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Introduction
1st lecture

Fourier transform:

f̂(k) :=

ˆ
Rd

e−2πik·xf(x) dx

for f ∈ L1(Rd), p := 2πk momentum.

Heat equation:ß
∂t u = ∆u

u(0, x) = u0(x)
⇐⇒ u(t, x) = et∆u0(x) ⇐⇒ u(t, x) =

ˆ
Rd

G(t, x, y)u0(y) dy ,

with the heat kernel :

G(t, x, y) :=
1

(4πt)
d
2

e−
|x−y|2

4t

Smoothing effect: u0 ∈ L2(Rd) =⇒ u(t, ·) ∈ C∞(Rd), ∀t > 0.

Schrödinger equation: “heat equation with imaginary time”ß
i ∂t u = −∆u
u(0, x) = u0(x)

⇐⇒ u(t, x) = eit∆u0(x) =
1

(4πit)
d
2

ˆ
Rd

e−
|x−y|2

4it u0(y) dy

u0 ∈ L1(Rd) =⇒ u(x, t) is well-defined. Since ∥u(t, ·)∥L2 = ∥u0∥L2 , the solution is well-defined
∀u0 ∈ L2(Rd). u(t, ·) is in general not smoother than u0 but

∥u(t, ·)∥L∞ ≤ 1

|4πt| d2
∥u0∥L1 . (dispersive estimate)

Many other linear equations: e.g. wave equation, transport equation, transport-diffusion equation:ß
∂t f + v · ∇f − α∆f = g

f(0, x) = f0

(v, α, g, f0 given), α = 0 transport.

We will focus on some nonlinear equations ß
□u = F (u)
u(0, x) = u0

,

with □ linear. Important case:

Incompressible Navier-Stokes equation:
∂t u+ u · ∇u− α∆u = −∇P + f

div(u) =
∑
j ∂xj uj = 0

u(0, x) = u0(x)

(system: u = (uj)
d
j=1)

1. weak solution: u ∈ H d
2−1 (Sobolev spaces)

Leray: local existence
Stability condition: If u is a solution, then

∥u(t, ·)∥2L2 + 2α

ˆ t

0

∥∇xu(s, ·)∥2L2 ds ≤ ∥u0∥2L2 , ∀t .
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2. 2 dimensions:

• ∃ global solution

• Leray solution is unique

⇝ global well-posed

3. 3 dimensions:

• local existence (d = 2, 3) of a weak solution

• If ∥u0∥
H

1
2
is small enough (small data) ⇝ global existence

4. Open:

• global well-posedness for large data?

• regularity of solution (C∞ data =⇒ C∞ solution?)

Clay’s problem

(A) (global existence of smooth solutions): If u0, p are C∞, f = 0, then ∃ global solution u ∈ C∞ such
that

∥u(t, ·)∥2L2 ≤ C , ∀t > 0

(B) (∃ blow up solution) ∃u0, f ∈ C∞, but ∄ global solution u ∈ C∞ satisfies the growing condition.

Two recent paper on the non-uniqueness

(2018) Buckmester-Vical: non-uniqueness of weak solution
Counter example: f = 0, u0, p ∈ C∞, no Leray condition

(2022) Albritton, Brué Colombo: non-uniqueness with Leray condition, but f ̸= 0

One blow-up result of T. Tao: Euler equation (α = 0)

Back to the Fourier transform:

Non-commutative property: p and x do not commute!

“uncertainty principle”: Heisenberg:

”∆p∆x ≥ ℏ2 ” ⇐⇒
Åˆ

R3

|2πk|2|û(k)|2 dk
ãÅˆ

R3

|x|2|u(x)|2 dx
ã
≥ 9

4
∥u∥4L2

follows [p, x] = [−i∇x, x] = id2
Stability of atom:

E (u) =

ˆ
R3

|∇u|2 −
ˆ
R3

|u(x)|2

|x|
dx (“energy functional”)

Claim: E (u) ≥ −C, ∀u “nice” and ∥u∥L2(R3) = 1
Classical mechanics:

inf
(p,x)∈R3×R3

Å
p2 − 1

|x|

ã
= −∞ .
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A proof:

ˆ
R3

|u(x)|2

|x|
dx =

ˆ
R3

u(x)
u(x)

|x|
dx =

ˆ
R3

û(k)
÷
u · 1

|x|
(k)︸ ︷︷ ︸

û∗
”1
|x|

(k)︸ ︷︷ ︸
∼ 1

|k|2

dk = C

ˆ
R3

ˆ
R3

û(k)
û(l)

|k − l|2
dk dl

CS,
Young

↓
≤ C

2

ˆ
R3

ˆ
R3

Å
|û(k)|2 (L+ |k|)2

(L+ |l|)2|k − l|2
+ |û(l)|2 (L+ |l|)2

(L+ |k|)2|k − l|2

ã
dk dl

=C

ˆ
R3

|û(k)|2(|k|2 + L)

ˆ
R3

1

(L+ |l|)2|k − l|2
dl︸ ︷︷ ︸

≤ε, ∀k∈R3, if L large enough

Global theory (Rd) good for linear equations, but local theory (Ω ⊂ Rd) is more helpful for nonlinear
theory

=⇒ localization:

• x-space localization (1)

• p-space localization (2)

1. Caldron-Zugmund decomposition:

Lemma 0.1. If φ : Rd → [0,∞), α > 0 large enough, f ∈ L1, ∃{Q} disjoint cubes in Rd such that

•
ffl
Q
f = 1

|Q|
´
Q
∈ [α, 2dα], ∀Q

• f(x) ≤ α a.e. x ∈ (
⋃
Q)C

2. Littlewood-Paley decomposition:

Lemma 0.2 (Bernstein). If supp f̂ ⊂ {2n−1 ≤ |k| ≤ 2n}, n ∈ Z, then

C−1∥f∥Lp ≤ 2−n∥∇f∥Lp ≤ C∥f∥Lp , ∀p ∈ [1,∞]

Theorem 0.3 (Littlewood-Paley). f =
∑
n fn, “supp f̂n ⊆ 2n−1 ≤ |k| ≤ 2n”. Then

C−1∥f∥Lp(Rd) ≤

∥∥∥∥∥∑
n

|fn|2
∥∥∥∥∥
Lp

≤ C∥f∥Lp(Rd) , ∀p ∈ [1,∞]

“low vs. high frequency”
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1 BASIC ANALYSIS

1 Basic Analysis
2nd lecture

1.1 Fourier transform

f̂(k) =

ˆ
Rd

e−2πik·xf(x) dx

Theorem 1.1. (1) If f ∈ L1(Rd), then f̂ ∈ C(Rd) and ∥f̂∥L∞ ≤ ∥f∥L1(Rd).

(2) If f ∈ L1 ∩ L2, then

∥f̂∥L2 = ∥f∥L2 (Plancherel equality)

Consequently, F : L2(Rd)→ L2(Rd) is well-defined and it is a unitary transformation.

F−1(f)(x) = f̌(x) =

ˆ
Rd

e2πik·xf̂(k) dk

Å
= lim
n→∞

ˆ
Rd

e2πik·xf̂n(k) dk

ã
⇝ standard L2-theory of Fourier transform

Extension of the Fourier transform to distributions

Duality argument: X space, X ′ dual space (space of linear, continuous functionals). If we have a
continuous linear operator A : X → X, then we can define the map A∗ : X ′ → X ′ such that

⟨A∗u, v⟩ = ⟨u,Av⟩ , ∀u ∈ X ′, ∀v ∈ X .

Here, ∀u ∈ X ′: v 7→ ⟨u,Av⟩ is a linear and continuous map from X to C, because vn → v in X =⇒
Avn → Av in X =⇒ ⟨u,Avn⟩ → ⟨u,Av⟩
=⇒ ∃ an element u ∈ X ′ such that v 7→ ⟨u,Av⟩ can be identified to z, namely ⟨z, v⟩ := ⟨u,Av⟩, ∀v ∈ X.
We set A∗u = z to define the mapping A∗.

Here, A∗ is continuous because if un → u in X ′, then

⟨A∗un, v⟩ = ⟨un, Av⟩
n→∞−−−−→ ⟨u,Av⟩ ,∀v ∈ X =⇒ A∗un → Au

Principle: X ⊂ Y as topological spaces =⇒ X ′ ⊃ Y ′

“critical case”: (L2(Rd))′ = L2(Rd). But if we have X ⊂ L2(Rd), then X ′ ⊃ L2(Rd).

Schwartz space:

S (Rd) := {f : Rd → C | f ∈ C∞ and sup
x∈Rd

(1 + |x|k)| ∂α f(x)| <∞ ,∀k ∈ N, ∀α ∈ Nd0}

Associated with the family of seminorms {∥ · ∥k,S }∞k=0 where

∥f∥k,S = sup
x∈Rd

|α|≤k

(1 + |x|k)| ∂α f(x)| .

It is known that S (Rd) is a Fréchet space with this family of seminorms. We can think of S as a metric
space via:

d(f, g) :=

∞∑
k=0

1

2k
∥f − g∥k,S

1 + ∥f − g∥k,S
.

Thus fn → f ⇐⇒ ∥fn − f∥k,S → 0, ∀k ∈ N0.

Exercise: Take f, g ∈ S (Rd) such that
´
g = 1. Define

gε(x) := ε−d g(
x

ε
) , ε > 0 .

Prove that gε ∗ f
ε↓0−−→ f in S .
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1 BASIC ANALYSIS

Theorem 1.2. The Fourier transform satisfies F : S → S and

∀s ∈ S ∀k ≥ 0 ,∃N ≥ 0 : ∥f̂∥k,S ≤ C∥f∥N,S (C independent of f)

Moreover, F is bijective.

Proof. Take f ∈ S , k ∈ N0 and α ∈ Nd0 with |α| ≤ k. Then

∥(1 + |ξ|k) ∂αξ f̂(ξ)∥L∞ =
∥∥∥(1 + |ξ|k) ¤�(−2πix)αf(x)(ξ)

∥∥∥
L∞

k even
↓
=

∥∥∥∥∥∥ ¤�∑
β

∂βx(−2πix)αf(x)(ξ)

∥∥∥∥∥∥
L∞

≤ ∥ · · · ∥L1 ≤ Ck∥f∥N,S

if N > k + d+ 1.
Calculation rules used:

∂ξj f̂(ξ) =

ˆ
Rd

∂ξj
(
e−2πiξ·xf(x)

)
= ¤�(−2πixj)f(x)(ξ)

(−2πiξj)f̂(ξ) =
ˆ
Rd

(−2πiξj)e−2πiξ·x︸ ︷︷ ︸
∂xj

(e−2πiξ·x)

f(x) dx = −
ˆ

e−2πiξ·x ∂xj
f(x) dx

∂β xαf(x) =
∑
α′,β′

|α′|≤|α|≤k
|β′|≤|β|≤k

xα
′
∂β

′

x f(x)

=⇒ ∥ ∂βx xαf(x)∥L1(Rd) =

∥∥∥∥∥∥ 1

(|x|+ 1)d+1
(1 + |x|)d+1

∑
α′,β′

xα
′
∂β

′

x f(x)

∥∥∥∥∥∥
L1

≤
∥∥∥∥ 1

(|x|+ 1)d+1

∥∥∥∥
L1

∥∥∥∥∥∥(1 + |x|)d+1
∑
α′,β′

xα
′
∂β

′

x f(x)

∥∥∥∥∥∥
L∞

≤ Ck,d∥f∥N,S

Consequently, F : S → S is continuous. In fact, if fn → f in S =⇒ ∥fn − f∥N,S → 0, ∀N

=⇒ ∥F(fn − f)∥k,S ≤ C∥fn − f∥Nk,S
n→∞−−−−→, for any k ≥ 0

g ∈ S =⇒ f = ǧ ∈ S (by following the previous proof: i 7→ −i =⇒ g = f̂ in L2 =⇒ g = f̂ in
S ).

Theorem 1.3. F : S ′(Rd)→ S ′(Rd) is well-defined as a linear and continuous map.

Remark 1.4. The space S ′(Rd) is called tempered distributions.

Thus, ∀f ∈ S ′, f̂ is well-defined.

Examples of S ′(Rd): If f ∈ L1(Rd), then f ∈ S ′(Rd), via the identification of f with

S ′ ∋ Tf :
S (Rd) → C
φ 7→ Tf (φ) :=

´
f φ

.

More generally, if f ∈ L1
loc and |f(x)| grows at most polynomially at ∞, i.e.

∃N : |f(x)| ≤ CN (1 + |x|)N , ∀|x| ≥ RN

then f ∈ S ′(Rd).
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1 BASIC ANALYSIS

Be careful: e|x| /∈ S (Rd).

Another example: Dirac delta function δ0 ∈ S ′(Rd) defined as

δ0(φ) = φ(0) ∀φ ∈ S (Rd) .

And we have δ̂0(ξ) = 1.
Last example: f(x) = 1

|x|λ , 0 < λ < d =⇒ f ∈ S ′(Rd)‘Cλ
|x|λ

=
Cd−1

|ξ|d−1
, Cλ = π− d

2Γ

Å
λ

2

ã
, Γ(z) =

ˆ ∞

0

tz−1e−t dt, Γ(n) = (n− 1)!

3rd lecture

Recall an abstract result:

Lemma 1.5. X topological vector space, A : X → X linear and continuous, then ∃A∗ : X ′ → X ′ linear
continuous by

⟨x,Ay⟩X′,X = ⟨A∗x, y⟩X′,X .

Proof. We already proved ∃A∗x, ∀x ∈ X ′ and A∗ is linear. Also obvious that if xn → x in X ′, then
A∗xn → A∗x in X ′:

⟨A∗xn, y⟩ = ⟨xn, Ay⟩
n→∞−−−−→ ⟨x,Ay⟩ = ⟨A∗, y⟩ , ∀y ∈ X

But we need a more precise argument for the continuity of A∗ on X ′.

Discussion of the weak-∗-topology:

Given X topological vectorspace (TVS), X ′ its dual

Definition 1.6. The weak-∗-topology on X ′ is the weakest topology on X ′ such that

X ′ ∋ f 7→ f(x)

is a continuous map X ′ → C, ∀x ∈ X.

What are the open sets in X ′?

• ∀x ∈ X, ∀ ε > 0,
Ox,ε = {f ∈ X ′ | |f(x)| < ε}

is an open set in X ′, because Wx : X
′ ∋ f → f(x) is continuous and so

W−1
x (Bε) = {f ∈ X ′ |Wx(f) ∈ Bε} = Ox,ε

• Any open set O ⊆ X ′ with 0 ∈ O, can be written as O =
⋃
i∈I Oxi,εi

We need to prove (A∗)−1(O) is open for O open in X ′. It suffices to prove that (A∗)−1(Ox,ε) is open,
∀x ∈ X, ∀ ε > 0. We have:

(A∗)−1(Ox,ε) = {f ∈ X ′ |A∗f ∈ Ox,ε} =
¶
f ∈ X ′ ∣∣ | ⟨A∗f, x⟩X′,X | < ε

©
=
¶
f ∈ X ′ ∣∣ | ⟨f,Ax⟩X′,X | < ε

©
= OAx,ε

7



1 BASIC ANALYSIS

1.2 Distributions

Definition of Distributions D ′(Rd)

Test functions: D(Rd) = C∞
c (Rd), where φn

n→∞−−−−→ φ in D(Rd) iff

• ∃K ⊂ Rd compact such that suppφn ⊂ K, ∀n ∈ N

• ∥ ∂α φn− ∂
α φ ∥∞

n→∞−−−−→ 0, ∀α ∈ Nd0
We define D ′(Rd) as the dual space of D(Rd), i.e.

D ′(Rd) =
{
f : D(Rd)→ C linear and continuous

}
Actually

T ∈ D ′(Rd) ⇐⇒ ∀φn
n→∞−−−−→ φ in D(Rd) : T (φn)

n→∞−−−−→ T (φ)

(see Analysis, Lieb-Loss, Chapter 6)

Example 1.7. For f ∈ L1
loc, we define Tf ∈ D ′(Rd) by

Tf (φ) =

ˆ
Rd

f(x)φ(x) dx, ∀φ ∈ D(Rd) .

If φn
n→∞−−−−→ φ in D(Rd), then ∃K compact such that suppφn ⊂ K, ∀n ∈ N and φn → φ in L∞, and so:

|Tf (φn)− Tf (φ)| =
∣∣∣∣ˆ

Rd

f(x)(φn(x)− φ(x)) dx
∣∣∣∣ ≤ ˆ

K

|f(x)||φn(x)− φ(x)|dx

≤ ∥f∥L1(K)∥φn−φ ∥L∞
n→∞−−−−→ 0

Note that f(x) = e|x| /∈ S ′(Rd), but f ∈ D ′(Rd).

Lemma 1.8 (Fundamental Lemma of calculus of variations). T : f 7→ Tf from L1
loc(Rd)→ D ′(Rd)

is injective. Put differently, if f ∈ L1
loc(Rd) andˆ

Rd

f(x)φ(x) dx = 0 ∀φ ∈ D(Rd) =⇒ f = 0 .

