o h = Lie h’ o Lie h.

Note, that — according to a result of Cartan — a continuous homomorphism between
Lie groups is already smooth.

Similar to the exponential series e® for matrices X, in the case of an abstract Lie
group G, there is the EXPONENTIAL MAP

exp: LieG—- G, X —expX, X eT.G.

To define exp X for X € T.G, we start with a solution of the autonomous differ-
ential equation 4 = X(”y), through e, v(0) = e. Such a curve exists because of the
existence and uniqueness theorem for ordinary differential equations. It is, in general,
not assured, that such a solution curve can be defined on all R. However, for left-
invariant vector fields X on a Lie group this can be done because of the invariance, as

we show in the following:
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First, let the curve v be defined only on | — ¢, [ with 4 = X () and 7(0) = e. For

any g € G the curve @, (t) := gv(t), t €] — ¢, €|, satisfies o, = X (¢,). In fact, using
Y(t) = [v(t + 5)]y@), we have:

Gg(t) = [97(t +9)], ) = Ty Ly (V(E+ 9)lh0)) = Ty Lg(3(1)) = Ty Lo (X ((#))
= Ty Lg 0 TeLy)(X) = T (Lg 0 Lyn)) (X) = TeLgyy(X) = X (g7(t)) = X (p4(1)) -

Thus, we can define for g := (%5):

(1) = y(t) for —e<t<e
N = pg(t—12e) fir —e+ile<t<e+ic

71 is a well-defined smooth curve since on | — e, e[ the values (t) and ¢ (t) =
v(3e)v(t—3¢) = ~(t) agree. Hence 7 is solution of % = X (7) on the interval | —¢, e+3el.
By repetition of the argument v can be extended as a solution to all of R. This solution
corresponds to the exponential series e* and is denoted by exptX.

In particular, exp X is a well-defined group element exp X € G and determines
the so-called EXPONENTIAL MAP exp : g — G. exp is smooth and locally invertible.
As a consequence, exp provides local charts for the differentiable structure of G. In
particular, there is a neighbourhood U C G of e € G and a neighbourhood V' C LieG
such that the restriction exp |y : V' — U is diffeomorphism: Near e the Lie group looks
like the flat neighbourhood in the linear space Lie GG, in other words, at U the Lie group
appears infinitesimally as V' (modulo exp).

We have the following relation between the exponential mapping and the induced
Lie algebra homomorphism:

Proposition C.20. A Lie group homomorphism h : G — G’ satisfies:
hoexp =expolieh,

in other words, the following diagram is commutative:

eNyel

exp [ T exp

/
g Lieh g
We conclude this section with
Proposition C.21. The tangent bundle T'G of a Lie group is trivial.

Proof. In fact, the map G x g — TG, (9, X) — X(g), is an isomorphism of vector
bundles. O
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C.5 Lie Group Action
Definition C.22. A left action of a group G on a manifold M is a map
UV:GxM-—>M
such that the maps W, : M — M, U (a) := V(g,a) = ga, satisfy
VoW, =V, ¥, =idy, g,heG.

When G is a Lie group, such a group action V¥ is called a L1IE GROUP ACTION if ¥ is
differentiable.

Equivalently, a Lie group action of G on M consists of a group homomorphism
U : G — Diff(M), such that the induced map G x M — M is smooth. A smooth
manifold endowed with a Lie group action of GG is also called a G-manifold.

In an analogous way one defines the notion of a right Lie group action, which is
used, for instance, in the context of principal fibre bundles (see Section [D.2). The
notation of a right action ¥ : G x M — M is ¥(g,a) = ag and for ¥,(a) = ag we now
have

\Ing\Ifh:\Ifhg,\IfezidM,g,hEG.

Definition C.23. Let ¥ : G x M — M be a (left) Lie group action. The ISOTROPY
GROUP at a € M is the subgroup G, := {g € G | ga = a}. The ORBIT through a € M
is M, :={ga | g€ G}.

The action V¥ is said to be

1. TRANSITIVE if for each pair (a,b) € M x M there exists ¢ € G with ga = b.
i.e. all orbits M, are M = M,.

2. EFFeECTIVE (or faithful) if ¥, = idy, implies g = e, i.e. if ¥ : G — Diff(M) is
injective.

3. FrReg if all U, g € G\ {e}, have no fixed points, i.e. ¥ (a) # a for all a € M.
Equivalently, for all a € M the isotropy groups G, are trivial.

4. PROPER if ¥ : G x M — M x M, (g,a) — (a,ga) is a proper mapping, that
is, the inverse images @_1([( ) of compact subsets K C M x M are compact.
Equivalently, if for all sequences (g,) inG, (p,) € M such that (p,) and g,pn)
converge the sequence (g,) has a convergent subsequence.

Note, that the isotropy groups are closed subgroups of G, hence they are Lie groups.
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Examples C.24. Let G be a Lie group and let M be a manifold. The following are
examples of Lie group actions of g on M:

1. The trivial action ¥, =idy, g € G.

2. The action of G on itself by left multiplication, right multiplication or by conju-
gation. These actions are transitive and free.

3. The action of a given Lie subgroup H C G on G by left multiplication or by
conjugation. For instance, U(1) acting on SU(2).
4. The action of a matrix Lie group G C GL(n, K) on K.

5. The action of the group R on M given by the flow ® of a complete vector field
on M.

6. The action of the multiplicative group K* on V' \ {0} for a K-vector space V
(K € {R,C}).

7. The adjoint action of G on its Lie algebra g. Similarly, the coadjoint action on

the dual g*. See Subsection [1.3.5]

8. The group action of G on a principal fiber bundle 7 : P — M over a manifold
M (cf. Section [D.2)). Here, the action is a right action of the Lie group G on P. The
isotropy groups are trivial and the orbits are the fibres P, = 77 '(a), a € M.

9. Hamiltonian group action on a symplectic manifold.

The following theorem completes the discussion on quotient manifolds in Section

[A.4 A proof can be found e.g. in [RuS13].

Theorem C.25. The orbit space M /G of a proper and free Lie group action ezists as
a quotient manifold and the quotient map m: M — M/G is a submersion.

Examples C.26.
1. P"(R) @ R""/R*. P*(C) = C"/C*. P*(C) = S™T1/U(1).
2. §? 2 SU(2)/U(1), the Hopf fibration.

3. Let G be a compact Lie group. For every u € g* the coadjoint orbit satisfies
G/G, = M,. The theorem applies since the action of the isotropy group G, on G is
free and proper.

4. In the case of a principal fibre bundle 7 : P — M with structure group G: the
orbit space P/G is isomorphic to M.

5. For a closed subgroup H of a Lie group G the right multiplication is free and
proper. The quotient G — G/H yields a principal fibre bundle with structure group
H.

6. Another important general example is the associated fibre bundle P x& F' to
a principal fibre bundle P (see next Section [D.3]). In this situation the Lie group
G acts from the right on the principal fibre bundle P and from the left on the fibre



328 C. Lie Theory

F. These actions induce on P x F the right action ((p,z),g) — (pg,g 'x), which
turns out to be free and proper, as shown in Section By the theorem the orbit
space (P x F)/G exists as a manifold. The orbit space is the associated fibre bundle

PxgF=(PxF)/G.

Summary:
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D Fibre Bundles

This chapter deals with some concepts generalizing line bundles. The aim is to present
line bundles and connections within the framework of vector bundles and principal
fibre bundles with their associated fibre bundles and to make them available for the
later chapters in these notes beginning with the chapter on half-density quantization.
The line bundles are special vector bundles, namely those with 1-dimensional fibres.
Also, vector bundles are in close connection with principal fibre bundles. To settle
these connections we describe the relationship between vector bundles, principal fibre
bundles and their associated bundles.

D.1 Vector Bundles

Definition D.1. A VECTOR BUNDLE of rank r € N, r > 1, over a manifold M, is
given by a total space E and a (smooth) map 7 : E — M such that:

1. For each a € M, E, = 7~ 1(a) is an r-dimensional vector space over K (where K

is R or C),
2. E is locally trivial, i.e. there exists an open cover (U;),e; of M and diffeomor-
phisms
"ij : EUj = E‘ﬂ.—l(Uj) — Uv‘7 x K"
with

(a) the diagram

%‘\EUJ_
By, — U;xK'
ﬂ—lﬂl(Uj)j o

U;

J
is commutative: prq o %”EUJ- - W’rr‘l(Uj)El

(b) For all b € U;, the following induced map
wj|Eb r DT2 r
<¢j)b:Eb — {b}XK — K
is a homomorphism (in fact an isomorphism) of vector spaces over K.

A homomorphism of vector bundles is a (smooth) map ¢ : E — E’ preserving the
fibres, i.e. ™ o ¢ = m, which is linear in the fibres, i.e. ¢|g, : E, — E! is linear.

W7pry, pro denote the natural projections pri : W x V. — W, (z,y) — x resp. pro : W x V. —
V, (z,y) — y for a product W x V.
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As before with line bundles, a vector bundle 7 : £ — M is determined by transition
functions (g;x);ker with respect to any open cover (U;);er. The gjj, are defined by the
trivializations (1) through the condition

¢j o @Z)k_l(a’y) = (aagjk(a)'y)v (a’y) € Ujk X KT?
where gj;(a).y stands for applying the matrix
gir(a) == (¥5)a o (Yr), " € GL(r,K)

to the vector y € K". Note, that in the case of r > 1 the g;; have their values in the
group G = GL(r,K) instead of K* = GL(1,K) = K\ {0} in the case of line bundles:

gjk € 5(Ujk,G).

The transition functions satisfy the cocycle condition:

(©) 9i5(a) - gjx(a) - gri(a) = idgr

for a € Uyji, := U; N U; N Uy, where ”-” denotes matrix multiplication.
Conversely, every cocycle (g;x), g1 € E(Ujr, GL(r, K)), yields a vector bundle of
rank . This can be proven in the same way as for the case r = 1, see Proposition 3.9

Observation D.2. The direct sum, the tensor product, taking the dual, the space of
endomorphisms of vector spaces carries over to the vector bundles. Thus, we obtain
from two vector bundles £ and F' the bundles

k
E®F,E®F,E' End(E,F), \E. ...

Here EV is the dual bundle of E with fibre the dual (E,)* = Hom(E,, K) of the fibre
E, of E at a € M. In particular, when (g;), resp. (hjx) is a cocycle consisting of
transition functions for E, resp. F', then

(gj_kl) is a cocycle of transition functions for £V,
(gjk @ hjk) is a cocycle of transition functions for E' & F,
(gjk ® hji) is a cocycle of transition functions for £ ® F,

(gj_k1 ® hji) is a cocycle of transition functions for End (E, F),

(gjk N\ ... N gji) is a cocycle of transition functions for /\k E.

In the case of a complex manifold M and K = C one also studies holomorphic
vector bundles, where all occurring maps are holomorphic.

Vector bundles can be classified by cohomology, similar to the case of line bundles
(cf. Section : The isomorphism classes of complex vector bundles of rank r are
pramatrized by the cohomology classes in H'(M,£%), G = GL(r,K), where £%(U) =
E(U,G), see end of next chapter.
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D.2 Principal Fibre Bundles and Frame Bundles

Closely related to vector bundles are the principal fibre bundles with structure group
being a Lie group G. Recall, that a right Lie group action of a group GG on a manifold
P is a (smooth) map ¥ : P x G — P, such that with the notation

pg :=¥(p,g),p€ P,geq,

the associativity on the right

(pg)h = p(gh),h € G,

holds. In contrast to the notion of a left action (see Section |C.5)) the induced maps
V,: M — M, pw pg, satisfy the opposite of the homomorphism property, namely

\I/go\I/h:\I/hg,g,hEG.

On a product P := M x G one has the natural right action, also called trivial
action:

PxG—P, ((a,9),h) = (a,gh), a€ M, g,h €G.

Such a product bundle is the local version of a principal fibre bundle with structure
group G. In general:

Definition D.3. A PrINCIPAL FIBRE BUNDLE (”Hauptfaserbiindel”) with STRUC-
TURE GROUP (”Strukturgruppe”) G is a manifold P (the ToTAL SPACE (”Total-
raum”) together with a smooth projection map 7 : P — M and a differentiable RIGHT
AcTION ¥ : P x G — P, with the following properties:

1° The action respects the projection, i.e. for all (p, g) € P X G one has w(pg) = 7m(p),
and the action G — P, := 77 !(a), g — pg, is a diffeomorphism for each p € P,and
each a € M, and

2° there is an open cover (U;) of M with LOCAL TRIVIALIZATIONS
v Py, =7 Y(U;) = Uj x G
satisfying 7| Py, := pri o ¢; and
Vi(pg) = ¥;i(p)g, 9 € G,p € Py,.

In particular, with ¥;(p) = (a, h): ¥;(pg) = (a, h)g = (a, hg).

Principal fibre bundles with structure group G are called also principal G-bundles.
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Evidently, the product M x G — M is a principal G-bundle, the trivial principal
G-bundle.

Similar to vector bundles, principal fibre bundles are determined by transition func-
tions (gjx) , gjx € E(Ujk, G), with respect to an open cover (U;) of M. They are defined
by the analogous condition as above:

77Z)j quz)k_l(aa h) - (a7gjk(a)~h)), (a, h) € Ujk x G.

The condition implies g;.(a) := pry o ¥; o ¥, *(a,1) € G, where 1 is the unit in the
group G and with this definition we confirm

vty (a, h) = oy (a, 1)h = (a, praoy;ouy ™ (a, 1))h = (a, gji(a))h = (a, gj(a)-h).

As before, the cocycle condition is satisfied for the transition functions g; : Ujr, —

G:

(©) gij(a) - gix(a) - gri(a) =1

for a € Ujj, where 1 is the unit in the group G and the ”-” denotes the group multi-
plication, but - mostly is omitted.

Again, similar to the statement in Proposition any cocycle with values in G
yields a principal fibre bundle.

Construction D.4 (Frame Bundle). A vector bundle 7 : E — M induces a principal
fibre bundle R(E) — M with structure group being the general linear group G =
GL(r,K), the so called FRAME BUNDLE (”"Reperbiindel”) R(E) of E — M.

In the case of a complex line bundle 7w : L — M over M the corresponding principal
fibre bundle (which is used in Section 4.2) can be obtained simply by deleting the
zero section: The map, a — 0,, where 0, is the zero element in L, defines a section
z: M — L the so called zero section. Let L* := L\ z(M). Then the restriction of 7
to L* defines a principal fibre bundle L* over M with structure group C* = GL(1, C).
L* has the "same” transition functions as L.

In the general case the frame bundle R(E) of E — M can be constructed as
follows: The total space R(E) is fibrewise the set R,(F) of all ordered vector space
bases b = (by,...,b;) of Eo: R(E) := J,ep Ra(E). For g € G = GL(r,K) one defines
the right action of G on R(FE) by

(bg)a = ggbﬁ’ (1 <p,o< T)'

Then bg = ((bg)1,-..,(bg),) € R.(F) with (bg)h = b(gh) for g,h € GL(r,K), and
using elementary linear algebra, we see that the map G — R,(FE), g — bg, is bijective.

R(FE) obtains its topological and differential structure from the local trivializations

V:Ey »UxK
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of the vector bundle F, as we see in the following:

To each a € U there corresponds a special basis é(a) of E, depending on ¢: é(a) =
ey = (Vv (a,e1),...,v Ya,e,)), where (e1,...,e,) € (K")" is the standard basis of
K", defined by e, = (6?). Now, for every b € R,(E), a € U, there exists a unique
matrix ¢(b) € GL(r, K) such that

~

b= éy(a)(b),.

This construction leads to the definition of the map
VR R(E)y > U x G, b (ﬂ(b),z[)(b)) .
1® is bijective with inverse

(") " (a,9) = é(a)g, (a,9) €U x G.

In particular,

V(oh) = (n(ah) $(oh)) = (w(a), d(b)h) = ¥ (b)h.

Finally, the topology and the differentiable structure on R(E)y (and hence on R(FE))
will be defined by requiring that all these 1® are diffeomorphisms.

This construction immediately yields that the transition functions of E are also
transition functions of R(E): Let gj; be transition functions for E coming from local
trivializations ¢; : Fy, — U; X K". Then

Uit o () (a,1) = ¥ (éy, (a) = (a,v5(ey,(a)),

which imples that g} := U;(éy,) € E(Uy are transition functions for R(E). More-
over, because of &y (a)vj(éy,(a)) = €y, (a) and éy (a)gjr(a) = éy,(a) it follows
ik = %’(éwk) = gﬁ. Thus, up to isomorphism, R(E) can as well be defined as the
principal fibre bundle given by (g;i) directly.

In the case of a holomorphic vector bundle, the transition functions are holomorphic
(note, that GL(r, C) is a complex Lie group). Therefore, R(E) can be endowed with a
complex structure and thus becomes a holomorphic principal fibre bundle.

