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Introduction

A brief overview over the material of this lecture:

1. Fourier Transform: Let f : [0,1] — C and periodic, then f(z) = > = J‘?(n)e%mﬁc7
nez

A 1 .
where f = [ f(z)e”*™*dz This decomposition decomposes f from sth uncountable
0

to sth countable. Fourier transform in general for f : R? — C:
fo) = [ s()e e
Rd
Inverse Fourier transform:

fw) = [ Fw)eear
/

2. Convolution form: Fourier transform has the form f(k) = [ f(x)g(kz)dz

e f,g:R'=C: (fxg)(x)= {f(x—y)g(y)dy
=Rfd f)g(x —y)dy = (g f)(x)

o Frglk)=(f-9)(k)
o If f smooth: Oz, f(k) = (2mik;)f (k)
L2(RY) — L*(R%)

e Define operator: G : ¢ —~ R , then
{Gf(k) = g(k)f(k)

Gf(@) = (g% 1)(a) = [ glo = )f )y

Rd

g is called kernel of G
e Example: —Au = fin R +— u= (=A)"1f = g« f, where g(k) = |27T1k|2.
If R3, then g(x) = - is the Coulomb potential.

= 47| x|




Harmonic Analysis

3. Hardy-Littlewood maximal function: f € L'(R?),

M; = sup f sup TET f
f R0 B ’ | = |szaux£;)’|

Then M/ (x) 2 |f( )| and
1M o gay < ClIf Nl 1oray for all p>1 ("weak form ™ if p = 1)

Theorem 0.1 (Lebesgue Differentiation Theorem). If f € Lj, ., then for a.e. x

lim f=1(z)

r—=0 B(z,r)

To prove this one needs the so called ”Covering Lemmas”

4. Theory of interpolation and decomposition:

T Xo = Yo
X, -1

T Xo — Yo,0 € [0,1]

5. Applications:

e Quantum mechanics: Heisenberg uncertainty principle, i.e.
U e L2(RY)
(p,x) — ¢ |¥(x)|* = porbability density in z
W (2)]? = porbablhty density in p

77Ta332

Hardy uncertainty principle: e~ —(fﬂk2 if f(z) < e

lim
|| — o0
= f(k) = e ™ as|z| = 00
Sobolev uncertainty principle: f,g : R?* — C, operator f(z)g(x) compact, if
fig—0at oo
= Hl(de) cC LQ(Q>
e PDE: min&(u), E(u) = [ |Vul? + V]ul?
Rd
~ Schrodinger eq. —Au+ Vu = Eu

Harmonic funciton Au =0
Au>u = u(x) < ()C u (max principle) and maximum attained on boundary
x,r

[z _JrJg
e Potential theory ~» Newton thm: R;ERJ; ‘x y| d

Aﬁ:OforallxeR?’\{O}

e Number theory: f:R% — C
Poisson formula: if f smooth, decay fast at co:

> @)= fk)

xcZd kezd
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Lets have a closer look at an example of the applications in number theory:
Gauss circle problem (still unsolved)

Sg = Finteger points inside circle B(0, R)
= #{(x1,72) 1 21,70 €Z, 2]+ 25 < R}
Conjecture: |Sp — TR?| < O(R%Jﬁf)
Gauss: O(R)
Sierpinski: O(R%)
Huxley (2005): O(R"%?)

Theorem 0.2 (Sierpinski). |Sr — mR?| < O(Rg)

Proof. The following proof is due to Hugh Montgomery.

Step 1: Sg = > 1p,. We need to replace the indicator function by some smooth
r€Z?
function. Use Convolution. Take ¢ € C°, ¢ > 0 radial ¢ = 0 outside By and [¢ =1

Define g (x) = e72(2), [@: =1 [r(x)= (0e*1p,)(x) = [, p Pz —y)dy
Then fr € C>(R?) by Poisson summation formula

> fale) =" falk)

reZ? kez2

supp pe C Be
We have < supp 1p, C Bg

supp fr C Beyr
Easy to check: fr(z) =1,if [z| < R—¢, fr(r) =1, if |z < R — ¢ and
SR—& < SR < SR-i—a

Step 2: Consider Sp = 3 fRZk)

kez?

=00 fO = [ dn= [ oorto = ([ ([ 15) = nr2

A~

k 7é 0: fR(/{?> = P * 1BR<k) = @s(k)lBR(k>

We have
oo = [T (1)
R2
= / ply)e ™ dy 2)
e Y &2
= ¢lek) (3)
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N C|
= [P (F) = [@(ek)| < kT Vi >0

(since ¢ inC® = ¢(k) decays faster than any polynomial )
R72iBR(k> = iBl(Rk)
Remark. |15, (¢)] < 0]5\’%, ¢ € R% is a Bessel function

Exercise. Define J;(t) = L [ ¢<*©®) cos (0)dO, then |Ji(t)| < Ct2, Vt > 0
0

1 2 < CR2
= 1p,(k) = R*|1p,(Rk)| lel)

. Rf
In summary: |fR( )| < Tl]c_g' ’ \sk|l

=Y e = Y 1frE)+ Y |frk) (4)

k0 0<|k|<K |k|>K
R3 R3
PO D D (5)
0<|k|<K |k2| > €
Rl
< cR2K2+ —F, VK >0 (6)
e|Kz|

Now, choose best K!
Step 3: SR Z SR—& Z ﬂ-(R_ 5)2 O(R €)2

)

MH =

Thus, Sg < Spie < 7(R+¢)? + O

€2

= |Sp— 7R <C(Re+ B2y &  CR}

€2 opt over >0

1 1 1 %
52 £2 £2



Chapter 1

LP-Spaces

1.1 Measures

(3,9), ¥ C 2% = {subsets of O}
(Qex
AcY = A°cX

Y. is called a o— algebra, if (A),CO= NAES
i=0
(A;)ien countable = | A; € 2
ieN
o is called a (positive) measure, if p: 3 — [0,00], s.t. p() = 0 and if (A4;);en countable
and A; N A; = for all i # j, then p(|J A4;) = > p(A)

1€N €N

Example 1.1 (Dirac-Delta measure). p, a measure on R, y € R? s.t.

_J1LifyeA

py(A) = . Here ¥ = 2%°

0, else

Example 1.2. (counting measure) u(A) = #A4 = |A| with Q@ =R? and ¥ = 2%

Remark. This measure is not sigma-finite

Definition 1.3. A measure p is called o— finite, there is a countable family (4;);en, s-t.
U A; = Q and pA; < oo for all

€N
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Example 1.4 (Borel measure). (u, %, Q) ~ ¥ = smallest c—Algebra s.t. it contains all
open and closed sets. In R? we have a uniquely defined measure s.t. p([0,1]?) = 1 and
VzeRY AeX: ulz+ A) = pu(A)

Theorem 1.5. There is exaclty one Borel measure p

Example 1.6 (Lebesgue Measure). (i, %,Q) ~» ¥ = Borel o—Algebra + ”sets of 0-
measure”

1(A) = p(Aporel measuravie + sets of O-measure”) := pu( Aporer measurable)

Definition 1.7. A C R? is a set of 0—measure, if for every € > 0 there is a Borel
measurable set A. s.t. A C A, and pu(A.) <e

Remark.

e The advantage of the Lebesgue o—Algebra is its completeness, i.e. if u(A) = 0 for
a Borel set A, then for all B C A: u(B) =0.

e The disadvantage of the Lebesgue o—Algebra is that we need to be careful with the
"product property”, i.e. if A; C R is not Lebesgue measurable and A, is a set of
O—measure, then HR2 (Al X Az) = O, but HR2 (Al X AQ) = ,UR(Al) ILLR(A2> é

——

) ) o not well defined
This is not nice when applying Fubini

e For two functions f, g we say that f = g a.e, if there is a Lebesgue set of 0—measure
A st. Vo e R\ A: f(z) = g(2)

Theorem 1.8 (Regularity of Lebesgue measure). If A C R? is Lebesgue measurable, then
1. |A] := p(A) = inf{|O| : O open and A C O} (outer regularity)

2. |A| := p(A) = sup{|B| : B compact and B C A} (inner regularity)
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1.2 Integration

(11,22, Q) measure space. Let f:Q — R

Definition 1.9. f is measurable, if for all A\ € Rz € Q: f(x) > X is measurable

TV
level set

In general, f: 2 — C measurable, iff Re(f) and Im(f) are measurable

Definition 1.10. Take f : Q — [0, co] measurable.
Define [, fu = [p({reQ: flz)>A})
0

Lebesgue integral
Riemann integral

This works, since A — p({x € Q: f(xz) > A}) is monotone

Remark. If g : R — R monotone, then ¢ is continuous except on a countable set.
More precisely: 3 countable points {z;};c; C R s.t. g is continuous on R\ {z;},c; and at
ZT; .

1y _1 <1 — i7+
g(xi, —) y%g() yl\rglg() 9(xi, +)

In general, if f: Q — Rand f = f, — f, s.t. fy = max(f,0) and f- = max(—f,0)
and assume [ fy and [ f_ are finite, then we say that f is summable and define [ f =
[fe—[[-. Alsoif f:Q — Cand Re f and I'm f are summable, then f is summable

and [ f=[Ref+i[Imf

Theorem 1.11. (Layer cake representation) For all 1 < p < oc:

o0

/ @) Pdu(e /pvl {zeQ: |f(@) > A})dx

0

Remark. Think of Fubini:

o0 [e.9]

/p)\plu({xGQ: 1f(@)] > ADdA = /pAp1 /1{f yapdp(a) | dA - (1.1)
0 0 Q
= / p)\p_l/l{f J=apdA | dp(z)  (1.2)
Q . 0 .
=7l
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5 fundamental theorems:

1. Monotone c.v.

2. Dominated c.v.

3. Fatou’s Lemma

4. Brezis-Lieb Lemma

5. Fubini

1.3 L? spaces

P\ <
Definition 1.12. | f[|, = (falfP)?, 2f 1 <p<oo
esssup |f|, if p=o00
esssup ="sup up to sets of O—measure” = inf{\ : |f(z)| < X a.e.} f € LP(dom(f)) <

If1l, < o0
Theorem 1.13. L*(Q2) is a Banach space for all p € [1, 0]

Theorem 1.14 (Holder inequality). If for all f € LP, g € L, 1 < p,q < 00 s.t. i—i—% — 1,
then

| / fal < 1711 gll,

Remark. Dual formulation: [|f[|, = sup lﬂﬂl\fgl
0#g€L4 Illq

Theorem 1.15 (Riesz-Representation). (LP(§2))* = L(2) for all %—I—% =1,1<p,q < o0.
Moreover, if (2, ) is o—finite, then (L')* =
than L'.

L*>, but (L*°)* is in general much bigger
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Definition 1.16 (Weak LP). Take f : Q2 — C measurable. We say f € L (), if

supM{z € Q: |f(@)] > A\}F < o0

A>0

and define
171 = S0 ¥z € 2 17()| > A}
>

Example 1.17. Takef:xHﬁfor:ceRd.
{f@) > M =lo:fo] < 2| = C- =
x = [z 2] < 5| = Y
= sup M|{f(z) > A\}| < o
A>0
1 d
= — € [P (RY)

]

Similarly for ﬁ € Ly



Chapter 2

Hardy-Littlewood maximal functions

2.1 Hardy-Littlewood maximal inequalities

Motivation: We want to prove the Lebesgue differentiation theorem for L' functions.

Theorem 2.1 (Lebesgue Differentiation Theorem). If f € L'(R?), then
£ 1= f@) %0 ace.
B(z,r)

The same holds, if f € L}, (R?) or f € L} (Q) for some Q C R?

loc loc

Definition 2.2 (Maximal function). If f € L. _(R%), then define

loc

M f(z) := sup |f]

r>0 B(z,r)

Remark. 1. By Lebesgue differentiation theorem, M f(x) > |f(z)| a.e.
2. If f 20, then M f ¢ LY(R?) even, if f € L'(R?), since

1
MiG@) = f U= [ 2.)
' B(z,r)
1
ENR T | irwlay 2.2)
B(0,]z])
> @, as |x| — oo (2.3)

for some € > 0 (¢ depends on f but not on x) Thus, [ M f(z)dx > [ “zdz = oo
Rd Rd
We can not even expect M f € L} (R%), if f € L'(R?)

loc

10
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Example 2.3. f(x) = el € L*(=1,1). Note that —|z|ﬁnx\ ¢ L'

|:17Hlnx

2x
V2 flf =L [~ = ¢ Ll (-1
P=yU T g ||| In z| fock
0

We will prove that on the other hand M f is ”as nice as f”

Theorem 2.4 (Hardy-Littlewood inequality - L' weak form). If f € L'(R?), then

C
{o: MF(@) > MH < SISl

Here we can take Cy = 5% (or 3%).
Note that the bound is equivalent: ||M f||;. < Cqllfll

Proof (Lebesgue differentiation theorem by Hardy-Littlewood mazimal inequality 2.1). Wlog
assume f € L ie. f € L' and f has compact support.
Step 1 (Reformulate the statement): We want to prove

lim sup |f — f(z)] =0 for ae. x

n—0 B(z,r)

Define A, := {x : hmsup|f f(x)| > ¢}

We will prove that for all e>0: |[A] =0
Then this implies |J A1 =0and |J A1 ={z: limsup|f — f(z)[ > 0}.
n—0

neN neN
This implies our desired condition.

Step 2: Take € > 0 and prove |A.| =0
If f is continuous, then this is obvious. If f € L!(RY), then 3{f,}nen C C.(R?) s.t
fn — fin L'. Then:

A. C{z: limsup |f(y) — f(2)|dy > e}

r—0 B(z,r

By triangle inequality:
[f () = f@) < [f W) = fa@)] + [ fa(y) = fol@)] + [ fulz) — f(2)]
= | (y) = flz)ldy < (f — fu(y)ldy + f [ fuy) = ful@)|dy + | fulz) — f(2)]

11



Harmonic Analysis

We have that for all n : (f |fu(y) — ful2)|dy 229 0, since f,, is continuous. Moreover,
B(z,r)

by the definition of the maximal function:
fw) = fa dy<sup = fal)dy = M(f = fu)(z
W = Ly <swp f | M(f = f)(@)

Thus
Ac Tz M(f = fu)(2) + [fulz) — f(2)] > €}

Note: a +b > e = eithera > 5 or b > £
= A c{x: M(f— f)(2) > %}U{x: ful) — f(2)] > g}

We have: |[{z: |fa(z) — f(2)| > £} < [ L@@ <20 g
Rd 2

£ c o :
Hx: M(f— fu)(z) > 5}\ < gd | fn — fll;: (maximal inequality)
Conclusion: |A;| < £ fu — fll; VR eN
A < T £ = fll =0 a

Lemma 2.5 (Vitali covering lemma). Consider a collection of balls in R, {B;}ics, s.t.
sup diam B; < 0o. Then 3 a subcollection I’ C [ s.t. {B;}ic;r contains only disjoint balls

JBic 5B

il iel’

KA
and

where 5B(x,r) = B(z,5r). Here 5 can be replaced by any v > 3

Proof. First, we only consider the case, where [ is finite. Choose I’ by induction:
1. By is the largest ball in {B;}ie;. Add By to I’

2. Ignore all balls that intersect with B;. Note that 5B; covers all balls that intersect
with B,

3. Repeat with remaining balls

The remaining set has the desired properties.
m

Proof (Hardy-Littlewood 2.4). We only consider the case where f € L!. Note that this is
enough to prove 2.1.

Let f € LL(RY). By the definition of the maximal function we get that for all z inR? 3r, >
0 s.t.

M f(x) = sup if1<2 F I/l

r>0 B(z,r) B(z,rz)

12
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= [ |fl=3B|Mf(z)
B(

"E7rl‘)

Idea: We want to decompose {z : M f(xz) > A} into disjoint balls {B(z,7;)}zer. In
this step we need that supr, < oo. This is guaranteed by f € L.