Proof. First, take f ∈ L1(Rd). Choose φε,y(x) = ε−d g(y−xε ), g ∈ C∞
c ,

´
Rd g = 1, then

0 =

ˆ
Rd

f(x)φε,y(x) dx = (f ∗
(
ε−d g

(y − •
ε

))
(y)

ε→0−−−→ f in L1 =⇒ f = 0

Second, take f ∈ L1
loc(Rd). Then for χ ∈ C∞

c (Rd):

0 =

ˆ
Rd

(fχ)φ , ∀φ ∈ C∞
c

By the first step: fχ = 0, ∀χ ∈ C∞
c , so f = 0 a.e..

1.3 Sobolev spaces

Homogeneous Sobolev spaces

Definition 1.9 (Homogeneous Sobolev spaces). For s ∈ R, denote

Ḣs(Rd) =
ß
f ∈ S ′(Rd) :

∣∣ f̂ ∈ L1
loc(Rd) and ∥f∥2Ḣs =

ˆ
Rd

|2πk|2s|f̂(k)|2 dk <∞
™

By this way, Ḣs is a normed space and the norm comes from the inner product

⟨f, g⟩Ḣs =

ˆ
Rd

|2πk|2f̂(k)ĝ(k) dk

8



1 BASIC ANALYSIS

Theorem 1.10. Ḣs(Rd) is a Hilbert space iff s < d
2 (s can be negative).

Proof. Step 1: Assume s < d
2 . Take a Cauchy sequence {fn}n∈N in Ḣs(Rd). From the definition of the

norm:

∥fn − fm∥2Ḣs =

ˆ
Rd

|2πk|2s|f̂n(k)− f̂m(k)|2 dk m,n→∞−−−−−→ 0

Hence, {f̂n} is a Cauchy sequence in L2(Rd, |k|2s dk). Since L2 is complete, S ′ ∋ f̂n
n→∞−−−−→ g ∈

L2(Rd, |k|2s dk).
We want to prove that g = f̂ for some f ∈ Ḣs(Rd) =⇒ fn → f in Ḣs(Rd). We want to first show that
g ∈ S ′. We decompose g ∈ L2(Rd, |k|2s dk) ⊂ L1

loc:

g = 1B1
g + 1BC

1
g

We have ˆ
Rd

|1B1
g(k)|dk =

ˆ
B1

|g(k)|dk ≤
Åˆ

B1

|k|2s|g(k)|2 dk
ã 1

2

︸ ︷︷ ︸
<∞

Åˆ
B1

1

|k|2s
dk

ã 1
2

︸ ︷︷ ︸
<∞, since d>2s

Moreover,
1BC

1
g(k) ∈ 1BC

1
L2(Rd, |k|2s dk) ⊂ L2(Rd, (1 + |k|2s) dk)

=⇒
ˆ
Rd

|1BC
1
g(k)|2(1 + |k|2s) dk <∞ =⇒ 1BC

1
g ∈ L2(Rd) ⊂ S ′(Rd)

=⇒ g ∈ L1 + L2 =⇒ f = ǧ ∈ L∞ + L2 ∈ Ḣs(Rd)

Step 2: Assume s ≥ d
2 . We assume for contradiction that Ḣs(Rd) is a Hilbert space. Note that the space

W := {f ∈ Ḣs | ∥f∥W <∞} ⊂ Ḣs(Rd),

∥f∥W = ∥f̂∥L1(B1) + ∥f∥Ḣs(Rd)

is a Banach space with:

∥f∥Ḣs ≤ ∥f∥W =⇒ id : W → Ḣs is continuous and surjective
open

mapping
=⇒ ∥f∥W ≤ C∥f∥Ḣs

=⇒ ∥f̂∥L1(B1) ≤ C∥f∥Ḣs(Rd), ∀f ∈ Ḣ
s(Rd)

=⇒
ˆ
B1

|f̂(k)|dk ≤ C
Åˆ

Rd

|k|2s|f̂(k)|2 dk
ã 1

2

, ∀f ∈ Ḣs(Rd)

Think of the case 2s = d. We want to have
´
B1
|f̂(k)|dk large.

good candidate: f̂(k) = 1
|k|d , but |k|

2s|f̂(k)|2 = 1
|k|d also singular. A safer choice is:

f̂(k) =

∞∑
n=1

1

|k|dn1+ε
1(2−(n+1) ≤ |k| ≤ 2−n) ,

for ε > 0. Then:

ˆ
B1

|f̂(k)|dk =
∑
n

ˆ
2−(n+1)≤|k|≤2−n

1

|k|dn1+ε
dk ≥

∑
n

1

n1+ε
|{2−(n+1) ≤ |k| ≤ 2−n}|

(2−n)d

≥ 1

C

∑
n

1

n1+ε
ε→0−−−→∞ ,

9



1 BASIC ANALYSIS

but ˆ
Rd

|k|2s|f̂(k)|2 dk =
∑
n

ˆ
Rd

|k|2s 1

(|k|dn1+ε)2
1(2−(n+1) ≤ |k| ≤ 2−n) dk

≤ C
∑
n

1

n2+2 ε
< C

π2

6︸ ︷︷ ︸
independent of ε

<∞

4th lecture

Duality

Heuristially Ḣ−s(Rd) =
Ä
Ḣ(Rd)

ä′
Theorem 1.11. If |s| < d

2 , then Ḣ(Rd)−s =
Ä
Ḣs(Rd)

ä′
.

Proof. Step 1: Ḣ(Rd)−s ⊂
Ä
Ḣs(Rd)

ä′
Take f ∈ Ḣ−s(Rd). Construct Lf : Ḣs → C by Lf (g) =

´
Rd fg.

|Lf (g)| =
∣∣∣∣ˆ

Rd

fg

∣∣∣∣ Plancherel
↓
=

∣∣∣∣ˆ
Rd

f̂(k)ĝ(k) dk

∣∣∣∣ = ∣∣∣∣ˆ
Rd

|k|−sf̂(k)︸ ︷︷ ︸
∈L2

|k|sĝ(k)︸ ︷︷ ︸
∈L2

∣∣∣∣
C.S.
↓
≤
∥∥∥|k|−sf̂(k)∥∥∥

L2
∥|k|sĝ(k)∥L2 = ∥f∥Ḣ−s∥g∥Ḣs

Step 2:
Ä
Ḣs(Rd)

ä′
⊂ H−s(Rd)

Take L ∈
Ä
Ḣs(Rd)

ä′
. We want to find f ∈ Ḣ−s(Rd) such that L(g) =

´
Rd fg, ∀g ∈ Ḣs(Rd). Note that

φ 7→ L(|k|−sφ̂) is an element of
(
L2(Rd)

)′
:

φ ∈ L2 =⇒ φ̂ ∈ L2

=⇒
ˆ
Rd

|k|2s
∣∣|k|−sφ̂(k)∣∣2 dk =

ˆ
Rd

|φ̂(k)|2 dk = ∥φ ∥L2

=⇒ |k|−sφ̂ ∈ Ḣ−s (well-defined)

|L(|k|−sφ̂)| ≤ ∥L∥(Ḣs)′∥|k|
−sφ̂∥Ḣs = |2π|s∥L∥(Ḣs)′∥φ ∥L2 (bounded)

By Riesz’ representation theorem on L2(Rd), ∃!a ∈ L2(Rd) such that

L(|k|−sφ̂) =
ˆ
Rd

aφ =

ˆ
Rd

âφ̂ =

ˆ
Rd

|k|sâ(k)|k|−sφ̂(k) dk =

ˆ
Rd

|k|sâ(k) · |k|−sφ̂(k) dk

=

ˆ
Rd

f(x)|k|−sφ̂(k) ,

where
f̂(k) = |k|s â(k)︸︷︷︸

L2︸ ︷︷ ︸
∈L1

loc

=⇒ f ∈ Ḣ−s(Rd) .

Remark 1.12. (1) In general, we can’t compare Ḣr and Ḣs if r < s. Later, for “inhomogeneous Sobolev
spaces” we have Hr(Rd) ⊆ Hs(Rd) for s < r.

10
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(2) The power s in Ḣs(Rd) should be thought of as the order of derivatives:

Ḣs

L2 s = 0

Ḣ−s

s-time derivative

Derivatives of Distributions

f ∈ L1
loc(Rd), then Tf ∈ D ′(Rd) with Tf (φ) =

´
Rd f φ, ∀φ ∈ D(Rd) = C∞

c (Rd). If f ∈ C∞, then

• ∂x1 f ↔ T∂x1
f φ =

´
(∂x1 f)φ = −

´
f ∂x1 φ

• ∂α f ↔ T∂α f (φ) =
´
(∂α f)φ = (−1)|α|

´
f ∂α φ

Definition 1.13. If T ∈ D ′(Rd) is a distribution, then its derivative ∂α T ∈ D ′(Rd) is defined by

∂α T (φ) := (−1)|α|T (∂α φ), ∀φ ∈ C∞
c .

(It is easy to see that ∂α is a distribution: φn
n→∞−−−−→ φ in D(Rd), then ∂α φn

n→∞−−−−→ ∂α in D(Rd), so
∂α T ∈ D ′(Rd) again).

Restriction to tempered distributions: Take f ∈ S (Rd). Then it can be identified (“↔”) with T̃f :

f ↔ T̃f (φ) =

ˆ
Rd

f φ =

ˆ
Rd

f̂(k)φ̂(k) dk , ∀φ ∈ S (Rd) .

Similarly:

∂α f ↔ T̃∂α f (φ) =

ˆ
Rd

∂α f φ =

ˆ
Rd

‘∂α f(k)φ̂(k) dk =

ˆ
Rd

(−2πik)αf̂(k)φ̂(k) dk

Thus we can identify the derivative ∂α with the multiplication (−2πik)α in the Fourier variable. Moreover,
the formula

T̃∂α f (φ) =

ˆ
Rd

f̂(k)(2πik)αφ̂(k) dk = (−1)|α|
¨
f̂ , (2πik)αφ̂(k)

∂
is well-defined even if f ∈ S ′(Rd).

Theorem 1.14. Let s ∈ N = {1, 2, . . .}.

(1) Ḣs(Rd) =
{
f ∈ S ′ ∣∣ ∂α f ∈ L2(Rd), ∀|α| = s

}
(2) Ḣ−s(Rd) =

¶
f ∈ S ′ ∣∣ f =

∑
|α|=s ∂

α gα, gα ∈ L2(Rd)
©

Proof. (1) Take f ∈ Ḣs(Rd). Then f ∈ S ′, f̂ ∈ L1
loc and

´
|k|2s|f̂(k)|2 dk < ∞. Then ‘∂α f(k) =

(−2πik)αf̂(k) in S ′, but

∥(−2πik)αf̂(k)∥L2 <∞ =⇒ (−2πik)αf̂(k) ∈ L2 =⇒ ∂α f = (−2πik)αf̂(k) ∈ L2

Reversely, if f ∈ S ′ with ∂α f ∈ L2, ∀|α| = s, we get immediately

ˆ
Rd

|k|2s|f̂(k)|2 dk ≤
∑
|α|=s

∥ ∂α f∥L2 <∞

11
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(2) Take f ∈ Ḣ−s. Then
´
|k|−2s|f̂(k)|2 dk < ∞. Note that |k|2s =

∑
|α|=s cαk

2α. Think of f =∑
|α|=s ∂

α gα, for some gα ∈ L2 to be chosen, then

f̂(k) =
∑
α

(−2πik)αĝα(k) =⇒ |k|−sf̂(k)︸ ︷︷ ︸
∈L2

= (−2πi)|α|
∑
α

kα

|k|s
ĝα(k)

Thus, we have to choose ĝα(k) := cα
kα

|k|2s
f̂(k)

(−2πi)s , thenˆ
|ĝα|2 ≤

ˆ
|cα|2|k|−2s|f̂(k)|2 dk <∞ =⇒ ĝα ∈ L2 =⇒ gα ∈ L2 .

We can check:⁄�∑
|α|=s

∂α gα =
∑
|α|=s

cα
kα

|k|2s
f̂(k)

(−2πi)s
(−2πik)α = f̂(k)

∑
|α|=s

cα
k2α

|k|2s
= f̂(k) .

The remaining inclusion is an exercise.

Fractional Sobolev spaces

Ḣs(Rd), s /∈ Z.

Theorem 1.15. Take s ∈ (0, 1), then

Ḣs(Rd) =
ß
f ∈ L2

loc

∣∣∣∣ ∥f∥2Ḣs(Rd)
= Cd,s

¨
Rd×Rd

|f(x)− f(y)|2

|x− y|d+2s
dx dy <∞

™
.

Proof. Take f ∈ Ḣs(Rd). Then
f = 1B1 f̂︸ ︷︷ ︸

∈L2
loc

+1BC
1
f̂︸ ︷︷ ︸

∈L2

, .

We have:

¨
Rd×Rd

|f(x)− f(y)|2

|x− y|d+2s
dx dy

x−y=z
↓
=

¨
Rd×Rd

|f(y + z)− f(y)|2

|z|d+2s
dz dy

Plancherel in y
↓
=

ˆ
Rd

1

|z|d+2s

ˆ
Rd

∣∣∣e2πik·z f̂(k)− f̂(k)∣∣∣2 dk dz
=

ˆ
Rd

1

|z|d+2s

|e2πik·z − 1|
|k|2s

dz︸ ︷︷ ︸
=: Cd,s

ˆ
Rd

|k|2s|f̂(k)|2 dk︸ ︷︷ ︸
=∥f∥

Ḣs(Rd)<∞

Cd,s is independent of k, which can be shown, using scaling, see exercise. The other inclusion goes exactly
the same way.

" The new norm
˜

Rd×Rd

|f(x)−f(y)|2
|x−y|d+2s is a NON-local object: This is also what happens for the relativistic

kinetic energy
√
m2 −∆ or

√
−∆. 5th lecture

Sobolev embedding

Theorem 1.16. Let 0 < s < d
2 . Then

Ḣs ⊂ Lp(Rd) for p =
2d

d− 2s

with continuous embedding:
∥f∥Lp ≤ Cd∥f∥Ḣs(Rd) , ∀f ∈ Ḣ

s(Rd)

12
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Remark 1.17. ∃!p for the theorem to hold! This can be seen from a “scaling argument” (dimension

analysis). For any f ∈ S (Rd) ⊂ Ḣs(Rd), denote fℓ(x) = ℓ
d
2 f(ℓx). Then

∥fℓ∥2L2 =

ˆ
Rd

ℓd|f(ℓx)|2 dx =

ˆ
Rd

|f(y)|2 dy = ∥f∥2L2 .

So:

∥fℓ∥Lp =

Åˆ
Rd

ℓ
d
2 p|f(ℓx)|p dx

ã 1
p

=
Ä
ℓ

d
2 p−d|f(y)|p dy

ä 1
p
= ℓ

d
2−

d
p ∥f∥Lp

f̂ℓ(k) =

ˆ
Rd

ℓ
d
2 f(ℓx)e−2πik·x dx = ℓ

d
2−d

ˆ
Rd

f(y)e−2πi kℓ ·y dy = ℓ−
d
2 f̂(k/ℓ)

=⇒ ∥fl∥Ḣs(Rd) =

Åˆ
Rd

|2πk|2sℓ−d|f̂(k/ℓ)|2 dk
ã 1

2

=

Åˆ
Rd

|2πξℓ|2s|f̂(ξ)|2 dξ
ã 1

2

= ℓs∥f∥Ḣs(Rd)

Key observation: If A,B > 0 and Aℓα ≤ Bℓβ , ∀ℓ > 0, for some α, β ∈ R, then α = β (necessary
condition), since ®

If α < β, take ℓ→ 0 such that ℓα ≫ ℓβ

If α > β, take ℓ→∞ such that ℓα ≫ ℓβ

Consequently, to have ∥fℓ∥Lp(Rd) ≤ C∥fℓ∥Ḣ(Rd), ∀ℓ > 0, then a necessary condition is

d

2
− d

p
= s ⇐⇒ p =

d
d
2 − s

=
2d

d− 2s
.

(e.g. if s = 1, Ḣ(R3) ⊂ L6(R3), Ḣ1(R4) ⊂ L4(R4): “Sobolev inequality becomes weaker in higher
dimenions”.