Definition D.5. It is evident how to define morphisms (also called homomorphisms) of
principal fibre bundles: For two such principal G-bundles 7 : P —+ M and ' : P — M
a morphism[ ™ is a smooth map

©:P— P

H8\More general definitions are possible, for instance allowing G to change or M to change.
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respecting the projections and right actions on P, P’, i.e. 7' 0 © = 7, described by the
commutative diagram

p_°.p
M =M,

and ©¥(p,g) = V'(O(p)g), or O(pg) = O(p)g, (p,g) € P x G, described by the

commutative commutative diagram

PxG—Y P

eXidgt @l

P xG—Y P

The last property is sometimes called equivariance.

Such a morphism of principal bundles determines, as in the case of line bundles
over M, local maps h; € £(U;, G) satisfying
(1) gy, = hyguhy .

Vice versa, a family (h;) with (I) determines a morphism P — P’

Example D.6. In particular, a principal G-bundle P over M is called to be TRIVIAL,

if there exists a morphism
O:P— MxG,

which has an inverse ©~! as a morphism (which means here that © is a diffeomorphism)
and thus establishing an isomorphism of principal fibre bundles. Such a morphism ©
is given by a map 0 : M — G satisfying 6(pg) = 0(p)g with

O(p) = (7(p),0(p)), p € P

When transition functions gj;, for P are given, then P is trivial if and only if there
exist local functions h; € £(U;, G) such that

gk = hihi ™.

In the context of bundles, one studies SECTIONS of the bundles. In case of a vector
bundle 7 : E — M the set of sections over an open U C M,
N'UE):={s€&(UE)|mos=idy}

is an £(U)-module in a natural way. For a principal fibre bundle 7 : P — M the set
of sections over an open U C M,

D(U,P):={c€&WU,P)|mooc=idy}
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comes with a natural right G-action
I'(U,P)x G —T(U, P),(0,9) — oy,

where og(a) := o(a)g.

As an example, the map

é:U— R(E)
in the construction of the frame bundle above is a section.

Note, that a principal G-bundle 7 : P — M admitting a global section o € T'(M, P)
is already trivial. Indeed:

©,: P—-MxG, ola)g — (a,9)
defines a trivialization with inverse

0,' : M xG— P, (a,9)— o(a)g.

In this way, every local section o : U — P provides a local trivialization: ©, :
PU —-UxG

O, (p) = (7(p),0(p)), p€ Pu,

where 0(p) € g is the unique group element with p = o(m(p))#(b), and where 6 €
E(Py, Q) satisfies 0(pg) = 0(p)g.

D.3 Associated bundles

How to come back from principal fibre bundles to vector bundles? Consider a principal
fibre bundle 7 : P — M with structure group G and let F' be a manifold (the general
fibre) with a differentiable left action on F' by G, denoted

AGxF—F,(g,z) = gr:=Ax).

(cf. Section for the notion of a Lie group action). Being a Lie group action includes
that the associativity in the following form holds: h(gx) = (hg)x, g,h € G,z € F.

We define P X F':= P x F'/ ~, where the equivalence relation is
(p.x) ~ (p,2') <= FgeG: (. 2) = (pg, g 'x).

Note, that the equivalence classes are the orbits of the following right action on
P x F induced by the left action A and the given right action on the principal fibre
bundle P:
(PxF)xG—=PxF, ((p,x),9) — (pg, g 'x).

The result is a fibre bundle P xg F' — M
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e with the projection g : P xg F' — M, [(p,z)] — 7(p),

e with general fibre I, where for a € M and py € P, the map [(po, )] — =, x € F,
is a diffeomorphism F, := 7' (a) — F,

e with structure group G,

e and with the right action (P xg F)x G — P xg P where ([(p, )], 9) — [(p, g7 2)]
for [(p,x)] € Pxg F,g€G.

P xq F is called the ASSOCIATED FIBRE BUNDLE.

We have to ensure that the quotient exists as a differentiable manifold. This can
be done by applying the result on the existence of the orbits space X/G of a Lie group
action on a manifold X (cf. Theorem [C.25)): Since the quotient P X F := P X F//~ is
the orbit space (P x F')/G with respect to the above mentioned right Lie group action
of G on P x F' it is enough, according to the theorem, to check that the action ® is
free and proper.

Another argumentation to show that the quotient manifold exists is to use the local
trivializations of P — M to verify that they yield local trivializations of 7p : P xXg F —
M and that the trivializations glue together to obtain the desired manifold structure
of the quotient. Yet another proof uses the transition functions induced by the original
bundle 7 : P — M and the Lie group action on F', see Proposition below.

The sections s : U — P Xg F of the associated bundle are defined as before: s is
a section if s is smooth and 7o s = idy. Let I'(U, P X F) denote the £(U)-module
of sections of P xg F over U. The sections can be described by functions on Py — F
with an equivariance or invariance property:

Proposition D.7. I'(U, P x¢ F) is isomorphic to the E(U)-module
Ec(Py, F)={f € E(Py, F) Vg €G: f(pg) =g~ f(n)}.

Proof. For f € Eq(Py, F) we define s¢(a) := [(p, f(p))], a € U, where w(p) = a. ss(a)
is well-defined, since for another p’ € P, there exists a unique g € G with p’ = pg.
Therefore, (¢, (1)) = (pg, f(pg)) = (g, g~"f(p), by the invariance property of f,
and consequently (p', f(p')) ~ (p, f(p)). It is easy to see that sy is a section, and
Eq(Py,F) — I(U,P xg F), f — sy, is linear over £(U) and injective. Finally the
surjectivity follows from the inverse construction: a section s : U — P xg F', s(a) =
[(p, )] determines a map s*(p) := x with s*(pg) = g~ 'o = g~'s*(p). This s* is well-
defined and satisfies s* € E(Py, F) with sy = s. O

ASSOCIATED VECTOR BUNDLE

We now concentrate on the special case of a vector space F' = C" as the general
fibre and on the left action on F given by a Lie group representation p : G — GL(r, C),
i.e. pis a smooth homomorphism. The induced left action on F' = C" is

gr=p(g)r,z€C,geq.
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p(g)x defines indeed a left action: (hg)x = p(hg)x = p(h)p(g)x = p(h)(gz) = h(gz).
On the basis of such a representation one obtains a vector bundle P xo C" = P x,C"
of rank r, also denoted by E,. The last result leads to the following.

Corollary D.8. I'(M, E,) is isomorphic to the E(U)-module

E(P,F):={fe€&(P,F)|VgeG: flpg)=plg) " f(p)}.

Let us compare the transition functions g;; € £(Uji, G) of the principal G-bundle 7 :
P — M and the corresponding transition functions of the associated vector bundle E,
induced by a representation p : G — GL(r,C). The result is: p(g;x) € £(Ujk, GL(r, C))
can serve as the transition functions of F, and a corresponding result holds for the
case of a general associated fibre bundle. We describe this in some detail:

Proposition D.9. Let A : G X F — F be a left action on a manifold F in the form
of the induced map p : G — Diff(F') (where Diff(F') is the group of diffeomorphisms
F — F) given by

p(g)(z) == Mg, x) = gz, (9,7) € G x F.

Then p is a group homomorphism. Moreover, the associated bundle P X F has as
suitable transition functions gl the functions p(gx) : Uy — Diff(F) where gj, €
E(Ujk, G) are transition functions of P.

Proof. In order to show this result we compare in the situation of a local trivialization
1 Py — U x G of P over an open U C M the quotients

Py xF — PyxgF and " : (UxG)x F — (UxG) xgF.
Because of
0" ((a,h),2) == [((a, h), x)] = {((a, hg), p(g™")z) : g € G},

for (a,h) € U x G and = € F this equivalence class has a unique representative of the
form ((a, 1), p(h)z) € (U x G) x F. Using this, we identify (U x G) x¢ F with U x F'
and note that the quotient map now is

" (UxG)xF—=UxF, ((a,h),z) — (a, p(h)x).
As a result, a suitable trivialization of Py xg F' is

V' Py xg F = UxaF, [(p.)] = (n(p), p(h(p))z),

if ¥(p) = (w(p),h(p)), h: Py — G,p € Py. Now, we conclude

oy o (o) (a.2) = pf ([0 (0. 1).2)]) = (a,p (4 0 0 @, D))
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This equality yields the desired result
g4 = p(gij) : Uiy — Diff(F),

respectively
p(gi;) - Uiz = GL(r, C)

in the case of p : G — GL(r, C). O

We finally present an example of the process of creating vector bundles as associated
fibre bundles induced by a representation — an example which we already know from
the tautological line bundle.

Example D.10. M is the projective space P"(C) of complex dimension n. On M we
consider the dual H = TV of the tautological line bundle " — M, i.e. the hyperplane
bundle. H is determined by the transition functions

_

Gik(zo i zn) ==, (20:-:12,) €Uy =U; Ny

<j

with respect to the homogeneous coordinates (zo : -+ - : zy).

The corresponding principal fibre bundle of H, the frame bundle of H, is H* — M
with structure group C* = GL(1,C). This bundle is determined by the same transition
functions gjp.

Now, to each representation p,, : C* — GL(1,C), z — 2™, where m € 7Z, we obtain
the associated vector bundle E, , which is a line bundle with the transition functions

m 2k "
pm(gjk) =G5k = <—)

Zj

according to our proposition. Hence, for m € Z the associated line bundle F,  is
equivalent to our previously defined line bundle H(m) = H®™, see Construction
in Section 3.3

D.4 Principal Connection

In Chapter 4 we present at least 5 different ways to define the concept of a connection
on a line bundle L — M: In form of a collection of covariant derivatives Vx in
through local connection forms a; on the base manifold M in , through a global
connection form « on the frame bundle L* in [4.7) through a horizontal subbundle
H of TL* in and through a vertical projection on the tangent bundle T'L* in
[4.9] We now introduce connections in principal fibre bundles. In this way, we can
regard connections on line bundles in the framework of general connections. Some
parts become more complicated, but others look simpler in the general case.
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Let 7 : P — M be a principal G-bundle (as in Section [D.2)). G is a Lie group
and we restrict, for simplicity, to matrix groups, i.e. to closed subgroups of the general
linear group GL(m,C) for some m € N. Let n denote the dimension of M and k the
dimension of G. Then P has the dimension n + k.

Let g = Lie GG denote the Lie algebra of G and exp : g — G the exponential map.

Definition D.11. The FUNDAMENTAL FIELD associated to X € g is the vector field
X € B(P) given by

X() = Lpexp(tX))lco = pesp(tX)], € TP

Compare with the case of C* = G and C = LieG : X = ¢ € C, 2mif = Ye (Definition
75).

For each point p € P the tangent vector X (p) € T, P points in the direction of the
fibre P,, a = m(p), which is the same as to say that X(p) € Ker 7,7 C T,P :

T,m(X(p)) = [r(pexp(Xt))]a =0

since m(pexp(Xt)) = m(p) = a is constant.

For each a € M and p € P, the tangent space to the fibre P, at p agrees with the
kernel of T,:
T, (FP,) = KerTm.

We call V := KerT'r C TP the VERTICAL BUNDLE. The inclusion V' C TP induces
the structure of a real vector bundle on V' of (real) dimension k := dim G = dimg 7,,P,,
where the projection V' — P of the vector bundle V' is the restriction 7|y of the
projection of the tangent bundle 7 : TP — P.

Lemma D.12. The fibres of V' are isomorphic to g, where & is considered as a real
vector space. The isomorphism is given by

g—= TP, X— X(p),
with a = 7(p). In particular,
V, = KerTymr = T,P, = {X(p) : X € g},
Proof. For each p € P the map
g—=T,P, X — X(p)

is R-linear and injective, since X (p) = 0 means pexp(Xt) is constant, hence X = 0.
Its image is all of TP, because of dimg g = dimg 7,P,. Hence X +— X(p) is an
isomorphism. The other equalities have been shown in the considerations before. [J
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As a result, X > X (p) has an inverse o, : V, — g and the induced map
c:V—=>Pxg, o) :=(1(v),0,(v)),v eV,

turns out to be a diffeomorphism with pr; oo = 7 and o, : V, — {p} x g linear.
Therefore, o : V — P x g = P x R¥ is a vector bundle isomorphism. Altogether, we
have shown

Proposition D.13. The vertical bundle V C TP is a trivial vector subbundle of TP
of rank k over R.

PrINCIPAL CONNECTIONS:

Now, we introduce the concept of a connection on P. Before that, let us extend the
notion of a differential 1-form on P to the vector valued case: A one form with values
in K" is an £(P)-linear map « : B(P) — E(P,K") and one denotes the space of these
1-forms by

AY(P,K") := Hom g(p)(V(P),E(P,K")) = A (P) 9 K.

In the same way we have A'(P,g) := Hom ¢p)(B(P),E(P, g)).

Definition D.14. A (global) CONNECTION FORM on P is a one form o € A'(P,g)
satisfying

(I1) aX)=X forall X €g

(12) Ul =g 'ag forall g € G (gauge invariance)

Here, ¥, : P — P is the diffeomorphism induced by the right action ¥ of P:
U,(p) =pg, ¥, : p+—> pg. g ra(X)g is well-defined since for a matrix group G C
GL(m,C) the Lie algebra g = LieG is a subalgebra g C Lie GL(m,C) = C™*™ of
the Lle algebra C™*™ of all m x m-matrices. Hence, ¢ 'a(X)g is simply defined by
matrix multiplication. And every g € G induces a map g — g, X — ¢ ' Xg (which is
ad,-1: g — g).

Evidently, the conditions (I1), (I2) above agree with the line bundle case (c.f. Propo-
sition , since ¢ 'ae = o in the case of c € C* = G.

Given a principal fibre bundle 7 : P — M with a connection, i.e. a connection
form « € A'(P,g) with (I1) and (I2) we obtain an associated HORIZONTAL BUNDLE
H C TP in the following way:

H :=Kera C TP,
with the fibres H, = Ker oy, = {Y, € T,P | o, (Y,,) = 0}. Since aply, : V, = g is an

isomorphism (by (I1) and Lemma [D.12)) the dimension of H), is n = dim M (note, that
the dimension of P is n+k). Therefore, the induced structure from T'P yields on H the
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structure of a real vector bundle of dimension n. Since H, NV, = {0} for all p € P,
we obtain the decomposition
TP=H®V

of TP into the direct sum of two real vector subbundles H,V of TP. The action ¥,
induces an isomorphism 7,V : H, — H,, for all (p,g) € P x G. We have shown the
first half of the following.

Proposition D.15. A connection form o € A*(P) on a principal fibre bundle P — M
defines the horizontal bundle H := Ker o with

(Hl) TP=H®V
(H2) T,V (Hp) = Hyy for all (p,g) € P x G

Conversely, any vector subbundle H C T'P satisfying (H1) and (H2) induces a connec-
tion form o € AY(P) with H = Ker .

Proof. To define o using (H1) and (H2) let v : TP — TP be the projection which
fibrewise is the linear projection v, : T,P — T,,P with Kerv, = H, and Imv, = V,. v
is a vector bundle homomorphism. Now, « := 0 o v as the map

p— a,=o0,0v, € Endg (T,P,g) ,p€ P,

induces the one form « € A'(P,g) through

a(X)(p) :=0,00,(X,) €9, X € B(P).

Evidently, we have H = Kera. It remains to show that « is a connection form.
(I1) is immediate, since a(X) = g ov(X) = o(X) = X for X € g. To show (12) let
Y € Hy, ie. a(Y) =oc(@()) =0. Then ¥V;a(Y) = covoTV,(Y) = 0, by (H2).

Consequently ¥a(Y) =0 =g 'a(Y)g. For X € g we know

T,0,(X(p) = [Wy(pexpt X))y, = [pgg~" exptXgl,, = [pgexp(gtXg)ly = g7 X g(pg).

Therefore, because of vpg(gfl\)?g(pg)) = gfl\)?g(pg),

—_—

\I’;O‘(X)@) = Opg © Upg<Tp\I!g(X(p)) = 0pg © Upg(97 X g(pg)) = 971X9~

This proves (12). O

Exploiting the preceding proof we obtain another description of a principal connec-

tion (given by a one form « satisfying the above axioms or by a decomposition H & P
of TP with (H1) and (H2)):
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Proposition D.16. A principal connection is also given by a vector bundle homomor-
phism v : TP — TP with the properties:

(V1) vov=v and Imv ="V,
(V2) TV,ov=v0TV¥, for each g € G.

Proof. With the complementary vector bundle H := Kerv C T'P we have TP = HDV .
And TV, (Y) € H,, for Y € H, by (V2), hence (H2).

Conversely, a decomposition TP = H @ V with (H2) immediately yields the pro-
jection v : T'P — T'P onto V satisfying

TV ,0v=v0TV,.

]

In physics, P is called the space of phase factors, and « is the (global) gauge
potential.

We obtain local gauge potentials by pullback: Let s : U — P be a section,
i.e. smooth and som =idy (U C M open). Denote

A% = s*a € ANU, g).

Then A® is called a local gauge potential (given by s ). How do these local gauge
potentials fit together?

Proposition D.17. Given two sections s,s' : U — P over U C P the corresponding

local gauge potentials
A=s*a,A = s"a

satisfy

A'=gAg~" + gdg™!

where g(a) € G is the uniquely defined group element with s(a) = '(a)g(a).

