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First: High density ρ
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Lemma 4.1

ⅇ =
𝜌

2
ධ 1 − 𝑢 𝑥 𝑉 𝑥 ⅆ𝑥 =    

𝜌

2
(  𝑉 𝑥 ⅆ𝑥 -  𝑢 𝑥 𝑉 𝑥 ⅆ𝑥 )

→ Now if we show lim
𝜌→∞

 𝑢 𝑥 𝑉 𝑥 𝑑𝑥 = 0

Then lim
𝜌→∞

|  𝑢 𝑥 𝑉 𝑥 𝑑𝑥|

1
= o 1

So    e  =   
𝜌

2
(  𝑉 𝑥 ⅆ𝑥 - o(1) ) = 

𝜌

2
(  𝑉 𝑥 ⅆ𝑥 ) (1+o(1) )
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Lemma 4.1

We define 𝑋𝛾 ≔ 𝑥 ∶ 𝑉 𝑥 ≥ 𝛾 (measurable)

 𝑢 𝑥 𝑉 𝑥 𝑑𝑥 𝑋𝛾 =
𝑢 𝑥 𝑉 𝑥 𝑑𝑥 \𝑅𝑛 + 𝑋𝛾

𝑢 𝑥 𝑉 𝑥 𝑑𝑥

We know:  𝑢 𝑥 𝑑𝑥 ≤
1

𝜌

So 𝑅𝑛\ 𝑋𝛾
𝑢 𝑥 𝑉 𝑥 𝑑𝑥 ≤ 𝛾 \𝑅𝑛 𝑋𝛾

𝑢 𝑥 𝑑𝑥 ≤
𝛾

𝜌
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Why  𝑢 𝑥 𝑑𝑥 ≤
1

𝜌
?
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Why  𝑢 𝑥 𝑑𝑥 ≤
1

𝜌
?
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(1.1) is equivalent to −∆ + 4𝑒 𝑢𝜌 x = 1 − 𝑢𝜌 V x + 2ⅇρ 𝑢𝜌 ⋆ 𝑢𝜌

And with 𝑢𝜌 x = −∆ + 4𝑒 −1 1 − 𝑢𝜌 V x + 2ⅇρ 𝑢𝜌 ⋆ 𝑢𝜌

We have 𝑢𝜌 x = 𝑌4𝑒 ∗ 1 − 𝑢𝜌 V x + 2𝑒𝜌 𝑌4𝑒 ∗ 𝑢𝜌 ⋆ 𝑢𝜌



Why  𝑢 𝑥 𝑑𝑥 ≤
1

𝜌
?

Integrating yields

 𝑢 𝑥 𝑑𝑥 = ) 𝑌4𝑒⋆ 𝑉 𝑥 1 − 𝑢 𝑥 + 2𝑒ρ ∙ 𝑌4𝑒⋆ u ⋆ u )  

=  𝑌4𝑒 ∙  𝑉(𝑥) 1 − 𝑢 𝑥 dx    +    2eρ  𝑌4𝑒 ∙ 𝑢 ⋆ 𝑢

=
1

4𝑒
 𝑉(𝑥) 1 − 𝑢 𝑥 dx +  

𝜌

2
 𝑢(𝑥) 𝑑𝑥

2
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Why  𝑢 𝑥 𝑑𝑥 ≤
1

𝜌
?

