ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 1

DISCUSSION :

i.

ii.

Review of thermodynamic potentials

Representation theory of su(2) (in physics textbooks : “angular momentum’)

EXERCISES :

i

ii.

iii.

iv.

Prove that )
S = T(U—i—pV—uN)

(Hint. Use the homogeneity relation for the entropy)

Let w be a classical state on T : [, w(z)dz = 1 (a probability measure on I'). Prove
(no technicalities required) that the GlbbS state w(r) = Z(B) texp(—BH(x))
is a mlmmlzer of the entropy S(w) = [rw(z)Inw(x)dr at fixed energy U :=
Jpw( x)dz.

(Hmt Use two Lagrange multipliers, one of them turns out to be )
Prove Fekete’s lemma : Let {a,, } ,en be a real sequence such that a,, > 0 and
Ontm < Qn + Q-

for all n,m > 1. Then

. an, .
lim — = inf —.
n—oo n neN n

(i.e the limit exists and is given by the right hand side)

For a € R?,let U(a) = exp(— 1ZZ L ai - S%) where {S?}3_| is a representation of
su(2). For any A C T finite, let Up (a) = ®zeaUsz(a) and for any A € Ay,

VA(A) = Un(a)" AUx(a).

74 (+) is the quantum mechanical action of rotations by around a by an angle ||a/|.
Prove that the Heisenberg interaction ®,, o = 5, - 5, is rotation invariant :

f}/gz’y}((nyvO) = (bzyvo

for all a € R3. Prove that the addition of an external magnetic field, namely
Doy = So - Sy + (h/2)(S3 + S3), with h # 0 breaks this invariance.
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 2

EXERCISES :

Let H;, denote the set of k x k hermitian matrices, and H ,j the positive matrices. Prove
the following inequalities :

i.

iii.

iv.

Vi.

Note :

. Monotonicity of trace functions. Let f : R — R be a monotone increasing, conti-

nuously differentiable function. Let A, B € Hy. If A > B, then
Trf(A) = Trf(B).
Note : The requirement can be relaxed to f being continuous.

Peierls’ inequality. Let f : R — R be a convex function. Let {e;}*_, be an arbitrary
orthonormal basis of C*. Then

k
™ f (e Aei)) < Tef(A).

=1

Klein’s inequality. Let f : R — R be a convex, differentiable function. Let A, B €
H,.Forall A, B € Hy,

Tr (f(A) = £(B) = (A= B)f(B)) > 0.
If f is strictly convex, there is equality iff A = B.
Relative entropy inequality. Let A, B € H,". Then
Tr(AlogA) — Tr(AlogB) > Tr (A — B).

. Peierls-Bogoliubov’s inequality I. For any k € N, the map

A —logTr (eA)
is convex on Hy,.
Peierls-Bogoliubov’s inequality II. For any A, B € Hy,
Tr (BeA) Tr (eA+B)
Tr(ed) = ° Tr(eh)

All these inequalities can be extended to infinite dimensional Hilbert spaces, as

long as all quantities involved are a priori well-defined (e.g. trace class)
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 3

DISCUSSION :

Falk-Bruch inequality. By absorbing 3 in the definition of H, we assume 5 = 1. Let
o(x) := y/zcoth(1/y/x). Then
i. Falk-Bruch inequality :

2w({A*, A}) 4(A*, A)
(A [H, A =7 <w<[A*, A, AH)>

ii. Corollary :

) (A%, A) + 3 [(A%, A) - w(4", [H, A])] /2 >

> Cw({A%, A))

Note : An explicit lower bound is given by

(A%, 4) > %w<{f4*~4}>¢ <W)
t

where ¢(x tanh(x)) = ! tanh(z).

