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Introduction

(An effective theory for interaProve of the existence of a solution to a simp



orem

In this talk we are going to prove Theorem 1.3 of the paper ,Analysis of a
simple equation for the ground state energy of the Bose gas" by Carlen,
Jauslin, Lieb. It states:
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Theorem

In this talk we are going to prove Theorem 1.3 of the paper ,Analysis of a
simple equation for the ground state energy of the Bose gas" by Carlen,
Jauslin, Lieb. It states:

Theorem

Letd € N,p > max{Z,1} and V € LY(R?) N LP(RY) non-negative. Then
there is a continuous function p(e) on (0, c0) satisfying
e limeop(e) =0,
@ lime_,o p(€) = 00,
o there exists a unique integrable function u(x) on RY with
0 < u(x) <1 for all x € RY, which solves the system of equations

(= A+4e+V(x))u(x) = V(x) + 2ep(e)(u * u)(x)

p(e)

1
e= T/ (1= u(x))V(x) dx. 1)

v
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Overwiev

Rewrite equation (1) in a better suited form,
Define for fixed e sequences (p,) and (up),

Prove some properties of (p,) and (up),

©00O0

Prove that the limits p and u of these sequences exist and solve the
system of equations (1),

Prove that p(e) is continuous and has the desired limit-properties.
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Overwiev

Rewrite equation (1) in a better suited form,
Define for fixed e sequences (p,) and (up),

Prove some properties of (p,) and (up),

©00O0

Prove that the limits p and u of these sequences exist and solve the
system of equations (1),

Prove that p(e) is continuous and has the desired limit-properties.

O (Prove uniqueness of p(e) and u)
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Rewriting equation (1)
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Concept: Green's function

Let L be a linear differential operator. Then its Green function G(x,s) is
defined via
LG(x,s) =d(x — s).
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Concept: Green's function

Let L be a linear differential operator. Then its Green function G(x,s) is
defined via

LG(x,s) =d(x — s).

Claim:
Lu(x) = f(x) = / G(x,s)f(s)ds is a solution to the DE.

Prove:

/st ds-/LG(xs) (x)ds-/é(x—s f(s) ds = f(x).
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Concept: Green's function

Let L be a linear differential operator. Then its Green function G(x,s) is
defined via

LG(x,s) =d(x — s).

Claim:
Lu(x) = f(x) = / G(x,s)f(s)ds is a solution to the DE.
Prove:

/st ds-/LG(xs) (x)ds-/é(x—s f(s) ds = f(x).

Notation:

L71=G = / G(x,s)(-)ds
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Concept: Contraction semigroup

A strongly continuous semigroup on a Banach space X is a family of
bounded, linear operators (T;)icr, on X, such that

e T(0) = ldx,
) Vt,SZOZ Tt+s = T:Ts,
o Vx e X:||[Tex—x|| =0, as t — 0.

A strongly continuous semigroup is called a contraction semigroup, if for
all t e Ry, one has || T¢|| <1
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Concept: Contraction semigroup

A strongly continuous semigroup on a Banach space X is a family of
bounded, linear operators (T;)icr, on X, such that

e T(0) = ldx,

o Vt,s>0: Tiys =TT,

o Vx e X:||[Tex—x|| =0, as t — 0.
A strongly continuous semigroup is called a contraction semigroup, if for
all t € Ry, one has || T¢|| <1

A generator G of a strongly continuous semigroup (T;) is defined by
t—0

i 1
Gx := lim —?(Tt - /dx)x.

This operator must not be exist for all x € X. The set of all x € X, such
that G exists is called the domain D(G) of G.
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Ressources

Ressources for the claims:

E.H. Lieb, M. Loss. Analysis. Second edition, Graduate studies in
mathematics, Americal Mathematical Society (2001).

M. Reed, B. Simon. Methods of Modern Mathematical Physics Il: Fourier
Analysis, Self-Adjointness,. second edition, Academic Press, New York
(1975).
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Assumed results

Theorem:

— A\ +4e for e > 0 is a bijection between W?P and LP with inverse
G = (— A +4e)~! given by

Gu = Yye * u,

where Y. is the Yukawa potential. The Yukawa potential is non-negative

and
1

/ Yae(x)dx = e
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Intermezzo: Sobolev-spaces

W?2P(R?) is the Sobolev-space of order 2 over LP(RY), that is the set of
all f € LP(RY), such that for all a € {1, ..., d} and

(B1,82) € {1,...,d} x {1,....d}

of O%f
2 ¢ |P(RY "
5a € LP(RY) and 95,95

It is equipped with the Sobolev-norm, defined as

€ LP(RY).

fllwer = D [ID*Fll,

la|<2

=lfllo+ >

ae{l,..., d}

> |52
+ £
]
P sl (L | OXOXT
af

0 02

ox«

D>

P ae{l,..d}
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Assumed results

Theorem:

— A +4e for e > 0 is a bijection between W?P and LP with inverse
G := (— A +4e)! given by

Gu = Yae * u,
where Y. is the Yukawa potential. The Yukawa potential is non-negative
and
1
/ Yae(x)dx = e
Theorem:

(— A +4e) is the generator of a contraction semigroup with domain
D(— A +4e) = W?P(RY). The contraction semigroup is positivity
preserving, that is

u>0= eld4)t, >0

for all £ > 0.
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Rewriting equation (1)

Alternative form 1

We start with:

big(— A +4e + V(x))u(x) = V(x) + 2ep(e)(ux u)(x)  (2)
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Rewriting equation (1)

Alternative form 1

We start with:

big(— A +4e + V(x))u(x) = V(x) + 2ep(e)(ux u)(x)  (2)

Rearranging this gives

(— A +4e)u(x) =V(x)(1— u(x)) + 2ep(e)(u * u)(x).
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Rewriting equation (1)