Proof. (of the Sobolev inequality, Chemin-Xu’s proof of 1977):

K := ∥f∥2
Ḣs =

ˆ
Rd

|2πk|2s|f̂(k)|2 dk

=

ˆ
Rd

Åˆ ∞

0

1{|2πk|2s>E} dE

ã
|f̂(k)|2 dk (Layer-cake representation)

=

ˆ ∞

0

Åˆ
Rd

1{|2πk|2s>E}|f̂(k)|2 dk
ã
dE (Fubini)

=

ˆ ∞

0

Åˆ
Rd

|fE+(x)|2 dx
ã
dE, with ‘fE+(k) := 1{|2πk|2s>E}f̂(k) (Plancherel)

=

ˆ
Rd

Åˆ ∞

0

|fE+(x)|2 dE
ã
dx (Fubini)

How can we relate fE+(x) to f(x)? We can write

fE+ = f(x)− fE−(x) , where ‘fE−(k) = 1{|2πk|2s≤E}f̂(k)

(then ‘fE+(k) +‘fE−(k) = f̂(k)).
Key step: By the triangle inequality:

|fE+(x)| = |f(x)− fE−(x)| ≥ |f(x)| − |fE−(x)|

and by Hölder:

|fE−(x)| =
∣∣∣∣ˆ

Rd

e2πik·x1{|2πk|2s≤E}f̂(k) dk

∣∣∣∣ ≤ Åˆ
Rd

|2πk|2s|f̂(k)|2 dk
ã 1

2
Åˆ

Rd

1{|2πk|2s≤E}

|2πk|2s
dk

ã 1
2

= CK
1
2E

d−2s
4s

13



1 BASIC ANALYSIS

=⇒ |fE+(x)| ≥ |f(x)| − CK 1
2E

d−2s
4s =⇒ |fE+(x)|2 ≥

Ä
|f(x)| − CK 1

2E
d−2s
4s

ä2
+
,

where (·)+ denotes the positive part. Conclude:

K =

ˆ
Rd

ˆ ∞

0

|fE+(x)|2 dE dx ≥
ˆ
Rd

ˆ ∞

0

Ä
|f(x)| − CK 1

2E
d−2s
4s

ä2
+
dE dx

Integrate over {E ∈ (0,∞) | |f(x)| > CK
1
2E

d−2s
4s } =

ß
E ∈ (0,∞)

∣∣∣∣E < C
(

|f(x)|
K

1
2

) 4s
d−2s

™
:

ˆ ∞

0

Ä
|f(x)| − CK 1

2E
d−2s
4s

ä2
+
dE =

ˆ C

Å
|f(x)|

K
1
2

ã 4s
d−2s

0

Ä
|f(x)| − CK 1

2E
d−2s
4s

ä2
dE

= C|f(x)|2
Å |f(x)|
K

1
2

ã 4s
d−2s

Hence;

K ≥ C
ˆ
Rd

|f(x)|2
Å |f(x)|
K

1
2

ã 4s
d−2s

dx =
C

K
2s

d−2s

ˆ
|f(x)|

2d
d−2s dx

=⇒ K
d

d−2s ≥ C
ˆ
Rd

|f(x)|
2d

d−2s dx

=⇒
Åˆ

Rd

|f(x)|
2d

d−2s

ã d−2s
2d

≤ CK 1
2 = C∥f∥Ḣs

Inhomogeneous Sobolev spaces

For s ∈ R:
Hs(Rd) =

ß
f ∈ S ′ ∣∣ f̂ ∈ L2

loc,

ˆ
Rd

(1 + |2πk|2)s|f̂(k)|2 dk =: ∥f∥2Hs <∞
™

Obviously:

• Hs(Rd) is a Hilbert space ∀s ∈ R

• Hs ⊂ Ht if t < s

• H−s = (Hs)′

Theorem 1.18 (Sobolev embedding). If 0 < s < d
2 , then Hs(Rd) ⊂ Lp(Rd), ∀2 ≤ p ≤ 2d

d−2s
continuously embedded.

Proof. exercise

General discussion of compactness

(i) Let X be a Banach space. Then a set A ⊂ X is compact if every sequence {fn}∞n=1 ⊆ A has a

convergent subsequence fnk

k→∞−−−−→ f ∈ A.
Remark: If A = Y ∩B(0, 1), where Y is a subspace of X, then A is compact iff dimY <∞.

(ii) Let X be a Hilbert space. Then A ⊂ X is weakly compact, iff ∀{fn}∞n=1 ⊂ A, ∃ a subsequence
fnk

⇀ f ∈ A, for k →∞, i.e.

⟨fnk
, φ⟩X → ⟨f, φ⟩X , ∀φ ∈ X .

14
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More generally, if A ⊂ Lp(Rd) (or Lp(Ω)), with 1 ≤ p < ∞, then A is compact if ∀{fn}∞n=1 ⊂ A, there
exists a subsequence fnk

⇀ f in Lp, i.e. for 1
p +

1
q = 1 and all g ∈ Lq:

ˆ
Rd

g(x)fnk
(x) dx

k→∞−−−−→
ˆ
Rd

g(x)f(x) dx

Theorem 1.19 (Banach-Alaoglu). If {fn}∞n=1 is a bounded sequence in a Hilbert space, then there
exists a weakly convergent subsequence fnk

⇀ f in the Hilbert space. Put differently, B(0, 1) is a weak-
compact set.

Proof. Tutorial

Theorem 1.20 (Banach-Steinhaus). If fn ⇀ f in a Hilbert space, then

∥f∥ ≤ lim inf
n→∞

∥fn∥ ≤ lim sup
n→∞

∥fn∥ <∞

Moreover,

fn
n→∞−−−−→ f ⇐⇒

ß
fn ⇀ f
∥fn∥ → ∥f∥

Remark 1.21. The Banach-Alaoglu and Banach-Steinhaus theorems also hold for Lp(Ω), ∀1 < p <∞.

Definition 1.22. If T : X → Y is a linear operator between two Banach spaces, then we say that T is a
compact operator iff

∀xn ⇀ x in X =⇒ Tx
n→∞−−−−→ Tx in Y .

Theorem 1.23 (Sobolev compact embedding). Let φ ∈ S (Rd) and t < s. Then multiplication by

φ is a compact operator Hs(Rd) → Ht(Rd), i.e. if fn ⇀ f weakly in Hs(Rd), then φ ·fn
n→∞−−−−→ φ ·f in

Ht(Rd).

Proof. We take fn ⇀ f in Hs and consider

∥φfn∥2Ht =

ˆ
Rd

(1 + |2πk|2)t|‘φfn(k)|2 dk
=

ˆ
|k|≤R

(1 + |2πk|2)t|‘φfn(k)|2 dk + ˆ
|k|≥R

(1 + |2πk|2)t|‘φfn(k)|2 dk
We have: ˆ

|k|≥R
(1 + |2πk|2)t|‘φfn(k)|2 dk ≤ (1 + |2πR|2)t−s

ˆ
Rd

(1 + |2πk|2)s|‘φfn(k)|2 dk
≤ sup

n∈N
∥φfn∥Hs(Rd)︸ ︷︷ ︸

<∞

(1 + |2πR|2)t−s R→∞−−−−→ 0

Here we used, that φ : Hs → Hs is a bounded operator, i.e. ∥φ ·f∥Hs ≤ C∥f∥Hs and that a weakly
convergent sequence is norm bounded. On the other hand, ∀R > 0:ˆ

|k|≤R
(1 + |2πk|2)t|‘φfn(k)|2 dk ≤ Ct,R ˆ

|k|≤R
|‘φfn(k)|2 dk

We note that ∀|k| ≤ R:

|‘φfn(k)| = ∣∣∣∣ˆ
Rd

φ̂(k − ξ)f̂n(ξ) dξ
∣∣∣∣ = ∣∣∣∣ˆ

Rd

φ̂(k − ξ)
(1 + |2πξ|2)s︸ ︷︷ ︸

∈Hs(Rd)

(1 + |2πξ|2)sf̂n(ξ) dξ
∣∣∣∣ n→∞−−−−→ 0

Claim: ∀n: ∥‘φfn(k)∥L∞(BR) ≤ CR, since {fn} is bounded in Hs and φ ∈ S (Rd) (exercise) Thus:
ˆ
|k|≤R

(1 + |2πk|2)t|‘φfn(k)|2 dk n→∞−−−−→ 0

by dominated convergence.
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2nd tutorial

Theorem. Let X be a Banach space. Then B1(0) is compact iff dimX <∞.

⇝ Weak topology

Definition. Let X be a Banach space. Then x ⇀ x weakly in X iff L(xn)→ L(x), ∀L ∈ X∗.

Remark. If xn → x strongly, i.e. ∥xn − x∥ → 0, then xn ⇀ x weakly, since

|L(x1)− L(x2)| ≤ ∥L∥∥xn − x∥ → 0 .

The weak topology does not coincide with the strong topology in infinite dimensions.

Definition. Let X be a Banach space. Then Ln
n→∞−−−−→
w∗

L weakly in X∗, iff Ln(x)→ L(x), ∀x ∈ X.

Theorem (Banach-Alaoglu). Let X be a seperable Banach-space. Then every sequence {Ln}n∈N ⊆ X∗

such that ∥Ln∥ is bounded in n has a convergent subsequence in X∗.

Remark. X is seperable iff there exists a countable dense subset. The assumption that X is seperable
can be relaxed, however, then Tychonoff/Zorn’s Lemma is needed for the proof. E.g. Lp(Rd), p < ∞ is
seperable.

Proof. (Compactness in C and Cantor’s diagonal argument)

• Since X is seperable, there exists {xn}n dense in X.

• Since {Ln(x1)} is a bounded sequence in C, there exists a subsequence {Lnk1
(x1)} which converges

when k1 →∞.

• Since {Lnk1
(x2)} is a bounded sequence in C, there exists a subsequence {Lnk2

(x2)} which converges
when k2 →∞.

By induction, ∀m ∈ N, there exists a subsequence {Lkm(xm)} which converges for km → ∞. We take a
common subsequence {Lnk

} of all {Lnkm
} (which is doable by Cantors diagonal argument). Finally, we

construct L ∈ X∗, such that L(xm) = limk→∞ Lnk
(xm), ∀m.

Easy thought: ∀x ∈ X ∃ sequence {ym} ⊆ {xm} such that ym → x as m → ∞. We want to define
L(x) := limm→∞ L(ym).
Why is it well-defined? limk→∞ Lnk

(ym) =: {L(ym)} is a Cauchy sequence. In general, if a bounded
linear operator is defined on a dense subset of a Banach space and maps into Banach space, there exists
a unique linear continuous extension.

In general, if X is not seperable, then to prove the Banach-Alaoglu theorem, we need to do “induction”
in uncountable families ⇝ Zorn lemma/Axiom of choice.

Remark. If X is a Hilbert space:

• We can identify X∗ to X by Riesz’s representation theorem.
=⇒ The Banach-Alaoglu theorem gives us the compactness in the weak topology, namely, for every
bounded sequence {xn} ⊂ X, there exists a subsequence xnk

⇀ x in X, i.e.

⟨xnk
, φ⟩ → ⟨x, φ⟩ ,∀φ ∈ X .

• When X is a Hilbert space, we can relax the seperability condition easily. Indeed, if {xn} ⊂ X is
a bounded sequence, then consider Y = span(xn) ⊂ X. Then Y is a seperable Hilbert space, so
Banach-Alaoglu for seperable spaces applies:

∃ subsequence xnk
⇀ x in Y

But this means xnk
⇀ x in X:

Key: X = Y ⊕ Y ⊥. Then ∀φ ∈ X, φ = φ1 +φ2 with φ1 ∈ Y , φ2 ∈ Y ⊥:

⟨xnk
, φ⟩ − ⟨x, φ⟩ = ⟨xnk

− x, φ1⟩+ ⟨xnk
, φ2⟩︸ ︷︷ ︸

=0

k→∞−−−−→ 0
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Definition. Let X be a Banach space. We call X a reflexive space iff X∗∗ = X.

Remark. X ⊂ X∗∗ is the trivial direction: Let x ∈ X, then X∗ ∋ L 7→ L(x) is linear and continuous, so
x can be interpreted as an element of X∗∗ (canonical embedding). The key assumption here is that X
contains all elements in X∗∗.

Remark. If X is reflexive, then by the Banach-Alaoglu theorem, we have the weak-compactness result for
X, namely ∀{xn}n bounded in X, there exists a subsequence xnk

⇀ x in X. The reason is that xnk
⇀ x

weakly in X iff xnk
→ x weak-∗ in X∗∗.

⇝ Brezis Functional Analysis, Sobolev spaces and PDE

Theorem (Banach-Steinhaus/Uniform boundedness principle). Consider a family F of linear
and continous mappings {T}T∈F : T : X → Y , X Banach, Y normed. If, ∀x ∈ X,

sup
T∈F
∥T (x)∥Y <∞ ,

then
sup
T∈F
∥T∥ <∞ .

Remark. (1) Consequently, if Ln → L weak-∗ in X∗ (Banach), then

sup
n
∥Ln∥ <∞ .

This is because ∀x ∈ X, Ln(x) → L(x) =⇒ supn ∥Ln(x)∥ < ∞, so the claim follows by Banach-
Steinhaus.

(2) If xn → x weakly in X, then supn ∥xn∥ <∞. Use X ⊂ X∗∗ and Hahn-Banach.

Proof. • One proof (direct): Analysis Lieb-Loss Theorem 2.12 (for Lp)

• The standard proof: Define

Xn =

ß
x ∈ X

∣∣∣∣ sup
T∈F
∥T (x)∥Y ≤ n

™
.

Then Xn is closed and
⋃∞
n=1Xn = X. By the Baire category theorem, ∃n, ∃ open ball Bx0(r0) ⊂

Xn, i.e.

|Tn(x)| ≤ n, ∀x ∈ Bx0
(r0) =⇒ ∥T (x− x0)∥ ≤ n+ ∥Tx0

∥, ∀y := x− x0 ∈ B0(r0)

=⇒ ∥Ty∥ ≤ C ∀y ∈ B0(r0) =⇒ ∥T∥ ≤ C

r0
, ∀T ∈ F

6th lecture

Theorem 1.24 (s > d
2). H

s(Rd) ⊂ L∞(Rd) with continuous embedding.

Proof.

∥f∥L∞ ≤ ∥f̂∥L1 =

ˆ
Rd

|f̂(k)|dk ≤
Åˆ

Rd

(1 + |k|2)s|f̂(k)|2 dk
ã 1

2
Åˆ

Rd

dk

(1 + |k|2)s

ã 1
2

≤ Cd,s∥f∥Hs(Rd)

If we work harder, we find that f ∈ Hs(Rd), s > d
2 , is Hölder continuous:

sup
x,y∈Rd

x ̸=y

|f(x)− f(y)|
|x− y|α

≤ C <∞ for some α > 0

(exercise)
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Theorem 1.25 (s = d
2). We have the Moser-Trudinger inequality: ∃c0, C > 0:

∀∥f∥Hs(Rd) ≤ 1,

ˆ
Rd

(
exp(c0|f(x)|2)− 1

)
dx ≤ C

Proof. exercise

Remark 1.26. The Moser-Trudinger inequality fails if we only assume ∥f∥
Ḣ

d
2 (Rd)

≤ 1. However, this is

ok, if we work on bounded sets.

Theorem 1.27 (s = d
2 , original Moser-Trudinger version). Let f ∈ Ḣ d

2 with ∥f∥
Ḣ

d
2 (Rd

≤ 1 and

supp f ⊂ BR, then ˆ
BR

(
exp(c0|f(x)|2 − 1) dx

)
≤ CR

This version follows from the previous version, since

∥f∥
Ḣ

1
2 (Rd)

≥ ∥f∥L2(Rd) if supp f ⊂ BR

⇐⇒ ∥f∥
Ḣ

d
2 (Rd)

∼R ∥f∥Hs(Rd)

example: H1(R2) ̸⊂ L∞(R2) but “almost”.

Theorem 1.28 (s = d
2 , BMO - bounded mean osscilation). Let f ∈ Ḣ d

2 ∩ L1
loc, then

∥f∥BMO := sup
B Ball

 
B

|f − fB |dx ≤ C∥f∥Ḣ d
2 (Rd)

,

where

fB =

 
B

f =
1

|B|

ˆ
B

f .

Proof. We can even control the variant:

 
B

|f − fB |2 dx ≲
 
B

|(f − fB)E− |2+ +

 
B

|(f − fB︸ ︷︷ ︸
g

)E+ |2 ≤ ∥(f − fB)E−∥2L∞ +R−d∥fE+∥2L2(2B)

≤∥∇fE−∥2L∞R2 +R−d
ˆ
|k|2s

E2s
|f̂(k)|dk ≤

Åˆ
|k|≤E

|k||f̂(k)|dk︸ ︷︷ ︸
≤
Ä´

|k|≤E
|k|2−2s

äÄ´
|k|≤E

|k|2s|f̂(k)|2
ä
R2

≤(E2R2+ 1

RdEd )∥f∥
2
Ḣ

ã2

R2 +R−d ∥f∥
2
Ḣ

Ed

≤2∥f∥2
Ḣ

by taking E = 1
R .

Using: f ∈ Ḣ d
2 (Rd), f = fE+ + fE− , ‘fE+(k) = f̂(k)1(|2πk|2 > E).

This proof will be discussed again in the 3rd tutorial.

Hardy inequality

If d ≥ 3, then

∥f∥2
Ḣ1(Rd)

=

ˆ
Rd

|∇f |2 ≥ (d− 2)2

4

ˆ
Rd

|f(x)|2

|x|2
dx

The constant (d−2)2

4 on the RHS is optimal, but there exists no optimizer f ∈ Ḣ1.