EXERCISES :

Let A, B € Aj. We consider Duhamel’s two-point function

1
(A,B)g:= Z(B)™! /O Tr <e—8ﬁH Ae~(1==)8H B) ds.

i. Basic properties. Prove that (A, B)g = (B, A).
Is the thermal two-point function wg(A, B) also symmetric ?
Prove Schwarz’s inequality,

(4, B)sl* < (A%, A)s(B*, B)g

ii. Relation to thermal expectations. Compute the thermal expectation value wg(A)
using Duhamel’s two-point function.
Conversly, let TtA(A) = exp(itH))Aexp(—itHy), and let 7, be its analytic conti-
nuation in the strip |3z| < 1. Observe that

(4,B)s = /01 ws(Brigs(A))ds
iii. Bogoliubov’s inequality. Use a convexity argument for the function
hg(s) := Tr (e*S’BHA*ef(lfs)’@HA)
to show that
@ (A%, A)s < sws({A”, A})
Further, prove prove that
ws([A, B]) = ([A, BH], B)5
and conclude that

lws([A, B))* < Sws([A", [H, Aws({B", BY)

1

N |
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 4

DISCUSSION :

Reflection positivity and the Laplacian. The Coulomb interaction between two charge dis-
tributions f, g € C5°(R3) is given by

B(f.g) = [ [ #@)le =l glo)dody
RN JRN
For any reflection R of RY across a hyperplane and any function k, we define Ogh(z) :=
h(Rx). Let g be supported on a half-space. Then
E(0rg.g) > 0.
Similarly, if f and g are supported on two opposite half-spaces separated by R, then

\E(f,9)]” < E(f,0rf)E(0rg, g)-

Despite being a non-trivial mathematical statement, reflection positivity is the simple
physical result that the interaction of a charge distribution and its mirror is attractive.

EXERCISES :

i. Let H = K ® K with dim K < oco. For any real matices A, B,C1,...,C; and any
real numbers py,...,p,

2
Tr [eA®1+1®B—ZL:1(Ck®1—1®ck_pk)2}

<Tr eA®1+1®A—z§c:1(ck®1—1®ck)2} Tr {eB®1+1®B_E§c:1(Ck®1—1®ck)2

ii. Let H = wA*A, with [A,A*] = s-1 for s € C. The Hilbert space is spanned
by {(A*)"Q},en for the particular vector 2 satisfying AQ = 0. Let ¢, be the
orthonormal basis such that H,, = nwsiy, ;

(a) compute (A*, A), where (A, B) is Duhamel’s two-point function at 5 = 1
(b) compute w;({A*, A})

(c) compute [A*, [H, A]]

(d) show that Falk-Bruch’s inequality is saturated in this example

(e) for which operator B is Bogoliubov’s inequality also saturated ?
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 5

DISCUSSION :
More on su(2) : Clebsch-Gordon series

EXERCISES :

i. Spin waves for the antiferromagnet. Consider the spin s Heisenberg antiferroma-
gnet H7" on the chain of length L with unique ground state Q, ||| = 1. Let

U, ::eiA, A:%ZxS?’

and \I’L = ULQL.
(a) Compute the energy gap 61, := (¥, Hp PV ) — (Qp, HF QL) ;
(b) If s € (1/2)N, show that (¥, Q) = 0 (Hint : in this case, exp(27iS3) = —1);

(c) Conclude that 47, is an upper bound for the spectral gap above the ground
state energy.

ii. Spin waves for the ferromagnet. Consider the spin 1/2 Heisenberg ferromagnet HF'
on the chain of length L with periodic boundary conditions. Its ground state
space is spanned by vectors of highest spin S, Let Hme=~! be the eigenspace
of S2,, corresponding to Sy,q; — 1. Compute the spectrum of HE [sma.—1 and
conclude again that the spectral gap above the ground state energy vanishes in
the thermodynamic limit.
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 6

DISCUSSION :

Theorem of Perron-Frobenius

EXERCISES :

i.

ii.

Using Duhamel’s formula, identify an exact expansion of exp(A+AB) to order N
in A € R. Prove the convergence of the series for all A if B is a bounded operator.

Show that the pressure (free energy per unit volume) of the free, spinless Bose /
Fermi gas of mass m in R? is given by

11 5 )
p(B, 1) = T3 @) /d klog (1 F ze 2m>
where z = exp(f8pu), provided i < 0.
Note : The Hamiltonian is

N
—-A
Hy = —.
AT Loy
i=1
It is convenient to choose A = [—L/2, L/2]? and consider the self-adjoint Lapla-
cian given by periodic boundary conditions. The pressure is given by

1
p(B, 1) = Wlog@A(ﬂ,u),

where O, (3, i) is the grand canonical partition function at inverse temperature
B > 0 and chemical potential ;1 € R,