Alternative form 1

We start with:

big(— A +4e + V(x))u(x) = V(x) + 2ep(e)(ux u)(x)  (2)

Rearranging this gives

(— A +4e)u(x) =V(x)(1— u(x)) + 2ep(e)(u * u)(x).
Acting with Ge = (— A +4e)~! gives

u(x) = Yae x (V(1 = u))(x) + 2ep(e)(Yae * u * u)(x).
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Rewriting equation (1)

Alternative form 1
We start with:
big(— £ +4e + V(x))u(x) = V(x) + 2ep(e)(ux u)(x)  (2)
Rearranging this gives
(— A+de)u(x) = V(x)(l — u(x)) + 2ep(e)(u * u)(x).
Acting with Ge = (— A +4e)~! gives

u(x) = Yae x (V(1 = u))(x) + 2ep(e)(Yae * u * u)(x).

Alternative form 2

Alternatively, acting with Ko = (— A +4e+V)~! on (2) immediately gives
u(x) = KeV(x) + 2epeKe(u * u)(x).
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For the following theorem, see Reed, Simon, page 244.

Theorem (1)

Let A be the generator of a contraction semigroup on a Banach space X.
Suppose that B is an accretive operator, with D(A) C D(B) and

1BoI| < allAd| + bl|¢l]

for some b € R, and some a < % and all ¢ € D(a). Then A+ B (defined
on D(A+ B) = D(A)) is a closed accretive operator, which generates a
contraction semigroup.
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Application of Theorem 1

o (— A +4e) is the generator of a contraction semi-group, as
established before.
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Application of Theorem 1

o (— A +4e) is the generator of a contraction semi-group, as
established before.

@ To prove V(x) to be accretive, we use the following theorem found in
(Reed,Simon, page 241):

An operator A is the generator of a contraction semigroup, if and only if it
is accretive and A+ A\ld is surjective for all A > 0.

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021 14 /58



Application of Theorem 1

We define e7Vt : [P(RY) — LP(RY) as
—V(x)t)"

(V) (x) = e u) = [ 3

neNp

u(x)

n!
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Application of Theorem 1

We define e7Vt : [P(RY) — LP(RY) as
—V(x)t)"

(V) (x) = e u) = [ 3

neNp

u(x)

n!

e || Tv| < ||v]|, since

V(x)>0=0<e V0t <12 e VOt (x) < v(x) = |leViv|| < ||V
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Application of Theorem 1

We define e7Vt : [P(RY) — LP(RY) as
—V(x)t)"

(V) (x) = e u) = [ 3

neNp

u(x)

n!

e || Tv| < ||v]|, since

V(x)>0=0<e V0t <12 e VOt (x) < v(x) = |leViv|| < ||V

e Tg = Ildx, since
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Application of Theorem 1

We define eVt : [P(RY) — LP(RY) as
—V(x)t)"

(V) (x) = e u) = [ 3

neNp

o u(x)
e || Tv| < ||v]|, since

V(x)>0=0<e V0t <12 e VOt (x) < v(x) = |leViv|| < ||V

e Tg = Ildx, since
(e—V~0v) (X) — e—V(X)'OV(X) =1- V(X),

o T:Tg = Ti4s, since
(er-ter-sv) (X) — er(x)-ter-sV(X)

_ e—V(x)-(t+s)V(X) _ (e—V(t—i-s)V) (X)

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021 15 /58



Application of Theorem 1

o lim; o || Tev — v|| = 0, since eV¥)ty(x) converges for t — 0
pointwise towards v(x) and since e V(¥)ty(x) < v(x), by dominated
convergence we have

lim [ Tev — vl = [| lim Tev —v]| =0
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Application of Theorem 1

o lim; o || Tev — v|| = 0, since eV¥)ty(x) converges for t — 0
pointwise towards v(x) and since e V(¥)ty(x) < v(x), by dominated
convergence we have

lim [ Tev — vl = [| lim Tev —v]| =0

oV =Ilim(o —%(Tt — Idx)v, since for all v € LP(RY), such that
V-ve LP(RY):

1y (e L (e
fim = (€709 = 1) v = (fim — (7 1) ) v(x)
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Application of Theorem 1

o lim; o || Tev — v|| = 0, since eV¥)ty(x) converges for t — 0
pointwise towards v(x) and since e V(¥)ty(x) < v(x), by dominated
convergence we have

lim [ Tev — vl = [| lim Tev —v]| =0

oV =Ilim(o —%(Tt — Idx)v, since for all v € LP(RY), such that

V-ve LP(RY):
iy (70 = 2) ) = (fim = (1)) veo)
= V(x)v(x)

Conclusion: V(x) is the generator of a contraction semigroup and therefore
accretive.
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Application of Theorem 1

o D(— A +4e) C D(V)

D(V) = {u € LP(RY)|V - u € LP(RY)}, especially all bounded u.
Since all u € W2P(R?) are bounded

D(— A +4e) = W?P(RY) c D(—V).
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Application of Theorem 1

o D(— A +4e) C D(V)

D(V) = {u € LP(RY)|V - u € LP(RY)}, especially all bounded u.
Since all u € W2P(R?) are bounded

D(— A +4e) = W?P(RY) c D(—V).
Note: Boundedness follows from the Sobolev embedding
W P(Q) € C(Q)

for bounded Lipschitz-domains Q and kp > n (which is satisfied by
assumption of p in the theorem) , together with the fact, that functions in
W?2P(R?) go to 0 at infinity. Boundedness also holds for W?2(R9) as for
kp<n
W P(Q) c L9(Q)  with 11 57
g p P
where we can use W21(Q) ¢ Wh1(Q), to make g = oo (for this, we have

to assume d > 1), see [Sobolev Spaces and Elliptic Equations, Long Chen,
page 8].
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Application of Theorem 1

