
ADVANCED MATHEMATICAL STATISTICAL PHYSICS WS13/14
EXERCISE SET 1

DISCUSSION :

i. Review of thermodynamic potentials
ii. Representation theory of su(2) (in physics textbooks : ‘angular momentum’)

EXERCISES :

i. Prove that
S =

1

T
(U + pV � µN)

(Hint. Use the homogeneity relation for the entropy)
ii. Let ! be a classical state on � :

R
� !(x)dx = 1 (a probability measure on �). Prove

(no technicalities required) that the Gibbs state !(x) = Z(�)�1
exp(��H(x))

is a minimizer of the entropy S(!) =

R
� !(x) ln!(x)dx at fixed energy U :=R

� !(x)H(x)dx.
(Hint. Use two Lagrange multipliers, one of them turns out to be �)

iii. Prove Fekete’s lemma : Let {a
n

}
n2N be a real sequence such that a

n

> 0 and
a
n+m

 a
n

+ a
m

.

for all n,m � 1. Then
lim

n!1

a
n

n
= inf

n2N

a
n

n
.

(i.e the limit exists and is given by the right hand side)

iv. For a 2 R3, let U(a) = exp(�i

P3
i=1 ai · Si

) where {Si}3
i=1 is a representation of

su(2). For any ⇤ ⇢ � finite, let U⇤(a) = ⌦
x2⇤Ux

(a) and for any A 2 A⇤,
�a⇤(A) = U⇤(a)

⇤AU⇤(a).

�a⇤(·) is the quantum mechanical action of rotations by around a by an angle kak.
Prove that the Heisenberg interaction �

xy,0 = S
x

· S
y

is rotation invariant :
�a{x,y}(�xy,0) = �

xy,0

for all a 2 R3. Prove that the addition of an external magnetic field, namely
�

xy,h

= S
x

· S
y

+ (h/2)(S3
x

+ S3
y

), with h 6= 0 breaks this invariance.
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EXERCISE SET 2

EXERCISES :

Let Hk denote the set of k ⇥ k hermitian matrices, and H+
k the positive matrices. Prove

the following inequalities :

i. Monotonicity of trace functions. Let f : R ! R be a monotone increasing, conti-
nuously differentiable function. Let A,B 2 Hk. If A � B, then

Trf(A) � Trf(B).

Note : The requirement can be relaxed to f being continuous.

ii. Peierls’ inequality. Let f : R ! R be a convex function. Let {ei}ki=1 be an arbitrary
orthonormal basis of Ck. Then

kX

i=1

f (hei, Aeii)  Trf(A).

iii. Klein’s inequality. Let f : R ! R be a convex, differentiable function. Let A,B 2
Hk. For all A,B 2 Hk,

Tr

�
f(A)� f(B)� (A�B)f 0

(B)

�
� 0.

If f is strictly convex, there is equality iff A = B.

iv. Relative entropy inequality. Let A,B 2 H+
k . Then

Tr (A logA)� Tr (A logB) � Tr (A�B) .

v. Peierls-Bogoliubov’s inequality I. For any k 2 N, the map

A 7! log Tr

�
e

A
�

is convex on Hk.

vi. Peierls-Bogoliubov’s inequality II. For any A,B 2 Hk,

Tr

�
Be

A
�

Tr (e

A
)

 log

Tr

�
e

A+B
�

Tr (e

A
)

.

Note : All these inequalities can be extended to infinite dimensional Hilbert spaces, as
long as all quantities involved are a priori well-defined (e.g. trace class)
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DISCUSSION :

Falk-Bruch inequality. By absorbing � in the definition of H , we assume � = 1. Let
'(x) :=

p
x coth(1/

p
x). Then

i. Falk-Bruch inequality :
2!({A⇤, A})
!([A⇤, [H,A]])

 '

✓
4(A⇤, A)

!([A⇤, [H,A]])

◆

ii. Corollary :

(1) (A⇤, A) +
1

2

⇥
(A⇤, A) · !([A⇤, [H,A]])

⇤1/2 � 1

2

!({A⇤, A})

Note : An explicit lower bound is given by

(A⇤, A) � 1

2

!({A⇤, A})�
✓
!([A⇤, [H,A]])

2!({A⇤, A})

◆

where �(x tanh(x)) = x�1
tanh(x).