OA(B, 1) = Tr (e—ﬁ(HA—uNA))

where IV, is the number operator.
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 8

DISCUSSION :
Non-equilibrium thermodynamics, part I : Fluctuations, fluxes and affinities
EXERCISES :

Perturbation theory : Consider two self-adjoint operators H, V' on the Hilbert space #,
such that V € £(H) and exp(—H) is trace-class. Let 7{, , t € R, be the automorphism of
the observable algebra A = £(#) defined by

T%E/(A) _ eit(H—O—V)Ae—it(H-‘rV).
Similarly, one defines the thermal state wg v, 8 € (0, 00) by
1
wgy(A) =Tr (e*’B(HH/)) Tr (Ae*ﬁ(HJrV)) .

The goal of this exercise is to derive a rigorous expansion of wg y with respect to V/,

o0

M wo(4) =S va(4),  BIV] <2,
n=0

using the interaction picture propagator

Uy (t) — eit(H—i—V)e—itH.

Check the following basic relations :

@) SHUHHY) _ 17 (p)eitH

3) T (A) = Uy ()75 (A Uy (1)

(4) Uy(t)~" = Uy (t)* = 7(Uy(—1));

(5) Uv(t+s)=Uv(s)5(Uv(t));

(6) Oy (t) = iUy (H)75(V), Uv(0) =1.

Since z — 7{;(A) is an entire analytic function, show that Dyson’s expansion is uniformly
convergent on compact sets of C :

% Up(t) =1+ (it)* / V) et (V) dsy -« - ds.
pt 0<s1 <. <5 <1
In particular, Uy (i8) is well-defined for all § € R. Use this and (2) to express wg y in

terms of wg .
1



Now, with Golden-Thomson’s inequality
Tr (eA+B) <Tr (eAeB)
and Trotter’s product formula, show the following lemma :
Lemma 1. For any (3, V as above and o € C,
®) ws.0(Uav (i8)) — 1] < eloBIVI 1,

Finally, use (7) and (8) to derive the expansion (1). In particular, show that
VO(A) = W[j,O(A),
vi(A) = B(V. A - ws0(A)

where (-, -)g is Duhamel’s two-point function.



G
No(,\- e»,q“;ftww '(»bewc!\(l)nbm%u - 50[(

o Q}U( —llefcaoo%u;w(_ S'bﬁem deserled 5} by eu}rora jow,c})qq
S S(X\, ;X‘«)
w(;efc. X“ y Xb Je e)(&.s;l,e_ V”;aLl‘f (wleuofavpic,>
-[wb\l e ol F €, ¥ Gikes ‘N&‘

£ f05 %) - § .

E)f ! X, 2 U eﬁeﬁa— ﬁ < fT"
XL - V l/b((m.e_ :FL - _%
X N rzr}\\c'e cumL{ [Fg = */-l-.li‘-,

dS - -’-.Jg #m“/- Q[M Lag

Uole . 014@« e 4 L T owe e By ]
Al oty b ooy | X3,

[Ffd )

o =Tl Tlebity dibbba X Xe b ki

WX, Xe) = exf( (SO8y-%r) - LFX
- S, ,m>

wlere e_-:‘s i ldehed © 3 b worwaloe_ W |,
(w(u. t 2 ‘rfolvzloua

Ex 1 (o 3[""@) IR %q' \(d{ (C(.nr»'w/>
lin 'I'd'ud oj 'k.,. Oueféqaz

U0 )= [ S (Hed-0 )W = 2 [ sii)-o)e (R,
K_/'\—\,

&<



% e
Lo W), e ESO-F0-8(4)
will g(_f) Grlen lna yl; &‘ﬁg(‘:ﬂ)
(.e [o Z = 1 (4
3 :(4 S(T (’P(ee e"‘Q/Ja'

=¥ § = %:i— i ‘ym\s Cede__ .