Last to check: Bound
For this let £ > 0 and M C RY, such that

IyV(x) < C  and |[IyV||p <e.
With this, we can calculate for every f € W2P(RY):

IVl < [[Tm VE[lp + [[Tpe VELlp < ClIF[lp + [T pe V|l f oo
< C[fllp + &llf]loo-
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Application of Theorem 1

Last to check: Bound
For this let £ > 0 and M C RY, such that

IyV(x) < C  and |[IyV||p <e.
With this, we can calculate for every f € W2P(RY):

IVl < [[Tm VE[lp + [[Tpe VELlp < ClIF[lp + [T pe V|l f oo
< Cl[fllp + el lloo-

Use Sobolev-inequality, for f € W?P:
flloo < [[fllw2s

to get:
IVEllp < ClIfllp + ellfllwap-
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Application of Theorem 1

Claim: There is D > 0, such that ||f||\y2, < D||(— A +4e)f||p. With this,
we would get

[IVFlp < ClIfllp + eDI[(= A +4e)f][p.

This would prove the bound.
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Application of Theorem 1

Claim: There is D > 0, such that ||f||\y2, < D||(— A +4e)f||p. With this,
we would get

[IVFlp < ClIfllp + eDI[(= A +4e)f][p.

This would prove the bound.
Prove:

We first prove for f € LP(RY)

1(= & +4e) " fllwze < ClIf]]p.
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Application of Theorem 1

Remember, that

(= A+4e) Mllwer = D> [IDY(=A+4e) My = D [ID*(Yaex)]|p-
la|<2 la|<2
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Application of Theorem 1

Remember, that

(= A+4e) Hllwer = D [IDY(=L+4e) Mo = Y [[D(Yaex£)llp-
lal<2 la|<2

Now we use D%(g1 * g2) = (D“g1) * g2, as well as Young's inequality

g1 * g2[lp < llg1ll1llg2]lp to get

(= & +4e) Hllwzr = D2 11D (Yae + Ollp

o] <2

= > |I(D*Yae) % fll,
o] <2

< ) ID*Yaell1lIfll,
o] <2

= | D 11D Yaells | 1I£1l,

o] <2

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021 20/58



Application of Theorem 1

So we have shown
(= A& +4e) " fllwee < ClIF]],

for all f € LP(RY).
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Application of Theorem 1

So we have shown
(= A& +4e) " fllwee < ClIF]],

for all f € LP(RY).
This shows (— A +4e)~1 : LP(RY) — W?P(RY) is a bounded operator.
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Application of Theorem 1

So we have shown

1(= & +4e) " Hllwes < ClIfllp
for all f € LP(RY).
This shows (— A +4e)~1 : LP(RY) — W?P(RY) is a bounded operator.

Now we use that (— A +4e)~1 or equivalently (— A 44e) is a bijection,
that is for every f € LP(RY), there is a f' € W?P such that
f = (— A +4e)f’ and vice versa. Plugging this in, yields

1Fllwze < ClI(= A +4e)f||,

for all f/ € W2P(R9), which was to show
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Result and Corollaries:

To summarize:

We have proven that H := (— A +4e + V) : W2P(RY) — LP(R?) is closed
and the generator of a contraction semigroup.
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Result and Corollaries:

To summarize:

We have proven that H := (— A +4e + V) : W2P(RY) — LP(R?) is closed
and the generator of a contraction semigroup.

Corollaries:

e Since H is closed and defined on all of W?P(RY) it is bounded.
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Result and Corollaries:

To summarize:

We have proven that H := (— A +4e + V) : W2P(RY) — LP(R?) is closed
and the generator of a contraction semigroup.

Corollaries:
e Since H is closed and defined on all of W?P(RY) it is bounded.

@ From theorem (2), we know that for every e, A > 0 the operator
H+Mg=—A+4e+ X+ V(x)

is surjective. Choosing for fixed g >0 e = 3 and A = 4%0, we get
that for all eg > 0

_ A+4% +4% FV(x) = — A +hey + V(x)

is surjective, hence H is surjective.
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Corollaries:

For injectiveness, we are going to construct the inverse. Let for
f € W2P(RY), let g = Hf and f(t) = e~ Htf. Since H is the generator of
e~Ht on W2P(RY), we get

O:f(t) = —Hf(t).
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Corollaries:

For injectiveness, we are going to construct the inverse. Let for
f € W2P(RY), let g = Hf and f(t) = e~ Htf. Since H is the generator of
e~Ht on W2P(RY), we get

O:f(t) = —Hf(t).

Integrating from 0 to t, we get:

t t "
f(f)—f=/ O f(t) dt:—/ Hf (t) dt:—/ He—Ht £ dt
0 0 0

t t
= —/ e MHf dt = —/ e Mg dt
0 0
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Corollaries:

For injectiveness, we are going to construct the inverse. Let for
f € W2P(RY), let g = Hf and f(t) = e~ Htf. Since H is the generator of
e~Ht on W2P(RY), we get

f(t) = —Hf(t).

Integrating from 0 to t, we get:

t
— f_/ Of(t) d / Hf(t) dt = / He=Htf dt
0
. :
= —/ e MtHf dt = —/ e Mg dt
0 0

For t — oo, we get f(t) — 0. Therefore in the limit

f= / e Htg dt.
0

Having constructed the inverse, H is injective.
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Corollaries:

Finally, we are going to prove, that H is positivity preserving, that is

u>0= Hu>0.
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Corollaries:

Finally, we are going to prove, that H is positivity preserving, that is
u>0= Hu>0.

For this, use the Trotter product formula
. A B\"
"B = lim (enen) ,

with A = (— A +4e) and B = V(x).
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Corollaries:

Finally, we are going to prove, that H is positivity preserving, that is
u>0= Hu>0.