EXERCISES :

Let A,B 2 A⇤. We consider Duhamel’s two-point function

(A,B)� := Z(�)�1
Z 1

0
Tr

⇣
e

�s�HAe

�(1�s)�HB
⌘
ds.

i. Basic properties. Prove that (A,B)� = (B,A)� .
Is the thermal two-point function !�(A,B) also symmetric ?
Prove Schwarz’s inequality,

|(A,B)� |2  (A⇤, A)�(B
⇤, B)�

ii. Relation to thermal expectations. Compute the thermal expectation value !�(A)

using Duhamel’s two-point function.
Conversly, let ⌧⇤t (A) = exp(itH⇤)A exp(�itH⇤), and let ⌧z be its analytic conti-
nuation in the strip |=z|  1. Observe that

(A,B)� =

Z 1

0
!�(B⌧⇤is�(A))ds

iii. Bogoliubov’s inequality. Use a convexity argument for the function

h�(s) := Tr

⇣
e

�s�HA⇤
e

�(1�s)�HA
⌘

to show that

(2) (A⇤, A)�  1

2

!�({A⇤, A})

Further, prove prove that
!�([A,B]) = ([A,�H], B)�

and conclude that

|!�([A,B])|2  �

2

!�([A
⇤, [H,A]])!�({B⇤, B})
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DISCUSSION :

Reflection positivity and the Laplacian. The Coulomb interaction between two charge dis-
tributions f, g 2 C1

0 (R3) is given by

E(f, g) =

Z

RN

Z

RN
f(x) |x� y|�1 g(y)dxdy.

For any reflection R of RN across a hyperplane and any function h, we define ✓Rh(x) :=
h(Rx). Let g be supported on a half-space. Then

E(✓Rg, g) � 0.

Similarly, if f and g are supported on two opposite half-spaces separated by R, then

|E(f, g)|2  E(f, ✓Rf)E(✓Rg, g).

Despite being a non-trivial mathematical statement, reflection positivity is the simple
physical result that the interaction of a charge distribution and its mirror is attractive.

EXERCISES :

i. Let H = K ⌦ K with dimK < 1. For any real matices A,B,C1, . . . , Cl and any
real numbers ⇢1, . . . , ⇢l,

Tr
h
eA⌦1+1⌦B�

Pl
k=1(Ck⌦1�1⌦Ck�⇢k)2

i2

 Tr
h
eA⌦1+1⌦A�

Pl
k=1(Ck⌦1�1⌦Ck)2

i
Tr

h
eB⌦1+1⌦B�

Pl
k=1(Ck⌦1�1⌦Ck)2

i

ii. Let H = !A⇤A, with [A,A⇤] = s · 1 for s 2 C. The Hilbert space is spanned
by {(A⇤)n⌦}n2N for the particular vector ⌦ satisfying A⌦ = 0. Let  n be the
orthonormal basis such that H n = n!s n ;
(a) compute (A⇤, A), where (A,B) is Duhamel’s two-point function at � = 1

(b) compute !1({A⇤, A})
(c) compute [A⇤, [H,A]]

(d) show that Falk-Bruch’s inequality is saturated in this example
(e) for which operator B is Bogoliubov’s inequality also saturated ?
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DISCUSSION :

More on su(2) : Clebsch-Gordon series

EXERCISES :

i. Spin waves for the antiferromagnet. Consider the spin s Heisenberg antiferroma-
gnet HAF

L

on the chain of length L with unique ground state ⌦
L

, k⌦
L

k = 1. Let

U
L

:= e

iA, A =

2⇡

L

LX

x=1

xS3
x

,

and  
L

:= U
L

⌦

L

.
(a) Compute the energy gap �

L

:=

⌦
 

L

, HAF

L

 

L

↵� ⌦
⌦

L

, HAF

L

⌦

L

↵
;

(b) If s 2 (1/2)N, show that h 
L

,⌦
L

i = 0 (Hint : in this case, exp(2⇡iS3
x

) = �1) ;
(c) Conclude that �

L

is an upper bound for the spectral gap above the ground
state energy.

ii. Spin waves for the ferromagnet. Consider the spin 1/2 Heisenberg ferromagnet HF

L

on the chain of length L with periodic boundary conditions. Its ground state
space is spanned by vectors of highest spin S

max

. Let HS

max

�1 be the eigenspace
of S2

tot

corresponding to S
max

� 1. Compute the spectrum of HF

L

�HS

max

�1 and
conclude again that the spectral gap above the ground state energy vanishes in
the thermodynamic limit.
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DISCUSSION :

Theorem of Perron-Frobenius

EXERCISES :

i. Using Duhamel’s formula, identify an exact expansion of exp(A+�B) to order N
in � 2 R. Prove the convergence of the series for all � if B is a bounded operator.

ii. Show that the pressure (free energy per unit volume) of the free, spinless Bose /
Fermi gas of mass m in R3 is given by

p(�, µ) = ⌥ 1

�

1

(2⇡)3

Z
d3k log

✓
1⌥ ze�

k2

2m

◆

where z = exp(�µ), provided µ < 0.
Note : The Hamiltonian is

H⇤ =

NX

i=1

��

2m
.

