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The Zeta function and the Riemann Hypothesis

Solution
Problem 29
a) f(x) = 17z has poles ia. We integrate over v(s) = Re~®188®s 5 ¢ [0, 7] and denote
g(z,t) = 2™ f(2), 2z € C for t # 0. Note that
e~ 27 (2 + sign(t)ia) g~ 2mizt
R‘ —sign ia 7t - 1 = 1 —_— -
eS—sign(tjia 9(2, ) z—)—slirgrrl1(t)ia a? + 22 z—)—slirgrrll(t)ia z — sign(t)ia
ie—QWHm
 2sign(t)a’
As usual
~ —27|t|a —27|tla
f(t) = lim / g(x,t)dx —/ gz, t)dzx | = sign(zf)ﬁ,e =
Boo \ JI_R Blant, o sign(t)a a

where we used the following lemma by Jordan. By continuity of the Fourier transform
we also get the case t = 0.

Lemma (Jordan). If a function f converges uniformely to 0 for |z| — oo in the upper
R—o0

half plane than [ . e f(z)d 2z —— 0.
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b) Poisson’s summation formula reads

A e 2minla T > ™
2 fm =2 fm =3 ——=1 (‘”226_%’”) ~a (‘”ﬁ)

neE”L neZ nez
T 1+ 67271'(1 T 67‘(‘(1 + e*ﬂ'a T
=—|——==)=—-| =—— ] = — coth(ma).
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Hence Y07 f(n) =1 (3,cz f(n) — f(0)) =1 (% coth(ma) — a%)



Problem 31

Let n = Hf:lp?'

a) Note that the case n = p{' is obvious by the definition of the Mangoldt function. By
induction on the number of prime factors: 3, A(d) = Sk deek+l|n A(dp, ) =

ST AL ) +Hlog(n/pit) = ert1log(prr1) +log(n/pitt) = log(pih!) +log(n/pikh!) =
log(n).

b) By part a):

log(|2)!) = YD A) =D logp- #(n k) pF <a/np =D D A =D v (T).

n<z djn p<T n<z d<z/n n<x
Since A(d) # 0 for d = p* and p*,2p%, ..., |2z/p*|p* < x.
¢) Follows from part b), since #{(n, k) : p* < z/n} = 322 |z/p*].

e) We will use part ¢). First note that log(|z]!) = zlogz — x + O(log(z)), since
x lz]
xlog(z) —z+ 1 —log(z) = / logudu —log(z) < / logudu < Zlog
1 1
=] lz]
g/ logudu+ log|z| g/ logudu+logz = xlog(x) — x + 1 + log(x).
1 1

Next note that log([z]!) =3 _ logp 7, L%J = <. logp L%J +D e l0gpd 1, L%J
and 3, logp S50, | 2| <

Moreover > _ logp (%) > p<alOgp {%J < Y p<plogp =9(z) = O(x). Hence

pP<T
d) Note that 35, ., 2 =37 REPILSD L P and 3, PEE < YD PR S pT =
> >
Zp@ 1o}gogp)% c k>2 k 2
Problem 32
a) From part a) D ATEZL) L and further

1 1 A 1
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n<e n-k<z n<x k<z/n

Let s =1+ it,t # 0. By problem 8 part a) we know that
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and hence

>l - A (ao- L) o (T )
LT (L L) ()
— (s) ; Ar(:) _ (S ! . x;) log(z) + O (1)

where we used that ¢ (x) ~ z (by the prime number
8, i.e.

theorem). Next we use again problem

logn , 1 1 1 log(z) log(x)
- _ . _ . o222
nZ; ns ¢(s) (s—=1)2 zs7t s—1 571 + xs

and receive

A(n) , 1 1

= —((s) - 1)=0(1
aﬁg; v =) T O =00)
But ((s) # 0 for Re(s) = 1 and hence an nb = O(1).
As before an né =) o< lz,gsp + D kso (Zpk@ 1;%Sp) and
log p logp

PBI D=l IED DD DE-

k>2 pkgx k>2 pk<x
Therefore | A(n)

ogp n
Z pltit - Z nltit +0(1) = 0(1).
p<x p<T
Now choose g(z) == > , %. We already know that g(z) = O(1). Using Abel’s
Summation Theorem we get
1 log p g(x) / v g
— = . = + ——2—d
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Thus
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du converges absolutely and we may rewrite the expression as
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