. Aw/"aiu g( JQ(MC)\OTIZ;J

X Aw/a}@ <X¢_ == 2%' (5‘)
‘deed Sw =) =b O = 5\ 'é GXL_%'F;' )Ll/ cJX,oer .

v fluchdiar Lot DKo K- <X

(5%, 5%;) A(o%%} )

\ 1 - Y(C_F R |
ndeed - Teon - e_"‘éa g@_“( §EXL>&X\&Xr

e g),o}
CATNNNC ST P £ (S0n-x0)-Lx )
OROF 2R OF; e

Q()
LR~ ER)Y - e C’ﬁ

= O3

o WM

=_"-9

9_
o0k



U3 2
p /{@Yof,'),‘oh ) let l(>u,---, Ar) be %aza/ of A ¢ Qéa’
T L i Fv-"lu'-' {;%:\r‘ = §

%(A'---,Ar ) = el“( ( ; ) (F; gFr)>

IX> l(o, .0) L%%) (A Arﬂ

pﬁ"’“ %(Ar‘\') s .ML jcuerﬁfr“LJch},‘a‘% -{L (ADCML)
IR P or uetrd]

- /(rg[ﬂ'o.,. Let <<i]—|><\)t>> be MmJ mwrs,\,elg ;a
<(£T_XJ§ = %‘ g? <<"{ZCX‘J>\

e, S - (C _’|> reud v Il {J}ﬂiow d(ff!,.a.a\}‘
Lo

LTX;)- L«(”;%MS(‘” 4) - SIF.. ﬁB/&.
" %) oy 2(4,. A}/

. (

Moler -y KX0N e OO

x XX CIXXDS

F Trow (%) ond ()
9<5<\
Dﬁ

=0

=g,

b S><>



Y Lo em«fb a/z;m
TR
<(SU)> “L‘(g(#_) = LT (07 >
a LTLUCV
ecjnc L@a} ch Lac{ec«e_/uzOL
Obsche Z S ~ o)
b {(50)™* ~ O )
—T(Ac}u o, or wlle 1&3 L ~
))[ éol | 'L, {hMll', U (%) /
ovelt e G, — o Jles o yhae Herio
oAb & Pl |

@ Vit huugds s - [ O \ @w

Tuo TO tews | eocl. o] - es,erm bt wol auhw[&}_

% Cée EXJ-AJ}L X (; .
Uow levv l(,qu(,e] S J Qboo’t, X" BL 5)0" J’ULJOQ)QW/-

X"fx s Jjbse—d. | §
M. Ry 7 R X

2L R
Ay

i (

P,
5 (S & ><> @m)
- Fo-f,

B



l Ue3. €

P

‘S
wLerL = = (—);:: s J(.L Volue. %’ F of. ‘,[@
8)10(49“} A W Is Lad%iupo l

" F g cOrrlea.J) b1 wost f/oLaLL I,a[oo) ir

!ME‘,@H!OIA F o rrecméecl lees o £ (}&f@&c
Vow : tb\’}fbft—() ffoo]oc)\o»
i- 4 (g (><)+$(>s¢,)> - (A1) .
md we e
Eor,fléruw, > Sl Q«’foa = (ﬁ >
E‘?u Lﬂu/"» & M\ S=0
J A ekaw(la: KU Fod 7)oy Yoor
(TL T¢>1
5 COM}NM-tm '!Lw‘}’ —_—— - — _
- _"" ‘\1“:"(’_3:. ’ml_) o
wda°”3%p ()

o Produchion aé X ls Lo couflel Dleopolu% 4 K.

% Euw? ‘) SSCZ” L\f)g (’oruferk)
gt = ox e ) < ()
Gy L@W’&g ( fodkctan )
. 99
S, = gXL f))( )7 (F 1C )“)u (Z)

~ EADD {&“ ﬂﬂm")l‘ @l 33,«‘ B F\:ja :

(7S



(.

A A R o 3,
= écm' (—Js‘ur.“—)h> (7)

X Lmi hieox  (um)-tor dy |
(‘) Leoner. g_i:( ,_,-’Vg (wu}im{}a 5)09}5014)

. NS o ~
@) |ecoues - S = (')1 + ‘VJS (@u})w}b wl B )

(1,) lvewW): é = D‘[}/ ‘} (&J‘Iofa ffoduc})loa {>,e,>
lowe . S -F VI
ud 35 = F- —J (Qu rofa "?‘M)f)

Q;"“JQ VE ( “qum%aamc fpr(e.[ :

‘Lew\fe/é/l/re. qfaJ«/\%‘é )
3 KQZ(AJ‘J‘)' ;b\Jﬁ(eJ:

Eh’f"ofb "’lmm JS' (ACS ﬁl
EA+M(‘3 Tf@clac)io“ S > L‘[:, ffi 7L
A

Geddu Jody. 51 $9% --LF, p7,

b @S”— I“‘ H’( S"‘Ea% 8&2 0.} =y 9-[-:0 IDU‘} 37{@ ‘/

-”oaf‘ Ll JQ T:}S, s:lula S



: 7
$:92 - v(F) - v(3)1, *1Va
1 I.