Proof. Let Y € T, M be given by the curve ¥(t), i.e. Y = [y],. Then

s"o(Y)(a) = ay () (%s’ oy(t) 0> and
%s’ o y(t) . = % (s-g7") on(t) . = %(s oy(t)) (97" on(t)) B
= %s ov(t)g (a) . + %s(a) -9~ on(t) B




D.4  Principal Connection 343

With h := g~ '(a) € G, the first term is

d

4 oson(t)  =Tyu, (Ts(Y)) .p = s(a).

dt =0
To analyze the second term <s(a) -gfloy(t)|t:0 = %s’(a)g(a)gilov(t)‘tzo we
observe that X := %g(a)g_l(’y(t)ﬂt:o is a tangential vector X € T.G, since

g(a)g™1(~(0)) = e = identity, and can be viewed as to be a Lie algebra element X €
g = T.G. Since g(a)g~"(y(t)) is the matrix multiplication: X = g(a)£g~'(y(t))],_, =
g(a)T,g ' (Y). For every curve n(t) in G with n(0) = e and []. = X one has

- d
X @)= W) per
t=0
in particular for n(t) = g(a)g~*(v(¢)) : According to (H1), we have a, ()N( (p')) =X

and we conclude (p' = §'(a)) :

L ay (g8'(a)g(a)g™ (v(1)) |, = X = g(a)Tug™' (V).
Moreover, for the first term 7, ¥, (T,s(Y")) the second condition reads

apn (T, (Tus(Y)) = h oy, (Tus(Y)) h,
and because of p’ = ph,h™' = g(a) and A,(Y) = s*a(Y) = «, (T,,s(Y)) we obtain
2. ay (T,0 (Tus(Y)) = g(a) Aa(Y)g " (a)
Putting everything together we have

Amwzw(%w@lo

= g(a)Aa(Y)g ™" (a) + g(a)Tug ™ (Y)

— ay (0 Tus(V) + sty

-

]

As before, local trivalizations (here given by local sections) over U; with respect to
an open cover (U;) of M yield local gauge potentials A; with a transition rule and vice
versa. In detail:

Let s; : U; — P smooth sections with its corresponding trivialization ¢; : Py, —
U; x G, p~— (mp,5;(p)), where 5;(p) € G is given by p = s;(7(p))5,(p), in particular
Si(sj(a)) = 1 and s;(a) = ¥'(a,1). These data induce transition functions g, €
& (Ujy, G), given by gjr = 55 0 §j_1. In particular, (g;i) satisfies (C), and

s; =skgjk on Uy, # @

Let A; := sia € A" (Uj, 9).
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Proposition D.18. Let o be a connection form on the principal G-bundle P — M.
Define the local gauge potentials A; and the transition functions g;, as above (depending
on the sections s;). Then

(Z) Ak = giAi95 + 9ixdg;y,

Conversely, a collection (A;) of 1-forms with (Z) defines a connection form a whose
local gauge potentials are the A;.

Note that (Z) is essentially the same as (Z) in the line bundle case with G = C*
since dgg~! + gdg™! = 0 in general and gag™! = « for g € C*.

D.5 Connection on a Vector Bundle

Definition D.19. A CONNECTION on a vector bundle 7 : £ — M is a collection of
maps

V:I(UE) — AYU,E),

indexed by the open subsets U C M, and are compatible with restrictions to open
subsets V' C U, such that:

V(fs)=dfs+ fVs,se (U F),,fe&U).

The last line is a short version of the properties (K1) and (K2) of Definition [4.1]

The local description of a connection is the following: Let s = (s',...,s") €
['(U, E)" be a frame of Ey, i.e. s is a section s € I'(U, R(E)) of the frame bundle
R(E) of E. Each section o € I'(U, E) has a unique representation o = f-s = f;s* with
fe € T(U, E). Therefore,

Vo=Vf-s=df -s+2miA,f-s,

with a one form A, € T'(U, End (C")), the local connection form or gauge potential[["]
In particular, when X € U(U) and (A4(X))} is the matrix A,(X) € (U, End (C"))

VX(f . 8) = Vx(fgsg) = (fog -+ QWZ(AS(X))ffk) st

Now let (U;) be an open cover of M with local frames s; € I'(U;, R(E)). Then the local
connection forms A; := A, satisfy (Z) above with respect to the group G = GL(r, C).
Moreover, they induce a connection form o on R(F) by «| Ry, '= T A;.

Conversely. a global connection form a on R(E) induces a collection A; = sia of
local connection forms with respect to frames s; and hence a connection in the sense

of Definition [D.19]

H9The factor 27 in front of A, is just a convention used in geometric quantization. In vector bundle
theory it is quite common to omit this factor or rather replace it by 1.
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Thus we have generalized Proposition [£.16] the general procedure in which a given
connection on the principal C*- bundle L* induces a connection on the line bundle L
and vice versa: One simply uses the globally given connection form a € A!(L*) and
nowhere vanishing local sections s; : U; — L (where (Uj),; is an open cover) to obtain
A; = sia € A" (U;) satisfying (Z) and thus defining a connection on L.

This procedure has its generalization to G-vector bundles, i.e. £, = P x,C", where
p: G — GL(r,C) is a Lie group representation and 7 : P — M a principal G-bundle.

Assume that the principal connection on P — M is given by a connection one form
a € AY(P,g) as above. Using the derivative Liep : g — gl(r,C) = Lie GL(r,C)
one obtains for each section s € I'(U, P) a local gl(r,C)-valued one form Ay :=
(Liep)s*a = p.sta € AYU,gl(r,C)). A section s € T'(U, P) becomes a section
§ = pos € I'(U R(E)) using the natural map p : P — P x, GL(r,C). The in-
duced covariant derivative is, for a section ¢ = f - s:

Vfs=df -s+ frm—emiA.f-3.

~

§j:¢j_10(id><p)olpjosj.

Liep:g— g(C") = End¢ (C") = Lie GL(r, C)
is induced by p :

Proposition D.20. On every vector bundle over a paracompact manifold there exists
a connectiorf Y.

Proof. For the case of a line bundle: For a given line bundle L — M let (U;);er be
an open cover of M over which L is trivial with trivializations ¢; : Ly, — U; x C and
local sections s;(a) = cpj_l(a, 1), a € U;. Without loss of generality, we can assume the
cover to be locally finite. We choose 3; € A' (U;) and obtain locally connections

Vg?)fsj = (Lxf+2mip;(x)f)s;, fe U,
on Ly,,j € I. Let (p;) be a partition of unity subordinate to (Uj), i.e. p; € E(M),
suppp; C Uj and 3, pj(a) =1 for each a € M. Then

Vxs:= Z pl-V()?s

el

N S € F(U7 L) )

defines a connection on L. ]

Summary:

120The result holds true for general fibre bundles with esentially the same proof.
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E Cohomology

In this chapter, we give a short introduction to Cech cohomology and compare it with
de Rham cohomology. One major objective is to show that these two cohomology
theories on a manifold are equivalent.

It is helpful but not necessary to base everything in terms of sheaves. To support
this aspect, we proceed in a twofold way: We first present Cech cohomology with values
in an abelian group G. In particular, we compare the cases G = R, G = C with de
Rham cohomology.

We also calculate the Chech cohomology for contractible manifolds and for the
relatively simple cases S' and S* = P*(C)

Finally, cohomology is extended to sheaves. As a result, we see that Cech coho-
mology with values in abelian sheaves is not much more complicated or difficult than
the case of Cech cohomology with values in groups, - except for the notion of a sheaf,
which is a bit involved.

In the following, M will be a topological space, which we assume to be paracompact.
We are mainly interested in the case of a paracompact manifold.

E.1 Cech Cohomology with Values in an Abelian Group

Let G be a fixed abelian group. The elements of G are sometimes called coefficients in
the context of cohomology with values in G.

Definition E.1. For open U C M we define

FU)=FU)=F(U,G) :={g:U = G| g locally constant} .

In another formulation one has F(U) = {¢g : U — G | ¢ continuous} when G is
endowed with the discrete topology (which is the topology where all subsets H C G
are open). Note, that F(0) = {0} = 0, the one-point group.

F(U) is an abelian group for each open subset U C M by pointwise multiplication
or addition depending of whether the composition in G is written multiplicatively or
additively. We choose the additive notation in the following. To every inclusion

V Cc U of open subsets U,V C M
there corresponds the natural RESTRICTION MAP

pvu FU) = FV), g glv.
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Lemma E.2. pyy is a group homomorphism and for open subsets W, V,U C M with
W CV C U the identities

pw,v ° pvu = pwu, puu = idrw)

are satisfied.

This property resembles the cocycle condition (C) in Section for cocycles
(gij)ijer induced by line bundles. Here, with respect to the index set I := {U C
M | U open }.

Note, that F¢ together with Lemma is a presheaf, cf. Definition m

When the abelian group E is a vector space over R, the groups F(U) = F(U, E)

are R-vector spaces as well and the restrictions pyy are linear maps.

Definition E.3. Let { = (U;),er be an open cover of M and ¢ € N.

1. A ¢-SIMPLEX o is an ordered (¢ + 1) tuple (Uj,,Uj,,...,Uj,),ji € I, such that

Uj ::UjoﬂUjlﬂ---ﬂqu#Q).

0.
lo| = Ui,...i, is the SUPPORT of the g-simplex o.

2. The k-th PARTIAL BOUNDARY 00 of a ¢g-simplex o = (U;,,Uj,, ..., Uj,) € 3(q) ,
q>0,0<k<q,is the (¢ — 1)-simplex

&w = (UjO’ ceey Ujk? ce qu),

where (j; means, that the entry Uj, has to be omitted.

We describe g-simplices for low ¢ in some detail:

¢ = 0: A O-simplex is of the form o = (U;) where j € I. ¢ has no boundary.

g = 1: A l-simplex is of the form o = (U;, U;) or o = (Uj,,U;,), %, J, jo,j1 € I. The
support of ¢ is |o| = U;NU; = U;;. The partial boundaries are 9yo = (U;), 010 = (U;).

q = 2: A 2-simplex is of the form ¢ = (U;,U;,Uy), i,j,k € I. The support of
ois o] = U;NU; NU; = Uyjy. The partial boundaries are dyo = (U;,Uy), 010 =
(Ui, Uy), %2(U;, Uj).

In the following we fix an abelian group G.

Definition E.4. Let G be an abelian group and consider the induced groups F(U) =
FE(U) of locally constant functions U — G (cf. Definition [E.1)) with the restriction
homomorphisms pyy : F(U) — F(V),V C U C M. Moreover, let 4 be an open cover
of M.
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1. A ¢-cOCHAIN of il with coefficients in F (or in G) is a family
N = (No)oes(q) » e € F(lo]).
C1(, F) = CI4U, G) denotes the abelian group of g-cochains with pointwise

addition: (n+1'), := 1, + 1., . For a ¢g-simplex 0 = (Uj,, ......,Uj,) a ¢-cochain
n = (n,) will often be written in the form n = (n;,..j.) with 0, =1, =

.....

2. The COBOUNDARY OPERATOR d = d¢
d?: CU F) — 0q+1(u,f)

is the homomorphism given by

q+1

d'n(0) = (1) ploljo,01(N(D;0).

J=0

Here, o is a (¢ + 1)-simplex, hence 0,0 is a g-simplex and n(0d;0) € F(|0;0]).
This element will be restricted to |o| as pj|,9,0] to obtain the summands
(—=1)! pio|,j8,0/1(0;0) in the above formula defining dn € C*H (U, F).

A g-cochain 1 with dn = 0 is called a g-COCYCLE. A g-cochain n with d=1¢ =0
for a ¢ € C971(U, F) is called a ¢-COBOUNDARY.

It is easy to show that d? is a homomorphism and that d?> = 0 i.e. d?"'od? = 0.
Thus, (C*(4, F),d*) is a complex, and the following definitions make sense:

Definition E.5.
Z9(U, F) == Ker (d* : CU8, F) — CTH (WU, F)) ,
BYU, F) :=Im (" : CH (8, F) = CYU, F)) ,
HIYU,G) = HY(U, F) := Z9(, F)/BI(LU, F).

H (U, F) is the (Cech) cohomology group of order ¢ with values in F. The elements
of H1(U, F) are the g-cohomology classes.

The cases G = R and G = C are particularly interesting for manifolds M. It leads
to de Rham cohomology, see below.

In the sections 3.4, 6.5, 8.2, 8.3, and 17.3 we need the cases G = U(1),
G =7 and G = Zs.

Let us consider 0-cohomology classes. A representative for ¢ € HO(4, F) is a 0-
cochain 7 = (Mo, ), Moy, € F(Ui), ¢ = [n]. We simplify the notation and set n; =
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Now, - 1 has to satisty d’n =0, ie. n; v,; — Miluij = 0 for all 4,7 € I. These conditions

imply that f,[; := n; define a unique f,; € F(M.G). As a result, HO(U, F) = F(M) by
= [n] — f,. In particular, when M is connected, H°(8, F) = G.

As another example, we consider the case ¢ = 1. A 1-cochain € C'(4, F) is given

by (o) = nw, v, € F(Us;) written as ny; := nw,v,) € F(Uy;). The coboundary of 7 is

(d'0)iji = Mk — Tir + ij
where the restrictions p of the n;; etc. to U, have been suppressed. Therefore, if
Nij + Nk + e = 0 for all 7,5,k € I, in particular 7;; = 0 and n;; = —n;; the cochain
is a cocycle n € Z'(U4, F) and determines a cohomology class [n] € H' (U, G). Two

such n,n’ are equivalent (and hence determine the same class) if and only if there is a
0-cochain h = (h;) with n, = n3 + hi — hy.

We want to calculate some elementary examples. To this end we use reduced
cochains whithout repetitions of the indices (g-simplices) and introduce, in the follow-
ing, a slightly different definition of the cohomology groups which replaces the above
definition:

As before, let 4 = (U;);er an open cover of the space M and let F(U) be the
abelian group of locally constant maps U — G for a given abelian group G. We equip
the index set I with an order ”<” (in most of the cases, I is finite). For ¢ € N we
set ] = {(]0,]1,- ) e [+t | Jo<n<..< jq7j€ € ]} and Uj = Uj07j1,-..jq when
J= (]07]17' -Jq) and Ujo,jr,da # 0.

For ¢ € N define the group of Cech g-chains by
=[[7wy
J€lq
(subgroup of C(4, F) above) and the coboundary operators by
d': CU U, F) — CHW F), (ny)jer, = 0 — d'(n) = (d"()ker, )
by

g+1

dq(n)k = Z(_l)gnk\{kg} , k= (k’o, k’l, .. kq+1) € Iq+1 .
/=0

In particular,
F) =17, ¢' . F) =[] F W)
el 1<J

For finite I with £ + 1 = #1 the number of indices, we have

C* (U, F) :z]-"(ﬂUz) . when (Ui #0.

el i€l
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For ¢ + 1 > #I = k we have C(4, F) = {0} and for ¢ < 0 we set C9(L, F) = {0}.
It is easy to prove that d97! o d? = 0. Hence,

(C*.d*%) = (CIY, ]—"),dq)qu ,

is a complex, the (reduced) Cech complex, sometimes visualized by

s G FY I Cast, F) L G (s, F) —

Definition E.6. The gth Cech cohomology group H?(4, F) is the ¢** cohomology group
of the Cech complex C*(4, F), in other words

HI(U, F) :=Kerd?/Imd?™" .

A direct inspection shows that this definition is equivalent to the one given in
Examples E.7.

1. Assume, that the open cover 4 of M consists of two open subsets Uy, U;. The
Cech complex is the sequence

0— COULG) L CL, @) s 0.

If Uy and U, are connected we have CO(U, G) = F(U,) x F(Uy) = G2. Here, we
use the fact F(U) = G for nonempty open connected subsets U of M. Moreover,
if Uy # () consists of m connected components Vi, V5, ...V, we have

CHU, G) = F(Up) 2 F(Vi) x F(Va) x ... F(Vi,) =2 G™.

The coboundary operator acts as d°(g,h) = (h —g,...,h —g)) for (g,h) € G*
Hence, Kerd® = G and Imd° = G. As a result

HMU,G) =G and H'(U,G) =G™/Imd’ = G™ .
2. In case of Y = (U, Uy, Us) the Cech complex is the sequence
0— OO, G) % CLuL G) L C2 (8L, G) S5 0.

(a) When Uy, Us, Us, Uyg, Usz, Urs, Urag are nonempty and connected the se-
quence has the form

00— Lo oy,

As before the kernel of d° is isomorphic to G and Imd° = G?. d' acts as
d*(f,g9,h) = f — g+ h with Kerd' = G* and Imd" = G, Since Kerd?> = G
the result is

HOUW G =2G  HY(Y,G) =0 and H'Y(U,G)=0.
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(b)

Wheanl, Us, Us, Uia, Uss, Uy are nonempty and connected and Ujag = 0,
then C?(U,G) = 0, and the sequence has the form

0— G Lo,
Now, Kerd! = G? and Im d° = G2, so that
HWUG) =G, HY(Y,G) =G and H'(U,G) =0.