1 1 1
(I OESVIET > Sl IRV EL - AT RS I
U, B@r)IS5, 1B S50 & fppan 1l " Bl R
We have A = {z: Mf(x) > A} C U,eq Bz, 72) = JA’ C A st

Vitali covery lemma
U B(z,r;) C U 5B(x,ry)
€A zeA’

and A’ contains only disjoint balls.
Foranyze A C A: [ |f] = 3|B(r.)|A

B(z,rz)
1 1
S 2 S Beah =Y siBEr (2.4
J’,EA,B(xmz) reA’ reA’
1
zeA’
> |A] (2.6)

rd
= Al < Zf 5

Theorem 2.6 (Hardy-Littlewood maximal inequality - L? strong version). If f € LP(R?)
for 1 < p < oo, then:

IM fllp < Cap 1 £ o

Interpolation idea: p = oo is trivial. M f(x) = sup f Lf] < 1 fll
r>0 B(z,r)

The lower p is the harder it gets. In fact, we will see that the hardest case p = 1 in its
weak form implies the theorem.

Remark. We can make Cy, independent of p if p is far away from 1 but Cy, — oo if
p=1ord— .

Proof. Let 1 < p < co. We use the layer-cake representation

o0

1, = [ o211 > A

0

13
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First try: Applying weak L' bound form 2.4

= |MfIE, = cap [ XLl g) = oo, since [ A*dA = oo for all s > 0
0 0

Second try: First show {M f > 0} C {Mf% > %} where f% =f- 1f>%:
This holds because f(x) = fa (x) + f(x)lfgg for all =

S Mf(@)=swp f [y < (s £ f@)dy) + 5 = M)+

r>0 Bla,r) r>0 Bla,r) 2

:>Ifo(:v)>%:>Mf§>%=>{Mf>0}C{Mf;>%}

By the weak L' bound:

A Cy
: Py - < —
tos My > 31 < S,
2C
= Td/f(x)lb;dx
Rd

f

Then we conclude from the layer-cake formula:

T 1
Ml < Cd,p//\p_l(x/f(x)lbg)dx
0 Rd

"y, [ fa) ([
Rd \0 /
2f(x) e

= [ AP2dd=c(f(a))P?
0

— c/fp

Rd

Remark. (Interpolation) From the proof, we use 2 inequalities:

F@) = F@) s + f@)lpey

Vv Vv
weak L1 strong L>°

The same idea can be used in a much more general setting ~» interpolation inequalities

2.2 Hardy-Littlewood-Sobolev inequality

14
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Theorem 2.7 (Hardy-Littlewood-Sobolev inequality). Let p,q > 1 and i + % 4 3 =2

f(z
| / / ‘A T@99) gyl < el £l Nl o

where ¢ = ¢4 p,q < 00 independently of f, g

Remark. 1. This implies the standard Sobolev inequality. E.g. in 3D: [ |Vu|* >
R3

C(f Jul®)®

The latter follows from HLS and (—§ f Wy

2. HLS inequality is also called weak young-ineq.

11 1
1f > gl < 1 fllpe lgllpe s Yropga>1st —+— =1+~
poq r
111
< | fla Wy)drdy] < ClFlleo 9l Wllpe, Vroprg > 1 st o =2

Rd Rd

3. Scaling argument: Let fy(z) := f(tx), t >0

LHS:
’/ gt|>\dd‘wtwyty|// _g ddl

Rd Rd
_ t)\—2d| // ft gt(:g) dxdy|
x —yl
Rd Rd

—d(i4t
1fell e llgell Lo = G+ 11l zo 191l 2o
(just via substitution & = tx)

LHS:

Observation: If A, B > 0 and At* < Bt? Vt > 0, then o = f3
HLS ineq = A—2d = —d(;+;) = 2-2= —(5+7). So this is the only reasonable
choice for A\, p,q.

Lemma 2.8. (Fefferman-de la Llave) Let 0 < A < d and z,y € R? s.t. 2 # y. Then there
exists a ¢ = ¢4\ > 0 s.t.

_dr

15
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Proof. The proof consists of showing that the function on the RHS RH S(z,y) satisfies
RHS(tx,ty) = 5RHS(z,y). Then it follows that RHS(x,y) = ¢—- for a constant

¢ > 0 (exercise).

| — :L/IA

T dr
RHS(tz, ty) — / / Lo (1) Loy ()2~

d(tr
= //1B(tz tT‘) taj 1B(tz tT’)(ty> d(tZ) (t )<d+)\>+1
*tddz
dr 1
= //1B<tr 1B ZT)( )d 7,,d+)\+1)t)\

0 Rd

1
= t—/\RHS(:U,y)

proof of HLS by HL max inequality + FD lemma 2.8.
Assume | f[|;, = lgl/ =1 and f, g > 0. Then:

// \fc—yP
dr
— Cd)\//f //1B<tr 1Bzr( )d m d.I'dy

Rd Rd

= Cd,)\/ /(f*1B(0,r))(2)(g*1B(O,T))<Z) dxdy

Rd LO
We have the following bounds:

L f*1pon(2) <|BMf(2) < er?M f(2).
Identically: g x 1po)(2) < er 1Mg(z)

1 _
= F = (fx1po.m)(2)(g * 1B(Ojr))(2)m <rMIMF(2)Mg(2) Vr > 0

(We will only use r < R)

Young ineq a
I1f *1s0n) e < Ifllp [ son ] ST

16
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1 1
fOI‘;‘f‘F—l.

Identically: Hf * 1o, HLOO < rqi’ for for é + i =1

< b4 1 1
= F S R W W

We used that ¢ + = 2d — X and since we have Holder conjugates, the same holds
for p/, ¢ 1nstead of D, q

00 R e’}
= / Fdr = / Fdr + / Fdr
0 0 R
——
use first bound use second bound

R
S / - )\—HMf( )Mg d’l“—l—/md’f’

0

_ 1
< RUTAMF(2)Mg(z) + T VR >0

Optimize over R :

Finally:
[ [ Fara: s [ o)
Rd 0 Rd
1
B
< /( 2d 2a—2%z )Qdd—,\ﬁdz
d
= |MfI HMQHEq < 1A gl
for
1,1 _
L o+3=1

1,1 _ d 1 d 1 _ 1 ¢d , d
:>1_a+ﬁ_2d—>\p+2dAq_Zd—A(p+q)

17
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2.3 Lieb-Oxford inequality

Theorem 2.9. Let ¥ € L?(R¥), | ¥||,. = 1 and define the one-body density

Piszp(x)izz / |\P(x17---’mi—lux7xi+17--~;xN)|2dx17--~;dxi—1;xi+l7~~ude

=1 RA(N—1)

Then V0 < A < d we have

1 L[ pe(z)pe(y) 143
/‘\Ij(l'l,...,$N)‘2 Z m Z 5 / Wd]?dy Cd)\ P ddx
RAN

RUN 1<i<j<N B

Motivation: In QM |¥|? is the probability density of N quantum particles.
Density functional theory: Only consider p € L'(R?), p > 0 and [ pydz = N
Rd
If |W(x,...,xn)| is symmetric, i.e. [¥(z1,...,2n)|] = [Y(2oq), ..., Tony)| for all o € Sy,
then the one-body density is simply given by

p(l‘) =N / |\II(I’,{E27...,$N)|2d{L'27...,d{EN

RA(N-1)
Actually, there are two kind of particles:

1. Bosons: |V (z1,....,on)| = |V (2sa), ..., Toy)| for all o € Sy

2. Fermions: |U(z1,...,xn)| = (=1)7 |V (261, ... To(w))| for all o € Sy

In density functional theory, people try to replace ¥ by p in various situations. E.g. if
we compute the ground state energy of a system described by a Hamitionian H usually
simplified

inf <V HU >=  inf inf <V HU >
el 2=1 0<feL2(R?) ¥ ppyi=f
[ =N h

~
In computational physics/chemistry,
one tries to find approximations
for this as a functional E(f)

The L-O inequality suggests that for H = ) m (A =1 and d = 3 gives Coulomb
1<i<j<N "
interaction) we have the approximation

flz )f (v) / )
E(f) = ——dxd i dy
RaN
. ~- - ~~ -
direct energy on mean exchange energy
field energy

The effective formulas can be obtained by mean-field approximation:
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e Bosons: Take W = u(zy)...u(zy)

U(zy, .. —1) 2
/ Wi, /\ | = / )" Julzy)| dxy...dxy
i — %\ |$1 — T
RdN RAN
—1)
lu(xy)|?|u(z2)|? d s
|71 — 22
and p = Nlu(z)? = T2 20W) qrdy (leading term as N — o)

oN P)
oY Iw yl

e Fermions: Take W(xq,...,xy) = \/LNf!det(ui(xj))i,j for {u;};—1~ orthonormal family
in L?

N
Exercise. For the Slater determinant p(z) = py(z) = Z] i(2)]? we have

: |7, wale)uy)?
/"” |:c—x|“ /ra:—yr“‘/ |x—y|* ddy
1<J J

Proof of LO inequality using the HL maximal inequality. We use Fefferman-de la Llave
approximation: V0 < A < d we have

dr
’l‘-y’)‘ C)\d//lB 27‘) 1B zr)( )d 7’>‘+d+1

that can be applied to z; and x; s.t.

[ 1or lez cm///zlm Lot (D) Pz

RAN RIN 0 Rd *<J

Note that
e > X.X; =13 Xi)?— 3(X X?) to be used with X; = 1p(.,(z;) so that X? = X,

1<J 1<j 1<j

N
o > [ VP p( () fﬂlB<zr>( x)dr = px Lpo,)(2)

i=1RdN

d.];V|\I[’ (Z 1B(ZT) xz R:i[;v ‘\Ij| ZlB(zr (xz))

(using that in general ([ |V|F?) f]\If] > ([|¥[*F)? and [ |U]* =1)

In summary, we get that

1 Cdy)\ o dr
/ |\Ij|2 Z |x — l,")\ Z 5 // [(p* 1B(0,r))2<z) — (p* 1B(0,T))(Z)] dZm
RAN i<g / Rd 0
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1 20,\d i —d d
C’% /Rd/o (p*1Bor) (%) 2 At Q/RM |z —y|* Y

(using Fefferman-de laLLave (exercise))
Consider the error term: by the HL maximal function:

Claim:

(o Lnan)() = [ ( )p(ax)dax < |B(z, ) [ Mp(2) = CriMp(2)

/0(/)*13(07"))( d+>\+1— / Mp(z AL

BUT M% is not integrable. We use the trivial fact that we can put a positive part

[(p* L10.n)*(2) = (p* L) (2)], = (pxLp0.r)*(2)—min{(pxLp0.n)(2), (x1p0n)*(2)}

and by the maximal function again:

o0 ‘ dr L 00 L ) 7’2d 0 Td
/0 mm{...}m:/o —|—/L ---S/O (Mp) de+/]: Mprd+)\+1dr

< (Mp)* L™ + Mp(2) L™ + Mp(2) L™ S (Mp(2))'*
The last inequality follows from M2L4> ~ M L™. Optimizing over L yields:

/ / min{ .} / M) has < /de<z>1+3dz
]

Remark. L-O: f|\1f]2z

case1sd—3and>\—l

— 1979 Lieb: using Newton’s theorem for Coulomb ~~ Cp_p >~ 8

— Lieb-Oxford 1980 ~~ Cr_o ~ 1.68

Numerically, the expected best constant is C,_o ~ 1.45

(2022 Lewin-Lieb-Seiringer C_o ~ 1.58)

— Our proof is due to Lieb-Solovej-Yngvason. This gives a very bad constant! > 100

> %f |( Z(ﬁ) —Ci 0 fRd p(x)“r%dx The most interesting

|$z*%

Open Problem: Find best constant for HL. maximal inequality.
Only solved for d =p=1: [z €R: Mf(z) > A < §|/f|,.. By Melas (2003) finding:
C = U/l ~ 1 567

2

Dependence on d: || M f|;, < Capllfllz» Y1 < p < 0o In our proof (using Vitali’s covering
lemma) we get that d — Cy,, grows exponentially.

By Stein’s theorem one can see that Cy, = C,, < 0o and by Stein’s lemma: Cs 411, < Csap
forall d € N
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Chapter 3

Interpolation Theory

Motivation:

Exercise.
0< A4y < By

= Ay < By VO € (0,1
0§A1§B1} o= 0.1]
with Ag = Ay A%, By = By BY

Exercise (Holder).

1 1
|/fg| <UL lgll, +2=11<p<oo
P p
Interpolation:
0 1-6
£l < ILFN, lgll, ™ Vo <7 < q30 € (0,1)

Thus: LPN LY C L"
Reversely: L" C LP + L% as f € L" = f = flif>: + flp<e,
—— =

eLpnL” eLInLr

since [|f|PLif5 < [ "« o

gr—pP

Exercise (Young inequality).

1 1 1
1 % gl < (£, llgllg » Sto=l4s
proof 1.
Duality: |[f xgll,» = sup | [(fxg)hl = sup | [ f(x)g(y—x)h(y)dzdy| < | fIl,lgll, 1],
Al =1 |||, =1 ~
]
proof 2.

Fix g s.t.||gll, = 1 Define T': f = fxg. We prove that [Tf[|, <[/ f[l, & [Tl <1
We have two cases:

ep=1r=gq
ITFlly < 1l = W *gllea < W fll gl
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ep=q, r=00
ITflloe < Wflly & IF gl < 171, N9l

)

Desired claim: if ||7']| ;. <1, [T oopee <1 = |T|pyr <1 O

— L4
Exercise (Fourier Transform). f € L', f(k) = [o, f(x)e 2" dz
= fer= ||7]_<usn,

Plancherel: || Ff], = HfH2 = || £l

3.1 Complex Interpolation

Theorem 3.1 (Hausdorff-Young). The Fourier transform F can be defined on L' + L?

and it satisfies 1 1
175y < Ifll,s VI<p<2, 4 =1

= | Flpowr <1, Vpe[l,2] (by Riesz-Thorin)

Theorem 3.2 (Riesz-Thorin). Let (X, u), (Y,0) be two measure spaces, both sigma
finite. Let T : LP°(X) 4+ LP(X) — LP(Y) + L9 (Y) be a linear operator, where 1 < py <
p1 <00, 1 <o, 1 < 00 st

1Tl ro—pao <1, NT Ml sy por <1
Then:
1T g pa <1
for any 6 € (0,1),
1 1-0 0 1 1-0 0
p_e B Po 19_17 % B do E

We use the maximum principle for analytic functions in complex planes!

bounded, open

Maximum principle: f : Q C C — C, analytic in €, continuous on Q. Then:
sup | f(2)] = sup [f(z)]
26Q 2€00Q
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Lemma 3.3 (Hadamard’s three lines theorem). Let f be analytic on S = {0 < Re z < 1}
and f continuous on S and |f(z)| < Cel?l for all z € S Then:

sup [f(z)] = sup  |f(z)|

zeS z€S, Re 2€{0,1}

Proof. Step 1: Assume additionally |f(z)| — 0 as |z| — oo. Take [, — oc.