T. et s N
T, L‘%'}- Sowrce ‘Lem{JJLc ]

A o e s Flaa s
Nawr _ﬂxlaou f)roceﬂ Sl (}'bh
-11"2 v)" (-/5:'4--', dfrl ‘F\',_-‘"ﬁ>

W{/uz: ?&’Vﬁ 2 ‘
wd Ao mlba v oo Ahed fee

Ba fd ler e
gb\ 2 ]C: Lhd (ﬁ LL}’ LM ('ﬂ,..,_ﬂ)

bw')\é}

| Aé;-‘al 1 ®{aw{lt'. X=U cfFe2
Jowrr' s s Ju=- VT
Liis @ he rewnlfe,. . s LTLV(%)
L. Luu - 2T
Ourjg_h relofo, (Laur;sb’u[&a derived
L(F, e 2l (R A

wher E:* et Pue_mwed "J/m‘cL b Efy



Erooie:  ferhdohon 4 om “? ~($(7“)~V
LHF é +V) ~&)f &H :€ (H3v)

¢ CL.«(LI(L)-'UVG)Q‘ - ’-( 4
9 UL G < 0t g

@) zé(Hw)A( ;{-(H,w)-‘ . _e' _

| WU U < M -3 B8,
W ( o) « G

i) <sd Sl ) ol
U(s)t (UVH e AL

B ) ~EYH () (o)

) 4]
i QLL(HW) ~ Lk c‘LﬂH -.;é‘l«( e

=

o Ve e @i U( e u‘\ﬁm fhot ex((H) 5
parhonlyr loou,,,Jed wlch lu,r/ro) ok Y i Seuni-Domuda .

b elow .

ﬂaaﬁzj I ;6'*

U, & = (+Lf U, &) (V) ds,
. ,L(jez; *g(v [Jr[af Uys.) T V)T 4
- L Jdsyds, THW) - T

-u cht. ‘Yh“?

0 [y UL )20

' 6Zg( 4§M »L'



|UeB.9
iuce UVQ') i C“'-'E/a , 1o wor 03 Lo rewsiccs 1
[ v — o (ew) teol ter.

()’
N Mw il (U_wé)

nd S :‘Aﬁ‘% '

lé‘()u < IE‘: UMI)) —> e. Ko

'H%ce "HAL Sre) COmv\-f%z) ~’-o UV({)' 'f@f 9" ’f‘,‘)@cj teﬂl,
foiitwile . T im(/rc; cm:ja(u CoulrSlate. oL cowﬁc)— seh % .

Woreow,  Jice ‘CB b a &AJ(al\\C efewion o te C fe
eliute, oboe  Yow Yo abrlue Conreofuce_ Jl e teces

(ot te Lor tc €, ad lowe W'K""“L‘a"’ CunfacrS
e Lbw: — -8
Wyt = (r(e\@(#+ )A) _ Tr (Uu(éf)é%>
B (e“(;(#w)) Tt (Uy(c‘(l)e\(m)
. W (\A Uv(“(’)) (M
“to (Un(if)
Tir aud %J%’J SPaho d”@w) ﬁor .kl/ eX]%J{oL % c{)ﬂ, (z‘\)-
’ ﬂrﬂ, e fore 1o lowis - (miﬂ CU(.O inSlead 0{) Wf‘v -/—,()(

(«f(s,o (UD(V (‘:r)) - l = S; jl} (’L)('o (US’W (t\r )) clS‘




| P et
Vo ) ull
| H(S‘I ‘ I T/(e"l‘”)

_ ?{_lilf T((e‘(‘(”“'"’))
T((e“(’“)
whoe we vied ot ey (¢ Uy ”*l’7)> 0. /l&a Qooldr.- Thouwsen's

, ’All .
(e 1-3 s
1) ¢ oy Tlefte )

~—
— -

1 [ wf'o (Q\ Sv(ﬂ]) ¢ IU” e_SIO(PN bl
o iJ'/J,th

—

(e ')

Iukquh»a s bod fq'dclf
lC\)f‘o (va(cf})—l / < Kellul (e(«{’!{((///_ ( ) {

p———

[l LU 0
Uiy Domey oqasia. o tap  ad Wl U o)
obhot.