This general result can be applied to the circle M = S! = {e™# | p € R}
and the covering elements

Up={e"| —1fs <p < 1p},

Uy = {e*™ | 1/s < p < 5/6} and

Us = {e™ | 12 < p <7/},
When Uy, Uy, Uz, Uyg, Usg, Uz are nonempty and connected and Uja3 consists
of two nonempty components the sequence has the form

0—& e Loy 2a Lo
As a consequence,
HWUG) =G, HY(Y,G) =0 and H* (U G)=G.

This general case can be applied to M = S§? = P(C) with respect to the
following open cover: Choose a triangle on S? with 3 faces K, K», K3 and
set U; :=S*\ K;. U;; = $?\ (K; U Kj) is connected and simply connected
while Ujp3 = §?\ (K; U K, U K — 3) has two open components: The interior
of the triangle and its exterior.

3. When U = (Uy, Us, Us, Uy) with connected and nonempty U;, Uij, Uy, 1 < i <
j <k <4, and Uja3s = 0 the sequence has the form

0— COu,G) = G T WG = 6° D CAuL6) = 6t CR(U,G) 2 0.

Then Kerd® = G, Imd® = G?, Kerd' = G3, Imd* = G and Kerd? = G*. As a
consequence,

HWUG) =G, HY(Y,G)=0 and H*(U,G)=G.

This general result can be applied to the manifold M = §* = P}(C) with a
covering Y = (U;) such that all U;, U;;, U;;i, are contractible, see below.
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The cohomology groups H (4, ) are interesting algebraic invariants of the topo-
logical space M. But one is interested to find invariants which do not depend on special
open coverings 4 of M. To get rid of this dependence one uses direct limits. In this
way, Cech cohomology groups H9(M,G) = H9(M, F) are obtained.

DIrRECT LiMIT

Let us introduce direct limits (also called inductive limits or, in the language of
category theory, colimits.):

Definition E.S8.

1. Let (A, <) be a directed set. That is, < is a reflexive and transitive partial order

on A such that every pair of elements a, 3 € A has an upper bound k € A,
a<y, <.

Let (X4 )aea be a family of structured objects, for instance groups, vector spaces,
topological spaces, rings, etcE We stick to the case of groups in the following.
Let fop : Xo — Xpg be a homomorphism for all « < S with the following
properties:

i faa = ian ) and
® foy = fayo fapforala<pg<n.

faﬁ

At
X’Y

Then the pair (X,, fas) is called a directed system over A.

Xa

Xs

A direct limit of the directed system (X, fus) is a group X with homomorphisms
fs: Xz — X satistying f, = fzo fap for a < 3, such that the following universal
property is fulfilled: If gg : X3 — Y are homomorphisms with g, = gg o fus for
a < 3, then there exists a unique homomorphism f : X — Y such that

fofs=9s-

The universal property is expressed by the diagram:

f
\fi
Ja X
Y

Xa

af Xﬁ
”

| %

If

N

121

or, in general, objects in a category
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The direct limit of the directed system (X, fos) is unique up to isomorphism. It
is denoted by lim X, if it exists. In the case of groups Xj it always exists and can
be constructed as follows. One starts with the disjoint union | |, X, of the X, s, and
defines the following equivalence relation: For z, € X, and x3 € X3, v, ~ x5 if there
is v € A with o < yand § < v for which fo,(z,) = f3,(z3). Now, lim X, o= L, Xa/~
and

fa:Xq— ligrle To > [T4]

sending each element to its equivalence class. The algebraic operations on tha are
defined such that these maps become homomorphisms.

In order to obtain Cech cohomology groups, which are independent of open cover-
ings 4 of M, we use the concept of a direct limit in the following way: The index set
is A =Co(M):={U| & open cover of M} with the following partial order relation:
Given two open covers 3 = (U;)ier and U = (Vi)rex of M the cover is defined to
satisfy U < 4 when U is a REFINEMENT of 4. i.e. when for all £k € K there exists a
p(k) € I with Vi, C Uypy- In this way, (A, <) is a directed set.

The so-called REFINEMENT MAP g : K — [ induces a homomorphismus
/’l’q : Cq(u7 f) H Cq(m7 f) Y /"Lq(n)j07“"jq = nH(jO)a---vM(jq) ?

where the restriction map is again omitted for simplicity. Now, d9 commutes with p9,
d?o pu? = it od?, i.e. the following diagram is commutative:

C1(8l, Q) —E crri(y, G)

Luq luﬁl

C4(B, G) —= C1H (T, G)

As a consequence u induces a homomorphismus 19 : HI(4U, G) — H(, G) for ¢ < U

We omit the proof of the following lemma

Lemma E.9. Any other refinement map v : K — I satisfies 14 = v4.

Thus, fiy = v7: HI(U, G) — HY(V,G), i <Y is well defined, and for 4 < U <
20 it is easy to show fiy = filn © fa-
In this way we obtain a directed system of abelian groups (I:I (U, F), jgy) indexed

by Co(M). The direct limit of this directed system is - by definition - the ¢-th CrcH
COHOMOLOGY GROUP:

Definition E.10. The q-th CECH COHOMOLOGY GROUP on M with values in is
defined by ) § )
HY(M,G)=HYM,F):= liqu(il,]:).
8

122This definition does work not only for F = F¢, G an abelian group, but also for abelian presheaves.
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Remark E.11. In case of a manifold M and its Cech cohomology with values in R the
deRham theorem implies that for an open cover 4 with contractible U;, U;;, Uyjp, - . .
we have Hi,(M,R) = H( R) (see next section). It follows that the direct limit
HI(M,G) of the H(, G) is isomorphic to Hl,(M,R) and, hence,

HI(M,R) = HY(U,R).

So one can avoid to consider the direct limit and can calculate the cohomology by
restricting to one Cech complex (C*(4, F), d) for one fixed cover iL.

This happens quite often: An open cover i of M is called Leray cover for F, if
HY(M,F)=HYU,F).

More precisely, if the canonical homomorphism H4(4, F) — H9(M, F) is an isomor-
phism. We just have seen, that an open cover (U;) of a manifold M is a Leray cover
for F® if all intersections of the U; are contractible or empty.

More generally, Leray’s theorem asserts, that an open cover of a general topological
space M is a Leray cover for F whenever the cohomology groups vanish, i.e.

H Uiy N U, N .. U,

F)={0},p>1,i,€l,0<(<Fk.

E.2 DeRham Cohomology

Let us now come to the comparison of H9($(, R) with the de Rham cohomology groups
Hj.(M,R). Recall:

HeL(M,R) = {a € AYM) | do = 0}/{a € A(M) | 3B : dB = a}.

Theorem E.12 (deRham). Let i = (U;);er be an open cover of a smooth manifold M
such that all intersections Uiy, . s, = Uy, N U, N -~ N U;, are empty or contractible.
Then there exists a natural isomorphism

HI(M,R) — HY(4,R), geN.

In particular, ]
Hi(M,R)= HY(M,R), geN.

Proof. Note that there always exist such open covers for a manifold. First of all we
prove the isomorphism in the case ¢ = 1 in full detail:

Let o € A'(M) with dov = 0. Then aly, is exact by the lemma of Poincaré (since U
is diffeomorphic to a contractible open subset of R™). Let f; € £(U;) with df; = aly,.
Then n;; := (fi — f;)|uv,, is a constant 7;; € R since

d(fi_fj)|Uij :alUij _a|Uij =0, (87)
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and the U;; are connected.
The 1-cochain 7, := 7 = (n;;) satisfies
)ik =m —mix +mi5 = fi — fo = fi+ o + fi = f; =0,
hence 1, = 7 is a cocycle n € Z*(4,R) and defines an element [n,] € H'(4, R).

To what extent is this cohomology element [7] independent of the various choices
made? Let o* € A'(M) be in the same de Rham class as «, i.e. o —a = dg,
where g € £(M). Choose f; € £(U;) with df] = o[y, and nj; = (ff — f7)lv,- By
d(f; — f;) = (&* — a)|y, = dg|y, we can write

fi—fi=9+¢

with suitable constants ¢; € R (U; is contractible). Hence,

* : *
Ny — Mij = ¢ — ¢, Le. de=n"—mn,

when ¢ = (¢;). As a result, n* —n € BY(4,C), hence [n*] = [] € H'(U,R), and the
map
U HY(M,R) — HY (U, R),

with ¥(«) := [n.], is well-defined. Evidently ¥ is a homomorphism. Moreover, ¥
is injective: W(a) = [n,] = 0 implies n;; = ¢; — ¢; for ¢; € F(U;,R), ¢; € F(U;,R),
i.e. ci,c; € R. Hence, g; := f; + ¢ satisty dg; = oy, and gi|v,, = g;|v,, for all 4,5 € I.
Therefore, g|y; := g; defines a function g € £(M) with dg = o which means [a] = 0 in
H)n(M,R).

To show surjectivity of W let [n] € H'(4,R), with n = (n;;) and n;; € F(Uy;, R)
satisfying dn = 0. We find a smooth, locally finite partition of unity (hy)res such that
the support supp h; of h; is compact and supp h; C U;. Define

Qy 1= anhldhj .
Y]

n=(ny) € Z'(4,R). We can show
Claim:
&ﬁ’Uk = dfy,
where fp =Y ng;h;. (All sums are finite, since (hy)es is locally finite.)

Using this result it is clear that the 1-form «,, is closed. Furthermore, we get

fe=Jr="> " (g — ) by

J

= Z Nwhj, because of dn =0

J
anzhj
J

= Mki-
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We conclude ¥(a,) =[] € H'(4,R) and the surjectivity of ¥ is proven.

In order to prove the claim

aylv, = dfs = d0>_miihy) |
j

consider:

ay = Z Z nzjhzdhj + Z T]kjhkdhj

Jj ik J
= Z Z nijhidh; + Z Mkj (1 - Z hi) dh;
j itk J i#k
=D > (i + ) hadhy + Y iy,
Jj ik J
— Z (Z nikhi> dhj+d (Z Ukjhj>
i \izk
= (Z nikhz‘) Zdhj +d (Z nkjhj) and d (Z hj) =0
ik J J

=d (Y mhs).

We have shown that W : H},(M,R) — H'(4,R) is an isomorphism.

The proof extends directly to cases ¢ > 1. The definition of ¥ will be done as before
by descending from o € AY(M),do = 0, first to 8; € A9 (M) with df; = ay,, then
to v € Aq_Q(M), with d’)/ij =3 — /Bj|Uij etc.

The main part of the proof is again to establish the surjectivity of ¥ with the help
of a smooth partition of unity (h;). To n € Z9(4, R) we define:

Oén = Z nioh...iphiodhil /\ . e /\ dth

and see that U(a,) =[n]. O

Remark E.13. With an open cover i of a manifold M as in Proposition the
same result holds for the corresponding C-valued cohomologies: There exists a natural
isomorphism

Hi.(M,C) — H,C), Vg€ N.

We want to explain the definition of ¥ in the case of ¢ = 2 in order to comment
the integrality condition in the form needed in Section 8.1.
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Remark E.14. The natural isomorphism
U H2,(M,C) — H*(M,C)

can be constructed as follows. Choose an open cover { = (U;) as before in the last
proposition so that all intersections Uj;, ;. are diffeomorphic to a convex open subset
of R™ or empty.

Given a closed 2-form o € A*(M), we find §; € A'(M) with dj3; = «|y, and
functions fij S E(Ul]) with dfl] =3 — /6j|Ui]" Hence,

Nijk = fij + fir + fri €C

is constant and defines n = (1;;1) € Z*(U,C). The class [n]=¥(«a) is independent of
the choices «, f3;, f;; and yields the isomorphism

U H2,(M,C) — H*(U,C) = H*(M,C).

The integrality condition can now be reformulated in a complete and satisfying way.

Definition E.15. A closed w € A*(M) is ENTIRE (or satisfies condition (E)) if there
exists an open cover 4 = (U;);er of M such that the class [w] € H3,(M,C) contains
as a Cech cohomology class [c] := ¥([w]) € H?(U,C) = H?(M,C) a cocycle ¢ = (cij1),
with ¢;jx € Z for all i, j, k € I with U, # 0.

We come back to some of our explicit examples with few open sets in the cover Ll

Examples E.16.

1. We consider the case of three open sets 4 = (Uy, Uy, Us) which cover the circle
M =S', see 2.(b) in Examples , where Uy, Uy, Us, Uy9, Uy3, Uss are contractible
and Ujps = (). According to deRham’s Theorem HI(S', R) = HI(Y,R) =
HI.(S',R). As a result

H(SY, R) = A'Y(S",R) @R, HI(S',R) =0, ¢ > 0.

2. In the case of M = S* 2 P!(C) we want to confirm that there exists an open cover

of four elements so that all U;, U;;, U;ji, are contractible and Ujgsq = (. Then we

can apply 3. in Examples to obtain
HY(S ,R) =R, HY(S*,R) =0, H*(S*,R) =R, HY(S*R) =0, ¢ > 3.

To construct such an open cover let R be a closed rectangle in S?, e.g. when we
use the presentation S* = R* U {oo} of S§%

R={(z,2z) eR*||z| < 1, |2| < 1},
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consisting of the two rectangles
Ry ={(z,2)€eR|x>0}, R-={(x,2) e R| z <0}.

Let U; be a slightly bigger open rectangle around R, and U, a slightly bigger
one around R_, so that Uy, is a small open rectangle containing the piece of line
R.NR_={(0,2) | =1 <z <1}. As a rectangle, Uys is contractible.

We define Us := {(z,2) | z > =1} U{oo}\ Rand Uy := {(z,2) | z < 1}U{c0}\ R
and see, that Usy is a rectangle {(z,2) | |2| < 1,]z| > 1} U {oco} in S$? and,
in particular, contractible. The intersection U; N Uz = U;3 is the union of two
overlapping open rectangles and, therefore, contractible as well. The same is true
for the other Uj;,7 > j. Finally, the four intersection Ujj,7 < j < k are small
open rectangles and contractible. Moreover, Ujg3, = ().

Remark E.17. The results of the last examples generalize to n > 1 (G abelian group)

. G qg=0,n
q(Qn — ’ )
HY(8",G) = { 0, otherwise
P*(C):
- G geven) < qg<n
q(pn _ ) = =
HY(P"(C), &) = { 0, otherwise
Another interesting case is P?(R):
5 Z, q=0,3
HIY(P*(R),Z) = { Zs, q=
0, g=1,9>3

E.3 Sheaf Cohomology

As a general structure we investigate in the following the situation in which for all open
subsets U C M of a topological space M a collection F(U) of functions or sections of
a special type (for example locally constant or smooth, or continuous or holomorphic
etc.) is given with compatibility conditions with respect to the inclusion V' C U,
U,V C M open. A careful analysis of such data lead to presheaves and sheaves.

For such sheaves we give a short description is the corresponding Cech cohomology.

Definition E.18. For a topological space M we always have the category t(M) of
open subsets. The objects are the open subsets and the morphisms are the inclusions
UcV,UYV &€ M open.
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A PRESHEAF of abelian groups on M is a contravariant functor
F:t(M)— Ab
from t(M) into the category of abelian groups Ab.

In other words, F(U) is an abelian group for each U C M open and to every
inclusion V' C U there corresponds a homomorphism

pvo=FV cCcU): FU)— FV) (88)
such that
pwy © pvu = pwy and pyy = idg, (89)
foropen W CcV C U.

We use the notation pyy instead of F(V C U) (which corresponds to the use in
category theory) since these homomorphisms behave like a restriction. In many cases
of interest they are in fact restrictions. We also use the notation g|y instead of py g
for an element g € F(U).

We do not need more than the properties of a presheaf listed above in ,,
in particular, we can avoid using the language of category theory.

Examples E.19. In the following examples py is the restriction for open subsets
U,V in the mainfold M. F is presheaf for:.

1. G an abelian group, F(U) :={f:U — G | f any map} and pyu(f) = f|v.

2. G as before, F(U) :={f : U — G | f locally constant}. This is the case F = F¢
we have studied in the first section of this chapter.

3. F({U)=C(U,G):={f:U — G| f continuous}, where G be a topological group
and abelian. In particular, F(U) =C(U) = C(U,K), K =R, C.

4. F(U) =C=(U,G) = E(U,G) = E% for G an abelian Lie group.
5. F(U)=0U) :={f:U — C| f holomorphic} for a complex manifold M.

6. F(U)=T(U, L) the E(U)-module of differentiable sections for a vector bundle L
on a manifold M. In particular, F(U) = A?(U),U C M the p-forms on M.

The notion of a presheaf of abelian groups can be extended to presheaves with
values in other mathematically structered objects like vector spaces, rings, Banach
spaces, etc. In most of the examples F(U) is a vector space, in some cases an algebra,
or a module over another presheaf, for instance, A9 is a presheaf of £-modules.

A presheaf F is a sheaf if in case of an open cover (U;) of anopen U ¢ M, U = JU;,
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e the elements f € F(U) are determined by its "restrictions” f|y, = py, v f and

e local elements f; € F(U;) can be glued together to obtain an f € F(U)
with py, v f = flu, = f; whenever they are compatible in the following sense:

puu fi = pusocfr, 3,k €1

More precisely:

Definition E.20. A presheaf F is a SHEAF if for all open subsets U C M and all open
covers 4 = (Uj);er of U the following property is satisfied:
A collection f; € F(U;),i € I, is of the form

fi - pUi,U(f) Vie I,
for a unique element f € F(U) if and only if for all 4, j € I the compatibility property
pUiﬂUj,Ui(fi) = PUiji,Uj(fj)

holds.