For this, use the Trotter product formula

with A = (— A +4e) and B = V(x). Both are positivity preserving.
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Corollaries:

Finally, we are going to prove, that H is positivity preserving, that is
u>0= Hu>0.

For this, use the Trotter product formula

with A = (— A +4e) and B = V(x). Both are positivity preserving. Then
there product is positivity preserving for all n € N.
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Corollaries:

Finally, we are going to prove, that H is positivity preserving, that is
u>0= Hu>0.

For this, use the Trotter product formula

with A = (— A +4e) and B = V(x). Both are positivity preserving. Then
there product is positivity preserving for all n € N. Then as the limit of
positivity preserving operators elb—de=V)t jg positivity preserving.
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Corollaries:

Finally, we are going to prove, that H is positivity preserving, that is
u>0= Hu>0.

For this, use the Trotter product formula

"B = lim (e%e%)",
n—oo

with A = (— A +4e) and B = V(x). Both are positivity preserving. Then

there product is positivity preserving for all n € N. Then as the limit of

positivity preserving operators elb—de=V)t jg positivity preserving. Then,

for every function u > 0 in LP(R?), the integrand of

f:/ e Hty dt
0

is non-negative for all t. Since the integral over non-negative functions is
positive, f is non-negative.
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We have three ways of writing equation (1):
o
(— A +4e+V(x))u(x) = V(x) + 2ep(e)(u * u)(x)
2]
u(x) = Yae x (V(1 — u))(x) + 2ep(e)( Yae * u  u)(x)
with Yse > 0 and [ Yie = 2
o
u(x) = KeV(x) + 2ep(e)Ke(u * u)(x)
with K being a bijection between LP(R?) and W?P(R?) and
positivity preserving.

For convenience, we would like to call them base equation 1, 2, 3
respectively in that order.
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Defining (p,) and (u,)
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Defining (p,) and (u,)

Let e € (0, 00) be fixed. Then define recursively:

up(x) =0
un(x) 1= KeV(x) +2epp_1(e)Ke(un—1 * tup—1)(x)

() = 2e
P T = () V(x) dx
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Overview

We are going to prove by induction:
u, € LY(RY),
u, € LP(RY),

u, is continuous,

0<u, <1,

°

°

@ u, vanishes at infinity

°

@ p, is well defined and positive.
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Ov

We are going to prove by induction:
u, € LY(RY),
u, € LP(RY),

°
@ u, is continuous,
°
°

U, vanishes at infinity
0<u, <1,
@ p, is well defined and positive.
Base case n=0:
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Overview

We are going to prove by induction:
u, € LY(RY),
u, € LP(RY),

°
@ u, is continuous,
°
°

U, vanishes at infinity
0<u, <1,
@ p, is well defined and positive.
Base case n=0:

ug = 0 satisfies all the above properties. Furthermore

p 2e 2e -
0 p— pu—
JV(x)dx VIl

0.
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Induction step

Induction step n € N

We look at the defining equation
un(x) = KV(x) + 2epp—1(e)Ke(up—1 * up—1)(x).

By assumption V, u,_1 € LP(RY), therefore u, € W?P(RY). It follows:

o u, € LP(RY) v

o u, € LY(RY) v
(Since the prove of K, : LP(RY) — W?P(R9) only used boundedness
of W2P(R?), which holds for W21(R9).)

@ u, is continuous v/
(Follows again, from the embedding W*P(Q) C C(R) for kp > n.)

@ up vanishes at infinity v/
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Induction step

Induction step n € N
We look at the defining equation
un(x) = KV(x) + 2epp—1(e)Ke(up—1 * up—1)(x).
By assumption V, u,_1 € LP(RY), therefore u, € W?P(RY). It follows:
o u, € LP(RY) v
o u, € LY(RY) v
(Since the prove of K, : LP(RY) — W?P(R9) only used boundedness
of W2P(R?), which holds for W21(R9).)
@ u, is continuous v/
(Follows again, from the embedding W*P(Q) C C(Q) for kp > n.)
@ up vanishes at infinity v/
Furthermore, since K. preserves positivity
e 0<u, Vs
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Induction step

Induction step n € N
We look at the defining equation
un(x) = KV(x) + 2epp—1(e)Ke(up—1 * up—1)(x).
By assumption V, u,_1 € LP(RY), therefore u, € W?P(RY). It follows:
o u, € LP(RY) v
o u, € LY(RY) v
(Since the prove of K, : LP(RY) — W?P(R9) only used boundedness
of W2P(R?), which holds for W21(R9).)
@ u, is continuous v/
(Follows again, from the embedding W*P(Q) C C(Q) for kp > n.)
@ up vanishes at infinity v/
Furthermore, since K. preserves positivity
e 0<u, Vs
We need to check:

u<l and on>0

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021



Intermezzo: Lemma

Lemma

For all n € N, we have
@ Up > Up—1
@ pPn > Pn-1

V(x)|1—u(x))dx
o [un(x)dx < M#m”un\hﬁ 1.
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Intermezzo: Lemma

Lemma

For all n € N, we have
@ Up > Up
® pn > Pn-1
JV(x) (l—u(x))dx
(*] fu,,(x) dx < P — = pn”unHl < 1.
Prove (by induction):

For the base case n = 1, we have (using K. preserves positivity)

u1(x) = KeV(x) > 0 = up(x).
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Intermezzo: Lemma

Prove (by induction):

For the base case n = 1, we have (using K. preserves positivity and is
bijective)

u1(x) = KeV(x) > 0 = up(x).
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Intermezzo: Lemma

Prove (by induction):

For the base case n = 1, we have (using K. preserves positivity and is
bijective)

u1(x) = KeV(x) > 0 = up(x).

