ON THE RATIONALITY OF QUADRIC SURFACE BUNDLES
MATTHIAS PAULSEN

ABSTRACT. For any standard quadric surface bundle over P?, we show that the locus
of rational fibres is dense in the moduli space.

1. INTRODUCTION

In [HPT18], Hassett, Pirutka, and Tschinkel gave the first example of a family X — B
of smooth complex projective varieties such that for a very general b € B, the fibre
A} is not stably rational, while the locus of b € B where A} is rational is dense in B
for the Euclidean topology. Specifically, they considered the family of smooth complex
hypersurfaces in P? x P? defined by a homogeneous polynomial of bidegree (2,2). Their
result is remarkable as it shows that rationality of the fibres is in general not a closed
property on the base. In particular, rationality is not deformation invariant in smooth
families.

In order to prove stable irrationality of a very general member, they used the special-
ization method of Voisin [Voil5b] and Colliot-Thélene-Pirutka [CTP16], which allowed
to disprove stable rationality in several other families as well, see e.g. [Voil8] for an
overview.

Subsequently, other smooth families containing both rational and stably irrational
fibres were identified, for example in [HPT19], [HPT17], [Sch19], [Sch18], [ABP18], and
[HKT18]. Typically, it is easy to provide certain rational members in the studied families.
However, this does not exclude that the locus of rational fibres is contained in a proper
closed subset of the base. In only a few cases, it was shown that the locus of rational
fibres is dense in the moduli space.

The fourfolds considered in [HPT18] and [HPT19] are (birational to) quadric surface
bundles over P? of types (2,2,2,2) and (0,2,2,4), respectively. Here, a quadric surface
bundle of type (do, d1,ds,ds) for integers dy,d1, ds,ds > 0 of the same parity is given by
an equation of the form
(1) > aijyiy; =0

0<i,j<3
where a;; = a;; is a homogeneous polynomial of degree %(dl +d;) in the three coordinates
of P2 and o, 41,92, y3 denote local trivializations of a split vector bundle £ on P? of
rank 4, see Section 3 for a more precise definition. The quadric surface bundle X C P(€)
over P? defined by equation (1) is also called a standard quadric surface bundle. Apart
from the examples in [HPT18] and [HPT19], many other fourfolds are birational to
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standard quadric surface bundles. For instance, a hypersurface in P° of degree d + 2
with multiplicity d along a plane for some integer d > 1 is birational to a quadric surface
bundle of type (d,d,d,d + 2), see e.g. [Sch19, Lemma 23].

The smooth quadric surface bundles of fixed type (dy, d1, d2,ds) are parametrized by
a non-empty Zariski open subset B C P(V) in the projectivization of the complex vector
space
(2) V= @ H(P*0p (3(d+d)))) .

0<i<;j<3
We may then consider the universal family X — B of smooth quadric surface bundles
over P2 of type (do, d1,dz,d3).

Using his improvement [Sch19] of the specialization method, Schreieder proved in
[Sch18] that a very general quadric surface bundle of type (do, d1,d2, d3) is not stably
rational except for the two cases (1,1, 1, 3) and (0, 2,2,2) (up to reordering) which remain
open and for trivial cases where the quadric surface bundle always has a rational section
and is hence rational. This vastly generalizes the irrationality results of [HPT18] and
[HPT19] to a natural class of families of quadric surface bundles over P2.

The aim of this article is to prove the corresponding density assertion for any standard
quadric surface bundle over P2, thus showing that in this large class of families the
locus of rational fibres is never contained in a proper closed subset of the moduli space.
Concretely, we will prove the following:

Theorem 1. Let dy,d1,da,ds > 0 be integers of the same parity and let X — B C P(V)
be the family of smooth quadric surface bundles over P? of type (do,d1,ds,d3) as above.
Then the set

{b € B | X, is rational}

is dense in B for the Euclidean topology.

The first case where such a density result was proven was for type (0,2,2,4) and is
due to Voisin [Voilba, Section 2], see also [Sch19, Proposition 25]. The case of type
(2,2,2,2) was shown in [HPT18]. In particular, Theorem 1 generalizes their density
result to hypersurfaces in P2 x P3 of bidegree (d, 2) for arbitrary d > 0. Our result also
gives an affirmative answer to the question raised in [Sch19, Remark 49].

In order to prove Theorem 1, we follow Voisin’s approach that has later been used
in [HPT18, Section 6] and [HPT17, Section 2.3]. Using a theorem of Springer [Spr52]
and the fact that the integral Hodge conjecture is known in codimension two for quadric
bundles over surfaces [CTV12, Corollaire 8.2], we obtain a Hodge theoretic criterion
guaranteeing the rationality of smooth quadric surface bundles over P2. This leads to the
study of a Noether—Lefschetz locus in the variation of Hodge structure associated to the
family X — B in question. In [Voi03, Proposition 5.20], Voisin stated an infinitesimal
condition for the density of such loci, based on Green’s proof in [CHMS88, Section 5] of
an analogous density result in the context of the Noether—Lefschetz theorem. In our
case, the criterion asks for a class A € H%2(A,) at some base point b € B such that the

van
infinitesimal period map evaluated at A

vb(X) : TB,b — H1’3 (Xb)

van

is surjective.
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Since a standard quadric surface bundle over P? is a toric variety, we can apply [BC94,
Theorem 10.13] to describe Vj(\) as a multiplication map in a homogeneous quotient of a
bigraded polynomial ring. Therefore, the desired density result reduces to an elementary
statement about polynomials. This problem was solved in [HPT18] and [HPT17] with
explicit computations. Of course, a different technique is required to handle a whole
class of families rather than a specific one. The main contribution of this paper consists
thus in solving this problem to which Theorem 1 reduces to via general arguments. An
important ingredient of our proof is a result about the strong Lefschetz property of
certain complete intersections which was proven in [HW03, Proposition 30].