For instance, if a collection of maps

into a topological space X is continuous and f; vinu;, then the map

UiﬂUj - fj
f(a) == fila),a € U;
is a well-defined continuous map with f|y, = f;,i € I. Moreover, f is unique.

Note, that all examples in [E.19] are sheaves.

The presheaf F(U) = G, U C M open for an abelian group G # 0 is in general not
a sheaf.

The Cech cohomology of a presheaf F is defined in the same way as for the special
case F = FY see Definitions and We repeat:

Definition E.21. Let F be a presheaf on a topological space M and let 4 = (U;);er
be an open cover of M.

1. A g-cochain of 4 with coefficients in F is a map
o —n(o) € F(lo|), oaqg-simplex of 4,

C9(4, F) is the abelian group of cochains.
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2. The COBOUNDARY OPERATOR
d=d?: CULU,F) = C (LU F),

is
g+1

N dn,dn(o) =Y (=1) ploljo,01m(9;0).

5=0
It is easy to show that d*> = 0 and that d is a homomorphism.

3. We define:

Z9(4U, F) = Ker (d? : CY(U, F) = CI71(U, F)) ,
B8, F) =1Im (d7 ' : CT 1 (U, F) — CULL F)) ,
HI(U, F) = Z9(sh, F) /B, F).

4. Finally, we arrive at the Cech cohomology groups of the presheaf F

HY(M, F) = lim HI(4, F).

Observation E.22. We have shown H'(S? F%) = Z. The sheaf £ of differentiable
functions is more flexible than the sheaf F%, in the sense that H'(S? &) = 0. Much
more is true: For all manifolds M the cohomology groups H?(M, &) vanish for ¢ > 0,
as we prove in the next proposition.

Comparing cohomology with values in a group with sheaf cohomology one can say
that the former produces invariants of the topology of M whereas sheaf cohomology
reflects properties of the sheaf which are of an analytic or geometric nature. This is
in accordance with the result that for manifolds M the singular cohomology groups
H9(M) of M are isomorphic to H9(M,Z).

Proposition E.23. Let M be a manifold. Then

HY(M,E)=0,qg>0.

Proof. Let L = (U;) be a locally finite open cover of M. There always exist enough such
open covers, in particular, every given open cover has a locally finite refinement. As a
consequence, to prove the result of the proposition it is enough to show H49 (L& E) =0.
Since M is paracompact there exists a smooth partition of unity (p;), i.e. p; € E(M)
such that the supports satisfy suppp; C U, p; > 0 and >, ., p; = 1. Now, let n €

-----

Tjo..jg—1 *— E PiMijo...jq—1

iel
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and obtain for 7 = (7j,._j, 1) Go,.jy_1)el®
ditr =n.

Let us check this for ¢ = 1: When 7;; € £(U;;) the corresponding 7 is 7, = > qine; €

d'rij=71— 7 = Zpﬂ]@ - Z/)ﬂm = Z,Oe(mj — Ne) = mezj = Nij
¢ ¢ ¢ ¢

where we have used the cocycle condition 1y — 1y = 1;;. We conclude BY(W, &) =
ZY U, ) and HY(U, E) = 0. O

Remark E.24. The proof works for the sheaf of vector-valued differentiable maps
on a manifold and for the sheaves AP of differentiable forms as well. More generally,
the proof can be modified for so-called fine sheaves, that is for sheaves F which have
homomorphisms p; : F(M) — F(M) with supp p; C U; and ), _; pi = idrn.

Remark E.25. Cohomology groups of sheaves can be used to describe isomorphism
classes of vector bundles as is done in Section 3.4t

For instance, let L be a line bundle over the manifold M which is given by transition
functions ¢;; € £*(U;;) with respect to an open cover i = (U;) of M. Then the
transition functions form a 1-cochain g = (g;;) with values in the sheaf £*. Since g;;
satisfy the cocycle condition, being transition functions of a line bundle, ¢ is a Cech
cocycle g € Z'(U,£X). Hence, it determines a Cech cohomology class [g] € H' (4, £%).
And vice versa.

Now, let &4 = (U;)ie;r be an open cover of M, where all U; are contractible.
Then, according to Proposition [5.8 every line bundle L is trivial over U;,i € I,
and therefore has transition functions g € £%(Uj;). As a consequence, Picga(M),
the abelian group of equivalence classes of line bundles on M, can be represented as

{l9*] | L line bundle on M}. On the other hand, g* = (g5) is a Cech cocycle and
determines a Cech class [¢%]. And the equivalence relation for transition functions
Gij ggj representing line bundles L, L’ coincides with the equivalence relation of the

Cech cocycles (g5), (g5'). We thus have established an isomorphism
Picag(M) — H' (U, E7), [L] — [¢"].

It follows, that H'(,£%) = H'(M,€*) = lim, H' (4L, EX).

Alternatively, one can choose the transition functions g;; to have their values in St =
U(1) and thus defining the associated principal U(1)-bundle. H'(M,EYM)) classifies
the principal U(1)-bundles, and is, of course, isomorphic to Picgig(M).

A similar result holds for vector bundles of rank r > 1. Let £ denote the sheaf of
germs of (smooth) functions on M with values in the Lie group G. As a generalization
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of the above cohomological description of the differentiable Picard group one obtains
the result, that the cohomology group

Hl (M, gGL(r,C))

is isomorphic the group of equivalence classes of complex vector bundles on M of rank
r. It is also isomorphic to
HY (M, M)

For a general Lie group G a corresponding result is true:
HY(M,E)
is isomorphic the group of equivalence classes of principal G-bundles on M.

Observation E.26. In the considerations of the preceding remark we have used the
cohomology groups H'(M,E%) also for the case of a nonabelian group G. So we have
to extend the definition of H'(M, F) to nonabelian sheaves F. This can be done easily
along the above Definiton [E.5l Such an extension does not work, hoewever, for higher
H1 g > 1.

LONG EXACT SEQUENCE

An essential property of sheaves and an effective tool for applications is the long
exact sequence of cohomology groups induced by an exact sequence of sheaves

0—=F—=Gg—H—=0.

We explain this in the following:

A homomorphism « : F — G of sheaves (or presheaves) of abelien groups is by
definition given by a family «(U) : F(U) — G(U) of homomorphisms commuting with
the restrictionﬂ. For an open cover { of M « induces homomorphisms C?(4, F) —
C9(4,G) which commute with the coboundary maps d?. Therefore, on the level of
cohomology groups « induces natural homomorphisms

ol Hi(U, F) — HIYU,G).

Moreover, a homomorphism « : F — G of sheaves induces a homomorphism «, :
Fuo — G,, a € M, on the stalks. Here, the stalk F, is defined as the direct limit

Fo = liﬂflq(U,]:),

U>a

where (U 3 a) denotes the directed system of open neighbourhoods of a € M.

123Tn the context of categories o : F — G is a transformation of functors.
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Proposition E.27. Let 0 - F 3 G 2 H 5 0 be an exact sequence of sheaves. Then
there exists connecting homomorphisms 67 : HY(M,H) — HY (M, F) such that the
long exact sequence of cohomology groups

§a-1

V2 =M, F) S HUM, G) 5 HO (M, H) 25 B (M, F) 4
Remark E.28. A sequence 0 - F 5 G om0 of homomorphisms «, 3 is called
an exact sequence of sheaves, if the corresponding sequences

0— F, 38 Qa H, — 0

are exact for all points a € M. This property is weaker then requiring 0 — F(U) ag)

G(U) gl H(U)—0 to be exact for all open U C . In the following proof of
the proposition we assume that the there are arbitrary refinements & = (U);cr of any
given open cover such that for all nonempty intersections U; = U, N ... NU;, , j =
(jos - - -+ Jq) € I97 the sequences

a(U;)

] rBUJ’
— G(U;) @)

0 — F(U;) — H(U;)—0 (90)

are exact. This is satisfied for many natural situations.

For instance, consider the sequence 0 — FZ — & — &% 5N 0, é(f) = exp(2mif).
Since in case of a contractible open U C M each g € £*(U) has a logarithm f €
EWU), g=é(f), the sequence

0—=Z=F(U)—=EU)—E(U)—=0
is exact.
Proof. The assumption implies immediately that the induced sequences
0 — CU8L F) 25 01(31,G) 5 098, H)—0

have to be exact. Moreover, the o, 39 commute with the coboundary operators d?, so

that they induce homomorphisms H9(8(, F) -5 H9(4, g) s HYS,H). Tt is easy to
check Im a? = Ker 4.

The essential part of the proof is the construction of the the connecting homomor-
phism
87 HY(U, H) — HIH U, F) -

Let n € H%(4,H) be represented by h € C9(8,H). Because 87 : CU(U, G) — CU(LU, H)
is surjective, it follows that there exists g € C?(U, G) with $%(g) = h. Since d?059(g) =
B o di(h) = 0, di(g) € Ker 841 = Ima?™, and there exists f € CIH(U, F) with

124This property could be called exactness of presheaves.
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QI (f) = di(g). This f is a cocycle because of a?™ o dt1(f) = d9*! o a?T!(f) =
d*' 0 d9(g) = 0 and the injectivity of a?*2. The class [f] € H9*' (4, F) is independent
of the choices of g and f, so that 0%(n) := [f] is well-defined and yields the connecting
homomorphism 69 : H9($h, H) — HIT1 (LU, F).

To check Ker§? = Im 39 we observe that n € H(4,H), n = [h], is contained in
Im 3, if and only if the cochain g € C?(U,G) can be chosen to be a cocycle: d?g = 0.
But d%g = 0 holds if and only if f € C7 (4 F) with a?(f) = d’g can be chosen to
be in Im d4, i.e. 6%(n) = [f] = 0. Similarly, one can show Ker 377! = Tm ¢9.

Finally, the result follows for the g-cohomology groups H?(M, F) etc. from the
assumption that the direct limit can be given as the direct limit over 4 with . O

We have applied the long exact sequence already to classify line bundles on a man-
ifold M (cf. Section by the topological invariant H?(M,Z).

Corollary E.29. The exact sequence
0— F2 &S5 8% 0, 8(f) =

on a manifold M induces isomorphisms 69 : HY(M,E*) — H* (M, 7).

In particular, H*(M,Z) is isomorphic to the group Picqg(M) of isomorphism
classes of line bundles on M. Specifically, for S?, this result, together with the cal-
culations above, establishes the fact Picqir(S?) = Z.

Remark E.30. Another application of the long exact sequence is the following proof
of the deRham Theorem: Let Z* be the sheaf of closed k-forms on M. Z* is a subsheaf
of A*, the sheaf of k-forms, and it is the kernel of d : A¥ — A**1. As a consequence,
using H (M, A*) = 0 for ¢ > 1, we have the following series of exact sequences and
isomorphisms for ¢ > 1

0= FF 5% 2 5 0exact = HTY(M, Z2") = HY(M,R)
0= Z' = A4 22 5 0 exact — HO N (M, 2%) =~ HY(M, Z")
0 2F 5 AF 4 ZM1 5 0 exact = HT (M, 2 = HY(M, ZF).
By induction, H9(M,R) = HI¢(M,29), 1 <{ < q—2. As a result,
HY(M,R) = H' (M, Z297Y) .

Now, the exact sequence

0 — HO(M, Z27°Y) = HO(M, A*) % HO(M, 27) 55 H' (M, 27°Y) — H'(M, A%) =0
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implies
HY (M, 297" = H%(M, 29 /Imd = 29(M)/d(AT™(M)) = Hi,(M,R),

hence, ]
HY(M,R) = Hj,(M,R),

Summary: The main objective of the chapter is to introduce Cech cohomology
with values in an abelian group G and to calculate some elementary examples, in
particular H'(M,Z), H*(M,Z) for M = S',S%. In the case of the groups G = R or
G = C the proof of the equivalence H(M,R) = Hi.(M,R) of Cech cohomology and
de Rham cohomology is presented. The mechanism of defining Cech cohomology can
be transferred to presheaves, in particular to sheaves, without great effort.

A main tool for applications of sheaf theory is the long exact sequence induced by
a short exact sequence
0 —F —GG—H—0

of sheaves on M. For instance, H'(M,£*) = H*(M,Z) is deduced, which connects
analytic-geometric properties of M with topological properties.
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F Quantum Mechanics

In this chapter we present the main principles of Quantum Mechanics in form of four
postulates and explain the mathematical framework needed for the formulation of
these postulates. These postulates have been chosen in accordance with the princi-
ples of Quantum Mechanics which are described in the literature on the foundation
of Quantum Mechanics. They comprise much more than is needed for these notes on
Geometric Quantization. But they manifest the geometric nature of Quantum Me-
chanics. And, of course, when Geometric Quantization is presented in these notes on
a mathematical basis it is reasonable and helpful to have a mathematical formulation
of Quantum Mechanics at hand.

We restrict this chapter to the formulation of the mathematical models of Quantum
Mechamics and do not discuss, for example, the measurement process in Quantum
Mechanics or any interpretation.

The mathematics of Quantum Mechanics is advanced and requires a profound un-
derstanding of self-adjoint operators in a Hilbert space. Therefore, after the formulation
of the postulates in the first section of the chapter, Section [F.I] we provide in Section
[F.2 a short exposition of the theory of self-adjoint operators in a Hilbert space including
examples and the Spectral Theorem.

In many sources about the foundation of Quantum Mechanics more postulates are
required, for instance the representation of the canonical commutation relations (CCR).
Such a postulate can be viewed as to be a special example of a quantum mechanical
system along the postulates 1-4. We investigate the CCR and the closely related Stone-
von Neumann Theorem in Section [E.3

F.1 Four Postulates of Quantum Mechanics

Definition F.1. A QUANTUM MECHANICAL SYSTEM is a pair (H, H), which satisfies
the following four postulates.

Postulate 1. The STATES of the system are the complex lines through the
origin of H, where H is a COMPLEX SEPARABLE HILBERT SPACE. In other
words, the state space is the projective Hilbert space P(H).

Remarks and Explanations F.2 (to the first postulate).

1° Hilbert Space: A complex Hilbert space H is a complex vector space together
with a Hermitian scalar product (-, -) or Hermitian metric, such that H is complete with
respect to the norm induced by (-, -). More explicitly, the Hermitian scalar product is
a map:

(,):HxH-—C, (91)
with the following properties, which hold for all ¢, 1,0 € H, A € C:
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o (p+1,0) = (6,0) + (¥,0) and (¢, ¢ +0) = (,¢) + (¢,0), (M), ¥) = N ¢, ),
(¢, M) = X, ¢). In other words, this means that (-,-) is R-bilinear, complex
linear in the second and complex antilinear in the first entry.

o (6,0) =1, 9).
o (6,0)>0,if ¢ #0.

A scalar product defines a norm on H through ||¢|| := /(¢, ¢). The space H is
called complete with respect to this norm, if every Cauchy sequence (¢,,) in H converges
in H.

The homomorphisms between Hilbert spaces are the linear maps 7' : H — H’ which
respect the norm, i.e. for which ||T'¢||=||¢|| for all ¢ € H. Equivalently, a linear map
T : H — H is a Hilbert space homomorphism, whenever T' leaves the scalar product
invariant, i.e. (T'p,TY) = (¢p,v) for all ¢,¢» € H. Such a homomorphism of Hilbert
spaces is injective but in general not surjectiveFEl The surjective homomorphisms of
Hilbert spaces are called UNITARY OPERATORS. Thus, the unitary operators are the
isomorphisms of the theory.

More generally, when Hilbert spaces are viewed as special Banach spaces, one con-
siders the bounded operators T' : H — H/, i.e. the linear maps T from H to H’' with
finite operator norm

17| = sup{[|T¢] | lo]l = 1} < oo.

The operator norm equips the complex vector space B(H, H’) of bounded operators
from H to H' with the structure of a Banach space. B(H) denotes the Banach space of
bounded operators from H to H.

Bounded operators are continuous linear maps with respect to the natural norm
topology. The norm topology is the metric topology induced by the metric d(¢, ) =
ll¢ — 9| on H: A subset U C H is open in the metric topology if and only if for every
¢ € U there exists an r > 0 such that the ball

B(g,r):={ypeH||¢—-v[ <r}
of radius r around ¢ is contained in U. Notice, that continuous linear maps H — H’
are bounded.

2° The Examples: The most familiar complex Hilbert spaces are the finite di-
mensional complex Hilbert spaces, which are also called UNITARY SPACES. Typical
examples are the number spaces H = C" with the scalar product:

n
(z,w) = Z Zw'.
i=1

125Tn the finite dimensional case an injective and linear map is always surjective. Hence, it is an
isomorphism of vector spaces.
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for z = (2%,...,2"),w=(w',...,w") € C".