For n = 1 base equation 2 reads

ui(x) = Yae x (V(1 — u1))(x),
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Intermezzo: Lemma

Prove (by induction):
For the base case n = 1, we have (using K. preserves positivity and is
bijective)
u1(x) = KeV(x) > 0 = up(x).
For n = 1 base equation 2 reads
ui(x) = Yae x (V(1 — u1))(x),

which integrated gives

/ul(x) dx = 4—16 /V(x)(l — u1(x)) dx < 2le/V(X)(1 — u(x)) dx.

This shows

0< Qle/V(x)(l — u(x)) dx.
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Intermezzo: Lemma

Now it follows:

B 2e 2e
LT VR - m() dx — JV(x) dx

where the denominator is not zero, because either
e u; = 0 almost everywhere = [ V(x (1 — ui(x) ) dx = [V(x) dx >0

o [ui(x)dx>0= [V(x (1—u1(x)dx>fu1 dx > 0 by the
bound on the slide before.
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Intermezzo: Lemma

Prove (by induction):
Now let n > 2. Then by induction hypothesis

up = KV 4+ 2pp—1(e)Ke(un—1 * up—1)(x)
> KoV + 20 2(€)Ke(tn - # tn 2)(x) = tin_1(x).
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Intermezzo: Lemma

Prove (by induction):
Now let n > 2. Then by induction hypothesis

up = KV 4+ 2pp—1(e)Ke(un—1 * up—1)(x)
> KoV + 20 2(€)Ke(tn - # tn 2)(x) = tin_1(x).

Integrating base equation 2, we get

/u,, = :e/]/(x)(l — up(x)) dx+ pn—21(e) (/ Up-1(x) dx>2

< 41€/V(X)(1 — up(x)) dx—l—% </ Un—1(x) dx>

Rearranging gives:

216/V(x)(1— un(x)) dx > 2/un dx—/un_l(x) dx > /u,, dx
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Intermezzo: Lemma

Prove (by induction):

_ 2e S 2e _
P JV(x)(1 = un(x)) dx ~ [V(x)(1 = up—1(x)) dx

where once again the denominator is not zero, because either
@ u, = 0 almost everywhere = [ V(x)(1 — up(x)) dx = [V(x) dx >0
o [un(x) dx>0= [V(x)(1— up(x)) dx > [ up(x) dx > 0.

Pn—1
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Intermezzo: Lemma

Prove (by induction):

_ 2e S 2e _
P JV(x)(1 = un(x)) dx ~ [V(x)(1 = up—1(x)) dx

where once again the denominator is not zero, because either
@ u, = 0 almost everywhere = [ V(x)(1 — up(x)) dx = [V(x) dx >0
o [un(x) dx>0= [V(x)(1— up(x)) dx > [ up(x) dx > 0.

Pn—1

O
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Intermezzo: Lemma

Prove (by induction):

_ 2e S 2e _
P JV(x)(1 = un(x)) dx ~ [V(x)(1 = up—1(x)) dx

where once again the denominator is not zero, because either
@ u, = 0 almost everywhere = [ V(x)(1 — up(x)) dx = [V(x) dx >0
o [un(x) dx>0= [V(x)(1— up(x)) dx > [ up(x) dx > 0.

Pn—1

O

This shows

@ pp is well-defined and positive v/
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Induction step

To prove u, < 1 assume the opposite and define

A= {x € R up(x) > 1}.
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Induction step

To prove u, < 1 assume the opposite and define
A= {x € R up(x) > 1}.

up bounded and continuous = u, has a maximum xg.
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Induction step

To prove u, < 1 assume the opposite and define
A= {x € R up(x) > 1}.

up bounded and continuous = u, has a maximum xg.

A non-empty = xg € A.
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Induction step

To prove u, < 1 assume the opposite and define
A= {x € R up(x) > 1}.

up bounded and continuous = u, has a maximum xg.
A non-empty = xg € A.
Rearranging the defining equation for u,, we get:

Aup(x) = V(u,,(x) — 1) + deup(x) — 2ep,,,1(u,,,1 * u,,,l)(x)
> V(un(x) — 1) + 4deun(x) — 2epn—1]|tn—1 * Un—1|0o
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Induction step

To prove u, < 1 assume the opposite and define
A= {x € R up(x) > 1}.

up bounded and continuous = u, has a maximum xg.
A non-empty = xg € A.
Rearranging the defining equation for u,, we get:

Aup(x) = V(u,,(x) — 1) + deu,(x) — 2ep,,,1(u,,,1 * u,,,l)(x)
> V(un(x) — 1) + 4deun(x) — 2epn—1]|tn—1 * Un—1|0o

We use [|up—1 * Un—1l|oo < [|un—1||1||tn-1]|cc and use ||up—1]|co < 1:

Aup(x) > V(u,,(x) — 1) + deun(x) — 2epp—1||tn-1]]1-
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Induction step

To prove u, < 1 assume the opposite and define
A= {x € R up(x) > 1}.

up bounded and continuous = u, has a maximum xg.
A non-empty = xg € A.
Rearranging the defining equation for u,, we get:

Aup(x) = V(u,,(x) — 1) + deu,(x) — 2ep,,,1(u,,,1 * u,,,l)(x)
> V(un(x) — 1) + 4deun(x) — 2epn—1]|tn—1 * Un—1|0o

We use [|up—1 * Un—1l|oo < [|un—1||1||tn-1]|cc and use ||up—1]|co < 1:
Aup(x) = V(up(x) — 1) + 4eun(x) — 2epp—1||un—1]]1-

Now we use pp_1||up—1 < 1:

Aup(x) > V(up(x) — 1) + deun(x) — 2e.
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Induction step

Aup(x) > V(un(x) — 1) + 4eun(x) — 2e.
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Induction step

Aup(x) > V(un(x) — 1) + 4eun(x) — 2e.
Assume x € A. Then u,(x) > 1.