Green’s and Voisin’s infinitesimal density criterion has been employed in many different
situations since its first use in [CHMS88, Section 5]. For instance, Voisin used it in [Voi06]
when proving the integral Hodge conjecture for (2,2)-classes on uniruled or Calabi—Yau
threefolds. More recently, a real analogue of the criterion was applied in [Benl8] to
prove that sums of three squares are dense among bivariate positive semidefinite real
polynomials.

There exist different strategies for verifying the surjectivity of the infinitesimal period
map. While [Benl18] follows the approach of [CL91] by constructing components of the
Noether—Lefschetz locus of maximal codimension, Kim gave in [Kim91, Theorem 2] a
new proof of the density theorem from [CHMS88, Section 5] by proving a statement about
the Jacobian rings appearing in the description of Vj(\). The most general arguments
are due to Voisin, for example in [Voi00] and [Voi06].

We use the method of computing the infinitesimal period map explicitly, as done in
[Kim91]. However, we solve the underlying algebraic problem in a different manner than
in [Kim91, Section 3|. Our approach involving the strong Lefschetz property, the use of
which seems to be new in this area, further allows to give a short proof for the density of
the original Noether—Lefschetz locus for surfaces in P3, thus simplifying the arguments
of [Kim91] considerably.

The article is structured as follows. In Section 2, we relate the rationality of smooth
quadric surface bundles over P? to the cohomology group H?? and explain how Green’s
and Voisin’s infinitesimal density criterion applies in our situation. In Section 3, we
interpret standard quadric surface bundles as toric hypersurfaces in order to give an
explicit representation of Vj(\). This cumulates in Proposition 6, where we formulate
a non-trivial statement concerning a bigraded polynomial ring which is sufficient for
showing Theorem 1. In Section 4, we provide some tools for studying the surjectivity of
polynomial multiplication maps and demonstrate their power by giving a simple proof
for the density of the classical Noether—Lefschetz locus. Finally, in Section 5 we use
the previous preparations in order to prove Proposition 6, from which our main result
follows.

Unless otherwise stated, we always work over the field of complex numbers. A variety
is defined to be an integral separated scheme of finite type over a field. A quadric
surface bundle over P? is a complex projective variety X together with a flat morphism
m: X — P? such that the generic fibre X, is a smooth quadric surface over the function
field C(IP?). If X is a smooth complex projective variety and Z C X is a subvariety of
codimension k, we denote by [Z] € H**(X,7Z) the Poincaré dual of the homology class
of Z.
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2. A DENSITY CRITERION

Let us consider a smooth quadric surface bundle 7: X — P2. Since P? is rational, X
is rational (over C) as soon as the generic fibre X, is rational over the function field
k = C(P?). It is well known that this follows from the existence of a k-point on the
smooth quadric surface X,. Now we can use the following theorem of Springer [Spr52]:

Proposition 2 (Springer). Let Q be a quadric hypersurface over a field k and let K/k
be a finite field extension of odd degree. If Q has a K-point, then Q has a k-point.

It therefore suffices to find a K-point on X, for some field extension K/k of odd
degree. This can be achieved through an odd degree multisection of 7, i.e. a surface
7Z C X such that [Z] Un*[p] € H**(X,Z) = Z is odd where [p] € H>*2(P?,Z) = Z
denotes the cohomology class of a closed point, since the function field K = C(Z) is
such a field extension then.

The integral Hodge conjecture was proven for (2,2)-classes on quadric bundles over
surfaces by Colliot-Thélene and Voisin [CTV12, Corollaire 8.2]. We use the following
special case:

Proposition 3 (Colliot-Thélene-Voisin). Let m: X — P? be a smooth quadric surface
bundle. Then the integral Hodge conjecture holds for H*?(X,7), i. e. any integral Hodge
class o € H*?(X,Z) is an integral linear combination o = 3. n;[Z;] for surfaces Z; C X.

This allows us to transform the assertion of 7 having an odd degree multisection into
a Hodge theoretic condition (see also [HPT18, Proposition 6)):

Corollary 4. Let m: X — P? be a smooth quadric surface bundle. Then X is rational
if there exists an integral Hodge class o € H**(X,Z) such that o U 7*[p] is odd.

Now let us consider the family X — B of smooth quadric surface bundles over P?
of type (do,d1,ds,ds) for fixed integers d; > 0 of the same parity. In order to prove
Theorem 1, it is enough by Corollary 4 to show that the Noether—Lefschetz locus

{be B|3a € H**(X,,Z): aUn}[p]=1 (mod 2)}

is dense in B for the Euclidean topology, where m: X3 — P? denotes the quadric bundle
structure on the fibre X}.
Since it is easier to compute, we consider instead the vanishing cohomology

Hyn(X,C) = {a € HY(X,,C) |aU B =0Vp € H'(P(£),C)}

where the map *: H4(P(£),C) < H*(X},C) is induced by inclusion and is injective by

the Lefschetz hyperplane theorem, provided that not all d; are simultaneously zero'.

B3 dj = 0 for all j, Theorem 1 is trivial because a quadric surface bundle of type (0,0,0,0) is the
product of P? with a quadric surface in P* and hence rational.
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This construction is also applicable to the Hodge groups H?¢ and gives a decomposition
fﬁ;n(ﬁ%a(» = é}} Lﬁ;%(a%)'
pt+q=4

We then want to show that the possibly smaller locus

(3) {be B|3a € HX2(X,,Z): aUni[p]=1 (mod 2)}

van

is dense in B for the Euclidean topology. To achieve this, we utilise a variant of Voisin’s
description in [Voi03, Proposition 5.20] of an infinitesimal density criterion due to Green
[CHMSS, Section 5].