Note, that each n-dimensional Hilbert H is unitarily equivalent to the above unitary
space C", where n = dim¢ H: There exists a unitary operator 7' : H — C". The
existence of 1" is equivalent to the existence of an orthonormal basis (e;) of H: (e;, e) =
5jk-

A typical infinite dimensional complex Hilbert space is the space ¢? of square
summable complex sequences

= {(#)jen | Y | F2 < o0}

with the scalar product (z,w) := > Z/w’/. (? is complete: Any Cauchy sequence
convergences coordinatewise, and the corresponding limit is the limit of the sequence
in norm. ¢2 is separable, since - with the basis elements e; := (67);ey - the countable
set D = {Ziig ¢“er. | ¢* € Q, n € N} is dense in £2.

However, the most important examples of Hilbert spaces for quantum mechanics
are certain function spaces. Namely, the space of square integrable functions on the
configuration space. For example, for an open ) C R”

L*(Q) = {¢ :@Q — C| ¢ measurable and / |p(q)|?dg < oo} ,
Q

where in this situation dq stands for the Lebesgue integram The scalar product for
H = L?(Q) is given by (¢, ) : fQ q)dq. In this approach to define L?(Q) one
needs to identify those functions, Wthh dlffer only on a set of measure zero.

Without using the Lebesgue integral, one can construct the Hilbert space L*(Q) in
the following way: One defines

R*(Q) = {q§ :@Q — C| ¢ is continuous and /Q|¢(q)|2dq < oo} ,

where now [ h(q)dq is the Riemann integral for continuous functions h on Q. The
scalar product on R?(Q) will be obtained in the same way as before,

(6,6) /¢ Q)dg,

with the only difference that the integration is Riemann integration, instead of Lebesgue
integration. This scalar product determines a norm by [|¢]| := 1/(¢, ¢) on R*(Q). And

the final Hilbert space is the abstract completion R%(Q) of the space R*(Q) with respect
to the norm. Since the scalar product {-,-) : R*(Q) x R*(Q) — C is continuous with

126More precisely, instead of functions ¢ : Q — C one has to take equivalence classes of measurable
functions ¢ which only differ on a set of measure zero.
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respect to the topology given by the norm, it can be continued to the completion.
Altogether, R2(Q) = H = L?(Q) is a Hilbert space, unitarily equivalent to L*(Q).

Note, that it is possible to start with a smaller space than R*(Q), for example
with £ := R*(Q) N &(Q,C) or with the space E = &y(Q) of smooth functions on
(Q with compact support in (). Scalar product and norm can be defined on F as
before. The completion process encompasses R?(Q) and leads to the same completion:

E = Zg@ =~ [2(Q). Note that E can be viewed as to be a subspace of L*(Q) where
the scalar product on L{Q) given by Lebesgue integration is, when restricted to E,

the scalar product given by Riemann integration. As a result, the space E can be
understood as the closure E in L*(Q), i.e. U= F = L*(Q)

One can show that the examples ¢* and L?(Q) are unitarily equivalent. In fact,
every infinite dimensional and separable Hilbert space is unitarily equivalent to ¢2
since there exists an orthonormal (Hilbert space) basis (63) of H, i.e. (e;,er) = djx and
each ¢ € H has a unique expression as a sum ¢ = » (e;, ¢ GJEI

Moreover, any Hilbert space is unitarily equivalent to a suitable L*(X,u) =
L2(X )™ where (X,X, 1) is a measure space with o-algebra ¥ and measure p. As
before,

L (X, ) = {gb : X — C| ¢ measurable and / |p(z) |Pdu(z) < oo} :
X

with the scalar product (¢,v) := [ ¢ du(x) .

For instance, for H = C" let (X, ,u) be the measure space with finite X := {1,...,n}
and p({z}) := 1,z € X . This yields the n-dimensional Hilbert space L*(X, u) = C".

The Hilbert space ¢ can be defined as L*(N, ) with p({z}) =1,z € N.

Moreover, for an uncountable set X and p({z}) = 1,z € X one obtains the non-
separable Hilbert space ¢*(X) = L*(X, p).

3° State Space: As required in Postulate 1, the space of states is the projective
Hilbert space P(H) = PH. To obtain this projective space we consider on H \ {0} the
equivalence relation
z~w <= JA e C with 2z =)\w.

The equivalence classes are the complex lines in H through the origin. For an element
z € H, 2z # 0, we denote its equivalence class by (z) or [z]. In case of H = ¢* (or C")
we can denote the class [z] also by its homogeneous coordinates [2°: 2zt : ... 25 0. ..

The quotient space

P(H) = PH := H/~ = {y(z) | z € H\ {0}},

127There is no constructive way to define an orthonormal basis, one has to use the axiom of choice.
It is quite remarkable, the the converse is true, as well: When it is possible to find an orthonormal
basis in every separable Hilbert space, then the axiom of choice is valid.

128The measure p will often be omitted if it is clear from the context which measure is meant.
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is the PROJECTIVE HILBERT SPACE. PH is the space of states of a quantum mechanical
system according the Postulate 1. PH is determined by the canonical map v : H\{0} —
PH and inherits its structures by that projection map.

For instance, PH is endowed with a natural topology, the QUOTIENT TOPOLOGY
(c.f. Section [A.4), for which a subset V' C P(H) is open if and only if v~*(V') is open in
H. By definition, 7 is continuous. Moreover, v is an open map and it is holomorphic
with respect to the holomorphic quotient structure given by the holomorphic charts

(c.f. Examples|A.30).

4° Example: Particle. An example is the description of a non-relativistic particle
in Quantum Mechanics. Let Q@ C R? be an open subset of R, H = L*(Q, dq) is the
Hilbert space of square integrable functions on (). The elements ¢ of H are called
WAVE FUNCTIONS and the equivalence classes

a=~(¢) € PH, ¢ € H\ {0},

are the states of the system. In case of ||§|| = 1 the quantity [, |p(¢)[*dg for a
measurable subset B C () has the interpretation of the probability that the particle in
state a = y(¢) is contained in B.

5° Pseudometric: In contrast to classical mechanics, where we have the phase
space equipped with a symplectic form w which together with a classical Hamiltonian
H determines the dynamics of the theory, here we have as state space the projective
space PH with the structures induced by the canonical map . Part of the dynamicﬂ
of the quantum theory is given by the "pseudometric” ¢ : PH x PH — R induced by
the scalar product (-,-): The transition probability between ¢,v € Hy := {¢ € H |

16l = 1}, 6 # v, is
_\|/ ¢ v
1o, 9) - ‘<||¢||’||¢||>

And for a = vy(¢),b = v(¢) the pseudometric is

c(a,b) == +\/t(o, 7).

¢ is independent of the choice of representatives ¢, 1) and thus well-defined. The pseu-
dometric is invariant under symmetry transformations of the system, the maps induced
by unitary or antiunitary operators in Hl.

2

Note, that the pseudometric ¢ determines the natural topology on the state space
PH. By elementary geometry we see that for two vectors ¢, € H of unit length the
quantity c¢([¢], [¢]) is nothing else than cos o, where « can be understood as to be the
angle between ¢ and . Therefore, for each r > 0 there exists h, 0 < h < 1 such that
the ”pseudodisc”

Dy(¢,h) :={v € Hy | c([¢], [¥]) > h}

129The dynamics of (H, H) is determined by H, see Postulate 3 below.
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is contained is the ball

By(¢,r) ={¢ e Hu | |l¢ =l <r}.

Conversely, for each h, 0 < h < 1 there is an r > 1 with By(¢,r) C D1(¢, h). Hence,
the collection (Dy(¢,h))n<1.pem, of subsets of H; induces on H; the natural norm
topology. As a consequence, with the notation D(a,h) := v(D1(¢,h)) = {b € PH |
c(a,b) > h} the collection

(D(a, h))aE]P’H,h<1
generates the natural (quotient) topology on PH as a basis of open subsets.

Moreover, the pseudometric obtains its significance in the fourth postulate: the
quantity t(a,b) = t(¢,1) € [0, 1] for two states a = [¢],b = [¢p] € PH is the transition
probability from a to b. Namely, when the system is initially in the state a, after a
measurement the probability of the system being in the state b is t(a,b).

Postulate 2. Fvery observable of the system is represented by a self-adjoint
operator acting on the Hilbert space H. As a consequence, the set of all possible
observables is:

SA:={T:D(T) »H|D(T)CH and T: D(T) — H self-adjoint} .

Remarks and Explanations F.3 (to the second postulate).

1° Self-Adjointness: An operator 7' is a C-linear map 7' : D(T) — H from a
linear subspace D(T') C H into H which is called the domain of T.

The ADJOINT T* of a linear operator 7" with dense domain D(T') is defined as
follows: The domain of 7™ is

D(T*):={y € H| there exists £ € H: (£, ¢) = (¢,T¢) for all ¢ € D(T)}.
For ¢ € D(T*) the & with (£, ¢) = (¢, T¢) for ¢ € D(T) is unique (since D(T) is
dense), and T*(¢) := €.
T is a SELF-ADJOINT OPERATOR if D(T') is dense and the adjoint T of T agrees
with T') i.e. D(T) = D(T*) and T¢p = T*¢ for all ¢ € D(T) = D(T™).
T is SYMMETRIC, if for all ¢,¢ € D(T) : (T¢,v) = (¢, T1). Hence a self-adjoint
operator is symmetric. The converse does not hold, in general.

Details and results about self-adjoint operators will be explained in the next section,
we only point out the following:

2° Finite Dimensional Hilbert Space: In case of H = C" with the usual scalar
product it is easy to see: Every dense linear subspace D of H is all of H: D = H,
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and every C-linear map T : H — H is automatically continuous and therefore also
closed. T' is self-adjoint, if the matrix M = My which represents T' with respect to an
orthonormal basis of H satisfies M = M. One also says T' (or M) is symmetric with
respect to the hermitian scalar product.

3° Infinite Dimensional Hilbert Space: In case of an infinite dimensional
Hilbert space H any self-adjoint operator T" with D(T') = H is bounded (equivalently:
continuous) since 7' is closed (c.f. Definition and closed operators 7" with domain
D(T) = H are bounded (see Proposition [F.10). However, there exist self-adjoint op-
erators, which cannot be defined for all points of the Hilbert space H, i.e. D(T) # H,
the so called unbounded operators. For Quantum Mechanics most of the important
operators are unbounded and self-adjoint.

4° Multiplication operator: Let v : R® — C a continuous function, and let
H = L*(R", d)\)@ be the Hilbert space of square integrable complex functions on R".
Consider the multiplication operator

M,=:DM)—H, ¢+— vo,

defined on
D(M) ={p € H| [ [v(q)o(q)I*d\(q) < oo}
R’ﬂ
D(M) is dense in H since all bounded ¢ with bounded support are contained in D(M).
So the adjoint exists.
Now, for all ¥» € H and all ¢ € D(M) the equality

w.0) = [ T = [ odr = (h.v0)

holds. As a consequence D(M*) = D(M) and M*¢ = T¢.

We conclude: M = M, is self-adjoint if and only if v = v, i.e. v is real-valued. M
is bounded if and only if v is essentially bounded, i.e. there is a subset N C R" of
measure 0 such that sup{|v(q)| | ¢ € R"\ N} < 0.

The example has a straightforward generalization to general measure spaces
(Q, %, p) instead of R™, see Example below.

5° Position: The example of a quantum mechanical system of a non-relativistic
particle on the real axis. Here, we set H := L?(R). A typical observable is the position
operator () with

D(Q) = {¢ e | [ laoto)ld < oo} ,

and Qo(q) := qo(q) for ¢ € R and ¢ € D(Q). @ is self-adjoint according to the
preceding example with v(q) = ¢q. However, @ is not bounded: The sequence ¢, :=

130\ the Lebesgue measure
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Ty nt1) Of indicator functions of the interval [n,n 4 1] is bounded by 1 : |[¢,|| = 1, but
1Q¢nl| = 7.

6° Momentum Another unbounded observable is the momentum operator P in
H = L*(R) with

D(P):={¢p €M |3IDp € H: (Dp,¢b) = —(¢,¢") Vb € E(R), 1 compactly supported}

and P¢ := —iD¢ for ¢ € D(P). Here /' = 1) is the usual derivative of the differentiable
function v, while D¢ is the ”weak derivative” of ¢ € D(P).

The notion of a self-adjoint operator is fundamental for the mathematical modeling
of quantum mechanical systems. Several deep results about self-adjoint operators are
needed in a mathematical treatment of Quantum Mechanics. Therefore, we include
a separate section on self-adjoint operators (see Section , in which elementary
properties of self-adjoint operators are described and important results as e.g. the
Theorem of Stone and the Spectral Theorem are explained.

Postulate 3. H is an observable and determines the dynamics of the quantum
mechanical system (H, H) in the following sense: Let py € P(H) be a state of the
quantum mechanical system with a representative (state vector) ¢ € H, ||| =
1. Then the time evolution ¢(t) of the state vector ¢q is given by:

% (£) = o(t) = —iH(b(1)), L € R, (92)

with the initial condition ¢(0) = ¢o. This means that the time evolution p(t) of
the state py is represented by the unique solution ¢(t) of the above equation with

¢(0) = oo, t.e. p(t) := [p(t)] with p(0) = po -

Remarks and Explanations F.4 (to the third postulate).

1° Schrodinger Equation: The above equation is called the Schrédinger
equation and H is called the HAMILTONIAN (”Hamiltonoperator”) of the quantum
mechanical system (H, H).

2° Unitary Group: In order to better understand the time evolution of a quan-
tum mechanical state we want to formulate Stone’s Theorem which describes a strong
relation between self-adjoint operators and unitary operators in a Hilbert space H.

Recall that a unitary operator U is a bijective C-linear map U : H — H which leaves
the scalar product invariant, that is: (U, U) = (¢, ) for all ¢, ¢ € H. A unitary
operator U is automatically bounded since ||U¢|| = (U¢p,U¢p) = ||¢||. In particular,
the operator norm of U is ||U|| = sup{||Uf|| : ||f|| = 1} = 1 and U is continuous.
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The inverse U~! of a unitary operator U exists and is again a unitary operator.
Finally, the composition U o V' : H — H of two unitary operators U,V in H is also a
unitary operator. As a consequence, the set of unitary operators in H form a group,
called the UNITARY GROUP, which is denoted by U(H).

A ONE-PARAMETER GROUP OF UNITARY OPERATORS in H is given by an R-

indexed family of unitary operators (Us)ser, which can be described by an action ® of
R on H, i.e.
O RxH—HUf:=d(s,f), (s,f/) eRxH

satisfying

1. Us € U(H) for all s € R,
2. Ugo Uy = Ugyy, for s,t € R

3. for all f € H, the map R — H, s — Us(f), is continuous.

In another terminology, R — U(H), s — Uy, is a representation, i.e. a continuous
group homomorphism, where U (H) is endowed with the strong topology.

Theorem F.5 (Theorem of Stone). To any one-parameter group of unitary operators
(Us) there corresponds an INFINITESIMAL GENERATOR A, which is the operator defined
by:
1
D(A):={pecH| liné —(Us¢p — ¢) exists},
s—0 S

A(¢) = i (lim - (U — 6)), & € D(A).

s—0 8

Then

1. the infinitesimal generator of a one-parameter group of unitary transformations
15 self-adjoint,

2. to each self-adjoint operator A on H there is a corresponding one-parameter group
of unitary operators (Us), whose infinitesimal generator is A. We denote this as
Uy, = e ™4 (in accordance with the functional calculus of self-adjoint operators,
see below).

Therefore, the observables defined in Postulate 2 are in one-to-one correspondence
with one-parameter groups of unitary operators.

We conclude that the Hamiltonian H induces the one parameter group U, = e~ *H
and the solution of the Schrodinger equation is ¢(t) = Usg . for ¢(0) = ¢p. Or, in

another form

pt)=e"Mp tecR.
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Postulate 4. Let [¢] € P(H) be a state of the quantum mechanical system with
representative ¢ € H, ||¢|| = 1, and let T' be an observable with its corresponding
spectral family (E))xer. Then, for an open interval J = |a, b, the probability
that an eigenvalue of the observable T in the state (@] is contained in the interval
J 1s given by the formula

b
p(6, T, J) = ||E()SIP = (¢, E(J)6) = / dIEGIP) .

The concept of a spectral family of projection operators corresponding to a self-
adjoint operator will be explained in the next section.

F.2 Self-Adjoint Operators

This section is a short introduction to self-adjoint operators and the spectral theorem.
Although we do not need details about self-adjoint operators in the Lecture Notes,
the notion and the results of self-adjoint operators are necessary for the mathematical
formulation of quantum mechanics as is apparent from the preceding section on the
postulates of Quantum Mechanics. Moreover, we need a certain familiarity with self-
adjoint operators in the next section.

The material presented in this section can be found in any book on linear operators
in Hilbert spaces, e.g. in [Weil2] or [Hall3].

As before, in this section H denotes a separable Hilbert space. A LINEAR OPERA-
TOR IN H — often called OPERATOR — is a linear map A defined on a linear subspace
D(A) of H with values in H: A : D(A) — H. D(A) will be called the domain of the
operator A and Im (A) = A(D(A)) will be called its rangd™']

It is important to realize, that in the case of an operator B with D(A) C D(B)

and B|pwy = A the two operators are regarded as to be different operators when
D(A) # D(B). But B will be called an EXTENSION of A.

Definition F.6. A linear operator A in the Hilbert space H will be called DENSELY
DEFINED if the linear subspace D(A) is dense in H.