18



1 BASIC ANALYSIS

Proof. (d = 3) Candidate of optimizer solves:

−∆f =
1

4

f(x)

|x|2

This has a solution f(x) = 1

|x|
1
2
(or 1/|x| d−2

2 in d ≥ 3 dimensions).(f ∼ 1
|x|α at |x| → ∞, ∆f ∼ 1

|x|α+2 ).

But 1

|x|
1
2
/∈ Ḣ1(Rd). This is, however, not a problem to run the “ground state substitution”, i.e. g(x) =

|x|1/2f(x). Then ˆ
Rd

|∇f |2 −
ˆ
Rd

1

4|x|2
|f(x)|2 =

ˆ
Rd

|∇g|2 ≥ 0 .

Theorem 1.29 (Perron-Frobenius principle for Schrödinger operator). Assume V ∈ L1
loc(Rd)

and (−∆− V (x))ψ(x) = Eψ(x) holds for a constant E ∈ R and ∀x ∈ Ω ⊂ Rd, ψ(x) > 0. Then

−∆− V (x) ≥ E in L2(Ω) with Dirichlet boundary condition

⇐⇒
ˆ
Ω

|∇φ |2 −
ˆ
Ω

V (x)|φ(x)|2 ≥ E
ˆ
Ω

|φ(x)|2 dx , ∀φ ∈ C∞
c

This theorem can be proved by the same ground state substitution technique, namely ∀φ ∈ C1
c (Ω), define

g(x) = φ(x)
ψ(x) .

⇝ LHS− RHS→
ˆ
|∇g|2 ≥ 0

(exercise)

Trace operator

1D case: We know that H1(R) ⊂ L∞(R), even Hölder continuous. This means that if f ∈ H1(R), f(0)
is completely well-defined.

2D case: H1(R2) ̸⊆ L∞(R2). f |Ω := 1Ωf ∈ L2(Ω) easily makes sense, but f |Ω is not easily defined!
However, this is doable thanks to the trace operator.
In general, if Ω ⊂ Rd, ∂ Ω “smooth enough”, then

∀f ∈ H1(Rd)⇝ f |∂ Ω ∈ L2(∂ Ω)

uniquely defined (exercise).

Ω

∂ Ω, e.g. C1

Theorem 1.30. Define B : S (Rd)→ S (Rd−1) as follows:

φ(x1, . . . , xd) 7→ (B φ)(x2, . . . , xd) = φ(0, x2, . . . , xd)

Then, ∀s ∈ R, the mapping B extends continuously

Hs(Rd)→ Hs− 1
2 (Rd−1) ,

i.e. ∥B φ ∥
Hs− 1

2 (Rd−1)
≤ Cd,s∥φ ∥Hs(Rd).

Proof. Let φ ∈ S (Rd) and for x ∈ Rd, denote x = (x1, . . . , xd) = (x1, x
′), x′ ∈ Rd−1 (k = (k1, k

′)
respectively). Then (B φ)(x′) = φ(0, x′), so

B̂ φ(k′) =

ˆ
Rd−1

e−2πik′·x′
φ(0, x′) dx′ =

ˆ
Rd

e−2πik′·x′
ˆ
R

ˆ
R
e−2πik1·x1 φ(x1, x

′) dx1︸ ︷︷ ︸
Fourier transform in the first variable

dk1 dx
′

Fubini
↓
=

ˆ
R
φ̂(k1, k

′) dk1 .
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Here we used the fact that for f ∈ S (R):
ˆ
R
f̂(k1) dk1 = f(0)

Å
⇐⇒ f̂(0) =

ˆ
R
f(x) dx

ã
.

Consequently:

∥B φ ∥2
Hs− 1

2 (Rd−1)

=

ˆ
Rd−1

(1 + |2πk′|2)s− 1
2 |B̂ φ(k)|2 dk′ ≲

ˆ
Rd−1

(1 + |k′|2)s− 1
2

∣∣∣∣ˆ
R
φ̂(k1, k

′) dk1

∣∣∣∣2 dk′
≤
ˆ
Rd−1

(1 + |k′|2)s− 1
2

∣∣∣∣ˆ
R
φ̂(k1, k

′) dk1

∣∣∣∣2 dk′
≤
ˆ
Rd−1

(1 + |k′|2)s− 1
2

Åˆ
R
(1 + k21 + |k′|2)s|φ̂(k1, k′)|2 dk1

ã ˆ
R
(1 + k21 + |k′|2)−s dk1︸ ︷︷ ︸

≲(1+|k′|2)−s+1
2

dk′ (ok if s > 1
2 )

≲
ˆ
Rd

(1 + k21 + |k′|2)s|φ̂(k, k′)|2 dk1 dk′ = ∥φ ∥2Hs(Rd)

Note, that ˆ
R

1

k21 + 1
dk1

k1=
√
Ly

↓
=

ˆ
R

1

L(1 + y2)

√
Ldy = L− 1

2

Åˆ
R

1

1 + y2
dy

ã
<∞

and similarly, if s > 1
2 : ˆ

R

1

(k21 + L)s
dk1 = cL−s+ 1

2

Thus ∥B φ ∥
Hs− 1

2 (Rd)
≤ Cd,s∥φ ∥Hs(Rd), ∀φ ∈ S (Rd) and s > 1

2 . This allows us to extend the action of

B to all φ ∈ Hs, ∀s > 1
2 . For general s, we need a duality argument (book).

Theorem 1.31 (General domain Ω ⊂ Rd). Assume Ω ⊆ Rd is open, bounded and ∂ Ω is smooth.
Then the trace operator

B : Hs(Ω)→ Hs− 1
2 (∂ Ω)

is well-defined and bounded. Here, Hs(Ω) = {f |Ω | f ∈ Hs(Rd)}.

The smoothness condition on ∂ Ω gives:

∂ Ω
x0

Φ smooth

y0

Since Ω is bounded, ∂ Ω is compact an can be covered by finitely many of those balls. Then apply the
previous trace theory to the flat boundary case.
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2 SOME BASIC EVOLUTION EQUATIONS

2 Some basic evolution equations
7th lecture

2.1 Heat equation ß
∂t f(t, x) = ∆f(t, x), t > 0, x ∈ Rd
f(0, x) = f0(x)

Basic calculation: Take the Fourier transform in x ∈ Rd:®
∂t f̂(t, k) = −|2πk|2f̂(t, k), t > 0, k ∈ Rd

f̂(0, k) = “f0(k)
Then g(t) = f̂(t, k) solves the ODEß

∂t g = −|2πk|2g
g(0) = g0 given

=⇒ g(t) = e−t|2πk|
2

g0

Hence, for k ∈ Rd, t > 0:

f̂(t, k) = e−t|2πk|
2“f0(k) = F−1(e−t|2πk|

2

) · “f0(k) = F−1(e−t|2πk|
2

) ∗ f0(k)

Using that÷e−π|x|2(k) = e−π|k|
2

=⇒ ÿ�e−t|2πx|2(k) = e−π(
√
4πt|x|)2(k) =

1√
4πt

e−π
|k|2
4πt =

1

(4πt)
d
2

e−
|k|2
4t ,

we obtain:

f(t, x) = F−1(e−t|2πk|
2

) ∗ f0(x) =
ˆ
Rd

K(x− y)f0(y) dy =: (et∆)f0(x), K̂(k) = e−t|2πk|
2

Heat kernel: K(x) = 1

(4πt)
d
2
e−

|x|2
4t

Theorem 2.1. (1) For all f0 ∈ S ′(Rd), there exists a unique solution of the heat equation f(t, x) =
(et∆f0)(x). If f0 is regular enough, then

f(t, x) = (et∆f0)(x) =
1

(4πt)
d
2

ˆ
Rd

e−
|x−y|2

4t f0(y) dy ,

e.g. f0 ∈ L2(Rd).

(2) (Smoothing effect) If f0 ∈ Hs0(Rd) for some s0 ∈ R, then ft ∈
⋂
s>0H

s(Rd) ⊂ C∞(Rd).

(3) (Asymptotic behaviour) If f0 ∈ L2(Rd), then ft
t↓0−−→ f0 in L2 and ∥ft∥L2(Rd)

t→∞−−−→ 0.

Proof. (1) Existence: If f0 ∈ L2, then “f0 makes sense and we can run the previous argument. If
f0 ∈ S ′, then we need to be precise with the meaning of solution.

Definition 2.2. We say that the family {f(t, •)}t>0 ⊆ S ′ is a distributional solution of the heat
equation iff ®

∂t ⟨f(t, •), φ⟩S ′,S = ⟨f(t, •),∆φ⟩S ′,S , ∀φ ∈ S (Rd), ∀t > 0

⟨f(0, •), φ⟩S ′,S = ⟨f0, φ⟩S ′,S

Uniqueness: We want to prove that if f0 = 0, then ft ≡ 0 is the unique solution (this is enough
by linearity). This basically follows from the fact®

∂t f̂(t, k) = −|2πk|2f̂(t, k)
f̂(0, k) = 0

=⇒ f̂(t, k) = 0 .
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This is ok, if f is regular enough. For general distributions, this argument can be done by the weak
formulation: For y ∈ Rd, define φy(x) := φ(x − y). Then, the distribution ft ∗ φ̃ := ft ◦ (• ∗ φ) is
given by a Schwartz function, namely gt : y 7→

〈
ft, φy

〉
. The Fourier transfom of gt is given by:

ĝt(ξ) =

ˆ
Rd

〈
ft, φy

〉
e−2πiξ·y dy

Claim:

−|2πξ|2ĝt(ξ) =
ˆ
Rd

〈
ft,∆x φy

〉
e−2πiξ·y dy (∗)

Then: ß
∂t
〈
ft, φy

〉
=
〈
ft,∆φy

〉
, ∀y ∈ Rd

f0 = 0

=⇒
®
∂t ĝt(ξ)

(∗)
= −|2πξ|2ĝt(ξ), ∀ξ ∈ Rd
ĝ0(ξ) = 0

⇐⇒ ĝt = 0 ⇐⇒ gt = 0

We conclude:
〈
ft, φy

〉
= 0, ∀y ∈ Rd, so ⟨ft, φ⟩ = 0, forall φ ∈ S (Rd). Hence f = 0.

Proof of (∗): TODO

(2) ∀t > 0:

∥f(t, •)∥2Hs =

ˆ
Rd

(1 + |2πk|2)s|f̂(t, k)|2 dk =

ˆ
Rd

(1 + |2πk|2)se−2t|2πk|2 |f̂0(k)|2 dk <∞ ,

when
´
Rd(1 + |2πk|2)s0 |f̂0(k)|2 dk <∞ for some s0 ∈ R.

(3) Dominated convergence: f0 ∈ L2:

∥f(t, •)− f0∥2L2 =

ˆ
Rd

|f̂(t, k)− f̂0(k)|2 dk =

ˆ
Rd

|e−t|2πk|
2

− 1|2︸ ︷︷ ︸
|·|<2

|f̂0(k)|2 dk
t→0−−−→ 0

Theorem 2.3 (Tychonoff). The equationß
∂t u(t, x) = ∂2x u(t, x), x ∈ R, t > 0

u(0, x) = 0

has a nontrivial solution

u(t, x) =

∞∑
n=0

∂nt g(t)x
2n

(2n)!
,

where g(t) = e−
1
t2 ∈ C∞(R+).

Proof. Easy step: Assuming, that the series is absolutely convergent for t > 0:

∂t u =

∞∑
n=0

∂n+1
t g(t)x2n

(2n)!

∂2x u =

∞∑
n=0

∂nt g(t)(2n)(2n− 1)x2n−2

(2n)!
=

∞∑
n=1

∂nt g(t)x
2(n−1)

(2(n− 1))!

m=n−1
↓
=

∞∑
m=0

∂m+1
t g(t)x2m

(2m)!

Nontrivial: Why is the series absolutely convergent and why u(t, x)→ 0 as t→ 0?
absolute convergence: Note that:

g(t) = e−
1
t2 , ∂t g = g

Å
− 2

t3

ã
, ∂2t g =

Å
2

t3

ã
+ g

2 · 3
t4

, ∂3t g = −g
Å
2

t3

ã3

+ · · ·
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Lemma 2.4. ∀n ∈ N : ∂nt g(t) = Pn(
1
t )g(t), where Pn is a polynomial of degree 3n and all coefficients

of Pn are bounded by n!3n.

This concludes the (absolute) convergence of the series:

|u(t, x)| ≤
∞∑
n=0

| ∂nt g(t)||x|2n

(2n)!
=

∞∑
n=0

|g(t)|Pn( 1t )||x|
2n

(2n)!

for some
|αn,k|≤n!3ny

=

∞∑
n=0

|g(t)|
∑3n
k=0 αn,k(

1
t )
k||x|2n

(2n)!

≤
∞∑
n=0

3n∑
k=0

n!3n

tk
g(t)
|x|2n

(2n)!

If t > 1, then 1
tk

is bounded by 1 and else by 1
t3n . Hence:

|u(t, x)| ≤


∞∑
n=0

(3n+ 1)n!3ng(t)
|x|2n

(2n)!
, t > 1

∞∑
n=0

(3n+ 1)n!3n

t3n
g(t)
|x|2n

(2n)!
, t ≤ 1

Note that:

(3n+ 1)n!3n

(2n)!
=

≤3n︷ ︸︸ ︷
(3n+ 1) 3n+1

(2n) · · · (n+ 1)︸ ︷︷ ︸
≥n!

≤ 9n

n!

Hence, if t > 1, we have that

|u(x, t)| ≤ g(t)
∞∑
n=0

1

n!
(9|x|2)n = e−

1
t2

+9|x|2

and if t ≤ 1:

|u(x, t)| ≤ g(t)
∞∑
n=0

1

n!

Å
9|x|2

t3

ãn
= e−

1
t2

+
9|x|2

t3

This proves the absolute convergence, but is however not good enough for the convergence u(t, x)
t↓0−−→ 0.

Lemma 2.5. Let (Pn)n∈N be the polynomials from Lemma 2.4. Then, ∀n ∈ N:∣∣∣∣Pn Å1tã∣∣∣∣ ≤ max
0≤k≤n

2n+k(3n)n−k

tn+2k
.

Note that:

g(t) = e−
1

2t2 · e−
1

2t2 = e−
1

2t2 ·

( ∞∑
k=0

1

k!(2t2)k

)−1

≤ k!(2t2)ke−
1

2t2 (∗)

Now, using this Lemma 2.5 and (∗):

|u(x, t)| ≤
∞∑
n=0

max
0≤k≤n

2n+k(3n)n−k

tn+2k
g(t)
|x|2n

(2n)!
≤

∞∑
n=0

max
0≤k≤n

2n+k(3n)n−k

tn+2k
k!(2t2)ke−

1
2t2
|x|2n

(2n)!

Since

max
0≤k≤n

2n+k(3n)n−k

tn+2k
k!(2t2)k =

1

tn
max

0≤k≤n
2n+2k(3n)n−k

≤nk︷︸︸︷
k! ≤ 1

tn
max

0≤k≤n
2n+2k3n−knn ≤ 24nnn

tn
,
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we get

|u(x, t)| ≤
∞∑
n=0

24n

tn
nn

(2n)!︸ ︷︷ ︸
≤ 1

n!

·|x|2ne−
1

2t2 ≤ exp

Å
24|x|2

t
− 1

2t2

ã
t↓0−−→ 0 ∀x

8th lecture

2.2 Schrödinger equationß
i ∂t u(t, x) = ∆u(t, x), t ∈ R, x ∈ Rd

u(0, x) = u0(x)

This is similar to the heat equation ∂t u = ∆u, but for the imaginary time (t ⇝ −it). Therefore
heuristically:

u(x, t) = e−it∆u0(x) ,

since
i ∂t u = i ∂t(e

−it∆u0) = i(−i∆ e−it∆u0︸ ︷︷ ︸
u

) = ∆u .

Theorem 2.6. For any u0 ∈ Hs(Rd), s ∈ R, the Schrödinger equation has a unique solution u(x, t) =
e−it∆u0(x), which satisfies

û(t, k) = eit|2πk|
2

û0(k) =⇒ |û| = |û0|

In particular, if u0 ∈ L1, then

u(t, x) = e−it∆u0(x) =
1

(−4πit) d
2

ˆ
Rd

e
|x−y|2
4πit u0(y) dy . (∗)

Moreover, we have:

• ∥u(t, •)∥Hα = ∥u0∥Hα , ∀α ∈ R. In particular:

α = 0 : ∥u(t, •)∥L2 = ∥u0∥L2 (mass conservation)

α = 1 : ∥u(t, •)∥H1 = ∥u0∥H1 (energy conservation)

• u(t, •) t→0−−−→ u0 in Hs(Rd)

• (Dispersive estimate) If u0 ∈ L2(Rd), then for every ball BR ⊂ Rd:
ˆ
BR

|u(t, x)|2 dx t→∞−−−→ 0 ,

i.e. the mass “escapes to infinity”:

t = 0 t→∞

Proof. If u0 ∈ L1 ∩ L2, then (∗) makes sense and

∥u(t, •)∥L2 = ∥u0∥L2 .