On B we consider the holomorphic vector bundle H with fibre H;, = HZ (&, C) at
b € B. By Ehresmann’s lemma, H is trivial over any contractible open subset of B. The
vector bundle H is flat with respect to the GauB—Manin connection V: H — H ® Qp.
Since HA0(x5,) = HYA (A,) = 0 for all b € B, each fibre of H has a Hodge filtration of

van van

weight 2. It is well known that the Hodge filtration on the fibres of H induces a filtration
FPHCF'HCF'H =%
by holomorphic subbundles. These satisfy Griffiths’ transversality condition
vV (FrHY) C PP @
for all p and hence V gives rise to an Op-linear map
V:HY 5 H2 @ Qp

on the quotients HP2~P = FPH/FPT1H. Fibrewise, we obtain by adjunction the
infinitesimal period map

§7b:Jkib—+]10n1(?{;i,?{g2)

for all b € B. Note that we may identify HJ¢ with HEILITL(X,) for p+ ¢ = 2.
Let Hg be the real vector bundle on B with fibre Hg , = Ha,, (X, R) at b € B. Then
we have Hy, = Hrp ®r C for all b € B. Similarly, for the real vector subbundle

van

Hy' = Hg N F'H C Hy
with fibre Hy = H22 (X, R) at b € B we have H,"' = My}, @r C for all b € B. The

van
last identification is given by the restricted projection

p: HE' C F'H — F'H/F*H = H .
For all b € B, let us consider the discrete subset
DHy = {a € Hoo (X, Z) | aUT[p) =1 (mod 2)} C Hryp -

Since DH, is defined by a topological property of A} which is compatible with the local
trivializations of X from Ehresmann’s lemma (it does in particular not depend on the
Hodge filtration on #j), we obtain a fibre subbundle DH C Hpg which is trivial over
any contractible open subset of B. Note that the locus (3) is precisely the image of the
projection map DH N ’H;gl — B. Our variant of [Voi03, Proposition 5.20] can now be
stated as follows:
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Proposition 5 (Green—Voisin). Suppose there exists b€ B and X € H;’l such that the
infinitesimal period map evaluated at X

Ay 0,2
Vb()\)Z TB,b — Hb’
is surjective. Then the projection of DH N ’Hﬂlgl is dense in B for the Euclidean topology.

Proof. We first observe that the surjectivity condition is a Zariski open property on
A HY = ’H%{’l ®r C. Hence, the condition is fulfilled on a dense open subset of the
real classes p(?—[]ﬁ’l) C HY1. Therefore, it suffices to show the statement locally around
b € B where A = p()\) satisfies the hypothesis for some \ € H%’E. By shrinking B, we
may assume that the vector bundle Hp is trivial over B, i.e. Hgr ~ B x Hrp. By [Voi03,
Lemma 5.21], the composed map

¢ Hy' — Hr = B x Hrp — Hryp

obtained via inclusion, isomorphism and projection is a submersion at A € 7—[%’1. As
shown in [Sch19, Lemma 20], there are smooth quadric surface bundles X, of type
(do,d1,ds,ds) which admit a rational section and hence DH,, # (). Since B is connected,
it follows that DH, # (). By definition, DH,, is a coset of a subgroup of HZ (X}, Z)
of index 2. Therefore, R*D?H, is dense in Hrp = Hinn (X5, Z) ® R, Since ¢ is a
submersion, the preimage ¢~ (R*D%H;) is dense around A € 7—[]11%’1. But this precisely
means (R*DH) N Hﬂlgl is dense in ’Hﬂlgl around A. Hence, its projection is dense around
b € B. But the projections of DH N 7—[%’1 and (R*DH) N 7—[%’1 agree because 7—[%’1 is a

real vector bundle. O

Actually, the above proof works for any fibre bundle DH C Hg, trivial over contractible
open subsets of B, such that R*DH; is dense in Hg, for some b € B. This leads to a
more general version of Proposition 5, which can be found in [Paul8, Section 3.3].

3. COMPUTATION OF THE COHOMOLOGY

We first give a more precise definition of standard quadric surface bundles over P2,
following [Sch19, Section 3.5]. Let

3
&= @ Op2(—15)
§=0

be a split vector bundle on P? for integers r; > 0 and let ¢: £ = Op2(d) be a quadratic
form for some integer d > 0, i.e. a global section of Sym? £ ® Opz2(d). Let us assume
that the quadratic form ¢, at the generic point n € PP? is non-degenerate and that g5 # 0
for all s € P2. Then the zero set X C P(&) of q is a quadric surface bundle over P2
Since the vector bundle Sym? £Y @ Opz2(d) only depends on the integers dj =2r; +d
for j € {0,1,2,3}, we call X a standard quadric surface bundle of type (do, d;,d2,d3).
Conversely, quadric surface bundles of type (do, d1, d2,d3) for given integers d; > 0 exist
whenever dg, dy,ds, d3 are of the same parity?. Since
HO (P2, Sym? €Y @ Opa(d)) = €D HP (P, Opa(ri) ® Opa(rj) © Opa(d)) = V

0<i<j<3

20ne can always ensure d € {0,1}, but this is not needed in our arguments.
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where V' was defined in (2), X can be described by an equation of the form (1) where y;
is a local trivialization of Opz(—7;).
We now aim to interpret (1) differently as a global equation inside the polynomial ring

S = Clzo, x1, 25 Y0, Y1, Y2, ¥3)

endowed with a non-standard bigrading. By [CLS11, Example 7.3.5], the total space
P(€) is a toric variety associated to a fan ¥ in R? x R? and has coordinate ring S. If
w1, ug and vy, vo,v3 denote the standard basis vectors of R? and R3, respectively, then
the seven 1-dimensional cones of ¥ are generated by wg, u1, uo, vg, v1, V2, v3 Where

2
uy = —Zuk +i(rj —ro)v; and vy = —ivj .
k=1 j=1 j=1
Further, the maximal cones of 3 are given by
<UO,...,@k,...,UQ,Uo,...,ﬁj,...,U3>, kE{O,l,Q}, j€{0,1,2,3}.
By [BC94, Definition 1.7], we have C1(X) = Z7/Im C where

-1 -1 rn —Trg T —To T3 —T0

1 0 0 0 0
0 1 0 0 0
cC=(0 0 -1 —1 -1 | € Hom(z%,Z7) .
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

It is easy to see that the surjection

77— 72

2 3 3
(mo, m1, ma, no, N1, n2,N3) = (Z myg — anTja an)
k=0 j=0 =0

has kernel Im C. Hence, this map descends to an isomorphism C1(X) = Z? and endowes
the coordinate ring S with the non-standard bigrading

degzy = (1,0), degy; = (—r;,1)

for k € {0,1,2} and j € {0,1,2,3}. For m,n € Z, we denote by S(m,n) the subspace of
homogeneous polynomials of bidegree (m,n) in S. This gives a decomposition

S = @ S(m,n)
m,neL
into finite dimensional C-vector spaces.