For a densely defined operator A the ADJOINT OPERATOR A* of A is defined as
follows: The domain if A* is

DA"):={pecH| IxeH: (¢, AY) = (x,¢) forall v € D(A)}

131Tn the Hilbert space literature the range of an operator A is denoted by R(A). We prefer Im (A)
since we use this notation in the linear algebra context throughout the Lecture Notes.
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and the value A*¢ € H is defined by (¢, AY) = (A*¢, ) for all v € D(A). A*¢ is
well-defined since D(A) is dense.

Finally, a densely defined operator A is called

1. SELF-ADJOINT if A and A* agree, i.e. D(A) = D(A*) and Ap = A*¢ for all
¢ € D(A) (this is a reformulation of the definition in Remark 1° of [F.3)).

2. SYMMETRIC, if (¢, A)) = (A, ) for all ¢, € D(A).

For a symmetric operator A the domain of D(A*) contains D(A) and the two
operators agree on the domain D(A) of A: A*|p) = A. Thus, A* is an extension
of A: A C A*. As a consequence, in order that an operator A is self-adjoint, it is
necessary that A is SYMMETRIC.

Definition F.7. An operator A in H is said to be

1. CLOSED if the graph T'(A) of A, defined as T'(A) := {(¢,A¢p) e Hx H | ¢ €
D(A)}, is closed in H x H.

2. CLOSABLE if the closure I'(A) C H x H in H x H is the graph of an operator
B. In that case B is called the closure of A and will be denoted by A := B.

3. ESSENTIALLY SELF-ADJOINT if A is closable and the closure A satisfies A = A*,
i.e. is self-adjoint.

In particular, for a closable operator A, I'(A) = I'(A) and A is a closed operator.
The following assertions are easy to prove.

Proposition F.8. Let A be a densely defined operator. Than the adjoint A* of A is
closed. Moreover, the double adjoint A*™ = (A*)* exists if A is closable, and in that
case A" = A* and A = A**.

In particular, a self-adjoint operator A is closed and fulfills A = A**.

By definition, an operator A is closed if for all sequences (¢,) in D(A) for which
(¢n) and (Ag,) converge in H the following holds:

lim¢, € D(A), and lim A¢, = A(lim¢,,).

This looks very much like a continuity condition, but a closed operator need not be
continuous as the following example shows.

Example F.9. In the Hilbert space H = ¢* = {(z;) € CV | 377 |z*> < oo} of
square summable sequences the operator A(z;) := (jz;) with domain D(A) = {(z;) |
3" 7%|zj? < oo} is densely defined. Let ¢ = (%) € H and define ¢,, € H by (¢,); := %
for j =1,2,...,n and (¢,); :== 0 for j > n. Then ¢,, — ¢ but A¢, does not converge
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in H, since ||A¢,||> = n — oco. Hence, A is not continuous. However, A is closed. When
U, = (zj(-")) — (v;) =: ¥ and Ay, = (w;) =: ¢ , for each fixed j € N the coordinates
converge:

=0, limjz(-n) = Wj.

lim 2\ ;

mJ

Hence, jv; = w;. Therefore, Y j?|v;|> < oo which means that ¢ € D(A) and Ay =
;) = (w;) = ¢.

By the way, A is self-adjoint. Notice, that in Remark 4° of a general example

of an unbounded and closed (and self-adjoint) operator, the multiplication operator, is
presented.

A continuous (or equivalently bounded) operator A : H — H (D(A) = H) is always
closed. We cite the following well-known result:

Assertion F.10 (Closed Graph Theorem). An operator A with D(A) = H is contin-
uwous if and only if A is closed.

SPECTRUM OF AN OPERATOR

An eigenvalue of the operator A in H is a complex number A € C such that there
exists a ¢ € H, ¢ # 0, satisfying Ap = A\¢ i.e. such that A\l — A = )\ — A@ is not
injective. ¢ is called eigenvector and Ker (A — A) = N(\ — AP is the eigenspace of \.

Proposition F.11. Every eigenvalue X of a symmetric operator is real, i.e. X € R,
and eigenvectors of different eigenvalues are orthogonal to each other. Moreover, for
each A € C\R the operator \— A is injective and the inverse (A\—A)~' : Im(A\—A) — H
is a bounded operator with ||[(A — A)7Y| < |SA7L

Proof. Let X be an eigenvalue of A with Ap = Ao, ¢ # 0. Then

A =Nl = (A =X)(¢,0) = (\p,0) — (&, \d) = (A, §) — (¢, Ad) =0,

hence \ = \.
For Ag; = \;j¢;, j = 1,2, the following holds:
(A1 = A2) (D1, P2) = (M1@1, P2) — (D1, A\p2) = (A1, @) — (P1, Ad2) =0
As a consequence, (¢, ¢o) = 0 if A; # Ao.
For A = ¢ +inp and ¢ € D(A) the symmetry of A implies
132] denotes the identity operator H — H, I(¢) = ¢, and the symbol I will often be omitted in the

notations like A — A for Al — A.
133Tn the Hilbert space literature the kernel of a linear operator is mostly denoted by N(A).
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and we obtain

I = A)o|1* = [[(€ = A)o + ing||” = [[(€ = Doll” + 7 [lo]I* > |9l ,
When A € C\R, i.e. I\ =n # 0, this implies that A — A has to be injective. Moreover,
for v = (A= A)p, ¢ € D(A):
A=A = llgll < [SATHIOA = Aol = [SA7H 4]l
which is the inequality we intended to prove. O

Definition F.12. Let A be an arbitrary operator A in H. complex number A € C is
in the RESOLVENT SET p(A) if A\ — A : D(A) — H is bejective and the RESOLVENT
OPERATOR R(\, A) (for A at \)

RO\ A) =\ —A)!
is a bounded operator R(\, A) : H — H.
The complement o(A) := C\ p(A) is the SPECTRUM of A:

In most cases A will be assumed to be closed. Since for an operator A which is not
closed, the operators A — A and R(A, A) (in case A — A is injective) will not be closed.
Therefore, p(A) = (. For a closed operator A, the resolvent set has the slightly simpler
description p(A) ={A € C| A — A: D(A) — H is bijective } according to the closed
graph theorem [F.10]

Assertion F.13. For a closed operator A the resolvent set p(A) is an open subset of
C and the spectrum o(A) is closed. Moreover, when \g € p(A) the open disc D = {\ €
C|IA=Xo| < |[R(Xo, A)||7'} is contained in p(A) and
R(AA) = (Ao = A)"R(Xo, A"
0
where the series converges in norm and uniformly on compact subsets of the disc. In
particular, R(-,A) : p(A) — B(H) is continuous and holomorphic.

Observation F.14. The spectrum o(A) of an operator is divided into the following
subsets:
op(A) :={A€d(A)| A — A is not injective}
(POINT SPECTRUM)
0.(A):={A€d(A) |\ — A is injective, Im(A — A) =H, and R,(A)
is not bounded}
(CONTINUOUS SPECTRUM)
o-(A) :={ € o(A)| A= A is injective and Im(\ — A) # H}
(RESIDUAL SPECTRUM)
op(A),0.(A),0,.(A) are pairwise disjoint and 0,(A) Uo.(A) Uo,.(A) = o(A).

Note, that A € 0,(A) if and only if A = A¢ has a nontrivial solution ¢, i.e. if A is
an eigenvalue of A.
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It is easy to see, that a bounded operator A with D(A) = H has bounded spectrum
o(A) c{A e C ||\ < ||A|l} and o(A) # 0. If the operator A s not bounded it can
happen that o(A) = C, even if A is densely defined, but also that o(A) = 0.

We have deduced that a self-adjoint operator has to be densely defined, symmetric
and closed. What property is missing”? The crucial missing property can be expressed
using the spectrum as the following result shows.

Proposition F.15. Let A be an operator on a Hilbert space H which is closed and
symmetric. Then

1. The index dy(A) := dim(Im(\ — A))*+

(a) is constant throughout the open upper half-plane.
(b) is constant throughout the open lower half-plane.

2. For the spectrum o(A) one of the following alternatives holds true

-~

a) o(A) is the closed upper half-plane,
(b) o(A) is the closed lower half-plane,
c) o(A) is the entire plane,

(4)

-~

(d) o(A) is a subset of the real axis.
3. A is self-adjoint if and only if the indices dy(A) are zero for X € C\ R.

4. A is self-adjoint if and only if 0(A) C R i.e. the case 2.(d) holds.
In particular: o(A) C R if and only if A is essentially self-adjoint. When A is
self-adjoint: o,.(A) = (.
The indices d;(A) = d;(A), d_(A) := d_;(A) are called the deficiency indices.
d+(A) can be expressed as follows
di(A) =dim{p e H | A"¢ = Lig},
since Ker (A — A*) = (Im(\ — A))*.

Corollary F.16. A symmetric operator A is self-adjoint if it satisfies d (A) =
d_(A) = 0. Moreover, A is essentially self-adjoint if d,(A) = d_(A) = 0, and it
has a self-adjont extension if dy(A) = d_(A).

We present three illustrative examples: Let H = L*(I) with I C R a closed interval
in R. [ is of the form I =R, I = [a, 0], T =]oo,b] or I = [a,b] for a,b € R.
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Example F.17. The multiplication operator M = M, for a measurable function v :
I — R (position operator in the appropriate context and with v(x) = z) is given by

D(M) = {6 H| / o) 216(2) [ < oo}

¢ Mo :=v¢, phi € D(M).
We have di = 0 since v¢p = +i¢ is satisfied only for ¢ = 0. Hence M is self-adjoint.
This example is related to the example in Remark 4° of [F.3]

Example F.18. The differentiation operator P (momentum operator in the appropri-
ate context)

¢ P = —id/

with ¢ € D(P), where D(P) := CJ(I) is the space of infinitely often differentiable
functions on I with compact support in the interior of I. Of course, P is symmetric.

In case of I = R the indices are di. = 0 and P is essentially self-adjoint. This is the
example in Remark 5° of [F.3]

In case of I = [a, 00| we have d (P) = 1 and d_(P) = 01, since P(¢) = —i¢/ = i¢ for
¢ = e % and since P(¢) = —i¢, i-e. ¢’ = ¢ has no non-trivial solution ¢ € L?*([a, ool).
Thus there is no self-adjoint extension. The case oo, b] is analogous.

In the case of I = [a,b], de(P) = 1. A class of self-adjoint extensions can be
described by boundary conditions. For ¢ €0, 1] set
D(P,) :={¢ € H| ¢ absolutely continuous with ¢' € H, ¢(a) = ¢(b) exp(2mit)} .
Then P,¢p = —igp, ¢ € D(P,), is a self-adjoint extension of P.
Example F.19. The Laplace operator H := —A, ¢ — —¢", is symmetric on D =
Cse(I) C H.
In case of I = R the indices are d+ = 0 and H is essentially self-adjoint.

In case of I = [a,00] we have dy(H) = 1. The self-adjoint extensions of H are
determined by boundary conditions of the form ¢(a)cosf + ¢'(a)sinf = 0. The case
|oo, b] is analogous.

In the case of I = [a,b], d+(H) = 2. The self-adjoint extensions are determined by
boundary conditions of the form ¢(a) = ¢(b) = 0, or ¢'(a) = ¢(b)’ = 0, or ¢p(a) = ¢(b)
and ¢'(a) = ¢(b)'.

SPECTRAL THEORY FOR SELF-ADJOINT OPERATORS

One of the most beautiful and efficient results for self-adjoint operators is the spec-
tral theorem.

In order to motivate the spectral theorem let us have a look at the finite dimensional
case. A symmetric operator A in a finite dimensional complex Hilbert space H is already



382 F.  Quantum Mechanics

self-adjoint. Symmetry can be described by the matrix which represent A: Let (e;) be
an orthonormal basis of H. An operator A is symmetric if and only if its matrix (a)
with respect to the basis (e;) is Hermitian, i.e. if (a]) = (a})". From Linear Algebra
we know:

Theorem F.20 (Spectral Theorem in Finite Dimension). Fvery symmetric operator
A in an n-dimensional Hilbert space H has diagonal form

Ap = Ni{ej d)e;,
1

where (e;) is a suitable orthonornal basis and A\; € R.

The \;, j =1,...,n, are the eigenvalues of A and constitute the spectrum: o(A) =
{\;}. The eigenspaces are the subspaces Ker (A\; — A).

Example F.21. As a generalization we consider a sequence (\;);en of complex num-
bers \; € C and define in H = ¢? the operator A¢ := (\;¢;), ¢ = (¢;) € D(A), where
D(A) :={¢ € £*| > |\j¢;]* < co}. D(A) is dense and the adjoint A* is given through
the sequence ();) with D(A*) = D(A). Hence, A is self-adjoint if and only if \; = );
for all j € N. The operator A can be expressed as

Ap = Z)\j (e, 0) ),
1

where (ej) is the orthonormal basis ey, := (d;x) jen-

Now, the spectral theorem for a self-adjoint and compact operatoﬂlz‘-l A in a Hilbert
space H says that T is essentially of the form just described: There exist a unitary
operator U : H — (* and a sequence ()\;) of real numbers such that T = U 'AU. In
that case (\;) has at most 0 as an accumulation point and the eigenspaces Ker (A; — A)
are finite dimensional for A\; # 0.

Note, that the example A is a multiplication operator: ¢* is L*(N) for the measure
p(e;) =1 and with v(j) = A; the operator A has the form A¢ = v¢.

In the following we need a generalization of the example in Remark 4° of [F.3 which
includes the example just described.

Example F.22 (General Multiplication Operator). Let (€2, %, 1) a measure space and
let v :  — C be a measurable function. The multiplication operator M = M, in
H := L*(Q, p1) is defined by

Mo :=vop, ¢€D
D(M —{¢>eH|/| 2)Pdp(z) < oo}

134T is compact if the image T(B(0,1)) of the unit ball has a compact closure in H.
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It can be proven that D(M) is dense in H. Hence, the adjoint exists. As in the
example in Remark 4° of one shows that M} = M. Therefore, M, is self-adjoint
if and only if v = v, i.e. v is real-valued. M, is bounded if and only if v is essentially
bounded,i.e. there is a subset N C Q of measure 0 such that sup{|v(q)| | ¢ € R\ N} <
00..

Theorem F.23 (Spectral Theorem — Multiplication Form). Let (A, D(A)) be a self-
adjoint operator on a separable Hilbert space H. Then there exists a (X-finite) measure

space (2,3, 1), a measurable function v : Q@ — R and a unitary operator U : H —
L2(2, p) with

e o€ D(A) — U¢p € D(M,),
o UAU™' = M, on D(M,).

H » D(A)2A~H

17

H D) D(M) M ~H

Example F.24 (Hamiltonian of a Free Particle). In classical mechanics the dynamics
of the free particle in () = R" is determined by the Hamiltonian H : M = T(Q) — R,
the energy:

H(q,p) = % > ()

We set m = 1 in the following. The quantum mechanical counterpart is the Hamilto-

nian )
N 0
H=:Z —i—

()

in H = L?(R"). We obtain H from canonical quantization in elementary Quantum
Mechanics. The Hamiltonian H is essentially the negative of the Laplacian: H= A

In order to describe an equivalent multiplication operator we use the Fourier trans-
form F given as
1

G L Sy 0 € @) N IR,

F(o)(x) =

defining a unitary map F : L*(R") — L*(R"). For differentiable ¢ € L?(R") partial

differentiation —ia%k and multiplication by z* is interchanged by F in the folloewing
way:
90 e (7
i =T @ Fo= (F' M F) ¢
Therefore,

~A=F'MF, M,=F(-A)F!, (93)
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with v = ||z||? and we have a concrete example of a self-adjoint operator being unitarily
equivalent to a multiplication operator. Note, that we have neglected to describe the
domain and check the self-adjointness of —A. But this can be done now using .

We also can determine the spectrum of —A as an application of the subsequent

lemma: o(—A) =[0,00].

Lemma F.25. The spectrum of the multiplication operator M, is the essential range
of v defined as

essrg(v) :={A € C| for all e >0:pu({we | |v(w)— A <e}) >0} :
o(M,) = essrg(v).

Observation F.26. Note that the spectral theorem allows one to introduce a FUNC-
TIONAL CALCULUS for self-adjoint operators: If A is a self-adjoint operator in H with
UAU! = M, (according to Theorem and f : R — C a measurable function.
Then an operator f(A) can be defined in the following way:

D(f(A)) :={¢ e H|(fov)Us € LT, u)},

f(A)p :=U""M;,Up, for ¢ € D(f(A)).

We come back to the functional calculus in Observation [F.37] after having introduced
spectral families in order to formulate the spectral theorem in the spectral measure
form.

To motivate the spectral theorem in the spectral measure form let us go back again
to the finite dimensional case. Let A be a self-adjoint (i.e. symmetric) operator in the
n-dimensional Hilbert space H. Then the eigenspaces of A yield a decomposition of
H: Let P, P, ..., P, be the orthogonal projections P; : H — H onto the pairwise
orthogonal eigenspaces of A corresponding to the eigenvalues A, ..., Ax. Then

A=>"N\P;.