→   
𝜌

2
 𝑢(𝑥) 𝑑𝑥

2
−  𝑢 𝑥 𝑑𝑥 +

1

4𝑒
 𝑉(𝑥) 1 − 𝑢 𝑥 dx = 0

With 𝑒 =
𝜌

2
 𝑉(𝑥) 1 − 𝑢(𝑥) ⅆx we have

𝜌

2
 𝑢(𝑥) 𝑑𝑥

2
−  𝑢 𝑥 𝑑𝑥 +

1

2𝜌
= 0

 → 𝑢(𝑥) 𝑑𝑥 =
1

ρ
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Lemma 4.1

We have \𝑅𝑛 𝑋𝛾
𝑢 𝑥 𝑉 𝑥 𝑑𝑥 ≤

𝛾

𝜌

𝑋𝛾
𝑢 𝑥 𝑉 𝑥 𝑑𝑥 \𝑅𝑛 + 𝑋𝛾

𝑢 𝑥 𝑉 𝑥 𝑑𝑥

≤ 𝑋𝛾
𝑢 𝑥 𝑉 𝑥 𝑑𝑥 + 

𝛾

𝜌
≤ 𝑋𝛾

𝑉 𝑥 𝑑𝑥 +
𝛾

𝜌

Since 0 ≤ 𝑢 𝑥 ≤ 1

anⅆ inf
𝛾≥0

𝑋𝛾
𝑉 𝑥 𝑑𝑥 +

𝛾

𝜌
→ 0
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Why inf
𝛾≥0

𝑋𝛾
𝑉 𝑥 𝑑𝑥 +

𝛾

𝜌
→ 0 ?

For all n in ℕ we find 𝛾𝑛 in ℝ s.t. for 𝛾 ≥ 𝛾𝑛

𝑋𝛾
𝑉 𝑥 𝑑𝑥 ≤

1

𝑛

And ρ𝑛 in ℝ+ s.t. 
𝛾𝑛

ρ𝑛
≤

1

𝑛
so 

inf
𝛾≥0

𝑋𝛾
𝑉 𝑥 𝑑𝑥 +

𝛾

ρ𝑛
≤ 𝑋𝛾𝑛

𝑉 𝑥 𝑑𝑥 +
𝛾𝑛

ρ𝑛
≤

2

𝑛
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Why inf
𝛾≥0

𝑋𝛾
𝑉 𝑥 𝑑𝑥 +

𝛾

𝜌
→ 0 ?

And lim
n→∞

𝑋𝛾𝑛
𝑉 𝑥 𝑑𝑥 +

𝛾𝑛

ρ𝑛
≤ 0

We also have lim
n→∞

inf
𝛾≥0

𝑋𝛾
𝑉 𝑥 𝑑𝑥 +

𝛾

ρ𝑛
≤ lim

n→∞
𝑋𝛾𝑛

𝑉 𝑥 𝑑𝑥 +
𝛾𝑛

ρ𝑛

And since ρ𝑛 could be bounded

lim
ρ→∞

inf
𝛾≥0

𝑋𝛾
𝑉 𝑥 𝑑𝑥 +

𝛾

ρ
≤ lim

n→∞
inf

𝛾≥0
𝑋𝛾

𝑉 𝑥 𝑑𝑥 +
𝛾

ρ𝑛
≤ 0
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Lemma 4.1

Now we have

lim
𝜌→∞

 𝑢 𝑥 𝑉 𝑥 𝑑𝑥 = 0

And therefore

e  =
𝜌

2
 𝑉 𝑥 𝑑𝑥 1 + 𝑜(1) for 𝜌 → ∞
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Now: low density ρ 

Where a is defined by
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Now: low density ρ 

Where 𝜑 is defined by the scattering equation
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Scheme of proof
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Scheme of proof