A quadratic form q: & — Opz2(d) corresponds to an element in S(d,2). In this way,
the local description (1) of the zero set of ¢ can be seen globally as a defining equation
for a toric hypersurface X C P(E).

This allows us to compute the middle cohomology groups of a smooth quadric surface
bundle 7: X — P? of type (do, d1, da,ds) defined by a polynomial f € S(d,2) via the
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method of [BC94, Theorem 10.13], which generalizes the work of Griffiths [Gri69] to
toric hypersurfaces. We have canonical isomorphisms

H3(X)=R(t,4) and HZ2(X)=R(t—d,2)

van van
where
=4d—-3+rg+ 11 +712+ 73

and where R denotes the Jacobian ring of f, i. e. the quotient of S by all partial derivatives
of f.

Now we return to the family X — B of smooth quadric surface bundles of type
(do,d1,da,d3). If we identify Ty = (S/fS)(d,2) where f € S(d,2) is the defining
equation of X} for some b € B, then the infinitesimal period map

vb: TB,b X H2’2 (Xb) — H1’3 (Xb>

van van
is given, up to a sign, as the multiplication map
(S/fS)(d,2) ® R(t —d,2) — R(t,4) .

This was first shown for hypersurfaces in projective space by Carlson and Griffiths [CG80],
see also [Voi03, Theorem 6.13]. In order to show that the assumption of Proposition 5
holds and thus to prove Theorem 1, it therefore suffices to provide polynomials f € S(d, 2)
and g € S(t — d,2) such that the quadric surface bundle {f = 0} C P(€) is smooth and
the composed map S(d,2) — R(t,4) given by multiplication with g followed by projection
is surjective. By Bertini’s theorem, the hypersurface {f = 0} C P(€) is smooth for a
general polynomial f € S(d,2). The surjectivity part is equivalent to claiming that the
ideal generated by g and all partial derivatives of f contains all polynomials in S(¢,4).
Consequently, we reduced Theorem 1 to the following statement:

Proposition 6. For general polynomials f € S(d,2) and g € S(t — d,2), the ideal in S
generated by the polynomials

of of of of of of of

drg’ Oxy Odxo yy Oy dyx  Oyz’
contains all polynomials in S(t,4).

The remaining part of the paper is devoted to the proof of this proposition.

4. PREPARATIONS

The property that a homogeneous ideal in a bigraded polynomial ring (or more
generally, an arbitrarily graded C-algebra) contains all polynomials of a certain bidegree
is, as we now show, a Zariski open condition on its generators if their bidegrees are fixed.

Lemma 7. Let G be an Abelian group and let A be a G-graded C-algebra whose homo-
geneous components A(m) are finite dimensional C-vector spaces for all m € G. Let
mo,...,mg € G. Then the set

{(fr,- 0 fe) € Alma) & - @ A(mg) | A(mo) C frd+--- + frA}

is Zariski open.
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Proof. The condition on (fi,..., fx) is equivalent to saying that the C-linear map

A(m() — ml) D--- D A(mo — mk) — A(m())
(915 96) = fror + -+ frge

is surjective. This map is represented by a matrix B with r = dim¢ A(mg) rows,
whose entries are linear polynomials in the coefficients of fi,..., fr. The locus in
A(my) @ -+ @ A(my) where this linear map is not surjective is precisely where the
determinants of all (r x r)-submatrices of B vanish (in particular, it is the whole affine
space if B has less than r columns) and thus Zariski closed. Therefore, the set in question
is open for the Zariski topology. O

Since taking partial derivatives is a linear and hence Zariski continuous map between
the respective Z2-graded pieces of S, Lemma 7 shows that the desired condition in
Proposition 6 is Zariski open on f and g.

Apart from S, we will often apply Lemma 7 to the polynomial ring C[zg, 1, x2]
together with its usual grading. In this situation, we can give sufficient criteria whether
three or four polynomials satisfy the Zariski open condition in the lemma. More generally,
for n > 0 we can give such criteria for n+1 and n+2 polynomials in the graded polynomial

ring
P, =Clzo,...,zy) = @ P,(m) .
m>0
Lemma 8. If fo,..., fn € P, form a complete intersection, i. e. they have no common

zero in P", then
for all m > mg + --- +m, —n where f; € P,(m;) for j € {0,...,n}.

Proof. This immediately follows from Macaulay’s Theorem (see for example [Voi03,
Section 6.2.2]) which tells us that the quotient of P, by the ideal generated by fo, ..., fn
is a graded Gorenstein ring with socle degree >~ (m; — 1), and hence its m-th graded
piece is zero-dimensional for all m > > m; —n. O

To state a sufficient criterion whether n 4+ 2 polynomials in P, belong to the Zariski
open set in Lemma 7, we use the so called strong Lefschetz property, see e.g. [Sta80]. A
quotient @@ of P, by homogeneous polynomials fy, ..., f, € Py is said to have the strong
Lefschetz property if there exists a linear homogeneous polynomial ¢ € P, (1) such that
the map Q(m) — Q(m + i) given by multiplication with ¢/ has maximal rank for all
m,i > 0. The polynomial ¢ is then called a strong Lefschetz element for the system

fO?"’?fn'