1

Example F.27. A more general situation is the decomposition of a general separable H
into closed subspaces H; with projections P; : H — H with Im P; = H; and H = @ Hij.
Given a sequence (\;);en) of pairwise different real numbers the definition

Ad =Y NPip, ¢ € D(A):={¢ | Y _\;Pjp converges}

yields a self-adjoint operator described by projections.

The sum can be given by a suitable integral as well. This approach can be gener-
alized to the concept of a spectral family, or spectral resolution of the identity. For the
formulation of the concept we need some elementary results on orthogonal projections.
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Recall that a projection (more precisely an orthogonal projection) in the Hilbert
space H is a bounded operator P : H — H with Po P = P. Then ) := [ — P is again
a projection and I = P + (). As a consequence, Ker P and Im P are closed subspaces
with H = Ker P& Im P. A projection is self-adjoint. Each closed subspace V' C H has
a unique orthogonal complement W and defines a unique projection P with V' = Im P
and W = Ker P.

For a second projection ) we define P > (@ if and only if Ker P C Ker () which
is equivalent to Im@) C Im P. In case of P > (@ the equality ) = PoQ = Qo P
holds and the difference P — () is again a projection, namely the projection onto the
subspace Im P N Ker (). The following result is easy to show.

Proposition F.28. Let (Py) be a increasing sequence of projections. Then the projec-
tion P induced by the closed subspace

ImP = OImPk
0

1s the pointwise limit of the P,: Py = lim P,¢. Analogously, for a decreasing sequence
(Py) of projections. In that case the limit is the projection onto

ImP = ﬁImPk.
0

Definition F.29 (Spectral Family). A spectral family is a map E : R — B(H), often
written in the form (E)) = (E))xer, with the following properties:

1. Each FE) is a projection.
2. Ex<E,for \<pu, \peR
3. lim)\\_oo E/\ = O,IimA/xoo EA =1.

4. lim o Enie = E) for all A € R.

(E))aer is also called spectral resolution of the identity.

The support Supp(E)) of (E)) is the interval

I:TI'(E)\):{)\ERE)\#O or E)\#l}
FE) is called to have bounded support when this interval is bounded.

Note that for increasing (resp. decreasing) sequences of real numbers (\g) the cor-
responding projections (E), ) is increasing (resp. decreasing), so that Proposition m
is applicable. The convergence in 3. and 4. is meant is the sense of this proposition, it
is pointwise convergence.
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Example F.30. Let P be a projection and a,b € R, a < b. Set E)\, =0 for \ < a,
Ey=Pfora<X<band Ey, =1 for b < \. The spectral family has [a,b] as its
support. The spectral theorem in finite dimension leads to a similar spectral family
with finitely many projections Py

Example F.31. The spectral family for the Example [F.27 and generalizing Example
is the following
Ex= Y MNP

Aj<A

Example F.32. As in the Example [F.22] let (Q,%, 1) a measure space and let v :
2 — C be a measurable function defining the multiplication operator M = M, in
H := L*(Q,u), M¢p = vo, ¢ € D(M). Assume v to be real-valued. Denote S(\) :=
{we Q] vw) <A} and let xgn @ 2 = {0,1} be the corresponding characteristic
function of S(A). Then

Ex¢ = xsn9, 9 €H

is a spectral family. (It is the spectral family of M, c.f. Example M)

Recall the Riemann-Stieltjes integral: Let w : R — R be weight function which we
assume to be increasing and continuous from the right. The Riemann-Stieltjes integral
[ fdw for continuous functions f : R — R is defined in essentially the same manner as
the Riemann integral:

is the limit of sums

/bf()\)dw()\), a<b,

> Ft)(w(ty) = w(t;-y),

1

with a =ty < t; > ... <t, = b where the length sup(¢; —¢,_1) tends to zero.

In order to introduce the concept of integrating a spectral family (E)) we use the
weights

w¢(>\) = <¢7 E)\(b> ’

w, is decreasing, continuous from the right and bounded. w, determines a measure
wgdA = dwy on R and so we obtain a well-defined integral

[ f0vwaar= [ s,

(Without measure theory this integral can also be expressed by the (improper)
Riemann-Stieltjes integral for continuous f. )

This integral is also denoted by

/ FO) (6, Ex)d — / F(Nd(, Ex) = / FN)(6, dErg) = / FNEs.
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Proposition F.33 (Integrating a Spectral Family). Let (Ex)xer be a spectral family.
For each measurable function f : R — R one obtains the operator E(f) in H in the
following way:

D(E(f)) = {p e H| / 126, Exé)dA < o0}
B(f)o = / F()(6, Exd)dn, 6 € D(E(S)).
E(f) is self-adjoint and we write
B(f) = / FOE, = / JdE,.

E(f) is bounded whenever f is bounded.
Example F.34. Applied to the Examples [F.27], [F.21] and [F.31] let f: R — R. Then

B(f) =3 TP

Example F.35. In the Example let f: R — R a step function, i.e. f(\) =
Sl eix 1; With finitely many pairwise disjoint intervals. The integral is

E(f)o(w) = (/f()\)dE,\(b) (w) = ch(v(w))qb(w) = fouv(w)p(omega),

for ¢ € H, so E(f)¢)(F ov)$. As a consequence, for any measurable f
D(E(f)) ={¢ € H| (f ov)¢ € H}
E(N)é=(fouv)o.
In particular, with f = idg:
E(id) = / AE\ = M,.
As a generalization we have:

Theorem F.36 (Spectral Theorem — Spectral Measure Form). To each self-adjoint
operator A € SA, there corresponds a unique spectral family (E))aer such that A =

A= /)\dE,\.

E(ldR)7 1.€.

The spectral family is given by

1 b+e
(0, (By = Ba)) = limswolim / (L (RO~ ied) — RO+ ) 6)
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With the aid of the Spectral Theorem — Multiplication Form this version of
the spectral theorem can be proven using the preceding Example [F.35]

Observation F.37. The functional calculus introduced in Observation [F.26] can now
be reformulated. If E) is the spectral family of a self-adjoint operator A, then for
measurable functions f : R — R the corresponding self-adjoint operator is

f(4) = / F(\dE;.

For each spectral family a self-adjoint operator is defined as A := [AdE). The
corresponding one-parameter group of unitary operators is, in accordance with Stone’s
Theorem, but now using functional calculus the family U, = [ e “*dE) of unitary
operators.

A final remark concerning the use of the term ”spectral measure form”: A spectral
family induces an abstract projection valued measure on R. In fact for interval J :=
la, b] one can define p(J) := Ej, — E, to obtain a map on the set B(R) of Borel subsets
of R whose values are projections: p : B(R) — B(H). This is the so called projection
valued measure induced by the spectral family. Vice versa, any spectral family can be
induced by a spectral measure E) := p(] — oo, A]).

F.3 Canonical Commutation Relations

Definition F.38. The CANONICAL COMMUTATION RELATIONS (CCR) or Heisenberg
commutation relations are

[Pjapk] :Oa [Q]an] :07 [Pjan] :_iéjk7 for 1 S]ak§n>

for a set Py,..., P, and @, ...,Q, of operators or elements of a Lie algebra.

In Quantum Mechanics one is interested to realize the CCR by linear operators in
a Hilbert space H. In fact, in some treatises on the foundation of Quantum Mechanics
a realization of the CCR is part of the postulates, for example in the following form:

Postulate For a quantum mechanical system in which cartesian coordinates g;
with corresponding momenta p;, j = 1,...,n, are represented by self-adjoint
operators (); and P; in a Hilbert space H the following realization of the CCR
has to be satisfied

[P, Py] =0, [Q;,Qk] =0, [P}, Q] = —idjkidu, for 1 <jk<n.
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Observation F.39. We have seen a realization of the CCR at several places in these
lecture notes, for instance in the context of prequantization in or later in the
case of using natural polarizations in the simple case (see Examples . We recall
a special case, the so-called SCHRODINGER REPRESENTATION: The Hilbert space is
H = L*(R™,\) (A = dgq Lebesgue measure), and the @Q;, P; are the unbounded self-
adjoint operators in H with

Q;(9) == g;0,
0

j=1,...,n, where the ¢ € H are in the respective domains D(FP;), D(Q;) C H.

Note, that the Schrodinger representation is a representation of the Heisenberg
algebra hs,, (see Example|C.14)) by self-adjoint operators.

Are there simpler realizations of the CCR?

It is easy to see that for any realization of the CCR the Hilbert space H has to
be infinite dimensional. The identity PQ — QP = —i - idg (CCR with n = 1!) is not
possible for linear maps in a d-dimensional Hilbert space H # {0}, since the trace of
a commutator is zero while the trace of idy is d # 0.

Furthermore, PQ) — QP = —i - idg (with self-adjoint P, @) can only hold for un-
bounded operators. To see this, we need a formula for iterated commutators: We define
P™(Q) by recursion, PO(Q) := Q and P™+)(Q) := [P, P (Q)], and obtain the
following formula by induction.

Lemma F.40.

Proof. The formula holds for m = 0. The induction step m — m + 1:

1

1 m _—
m[RP( )(Q)]_m—ﬂ(

1
m!

1 m
P(Q) =

m ]' m
T Pt )(Q)__p( )(Q)p>

m!
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By the induction hypothesis:

k=0
m+1 _ m —
_ L ok GO s L Gl
- (Z;%—lﬁ N r e 'H_kﬁET U= +Q

+ k=1
B mi—l Q((_ng! Pmﬂ)
- (771-11!)]3%@+ o (i i kQ((_BTﬂ_/; e
)
= (m—imPM@ + Z—: kf; (%P’f@%wﬂ—k) n %meﬂ
N
0

Proposition F.41. Let P, Q) be self-adjoint operators in the Hilbert space H and define
U(t) :== e, Then
R SN Gl
UHQU(—t) = - PMQ.

m=0

In particular, if PQ — QP = —i -idy, it follows that U(t)QU(—t) = Q +t - idy.

Proof. Formally, we have

vQu(—) =3 I pro 3 C pr

and using Lemma [F.40]

3 (z;) QY (—:!t)"Pn -y (Z;) PkQ<_7j!t)nPn = %p(m)(@)

m  k+n=m m
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we obtain the first result. (The formal calculation can be justified by applying it to
vectors ¢ in the range of a spectral projection of Q.) If now [P, Q] = —i holds, the
brackets P™ () vanish for m > 1 and the sum

S~ pn )

m)!

reduces to Q + (it)PYQ = Q + t. O

Corollary F.42. Self-adjoint operators P, Q) on a Hilbert space H with PQ) —QQQ = —i
are unbounded with spectrum o(Q) = o(P) = R.

Proof. Tf () were bounded then A — @) would be invertible as a bounded operator for
|A| > ||@Q]]. Since @ + t is unitarily equivalent to @ for all real ¢ the operator @ would
have empty spectrum contradicting the fact that self-adjoint operators have non-empty
spectrum. For () as an unbounded operator each t € R turns out to be in the spectrum
of @, since @) + t is unitarily equivalent to @ + s for all s € R. o(P) = R by using the
symmetry (P, Q) — (Q,—P). O

We now introduce the so-called Weyl relations.

Proposition F.43. Let P, Q be self-adjoint operators in the Hilbert space H satisfying
PQ — QP = —i-idy, and define U(t) := " | V(s) := . Then

UtV (s) = eV (s)U(t).

Proof. Generalizing Lemma one gets e f(Q)e " = f(Q+t) for any measurable
function on R using the functional calculus or some induction formulas as above. As a
result

P o FisQ—itP _ +is(Q+t) _

6zste+sz )

]

This is the "integrated” version of the CCR in case of n = 1. In order to formulate
the Theorem of Stone-von Neumann we need some definitions:

Definition F.44. A pair of strongly continuous unitary groups (U(t)) and (V(s)) on
a Hilbert space H is called to represent the Weyl relations, if U(t)V (s) = e*'V (s)U (¢
holds for all s,t € R.

The representation is called IRREDUCIBLE, if there is no non-trivial closed linear
subspace Hy C H such that U(t)H, C Hy, V(s)H, C Hy for all s,¢ € R.

Two representations (U(t), V' (t)) on H and (U’(t),V'(s)) on another Hilbert space
H' are called unitarily equivalent if there exists a unitary map ® : H — H’' with



392 F.  Quantum Mechanics

U(t) =@ U (t)® and V(s) = @~ 1V'(s)®, i.e. if the following diagram is commutative:

U'(t) /
V'(s)

Remark F.45. A representation of the Weyl relations by U(t), V(s) is essentially a
projective unitary representation of the abelian group R2:

W' :R* = U(P), (p.q) — [Up)V(g)],

where [U] = 4(U) € U(P) denotes the unitary projective operator determined by the
unitary operator U € U(H), P = P(H): [U](v(¢)) = v(U(¢)). Recall, that a projective
unitary representation can be lifted to a suitable central extension of the group (see
Remark . In our situation we can use the central extension

0— R —HS;, —5R?>*—0.

and obtain

0 R HS; ——R? 0

R

0 R UH) = UP) —1

The definition of W in case of the Weyl relations is
W(p.g.s) := e 2"U(p)V(q), (p,q,5) € HS, = R* x R.

(See for a proof that this defines a homomorphism.) Of course, for any pa-
rameter A € R* the following definition yields another unitary representation W, with
W'om =4o0W,:

Wi(p, q,8) == e 2™ U (p)V (q), (p,q,5) € HS; = R? x R.

Given A # X the representations W, and W), are not equivalent.

Proposition F.46. The Schridinger representation of the Weyl relations on the
Hilbert space L*(R) given by U(t)y(q) = ¥(q +t) and V(s)(q) = €*%(q) is irre-
ducible.

Proof. Let Hy # {0} be an invariant sub-Hilbert space of H and ¢ € Hy ¢ # 0. Let
1 be an arbitrary element of the orthogonal complement H; of Hj. Since Hj; is also
invariant, we have U(t)y, V(s)U(t)y € H,. Hence, (¢, V(s)U(t)y) =0, i.e.

|4&mwm¢m+wmq=o
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Since the Fourier transformation

FiHoH, g Flg)(s) = c / ¢1g(q)ds,
R

(c some constant) is bijective, the functions ¢(q)1(q + t) vanish for all t € R. We
conclude ¢ = 0, and the orthogonal complement H; of Hj is zero, hence H = H,. [

Theorem F.47 (Stone-von Neumann). Any irreducible representation of the Weyl
relations is unitarily equivalent to the Schrodinger representation.

Proofs can be found, for example, in in [Hall3] or [Spe20]. It is interesting that
Hermann Weyl was the first to formulate the result in his book on group theory and
quantum mechanics in 1928 [Wey31], but he did not provide a proof. Marshall Stone
shortly after the appearance of the book pointed out that the result needs a proof
and presented in 1930 the unitary map yielding the unitary equivalence. He was not
providing a proof that his unitary map really does the job. A thorough proof was
given later by John von Neumann in 1931. This and other interesting aspects of the
Stone-von Neumann Theorem can be found in the article of J. Rosenberg, see [Ros04].

The corresponding result for n degrees of freedom is of the same nature, and has
essentially the same proof. Transforming a representation of the Weyl relations

U(t)V;(s) = ¥ V;(s)Ur(t) , j, k = 1,...,m,

besides Uy (t)U;(t') = U;(t")Ux(t) as well as Vi (s)Vi(s") = V;(s')Vi(s), into a unitary
representation W), of the Heisenberg Lie group HS,, as in Remark [F.45] the result can
be described in the following way.

Theorem F.48 (Stone-von Neumann). Any irreducible unitary representation W
of the Heisenberg group HS, with W(0,s) = e?*idy is unitarily equivalent to the
Schrodinger representation Wy.

This is a remarkable result. In general, when investigating Lie groups as symmetry
groups in physics, geometry or number theory there appear plenty of nonequivalent
unitary and irreducible representations with finite and with infinite dimensional Hilbert
spaces. For applications and also to obtain a good overview, one is quite content to
give a complete list of irreducible unitary representations for a given Lie group (or,
more general, for a topological group). The Heisenberg group is different. There is
only one irreducible unitary representation up to unitary equivalence and it is infinite
dimensional!

Summary:
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Sign Conventions

Appendix: Mathematical Background Knowledge

Let (M,w) be a symplectic manifold with Poisson bracket {,}, and let F,G € E(M)
be classical observables, 1.e. differentiable functions.

In the first table we list the possibilities for the signs and assign the attributes 7 A”

and 2 B??

In the second table it is reported how the signs are used in the literature which we

cite in these lecture notes.

Table 1: Possible sign conventions

A B

Hamiltonian vector field | Xy by ixyw=dH | ix,w=—dH
Poisson Bracket {F,G} = w(Xp, Xg) | —w(XF, X¢)
Representation (Xp, Xa] = | —Xoxexo) | Xoxexe)
Lie Derivative Lx,G = | XpG = —{F,G} {F,G}

Table 2: Usage
Source citation Xg|{,}| = | £Xipey | £XpG
This course, Abraham-Marsden | [AMT7S] A A — | A A
Sniaticky, Puta [Sni80],[Put93] | B | B — | A B
Woodhouse, Liberman-Merle [Woo80],[LM87] | B | A — | B B
Brylinski [Bry93] A |B — | B A
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