Summing (4.18) and (4.19) :     𝑒 − 𝑒𝜔 + 𝑒𝜔 − 2π𝜌𝑎

=
16 2𝑒

3
2

15𝜋2  𝑉 𝑥 𝑑𝑥 + 𝑜(𝜌
3

2) −
16 2𝑒

3
2

15𝜋2  𝜑 𝑥 𝑉 𝑥 𝑑𝑥 + 𝑜 𝜌
3

2

=
16 2𝑒

3
2

15𝜋2  1 − 𝜑 𝑥 𝑉 𝑥 𝑑𝑥 + 𝑜 𝜌
3

2

We know

=
16 2𝑒

3
2

15𝜋2 ∙ 4𝜋𝑎 + 𝑜(𝜌
3

2)
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Scheme of proof

→ 𝑒 = 2𝜋𝜌𝑎 +
64 2𝑒

3
2

15𝜋
∙ 𝑎 + 𝑜 𝜌

3

2 = 2𝜋𝜌𝑎 1 +
32 2𝑒

3
2

15𝜋2𝜌
+ 𝑜 𝜌

Now we show that from ⅇ = 2𝜋𝜌𝑎 1 +
32 2𝑒

3
2

15𝜋2𝜌
+ 𝑜 𝜌 (∗) follows

ⅇ = 2𝜋𝜌𝑎 1 +
128

15 𝜋
𝜌𝑎3 + 𝑜 𝜌

as desired.
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Why ⅇ = 2𝜋𝜌𝑎 1 +
32 2𝑒

3
2

15𝜋2𝜌
+ 𝑜 𝜌 ⇒ ⅇ = 2𝜋𝜌𝑎 1 +

128

15 𝜋
𝜌𝑎3 + 𝑜 𝜌 ?

20

(1.22) says

So from (∗) we know 𝑒 = 𝐶0𝜌𝑎 + 𝐶1𝑒
3

2 for 𝐶0, 𝐶1 > 0

And 𝑒
3

2 ≤
1

2
𝑒 𝑓𝑜𝑟 𝑠𝑚𝑎𝑙𝑙 𝑒 , so   𝑒 ≤ 𝐶𝜌𝑎 for C >0

And for f(e) = 
32 2𝑒

3
2

15𝜋2 we have f ∈ 𝑂 𝑎𝜌
3

2

→ 𝑒 = 2𝜋𝜌𝑎 1 +
𝑂 𝑎𝜌

3
2

𝜌
+ 𝑜 𝜌 = 2𝜋𝜌𝑎 1 + 𝑂( 𝜌) + 𝑜 𝜌 = 2𝜋𝜌𝑎 1 + 𝑂( 𝜌)



1 + 𝑂( 𝜌)
3

2 ⇒ 1 + 𝑂( 𝜌)

Let f be in O( 𝜌), and g ≔ 1 + 𝑓
3

2 with 𝑔 = 1 + 𝑔

So 𝑔 ≔ 1 + 𝑓
3

2 − 1

𝑔

𝜌
=

1 + 𝑓
3
2 − 1

𝜌
=

1 + 𝑓
3
2

2

− 12

𝜌 ∙ 1 + 𝑓
3
2 + 1

=
1 + 𝑓 3 − 1

𝜌 ∙ 1 + 𝑓
3
2 + 1

21

𝑎 − 𝑏 =
𝑎2 − 𝑏2

𝑎 + 𝑏



1 + 𝑂( 𝜌)
3

2 ⇒ 1 + 𝑂( 𝜌)

We know for 𝜌 → 0 ∶

1 ≤ 1 + 𝑓
3

2 + 1 ≤ 1 + 1
3

2 + 1 = 8 + 1

since f(𝜌) < 1 𝑓𝑜𝑟 𝜌 𝑠𝑚𝑎𝑙𝑙 𝑒𝑛𝑜𝑢𝑔ℎ, so

lim 𝑠𝑢𝑝𝜌→0
1

8+1

1+𝑓 3−1

𝜌
≤ lim 𝑠𝑢𝑝𝜌→0

1+𝑓 3−1

𝜌∙ 1+𝑓
3
2+1

≤ lim 𝑠𝑢𝑝𝜌→0
1+𝑓 3−1

𝜌

And 1 + 𝑓 3 − 1 = 𝑓3 + 3𝑓2 + 3𝑓
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1 + 𝑂( 𝜌)
3

2 ⇒ 1 + 𝑂( 𝜌)