Lemma 9. If fo,..., fn € P, form a complete intersection having the strong Lefschetz
property and fni1 € Py is a power of a strong Lefschetz element for fo,..., fn, then

Pn(m)CfOPn+"'+fn+1Pn

for allm > 3(mo+ -+ mpy1 —n— 1) where f; € Py(m;) for j €{0,...,n+1}.
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Proof. As in Lemma 8, the quotient @) of P, by fo,..., fn is a graded Gorenstein ring
with socle degree s = Y (m; — 1). Macaulay’s Theorem also shows that dimc Q(7) =
dimc Q(s — i) for all i € Z. Because of the strong Lefschetz property, dimc Q(7) needs
to be increasing for ¢ < § and decreasing for 7 > 5. The claimed statement is equivalent
to saying that the map Q(m — my,41) — Q(m) given by multiplication with f,; is
surjective. Since f,+1 is a power of a strong Lefschetz element, it suffices to show
dime Q(m — my41) > dime Q(m). This is clear if m — my11 > 5. For m —mpq1 < 3,
we have dim¢ Q(m) = dime Q(s — m) < dim¢ Q(m — my,41) because s —m < m —my41
holds due to the given bound on m. U

To make use of Lemma 9, it is convenient to have a rich source of complete intersections
enjoying the strong Lefschetz property. The following important result, proved in 1980
by Stanley [Sta80] and independently in 1987 by Watanabe [Wat87], was the starting
point for the theory of Lefschetz properties:

mn

Proposition 10 (Stanley—Watanabe). A monomial complete intersection xy'°, ..., x}

in P, with mg, ..., my > 0 has the strong Lefschetz property for all n > 0.

Stanley’s proof goes as follows: If we interpret the graded quotient @ = @,,~¢ Q(m)
of P, by the monomials z, ...,z as the cohomology ring in even degree H 2(X,C)
of the Kahler manifold X = P™o~1 x ... x Pm»~1 the linear polynomial £ = z1 +- -+,
corresponds to the cohomology class of a Kahler form on X and the strong Lefschetz
property for ¢ precisely translates into the hard Lefschetz theorem for X, hence also the
name of this condition.

It is known for n < 1 and conjectured for n > 2 that actually all complete intersections
in P, have the strong Lefschetz property. For n = 2, the following partial result proven

in [HWO03, Proposition 30] satisfies our needs for the proof of Proposition 6:

Proposition 11 (Harima—-Watanabe). If fo, f1, fo € P» = Clxg, z1,x2] form a complete
intersection such that fo is a power of a linear polynomial, then fo, f1, fo has the strong
Lefschetz property.

As a motivating example, we show how Lemmas 8 and 9 can be used to give a short
proof for the density of the classical Noether—Lefschetz locus for surfaces in P2. For this,
we do not need Proposition 11, but only the earlier result stated in Proposition 10. Since
the setup here is a lot easier than in the case of standard quadric surface bundles, this
will also be a good preparation for the more involved arguments in Section 5.

Theorem 12 (Ciliberto-Harris-Miranda—Green). For d > 4, let X — B C P(P5(d)) be
the universal family of smooth surfaces in P? of degree d. Then the Noether—Lefschetz
locus

{b€ B|Pic(X) 2 Z- Op(1)|x,} = {b € B| HEL(4,2) £ 0} ,
i. e. those surfaces containing curves which are no complete intersections, is dense in B
for the Euclidean topology.

Proof. By Green’s and Voisin’s infinitesimal density criterion, it suffices to show that
there exists a point b € B and a class A € H5! (A}) such that

van

vb(X)Z TB,b — H0’2 (Xb)

van
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is surjective. For a surface X C IP? defined by a polynomial f € Ps(d), Griffiths [Gri69]
has shown that

HY2(X) =2 R(3d—4) and HLL(X)= R(2d —4)

van van

where R denotes the Jacobian ring of f, i.e. the quotient of P3 by the partial derivatives
of f. If we identify T = (P3/fPs)(d) where f € P3(d) is the defining equation of &},
for some b € B, Carlson and Griffiths [CG80] proved that the infinitesimal period map

vb: TB,b X Hl’l (Xb) — H0’2 (Xb)

is given, up to a sign, as the multiplication map
(P3/fPs)(d) @ R(2d — 4) — R(3d — 4) .

Therefore, it suffices to find polynomials f € P3(d) and g € P3(2d — 4) such that the
surface {f = 0} C P? is smooth and the ideal generated by g and the partial derivatives
of f contains the whole of P3(3d —4).

One can achieve this with the smooth Fermat surface defined by

f=ag+ai+ag+as,
which was also used in [Kim91, Section 3]. Since the complete intersection consisting
of the partial derivatives of f has the strong Lefschetz property by Proposition 10, we

can take g to be a power of a corresponding strong Lefschetz element and obtain via
Lemma 9

Pg(m) C :L'gilpg + l’ililpg + .’Egilpg + {Egilpg + ng
for all m > %(4((1 —1)+2d—4—4) =3d— 6. Since 3d — 4 > 3d — 6, this finishes the
proof. O

5. PROOF OF PROPOSITION 6

Without loss of generality, let 1o < ry < ro < rs. Let us recall from Section 3 that
dj =2rj+dfor j € {0,1,2,3} and t =4d — 3+ > r;. By Lemma 7, the property stated
in Proposition 6 is Zariski open on f and g. Hence, it suffices to show the existence
of polynomials f € S(d,2) and g € S(t — d,2) such that the homogeneous ideal I C S
generated by

of of of of of of of

TZM) ’ 8%1 ’ 81’2 ’ 8y0 ’ 8y1 ’ 8y2 ’ 8y3 ’

contains all polynomials in S(¢,4). Let

f = foys + 1yt + fou3 + f3y3 € 5(d,2)
where f; € S(dj,0) are general for j € {0,1,2,3}. Further let
g=guyi+gsys+ > gy € S(t—d,2)
0<i<j<3
where g;; € S(t —d + r; +r;j,0) are general for ¢,j € {0,1,2,3}. Instead of proving
directly that S(¢,4) C I, we will consider the homogeneous ideal