Aup(x) > V(up(x) = 1) +2e > 0.
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Induction step

Aup(x) > V(un(x) — 1) + 4eun(x) — 2e.
Assume x € A. Then u,(x) > 1.

Aup(x) > V(up(x) = 1) +2e > 0.

But for local maxima Aup(x) < 0. We have a contradiction.
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Induction step

Aup(x) > V(un(x) — 1) + 4eun(x) — 2e.
Assume x € A. Then u,(x) > 1.
Aup(x) > V(up(x) = 1) +2e > 0.

But for local maxima Aup(x) < 0. We have a contradiction.

= Aisempty = u, <1V
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Proving the limits of (p,) and (u,) solve (1)
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Existence

To prove:

@ (pn) and (u,) monotonic increasing
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Existence

To prove:

@ (pn) and (up) monotonic increasing v/
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Existence

To prove:
@ (pn) and (up) monotonic increasing v/

@ (pn) and (up) are bounded
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Existence

To prove:
@ (pn) and (up) monotonic increasing v/

@ (pn) and (up) are bounded
For (u,) f(x) = 1 is an upper bound.
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Existence

To prove:
@ (pn) and (up) monotonic increasing v/
@ (pn) and (up) are bounded
For (u,) f(x) = 1 is an upper bound.
For (pn) use pallunll1 < 1 and [Junlls > [lua]l:

,OnS <

llunl| = (ol
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Existence

To prove:
@ (pn) and (up) monotonic increasing v/
@ (pn) and (up) are bounded
For (u,) f(x) = 1 is an upper bound.
For (pn) use pallunll1 < 1 and [Junlls > [lua]l:

1 1
Pn < <
ual| — [[ual]
The limits
pi= nlI_ET;Op,, and u(x) = nI|_>n;o un(x)
exist.
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Integrability

As |up| <1, we get

/ un(x) dx < ?le / V(L — un(x)) dx < 2ie / V(x) dx.
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Integrability

As |up| <1, we get

/ un(x) dx < ?le / V(L — un(x)) dx < 2ie / V(x) dx.

So (up) is
@ almost everywhere converging
@ integrable

@ has bounded 1-norm
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Integrability

As |up| <1, we get

/ un(x) dx < ?le / V(L — un(x)) dx < 2ie / V(x) dx.

So (up) is
@ almost everywhere converging
@ integrable
@ has bounded 1-norm

By Fatou's lemma: u € L(RY).
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Integrability

As |up| <1, we get

/u,,(x) dx < 2—16 /V(X)(l — up(x)) dx < 21e/V(X) dx.
So (up) is

@ almost everywhere converging
@ integrable
@ has bounded 1-norm

By Fatou's lemma: u € L(RY).

Then by dominated convergence, as u is upper bound for all up:

nlrgo/un(x) dx:/u(x) dx < ningo|]u—un]\1:0.
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Integrability

As0<u(x)<1

||u||z:/up(x) dxs/u(x) dx = [|u]l1,

therefore u € LP(R).

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021 40/58



Integrability

As0<u(x)<1

||u||z:/up(x) dxs/u(x) dx = [|u]l1,

therefore u € LP(R).
As 1> u(x) > up >0, we have u(x) — up(x) < 1, therefore

]|u—un||g:/’u( — up(x ‘p dx</‘ —u,,(x)| dx = ||u — unll1,

proving

nll[fo‘oHU_ un||p = 0.

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021 40/58



Solution-property

With this:
[|usu—upxupllp=|luxu—uxu,+ us*u,— up*uplp
< Ju (u = un)llp =+ [[(u = un) * un[
< ullallu = uallp + llun|l1]]u = unall5
This shows
nIer;o\|u*u—un*un\|:0 & nler;oun*un:u*u(in p-Norm).
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Solution-property

With this:
[|usu—upxupllp=|luxu—uxu,+ us*u,— up*uplp
< Ju (u = un)llp =+ [[(u = un) * un[
< ullallu = uallp + llun|l1]]u = unall5
This shows
nIer;o\|u*u—un*un\|:0 & nler;oun*un:u*u(in p-Norm).

Now taking the limit of the defining equation

n—oo n—oo

lim u, = lim (KeV + 2epp_1Ke(up—1 * u,,_1)>

we get

u= KV + 2epKe(ux u).
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Solution-property

Left to check:
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Solution-property

Left to check:
2e

J (1= u(x))V(x)dx

For this, we take the limit and use dominated convergence

p(e) =

~ lim 2e B 2e B 2e
P= i [V —up)dx  limpseo [ V(1 —up) dx [ V(1 — u) dx
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Proving p is continuous and has the limit properties
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Continuity of p,(e) and u,(x, e)

Claim:

p(e) and up(x, e) are continuous in e for all n € Ny.
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Continuity of p,(

Claim:

p(e) and up(x, e) are continuous in e for all n € Ny.

Prove (by induction):
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Continuity of p,(e) and u,(x, e)

Claim:

p(e) and up(x, e) are continuous in e for all n € Ny.

Prove (by induction):

For n = 0: up(x,e) =0 and po(e) = ﬁ are continuous.
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Continuity of p,(e) and u,

Claim:
p(e) and up(x, e) are continuous in e for all n € Ny.
Prove (by induction):
_0 _ _ 2 -
For n = 0: up(x,e) =0 and po(e) = fTﬁ)dx are continuous.
For n € N we observe K, is continuous in e, as
-1

ers — A tde +V(x) D K.,

such that e — K.f is continuous for f € LP(RY).