CJ(‘O (A UU(CH) N le: 0<“ Cu (4) , G (A) ;UQH’ (A) (ﬂ;)
ere c,(4) = (-(s)“ f ds ..., LJ(,J (Atil“' (v).-- z‘\l‘sa(up

6£5,¢-<8 ¢b
h2\.

+ Vo lewns | o, e &k a0 (U
a , ) cbes ok
e duy %@10)/ Lole did e oo, / ( wd{{)

{w({fsl{{l/l(‘/ ¢l e ) . L
e € (x| —rm/”
(,./Lu‘cl. I ‘be% /L«[(M ol Xk~ C((g,(A) Is éu.\(z&}\‘c_ i 1
&\JL l’a ()") Ot HL% 9. '((eqce, + Lus o e’ry&,h(oo\
wew = L oGt v )

wd WA @ bk dlrtaled rccum've(»b ‘ffow Q\e)e) :



UeB. Il

5 M- < (A) L I/(A)cwup)
A w ool
Uy (Al = G (41 .o (4) Al
V. (4] = c.(4)- CUK(A) g (D)
dud
G- Sy gl el
b =

1 Pr}l'cw(f :

Pl N
WA) = )= V@) )

. -(S y’cb W (A {(U)) wﬁo(ﬁ/(‘(}j;b ‘U/.'(IZFW)

Wxﬂa@m 3) b E/(W
. _(,}((/A) - l/ o, A//J
.- ( (A - - o 74/)>€ a
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DISCUSSION :

Non-equilibrium thermodynamics, part II :
Entropy production and Priorgine’s variational principle
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DISCUSSION :

The GNS representation : Proof of the general theorem.

EXERCISES :

Finite quantum systems. Consider a quantum system defined on a Hilbert space H and
whose dynamics is generated by a Hamiltonian H. Let A = B(H) be the algebra of
observables, and

ii.

iii.

iv.

Vi.

Tt(A) — ethAefth'

. Show that the pair (A, 7*) is a C*-dynamical system if and only if H is a bounded

operator.

Hint : The only non-trivial property to check is the strong continuity ;

Note : This example shows that the notion of a C*-dynamical system is in fact
too restrictive for quantum mechanics, and that in many cases, W*-dynamical
systems are more suited since continuity of the dynamics there is in a weaker

topology ;
Show that if (A, 7%) is a C*-dynamical system, then 7' is in fact uniformly conti-
nuous;

A state is given by a density matrix p on H. Show that (A, 7%, p) is a quantum
dynamical system if [p, H] = 0;

Prove that if H has purely continuous spectrum, then there is no trace-class ope-
rator p # 0 commuting with H, and hence no invariant state ;

Note : In other words, invariant states are given by convex combinations of pro-
jections on eigenstates ;

. Assume that p is an invariant state. Construct its GNS representation ;

Hint : Let I = Ran(p) and consider the Hilbert space #,, to be the set of Hilbert-
Schmidt operators from K to H ;

Show that the Liouvillean L, is given by
oltLp X — oitH xo—itHIx
forany X € H,;

Note : Clearly, the spectrum of the Liouvillean does not represent the energy of
the system anymore.
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ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 11

DISCUSSION :
A few words about the Weyl algebra
EXERCISES :

Density of analytic elements. Let (A, ') be a C*-dynamical system, and let
A; :={A € A: 2z~ 7°(A) extends to an analytic function on C}

be the set of analytic elements.
i. Show that 7%(A*) = 77(A)*;

ii. Forany A € A, let
A, = \/ﬁ/ Tt(A)e*ntht
™ JR

where the integral is in the Riemann sense with respect to the norm topology ;
Show that 4,, € A;;

iii. Use the definition above to prove that A, is dense in A.
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