J = EB {re Sim,n)|rSNS(t4) Cl},

m,ne”
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and aim to show J = 5. One can think of J as all relations which hold if a polynomial
of bidegree (t,4) is considered modulo I. Since I C J, the following congruences hold:

(4) fiyy=0 (modJ), je€{0,1,2,3},
af02 3f12 8f22 f2
= 1,2
(5) 8mk0+8xk1+8xk2+8xk3 0 (mOdJ), ]{}E{O,,},
(6) guyi +gssys+ Y. giyiy; =0 (mod J) .
0<i<3<3

It suffices to show S(t,4) C J. For this it is enough to prove the following four claims
for all permutations o of {0,1,2,3}:

Yo(0)Yr()Yo2) €T > Ys¥o) €5 YoVa) €5 Ya) € -
The proof of each of these claims will constitute one of the four steps 5.1, 5.2, 5.3, and 5.4
below. In each step, it suffices to show that any monomial of bidegree (¢,4) containing
the specified variables y; can be reduced to 0 modulo J using the congruences (4), (5),
(6), and the previous steps. In fact, the assertion 7o < r; < ry < rs and the congruence
(6) will not be used in the first two steps, so we are allowed to restrict ourselves to the
case 0 = id in these two steps.

5.1. First step. We have y,(0)Ys(1)Yos(2) € J for all permutations o of {0, 1,2, 3}.
Proof. Without loss of generality, let 0 = id. We first note that

(7) S(do+di +da —2,0) C foS+ f1S+ f2S .

This follows from Lemmas 7 and 8 because there are complete intersections fy, fi, fo in

PQZ(Cdio,l‘l,xz @Smo

m>0

Now let us take a monomial hyoyiy2y; € S(t,4) where j € {0,1,2,3} and h € S(t +ro +
r1 4+ 72 + 14,0). We may assume that r; > 0 or d > 0, since for dj = 2r; +d = 0 we
have y; =0 (mod J) by (4) and hence hyoy132y; =0 (mod J). In view of (4) and (7),
it suffices to show that

t+ro+ri+ro+r; >do+di+doy—2.
This is equivalent to
2ro +2r1 +2ro +r3+rj+4d —3 > 2rg + 211 + 2r9 +3d — 2
or just r3 +r; +d > 1, which is true because r; > 0 or d > 0. O
5.2. Second step. We have yg’_(o)yg(l) € J for all permutations o of {0,1,2,3}.
Proof. Without loss of generality, let o = id. Multiplying (5) with yoy; and using step 5.1
yields
© (G + St
We introduce the new polynomial ring 7' = Clxg, x1, z2; 20, 21] with the bigrading
degxp = (1,0), degzj = (—dj,1)
for k € {0,1,2} and j € {0,1}.

>?/0?/1 =0 (modJ), ke{0,1,2}.
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Claim. We have

(9) T(do+d1—3,1)CfOT+f1T+(§fO 0+§f(1) 1>T+(gf? 0+§f1 a)T.

Proof of the claim. The claim is true if dg = 0 or d; = 0 because fy or fi is a unit then.
If do,dy > 0, setting fo = (zo + 21)% 4+ 2% and f; = (xg — 21)® + 23" yields

ofo ., Of ) <5iﬁ> of ) _ do1
(a$00+801 + 810+8x1Z1 —2d0(wo+$1) 20 -

Since (2o + x1)%~1, fo, f1 form a complete intersection in

P2:C$0,1E1,$2 @Tmo
m>0
Lemma 8 implies that the right-hand side of (9) contains all polynomials in 7'(do+d; —3, 1)
of type hzo where h € T'(2dy + d; — 3,0). Similarly,

dfo of1, ) (3f0 afr )_ A1
(8 <0 +8 o 8 ™ +a 12’1 —2d1($0 xl) z1

and (zg — x1)D 71, fo, f1 are again a complete intersection, so all polynomials in T'(dg +
dy — 3,1) divisible by z; are contained in the right-hand side of (9) as well. Hence, the
claim follows from Lemma 7 applied the polynomial ring T, since the coefficients of the
four polynomials which are supposed to generate T'(dy + d; — 3,1) depend linearly and
thus Zariski continuously on those of the general polynomials fo and f;. ]

Now let us take a monomial hygy; € S(t,4) where h € S(t + 3rg + r1,0). We have
t—|-3’r'0+7“1:4T0+27“1—|—T2+T3—|—4d—324T0+2T1+3d—3:2d0+d1—3.

Therefore, as a consequence of (9) we obtain

0
hzoy = hofo + h1f1 + ho <8f0 20 + af;Zl)

for certain homogeneous polynomials hg, h1,ho,h3 € T. Substituting z; by y]z for
j €4{0,1} and multiplying with yoy1, we get by (4) and (8)

=20+ 521
T

(5f0 df1 >

- - 0 0 0
hyayr = hofoyoyr + hifiyoys + he (afo e + afl 2) Yoy1 + h3 (afo s + afl 2> Yoy1
=hoy1-0+h1yo-0+ho-0+h3-0=0 (mod J)
where }NL() and l~11 denote the results of the substitution inside hg and h;. O

5.3. Third step. We have 3/3—(0)3/52;(1) € J for all permutations o of {0, 1,2, 3}.

Proof. Multiplying (6) with y;y; for 0 < i < j < 3 and using the previous steps, we
obtain

(10) giy7y; =0 (mod J) .