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp

26.05.2021 44 /58



Continuity of p,(e) and u,(x, e)

Claim:
p(e) and up(x, e) are continuous in e for all n € Ny.
Prove (by induction):
. _ _ 2 ;
For n = 0: up(x,e) =0 and po(e) = fTﬁ)dx are continuous.
For n € N we observe K, is continuous in e, as

-1
ers — A tde +V(x) D K.,

such that e — K.f is continuous for f € LP(RY).

It then follows, that u,(x,e) is continuous in e as

Un(Xa e) = KeV(X) + 2epn71(e)(Keunfl * Unfl)(X, e)-
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Continuity of p,(e) and u,(x, e)

Claim:
p(e) and up(x, e) are continuous in e for all n € Ny.
Prove (by induction):
. _ _ 2 ;
For n = 0: up(x,e) =0 and po(e) = fTﬁ)dx are continuous.
For n € N we observe K, is continuous in e, as

-1
ers — A tde +V(x) D K.,

such that e — K.f is continuous for f € LP(RY).
It then follows, that u,(x,e) is continuous in e as
un(x, e) = KV(x) + 2ep,,,1(e)(Keu,,,1 * u,,,l)(x, e).
This implies (with dominated convergence)
2e

T V(1 = un(x ) dx

pn(e)

is continuous in e.
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Claim:

p(e) converges uniformly toward p(e).
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Uniform convergence of p,(e)

Claim:
p(e) converges uniformly toward p(e).

What to prove:

Vee (0,00):  |p(e) - pale)| <
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Uniform convergence of p,(e)

Claim:

p(e) converges uniformly toward p(e).

What to prove:
Ve € (0,00):  |p(e) — pa(e)|

Modification 1

11
ve € (0, 00): ’p(e) (@)
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Uniform convergence of p,(e)

Claim:
p(e) converges uniformly toward p(e).

What to prove:
Ve € (0,00):  |p(e) — pa(e)|

Modification 1

1 1
Ve € (0,00) : -
©9 |35 @
Modification 2
1
Ve € (0,00) : an(e) —
(0.20) (€) pn(e)

for (ap) — % monotonically increasing.
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Uniform convergence of p,(e)

Claim:
p(e) converges uniformly toward p(e).

What to prove:
Ve € (0,00):  |p(e) — pa(e)|

Modification 1

1 1
Ve € (0,00) : -
©9 |35 @
Modification 2
1
Ve € (0,00) : an(e) —
(0.20) (€) pn(e)

for (ap) — % monotonically increasing.
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Uniform convergence of p,(e)

Modification 2

1 C
Ve € (0,00) : anle) — ——| < —
(0,00) (&)=<
for (ap) — % monotonically increasing. This holds because of
1 C 1 1 C
Ve € (0,00) : |an(e) — < —=Vee (0,00 ‘— < =
(0,00 anle) = 2 )| = o) @] =
1 15 1
asanggandﬁzﬁ.
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Uniform convergence of p,(e)

Modification 2

1 C
Ve € (0,00) : anle) — ——| < —
(0.9) (%) pn(€)| 0
for (ap) — % monotonically increasing. This holds because of
1 C 1 1 C
Ve € (0,00) : |an(e) — < —=Vee (0,0 ‘— < —
(0,00 anle) = 2 )| = o) @] =
1 15 1
asanggandﬁzﬁ.
Modification 3
1 C
Ve € [e1, ] : an(e < —
e ] (€) pn(e)| ~ n
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Uniform convergence of p,(e)

Prove:
Define

an(e) = / un(x, e) dx and pln = b, = i /V(x)(lu,,(x, e))dx.
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Uniform convergence of p,(e)

Prove:
Define

an(e) = / un(x, e) dx and pln = b, = i /V(x)(lu,,(x, e))dx.

(an) has the following properties:
@ an(e) = [ un(x, e) dx is continuous in e,

o [un(x,e) dx> [up_1(x,e) dx = ap > ap_1

1 1
o [un(x,e) dx < [u(x,e) dx< 5 =a, < ;
o fUn(X,e) anj)oofU(X,e) dx:%:}an n__>>oo %

(Equality in 4 will be proven on the next slide!)
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Uniform convergence of p,(e)

Claim:

If u, p are (integrable) solutions to equation (1), then
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Uniform convergence of p,(e)

Claim:

If u, p are (integrable) solutions to equation (1), then

Prove:

We start with base equation 2:

u(x) = Yae * (V(1 = u))(x) + 2ep(e)( Yae * u  u)(x)

and integrate

/u(x) dx — 4ie /V(x)(l ~u(x)) dxt 2 (/ u(x) dx>2,

where we have used [ ux udx = ([ udx)®.
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Uniform convergence of p,(e)

Using

we get
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Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp

Uniform convergence of p,(e)

Using

we get

Rearranging

p? </u(x) dx>2—2p/u(x) dx+ 1= <p/u(x) dx—1>2:0.
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Uniform convergence of p,(e)

Using

we get

Rearranging

p? </u(x) dx>2—2p/u(x) dx+ 1= <p/u(x) dx—1>2:0.

This proves

p/u(x)dx—1:0:>[1):/u(x)dx.
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Uniform convergence of p,(e)

(an) has the following properties:
o ap(e) = [ un(x,e) dx is continuous in e,
o [un(x,e) dx> [up_1(x,e) dx = ap > ap_1
o [un(x,e) dx < [u(x,e) dx <1 ;= an < 1
(

o [un(x,e)d nﬁoofu(x,e)dx:zian"ifo

D=
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Uniform convergence of p,(e)

(an) has the following properties:
o ap(e) = [ un(x,e) dx is continuous in e,
o [un(x,e) dx> [up_1(x, e)dx:>a,,za,, 1
1

o [un(x,e) dx < [u(x,e) dx <1 ;= an <

n~>oo n—oo 1
o [un(x,e)d fu(x,e)dx:f:>a,, = 2
From the fact that b, , we immediately see that
@ by, is continuous in e,
@ b, is monotonic decreasing