And since f ∈ 𝑂 𝜌 ⇒ 𝑓3 ∈ 𝑂 𝜌
3

⊆ 𝑂 𝜌 because
𝑓3

𝜌
≤

𝑓3

𝜌
3

(same with 𝑓2)

⇒ 𝑓3 + 3𝑓2 + 3𝑓 ∈ 𝑂 𝜌

⇒
1

8+1
𝐶 ≤ lim 𝑠𝑢𝑝𝜌→0

1+𝑓 3−1

𝜌∙ 1+𝑓
3
2+1

≤ 𝐶

So 𝑔 ∈ 𝑂 𝜌
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Why ⅇ = 2𝜋𝜌𝑎 1 +
32 2𝑒

3
2

15𝜋2𝜌
+ 𝑜 𝜌 ⇒ ⅇ = 2𝜋𝜌𝑎 1 +

128

15 𝜋
𝜌𝑎3 + 𝑜 𝜌 ?

And 𝑒
3

2 = 2𝜋𝜌𝑎
3

2 1 + 𝑂( 𝜌)
3

2 = 2𝜋𝜌𝑎
3

2 1 + 𝑂( 𝜌)

So = 2𝜋𝜌𝑎 1 +
32 2𝑒

3
2

15𝜋2𝜌
+ 𝑜 𝜌 = 2𝜋𝜌𝑎 1 +

32 2

15𝜋2𝜌
∙ (2𝜋𝜌𝑎)

3

2∙ 1 + 𝑂( 𝜌) + 𝑜 𝜌

= 2𝜋𝜌𝑎 1 +
128

15 𝜋
𝜌𝑎3 +

𝜌
3
2

𝜌
𝑂( 𝜌) + 𝑜 𝜌
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Why ⅇ = 2𝜋𝜌𝑎 1 +
32 2𝑒

3
2

15𝜋2𝜌
+ 𝑜 𝜌 ⇒ ⅇ = 2𝜋𝜌𝑎 1 +

128

15 𝜋
𝜌𝑎3 + 𝑜 𝜌 ?

= 2𝜋𝜌𝑎 1 +
128

15 𝜋
𝜌𝑎3 +

𝜌
3
2

𝜌
𝑂( 𝜌) + 𝑜 𝜌

= 2𝜋𝜌𝑎 1 +
128

15 𝜋
𝜌𝑎3 + 𝜌

1

2𝑂( 𝜌) + 𝑜 𝜌

= 2𝜋𝜌𝑎 1 +
128

15 𝜋
𝜌𝑎3 + 𝑂(𝜌) + 𝑜 𝜌

But 𝑂 𝜌 𝑖𝑠 𝑖𝑛 𝑜 𝜌 since    𝜌 → 0
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Proof of (4.18)

Now we want to proof the following

And therefore we look at the Fourier Transforms of 𝑢𝜌 𝑥 and 𝜔𝜌 𝑥

ො𝑢𝜌 =  𝑒𝑖𝑘𝑥 𝑢𝜌 𝑥 𝑑𝑥 ෝ𝜔𝜌 =  𝑒𝑖𝑘𝑥 𝜔𝜌 𝑥 𝑑𝑥
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Proof of (4.18)

From             −∆ + 4𝑒 + 𝑉 𝑥 𝑢𝜌 x = V x + 2ⅇρ 𝑢𝜌 ⋆ 𝑢𝜌 (1.1)

⇔ −∆ + 4𝑒 𝑢𝜌 x = 1 − 𝑢𝜌 V x + 2ⅇρ 𝑢𝜌 ⋆ 𝑢𝜌

And the Fourier Transform of that is

𝑘2 + 4𝑒 ො𝑢𝜌 𝑘 =
2𝑒

𝜌
S k + 2ⅇρො𝑢𝜌(𝑘)2

with 𝑆 𝑘 =
𝜌

2𝑒
 𝑒𝑖𝑘𝑥 1 − 𝑢𝜌(𝑥) V x 𝑑𝑥

27

Actually 𝑘 2



Proof of (4.18)