Then sup |f(z)| — 0asn — occ.
Im z==l,
By the maximum principle:

sup |f(2)| < sup |f(2)

2ESn 2€0Sy
<max{ sup |[f(x)], sup |f(2)|}
Re ze{0,1} Im ze{%£l,}
Take n — oo.
sup |f(2)] = sup | f(2)]
z€8 2€S, Re 2€{0,1}

Step 2: In general, if we only know |f(z)| < Cel?l, then we define

fu(z) = f(z)eZQ771 Vze SVn>1
Then:

2 2
o |fu(2)] = |fulz +iy)| < Celle=™ < Ce= "+l 5 0, as |y| — oo or equivalently
|z| = oo, where z = x + iy

o |fu(2)] < |f(2)| forall ze S

By step 1, sup [fu(2)] < sup |fu(2)| < sup |f(2)].
zes Re z€{0,1} Re z€{0,1}

Take n — o0, use f,(z) = f(z) pointwise = desired bound for f ]
Remark. The H-3-lines still holds if Ve > 0: e <* f(2) = 0 as |z]| = oo

proof for Holder inequality using H3L. Assume || f|,;, =1, ||gll;,« = 1. We prove ||f||,. =
1, p <r < q First try:

F(z) = / P = (- 2)pteg

If |f| > 0 s.t. |f|P= is well defined and |f|P* is analytic, then F'(z) is also analytic and by
H3L:

[fI" <sup[F(z)] < sup [F(z)]
zeS Re z€{0,1}

<max( [ 17, [ 1719 =1

There are two restrictions:

23



Harmonic Analysis

1. |f[P> might not be well defined if f =0

2. the center |F(z)| < Cel*! is somewhere nontrivial

M
Second try: Assume f is a step function, namely f(z) = > ane®™1la,, am >0, o, €

n=1
R, A,, C Q, (A,,) disjoint. Define
M

F(z):= al”

m

W [ <max [ 191 [1719

for all step functions f. To conclude, we use the density argument, {step functions} is

Anl, P.=p(l—2)4+qz Vz€C

.. | Q is sigma-finite

dense in L"(2) if O

r < 00
Motivated by the proof above we want to use our new tools to prove Riesz-Thorin:

proof of Riesz-Thorin.
By duality: |[Tf,, <|Ifl,, Vfe L

pPeo —

N \/y(Tf)(y)g(y)dyl < £l zre Mgl oo

We will prove the statement for step functions and then use a density argument.
Step 1: Take f, g step functions.

M
f(z) = Z ame Ly, ()
m=1
and
N
9(y) ==Y bue""1p, ()
n=1
for an,, by > 0, am, B € R, { A} disjoint sets of finite measure, {B,,},, disjoint sets of

finite measure.
For all z € S ={0 < Re z <1} define

for P, = p@(IP’OZ + =) (chosen s.t. Po =1)
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for Q, = q’@(l’z é) (chosen st. Qo =1)
Define: F(z) := [, (Tf.)(y)g-(y)dy. One can prove that F is analytic in S, |F(z)| < e

and that F is continuous in S .
By H3L Lemma:

| / Thgl=|F©) < swp |F(2)|

Re ze{0,1}
So now we have to check the cases where Re 2 =0 and Re z = 1.
Re z=0:

M
o) = D@
M
= [If@rae = 3 lafplA,
M
=Y el A

p(3e+Re x(22-1e))

A
m

3
I

3
I

[
NE
g

Analogously:

F(z)| = /Y (T)g:l < 1T ol 92

< [fell oo ||gz||q0

M

= (D ae|An | quelBl

m=1
NS

O\"“

v

—”fHLp@ 7”9”‘7@/ -1

Rez=1:

/]fz \pdx—Zamp1|A]
[1a:ts |pdy—2b‘“rB|
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= |F(2)] = | /Y (TL)gl < Tl gl

< N fallpor 9=l ot
1

M

N
= O aelAn) O be|Bal)
n=1

m=1

=1

|~

q

=

Step 2 (Density Argument): We proved the statement for the case that f, g are step func-

tions. By a standard density argument, this extends to all g € L%, as

h
Sup |f_g| =|h|l;. V1<gq<oo (exercise)

g step funciton ||QHLq’

Thus: |Tf|| 4 < Hf”Lp@ for all f step functions.
We want to extend this to all f € LPe.

Easy case: Assume f € LPo N L and py < pe < oo. Then find {f,},en step functions

s.t. f, — fin LPe and L™ (|f,| < |f]).
By assumption: [|Tf, — Tf|l a0 < | fo — fllzwo — 0.
By step 1: HTfn - TfHLPe) < ”fn - fHLP@ — 0

Tf, — Tf in LV

Thus: = Tf, = Tf in LPe
. {Tf n} Cauchy sequence in LPG} / fin

Consequently, by step 1 again:

1Tl e = lm [[T'fn]l e < lim [full oo = [1f]]Lre
n—00 n—r00

More general case: Assume f € LPo, py < pe < p1
Decompose: f = flgsser + flif<e
—— ——
=:fc€LPONLPO €Lr1

Then: Tf =T/f. +T/f.

1T fell oo < M fellre <N fllpre V>0

—0 ase—0
Lp1

|77 -

<|

L1

We used:

]

Q:If F =F.+G.and ||F.|;, <1lforalle >0 and ||G.||;, = 0 as e = 0. How can we

conclude that | F||,, <17
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Idea: If we only need an upper bound, then Fatou is helpful!
Apply: From [|G.||;, =+ 0 = up to a subseq. G. = 0 a.e.
= I, — Fa.e.

= ||F|; <limsupe = 0| F.|,;, <1

In general: If g, — g in L" for r < oo, then 3 subseq:

gn(x) = g(T)a.e.
ga(2)| < G(x) € LT

Note: If p = py = p1, then we cannot use py < pe < p; but we can simply use Holder:

1Tl oo < max{| Tl oo s 1T Fll g} < N F1I o

3.2 Real Interpolation

Theorem 3.4 (Marcinkiewicz Interpolation Theorem). Let X be a sigma finite measure
space. Take 1 < pg < p1 < oo. Assume T is a quasi linear map of measurable functions
from X to measurable functions in X, i.e.

{|T<Af><y>r < NITf(y)| ¥A€R
IT(f +9) ()| < K(Tf ()| + |Tg()])

for all y € X. And

17N ooy pz0 < 1
TN oz <1

Then:
||T||LP—>LP < Cp,K ||Tf||Lp < Cp ||f||Lp

for all pg < p < p;.

M fllzy, < AL
1M fll oo < 1£1 e

Motivation: HL. max ineq:

} = M fllp < [Ifll

Recall: f € L2, & [|fll;2 = sup A[{|f] > A}7 < oo
A>0

Here ||-||;» is a quasi norm, i.e.

1+ gllp, < K[ fllp, + Mgl z,)
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Remark. We can take C, x = 2K( — plﬂp)% — 00 as p— p; Or p — Po
In comparison to the Riesz-Thorin thm the constant here is not too good but the thm
applies to non-linear mappings!

proof of Marcinkiewicz Interpolation Theorem. Start with the layer-cake representation
(po <p<p1 <o)

I7f5=p [ 20T > A}

0
Decompose: f = f1{|f|>%}+fl{m<%}
—_—— Y

= N
= |Tfl < K(Tf|+Tf)

A A
{ITF1> 21 < {ITRT> —}| +HITHT > 55

”Tf/\ 770 + Hf/\ o3

N

N

o I |Lp0 N

)\po/m 1{|f\> }+)\p1/|f‘ 1{|f|<*}

o 5 [ i) g U+ g [ 1P
= /|f|p°/ Ap_po_ll{f|>3}CM+/!f|pl/0 AT ey dA

s fur

-~
|fP=Po fp=Po
case p; = oo (exercise) O
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Chapter 4

Lorentz spaces

Motivation: Xy, X; 2 Banach spaces compatible (i.e. XoNX; and Xo+ X; can be defined,

Xo, X1 C Z vs)
XoUuX;Cc X CXo+ Xy

X is intermediate between Xy, N X; and Xy + X;.
With Lorentz spaces L, , we want to study what’s inbetween LPP = LP and LP* = LP if
p < q. If p> q then LPY has a stronger norm than LP.

Definition 4.1 (Lorentz space). Let f : R? — C be measurable. f € LP4 & || f|| 1p0 < 00

o Ufllgoa =27 [AHLAL > AYE ||, = (S A2 > AR

Ry,

o [1fllzpee = Iz,

Definition 4.2 (Quasi-normed vector space). Let V be a vector space with field C. We
say that (V' ||-||) is a quasi normed vector space, if ||-|| : V' — [0, 00) satisfies:

e |z]| =0 2=0
o || Az|]| = |\ ||z|| foral N\ e C, z €V

e [z +y|l <C(||z]| + |ly||) for all z,y € V, C' > 1 independent of z,y

Remark. It’s easy to see that ||||;,, is a quasi norm. (to see this use |{|f + g| > t}| <

{If1> 5+ Klgl > 53

29



Harmonic Analysis

Example 4.3. [ = Ll is a quasi normed space with C' = 2. Recall that
118 = 52 AL > A}

Take f,g € L. Consider [{|f +g| > A} < {If| > g} + [{lg] > 2}

A A A A
M{F+al> 2 < 2GHIA > 21+ 211 > S
up
< 2(||f||L1»°<> + ||g||LLoo)

53]

Remark. There exists no norm ||| - ||| on L*® which is equivalent to |||, 1., i.e. there
are no C1,Cy > 0 s.t. for all f € L1 :

Collfll e < AN < Collfll 1o

Example 4.4. Define fyg(z) = loglN‘ for N>1, Re{l,2,..,N}. Easy to check:
fy.r € LY(R) and:
{ine> N = o | oo > Ml
A logN| ]
R

— e | oy > o= D

B 2

~ log(N)A

2
||fNR||L1oo—Sup)\|fNR>/\| m—)() (as N — 0)

N
However, Fy(0) = Z fnr(0) = logN Z% 1>0VN

Exercise: similarly HF NH e 7> 0as N —> oco. This shows: # norm equivalent to |||| ;1,-
(LY is not locally convex, i.e. 3 local basis of neighbourhood of 0 which consists of
convex sets)

4.1 Aoki-Robewicz theorem

Theorem 4.5 (Aoki-Robewicz). Let (V;||-||) be a quasi normed vector space. Then it is
metrizable, i.e. 3 a metric d(z,y) = A(z — y) for a function A : V' — [0, o0] s.t.
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o Az +y) < Az) +Ay)

and
T, — x w.r.t. the metric < ||z, —z| — 0

Lemma 4.6. Let V' be a quasi normed vector space and C' be the constant of the quasi
norm ||-|] and @ > 0 s.t. (2C') =2%. Then Vn € N, Vzq,...,2, € V:

1 1 1 1
21 + 22 + o zl|> <Azl + (22l + o+ (za] )

Remark. If we use the assumption ||z + y|| < C(||z|| + ||y]]), then

lxr + 2o+ oo+ || < Cllg|| + Cllza + ... + 24|
< O] + C* |lzz] + C* los + ... + @all
<

C |||l + C?||lza|| + ... + CN 71|y |

0, ¢ =0
proof of lemma. Define H : V — [0,00), H(z) := 4 Zf? L A ,

27 2o < ||z|| < 27 VjeZ
(Dyadic decomposition)
Then: [z]] < [|H ()| <2 [|lz| Vz eV

1
Claim: VnVay, ... @y |21, o @n|® < 2(H (1) + ... + H(zy)
We prove this by induction in n:
1

n=1:all, <H(z) = |allf < H(zy)s
(n—1) ~ n: Wlog, assume ||z||, > ||z|, > ... > ||z||,, = H(z1) > H(z2) > ... > H(x,)

Ql~

)

Case 1: Jig € {1,....,n — 1} s.t. H(wyy) = H(wiy41) = 270

Then: [|zig + Zig41[| < C(llwigll + lwio 1 ll) < Hwip) + H(wigra) | = 200+

20270
(Jo+1)a

= H(l’io + $i0+1) <2
& < 200t — H(z; )a 4+ H(x;,41)« By induction assumption:

= H(ilfio + .Ti0+1)

lxr 4+ . +zu|| = |z1+ oo + (Tig + Tigy1) + - + 20|
< 2H(z1)® 4 oo+ H(wig + Tigs1)® 4o+ H(z) =)

1 1
<H(wig) o +H(zig+1) @
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Case 2: H(xy) > H(xg) > ... > H(x,)
= H(Iz) < H([L’Z‘_l)Qa Vi = H([EZ) < 27(1‘71)&]_‘[(1.1) \)

= flzr+ . F ]l < Clleall+ oz + o+ zal])
< max(2C ||z4||,2C ||zg + ... + x4]|)
< o< max( 20, (20)* ||lza]l 5 ..., 2C) 7 ||z ll)
—2a
< max(2°H (z1), 2°H(x,), ..., 2"V H (x,))
= QQH(CCl)

1

= |2+ 2o+ oo+ 2|7 2H ()5 < 2(H ()5 + o+ H(2,) %)

Thus the claim is correct and this implies the conclusion.

2(H(z1)s + ... + H(zp)®)

1 1
< Azl 4 A )

O
Remark. The difficulty is related to L” spaces with 0 < p < 1.
Proof of the Aoki-Robewicz theorem.
Define A : V — [0, 00] by A(z) = inf{>_ ||a:l||é s Ve Yz} =) ||@ll}
i=1 =1
where 2C' = 2% and C' is the constant from the quasi-norm.
Then:
1 1 1
lzll* = Az) 2 7 [z~
(the second bound comes from lemma 4.6)
This function satisfies all desired properties:
1
1 1 [e's) _ q q
o 1f = AL > M| = (211 > ANEa)
%X
® ||fllpe == |Ifllzz- This is an easy consequence from the definition. In fact Ve > 0

Haah Aysd st v =2 llaall v = ; 1yl

Alz) 2 3 llwill* —
Ay) =2 llyill~ —«

M)+ Aw) > Dl — e+ Alw) 2 3yl e

Y

A(in—i—Zyj)—Qe:A(x—I—y)—Qa

then e — 0
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This allows us to define the distance function d(z,y) = A(z — y), which satisfies all re-
quirements of a metric = (V,||-||) is a metric space.

Further, we have that
r, » xin (V,d) & d(z,y) -0 < ||z, —z|| =0

Thus quasi-norm and metric are compatible.
O

Remark. This topology, i.e. (V,d) is the unique topology which is compatible with the
quasi-norm.

To be precise, if we are given the quasi-norm ||-||, then the only topology should come
from the local basis of the neighbourhood of 0 given by B,(0) = {z : |jz|| < r} (B.(0)
might not be open in (V, d))

Here the open sets are defined by

UcVisopenifft Ve € U3r, >0 s.t. B, () ={y: |z —y| <r,} CU

Exercise. The LY* quasi norm is not equivalent to any other norm.

4.2 Normability of Lorentz spaces

Q: For which LP? do we have a norm which is equivalent to the quasi norm?

Theorem 4.7. V1 < p < oo and 1 < ¢ < 0co. Then d norm in LP9 that is equivalent to
the quasi-norm. We will construct ||| - ||| s.t.

11
1Al re < A< 21 1] =ik

To prove this, we need a rearranged version of f! First, let us consider the basic rear-
rangement inequality:

Theorem 4.8. If we have real numbers a; > ay > ... > a,, by > by > ... > b,, then:

i a,-bi Z iaibg(i) Vo € Sn
i=1 =1

[Basic rearrangement inequality/Chebychev sum inequality] E.g. aiby + asby > ajby +
CL2b1 = (CL1 — a2)(61 — b2) >0
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Definition 4.9. Let f : R? — C. We define f*: R? — [0, 0q] s.t.

1. f* is radially symmetric decreasing, i.e. f*(z) depends only on |z| and |z| — f*(x)
is decreasing

2. 1{f* > t}| = [{If] > t}], for all t > 0.