Hence, by a density argument, we can define e−it∆u0 for all u0 ∈ L2 and

|û(t, k)| = |û0(k)| for a.e. k ∈ Rd .
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Then, using the Fourier transform, we can extend the solution e−it∆u0 for all u0 ∈ Ht for any t ∈ R.
This solution is unique, because the Fourier transform is a bijective map on each Sobolev space. The
conservation laws follow by

∥u(t, •)∥2Hα =

ˆ
Rd

(1 + |2πk|2)α |û(t, k)|2︸ ︷︷ ︸
|”u0(k)|2

dk = ∥u0∥2Hα .

The convergence u(t, •) t→0−−−→ u0 follows from the dominated convergence theorem.
Proof of the dispersive estimate (t→∞):

• ∥e−it∆u0∥L2(Rd) = ∥u0∥L2(Rd)

• ∥e−it∆u0∥L∞(Rd) ≤ 1

(4πt)
d
2
∥u0∥L1(Rd), ∀t > 0

Lemma 2.7. If u0 ∈ L2(Rd), then ∀ ε > 0, we can decompose

u0 = a+ b ,

where ∥a∥L2(Rd) ≤ ε and ∥b∥L1(Rd) ≤ Cε.

Proof. exercise

Conclusion of the dispersive bound: Fix BR ⊂ Rd, then
ˆ
BR

|u(t, x)|2 dx =

ˆ
BR

|e−it∆ u0(x)︸ ︷︷ ︸
a+b

|2 dx =

ˆ
BR

|e−it∆a(x) + e−it∆b(x)|2 dx

≤ 2

ˆ
BR

|e−it∆a(x)|2 dx+ 2

ˆ
BR

|e−it∆b(x)|2 dx

≤ 2

ˆ
Rd

|e−it∆a(x)|2 dx+ 2|BR|∥e−it∆b∥2L∞(Rd)

≤ 2∥a∥2L2(Rd) + 2|BR|
1

(4πt)d
∥b∥2L1(Rd)

≤ 2 ε2 +2|BR|
Cε

(4πt)d
∀ ε > 0, t > 0

Hence,

∀ ε > 0 : lim sup
t→∞

ˆ
BR

|u(t, x)|2 dx ≤ 2 ε2 =⇒ lim
t→∞

ˆ
BR

|u(t, x)|2 dx = 0

So far, we considered homogeneous equations, e.g. ∂t u = ∆u or i ∂t u = ∆u. The corresponding
inhomogeneous equations, ∂t−∆u = g or i ∂t u−∆u = g can be solved by Duhamel’s formula. In ODE
we have:

• If for some a ∈ R ß
u′(t) = au(t), t ∈ R
u(0) = u0

, (homogeneous problem)

then u(t) = eatu0 (⇐⇒ (e−atu(t) = u0).

• The inhomogenous problem is ß
u′(t)− au(t) = g(t), t ∈ R

u(0) = u0
.
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Define v(t) = e−atu(t), then

∂t v = ∂t(e
−atu(t)) = −ae−atu(t) + e−atu′(t) = e−at(u′ − au) = e−atg(t)

=⇒ v(t) = v(0) +

ˆ t

0

e−asg(s) ds

=⇒ u(t) = eatv(t) = eatu(0) +

ˆ t

0

ea(t−s)g(s) ds

In case of the Heat equation ∂t u(x, t)−∆u(x, t) = g(t, x), this means:

u(t, x) = et∆u0 +

ˆ t

0

e∆(t−s)g(s, x) ds

We will discuss transport equations:ß
∂t f + v · ∇f +A · f = g(t, x), t ∈ Rd, x ∈ Rd

f(0, x) = f0

Here f(x, t) ∈ Rd, v(t, x) ∈ Rd, A(t, x) ∈ Rd × Rd, g(t, x) ∈ Rd.

2.3 General discussion on ODE

x(t) = x0 +

ˆ t

0

F (s, x(s)) ds
weak formulation←−−−−−−−−−−−

ß
∂t x(t) = F (t, x(t)), t > 0

x(0) = x0

Theorem 2.8 (Cauchy-Lipschitz theorem). If

∃L > 0 ∀x, y : |F (t, x)− F (t, y)| ≤ L|x− y| ,

then there exists a unique solution. Moreover, the solution can be obtained by the Picard method:

xk+1 = x0 +

ˆ t

0

F (s, xk(s)) ds

is a Cauchy sequence and as F is Lipschitz, xk
k→∞−−−−→ x(t).

More general condition:

Definition 2.9 (Osgood). Let I ⊆ R be an open interval. A measure µ : I → [0,∞] is an Osgood
modulus of continuity iff ˆ

I

dr

µ(r)
=∞ .

Idea: Lipschitz means
|F (t, x)− F (t, y)| ≤ µ(|x− y|)

with µ(r) = Lr and
´
I

dr
µ(r) = ∞, if 0 ∈ I. More generally, if µ(r) ≤ r| log r|β with β ≤ 1, then´

I
dr
µ(r) =∞.

Theorem 2.10 (Generalized Cauchy-Lipschitz). Let E be a Banach space and I ⊆ R an open
interval with 0 ∈ I. Consider

x(t) = x0 +

ˆ t

0

F (s, x(s)) ds ,

where x : I × E → E. Assume F ∈ L1
loc(I, Cµ(Ω, E)) where Ω ⊂ E is open and

Cµ(Ω, E) =

u : Ω→ E

∣∣∣∣ ∥u∥Cµ
= ∥u∥L∞ + sup

x,y∈Ω
x ̸=y

∥u(x)− u(y)∥
µ(∥x− y∥)

<∞


and µ is an Osgood modulus of continuity. Then:

∀x0 ∈ Ω, ∃Jopen ⊂ I, 0 ∈ J and ∃! solution x(t) for t ∈ J
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x0

x(t)

Ω ⊆ E

Lemma 2.11 (Osgood). Let ρ : [0, τ ]→ [0, a] be measurable and γ ∈ L1
loc([0, τ ],R+). Let µ : [0, a]→ R+

be continuous, non-decreasing and an Osgood modulus of continuity. Assume for some c:

ρ(t) ≤ c+
ˆ t

0

γ(s)µ(ρ(s)) ds , ∀t ∈ [0, τ ]

Then

M(c)−M(ρ(t)) ≤
ˆ t

0

γ(s) ds ,

where

M(x) =

ˆ a

x

dr

µ(r)
.

Note: M(0) = ∞, and hence if c = 0, then ρ(t) = 0 if |t| small enough. (Recall the Gronwall Lemma:

ρ(t) ≤
´ t
0
ρ(s) ds =⇒ ρ = 0).

Proof. (of Theorem 2.10 assuming Osgood’s Lemma): Uniqueness: Assume x1(t), x2(t) are two solu-
tions. Define δ(t) = x1(t)− x2(t). Then

δ(t) =

ˆ t

0

F (s, x1(s))− F (s, x2(s)) ds

and hence

∥δ(t)∥ ≤
ˆ t

0

∥F (s, x1(s))− F (s, x2(s))∥ ds ≤
ˆ t

0

γ(s)µ(∥x1(s)− x2(s)∥) ds =
ˆ t

0

γ(s)µ(∥δ(s)∥) ds

Here we used F ∈ L1
loc(I, Cµ), so ∥F (s, x)−F (s, y)∥ ≤

L1
loc(I)︷︸︸︷
γ(s) µ(∥x−y∥). Osgoods lemma yields ∥δ(s)∥ = 0

for |s| small enough. Thus
x1(s) = x2(s) , ∀s ∈ J if |J | small, 0 ∈ J

Here
a = max

t∈J
∥x(t)− x0∥

∥δ(s)∥ = ∥x1(s)− x2(s)∥ ≤ ∥x1(s)− x0∥+ ∥x2(s)− x0∥ ≤ a , if s ∈ J .

Existence: Define xk+1 := x0 +
´ t
0
F (s, xk(s)) ds. We prove that {xk} is a Cauchy-sequence, i.e.

supn∈N ∥xk+n − xk∥
k→∞−−−−→ 0. Define

ρk,n(t) := sup
0≤s≤t

∥xk+n(s)− xn(s)∥

27



2 SOME BASIC EVOLUTION EQUATIONS

From the equation:

xk+n+1(t)− xk+1 =

ˆ t

0

(F (s, xk+m(s))− F (s, xk+1(s))) ds

=⇒ 0 ≤ ρk+1,n(t) = sup
0≤s≤t

∥xk+n+1(s)− xk+1(s)∥ ≤
ˆ t

0

γ(s)µ(∥xk+1(s)− xk(s)∥) ds

≤
ˆ t

0

γ(s)µ(ρk,n(s)) ds

=⇒ ρk+1(t) = sup
n≥1

ρk+1,n(t) ≤
ˆ t

0

γ(s) sup
n
µ(ρk,n(s)) ds ≤

ˆ t

0

γ(s)µ(ρk(s)) ds

=⇒ ρ(t) = lim sup
k→∞

ρk(t) ≤
ˆ t

0

γ(s)µ(ρ(s)) ds

=⇒ ρ(t) = 0 , if t ∈ J, |J | small, 0 ∈ J

9th lecture

Proof. (of the Osgood Lemma (Lemma 2.11)): Take g(t) = c+
´ t
0
γ(s)µ(ρ(s)) ds ≥ ρ(t), then

g′(t) = γ(t)µ(ρ(t)) ≤ γ(t)µ(g(t)) (µ ↑)

Consider

∂t(M(g(t)) =M ′(g(t))g′(t) = − 1

µ(g(t))
· g′(t) ≥ −γ(t)

=⇒ M(c)−M(g(t)) = −
ˆ t

0

∂s(M(g(s)) ds ≤
ˆ t

0

γ(s) ds

=⇒ M(c)−M(ρ(t)) ≤
ˆ t

0

γ(s) ds

Theorem 2.12 (Blow-up criterion). Let I ⊆ R be an open interval, 0 ∈ I and µ : I → R an Osgood
modulus of continuity. Assume ∥F (t, x)− F (t, y)∥ ≤ µ(∥x− y∥).

• (Local theory) ∀x0 ∈ Ω∃Jopen, 0 ∈ J ⊂ I such that there exists a unique solution x(t), t ∈ J .

• (Blow-up criterion) Assume additionally

∥F (t, x)∥ ≤ β(t)M(∥x∥) ,

where β ∈ L1
loc, M ∈ L∞

loc. Then the local solution from (i) can be extended uniquely to the maximal
interval J∗ = (T∗, T

∗). Moreover, if T ∗ ∈ I (i.e. T ∗ is not an endpoint of I), then

∥x(t)∥ → ∞ as t ↑ T ∗ .

Similar statement holds for T∗.

Proof. (of the Blow-up criterion) Assume a solution x(t) exists on J = (T∗, T
∗) and T ∗ ∈ I (not an

endpoint case). We prove that there exists a limit x(t)→ x∗ as t ↑ T ∗. We need to show that {x(t)}t↑T∗

is Cauchy:

∥x(t2)− x(t1)∥ =
∥∥∥∥ˆ t2

t1

F (s, x(s)) ds

∥∥∥∥ ≤ ˆ t2

t1

β(t)M(∥x(s)∥︸ ︷︷ ︸
bounded in S<T∗

uniformly in S

) ds ≤ C
ˆ t2

t1

ρ(t) dt
t1,t2↑T∗

−−−−−→ 0

Then using local theory (1), we can extend x(t) with x(T ∗) = x∗, so the solution exists in a larger
domain.
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2.4 Cubic nonlinear Schrödinger equation (NLS)ß
i ∂t u = ∆u+ |u|2u, u = u(t, x), t ∈ R, x ∈ Rd
u(0) = u0 ∈ Hs(Rd)

Theorem 2.13 (1D). For all u0 ∈ H1(R), there exists a local solution u(t) ∈ H1(Rd), i.e ∃T > 0 such
that ∀t ∈ (−T, T ), u(t) ∈ H1(R) is a solution. Furthermore, the blow-up criterion holds.

Proof. Weak formulation: Duhamel formula:

u(t) = e−it∆u0 +

ˆ t

0

e−i(t−s)∆F (u(s)) ds , F (u) = |u|2u

Let us verify the Lipschitz property:∥∥∥e−i(t−s)∆F (u(s))− e−i(t−s)∆F (v(s))
∥∥∥
H1(R)

= ∥F (u(s))− F (v(s))∥H1(R)

≲ ∥u− v∥H1(∥u∥2L∞ + ∥v∥2L∞)

≲ ∥u− v∥H1(∥u∥2H1 + ∥v∥2H1)

=⇒ existence locally and blow up criterion

10th lecture

Easy case: s > d
2 , then there exists a global solution in Hs(Rd), ∀u0 ∈ Hs(Rd). (Hint:

Hs(Rd) ⊂ L∞(Rd) =⇒ ∥|u|2u− |v|2v∥Hs ≲ ∥u− v∥Hs(∥u∥2Hs + ∥v∥2Hs)

exercise: s = d = 1)
Difficult case: s ≤ d

2 : Critical regularity (scaling argument):

u solution =⇒ uλ(t, x) = λ−1u

Å
t

λ2
,
x

λ

ã
also a solution

What is the critical s for the solution? ∥u∥Hscr is invariant under that scaling!

∥uλ∥2Hs ∼ ∥
√
∆x

s
uλ∥2L2 ∼ ∥

1

λs
uλ∥2L2 ∼

ˆ
Rd

1

λ2s+2
|u(•, y)2|dyλd = λd−2s−2∥u∥2Lx

(
t

λ
)

=⇒ d− 2scr − 2 = 0 =⇒ scr =
d− 2

2
<
d

2

Example:  1D : scr = − 1
2

2D : scr = 0
3D : scr =

1
2

Another way: |u|2u is well-defined if u ∈ Hscr (3D: u ∈ H 1
2 , Sobolev ∥u∥L3 ≲ ∥u∥

H
1
2
)

Expectation: If s ≥ scr, there exists a global solution (we only discuss defocusing case +|u|2u). If s < scr,
no!

Theorem 2.14 (d = 3, s = 1). For all u0 ∈ H1(R3), there exists a unique global solution u(t) ∈ H1(R3).
u(t) satisfies the scattering property

∥u(t)− eit∆u±∞∥H1
t→±∞−−−−→ 0

Strichatz estimate:

• ∥eit∆u0∥L2(Rd) = ∥u0∥L2(Rd)
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• ∥eit∆u0∥L∞ ≲
1

|t| d2
∥u0∥L1(Rd)

By interpolation (Riesz-Thorin/complex):

∥eit∆u0∥Lp ≲ t−d(
1
2−

1
p )∥u0∥Lp′ (Rd) , ∀1 ≤ p ≤ ∞,

1

p
+

1

p′
= 1

Definition 2.15.

∥u(t, x)∥Lq
tL

p
x
:= ∥∥u(x, t)∥Lp

x
∥Lq

t
=

Çˆ
R

∣∣∣∣ˆ
Rd

|u(x, t)|p dx
∣∣∣∣ qp dt

å 1
q

Example: (LqtL
p
x)

′ = Lq
′

t L
p′

x (exercise)

Theorem 2.16 (Strichartz). Let d ≥ 1, (q, r) ∈ (2,∞]× [2,∞] admissible pair: 2
q +

d
r = d

2 . Then:

(1)
∥∥eit∆u0∥∥Lq

tL
r
x
≲ ∥u0∥L2(Rd)

(2)
∥∥´

R e−it∆F (t, •) dt
∥∥
L2

x
≲ ∥F∥

Lq′
t L

r′
x

(3)
∥∥´

R ei(t−s)∆F (s, •) ds
∥∥
Lq

tL
r
x
≲ ∥F∥

Lq′
t L

r′
x

(They are all equivalent!)

Proof. Step 1: (1)⇐⇒ (2)⇐⇒ (3): Duality argument!
Easiest duality: |

´
fg| ≤ ∥f∥Lp∥g∥Lp′ , also ∥f∥Lp = sup∥g∥

Lp′≤1 |
´
fg|

We use this for L”
tL

”
x as well.

eit∆u0∥Lq
tL

r
x
≲ ∥u0∥L2 (1)

⇐⇒
〈
F (t, x), eit∆u0

〉
t,x
≲ ∥u0∥L2∥F∥

Lq′
t L

r′
x

⇐⇒
≠ˆ

R
e−it∆F (t, x) dt, u0

∑
x

≲ ∥u0∥L2∥F∥
Lq′

t L
r′
x

(2)

TODO
We will prove (3) using

∥eit∆u0∥Lp(Rd) ≲ t
−d( 1

2−
1
p )∥u0∥Lp′ (Rd)

plus HLS inequality.