So 2ⅇρ ො𝑢𝜌(𝑘)2 + 𝑘2 + 4𝑒 ො𝑢𝜌 𝑘 +
2𝑒

𝜌
S k = 0

And solving this equation leeds to

ො𝑢𝜌 𝑘 =
1

𝜌

𝑘2

4𝑒
+ 1 −

𝑘2

4𝑒
+ 1

2

− 𝑆(𝑘)

With a similar calculation we get ෝ𝜔𝜌
(𝑘) =

2𝑒𝑆(𝑘)

𝜌𝑘2
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ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 is integrable

We want to do the invert Fourier Transform on ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 so we have to show

that this is integrable.

ො𝑢𝜌 𝑘 =
1

𝜌

𝑘2

4𝑒
+ 1 −

𝑘2

4𝑒
+ 1

2

− 𝑆(𝑘) =
1

𝜌

𝑘2

4𝑒
+ 1

2

−
𝑘2

4𝑒
+ 1

2

+ 𝑆(𝑘)

𝑘2

4𝑒
+ 1 +

𝑘2

4𝑒
+ 1

2

− 𝑆(𝑘)

=
1

𝜌

𝑆(𝑘)

𝑘2

4𝑒
+ 1 +

𝑘2

4𝑒
+ 1

2

− 𝑆(𝑘)

29

𝑎 − 𝑏 =
𝑎2 − 𝑏2

𝑎 + 𝑏



ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 is integrable

We have ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 =

1

𝜌

𝑆 𝑘

𝑘2

4𝑒 + 1 +
𝑘2

4𝑒 + 1
2

− 𝑆 𝑘

−
2𝑒𝑆 𝑘

𝜌𝑘2 =
𝑆(𝑘)

𝜌

1

𝑘2

4𝑒 + 1 +
𝑘2

4𝑒 + 1
2

− 𝑆 𝑘

−
1

2
𝑘2

4𝑒

=
𝑆(𝑘)

𝜌

1

𝑘2

4𝑒
+ 1 +

𝑘2

4𝑒
+ 1

2

− 𝑆 𝑘

−
1

2
𝑘2

4𝑒
+ 1

+
1

2
𝑘2

4𝑒
+ 1

−
1

2
𝑘2

4𝑒

30
O(

1

𝑘 6) O(
1

𝑘 4)

If we look at 𝑘 → ∞, 



1

𝑘2

4𝑒
+1+

𝑘2

4𝑒
+1

2

−𝑆 𝑘

−
1

2
𝑘2

4𝑒
+1

is in  O(
1

𝑘 6)

1

𝑘2

4𝑒
+1+

𝑘2

4𝑒
+1

2

−𝑆 𝑘

−
1

2
𝑘2

4𝑒
+1

=

𝑘2

4𝑒
+1 −

𝑘2

4𝑒
+1

2

−𝑆 𝑘

𝑘2

4𝑒
+1+

𝑘2

4𝑒
+1

2

−𝑆 𝑘 ∙2
𝑘2

4𝑒
+1

=
𝑆(𝑘)

𝑘2

4𝑒
+ 1 +

𝑘2

4𝑒
+ 1

2

− 𝑆 𝑘

2

∙ 2
𝑘2

4𝑒
+ 1

~ 𝑂
1

𝑘 6

31

𝑎 − 𝑏 =
𝑎2 − 𝑏2

𝑎 + 𝑏



1

2
𝑘2

4𝑒
+1

−
1

2
𝑘2

4𝑒

is in  O(
1

𝑘 4)

1

2
𝑘2

4𝑒
+1

−
1

2
𝑘2

4𝑒

=
2

𝑘2

4𝑒
−2

𝑘2

4𝑒
+1

2
𝑘2

4𝑒
+1 ∙2

𝑘2

4𝑒

=
−2

2
𝑘2

4𝑒
+1 ∙2

𝑘2

4𝑒

~𝑂
1

𝑘 4
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ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 is integrable

ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 =
𝑆 𝑘

𝜌
𝑂

1

𝑘 6 + 𝑂
1

𝑘 4 as   𝑘 → ∞

S(K) is bounded :  𝑆(𝑘) ≤
𝜌

2𝑒
 𝑒𝑖𝑘𝑥 1 − 𝑢𝜌(𝑥) V x 𝑑𝑥 ≤

𝜌

2𝑒
 1 − 𝑢𝜌(𝑥) V x 𝑑𝑥 = 1

(Recall ⅇ =
𝜌

2
න 1 − 𝑢𝜌 𝑥 𝑉 𝑥 ⅆ𝑥 )

and since ො𝑢𝜌 𝑘 and ෝ𝜔𝜌 𝑘 are continuous, and therefore bounded

ො𝑢𝜌 𝑘 − ෝ𝜔𝜌 𝑘 is integrabel for all k  and we can invert the Fourier Transform
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Proof of (4.18)

𝑢 𝑥 − 𝜔(𝑥) =
1

(2𝜋)3
න 𝑒−𝑖𝑘𝑥

1

𝜌

𝑘2

4𝑒
+ 1 −

𝑘2

4𝑒
+ 1

2

− 𝑆 𝑘 −
2𝑒𝑆 𝑘

𝜌𝑘2
𝑑𝑘

changing variables with 𝜇(k)= 2 𝑒𝑘 , ⅆⅇt 𝐷𝜇 𝑘 = 2 𝑒 3 :

𝑢 𝑥 − 𝜔(𝑥) =
𝑒

3
2

𝜋3𝜌
න 𝑒−𝑖2 𝑒𝑘𝑥 𝑘2 + 1 − 𝑘2 + 1

2
− 𝑆 2𝑘 𝑒 −

𝑆 2𝑘 𝑒

2𝑘2
𝑑 𝑘
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Proof of (4.18)

We want to find an integrable majorant for 𝑘2 + 1 − 𝑘2 + 1
2

− 𝑆 2𝑘 𝑒 −
𝑆 2𝑘 𝑒

2𝑘2

Let 𝑎 = 𝑘2 + 1 and s = 𝑆 2𝑘 𝑒 , We have 𝑎 ≥ 1 ≥ 𝑠 and

𝑎 − 𝑎2 − 𝑠 −
𝑠

2𝑎 − 2
= 𝑎 − 𝑎2 − 𝑠 −

𝑠

2𝑎
+

𝑠

2𝑎
−

𝑠

2𝑎 − 2

≤ 𝑎 − 𝑎2 − 𝑠 −
𝑠

2𝑎
+

𝑠

2𝑎
−

𝑠

2𝑎 − 2
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Proof of (4.18)

𝑎 − 𝑎2 − 𝑠𝑎 −
𝑠

2𝑎
=

𝑠

𝑎 + 𝑎2 − 𝑠
−

𝑠

2𝑎
=

𝑠

2𝑎 𝑎 + 𝑎2 − 𝑠
∙ 𝑎 − 𝑎2 − 𝑠

=
𝑠2

2𝑎 𝑎 + 𝑎2 − 𝑠
2

And  
𝑠2

2𝑎 𝑎+ 𝑎2−𝑠
2 ≤

1

2𝑎3
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Proof of (4.18)