For the following definition, we assume dy > 0 at first. For j € {0,1,2,3}, let flj be the
(3 x 3)-matrix where we leave out the j-th column (counted from 0) of the matrix

ofi
Oz, ) ke{0,1,2}
j€{0,1,2,3}
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A straightforward calculation shows that (5) implies
(11) (det flj) Y2 = eij (det fll) y? (mod J), i,7€{0,1,2,3}

where det A; € S(do + dy + dg + d3 — d; — 3,0) for j € {0,1,2,3} and &;; € {+1} is a
sign depending on 7, j € {0,1,2,3}.
For dy = 0, both sides of (11) would be zero since g—gi =0 for k € {0,1,2}. Therefore,

in the case dy = 0 we define the matrix A; for j € {1,2,3} to be the (2 x 2)-matrix
where one leaves out the j-th column (counted from 1) of the matrix

(521)
Oz, ) ke{0.1}

je{1,2,3}
Because (4) implies ygp = 0 (mod J) in this case, one can still conclude from (5) that
(12) (det fl]) Y2 = eij (det flz> y]2 (mod J), 14,j€{1,2,3}
where det A; € S(dy +da+ds —d;—2,0) for j € {1,2,3} and &;; € {£1} may be different
for i,j € {1,2,3}.

Let us first suppose that {¢(0),(1)} = {1,2}. Multiplying (6) with yZ and using
steps 5.1 and 5.2 yields

(13) guYiys + gssysy; =0 (mod J) .
Let us consider the polynomial ring U = C|xg, 1, x2; 21, 23] with the bigrading
degxp = (1,0), degzj = (—dj,1)
for k € {0,1,2} and j € {1,3}. We claim that
(14) Ut —d+2r9,1) C K,
where K denotes the ideal in U generated by
fizr,  f2s f3zz, g2z, G233, guiz + 933z, (det As) 21 — €13 (det 1211) 23 .

Since the coefficients of these seven polynomials in U depend algebraically on those of
fo, f1, f2, f3, 911, 912, 923, 933, Lemma 7 with A = U shows that it is enough to provide a
special choice for the general polynomials f;, gi; € Clxo, z1, 2] making (14) true.

Claim. This can be achieved in the following way, where p, v € U(1,0) denote suitable
strong Lefschetz elements of complete intersections that will be specified later:

fO _ do g1 = ng d+2ry
fi = 5”0 gro = pl=dtritre
f2 _ xo 6112 gog = Mt—d+T2+T‘3
f3 =g + a3 g3z = plm

Proof of the claim. The claim is obvious for dy = 0, so we may assume ds > 0 in the
following. As in the case of the ideal I, we consider instead the larger homogeneous ideal

L= P {rcU(mn) |rUNU(t—d+2ry,1) C K}

m,neE”
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and we want to show that U(t — d + 2ry,1) C L (or equivalently, L = U). This will be
done by proving first z; € L and then z3 € L. Since K C L, we have

r3—19

0=g1121 +93323 = gniz1 + g2323 = g11z1  (mod L) .

By Proposition 11, the complete intersection fi, fa, 911 in Clzg, x1,z2] possesses the
strong Lefschetz property. We may thus assume that v is a strong Lefschetz element for
f1, f2,g11. Lemma 9 then implies

21U(m,0) C fiz1iU + faz1U + g1121U + g1221U C L

for all m > (d1+d2+t—d+2r1 +t—d+r +re—3). In order to show z; € L, we
thus need to check that

2(t—d—|—27‘2+d1)Zd1+d2+t—d+27‘1+t—d+T1+T2—3.

This is equivalent to

dro +2dy > dy +de +3r1 +1r2 — 3,

which simplifies to ro > r; — 3. The last inequality is obviously true.
Next we show z3 € L. If dy > 0, we have

doxgo_l dgng_l dgxg?’_l
det 1211 = det 0 d2x‘112_1 0 — dodzdgl'do 1 ilz 1 dg 1
0 0 dzx$3!
Together with K C L and z; € L, this implies

0= (dodgdg) T1T9 (det A1> 23 = xgo 1xcll2xg3 23 = x80+d2+d3_123 (mod L) .

Similarly, for dy = 0 we have

detfll—det( :—d2d3$d3 1 [112 1

and thus
0 = (dads) 12y (det Al) 2y = —ads gy = glotdatds=l, 0 (1od L)

do+do+ds—1
0+d2+d3 7f2,f3

as well. By Proposition 11, the complete intersection has the strong

Lefschetz property. Hence, we may assume that p is a strong Lefschetz element for

$g°+d2+d371, f2, f3. Lemma 9 implies

23U (m, 0) C a2t 4 fo23U + fa23U + gazzaU C L
for all m > %(do +dy+ds—1+dy+ds+t—d+ry+rs—3). It thus remains to check
2(t—d—|—27“2—|—d3) >dyo+do+ds—14+do+ds+t—d+ro+r3—3

or
2rg+2r1 4+ 6ry+6r3+8d —6>3rg+1r; +6ra+6r3+8d—7.
This reduces to 11 > 19 — 1, which is clearly true. This finishes the proof of (14). O
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Now let us take a monomial hy?y3 € S(t,4) where h € S(t + 2r1 + 2r9,0). We have
hzy € U(t —d+ 2r3,1) and thus

hz1 = hi fiz1 + hafo + haf3z3 + hagiaz1 + hsges23
+ hﬁ(gnzl + 933Z3) + h7 ((det 1213) 21 — €13 (det 1211) 23)

for certain homogeneous polynomials A1, ..., hy € U. Substituting z; by y]2 for j € {1,3}
and multiplying with y3, we get

hytys = haf1yiys + hafays + hafsysys + hagiayiys + hsgasyays
+ he (gny%yg + gggy%gﬁ) + h7 ((det Ag) y% — €13 (det A1> y§> yg
= h1y1ys - 0+ hoya - 0+ haysyz -0+ hy -0+ hs -0+ he - 04 hyys - 0
=0 (mod J)

where we used the congruences (4), (10), (11), (12), and (13), and where hy denotes the
result of the substitution inside ho. This concludes the proof of y?y2 € J.

At this point, we are ready to handle the general case of {¢(0),0(1)}. For this, we
show the following claim:

Claim. If T is a permutation of {0, 1,2,3} such that 7(3) < 7(2), then any multiple of
yz(o)yf(l) in S(¢,4) can be replaced modulo J by a multiple of 93(0)93(2) in S(t,4).