Hardy-Littlewood-Sobolev:

Sobolev: 0 < s < d
2 : ∥u∥Lp ≲ ∥u∥Ḣs(Rd), p =

ds
d−2s

⇐⇒ ∥u∥Lp ≲ ∥(−∆)
s
2u∥L2

⇐⇒ TODO

Theorem 2.17 (Hardy-Littlewood-Sobolev). If p, q ∈ (1,∞], 0 < λ < d, 1
p +

1
q +

λ
d = 2:∣∣∣∣¨

R2d

f(x)g(y)

|x− y|λ
dxdy

∣∣∣∣ ≲ ∥f∥Lp∥g∥Lq

proof of (3):

LHS =∥∥
ˆ
R
∥Lr

x
∥Lq

t
≤ ∥

ˆ
R
∥∥Lp

x
∥Lq

t
≤

∥∥∥∥∥
ˆ
R
∥ei(t−s)G(s, x)∥Lr′

x︸ ︷︷ ︸ds
∥∥∥∥∥
Lq(R)

TODO
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Back to the cubic nonlinear Schrödinger equationß
i ∂t u = −∆u+ |u|2u, t ∈ R, x ∈ R3

u0 ∈ H1(R3)

and the proof of of local existence:

Proof. (of Theorem 2.14) Duhamel:

u(t) = eit∆u0 +

ˆ t

0

ei(t−s)∆(|u|2u)(s) ds︸ ︷︷ ︸
=:B(u)(t)

The right space to do the fixed point argument on: Define

∥u∥S0 := ∥u∥L∞
t L2

x
+ ∥u∥L4

tL
3
x

∥u∥S1 = ∥u∥S0 + ∥∇u∥S0

X =
{
u
∣∣ ∥u∥S1 ≤ 2∥u0∥H1

x

}
We prove that B : X → X and then obtain a fixed point B(u) = u for |t| < T and T small. 11th lecture

Claim: If T > 0 is small enough, then B : X → X and ∥Bu− Bv∥S1 ≤ (1− ε)∥u− v∥S1 , ∀u, v ∈ X, for
some ε > 0. This implies the local existence ∃T > 0, ∃u = Bu for time t ∈ [−T, T ].
Proof: By Strichartz

∥eit∆u0∥S1 ≲ ∥u0∥H1

∥∥∥∥ˆ t

0

ei(t−s)∆(|u|2u)(s) ds
∥∥∥∥
S0

= ∥ . . . ∥L∞
t L2

x
+ ∥ . . . ∥

(3)

≲ ∥|u|2u∥L1
tL

2
x
+ ∥|u|2u∥

L
4
3
t L

3
2
x

≲ T∥u∥3L∞
t L6

x
+ T

3
4 ∥u∥3

L∞
t L

q
2
x

≲ T∥∇u∥3L∞
t L2

x
+ T

3
4 ∥u∥L∞

t H1
x

≤ (T + T
3
4 )∥u∥S1

Furthermore,∥∥∥∥∇x ˆ t

0

ei(t−s)∆(|u|2u)(s) ds
∥∥∥∥
S0

∼
∥∥∥∥ˆ t

0

ei(t−s)∆(|u|2∇u)(s) ds
∥∥∥∥
S0

= ∥ · · · ∥L∞
t L2

x
+ ∥ · · · ∥L4

tL
3
x

(3)

≲ ∥(∇u)|u|2∥L1
tL

2
x
+ ∥(∇u)|u|2∥

L
4
3
t L

3
2
x

By a calculation using HLS (TODO):

∥(∇u)|u|2∥L1
tL

2
x
≤ TODO ≤ T 1

3 ∥u∥3S1

and by another calculation (TODO):

∥(∇u)|u|2∥
L

4
3
t L

3
2
x

≲ TODO ≤ T 1
2 ∥u∥3S1

Scaling: ∥u∥L12(R3) ≲ ∥∆u∥L3(R3) + ∥u∥L2(R3) ⇐⇒ ∥u∥L12 ≲ ∥∆u∥θL3∥u∥1−θL2 In summary:

∥Bu∥S1 ≤ ∥eit∆u0∥S1 +

∥∥∥∥ˆ t

0

ei(t−s)∆(|u|2u)(s) ds
∥∥∥∥
S1

≤ C0∥u0∥H1
x
+ ∥C1T

α∥u∥3S1

u∈X
↓
≤ C0∥u0∥Hx

1
+ C1T

α(C∥u0∥H1
x
)3
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for universal constants C0, C1, α > 0. We can take C = C0 +1 and T = T (c0, ∥u0∥H1
x
) > 0 small enough,

such that ∥Bu∥S1 ≤ C∥u0∥H1
x
, i.e. B : X → X.

Contraction property:

∥B(u)−B(v)∥S1 =

∥∥∥∥∥∥∥
ˆ t

0

ei(t−s)∆ |u|2u− |v|2v︸ ︷︷ ︸
∼(u−v)(|u|2+|v|2)

(s) ds

∥∥∥∥∥∥∥
S1

≲ Tα∥u− v∥S1(∥u∥2S1 + ∥v∥2S1)

by the same analysis. Hence, ∀u, v ∈ X:

∥Bu−Bv∥S1 ≲ Tα∥u− v∥S1(C∥u0∥H1)2 ≤ ε ∥u− v∥S1 ,∀u, v ∈ X if T > 0 small enough!

Thus B is a contraction on the complete metric space X, so the fixed point theorem gives the existence
of a fixed point.

Lemma 2.18. If u(t, x) is a local solution of the cubic nonlinear Schrödinger equation, i ∂t u = −∆u+
|u|2u on t ∈ (−T, T ), then:

• Mass conservation: ∥u∥L2
x
= ∥u0∥L2

x
, ∀t ∈ (−T, T )

• Energy conservation: E (u) =
´
R3 |∇u|2 dx+ 1

2

´
R3 |u|4 dx = E (u0)

In particular, these imply that
∥∇u∥2L2

x
+ ∥u∥2L2

x
= ∥u∥2H1

x

is bounded uniformly in time. This helps to get the global existence.

3 Littlewood-Paley theory

Motivation: Decompose f : Rd → C into f =
∑
n∈Z fn, where f̂n(k) = f̂(k)1{2n−1≤|k|≤2n}.

Lemma 3.1 (Bernstein). Let C = {1 ≤ |k| ≤ 2} and supp f̂ ⊂ λC (λC = {λ ≤ |k| ≤ 2λ}).

0

C

2

(1) Let p ∈ [1,∞], then
sup
|α|=n

∥Dαf∥Lp(Rd) ∼ λn∥f∥Lp(Rd) .

(2) Let 1 ≤ p ≤ q ≤ ∞, then

∥f∥Lq(Rd) ≲ λ
d( 1

p−
1
q )∥f∥Lp(Rd) .

Interpretation (heuristically): Since |k| ∼ 1
|x| , |k| ∼ λ ⇐⇒ |x| ∼ λ−1.

Proof. Since supp f̂ ⊂ λC, we have that f̂ = χ̂f̂ = ’χ ∗ f , where χ̂(k) is a smooth function, χ̂(k) = 1 if
k ∈ λC. Thus f = χ ∗ f .

(1) Since Dαf = Dα(χ ∗ f), we have

∥Dαf∥Lp = ∥Dαχ ∗ f∥Lp ≤ ∥Dαχ∥L1∥f∥Lp . (Young inequality)

Here

χ̂(k) = χ̂λ(k) = χ̂1

Å
k

λ

ã
=⇒ χ(x) = χ1(λx)λ

d .
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Hence:

∥Dαχ∥L1 = ∥Dαχ1(λx)λ
d∥L1 = ∥λ|α|(Dαχ1)(λx)λ

d∥L1(dx) = λ|α|∥Dαχ1∥L1 .

Reversely: exercise

(2) For 1 + 1
q = 1

r +
1
p :

∥f∥Lq = ∥χ ∗ f∥Lq

Young
↓
≤ ∥χ∥Lr∥f∥Lp

and

∥χ∥Lr =

Åˆ
Rd

∣∣∣χ1(λx)λ
d
∣∣∣r dxã 1

r

= λ
dr−d

r ∥χ1∥Lr = λd(
1
p−

1
q )∥χ1∥Lr

12th lecture

We want to extend this, i.e. replacing Dα ∼= (2πik)α by a general function:

Lemma 3.2. Assume, supp f̂ ⊂ λC. Take σ : Rd → C such that

|Dασ(k)| ≲α |k|m−|α| , ∀|α| ≤ n = 2

Å
1 +

ï
d

2

òã
for some m ∈ R. Then

∥σ(k)f∥Lp ≲ λm∥f∥Lp , ∀1 ≤ p ≤ ∞

with the notation
σ(k)f = F−1

Ä
σf̂
ä
, i.e. σ(k)f = σ(k)f̂(k) .

Proof. Let χ ∈ C∞
c (Rd), with χ ≡ 1 on {1 ≤ |k| ≤ 2} (and χ ≡ 0 outside say { 12 ≤ |k| ≤ 3}). Observe

σ(k)f̂(k) = σ(k)f̂(k)χ( kλ ), so
σ(k)f(x) = (g ∗ f)(x) ,

where ĝ(k) = σ(k)χ( kλ ). By the Young inequality:

∥σ(k)f(x)∥Lp
x
= ∥g ∗ f∥Lp

x
≤ ∥g∥L1

x
∥f∥Lp

x

We prove that ∥g∥L1
x
≲ λm. The decay of g is related to the smoothness of ĝ, and ĝ is indeed smooth

enough:

(1 + |λx|2)Mg(x) =(1 + |λx|2)M
ˆ
Rd

e2πik·xσ(k)χ

Å
k

λ

ã
dk =

∑
|α|≤2M

ˆ
Rd

cα (2πiλx)
αe2πik·x︸ ︷︷ ︸

λ|α|Dα(e2πik·x)

σ(k)χ

Å
k

λ

ã
dk

partial integrationy
=

∑
|α|≤2M

(−1)αλ|α|
ˆ
Rd

cαe
2πik·xDα

Å
σ(k)χ

Å
k

λ

ãã
dk

By the Leibniz’s formula:

Dα

Å
σ(k)χ

Å
k

λ

ãã
=
∑
β≤α

Ç
α

β

å
Dβσ(k)Dα−β

Å
χ

Å
k

λ

ãã
Using this:∣∣∣∣Dα

Å
σ(k)χ

Å
k

λ

ãã∣∣∣∣ ≲α sup
β≤α

∣∣∣Dβσ(k)
∣∣∣ ∣∣∣∣Dα−β

Å
χ

Å
k

λ

ãã∣∣∣∣ ≲α |k|m−|β|︸ ︷︷ ︸
∼λm−|β|

Å
1

λ

ã|α−β|
|Dα−βχ

Å
k

λ

ã
︸ ︷︷ ︸

supp⊂{3λ≥|k|≥λ
2 }

|

≲α λ
m−|α|1{λ

2 ≤|k|≤3λ}
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Thus:

|(1 + |λx|2)Mg(x)| ≲
∑

|α|≤2M

ˆ
Rd

λ|α|λm−|α|1{λ≤|k|≤2λ} dk = λm+d ,

i.e.

|g(x)| ≲ λm+d

(1 + |λx|2)M
.

Then

∥g∥L1 ≤
ˆ
Rd

λm+d

(1 + |λx|2)M
dx = λm

ˆ
Rd

1

(1 + |y|2)M
dy ≲ λm ,

if 2M = n = 2(1 + [d2 ]) > d.

Lemma 3.3 (Smoothing effect of the heat equation). Assume supp f̂ ⊂ λC. Then

∥et∆f∥Lp(Rd) ≲ Ce
−ctλ2

∥f∥Lp(Rd) , ∀t > 0

for some C, c > 0.

Proof. Let χ ∈ C∞
c (Rd) with χ ≡ 1 on C and suppχ ⊆ { 12 ≤ |k| ≤ 3}. Then÷e−t∆f(k) = et|2πk|

2

f̂(k) = e−t|2πk|
2

χ

Å
k

λ

ã
f̂(k) ,

so

(et∆f)(x) = (g ∗ f)(x), ĝ(k) = e−t|2πk|
2

χ

Å
k

λ

ã
where ĝ(k) = e−t|2πk|

2

χ
(
k
λ

)
. Thus, by the Young inequality, we obtain

∥et∆f∥Lp
x
≤ ∥g∥L1

x
∥f∥Lp

x
.

We have:

(1 + |λx|2)Mg(x) =
∑

|α|≤2M

ˆ
Rd

cα (2πiλx)
αe2πik·x︸ ︷︷ ︸

Dα
k (e2πik·x)

e−t|2πk|
2

χ

Å
k

λ

ã
︸ ︷︷ ︸

ĝ(k)

dk

=
∑
α≤2M

(−1)αcαλ|α|
ˆ
Rd

e2πik·xDα
k ĝ(k) dk

By the Leibniz formula:

|Dαg(k)| ≲ sup
β≤α

∣∣∣∣Dβ
Ä
e−t|2πk|

2
ä
Dα−β

Å
χ

Å
k

λ

ãã∣∣∣∣
inductively
by product-

and chain rule
↓
≲ sup

β≤α

(1 + t|k|2)|β|

|k||β|
e−t|2πk|

2

Å
1

λ

ã|α|−|β| ∣∣∣∣Dα−βχ

Å
k

λ

ã∣∣∣∣︸ ︷︷ ︸
supp⊆λ

2 ≤|k|≤3λ

≲ sup
β≤α

1 + tλ2

λ|β|
λ|β|−|α|e−ctλ

2

1{λ≤|k|≤3λ}

so

(1 + |λx|2)M |g(x)| ≲ sup
β≤α

|α|≤2M

λ|α|

λ|β|
λ|β|−|α|(1 + tλ2)|β|e−ctλ

2

λd ≲ sup
β≤α

|α|≤2M

λd(1 + tλ2)|β|ectλ
2

.
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Thus:

∥g∥L1
x
≲
Åˆ

Rd

1

(1 + |λx|2)M

ã
︸ ︷︷ ︸

λ−d

sup
β≤α

|α|≤2M

λd(1 + λ2t)|β|e−ctλ
2

≲ sup
β≤α

|α|≤2M

(1 + λ2t)|β|e−ctλ
2

This completes the prove, since

(1 + λ2t)|β|e−
c
2 tλ

2

≲β 1

uniformly in t and λ.

Corollary 3.4. If ß
∂t u(x, t)−∆u(x, t) = 0, t > 0

u(x, t) = u0(x), t = 0

and supp û0 ⊆ λC, then
∥u∥Lq

tL
b
x
≲ λ−

2
q ∥u0∥Lb ∀b, q ∈ [1,∞] .

Proof. By Lemma 3.3

∥u∥Lb
x
= ∥et∆u0∥Lb

x
≲ e−ctλ

2

∥u0∥Lb
x
,

so

∥u∥Lq
tL

b
x
≲ ∥u0∥Lb

x
∥e−ctλ

2

∥Lq
t
= ∥u0∥Lb

x

Çˆ
R+

(e−ctλ
2

)q
å 1

q

︸ ︷︷ ︸
=
(´

R+
e−cs ds

λ2

) 1
q ∼λ− 2

q

More generally, if 1 ≤ a ≤ b ≤ ∞:

∥u∥Lq
tL

b
x
≲ λ−

2
q+d(

1
a− 1

b )∥u0∥Lq
x

by the Bernstein Lemma.
13th lecture

Motivation: Functions in Lp, Hs = W s,2, W s,p have some regularity. The homogenous functions 1
|x|λ ,

λ ∈ (0, 1) are in no Lp space.

Lp ⇝ Lp,q (Lorentz space) :
1

|x|d
∈ L1,∞ weak L1

Hs ⇝ Bsp,q (Besov space)

Definition 3.5 (Dyadic decomposition of unity). Let C be the annulus { 12 < |k| < 5
2}, then

∃φ ∈ C∞
c (C), such that ∑

j∈Z
φ(2−jk) = 1 ∀k ∈ Rd \ {0} .

0− 5
2 − 1

2
1
2 1 2−1−2 5

2

This is a smooth version of 1 =
∑
j∈Z 1{2j−1 ≤ |k| < 2j}, ∀k ̸= 0.

Proof. Let φ̃ ∈ C∞
c (C) such that φ̃ ≡ 1 on {1 ≤ |k| ≤ 2}. Define:

S(k) =
∑
j∈Z

φ(2−jk) .

Then:
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• S(k) is well-defined. It is easy, since ∀k ̸= 0, the rhs is just a finite sum.

• S(k) > 0, ∀k, since φ̃ ≡ 1 on {1 ≤ |k| ≤ 2}.

• S(2−Nk) = S(k), ∀N ∈ Z

Then we define φ = φ̃
S .

Remark 3.6. Littlewood-Paley decomposition:

∥f∥2L2(Rd) = ∥f̂∥
2
L2(Rd) =

∑
j

∥∥∥»φ(2−jk)f̂(k)∥∥∥2
L2(Rd)

This can be generalized to Lp-spaces! We will study the decomposition

f =
∑
j

φ(2jk)f

in the general situation (f ∈ S ′).

Lemma 3.7. Let {uj}j∈N such that supp “uj ⊂ 2jC, ∀j and ∃N such that {2−jN∥uj∥L∞}j∈N is bounded.
Then

∑
j∈N uj converges in S ′(Rd).