Equivalently, we can use the layer cake representation to define f*.

|ﬂmr=émum»xwm

= fh= / Lsey
0
Where for a set Q2 C RY, Q* = ball in R? centered at 0, with |Q| = |Q]

Theorem 4.10 (Hardy-Littlewood rearrangement inequality). If f, g : R — C, then
| / fal < / g
Rd Rd

Proof. Consider f,g > 0. Then by layer cake

/Rd flz)g(z) = /Rd(/ooo 1{f>t}($)dt)(/ooo 1ig>ey(@)dt)dx
- /Rd(/ooO 1{f>t}(ﬂl7)d7f)(/0Oo 1ig>s}(x)ds)dx

< [ 2 @[ 1 @)isda

= | )y (x)de
Rd
We used: [p,141p = [ANB|=|A*NB*| = [q,1a-1p-
And |AN B| < min(|A|,|B|) = min(|4*|, |B*|) = |A* N B*| O

Definition 4.11 (Decreasing rearrangement). Let f : R? — C. Define f, : [0,00) —
[0, 00] s.t.

e f, is decreasing

o {fi>t}ry = HIf] > t}]pa
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= L
RER

for z € R, then f*(z) = f(x)

= L
BRER

D —d
)i > Ablr, = [Bi|A7

Example 4.12. If f(x)
where ¢ € R, and |B;| = volume of unit ball in R? as:
1 _1 _d
{f > M= ’{W > A = [{lz] <A77 }re = A7r[By]
B
11 > Mk, = (2

Theorem 4.13 (Alternative definition of [|-||;,.,)-
o [ I > e

p,q <00:
def
HfHLM =
0
([N
0
1
= AP fo (A
|2 .00 ot
If g = oo
def 1
[fllpee = supt|{|f] >t}
>0
new /\% ) \ H
ey .

Proof. Case ¢ < 00:
From the def:

e = o [ 611> e

p/ (4

0 q

f«(A) >t < |{|f| >t} > A Duality formula (exercise)
= / (g / 7 s d) A TN
0 0

= /OOO Fo(APTldN)

case ¢ = oo (exercise)

/ N g s dA)dt
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Lemma 4.14.

/ uto)ds =swpd [ 111+ 181 <0

Proof. Consider step functions f(x) = > a;14,(z) with a1 > as > ... > a, and {4;}
i=1
disjoint.
e case t < > |A;] and we stop at some k < n s.t.

k
sup / =3 et — 3 1A
=1

|B|<t i=1

e else: k=mnand ag1 =0
(bathtub principle)
fulw) = 22 ailip, ., py(s) where B; = 3 |Aj]
i=1 j=1

= fot f(s)ds

k
> ai(B; — Bi_1) + ap1(t — By)
i=1

Still we need to pass the limit for the general case f € LP?. In the general case, we
can choose a sequence of step functions {f,} s.t. f, T f point wise a.e.

= (fo)«(t) T fu(t) Vt (exercise)

= fot(fn)*(s)ds — fot f+«(s)ds by monotone convergence

Moreover: sup [, |f| 1 sup [, |f| by monotone convergence ]
|B|<t |B|<t

Lemma 4.15 (Hardy inequality).
If g € C'(Ry), g(0) =0, then :

9
]

Y HgHLP(R_»,_) =
Lr(Ry)

More generally:
q

p([ @

Q=

T

> ([t ey

Proof. Duality (LY(X))* = LY(X) i.e. 1Gllpaxy = sup | [ Gel, X =Ry, du(t) =

ol ) =1
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o dt

> g 41 1 [
(/ tp_l\g/ ()ds|‘1dt)q:Ht/h(s)ds = sw [ [ 1007 / §)ds(t)dt]
0 0

.y / / )ds(t)dpu(t)|
| / / h(t€)dep(t)du(t)|

1
< / VCEN e 1t €

< /||h||Lq €7 de

Ew
= ||h||Lq(X) [1_—1
plo

=y Hh”Lq(X)

La(X,dp)

proof of the normahty of L% for p > 1.
Define f,.(t) =+ fo s)ds and

Jos A (NN if g <
fl{ff** \L zfqzzooq )

Then we claim that || f|| is a norm in L”? and

Lo < 11T < D1 ] oa
Step 1: (triangle inequality)

Remark: We only have (f + 9).(t) < fu(3) + g.(5) (exercise)

From lemma 4.14:

9 = ¢ [ Graeis=sof[ |7+a: 181<0

sunl [ 11+ [ lol: ..}

sup / Fl: 1B < 6 +supf [E o+ 1B <1}

IN

IN
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As a consequence:

1
q

IF+ll = ( /Oooxwmg)**um)

= X090
< W+
= )\%f**(/\)‘ LRy, %) + ‘ )\%f**()\)‘ LaRy, D)
Step 2: We still have to prove that
1 lzoa < 1T HE< PN e

It follows directly from the definition that ||| f||| > || f]l ;.-
The other side follows from Hardy’s inequality:

= Ao > (A [ s

h~ fi
=" P flloa = M1

4.3 Some functional inequalities for Lorentz norms

Theorem 4.16 (Monotonicity). If ¢ < r, then 3C' > 0 s.t. Vf € LP9:

Clifliea = 1Nl o

Remark. If |Q < oo, then LP* C LP? if p; > py. We get the same for all ¢,r with
Lpra C LP>" (exercise)

Proof.
r = o0:
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i / A1 (1)1t
a0 1
), " g
> fe(N)
A
= /0 thd)a ()

- (%AZ)éf*()\) ~ AR (N, VA0

= N fllzpa = sup A? fi(A) = || fll oo
A>0

v

r < oo

o) , 1
e = (f 57 terans

< ( [ <supwf:—q<x>>) '
0

A>0
— 1
= (A1 1f1z5) " S M1 poa

(We used [|f]| e S [1fll s version r = so)

Theorem 4.17 (Holder). If 1 < py,ps,p < 00, 1 < q1,¢2,q < 00 s.t.

1 1 1 1 1
— =l =4+t—=—=-=
pP1 P2 q1 q2 q

then:
1fallzoa S Nfllporan 1£l o2as

1

1 1,151
qz_qbyq1+ >q

Remark. 1. We can replace qil + 1>

2.p=q=1 = |[fall;x S Nfllperar £l Lo2as
= (LPLQI)* =[P2 Vi<p<ool<g <o

Proof. Claim: (fg).(t1 + t2) < fi(t1)g«(t2). To see this, we use the density relation:

H{IfI > A >t & JAOED)
~ {Ifl > A <t & Ft) <A
~ [{fI> @O <t , VE>0
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Consequentially:

{159l > f(t)g(t)} < KISI > Felt)} + [{lg] > g.(t2)} <t + 12

= (f9)«(t1 +t2) < fu(t1)gs(t2)

To conclude:

Qe

Vol e = / B (fg)( )t

t
~—
:%_A,_

o qa_1 q t qz %
< ([Tenduda)
ey t ar ey a
P1 q1( _ d P2 q2( _ d
< ((/0 t f*(2)t> (/0 t g*(2)t> )

st

2
< N fllgrvar gl zos.an

N+

Q=

Theorem 4.18 (Improved Sobolev inequality).
If1<p<d, p =%, then

“fHLP*.p SJ ||Vf||Lp

Remark. Since p < p*, this is an improvement of the standard Sobolev inequality.

This can be proven in two ways. 1) Weak-Young inequality 2) Dyadic decomposition.
We will have a look at 1) first. The proof of the improved Sobolev inequality with weak-
young is motivated by the proof of the standard Sobolev inequality with weak young.

Weak-Young: [|g+ Al < lgll e 1Bl 3f 5+ 5 =1+ for 1 <p,q,r < o0

proof of standard Sobolev inequality by weak-young. Note that the equation —Af = ¢ in
R? can be written as

flz) = (=A)g(x) = (G(x) x g)(x) = g Gz —y)g(y)dy
and the Green function
const.n(z), if d=2
const.m%, if d>3
(Formally: (—~A)"g(k) = ghma(k) £ Gxglk) = Gk)g(k) = Clg) = 5hs = C(o)

T |2wk|?
above) We will discuss the Fourier transform later to make sense of all of this.
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Put differently, f = G* (=Af) = (=A)(G* f) = (=VG) % (Vf) i.e.

if f regular enough! (e.g. f € C°)

Hence:
weak—young

[l gy = I1(=VE) * (Ve may S IVGllaee VSl
provided that: é + % =1+ ]%
Here |VG(2)| = const.m% for d > 2
VG100 < 00 with ¢ = %

d—1
1141 (-1 41 _ q_d1 41 _q_1_1
S FTaT 1 ﬁ_l—p 1 a T 1 p d
s pt d” O]

~ dp

Inspired by this, we want to prove a Young inequality for Lorentz spaces s.t. we can
conclude the improved Sobolev inequality. For that we first need the following lemma.

Lemma 4.19. If f g : R? — [0, 00|, then:

(fx9)ex(t) < tfin(t)gun(t /f* 8)g.(s)ds Yt >0

Proof. Step 1: f =14, ACRY  |A| < 0.
Easy to check:

fi(s) = Ls <|A]) = L(0a(s)
1 [t 1
foe = / f(s :g/o 1{5<‘A‘}d8——mln(|A‘ t)
RHS:

000+ [ £.09)9(s)ds = min(|4] 0.0 + [ Lciapan(s)ds
t

E Jy ge()ds + [ gu(s)ds = [1 g.(5)ds = |A]ges(|A]) = | Alg.(max(t, | A]))
5 Alge. (1) + 0 = | A min(g...(t >,g**<|A|>>
Why:

(L4 % g)ss(t) < [Al min(g..(t), g.u(|A])
Recall:

1
hat(t) = ;sup{/B |h| : VB C R? s.t. |B| =t}
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(we used this in the proof of theorem 4.7)
Take any B C R, |B| = t. Then:

%/B|1A*g| < 1/(/ l9(x — y)l|dy)d
_ //X Alg(y)|dy)dz

|X—A|=A

< 1/ (4lg. Az
= [Alg..(1A])

o[ el "2 ([ lta=lanay =1 [ (] . gteldoydy < 7 [ (tg..®)dy = |Alg.()

|B—y|=|B|=t

1
= Z/ |14 % g| < |A|min(gu.(|A]), g« (t)) = optimizing over B
B

Step 2: f as step function:

N
= a;14,(z), Yz R
=1

Why can we write it like that?

Assume f = aylp, + aslp,(z), B1N By =

In this case, we can write f(z) = a1 B; U Ba(x) + (aa — a1)1p,(x) with A; = By U By and
A = B,

N
Claim: Iff == ZailA“ a; Z 0, Rd == AO 2 A1 2 A2 2 2 AN 2 AN+1 =

i=1
Then:
= Zail(|A]’+l|:|AJ’|)(8)’ s>0 (exercise)
1<j

Come back to the lemma with this f:

(f+9 ** Zaz 1A *g ** Zaz 1A *g ** Zaz’A |g max(t |A |))

Assume Fig s.t. |A; | =t (we can take oy, if we want)

= ([ *9ult) <D il Ailg(|A) + D sl Ailg (| Ai])

<10 1210

J/ N J/

) (I1)
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Zal/| il

1<ig

" T Lo

Z<’L()<]

[4;1
s)ds = Z o Z/
1<ig j>t 7+1|
|45
s)ds + Z al/
z<]<zo +1|

J/ J/

RG

EE ) 3

<10 J>10 J+1|

[4;]

(]”):Zi§j<ioozi/

[Aj+1]

= (I

<10 1>10

gu(s)ds =

=+ Daimin(| A, 1) g (1)

(1)

zzz/

1<ig j>io0 j=>1t

= Z/ az Otg*

1<t

= Zoaz/g*

1<t

= Z it g (1)

1<10

il(a; 14,0 9+(8)ds

1451
Zj<i0/ Zaz g*

+1‘ Z<]

[A;]
S CTOT

j<io V [Aj+1l
= [ 290

= Z o min(|A;, ¢) g (t)

i=1

]

Theorem 4.20 (Young inequality for Lorentz Spaces).

lg*hllgra S

with

Remark.
X0, P2 =G4 =T

||g||LP1a<11 ”h”Lsz

1< b1,p2,P < o0

1<QIaq2aq<OO

1. The previous weak Young inequality corresponds to the case p;1 = ¢q, ¢ =
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1,01 1,1 _ 1
= T g tr= 1t and
111 _ 111
! " qufL;:entzr ' 1
Sg=r T ol Bl 2 9% Bl 2 llg % bll gy since 7 <p e 11
1
since -~ +i=1+1
q g
—~
<1
2. Sltronglger resultlt Hngle WlLHLpQ 2 ng*hHLp,q where
mte = amta=1t;
= q<p = |g*hllpeq 2 llg*nllL
3. The improved Sobolev inequality follows easily from the Y-Lorentz spaces:
[ lloee = IVGxV fllppen STVt IVl ow STVl
Le. pp = %7 qr =00, P2 =q2 =17p
1 1,1 1_1 41
= ptl=g+t i=ata
proof of the Y-Lorentz inequality (by Niel). Recall
< la 1 e 1
e = (AR ~ ([0 3y
0 0
with f,. decreasing rearrangement, f,.(t) = %fot fe(s)ds > f.(t)
* a_ 1
loshl ~ ([ g0
0
£ (g x (1)
= P q *
g L'(R4)
lemma4.19 o0
< tr 0t g (D (t) + o Ha / 9(8)ha(s)ds
t La(Ry dt)
S G| Bl AACTNETS — (1) + (1)
t La(R4,dt)
1_1 Holder 1

<

070 g (e (1)

1 1 ‘

P11 ga(t)

t7s h**(t)’

() =

<

La(Ry) Lo (Ry) Le2(Ry)

”gHme ||g||Lz>2’<I2

Here for Holder:

([ man < (A o[ E o

0

RHS = ([ # 7 gnand e hnan® — [ e B on @
0 0
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So we get

(IT)

14

= " gu()ha(s)ds

Ry (/;Ofﬁl( /toog*(s)h*(S)ds)th>
( :

00 q 7
([,
0 u;-‘rl
1
o] q q
= </ ur ! & du>
0 u
Hardy o 1 :
(e rwra)
0
< g 1 1.1 1
= T *—h*——qd q
([ N m )l
< 1 1 1 1
_ - N\l 3
= (] e
—1 ®© 4 dt
= o org)
0

Q=

( / g (h, ()] )

g (R (1))

Lq(R+7dt)
< ||g||Lpl’ql ”h“Lsz

The last inequality works the same as in (I) except that we use g,h, instead of g/t
OJ

4.4 Dyadic decomposition

We will have a look at another proof of the improved Sobolev inequality. For this we
will use the dyadic decomposition. The basic idea comes from deviding the positive real
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number line in a smart, disjoint way, i.e. (0,00) = [J[27,2/"!). We can use this for the
jez
values of functions.

Example 4.21. f € LP, | f|[5, =p [ AP H{|f] > A}HdA
We can decompose f = >, flysepioitiy = > ; fi = all {f;} disjoint support and
—_——

fi
supp fi C {|f] € [27,27F1)}

= G =D filGs as |D_fil = IAP

We will extend this to a version with smooth cut-off s.t. f smooth gives us a set of {f;}
smooth functions.

Lemma 4.22. 3p € C*(R,R) s.t. p(z) =0if [z ¢ [1,1] s.t.

> p@t)=1, Vt#0

jez

Proof. p(t) = V(t) — W(2t)

= Y o2t =) (V(2t) - T(2HE) =T(0) =1

Jjez J

ifWeC®st U(z)=1if |z| <3, ¥U(z)=0if [z| >1 O

Lemma 4.23. For any f, we decompose

F=>_f where fi(z) = f(z)p(277|f])

j€Z

In particular, we have supp f; C {2771 < |f] < 27}.
Then: )
HfHLp,q S (Z Hfj“%p )5 S HfHLp,q Vq < p
——

J
H”fj”LPqu(z)
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Remark.