Proof of the claim. In view of (4), (10), (11), and (12), it suffices to show that
S(t+ 2rr0) +2r71),0) C fr0)S + fr(1)S + gr)r1)S + (det 47(2)) S .

This will follow from Lemma 7 once we provide a special choice for the general polynomials

Jr0)s Jr1)s [r(3)s 9r(0)7(1) satisfying this property. Let a = d (g), b = d;(1), and ¢ = d(3).
We may assume a, b > 0 because otherwise we would already have yz(o)yf(l) =0 (mod J)
by (4). We take

froy=af+at. fry=ag+ad,  frz =af.

If also ¢ > 0, we have

azxd™t babl cag?
det A7) = *det axd™' 0 0 = tabea§ t20 2t

0 bt 0
Therefore, we get
g € foy S+ S + (det Ary)) S
If ¢ =0, it follows that dy = 0. Since a,b > 0 and 7(3) < 7(2), only 7(3) = 0 is possible.
Then we have
azd™ 1 bab!

det AT(Q) = +det (OLII 1 0

) = Fabal 2071
und thus again

gttt = gl e £ S + fr)S + (det Arg)) S
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a+b+c—1
71}(

In either case, the complete intersection xj 0), Jz(1) has the strong Lefschetz

property by Proposition 11, so we may pick for g;(g)-(1) an adequate power of a strong
Lefschetz element and obtain via Lemma 9

S(m,0) C fr)S + fr)S + 9r0)r)S + (det AT(2)> S

for all m > %(a +b+c—1+a+b+t—d+ry o) +r-) —3). Therefore, it remains to
prove that

20t +2r0) +2r;q)) Za+btec—1+a+b+t—d+ry ) +r-q)—3.
This simplifies to
677(0) + 6r7(1) + 2rr2) + 2rr3) +8d — 6 > 61 () + 677(1) + Tr(2) + 3173) T8 T
or just 7-(2) > r7(3) — 1, which holds because 7(3) < 7(2). O
With this result at hand, we proceed as follows: We start with a monomial of
degree (t,4) divisible by yg(o)yf,(l) and repeatedly apply transitions of the form
3/3(0)3/3(1) ~ yi«nyi(z)

with 7(3) < 7(2) for a suitable permutation 7 until we arrive at a polynomial divisible by
y3y2, for which we have already shown that it vanishes modulo J. The fact that such a
sequence of transitions always exists can be most easily seen from the following diagram:

2<3
{0,1y 7 7 {1,3}
0<2

(2<3 (0<2
1<2 0<1

{0,3 =~ {2,3} = {1,2}
<1<3 1<3

{0,2}

The arrows are labeled with the inequalities 7(3) < 7(2) which hold for the employed
permutations 7. For every possible subset {c(0),0(1)} C {0, 1,2, 3}, there exists at least
one directed path ending in {1,2}. This completes the proof of step 5.3. O

5.4. Fourth step. We have y € J for all j € {0,1,2,3}.

Proof. Let us take a monomial hy;-l where h € S(t + 4r;,0). If dj = 0, we are done by
(4). Otherwise, multiplying (5) with yj2 and using step 5.3 produces

9fj 4
L= 1,2} .
axky] 0 (modJ), ke{0,1,2}

First suppose j < 3. By Lemmas 7 and 8, we have

4 Ofig, 9fig, 0fi
S(3d; = 5,0) € 518+ LS+ LS
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since the partial derivatives of f; = a:gj —i—:c(lij —|—a:gj form a complete intersection. Therefore,
it remains to show that ¢ + 4r; > 3d; — 5. This is equivalent to

’r’o—i—’l“l—|—T‘2+T‘3+47“j+4d—326’l”j+3d—5,
which in turn is equivalent to
T0+7“1+7"2+T3+d+2227"j.

The last inequality is true because j < 2 implies 7o +r3 > rj + 1.
Now let j = 3. If we multiply (6) with y2 and use all previous steps, we obtain

g33y3 =0 (mod J).

We claim that
dfs 0fs dfs
—=9 S
920" T 00y " Omy

By Lemma 7, it is enough to give one working example for f3 and g33. If we take again

S(t+4?”3,0) S+ gs3S .

f3 = :1;0 ‘f:‘ + xg?’, the complete intersection given by the partial derivatives of f3 has
the strong Lefschetz property by Proposition 11, so we may choose for g33 a power of a
strong Lefschetz element and obtain via Lemma 9 that

0fs 0f3 0fs
av0” T o0t on,

for all m > 3(3ds — 3+t — d + 2r3 — 3). Therefore, we are finished if

S(m,O) S+ g338

2(t+4r3)23d3—3+t—d+2r3—3.
This simplifies to
2rg+2r1+2ro +10r3+8d—6>rg+ 711 +719+ 973+ 6d — 9,

or equivalently,
ro+mr +ro+rz3+2d+3>0.

The last statement is clearly true. O

Since every monomial in S(¢,4) is divisible by an element handled in one of the four
steps above, we obtain S(¢,4) C J as desired. This finally ends the proof of Proposition 6.

Remark 13. It was crucial in the choice of g to leave out the terms ggp and go2, i. e. the
ones belonging to the smallest and second-largest values among the degrees dy, d1, da, d3.
With any other two indices, the above proof would not work. Furthermore, if we would
also set gs3 = 0, the proof of step 5.3 would be much simpler, but then step 5.4 would
work out only if d3 < dy + di + d2 + 4. And if we would instead set g11 = 0, step 5.4
could be left untouched, but step 5.3, though it would be simpler, would turn out right
only if d3 < ds + 6. It is also worth to mention that the properties of J we are proving
in each of the four steps are in general not open on the polynomials f; and g;;, thus an
argument where one specializes to g3z = 0 in one step but not in another one does not
succeed.
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