Proof. Since supp “uj ⊆ 2jC:“uj = φ(2−jk) = “uj
=⇒ uj(x) = φ̌(2−jk) ∗ uj(x) = 2−jn

∑
|α|=n

gα(2
−jk) ∗Dα

xuj(x) , ∀n ∈ N

We want to define the limit
∑
j∈N ⟨uj , φ⟩ for any φ ∈ S (Rd). We can write

⟨uj , φ⟩S ′,S = 2−jn
∑
|α|=n

〈
gα(2

−jk) ∗Dα
xuj , φ

〉
S ′,S

= 2−jn
∑
|α|=n

¨
gα(2

−jk) ∗ uj , (−1)|α|Dα φ
∂

S ′,S
,

so
| ⟨uj , φ⟩S ′,S | ≤ 2−jn

∑
|α|=n

∥gα(2−jk)∥L1
x︸ ︷︷ ︸

≤ Cn

∥uj∥L∞
x︸ ︷︷ ︸

≲ 2jN

∥Dα φ ∥L1
x
≤ Cn2−j(n−N) sup

|α|=n
∥Dα φ ∥L1 .

Taking n > N , gives that {⟨uj , φ⟩S ′,S } decays L1 exponentially in j. Hence
∑
j ⟨uj , φ⟩ converges to

⟨T, φ⟩, ∀φ ∈ S (Rd). From the proof:

|T (φ)| =

∣∣∣∣∣∣∑j ⟨uj , φ⟩
∣∣∣∣∣∣ ≤ CN2−j sup

|α|=n=N+1

∥Dα φ∥L1 , ∀φ ∈ S (Rd)

so T ∈ S ′(Rd) with order N + 1.

Definition 3.8. S ′
h(Rd) ⊂ S ′(Rd) is the subset containing f ∈ S ′(Rd) such that

lim
λ→∞

∥θ(λk)f∥L∞
x (Rd) = 0 , where θ(λk)f(k) = θ(λk)f̂(k) ,

holds for some θ ∈ C∞
c , such that θ(0) ̸= 0, i.e.

S ′
h(Rd) =

{
f ∈ S ′(Rd)

∣∣ ∃θ ∈ C∞
c (Rd) , θ(0) ̸= 0 : lim

λ→∞
∥θ(λk)f∥L∞

x (Rd) = 0
}
.

Heuristically, this allows us to avoid the situation, where f̂(k) = δk.

Example 3.9. (1) If f is a (nonzero) polynomial, then f /∈ S ′
h(Rd).

36



3 LITTLEWOOD-PALEY THEORY

(2) If f̂ ∈ L1
loc(Rd), then f ∈ S ′

h(Rd).

(3) If 0 < λ < d, then 1
|x|λ ∈ S ′

h(Rd), since
1̂

|x|λ ∼
1

|k|d−λ ∈ L1
loc(Rd).

Definition 3.10 (Homogeneous Besov space). Let s ∈ R, p, r ∈ [1,∞]. Define Ḃsp,r ⊂ S ′
h with

∥f∥Ḃs
p,r

:=


Ñ∑
j∈Z

2rjs∥φ(2−jk)f∥rLp
x

é 1
r

, r ∈ [1,∞)

sup
j∈Z

2js∥φ(2−jk)f∥Lp , r =∞

 =
(
2js∥φ(2−jk)f∥Lp

)
ℓr(Z)

Remark 3.11. ∀j ∈ Z, Ÿ�φ(2−jk)f is supported in 2jC. Hence, by the Bernstein lemma:

2js∥φ(2−jk)f∥Lp ∼ sup
|α|=s

∥Dα(φ(2−jk)f)∥Lp if s ∈ N

Hence, we can think of Ḃsp,r as a variant of Ẇ s,p(Rd) = {sup|α|=s ∥Dαf∥Lp <∞}. Rigorously, the norm

Ḃs2,2 is equivalent to the seminorm of Ḣs(Rd). If |s| < d
2 , then Ḃ

s
2,2 = Ḣs(Rd) is a Hilbert space.

Lemma 3.12. The space Ḃsp,r is a normed space.

Proof. It is easy to see that ∥f∥Ḃs
p,r

is a seminorm! Assume ∥f∥Ḃs
p,r

= 0, then

φ(2−jk)f = 0 , ∀j ∈ Z

=⇒ φ(2−jk)f̂(k) = 0 , for a.e. k, ∀j ∈ Z

=⇒ f̂(k) = 0 for a.e. k .

The only dangerous possibility is f̂(k) ∼ δk, but it is ruled out by f ∈ S ′
h. Thus f = 0. Hence Ḃsp,r is a

normed space.

Lemma 3.13. Take N ∈ N, f ∈ S ′
h. Then ∥u∥Ḃs

p,r
= 2N(s− d

p )∥uN∥Ḃs
p,r

, where uN (x) = u(2Nx).

Proof. uN (x) = u(2Nx), so ”uN (k) = 2−dN û(2−Nk). Hence:

∥un∥Bs
2,r

=

Ñ∑
j∈Z

2rjs∥φ(2−jk)uN∥rL2
x

é 1
r

=

Ñ∑
j∈Z

2rjs
Åˆ

Rd

∣∣∣φ(2−jk)2−dN û(2−Nk)∣∣∣2 dkãré 1
r

=

Ñ∑
j∈Z

2rjs
Åˆ

Rd

∣∣∣φ(2−j2Nξ)2−dN û(ξ)∣∣∣2 2dN dξ

ã r
2

é 1
r

l:=j−N
↓
= 2−

dN
2

Ñ∑
l∈Z

2r(l+N)s︸ ︷︷ ︸
2rNs2rls

Åˆ
Rd

∣∣∣φ(2−lξ)û(ξ)∣∣∣2 dξã r
2

é 1
r

= 2N(s− d
2 )∥u∥Ḃs

2,r
=
(
2N(s− d

p )∥u∥Ḃs
p,r

) ∣∣
p=2

Exercise: general case p ∈ [1,∞]

Lemma 3.14 (Sobolev type). Let 1 ≤ p1 ≤ p2 ≤ ∞, 1 ≤ r1 ≤ r2 ≤ ∞. Then

Ḃsp1,r1 ⊂ Ḃ
s−d( 1

p1
− 1

p2
)

p2,r2

with continuous embedding.
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This is a variant of the Sobolev embedding theorem Ẇ s,2(Rd) = Ḣs(Rd) ⊂ Lp(Rd) = Ẇ 0,p(Rd).

Proof. Take r1 = r2 =: r for simplicity. Then:

∥φ(2−jk)︸ ︷︷ ︸
supp⊆2jC

f∥Lp2

Bernstein
↓
≲ 2−jd(

1
p1

− 1
p2

)∥φ(2−jk)f∥Lp1

Thus:

∥f∥r
Ḃ

s−d( 1
p1

− 1
p2

)

p2,r

=
∑
j∈Z

2rj(s−d(
1
p1

− 1
p2

))∥φ(2−jk)f∥rLp2

≲
∑
j∈Z

2rjs2−rjd(
1
p1

− 1
p2

)2rjd(
1
p1

− 1
p2

)∥φ(2−jk)f∥rLp1

= ∥f∥Ḃs
p1,r

If r1 < r2, we also need to use that ℓr1(Z) ⊂ ℓr2(Z) with continuous embedding.

Lemma 3.15. Let 0 < λ < d. Then

f(x) =
1

|x|λ
∈ Ḃ

d
p−λ
p,∞ , ∀p ∈ [1,∞] .

Proof. By Sobolev (Lemma 3.14), Ḃ
d
p−λ
p,∞ ⊃ Ḃd−λ1,∞ , ∀p ∈ [1,∞], so it suffices to prove this for p = 1.

Consider
∥f∥Ḃd−λ

1,∞
= sup

j∈Z
2j(d−λ)∥φ(2−jk)f∥L1(Rd)

Key point: x 7→ f(x) is homogeneous:

f(tx) = t−λf(x) =⇒ f̂(tk) = t−dtλf̂(k)

And hence

∥φ(2−jk)f∥L1(Rd
x)

=

ˆ
Rd

∣∣∣∣ˆ
Rd

φ(2−jk)f̂(k)e2πik·x dk

∣∣∣∣ dx
=

ˆ
Rd

∣∣∣∣ˆ
Rd

φ(k) f̂(2jk)︸ ︷︷ ︸
2−j(d−λ)f̂(k)

e2πi2
jk·x2jd dk

∣∣∣∣dx
=

ˆ
Rd

2jλ
∣∣∣∣ˆ

Rd

φ(k)f̂(k)e2πi2
jk·x dk

∣∣∣∣dx
=

ˆ
Rd

2jλ2−jd
∣∣∣φ(k)f̂(k)e2πik·x∣∣∣ dx = 2−j(d−λ)∥φ(k)f∥L1

x

=⇒ ∥f∥Ḃd−λ
1,∞

= ∥φ(k)f∥L1
x
<∞ .

5th Tutorial

Theorem (Hardy-Littlewood-Sobolev).∣∣∣∣¨
Rd×Rd

f(x)g(y)

|x− y|λ
dxdy

∣∣∣∣ ≤ C∥f∥Lp∥g∥Lq ,

where C = C(p, q, λ, d), 1
p +

1
q +

λ
d = 2 and p, q ∈ (1,∞), λ ∈ (0, d).
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This is equivalent to

sup
∥g∥Lq

∣∣∣∣ˆ
Rd

Å
f ∗ 1

|x|λ

ã
g dx

∣∣∣∣ ≤ C∥f∥Lp ⇐⇒
∥∥∥∥f ∗ 1

|x|λ

∥∥∥∥
Lq′
≤ C∥f∥Lp

For 1 + 1
q′ =

1
p +

1
r (hence r ↔ d

λ ):

∥f ∗ h∥Lq′ ≤ ∥f∥Lp∥h∥Lr (Young’s inequality)

Actually, 1
|x|λ ∈ L

d
λ
w (Rd) (weak L

d
λ space).

w ∈ Lrw(Rd) :=
ß
w | sup

s>0
s|{|w| > s}| 1r <∞

™
w ∈ Lr(Rd) =⇒

ˆ
Rd

|w|r dx <∞ =⇒ r

ˆ ∞

0

λr−1

Åˆ
1{|w|>λ} dk

ã
dλ <∞

Also for q′, p, r ∈ (1,∞):

∥f ∗ h∥Lq′ ≤ C∥f∥Lp∥h∥Lr
w

(Weak Young’s inequality)

Proof. (of HLS) By the Layer-Cake representation for f, g ≥ 0:

f(x) =

ˆ ∞

0

1f(x)>a da

g(y) =

ˆ ∞

0

1g(y)>b db

1

|z|λ
=

ˆ ∞

0

1 1

|z|λ
<c dc = λ

ˆ ∞

0

1

cλ+1
dc

Thus (set z = x− y):
ˆ
Rd

ˆ
Rd

f(x)g(x)

|x− y|λ
dxdy = λ

ˆ ∞

0

ˆ ∞

0

ˆ ∞

0

da dbdc

ˆ
Rd

ˆ
Rd

dx dy
1f(x)>a1g(y)>b1|x−y|>c

cλ+1︸ ︷︷ ︸
=:I(a,b,c)

Main estimate:

1f(x)>a1g(y)>b1|x−y|>c

=⇒ I(a, b, c) ≤ 1

cλ+1
u(a)u(b)

where u(a) =
´
Rd 1f(x)>a dx, v(b) =

´
Rd 1g(y)>b dy, w(c) =

´
Rd 1|z|<c dz ∼ cd. Similarly:

I(a, b, c) ≤ 1

cλ+1
min(u(a)v(b), u(a)w(c), v(b)w(c)) =

1

cλ+1

u(a)v(b)w(c)

max(u(a), u(b), u(c))

We need to bound ˆ ∞

0

ˆ ∞

0

ˆ ∞

0

cd−λ−1 u(a)v(b)

max(u(a), v(b), w(c))
dadbdc .

Assume

1 = ∥f∥pLp = p

ˆ ∞

0

ap−1|{f > a}|da = p

ˆ ∞

0

ap−1u(a) da

1 = ∥g∥qLq = · · · = q

ˆ ∞

0

bq−1v(b) db
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It suffices to assume u(a) ≥ v(b). Then on that domain:

T1 ≤
˚

cd−λ−1 u(a)v(b)

max(u(a), cd)
dadbdc

Let’s do the c-integration:

ˆ ∞

0

cd−λ−1 1

max(u(a), cd)
dc =

ˆ u(a)
1
d

0

cd−λ−1 1

u(a)
dc ∼ (cd−λ)

∣∣∣∣
c=u(a)

1
d

1

u(a)

= u(a)−
λ
d +

ˆ ∞

u(a)
1
d

cd−λ−1 1

cd
dc ∼ (c−λ)

∣∣∣∣
c=u(a)

1
d

= u(a)−
−λ
d

Hence:

T1 ≤
ˆ ∞

0

ˆ ∞

0

u(a)1−
λ
d v(b) dadb

Try Hölder:

ˆ bα

0

u(a)1−
λ
d da ≤

Åˆ
ap−1u(a) da

ã1−λ
d

Çˆ bα

0

aβ
åλ

d

≲
Å
(aβ+1)

∣∣∣∣
a=bα

ãλ
d

= bα(β+1)λ
d

=⇒
¨
a<bα

u(a)1−
λ
d v(b) da db ≲

ˆ
bq−1v(b) db ≲ 1

¨
a>bα

u(a)1−
λ
d v(b) da db =

¨
b<a

1
α

u(a)1−
λ
d v(b) dadb ≤

¨
b<a

1
α

u(a)v(b)1−
λ
d dadb

Hölder:

ˆ
b<a

1
α

v(b)1−
λ
d db ≤

Åˆ
bq−1v(b) db

ã1−λ
d

Ñˆ a
1
α

0

bγ

éλ
d

≲ a
1
α (γ+1)λ

d ap−1

=⇒
¨
a>bα

u(a)1−
λ
d v(b) da db ≲

ˆ
ap−1u(a) da ≲ 1

14th lecture

Lemma 3.16 (Interpolation). If s1 < s2 ∈ R, θ ∈ (0, 1), p, r ∈ [1,∞],

∥u∥Ḃsθ
p,r
≤ ∥u∥θ

Ḃ
s1
p,r
∥u∥1−θ

Ḃ
s2
p,r
, sθ = θs1 + (1− θ)s2

Proof. This is equivalent to(
2jsθ∥φ(2−jk)u∥Lp

)
ℓr(Z) ≤

(
2js1∥φ(2−jk)u∥Lp

)θ
ℓr(Z)

(
2js2∥φ(2−jk)u∥Lp

)1−θ
ℓr(Z) .

Note that
2jsθ = (2js1)θ · (2js2)1−θ = 2j(θs1+(1−θ)s2) ,

so

(LHS)r =
∑
j∈Z

2jsθ∥φ(2−jk)u∥rLp =
∑
j∈Z

(
2js1∥φ(2−jk)u∥rLp

)θ (
2js2∥φ(2−jk)u∥rLp

)1−θ
Hölder

↓
≤

Ñ∑
j∈Z

. . .

éθÑ∑
j∈Z

. . .

é1−θ

= (RHS)r .
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Remark 3.17. (i) Ḃsp,r is a normed space, but not necessarily a Banach space. Actually, if s > d
p (or

s = d
p and r > 1), then Ḃsp,r is not complete.

(ii) By the Bernstein Lemma 3.1:

supp f̂ ⊂ λC =⇒ ∥Dαf∥Lq ≲ λ|α|+d(
1
p−

1
q )∥f∥Lp ,

in particular for α = 0, q =∞:

∥φ(2−jk)f∥L∞ ≲ 2j
d
p ∥φ(2−jk)f∥Lp (∗)

If s < d
p and f ∈ Ḃsp,r, then

∞ >
∑
j∈Z

2rjs∥φ(2−jk)f∥rLp ≥
∑
j∈Z

2js∥φ(2−jk)f∥Lp ≥
∑
j<0

2js∥φ(2−jk)f∥Lp

≥
∑
j<0

2j
d
p ∥φ(2−jk)f∥Lp

(∗)
≳
∑
j<0

∥φ(2−jk)f∥L∞ ,

so
∑
j<0 φ(2

−jk)f is convergent in L∞. Hence
∑
j∈Z φ(2

−jk)f ∈ S ′
h(Rd): Let ε > 0 and choose

N ∈ N such that ∥
∑
j≤−N φ(2

−jk)f∥L∞ < ε. Then∥∥∥∥∥∥θ(λk)
∑
j∈Z

φ(2−jk)f

∥∥∥∥∥∥
L∞

≤

∥∥∥∥∥∥θ(λk)
∑

−N<j
φ(2−jk)f

∥∥∥∥∥∥
L∞

+

∥∥∥∥∥∥θ(λk)
∑
j≤−N

φ(2−jk)f

∥∥∥∥∥∥
L∞

,

where ∥∥∥∥∥∥θ(λk)
∑
j≤−N

φ(2−jk)f

∥∥∥∥∥∥
L∞

Young
↓
≤ ∥F−1(θ(λk))∥L1︸ ︷︷ ︸

ind. of λ

∥∥∥∥∥∥
∑
j≤−N

φ(2−jk)f

∥∥∥∥∥∥
L∞

≲ ε .