O+ gil4)7 < OGS llgsle,)

JjEZ JjEZ JjEZ

but f— (> Hfj||qu)é is not a norm, since it is non linear.
jez

Proof. Note that A
Ji ~ 2L p1epi— 20y

Z £l 70 ~ ZquH\fl e[ 2))}r < Z 204 ({|f] > 2~ 1}|#

JjeEZ JEZ J

g/o L] > AHEdA = ],

Thus:

On the other hand:

27+1

1L, = / A{If] > A} R = Z/ (1] > A}

21, <|{|f=27}]
2j+1

3 / ST {2 <[] < 251} )BdA
k>j
27 +1

< TR [ it <u< 2 i
- Zzwq D2t <] < 2y

= Z Z {25 < |f < 2

i<k
2q(k+1)
~ 2Rk < < 2Py

k
NSl + Frar 11 p SRS p I fraa 10

The last step used that
il 4 | fera] ~ 2" oy preoneny
]

Another proof of the improved Sobolev inequality using the standard Sobolev inequality.

Standard Sobolev

71es S U5 S IVl
— 1P < P _ P
/ I / 9P = 1951,
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5/ (IVIPUEY < IV + 11 = 1
Rd

We used the pointwise bound:

| Vfi(z) | S IV (@) Lgi1<pi<iy
—
=V(fe(279f)=Vfo+fVe

By Scaling argument: If || f[| - SV Ffllpo + 1 fllos VF

= ||f||LP*7P 5 ||vf||Lp

Remark. Scaling argument in 3D:
W) Il 5 ([ 1958+ [ 15208 s

@) = [flle < ( / V1)
Use (1) fi(z) = A2 f(Aa) = [ou [FAP = s |1

/ V2= X / VIR 12 = A1
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Fourier Transform

We will define the Fourier transform for tempered distributions, which can be viewed as
a generalization of LP functions. The space of tempered distributions is constructed as
the dual space of the Schwartz class C°S(RY) C C°.

First, let’s start with the Fourier transform in LP.

Definition 5.1 (Fourier Transform in L'). Let f € L'(R%), then the Fourier transform
of f is defined as

f=FfO= | f@)e ™ ds

Remark. 1. [f]| <7l

~

2. f is uniformly continuous: follows from

lim [ |f(z)]e*™ " dx
§—=0 JRrd

by dominated convergence
3. o(x) = el = &(5) — ¢~ ™I*|. To see this, observe

8§nq§(f) = —27Ti:vne_”|”|26_2m5“”dx = @/ E)xn(e_”‘xp)e_?m@dx
Rd Rd

= —i/ e ™2 (9,, e7 ) dy = —27r§nqz§(f)
Rd
So agngfs(g) = —27rfn¢3(§) and the claim follows from solving this ODE.
4. g(z) = fhx) = §(x) = =f(5)

5. Tof(2) = flx —a) = Tof(k) = e 27 f(¢)
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Lemma 5.2 (Riemann-Lebesgue). If f € L'(RY), then

lim f(¢) =

E—o00

Proof.

© = (O +e (@)
= 5 L U@ = nfla)e

~»
—= N =

= 1f©1<5 [ 1)~ fla - alda

and now take a(§) = #
If f is continuous and compactly supported in B(0, R), then for every ¢ > 0 we can choose
0 >0 s.t.

If = 7afllp <

if |a| < ¢ and supp 7,.f C B(0, R)
= |f(§)| £ 5. Now conclude with approximation argument. O

Lemma 5.3. Let f,g € L'(R?), then

—

Fxg(&) = f(©)a®)

Proof.

= /de[tadf(x-—>y)9(y)6‘2”%$dydm

Fubini and change of variable —omié(m— —9mi o ~
s ([ fa=memenan) ([ ateay) = Fonate
Rd Rd
]

Theorem 5.4. If f € L'(R%) and f € L', then

@)= | fe)emide
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Proof. The problem is that we want to consider

| [ twemacay

BUT (&, y) — f(y)e*™==v) ¢ L'(R? x R).

So we define

A(z) = [ f(e)er el de
Rd

and observe that

lim A, = F'(f)(2)

e—0

again by DCT and obsereve

- [ [ twemseert acay = [ o

€L!(RIxRd)

d ‘|2

where ®.(y) = (5)56’*
(f % ®.)(x) — f(x) = / (f(x— ) — F(@)e(y)dy

o () — fl, < / 17z = VEy) — F(@)]] 2 @1 (w)dy <25 0

by DCT
so we can take a subsequence g, — 0 s.t. A,, — 0s.t. A, (z) = f(x) pointwise O

Lemma 5.5 (Uncertainty Principle). Let f € L'. If both f, f have compact support,
then f =0 a.e.

Proof. (sketch = [ f(z)e ?**dz. Consider it as a function if £ € C%. f compact
support = f analytlc and since it has compact support, then f = 0 a.e. and thus f =0
a.e. O

Lemma 5.6. Let f € L' N L2 Then f € L' N L? and HfH = || fll ;2
L2

Proof. First one proves that

[ t@ita)ds = / [ 1@ty >y do = [ oty

and just take g = F~'(f) = F~1(f). Thus HfH = |||l ;2 O
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Now we have || F|| . <1and ||F||;2_,;2 = 1. We can use interpolation!

— L

Theorem 5.7 (Hausdorff-Young). Let [1,2], then ||F||;, ,;» <1, ie [|[Ffll < |fll

1 1
where = + =5 =1
P + P’

Proof. This is a direct application of Riesz-Thorin with T": LP° 4+ [P* — L% 4+ [9 where
we choose T'=F, po=1, gg=00, pr1 = ¢ = 2 O

5.1 Schwarzt class

Definition 5.8. Let p € C°°(RY) and «, 8 € NZ. Define

Pap(p) = sup |3%0° |

z€R4

The Schwarzt class is then defined as

S(RY) ={peC™®: Va,B€NL: pas(p) < oo}

Remark. 1. C®(R%) c S(R?)

Coz,N

2. p€S & YaeNj,NeNIC,y st |0°f(2)] < gy

3. S() C L* for every p > 1

4. S() is closed under differentiation and multiplication by polynomials

Proposition 5.9. Let f € S() then

AL < 1l

2
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Proof. (1)-(3) already done.

(4)-(5) just use DCT: for example agkf(g) =0, [ f(x)e ™" dx = —2mi&, f(€)

(6) To show that f € S, observe that

pa,ﬁ(f) =

(QW)IBI
2T

gaaﬁfHLoo ~ (2l

‘@Hm < (@2m)Alel |[g20P f|| , < oo

Definition 5.10. Let X be a vector space. A function p : X — [0,00) is called a
seminorm, if

1. p(Az) = |A|p(x) VA eCz e X

2. p(z+y) <p(x)+ply) Vo,ye X

Definition 5.11. Let X be a vector space with seminorms {p, }nen s.t.

pn(z) =0VneN < =0

We call X a Fréchet space if (X, d) is a complete metric space for

=201+ pu(z —y)

Proposition 5.12. Let X be a Fréchet space, then
1L fudf o VmeNpu(fo—f) =20

2. {fu}nen is Cauchy in d iff it is Cauchy in each p,

3. pm are continuous wrt d

Proof. (1) f, = find = pu(f. — f) for each m € N.
Now assume p,,(f, — f) — 0 for each m, then we can choose M € N s.t.

1
) on <
n=M+

DO | ™
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n

(2) and (3) are similar O

Theorem 5.13. S(RY) with the seminorms {pa,s}ta,pena 1s a Fréchet space.

Proof. (exercise) O

Proposition 5.14. F : S(RY) — S(R?) is a linear homeomorphism, i.e. it is continuous
and has a continuous inverse

Proof.
(27T)|5\

(27‘[‘)‘04

~

pa,ﬁ(¢) =

And using Leibnitz rule:

€a(f}ﬁQEHLW -

m“m < Cop [|0°270]| 2

*(f9) = ( . )8a7f87g

7I<a

we get

Pas(®) < Cap ) capy 7|,

<«

and observe that

1 2d
ol = [ G lokde <l + 1ol .

poc,,@(qb) < Valpha,,@,’y,d Z pu,n(gb)

[V|<N[k[<N

where N = max(|al,|S|) + 2d. Thus if ¢, — 0 in S(RY) we also get F(¢,) — 0 in
S(R?) O

5.2 Tempered Distributions
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Definition 5.15. The space S'(R?) of tempered distributions is the set of linear contin-
uous functionals 7 : S(R?) — C.
Notation: T' € S'(R?) and ¢ € S(R?) = T(¢) =<T,¢ >

Proposition 5.16. A linear map 7' : S(R?) — C belongs to S’(R?) iff 3¢ < oo and
N € NO S.t.

|<T,¢>1<c Y.  pas(d) Vo€ SR

le|<N, [BISN

Proof. 7 <7 is clear, since ¢, —+ 0in S(RY) = <T,¢>—0inC
7 = 7 By way of contradiction. Suppose for every N € Ny we can find ¢, € S s.t. <

T,phi>>N 3 pap(on) = NNy(éy) and define Uy := o=——=——0— = for
la|<N, |BI<N la|<N, |8]<N b
every af, |8 < K ¢ pas(Un) < a0 <

N
lal<N, 181N
ie. Uy — 0in S. Thus by continuity, < T,¥y >— 0in C BUT | < T, Uy > | >

7% £<T’¢’; >L G SVN which is a contradiction. O]
o, N)Z

la|<N, [BISN

Example 5.17. 1. f € LP(RY) for some p € [1, 0]

Tr:9— | fo
R4
is a tempered distribution. Indeed,
AP L
|97 o7

AR e
| <Tp ¢ > [ < fllzo 19l = N1 fll 2o \ < |l IOl N1l e

<Nflee D pap(9)

laf,|B|<K

in the last step we used a’b'~? < fa + (1 — 0)b
2. Polynomials are in S'(R?)

3. Dirac-delta in S’(R?) : Define < d,,¢ >= ¢(a), then clearly | < 6,,¢ > | < poo(¢)
and one usually writes ¢ — [ ¢du, = ¢(a) = [ ¢(z)d(x — a)dx

4. Given a finite measure p on R? then ¢ — [o,¢dp € S since | [o, ¢du| <
16/l 1 12(RY)
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Definition 5.18. {T,},en C S’(R?) converges to T € S'(R?) if
Voe SRY: < T, ¢>=<T,¢> inC

One usually writes 1,, = T

Remark. Given g € C*(R?) with ||g||,. = 1, define gy(z) = 27*g(2*z). Then g, =
Tgk — (50 in S’

Observe that for ¢, € S we have the integration by parts formula:

L@ = vt [ olorv)

Definition 5.19. For 7' [ S’ and « € N{, we define 9°T € S’ as

0°T(¢) = (=1)*T(8%¢) Vo € S

Remark. To show that 0T € S’ we have to check IC, K s.t. | < 0T, ¢ > | <
CNk(¢) V¢ € S and this is true, since | < 9°T, ¢ > | = |T,0%¢| < CNgija/(d)

Example 5.20. 1. 9%, = (—1)1?19°¢(0) by definition

' >0
2. In d = 1 define g(z) = i’ Z‘lf r= so that | [ g(z)¢(z)| < ||zl < CNk()
else
and < 9g,¢ >= — [Fa¢/(x)de = [ ¢(x)dz =< O, > where dg = O =
1 >0
if ez the Heavyside function
0, else

< 80,6 >= — /oo & (2)dz = $(0) = 5o(@) = 9O = 6
0

Definition 5.21. The space of slowly increasing functions is given by

OR?Y) ;= {p € C°(RY) : Va € N 3C,, mq € N s.t. |0%¢] < Ch(1 + |z|)™}
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Remark. 1. O — S’ in the sense of integration

2. Givenyp € O: My :¢ €S — ¢ €S is continuous

Definition 5.22. Given T' € S’ and g € O we can define < ¢T,¢ >=<T,g¢p > Vo € S

Definition 5.23. Let T € S'. Define its Fourier transform 7' = F(T) as

<T,p>=<T,6>, VoS

Remark. 7 € S’ because F : S — S is a linear homeomorphism. This also allows us to
define the inverse Fourier transform for tempered distributions:

<T,¢>=<T,¢>

Example 5.24. 1. < 5a,¢ >=< 5a,<£ >= QAﬁ(a) = f¢(aﬁ)€_2”‘”’dx ie. 3@ — o—2miaz
and in particular §yg = 1

2. Similarly < 1,¢ >=< 1,6 >= [ $(£)dE = $(0), i.e. 1=y

3. < 800, ¢ >=< 0%,,6 >= (~1)l < §,,8% >= (1)l < &, (2riz)ep >=

(27Ti$)ae—27ria:c

Proposition 5.25. Let T' € S’ and o € N&, then we have

—

9°T = (—2miz)eT

and - A
0°T = (—2mi&)*T

in the sense of distributions

Proof. (exercise) L
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Definition 5.26. Let T' € S’ and Q C R? open. We say that T vanishes in  if V¢ € S
with supp (¢) C 2 we have
<T,p>=0

The support of T" is the complement of the largest open set in which 7" vanishes.

Proposition 5.27. Suppose T' € S’ has a support at the origin. Then 3K € N s.t.

T = Z Caaa50

la|<K

Proof. Since T' € S’, we can find ¢ > 0 and K € N s.t.
[<T¢>[<c D pas(d) = cNi(9)
), BI<K
We use Taylor’s formula for ¢ at the origin:

dx) =Y a,07¢(0)2” + Ry (x)

[vI<K

where Ry (z) = O(|z|") as |z| — 0 and thus lim 2@ — ¢ for |4] < K.

lz[—0 |2l
Let x € C® with support B(0,1) and y =1 in B(0, 3) s.t.

<T,¢p>=<T,xp+(1—x)p >=<T,x¢ >= > a,07¢(0) <T,xz" >+ <T,xRr(x) >.
[v<K|
So it is enough to show that the second term is equal to 0.

Let € < 1. Define x. := x(%) s.t.
< T, x(x)Rg(x) >=< T, x(z) R (z)x+x(2) R (x)(1=xe) >=< T, xBx(z)xe(x) >=<T, xRk () >
and by continuity of T

| <T,x:Rx >| < CNg(xeRk) <C Z Z%B Hxaaﬂ—vRK(:ﬂ)ngHLm

o], |BISK v<B
<C Y |07 Ri ()0 xe(2) || oo
IBI<K

Now observe that [07x.(x)| < %XB(075)(I) and ||85_7RK(x)XB(0,£)(x)HLOO = O(eK=181)y
by Taylor.

Thus all in all: | < T,x.Rg > | = O( > > ef-1F1=hl)y as e — 0 and by our
|af,|B|<K v<p

constraints: K — | —~| —|y| >0 O

58



Harmonic Analysis

d
Corollary 5.28. Let T € §" be s.t. AT =0, i.e. Y, EﬁiT = (. Then T is a polynomial.
=1

)

Proof. 0 =< AT, ¢ >=< T,A$p >= — < T, 47r/2|a:\|2¢ >, le. 4Am22T =0 = T has
support at the origin.
=T= Y ¢,

Y<K

and T = ) ¢, FHd76) O
<K S~
is polynomial from examples

5.3 Remarks on Distributions vs. Tempered distri-
butions

Definition 5.29. Let Q C R? open. Define the space of distributions D’(€2) as the dual
space of D(2).
Here D(2) = C°(Q2), with the topology

| D%pp — D*p|| oo = 0 Ve

n— win D(Q) <
1 @ in D(SY) {supp (pn) C K compact C

Heuristic idea:
D(Q)c L? = (D(Q))"=D'(Q) D (L** = L*

since "smaller space = larger dual”

Example 5.30. Any function f € L} () is a distribution T¢(p) = [, f¢ Vo € D(Q)

loc

Lemma 5.31 (Fundamental Lemma of Calculus of Variations). If f € L; () and
Jo fe =0, Vo€ CX(Q), then f =0 ae. zQ

Proof. Step 1 Case Q@ =R% Let f € Lj,, and [, fo =0, Vo € C2(Q)

Take ¢y € C° and define ¢, ,(z) = nd@(%) € C>*(R4 dx). Also choose 1 = fQ Yo =
fQ Pn-
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n—oo

Then: 0 = [, f(2)pny(x)de = [,ntf(z)p(E2)de —= f(y), ie. f=0ae.
Step 2: Consider the general case QR?, f € L .(Q). Take x € C°(Q). Then [, f x¢, Vo €
— Nag

loc
eCse
C(Q) = [ 99 where g = fx € LL(Q2) C Ly(R?)
Bystepl,g=fx=0ae = f=0a.e. O

Comparing to the tempered distributions:

Note that D’ is really bigger than the space of tempered distributions!