@ b, converges towards % from above.
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Uniform convergence of p,(e)

For the bound, we start with the integrated version of base equation 2:

/ Un(x) dx = 4ie / V(x) (1 = un(x)) dx+ ””2‘1 ( / Un_1(x) dx>2

and replace a, and bp:

2a,(e) = bu(e) +
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Uniform convergence of p,(e)

2a,(e) = bu(e) +

Using this, we arrive at

(a,,(e) - bn(e))2 = —2ap(e) + by(e) = an\€) _

bu(e)
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Uniform convergence of p,(e)

2a,(e) = bu(e) +
Using this, we arrive at

(a,,(e) - b,,(e))2 = a%(e) — 23,,(6) + bn(e) — 3127(6) . 3%71(6)‘

bu(e)

Summing over all n:
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Uniform convergence of p,(e)

2a,(e) = bu(e) +

Using this, we arrive at

L 2 _ an(e) _ap(e) a5 4(e)
m(an(t‘-’)— bn(e))” = bo(e)  22n(€) + bale) =y = bni(e

Summing over all n:

Using b, < bs:
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Uniform convergence of p,(e)

> ey ()= )" < 5

neN
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Uniform convergence of p,(e)

> g (arle) — o)) <

= p(e)’
Rearranging:

anle) — e 2 bl(e) _ fV(X)(]‘ - u(Xv e)) dX fV
nezl;( () = bole))” < ple) J KeV(x) dx B fKV(x dx
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Uniform convergence of p,(e)

1

> ey () = le)* < 5

neN

Rearranging:

Z (a,,(e) — bn(e))2 < bi(e) fV(X)(l — u(x, e)) dx [V(x)

neN ~op(e) J KeV(x) dx - fK V(X dx

The right-hand side is a continuous function, so on every compact interval
[e1, e] it takes on a maximum, we denote as C:

C> Z ap(e) — ))

neN
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Uniform convergence of p,(e)

26.05.2021 54 /58
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Uniform convergence of p,(e)

C > (an(e) — bale))”

neN

> 3" (an(e) — ba(e))?

n<N
> N(an(e) — by(e))?
We get:

C 1
(an(e) — b,\,(e))2 — :> - converges uniformly = p is continuous

2
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Uniform convergence of p,(e)

C > (an(e) — bale))”

neN

> 3" (an(e) — ba(e))?

n<N
> N(an(e) — by(e))?
We get:

C 1
(an(e) — b,\,(e))2 — :> - converges uniformly = p is continuous

2
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Limit behaviour of p(e)
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Limit behaviour of p(e)

e — OO

2e 2e e—00

ple) = SV(x)(1 = u(x,e))dx = J V(x)dx -
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Limit behaviour of p(e)

e — oo:
oe) = 2e S 2e espo
SVY() (1= u(x,e))dx — [V(x)dx
e —0:
1
ple) = [ u(x, e) dx
1
= [ u1(x, e) dx
_ 1
[ VYaex (V(1 - w)) dx
de e—0

- f(V(l—ul)) dx =0
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Uniqueness of p and u
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Uniqueness

Let & be another non-negative integrable solution to equation (1), with

. 2e
PT T = a(0)V(x) dx’
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Uniqueness

Let & be another non-negative integrable solution to equation (1), with

. 2e
PT T = a(0)V(x) dx’

We first prove i > u, for all n € Ny by induction:

Markus Wiener (An effective theory for interaProve of the existence of a solution to a simp 26.05.2021



Uniqueness

Let & be another non-negative integrable solution to equation (1), with
. 2e
P T a0V dx

We first prove i > u, for all n € Ny by induction:
n=0:4d>0=up
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Uniqueness

Let & be another non-negative integrable solution to equation (1), with
. 2e
P T a0V dx

We first prove i > u, for all n € Ny by induction:
n=0:4d>0=up
neN:
. 2e S 2e -
PEIVE = a(x) dx — V)1 -ty a(x)) dx
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Uniqueness

Let & be another non-negative integrable solution to equation (1), with

. 2e
PT T = a(0)V(x) dx’

We first prove i > u, for all n € Ny by induction:
n=0:4d>0=up
neN:
. 2e S 2e -
PEIVE = a(x) dx — V)1 -ty a(x)) dx

This implies

i+ d)(x) = pn—1(up—1 * un—1)(x).
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Uniqueness

Let & be another non-negative integrable solution to equation (1), with

. 2e
PT T = a(0)V(x) dx’

We first prove i > u, for all n € Ny by induction:
n=0:4d>0=up
neN:
. 2e S 2e -
PEIVE = a(x) dx — V)1 -ty a(x)) dx

This implies

p(d* @)(x) > pn—1(Un—1 * Up—1)(x).
This implies

i(x) — up(x) = 2eKe (p(i * ) — pn—1(tn-1 * Up—1))(x) > 0= i > up.
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Uniqueness

In the limit, we get

and

=i
vV

<
™
vV
s
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Uniqueness

In the limit, we get

and

=i
vV

<
™
vV
s

But we also get
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Uniqueness

In the limit, we get

=i
v
<

and

™
vV
hS)

But we also get

1 1
/ﬁ(x) dx==-< = /u(x) dx.
Ch
Since i > u but [ ddx < [ udx, we must have

u(x) = ii(x) for almost all x € RY).

But since u, i are continuous, we must have

u(x) = i(x) for all x € RY).
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Uniqueness

In the limit, we get

=i
v
<

and

™
vV
hS)

But we also get

1 1
/ﬁ(x) dx==-< = /u(x) dx.
Ch
Since i > u but [ ddx < [ udx, we must have

u(x) = ii(x) for almost all x € RY).

But since u, i are continuous, we must have

u(x) = i(x) for all x € RY).
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