It is convenient to choose ⇤ = [�L/2, L/2]3 and consider the self-adjoint Lapla-
cian given by periodic boundary conditions. The pressure is given by

p(�, µ) =
1

|⇤| log⇥⇤(�, µ),

where ⇥⇤(�, µ) is the grand canonical partition function at inverse temperature
� > 0 and chemical potential µ 2 R,

⇥⇤(�, µ) = Tr

⇣
e

��(H⇤�µN⇤)
⌘

where N⇤ is the number operator.
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DISCUSSION :

Non-equilibrium thermodynamics, part I : Fluctuations, fluxes and affinities

EXERCISES :

Perturbation theory : Consider two self-adjoint operators H,V on the Hilbert space H,
such that V 2 L(H) and exp(�H) is trace-class. Let ⌧ tV , t 2 R, be the automorphism of
the observable algebra A = L(H) defined by

⌧ tV (A) = e

it(H+V )Ae

�it(H+V ).

Similarly, one defines the thermal state !�,V , � 2 (0,1) by

!�,V (A) = Tr

⇣
e

��(H+V )
⌘�1

Tr

⇣
Ae

��(H+V )
⌘
.

The goal of this exercise is to derive a rigorous expansion of !�,V with respect to V ,

(1) !�,V (A) =

1X

n=0

⌫n(A), �kV k < ln 2,

using the interaction picture propagator

UV (t) = e

it(H+V )
e

�itH .

Check the following basic relations :

e

it(H+V )
= UV (t)e

itH
;(2)

⌧ tV (A) = UV (t)⌧
t
0(A)UV (t)

�1
;(3)

UV (t)
�1

= UV (t)
⇤
= ⌧ t0(UV (�t));(4)

UV (t+ s) = UV (s)⌧
s
0 (UV (t));(5)

@tUV (t) = iUV (t)⌧
t
0(V ), UV (0) = 1.(6)

Since z 7! ⌧ zV (A) is an entire analytic function, show that Dyson’s expansion is uniformly
convergent on compact sets of C :

(7) UV (t) = 1 +

1X

k=1

(it)k
Z

0s1...sk1
⌧ ts1(V ) · · · ⌧ tsk(V ) ds1 · · · dsk.

In particular, UV (i�) is well-defined for all � 2 R. Use this and (2) to express !�,V in
terms of !�,0.

1



2

Now, with Golden-Thomson’s inequality

Tr

�
e

A+B
�  Tr

�
e

A
e

B
�

and Trotter’s product formula, show the following lemma :

Lemma 1. For any �, V as above and ↵ 2 C,

(8) |!�,0(U↵V (i�))� 1|  e

|↵�|kV k � 1.

Finally, use (7) and (8) to derive the expansion (1). In particular, show that
⌫0(A) = !�,0(A),

⌫1(A) = ��
�
V,A� !�,0(A)

�
�
,

where (·, ·)� is Duhamel’s two-point function.
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DISCUSSION :

Non-equilibrium thermodynamics, part II :

Entropy production and Priorgine’s variational principle
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DISCUSSION :

The GNS representation : Proof of the general theorem.

EXERCISES :

Finite quantum systems. Consider a quantum system defined on a Hilbert space H and
whose dynamics is generated by a Hamiltonian H . Let A = B(H) be the algebra of
observables, and

⌧ t(A) = eiHtAe�iHt.

i. Show that the pair (A, ⌧ t) is a C*-dynamical system if and only if H is a bounded
operator.
Hint : The only non-trivial property to check is the strong continuity ;
Note : This example shows that the notion of a C*-dynamical system is in fact
too restrictive for quantum mechanics, and that in many cases, W*-dynamical
systems are more suited since continuity of the dynamics there is in a weaker
topology ;

ii. Show that if (A, ⌧ t) is a C*-dynamical system, then ⌧ t is in fact uniformly conti-
nuous ;

iii. A state is given by a density matrix ⇢ on H. Show that (A, ⌧ t, ⇢) is a quantum
dynamical system if [⇢, H] = 0 ;

iv. Prove that if H has purely continuous spectrum, then there is no trace-class ope-
rator ⇢ 6= 0 commuting with H , and hence no invariant state ;
Note : In other words, invariant states are given by convex combinations of pro-
jections on eigenstates ;

v. Assume that ⇢ is an invariant state. Construct its GNS representation ;
Hint : Let K = Ran(⇢) and consider the Hilbert space H⇢ to be the set of Hilbert-
Schmidt operators from K to H ;

vi. Show that the Liouvillean L⇢ is given by

eitL⇢X = eitHXe�itH�K

for any X 2 H⇢ ;
Note : Clearly, the spectrum of the Liouvillean does not represent the energy of
the system anymore.

1
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DISCUSSION :

A few words about the Weyl algebra

EXERCISES :

Density of analytic elements. Let (A, ⌧ t) be a C*-dynamical system, and let
A⌧ := {A 2 A : z 7! ⌧ z(A) extends to an analytic function on C}

be the set of analytic elements.
i. Show that ⌧ z(A⇤) = ⌧ z̄(A)⇤ ;

ii. For any A 2 A, let

An :=

r
n

⇡

Z

R
⌧ t(A)e�nt2dt

where the integral is in the Riemann sense with respect to the norm topology ;
Show that An 2 A⌧ ;

iii. Use the definition above to prove that A⌧ is dense in A.
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