E.g. Take f(x) = €” in R is a distribution but not a tempered distribution!

For proving that, consider the Schwartz function p(z) = e~VI+* and show that Jqpe” =
oo (exercise)

Derivatives: For all T' € D we can define Vo

(D°T) € D' by (D°T)(¢) = (-1)T(D*p), Vo € D

Q: Why is the space of distributions too big for the Fourier transform?
If we want to define the Fourier transform of a distribution 7" € D’, then we want to do
something like

(FT)(p) =< FT,p >=<T,F*p >
BUT this does not work in general in D', since F : C=°(R?) 4 C>°(R?)
This is related to the "uncertainty principle”, i.e. if f is more localized = f is less
localized.

Theorem 5.32 (Hardy Uncertainty Principle). If f : R? — C satisfies
|f(z)] < Cemelt

and X ,
|f(z)] < Ce ™!

for parameters a,b > 0, then
ab <1

Moreover, if ab = 1, then f(z) = conste"™*” and f(z) = consteal’

It is easy to prove, that if f € C2°, then f is not compactly supported.

Let d = 1. Consider f(z) =eg f(z)e 2™*dz, z € C.

Since f € C®°(R) = f(2) is entire. (This is sufficient, if f € L})

Here, if f({), ¢ € R is compactly supported, then f(f) = 0 is an open integral in R.
= f=0inC = f=0inR = f=0inR
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proof of Hardy Uncertainty Principle. We only consider d = 1. The argument can be

|[f(@)] < Cemm,

extended to higher dimensions. We prove that if { . for all z,& € R,

[f(@)] < Ce
then f = ce ”2.

Define f = [ f(x)e*™**dx, z€ C,z=(+1iv, §,v €R

= 0.f(z fR 27rix)e_2”md:v = f(2) is entire.

We have the followmg easy upper bound:

Fe) = | / f()e 2w 2mve gy

S / |f 27r1/zdx
S / 27r1/mdx
R
_ / e—7r\ac—1/|2e7r1/2da7
R

— (/ efﬂdey)emﬂ — epizl2
R

Ltry: F(z) = €™ f(2) entire. |[F(€)] = [e™€ f(£)] < C for all € € R.

We want to somehow show |F'(2)| < C for all z € C.

= F(z) =constin C = f(z) = conste™™ Vz € C

The problem here is that |[F(2)| = |F(€ +iv)| = em € f(¢ 4+ iv) < er@ ) em? < ert?
This is not enough to get the bound for F'.

2.try: Take € > 0 small, # > 0 small , 6 > 0 small
FE(Z> _ e(iseisz2+5)€i5226ﬂ’z f(Z)

and Ty = {z =re®, 0 < a <6}

Claim: |F.(z)| < C as the bound of I'y and |F.(z)] = 0 as z € 'y and |z| — oo

FL(2)] = | HEmHin)rt™ 6 m2 fo)] 0 as 1 - o0
~\~ M—/
-£ SlH(é—?) r2+e ecr2
Ce 20

Thus, by the maximum principle: |F.(z)| < C for all z € I'y with C' independent of ¢
(need to verify!)

Take e = 0and 6 — 0 = [e™ f(2)| < C for all z € I'y, C independent of @ if 0 is small
and fixed.

By rotations we can increase § = |e™* EiS | <C O
Remark. The Sobolev inequality is also a form of the uncertainty principle!

Operators defined by integral kernel:

(Kf)(z)= [ K(z,y)f(y)dy

Rd
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If we take K = f(p)g(z), then this defines a kernel.

Kop(z) = f(k)(g¢)(z) = F ' (f(k)gp(k))
Consequence: If f, g € L2(R?), then [o, o | K (2,y)?dzdy = [o.|f(z — y)[*|g(y)|*dzdy =
F1172 lgli7e < oo

= K is a Hilbert Schmidt operator = K is compact, i.e. if ¢, — ¢ weakly in L2,
then K¢, — K strongly in L.

Theorem 5.33. If f,g: R? — C and f,g — 0 at oo, then the operator K = f(p)g(z) is
a compact operator in L?*(R?)

Remark. This implies the Sobolev embedding, i.e.
H'(RY c L* (RY)

* __2d
where 2 = =5

[l o S Mlull
Sobolev compact embedding:
1oH'(RY) C  1qLP(RY) VQ bd. in R Vp < 2°

compact

i.e. u, — u weakly in H', then 1qu, — lqu strongly in L? for p < 2*

1
Why? lou, = (1g(z)———) (v/p* + lu,) = lou in L?
p2 + 1 ——

~~ bd. —+/p%+1u
compact operator

-

Example 5.34. For R? let r € (0,d], then - € S'(R%)

Sl

oot [0 o [l [
B( R

Ra |z|" 0,1) ||

<
<R

Now fix r = 1,d = 1 Let p € C°(R?). We define the cauchy principal value in the sense
of distributions as

(pv. (1))(¢) — lim M:/ p(z) — p(—2)

X e—0 X>e X

This is well defined, since
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1 1
= | <poge> <2 [ 1@l [l = po.eSR)
0 R

We have

1
Op.v.— = —2mixzp.v.— = —27idy
i i

1, >0

0,else

Further, we know that 0H = dgy, where H = { is the Heaviside function. Thus

—

1
d(pv.—+2miH) =0
T

Lemma 5.35. If T € S'(R), then

0T =0 = T = const.

Proof. Let ¢ € Ss.t. [ =0. Then z — [*_¢(y)dy € S(R)

= 0=<T,¢>=< T,a/ p(y)dy >= — < 8,/ e(y)dy >

Let ¢ € S
2
_ e [vly)dy __ J ¢ (y)dy e
0_<T’¢_W>_<T’w>_fe—y2dy<T’e >
<T, e >1(y)d
[evidy
O
/\1 .
pv.—=—0miH +C
x

—

Let ¢ be even < p.v.%,gb >=< p.v.%,gp >=10
If 4 is even, then ¢ and 1& are even,

—

1 1 .
< pu.—,p >=<pu.—,p >=0= /(—2m'H +C)yp
T X R
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and —2miH + C' is odd, where C' = 7t

—_—

1
p.v.— = —imsign(§)
T

Remark. This is important for defining the Hilbert transform.

1
Hp=pxpuv.—
x

5.4 Convolutions

We want to define convolution for distributions. Let v, p,¢ € S

Jwen@ewis = [ vt -prisewis = [ [ - optdye)is

= /V(y)l/)# *o(y)dy
where % (2) = ¢(—x). If € N§, 0*(px1p) = 0% [ p(z—y)(y)dy = (0%p)*t) = px ()

Remark. If ¢ € S, then ¢ —  * 1) is continuous and linear in S — S

Definition 5.36. Let T € S’(RY) and ¢ € S(R?), then
<pxT, ) >=<T,0o% x19) >

for all v € S, where p* = p(—z)

Proposition 5.37. Let T € §', p € S
1. 0%(pxT)=0pxT) =0T = px0°T

2. oxT = ¢T

Proof. 1.

<O e*T), > =
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The other equality works similarly.

2.
<oxT ) >=<oxT 1) >=<T, % x 1) >

(" 1) (x) = /s@(y—x)@ﬁ(y)dy

= / p(y — ) / Y(2)e” M dzdy
p(y)(z)e 2TV e M= dzdy
(z

= [

<T,F(¢pp) >=< T, >

Theorem 5.38. Let 7' € S'(R?), ¢ € S(R?), then
oxT € OR?

where

ORY) ={ge C™: VB e NI Cs(1+|z))™}

Remark.
7, S(RY) — S(RY)
is clearly a homeomorphism of S, so we can use duality to find
<1, T,0>=<T, 1,0 >
for T € S’
Proof.
<pxT o> = <T,o"x1p(x) >

= <1, [ - oty >
= < T,/Tygp#(a:)w(y)dy >
= / < T, 70" > ¥ (y)dy

— [ < Tt > vy
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So we identify (o x T)(x) =< T, 7,p0" >

exT € C: Let e, = (0, ...,0, klth,(), ., 0)

The (P * T)(@) = (px T)(@) __ 1o Tonep(Ta0™) = (a0

h ’ h

>

As h — 0 we get < T, 7,0%p" >. Repeat for higher order. = @1 € C*

e+ D)) < C D |ymd® e .

la,|BISK

= C Y le+ylro™ e

laf,|BI<K

< C OO+ 2l + [y )0 e* |
BI<K

So ¢ x T € O(R?) O

Corollary 5.39. If T € &'(RY) = {U € S'(R?) : supp U is compact}, then for any ¢ € S:
o*xT € S(R?Y)

Proof. Let ¢ € S be 1in supp T, then ¢T =T (exercise).
Thus 7 = ¢T = ¢+ TO(R?) by thm 5.38. Since for all ¥ € S and g € O(R?) we have
g€ Sand y+xT =T € S(RY) O

Definition 5.40. Let T' € S’(RY), U € &'.
<U*T,p>=<T,oU" >

where < U#, o >:=< U, p* >

Exercise. Let T € ', U € &, then

UxT=UT
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Applications of Fourier transform

6.1 Distribution Theory and PDEs

Let p(9) = > |,<k| Ca0”, then we call T € 5" a fundamental solution, if p(9)1" = d.
If we want to solve for f € S

p@u=f (¥
then
u=fxT
solves (x):
pO)(f*T) = f*(pO)T) = f*do = f
In particular, m = m es.
Let T = F~'m
< TAT, o> = <4n|l¢PT, o>
= <T.4r’gfp() >
_ [4ArEPe(8)
- [T

= /90=<1,so>

Thus, —AT = 1, s0 —AT =

6.1.1 Poisson equation
—Au=f inR?
= u(z) = (G* f)(x)

ez if d=3
with G = ¢ clog |z, if d =2

cle|, if d=1
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Remark. It is not trivial to see how to transfer the regularity of f to the regularity of u,
i.e. "Which properties should f have, s.t. we get that u is a classical solution?”

Theorem 6.1 (Regularity of Poisson equation). Assume f is compactly supported in R?.

1. If f € LP(R?) with p > £, then v € C**(R?), i.e. u is Holder continuous:
u(z) = u(y)| < Clo —y|*, Yo,y € R?
2. IffeLp,p>d,thenuECl’awith0<a<1—%.

3. If fe CP for k> 0and 0 < o < 1, then u € Ck+2«

Remark. f € C%«, iff HDBfHOO < oo for all || < k and HDBfHCw < oo for all |B| =k
Proof. 1)f€Lp,p>g,u=G*f,dZ3,GNm%

1 1
=y =yl

) = u) = | [ (e =) =Gl =u) )l 5 [ 7l

By the triangle inequality:

1 1

, 2=yl — o =yl
o=y Je— gl

]
<
< O o — g

oz =yl |z —yll |z = 2|

< (Jz—y|" P ~[z—y|"?) < C (Jz—y|" > =[z=y|"?)
|z —y|92z — y[*? |z — y|9?|z — y[*?
First try:
1 1
e~ u(2)| < Clo—| [ ( Wiy
re |z —yllz =yl o —y["?z -y

1 1
<(Clz—=z
| ’Rﬁu—m*1 |z —y|dt

) (W)ldy
By Holder:

1 1 1
Pd ———dy)?’
fo Tt < U O e <

if (d—1)p’ <d, ie. 1—é<[%:1—%<:p>dwith%+§:1. But this is not enough!

S =

Second try:

|z =yl — [z —y|| <min(lz — 2|, |z —y| + [z —y]) < |z — 2"z =y + |z —y|"™®)
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Then: | -2 | -2
o T — y (6% + z — y (0%
) =) < Clo— = | (A P il
SO rra T pydwva)
By Holder:

=

P L 1
Rd |[L’— |d 2+a |dy< /|f| p Luppf|x |(d 2+a)/dy)

where 1—17 + ]% =1
The last integral is finite if (d — 2+ a)p’ < d

<= 1- = <—-—=1—--<« >
d d P p d p

Remark: By the same analysis, we can obtain the Sobolev embedding H*(RY) C
W—/
(1-A)3 feL?
COx(R) if s > ¢

2)If f e LP withp>dusingu=Gx* f

= Bulr) = (0G /8Ga;— F)dy

(z— y)z
le—y|d

= () — iu(2)| S/Rd 0:G (2 —y) = BiG(z = y)l| f(y)|dy

By the triangle inequality:

G —y) — 0, —y)| < |8 vy

lz —yl* [z -yl
T —y z— 1 1
< <clx—=z —
SN e S g )
1 1
(0%
> [ola) = 0l=) < o =21 [ (e~ W)y
Holder:
e £y < 1L ([ Ly
- P
ra |z — y|d—1+a Yy = Lp supp f |z — y|(d=1+e)p!

where%—i—l%:l. We need (d —1+a)p’ <d<& a<1—g
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3) Let f € C% then u = Gx f € C'* (this only needs f € L, p > d)
We will compute 82 u. Formally %jG * f is ill defined:

G = Nggam) =~ D Q=
; 1 1 1 TiTs 1 T T
ffG$~0“&-:¢~ + 2;0; = —— — iy = AP R )
3G~ Ola) = O T T ) = O T o) = % T )

= |822,] ( )’ < | |d ¢Lloc(Rd)

Take ¢ € C>°(R?). Then:

@) == [ Ou@dsel)is ~ [ (06) @~ ) f0)0ela)dady

e—0

- [ [ os@ace—ya =i [ 10 [ opwace -

-~

:/ (gp@iG)dex—/ (go@inG)d:v
lz—y|=e

|z—y|>e
N

J/

i) an

. (x—y)i (x— y)j - —(d+1)
I=c¢ . =c z)(x —y)ilr —y)ilr —y);e dx
(1) /|$_y|690 - /|$ e o(r)( y)i( y)i( Y)

[z =yl |o —y|

— b ;0(y) as e =0

(I1) :/ go&ijd:z:—l—/ (002 G)dx
lz—y|>1 1>|z—y|>e !

We don'’t need to worry about the first integral, since 0;,G(z — y) is smooth in the
|z —y| > 1 domain.

/ go@ijd:B = / (p(x) — p(y)) 07 ;G(x —y) dr — good limit
1>|z—y|>e 7 1>|z— y|>sﬁf‘_/h‘,—/
ooy =

Thus:
@usu)e) == [ (Ou)(Oyela)da
= c0i; y)d z 81-2]-G r — y)dzd
/f y+/|x_y>1f(y)so() LG (7 — y)drdy

-~

1) — o) Gt~ ey
x <1
Y (F(@)—Fw))e(a)
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£ (9)2,Ga—y)dy + / (F(2))— F (9)02, Gz —y)dy

lz—y|<1

= (0 u)(z) = C(Si’jf(]?)—F/

|z—y|>1

Now we want to show, that the RHS is C%*(dz). It is already clear that f € C%* and
f*(97;GL351) € C%*. The main difficulty is in the last term.
To simplify the notation z = 0:

~ 0i;G(y) (f(x+y) — fy)) dy

~-
< |- <Cla|

— /4| » G (e +y) - f(y))dy+/ 0,.GW)(f(z +y) — F(y))dy

ly[<4|z|

Second term:

I/|<4| |aiij(y)(f(xﬂLy)—f(y))dyl = I/ 0 ;G(y)(f(z+y)+ f(x)— f(y)+ f(0))dy|

ly|<4|z|

\

yl<4|z| |yl

First term:

/4 o W ) = F)y

= / 9;,;Gly —x) f(y) dy —/ 9:,;G(y) [fly) dy
dz| < |ly—x| <1 ~ dz| < |ly—x| <1 ~
~- f(y)—7£(0) ~ J(y)—£(0)

- / (06— ) = 0,6 ) — FO)dy
i / 0,6 () (f(y) — F(0))dy — / 0,C(y) (£ (y) — F(0))dy
A\B B\A
For these three integrals we have:
[ 0,GW)(Fy) — FO)dy| < / 0,GW)| |f) - F(0)] dy
—— —_——

ANB ANB

1 1
Clx‘(W+W) Sclyla

ly|* -1
<clal [ dy < ca(ol""1) = caf"
1>|y|>4|x| |y|d+!