So in general

𝑎 − 𝑎2 − 𝑠 −
𝑠

2𝑎
+

𝑠

2𝑎
−

𝑠

2𝑎 − 2
≤

1

2𝑎3
+

1

4𝑎 𝑎 − 1
≤

1

𝑘2 𝑘2 + 1

Wich is integrable on ℝ3\𝐵𝑟 0 𝑓𝑜𝑟 𝑟 > 0

Now we would need a different majorant which is integrable on 𝐵𝑟 0

But we just assume we already found one.
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Proof of (4.18)

we want to use dominated convergency to say

lim
𝑒→0

න 𝑒−𝑖2 𝑒𝑘𝑥 𝑘2 + 1 − 𝑘2 + 1
2

− 𝑆 2𝑘 𝑒 −
𝑆 2𝑘 𝑒

2𝑘2
𝑑 𝑘

=  𝑒0 𝑘2 + 1 − 𝑘2 + 1
2

− 𝑆 0 −
𝑆 0

2𝑘2 𝑑 𝑘

=  𝑘2 + 1 − 𝑘2 + 1
2

− 1 −
1

2𝑘2 𝑑 𝑘

Since 𝑆(0) ≤
𝜌

2𝑒
 𝑒0 1 − 𝑢𝜌(𝑥) V x 𝑑𝑥 ≤

𝜌

2𝑒
 1 − 𝑢𝜌(𝑥) V x 𝑑𝑥 = 1
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Proof of (4.18)

න 𝑘2 + 1 − 𝑘2 + 1
2

− 1 −
1

2𝑘2
𝑑 𝑘

The integral depends only on 𝑘 → 𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 to Sphⅇrical coorⅆinatⅇ systⅇm

න

𝑅×ሾ0, )2𝜋 ×ሾ0, )𝜋

𝑟2 + 1 − 𝑟2 + 1 2 − 1 −
1

2𝑟2
∙ 𝑟2 𝑑 𝑟 × 𝜑 × 𝜃

=4π 0

∞
𝑟2 + 1 − 𝑟2 + 1 2 − 1 −

1

2𝑟2 ∙ 𝑟2 𝑑𝑟
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Proof (4.18)

=4π 0

∞ 1

𝑟2+1+ 𝑟2+1 2−1
−

1

2𝑟2 ∙ 𝑟2 𝑑𝑟 =     
32 2𝜋

15

Why is that integrable?

1

𝑟2+1+ 𝑟2+1 2−1
−

1

2𝑟2 =
𝑟2−1− 𝑟2+1 2−1

𝑟2+1+ 𝑟2+1 2−1 ∙2𝑟2
=

𝑟2−1
2

− 𝑟2+1
2

−1

𝑟2+1+ 𝑟2+1 2−1 ∙2𝑟2∙ 𝑟2−1+ 𝑟2+1 2−1

=
−4𝑟2 − 1

𝑟2 + 1 + 𝑟2 + 1 2 − 1 ∙ 2𝑟2 ∙ 𝑟2 − 1 − 𝑟2 + 1 2 − 1
~𝑂

1

𝑟4
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Proof of (4.18)

By dominated convergence and because S(0) = 1 we have

lim
𝑒→0

1

𝑒
3
2

𝑒 − 𝑒𝜔 = lim
𝑒→0

𝜌

2𝑒
3
2

 𝑢𝜌 − 𝜔𝜌 𝑉 𝑥 𝑑𝑥

= −lim
𝑒→0

1

2
 𝑉 𝑥

1

𝜋3  𝑘2 + 1 − 𝑘2 + 1
2

− 𝑆 2𝑘 𝑒 −
𝑆 2𝑘 𝑒

2𝑘2 𝑑 𝑘 dx

= −
1

2
 𝑉 𝑥

1

𝜋3  𝑘2 + 1 − 𝑘2 + 1
2

− 1 −
1

2𝑘2 𝑑 𝑘 𝑑x 

=
16 2

15𝜋2
∙ න 𝑉 𝑥 𝑑𝑥
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Proof of (4.18)

And since

lim
𝑒→0

1

𝑒
3
2

𝑒 − 𝑒𝜔 =
16 2

15𝜋2 ∙  𝑉 𝑥 𝑑𝑥 ⇔ lim
𝑒→0

𝑒 − 𝑒𝜔 =
16 2𝑒

3
2

15𝜋2 ∙  𝑉 𝑥 𝑑𝑥

as desired
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