The second:

[ 0,6 — FO)dy| < / 10,,G(y — D) f(y) — F(0)|dy

A\B dz|<|y—=|<1, |y|<4|z|

< / ﬂdy < Clx|®
\

yl<dla| [7]¢
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The third:

B\A Az <|y|<1, |z—y|<4|z] dlz|<|y|<1, |z—y|<4|z]

< / s ||&;;~G(y)||f(y) —f(0)|oly+/1_| e 10,,GW)||f(y) — £(0)|dy

(6% (6%
4lz|<|y|<5|z] \?J! n—|z,1] T

< 2| + ) ~ f2]®

A

For general k :, e.g f € CY® we have
—Au=[f= —A(Qu)=(0f)

~——
CO,a

k=0 .
S e C*Vi=ue (>
Il

Remark. We need D*D?T = D?DT for all distributions 7. This can be proved by
1) seeing that this is true for ¢ € C2° instead of a distribution 7' (Schwarz’s theorem)
2) (D*DT)(p) = T(D* D ¢)(—1)"*°l = (DPDT)(¢)

6.1.2 Heat equation
ou(t,x) = Agu(t,z), t>0,2 €R?

By Fourier transform in x:

da(t,x) = —|27kPa(t, k) = a(z,t) = e P™Fa(0, k) = e~ f (k)

/ —t|27rl~c|2 QWikxdx = (Gyx f)(x)

_l=|?

where Gy(x) = f4 ? is the heat kernel Gy (k) = e~ 12’
t)2

Theorem 6.2. If f € L%(RY), then the solution of the heat equation u(t, z) = (! f)(x) =
(Gy * f)(x) satisfies

1. limu(t,z) = f(x) in L?(R%)

t—0

2. ltim u(t,x) = 0 in L?(R?)
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6.1.3 Schrodinger equation
i0wu(t,z) = Ayu(t,x), t >0, v €R?
u(0,2) = f(z), z €R?

By following the heat equation formally, ¢ — it (imaginary time)

1 —szty\z N
)= s [T W )

Theorem 6.3. 1. If f € L' N L2 then u(t,x) = (2 f)(x) given by (x)

2. Vf € L?, we can define u(t, z) by a limiting argument. We have:
a(t, k) = e~ "2 f (k)

Proof. First take f € L' N L2, then use (x)
= aft, k) = B (k)
=t Mo = Nt = 7], = 171

For any f € L?, find f, € Ly N L2, f, — f, then u, = e”**f, well-defined and a cauchy
sequence in L?

Jtn(®) = Ol iy = €2 = 1)l sagay = I = Fnlls > 0
So Fu(t,z) = lim wu,(t,z) in L? O

n—oo

Theorem 6.4. Take f € L*(R?) and u(t,x) = e "2 f(x). Then:
1. limu(t,z) = f(z) in L?
t—0

2. tlim [ lu(t, z)|2da = 0, for all B C R bounded (scattering theory)
—00

Proof. Consider the case f € L' N L2. Then:

lu(t, )| = 7 Il = 0ast— oo
2

(4rt)
If B bounded, then:
B
[ttt < 1Bl u®)] < Bz g g5 ¢ = o
B t2

General case f € L? Take f, — fin L%, f, € L' N L%
Define u,, = e"2 f,,, then u,(t,r) — u(t,z) in L2

B !
[ ttoPar <2 [ uteapae+2 [ - w)eopa < P opg, -,
Then take ¢ — 0o and n — oo O]
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6.1.4 Well posedness of PDEs

Stability: small errors of data ~~ a small error of equation

Schrodinger equation:

{i@tu = Au
u(0,z) = f(x)

= e_itAf _e_itAfa = ”f - fe”

u L2

which is exactly what we want.

Heat equation:

u(0, ) = f(x)

= Hemf — €tAfaHL2 =||f—fell (exercise)

{&u = A,u

Heat equation:

{&tu =Au

u(T,z) = f(z)
= ||u(0,2) = f]] I o
——
efTAf L2

even if || f. — f|| — 0. This is because

u(0,2) —e2ff = / T f (k) = f (k)P >> /|f(k’) = Je(B)P = e = f2
—— Rd

e—TAf 12

Theorem 6.5. Let f € L? st. e 72 e L2 ie. ™™’ f(k) € L? for T > 0. Let u
be the solution of the backward heat equation. Given f. € L?, ||f. — f||;» < e. Define

u:(0,k) = eT|2”k|2fa(k:)1|k|§5€ with 6, := |loge|i. Then:

(0, ) — w(0, z)|| ;2 =% 0
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6.2 Oscillatory Integrals

Definition 6.6.

I(t) = /R ) f(z)do

is called an oscillatory integral, where f € L'(R?) complex valued and ¢ real valued.

Q: How does I(t) decay as t — oo?
Fourier ~ tp(x) = 2rkx, k € R%. But here we consider a general phase.

Theorem 6.7 (¢ has no critical point). Assume f € C°(R?Y), p € C®, Vip(x) # 0 Vx €
supp f, then

|—|/ €190 () dx|<W as |t] = oo

forall N > 1

Proof. Step 1: In 1D: ¢/(x) # 0 for all © € supp f = ¢ is monotone in supp f. We can
change the variable in u = ¢(x).

= dz = d(¢™ (¢(2))) = (¢71) (u)du

1) = [ e padn = [ e ) () du

g

~+ usual Fourier transform.
= |I(t)| < — VN >1

as I(t) is Schwartz.

Step 2: (d > 1) Assume 0,,p(z) # 0 for all = € supp f, then

I(t) = /R e () = /R o /R 95 F(2)dxy) dva...dg

||<M

since Cn(z3, ..., Zq) is nice enough:
N

= [I(H)] < —=

0] < 1y
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In general, we only assume Vo(x) # 0 < (04,9, ..., 0r,0) # 0. We can find a partition

d
of unity 1 = > xx, xx € C°,0 < xx < 1s.t. 0,9 # 0 on supp fxx

= |I(t |<Z—1d|/”¢’ (7)dz| < |O|—]]VVVN21

]

Remark (geometric method). Assume Qy, ..., C R? open, |J; = R%, then for all ;

we can find a function

(@) =11 Q;
a; - RT = [0,1], s.t. a; ~ 1q, ai(@) Zf x,G (Urgushen lemma)
a;(x) =04if dist(x,€;) > €
X &
Zj aj

= > xi=1, supp x; = supp a;, Zj a; > 0 since |J; Q; = R

Problem: We will see the oscillatory integral with ¢ having critical points!

Remark. 1D: If we bound ]f et? @ dg| < S 7« then

b b ’
[ @ s [ R e < P e+ 17

F/

Theorem 6.8. (1D, Van der Corput)
(a) Take a < b real ¢ € C* for some k > 2, |®)(¢)| > 1. Then

[ o < &
|E

(b) If ¢ € C', ¢’ monotone and |¢'| > 1, then

|/ ito(x) dﬂ?l <
!t\
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Example 6.9 (Bessel function).

- ast — oo
I\Z

l[ 11 (t) ~ |/ it cos() cos(z)dx| <

Here p(x) = cos(z). ¢'(x) = —sin(x), ¢"(x) = —cos(z). We can divide [0, 7] to sub-
intervals where either |¢/| > 1 and ¢’ monotone or |¢”| > 1
In our proof of the Gauss circle problem bound we used this decay of the Bessel function.

Proof. (b) Assume ¢’ > 1 in [a, b] and ¢’ monotone.

it 'Ltgo ’ it 1/ 6it<p
[ e =1 [ =21 [y [

1 1 b1 4
<l b ]+ /|<—>'| <2

@’(a) ©'(b) ¢’
——
(*) 1/
=G =~ v

In (%) we used that ¢’ monotone = & monotone = (=)’ either > 0 on [a,b] or < 0 on

a,b] g

For (a) we need some new tools! We will prove (a) later. O

Remark. Without the assumption ¢’ monotone, this fails!

Lemma 6.10. Vk > 1, Y{a,,}} _, C [a,b] distinct, Vf € C¥([a,b]) real valued. Then
k
e [wl] st. fO@) = 3 cnflan) where = (—1)K [] 2

aj—am

m=0 1€{0,....k\{m}

Proof. Induction:
k=1 feC' ay<ay, Jy € (ag,a) s.t.

f/(y) _ f(@l)—f(ao)’ Co = —1 Lo = 1

ay — Qo a1 — Qo a1 — Qo

~ Rolle’s theorem
k> 1: We will try to apply Rolle’s theorem many times. More precisely, we find a poly-

nomial p(z) = Z bnx™ s.t. the function F(z) = f(z) — p(z) has zeros {an,}*_o, ie.
F(ap) = F(ay) = ... = F(ag) = 0.
Elao < bo <a < b1 <. < bk_lak s.t. F/(b()) = F/(bl) =..= Fl(bk_l) =0
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= Jy € [a,b] s.t. F®)(y) =0

= f®(y) — kb =0
k

The claim follows from the fact that klby = > ¢ f(a,). How can we find p(x) =

m=0

k
> bpa™? We want  p(a;) = f(a) forall 1 =0,...,k.

m=0 ——
1 af ag bo flao)

& | =
1 a} af | \bx f(a)

determine the {;} uniquely.

k=1 &
det(-) = Van der monde determinant = [[ [] (& —a;) #0
1=0 j=F1
k
= b = 20 (=1)"f(am) I1

m=0 1€{0,...k\{m} —L—(~1)k—m

aj—am

Lemma 6.11. Let £ C R measurable, 0 < |E| < oo, then V& > 1, 3{a,,}F,_, C F s.t.

oI\
H|al—aj|2 (%) , e=2.17...

1]

Proof. (exercise)

Lemma 6.12 (Controlling of sub-level set). Vk > 1, Yy € C* real-valued, |¢®) ()| > 1.

Then .
[{t: [p®)| < a}| < Ckar

Proof. By the previous lemma FE = {|p| < a}, IH{a,}r _, s.t.

B
(20)% < H jar — aj
1

k
By lemma 6.10, 3y : oM (y) = (—1)"k! > plam) 1;[ a1 — aj]
m= I#]

= 1< " < ka]]la - gl < kla
1]

(2¢)*
[E*
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e

= |E| < (Kla(2e)")F < Ckat

proof of theorem 6.8 (a). |p™ ()| > 1. We consider

Ry ={t:[¢(t)] = o}

Ry =A{t: [¢'(t)] = o}

For Ry : |Ry| < Cha®1 by previous sub-level set lemma.
For Ry : ¢® #£0on (a,b) = ¢ has at most 2k zeros.

= R, = union of at most k intervals where ¢(® # 0 in each interval = ¢’ is monotone
in each interval.

Consider 1 interval (¢, d), |¢'| > 0on (¢, d) and ¢’ is monotone in (¢, d). (b) = | fcd et?@) dy| <
fila

triangle inequality it

o(x) Ck
:>. |fR1€ dx’g ltla*
Conclusion:

b
| / ¢t d| < Ryl +| [ €@l

R1
Ck 1
Cka®1 + —— = Ck(aFT + —) Va
tla tla
optimize 1 1
PR min(aF T + ) S —
a>0 |t|a |t|§

6.3 Number Theory

Recall that for the Gauss circle problem we used:
Lemma 6.13 (Poisson summation formula). Let f € S(R?), then

> f@)=) fk)

xezZd kezd

Lemma 6.14 (Bessel).

T 1
|/ et cos(0)dh| < e as t — oo
0

t|2
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Question: What is the distribution of the first digit of 2™7

20=1 21=2 22=4  22=8 2*=16, 2°=32, ...

One would expect that all digits are equally distributed. In reality, e.g. 1 appears more
than any other digit!

Theorem 6.15. Define {1,...,9} 2 a(n) = first digit of n, then

1<k<N: a2F)= 1
#Hlsks< N alz) m}—>10g10(1+g)

for all m € {1,...,9}

Theorem 6.16. If o € R is irrational, then {ka — |ka]}32, is equidistributed in [0, 1),
le.

%#{1§k§N:ka—Lk‘aJ€Q}_>|Q|

for all @ C [0, 1) measurable.

Theorem 6.15 is a consequence of this:

Proof. a(2¥) =m <& m10° < 28 < (m + 1)10° for some s € N.
28 = m... & s+logp(m) < klogn2 < s+ logyo(m + 1)

s digits
= logyo(m) < klogyy(2) — [klog,(2)]

Vm € {1,...,9}, we have that o = log;, 2 is irrational and

%#{1 <k<N: ka—[ka] € [logio(m), logio(m + 1)]} — logio(1 + %)

Theorem 6.17. Take {a;}32, C T d fixed. Then TFAE:

torus
(a)Take {ay} is equidistributed, namely

%#{k <N:agp€Q)—=1Q|, VQ C T measurable
N
(b) Vf smooth + kzlf(ak) — [1a f(z)dz
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N
(c) Vm € Z4\ {0}, & > e*™ma — ()
k=1

Remark. To us the torus is simply T¢ = [0, 1]¢

Proof. (a) = (b): We can conclude (a) = (b) for smooth f by approximating it with step
functions and then using a density argument.

(b) = (a): We will conclude this by using the idea from the Gauss circle problem. We
can find 2 smooth functions g, h s.t. 0 < g(z) < 1g(x) <1 of every x. Then:

=3 g < %ZlQ (@) < 5 D hlew

{z

— [1a 9(z)dx = [1a h(zx)dx

(b) = (c): Use (b) for x — ¥ = f(x)

1 o2 1 omi 1, ifm=0

- Timag dr = TMET (]

N; N;fak)%/f(x)x /Tde x {O, if mezi\ {0}
(c) = (b)

1 a 1 Al £ 2milay, 1 Qﬂzlak £

NZf(ak):NZ(Zf(l)e ):NZZ: )+ > ( Ze ) f(D)

k=1 k=1 lezd Ik 1#0 NI

—0, as N—oo

Exercise. Use this thm to prove ka — |ka] is equidistributed.

Riemann Zeta function:

:i%, Vs > 1
k=1

Basel problem: ((s) is transcendental Vs € N, s > 1, i.e. ((s) is not a root of any
polynomial of rational coefficients.
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Theorem 6.18 (Euler). The Basel problem is true if s € N is even.

Proof. Consider B-polynomial {B,,}>°_,, Bo = 1, B (z) = mB,,_1(x), fol B, (x)dx = 0.

m=0>
Actually: B,,(x) = —m! egﬂ,—mfm Vm > 2 the series converges absolutely.
(2mik)
kez\{0}
. 627rikm
B, (z) = —ml! Z @ik mBy,—1(x)
kez\{0}

(for m = 1 the series converges conditionally)

Application: If m is even, x = 0, then:

B . cos(27mkx) - I Cm
Bul0) = i’g/; COR xo_cm;(zm)m_(%)mg(m)

Conclusion follows from B,,(0) being rational! Since BJ, (x) = mBy,—1(z), [ By =0
= B,,(z) has rational coefficients Ym = B,, € Q O
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Decomposition Methods

7.1 Caldéron-Zugmund decomposition

Idea: For a constant o > 0 decompose the domain of 0 > f € L' into cubes s.t. restricted
to one of the cubes either f < «a or f ~ «.

Theorem 7.1. Let 0 > f € LY(R?). Then Va > 0 3 countable family of disjoint cubes
{Qk}zozl S.t.

1. If v ¢ Q =, Qk, then f(z) < a.e.

2. oz<kaf§2doz, vk

Proof. The proof uses a stopping time argument. Assume f is compactly supported, then
we cover supp f by a big cube Q. We can assume that f¢, f = @ fRd f < a. Now we

divide Qg int 2¢ sub-cubes of half-length side. For a sub cube Q of Q,, if

£ f>a—bad cube — stop — add to collection
Q

Otherwise, if f¢ f < a — good cube — divide Q again in 2% sub-cubes and repeat.

By induction, we obtain a countable collection {Q}%2, of sub-cubes s.t. all Q) are bad
cubes.

Clearly, {Qy} are disjoint. Now we check the properties 1) and 2).

) Ifx ¢ Q =J,Qr = 3 a sequence of good cubes {g,}°>, s.t. = € g,, Vn, and
|gn] — 0 as n — oo. Then:

ff<a Vn= f(zr)=lim {f <o
n

n—00 g,

for a.e. x by Lebesgue differentiation theorem.
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2) V bad cubes @y, then by the definition ka f > a. From the construction, @) is
a sub-cube of a good cube @ s.t. |Qx| =274Q| and {5 f < a

Consequently:
1

1
- < =20 f <ol
1 =ton f, S aag -4 <2

Remark. From the above construction, we have:

1 1
o =Sll<Y s [ r<o [ f
Note that if z € Q¢ = f(x) < a. This means |Q| ~ [{f > a}| related.

— recall that |[{f > a}| < é_fRd |f]

Lemma 7.2 (Reverse maximal inequality). Let 0 < f € L'(R?) , a > 0, then

dey

1
M > —
01 > caplz g

for some constant ¢ = ¢4 > 0.

Proof. Let {Qr}%2, be the collection of cubes obtained by the Caldéron-Zugmund decom-
position. Then for Q = J, Qx:

1) B 2 ) L
/{f>a}fS /Qf—;/%fggz a|Qx| = 2°a|Q)

Vk : &Cf>a = {Mf>cua}DQ

We conclude that .
01f > el 2 102 5 [
{f>a}

— 24

Definition 7.3.
|f(v)]

[l

T T / F@)og(L g,

We can apply the lemma from above to obtain:
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Theorem 7.4. Let f € L'(B) for B C R? ball. Then:

Mf e LY(B) < fe L'logLl'(B)

Remark. Recall that f € [P < Mf e L4, Vp > 1.

Proof. Step 1: (Assume B unit ball and f > 0 for simplicity) We prove that
| 1M S Wi
B
By layer-cake:

/B|Mf| _ /Om|{x€B: MF(z) > AYdA

1 00
< /+/
0 d
1) ool
< /\B[d)\—i—/ —/ fdX
0 5 AJrsa

— Bl5 + /
REF(y) (Y Lan)dy

6=[Ifll1
= 1505+ [ s os Py < Wl

We used the weak L' inequality: [{Mf > A} < 5 ||fllo ~ KMf>A S5
—_———

A
<HMIL .y >3]

FLigsa

Ll

Step 2: We prove
M 2 1 g

Recall lemma [{Mf > A} 2 %f{f>/\} f (We proved this by CZ decomposition)
By layer cake:

Jsi= [t n sz [ [ pav= [ 5o Wl

Here Ao > cq || fll 12

1
:>\{:ceB:Mf>)\}\z—/ f
A {f>A}
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Theorem 7.5 (A variant of CZ decomposition). Let 0 > f € L'(R?), assume [o, f > cq.
Then V0 < A < ¢g4, Vag > 0, we can find a cover R? of disjoint cubes {Qy}2_; s.t.

L fo [ <A VE

2. Lommo, f —aah) 20

Proof. We use again the stopping time argument. Assume supp f C (o big cube. We
divide Qg into 2¢ sub-cubes. For all @) sub-cubes of Qy one of the following two holds:

') 0 f < A, then stop and add @ to collection

o [ 0 f > A, then divide again in 2¢ sub-cubes and repeat!

After finitely many steps, we stop and get a collection {Q}. Now we have to check 1)
and 2). 1) is obvious.

2) By writing the cubes as a tree, we can divide {Q} — |J-{®@}gecr where @ are the nodes
of the tree and F' are the branches of the tree. So we get a union of disjoint collections
{{Q}ger}r s.t. for all F' we have:

Vm, 3 at most 2¢ cubes Q C F: |Q| = m. Now we prove that VF : ", |Ql|a(fo -
CdA) Z 0.

Take m = smallest volume of cubes in . Then VQ € F = |Q| = m2%", then

1 > 2d 1
< S ca—
Q; Ql° Z (m2dmje ~ e

On the other hand:
1 1 1 A
Z|Q’a(/f)2 Z w f:%/fZﬁ
QeF @Q Q€F, |Q|=m Q
where fo > 1

5o 1@kl Ja, ~—me
[l
Theorem 7.6. Vd > 1, if {u,}Y_, ONF, in L?(R?), then
N 2
Z/ [V, > Kd/ pta
n—1 R4 Rd
N
where p(z) = > |u,(z)]?* density of the system. Here K is indipendent of N. In partic-
n=1

ular, we can take N — oo.
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Remark. (d= 3) We have the Sobolev inequality:

Holder u 5
[var = s ¢ il ch/ o}
R3 R3 ng |ul?)3 R3

p=|ul*, [ss|ul>=1. This is the LT inequality for N = 1.

Lemma 7.7. For any normalized functions {u,}Y_, C L*(RY) we have:

N
> | |Vl 2
n=1 Rd

d

¢ / ,01+% (cq > 0 indipendent of N)
Rd

Proof. 1f u,, = u = (x¥)becomes the LT inequality for N = 1, namely

1+§ )
LHS of (+ N/ IV = /|V\/_|2 cfpi_ e /plm

p=Nluf

N
For general {u, })_; normalized in L?, then for p(z) = > |u,(z)]?

Un ||V,
VAT, [ o < | el el < 5

(conevexity of the gradient. Brezis/Hoffman-Ostenhof) = LHS(x) = [q. >, [Vun|* >
Jea IV /PP > % Jre p'*a by the previous estimate. O

—_

History of LT:

e 1969 Dyson- Lenard proof of Stability of matter. Key observation: For kinetic
(N — 1) (Pauli-exclusion priciple)

e 1975 Lieb-Thirring: Nice proof of stability of matter using their inequality.
LT = uncertainty + exclusion principle
In 1975, LT proved their inequality in the dual form

ISTA-A+ V(@ \<cd/ |1+

A<0

Lemma 7.8 (Dyson-Lenard).

il To s 2 1) ) =S (@)
Z/rw S NERY TR WG]
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Proof.
N
Ty = Z

|@|dz/'“” 0
’Q‘dz/ (Jual? — 247:9P)

1

_ . 2
- il 2|Q|;|%§un|

INE

INE

ONF
Here : ZlfQun|2 Z|<1un > P < 1z =10

Conclusion: T 2 R f QP 2) The improved one (IZIF); (/. QP 1) needs a bit more careful
d d

analysis.

(#x) : We used |a — b* > $|a|* — 2|b]?

(%) : In d=3: Sobolev in L*(R?)
[vapz ([ e
R3 R3

Poincaré: [ [VuF 2 (fglu=90"): 2 Lyl =70, 0 =52 = Fou 0
A,_/
=V (u—c)

N N
proof of LT. Denote T' = 3 [os|Vun|? and To = > [, [Vu,|*. Take {Q} a collection
n=1 n=1

of disjoint cubes in R?. Then: T'> 37, Ty
Ford > 3:

e We proved Ty 2 ﬁ(pr —1),p= Zn |un|2

e By the convexity of gradient/H-O inequality:
Pomcare 2 o 2d
To > / Vol / =), p=2"=——

L Jalvi- NN YAl cd/

2

TANZENAEE ST T

&
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|Q| fQ’\/_| fQP

We can combine the two bounds
Ef PH% £Cy 1
(1+€)TQ Z ( 9 P 2/:0+ 2(/p_1>
2 me Q1 J" 1 o
e[, p't
—Jer
> (1 - —1
> Lt gt fe-

Q
?
! / e
R4

To get the conclusion, we need to choose {@} nicely. By our variant of CZ decomposition,
we can choose {Q} disjoint s.t. |J, Q@ = R? and

1. prSA
2. ZQ@l\a(fQP_O‘dA)ZO’O‘:%
Then:
2
e[, p'ta 1 1 >
1+e)T > Q—+ 1—cc. /— :5/ 1+3
T2 B e Y e ) = L
>

Here we can take ¢ > 0 small s.t. (1 —ecq) > 0. Then we choose A > 0 large s.t.

adA >
9 1 2
= T> — 143
- (1+€A3>/de ’
(good for [o.p > A)
Actually if [.,p= N < A, then we can use the simple lemma:

Cd +2 1+2
T > d > — a
~ Ni /de Ad ra!

—ecq

7.2 Littlewood-Paley decomposition

We write f = > fo, fn<k)1{2n—1§‘k|§2n}. (Similar to dyadic decomposition)
neZ

Theorem 7.9 (Bernstein inequality/Reverse Poincaré). supp f, C {2" 7' < |k| < 2"},

-~

Q

Vd > 1, Vp € [1, ]

Cd.p ”f“LP(Rd) <2 ||vfn||LP(Rd) < Cap Hf”LP(Rd)
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Proof. (d =2, Sketch)

VA = [ RELolfuR)Pdk < [ KAWL Rk = V(G * 1)
g Young 2 2

= (V&) * fullle < IVGIL 1 fallz2
for G(k) = x(k) ~ Lonicpp<on, X, G € C% O
Smooth dyadic decomposition:
(k) =1, if k| <1
Y(k) =0, if [k =2
p(k) = (k) = $(2k), ¢n(x) = $(27k) = 9(27"k), Vn €N, go = ¢(x)

N

= ngn(k) =p(27Nk) = 1, as N — o0

n=0

Take 1 € C=°(R?), {

= 1=§:¢n
n=0

Definition 7.10. f — i::o For Falk) = on(k) f(R)

Remark. If f € S(RY) = f, € S(RY), Vn.
1D full 1o ey ~ 2" [ full o

Lemma 7.11. Let 0 < f € L'(R%), a > 0, then we can find disjoint cubes {Q} C R? s.t.
f = GJa + ba = Ja + ZQ(ba)‘Q7 where

L supp(ga) C {Ug @} 194l S @

3. 201QI S % Jralf]

Proof. (exercise) O

Lemma 7.12 (Hormander). Let ¢ and ¢, be as above. Define K, (z) = ¢,(z) =
2" p(2"r), then

/| 1Kn( = 4) = K@)z

z|>2[y| ~~

=2, [En(z—y)—Kn(2)?
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Proof. We will use Minkowski’s inequality: V1 < p < oo :

(/Q ’/Q F(x,y)dul(x)\pdm)% g/ ( ’F<5U73/)‘pdﬂ2(x))%d/i1

Q1 JQ

with pq, o sigma finite.
Now consider

|yl
Koz —y) — Ko(z)] < / VK, (x — te)|dt

where e = £

ly|
K,(x —vy) — K,,(2)]2dx < VK, (x — te)|dt|?dx
= Al>2ly\/;| (& - y) - Kn(2)] </|My| Z/O| (e — te)dt

n

Minkowski

|yl
< VK, (x — te)|2dtdz dpiz, Qs) ~ counting on N
/ » / \/D (e (g, ) g on N)

|yl
< / / Z VK, (2)|2dtdz
21>yl JO
= vl |VK )[2d=
|2[>y]
Recall: K,(z) = 2™p(272),p € C* C S(RY) = ¢ € S(RY)

= [VKu(2)] < 27V Vp(22)] < 27D min(1, [272]72¢F2)
= Zn |VKn(Z)|2 < Zn min(Q"(UHl), 2—2n|z|—2(d+2))

< EIH\SL 92n(d+1) 4 anL 2—2n‘2|—2(d+2)

< Q2L+ | 9=2L 5|21 | 5| -2(d+2) opt over L 2|72+

= (LHS lemma) < |y| |z~ < C

2=yl

Theorem 7.13 (L? theory of Littlewood-Paley decomposition). Let f = > f,, then
n=0

C I f o rey < < Ol fllzegay

D fal?
n=0

Lr(R4)
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Proof. p=2:

\/Zif | = [ Ziar= [ Slak = [ Slewriitora~ (152 =151

The main part of the proof is to extend the bound to all p € (1, 00).
Define S(f)(z) = /> peo |fa(2)?, f =, fo- We need to prove that S : LP — L is
bounded. We will prove this by real-interpolation:

o |S(f+9)(x)] < S(f)(x)+ S(g)(x) (Sub-additivity) v
e S:L?— L? bounded v/
e S: L' — LM bounded (difficult)

From those, we find that S : LP — L? bounded Vp € (1,2]. To get the result for
00 > p > 2, we use a duality argument. co >p >2<1<p <2

IS ~ swl3 / z)dal

= swp | f@)S (ha)da
Sollhnl? <1 IR
< sup o~ || fll L

Sl hnll? <1

We used S* : LP" — L? bounded.
Let us prove the weak (1,1) property.

{z: S(f)(z) > a}] < 2 ||f||L1(Rd) , ¢ = cq (universal)

We use the variant of Calderon-Zugmund from above. Using the sub-additivity S(f) =
S(ga +ba) < S(ga) + S(ba)

=z S(N@) > a}l < lfa: Slga) > FH +I{a: Sba) > 5}

good one: We use S : L? — L? bounded and |g,| < a

o S()@) > 1 S / d Md

|90 (2)[? \ga
S| 5 —dr 3 |f|

Rd (6] Rd

bad one:
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ba = > (ba)lq, cq = center of ). Define Q = const. Q s.t. cg = cq and |z — cq| >
2ly — cql, Vx € Q, y € Q. Then:

- ~ 1
Ud=X@syiesy [ I
Q Q Q R
Here, it suffices to bound:

{2 Su)(@) > 530 U@ <t / S(be)(z)dz

(Uq @)°
We need to prove f(UQ o) Sba)(@)dz S || fll -

We conclude the bound with Hérmander’s lemma from above. So let K, (z) = ¢,(z) =

27d5(2"x) as in the lemma. Then: fn(k) = gpn(k)f(k) = fulz) = (@nxf)(x) = (Kpxf)(x).
We prove f(UQ)c Sba)(@)dz S | Iz
With Hormander’s lemma and Minkowski we get:

x)dx = / K, % by |?dx

/(UQ /UQ Z| F

= K, xbyo)(x)|%dx, bo = ba
/. \/;|§< (@) > tho

Here note that [, ba,q = 0, hence:

(Karbog)) = | Kalrmholody = | (Koo —ca—y—co) = Kula—ca) bu(y)y

Thus:

C.S.ineq, Minkowski
[ seaas SIS [ [ )l [3 Kt = ) - Ko - o)y
UQr o Jua  Ja m
Fublm
Z/ |b0cQ|

& \/Z|Kn(x—y) K- c)Pdy s Y [ 1ba)ldy £ 151,
n Q 7@

J/

IZ cql>2ly—cq|

<C<oo EITI lemma)
Thus:

e S0 > D) < o : S6) > T (J@N+ 1R S - 1L

= 1Sl S S0
By interpolation: [|S(f)[l» 1]l » ¥p € (1,2]

Duality:
Il = [ [ o)l > [ o
" LP(x) ”hn” ? 12( )<t
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If p>2:

1SCH) e = 1) 2y = by [l = 1/ PICED

| "’LHLp l2( )_ ‘hnHLp 12( )_

Holder
< [l sup

Z(‘Pnﬁn)v

n

S fro

/

Lp

]

Remark. LP theory for a function can be extended to orthonormal family to prove the
Lieb Thirring inequality (Julien Sabin 2015)
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