For the low-frequency part, we may choose λ large enough, such that

supp (θ(λ•)) ∩ supp

Ñ ∑
−N<j

φ(2−j•)

é
= ∅ .

Similarly, if s = d
p and r = 1, the same holds.

Theorem 3.18. Let s1, s2 ∈ R, p1, p2, r1, r2 ∈ [1,∞]. Assume

s1 <
d

p1
or

Å
s1 =

d

p1
and r1 = 1

ã
then

• Ḃs1p1,r1 ∩ Ḃ
s2
p2,r2 is a Banach space with ∥u∥Bs1

p1,r1
+ ∥u∥Ḃs2

p2,r2
.

• Fatou property: If {un}n is bounded in Ḃs1p1,r1 ∩ Ḃ
s2
p2,r2 , then up to a subsequence, un → u in S ′

with u ∈ S ′
h and u ∈ Ḃs1p1,r1 ∩ Ḃ

s2
p2,r2 and

∥u∥Ḃs1
p1,r1

∩Ḃs2
p2,r2

≤ C lim inf
n→∞

∥un∥Ḃs1
p1,r1

∩Ḃs2
p2,r2

.

Lemma 3.19. Assume supp ûj ⊂ 2jC, C an annulus, (2js∥uj∥Lp)ℓr(Z) is finite and
∑
j∈Z uj = u in S ′

and u ∈ S ′
h. Then u ∈ Ḃsp,r and ∥u∥Ḃs

p,r
≤ C(2js∥uj∥Lp)ℓr(Z)
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Proof. Observe that φ(2−j
′
k)uj = 0, if |j′ − j| ≥ C. Thus:

∥∥∥φ(2−j′k)u∥∥∥
Lp

=

∥∥∥∥∥∥
∑

|j′−j|≤C

φ(2−j
′
k)uj

∥∥∥∥∥∥
Lp

≤
∑

|j′−j|≤C

∥∥∥φ(2−j′k)uj∥∥∥
Lp
≲

∑
|j′−j|≤C

∥uj∥Lp

=⇒ 2sj
′
∥φ(2−j

′
k)u∥Lp ≲

∑
|j′−j|≤C

2sj
′︸︷︷︸

≲2sj

∥uj∥Lp

=⇒
∑
j′∈Z

2sj
′r∥φ(2−j

′
k)u∥rLp ≲

∑
j′∈Z

Å ∑
|j−j′|≤C

2sj∥uj∥Lp

ãr
≲
∥∥2sj∥uj∥Lp

∥∥r
ℓr(Z)

Proof of Theorem 3.18. Fatou property: Let {un}n ⊆ Ḃs1p1,r1 ∩ Ḃ
s2
p2,r2 be bounded.

∀j: {φ(2−jk)un}n
Cantor diagonal−−−−−−−−−−−−−−−→

up to subsequence of un

ũj , supp “̃uj ⊂ 2jC, where

∥ũj∥Lp ≤ lim inf
n→∞

∥φ(2−jk)un∥Lp .

Then we define u =
∑
j∈Z ũj . The condition s1 <

d
p1

(or s1 = d
p1

and r1 = 1) gives
∑
j<0 ũj is convergent

in L∞, so u ∈ S ′
h (see Remark 3.17(ii)). Applying Lemma 3.19:

ε ∈ {1, 2} : ∥u∥Ḃsε
p2,r2

≤ C∥2jsε∥ũj∥Lpε∥ℓrε (Z) ≤ C lim inf
n→∞

∥2jsε∥φ(2−jk)un∥Lp∥ℓrε (Z)

Completeness follows from the Fatou property.
15th lecture

Remark 3.20. This implies, that Ḃsp,r is a Banach space if s < d
p or s = d

p and r = 1.

Theorem 3.21. ∀p, q ∈ [1,∞], p ≤ q, then

Ḃ
d( 1

p−
1
q )

p,1 (Rd) ⊂ Lq(Rd) .

Moreover, if p <∞ = q:

Ḃ
d
p

p,1 ⊂ C0(Rd) = {f : Rd → C continuos and vanishing at ±∞}

Remark 3.22. We proved Sobolev Ḃsp,r1 ⊂ Ḃ
s−d( 1

p−
1
q )

q,r2 if p ≤ q, r1 ≤ r2. But Ḃ0 is quite complicated.

Proof. Take u ∈ Ḃd(
1
p−

1
q )

p,1 (Rd), then u =
∑
j∈Z φ(2

−jk)u and

∥u∥Lq(Rd) = ∥
∑
j∈Z

φ(2−jk)u∥Lq(Rd) ≤
∑
j∈Z
∥φ(2−jk)u∥Lq(Rd)

Bernstein
↓
≤

∑
j∈Z

2jd(
1
p−

1
q )∥φ(2−jk)u∥Lp(Rd)

= ∥u∥Ḃs
p,1

with s = d( 1p −
1
q ).

Theorem 3.23. ∀p ∈ [1,∞], Lp(Rd) ⊂ Ḃ0
p,∞(Rd). When p = 1, we even have M(Rd) ⊂ Ḃ0

1,∞(Rd),
whereM(Rd) is the set of bounded measures on Rd.

Proof. Take u ∈ Ḃ0
p,∞(Rd) then

∥u∥Ḃ0
p,∞

= sup
j∈Z
∥φ(2−jk)u∥Lp(Rd)
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Note φ(2−jk)u(x) = Gj ∗ u(x), where Ĝj(k) = φ(2−jk), hence Gj(x) = 2jdG(2jx), ∥Gj∥L1 = ∥G∥L1 . By
Young’s inequality:

∥φ(2−jk)u∥Lp = ∥Gj ∗ u∥Lp ≤ ∥Gj∥L1∥u∥Lp ≲ ∥u∥Lp

uniformly in j.
=⇒ ∥u∥Ḃ0

p,∞
≲ ∥u∥Lp

When p = 1:
∥φ(2−jk)u∥Ḃ0

1,∞
= sup

j
∥Gj ∗ u∥L1 ≤ ∥Gj∥L1∥u∥M ≲ ∥u∥M

Theorem 3.24. Let s > 0, p, r ∈ [1,∞]. Then

∥u∥Ḃ−2s
p,r
∼
∥∥∥tset∆u∥Lp

x

∥∥
Lr(R+,

dt
t )
.

Proof. Case 1 (r =∞): In this case,

∥u∥Ḃ−2s
p,r

= sup
j∈Z

4−j∥φ(2−jk)u∥Lp .

Consider

ts∥et∆u∥Lp
x
= ts∥et∆

∑
j∈Z

φ(2−jk)u∥Lp
x
≤
∑
j∈Z

ts∥et∆ φ(2−jk)u︸ ︷︷ ︸
=:uj ,

supp ûj⊂2jC

∥Lp
x

Lemma 3.3y
≲
∑
j∈Z

tse−ct4
j

∥φ(2−jk)u∥Lp

≤

Ñ∑
j∈Z

ts4jse−ct4
j

é
︸ ︷︷ ︸

=: (∗)

sup
j∈Z

4−js∥φ(2−jk)u∥Lp︸ ︷︷ ︸
=∥u∥

Ḃ
−2j
p,∞

Note that (∗) ≲s 1 (c universal), since (j ⇝ x ∈ R):
ˆ
R
ts4xse−ct4

x

dx ∼
ˆ
R
tsexse−cte

x

dx =

ˆ
R+

tsyse−cty
dy

y
=

ˆ
R+

ts
( z
ct

)s
e−z

dz

z

=
1

cs

ˆ
R+

zs−1e−z dz =
1

cs
Γ(s)

Let us consider the reverse inequality. Note that:

Γ(γ + 1) =

ˆ ∞

0

tγe−t dt =

ˆ ∞

0

tγaγ+1e−ta dt , ∀a > 0 .

Hence, the functional calculus yields:

Γ(γ + 1) =

ˆ ∞

0

tγ(−∆)γ+1et∆ dt

Thus

φ(2−jk)u =
1

Γ(s+ 1)

ˆ ∞

0

ts(−∆)s+1et∆ φ(2−jk)udt ,
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so

sup
j∈Z

4−js∥φ(2−jk)u∥Lp = sup
j∈Z

4−js
1

Γ(s+ 1)

∥∥∥∥ˆ ∞

0

ts(−∆)s+1et∆ φ(2−jk)udt

∥∥∥∥
Lp

≲ sup
j∈Z

4−js
ˆ ∞

0

ts4j(s+1)e−c+4j∥e t∆
2 u∥Lp dt

≲ sup
j∈Z

Åˆ ∞

0

4je−ct4
j

dt

ã
︸ ︷︷ ︸

=
´∞
0
ze−z

sup
t>0

ts∥e t∆
2 u∥Lp

≲ sup
t>0

ts∥e t∆
2 u∥Lp ≲s sup

t>0
ts∥et∆u∥Lp .

Case 2 (r <∞): We have

ts∥et∆u∥Lp = ts

∥∥∥∥∥∥et∆
∑
j∈Z

φ(2−jk)u

∥∥∥∥∥∥
Lp

≲
∑
j∈Z

tse−ct4
j

4js 4−js∥φ(2−jk)u∥Lp︸ ︷︷ ︸
=:cj

,

where
(
crj
) 1

r = ∥u∥Ḃ−2s
p,r

. Now,

ˆ ∞

0

(
ts∥et∆u∥Lp

)r dt
t
≲
ˆ ∞

0

Ñ∑
j∈Z

tse−ct4
j

4jscj

ér

dt

t

≲
ˆ ∞

0

Ñ∑
j∈Z

tse−ct4
j

4js

ér−1

︸ ︷︷ ︸
≲1

Ñ∑
j∈Z

tse−ct4
j

4jscrj

é
dt

t

≲
ˆ ∞

0

∑
j∈Z

tsect4
j

4jcrj
dt

t
=

ˆ ∞

0

∑
j∈Z

Å
yse−cy

dy

y

ã
crj ≲ ∥u∥rḂ−2s

p,r

Other direction: ?
6th tutorial

Definition 3.25. Consider
∑
j≥0 φ(2

−jk) + χ(k) = 1, ∀k ∈ Rd. The nonhomogeneous Besov norm is

∥u∥Bs
p,r

=

Ñ∑
j∈Z

2jsr∥∆ju∥rLp

é 1
r

,

where

∆ju =

 φ(2−jk)u, if j ≥ 0
χ(k)u, if j = −1

0, if j ≤ 2
.

Note that suppχ ⊂ {|k| ≤ 3
2}.

Remark 3.26. Bs2,2 = Hs, ∀s ∈ R (nonhomogeneous Sobolev space). In general, Bsp,r contains the Sobolev
space.

Theorem 3.27. ∀s ∈ R, p, r ∈ [1,∞], the nonhomogenoues Besov space Bsp,r(Rd) is a Banach space.
Moreover, it satisfies the Fatou property: If (un)n∈N is a bounded sequence in Bsp,r, then there exists a

subsequence and u ∈ Bsp,r such that un
n→∞−−−−→ u in S ′(Rd) and ∥u∥Bs

p,r
≲ lim infn→∞ ∥un∥Bs

p,r
.
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Proof. We use the decomposition un = χ(k)un +
∑
j≥0 φ(2

−jk)un =
∑
j∈Z(∆jun). For any j ∈ Z, the

sequence (∆jun)n∈N satisfies supp’∆jun is uniformly bounded in n, so up to a subsequence: ∆j
n→∞−−−−→ ũj ,

in S ′(Rd). We define u =
∑
j∈Z ũj . Then u ∈ Bsp,r and

∥u∥Bs
p,r
∼

Ñ∑
j∈Z

2jsr∥ũj∥rLp

é 1
r

≲ lim inf
n→∞

Ñ∑
j∈Z

2jsr∥∆jun∥rLp

é 1
r

= lim inf
n→∞

∥un∥Bs
p,r

16th lecture

Theorem 3.28 (s > 0). Let s > 0, then

(1) Bsp,r = Ḃsp,r ∩ Lp(Rd), i.e.
∥u∥Bs

p,r
∼ ∥u∥Ḃs

p,r
+ ∥u∥Lp .

(2) If Ω is a compact subset of Rd, and Bsp,r(Ω) = {u ∈ Bsp,r(Rd) | suppu ⊂ Ω} (similarly Ḃsp,r(Ω) =

{u ∈ Ḃsp,r(Rd) | suppu ⊆ Ω}), then
Bsp,r(Ω) = Ḃsp,r(Ω) .

Actually, we have ∥u∥Lp ≲ |Ω| sd ∥u∥Ḃs
p,r

. Consequently,

∥u∥Bs
p,r
≲ (1 + |Ω| sd )∥u∥Ḃs

p,r

Proof. (1) exercise

(2) Take j0 ∈ Z and decompose u = χ(2−j0k)u+ (1− χ(2−j0k))u, so

∥u∥Lp(Ω) ≤ ∥χ(2−j0k)u∥Lp(Ω) + ∥(1 + χ(2−2j0k))u∥Lp(Ω)

Easy part:

∥ (1− χ(2−j0k))u︸ ︷︷ ︸
supp .̂..⊂{|k|≳2j0}

∥Lp ≲

Ñ∑
j≥j0

∥φ(2−jk)u∥rLp

é 1
r

≤
Å∑
j≥j0

2−j0sr2jsr︸ ︷︷ ︸
≥1

∥φ(2−jk)u∥rLp

ã 1
r

≤ 2−j0s∥u∥Ḃs
p,r

More tricky part:

∥χ(2−j0k)u︸ ︷︷ ︸ ∥Lp(Ω) ≤ |Ω|
1
p ∥χ(2−j0k)u∥L∞(Rd) (Hölder)

≤ |Ω|
1
p |Ω|

1
p 2j0d(

1
1−

1
∞ )∥χ(2−j0k)u∥L1(Rd) (Bernstein)

≤ |Ω|
1
p 2j0d ∥u∥L1(Rd)︸ ︷︷ ︸

∥u∥L1(Ω)

(Young)

≤ |Ω|
1
p 2j0d|Ω|1−

1
p ∥u∥Lp(Ω) ≤ 2j0d|Ω|∥u∥Lp

Conclusion:
∥u∥Lp(Ω) ≤ 2j0d|Ω|∥u∥Lp + c2−j0s∥u∥Ḃs

p,r
, ∀j0 ∈ Z

We can choose j0 ∈ Z such that 2j0d|Ω| ∈
[

1
22d
, 1
2d

]
, so

∥u∥Lp(Ω) ≤
1

2d
∥u∥Lp + c|Ω| sd ∥u∥Ḃs

p,r
=⇒ ∥u∥Lp ≲d |Ω|

s
d ∥u∥Bs

p,r
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Theorem 3.29. Take s′ < s ∈ R and ϕ ∈ S (Rd). Then the mulitplication operator ϕ : Bsp,∞ → Bs
′

p,1 is
compact.

Recall: ϕ : Hs → Hs′ is compact.

Proof. Take (un)n∈N a bounded sequence in Bsp,∞. Up to a subsequence, un → u in S ′(Rd) and u ∈ Bsp,∞
(u =

∑
ũj , ũj = limn→∞ ∆jun). We need to prove that ϕun → ϕu strongly in Bs

′

p,1. It suffices to consider
the case where u = 0.

∥ϕun∥Bs′
p,1

=
∑
j∈Z

2js
′
∥∆j(ϕun)∥Lp =

∑
j≤j0

+
∑
j>j0

For j > j0:∑
j>j0

2js
′
∥∆j(ϕun)∥Lp =

∑
j>j0

2−j(s−s
′)2js∥∆j(ϕun)∥Lp ≤

∑
j>j0

2−j(s−s
′)

︸ ︷︷ ︸
∼ss′2

−j0(s−s′)

· sup
j>j0

2js∥∆j(ϕun)∥Lp︸ ︷︷ ︸
≤∥ϕun∥Bs

p,∞≲∥un∥Bs
p,∞≤C<∞

Here,
∆j(ϕun) = φ(2−jk)(ϕun) = 2jh(2j•) ∗ (ϕun) ,

so by Young:
∥∆j(ϕun)∥Lp ≤ ∥ϕun∥Lp ≤ ∥un∥Lp .

We need to work a bit to get ∥∆jun∥Lp instead of ∥un∥Lp (exercise). Thus:∑
j>j0

2js
′
∥∆j(ϕun)∥Lp ≤ C2−j0(s− s′) j0→∞−−−−→ 0 uniformly in n

Part j ≤ j0: We can consider each j separately. We prove that

∥∆j(ϕun)∥Lp
n→∞−−−−→ 0, ∀j ≥ −1 .

For all j ≥ −1, ∆j(ϕun) = g ∗ (ϕun), where supp ĝ is bounded. Consider g ∗ (ϕun)(x) =
´
Rd g(x −

y)ϕ(y)un(y) dy
n→∞−−−−→ 0. For fixed x,

g ∈ S (Rd) =⇒ y 7→ g(x− y)π(y) ∈ S (Rd)

Moreover,

∥ ∆j(ϕun)︸ ︷︷ ︸
supp .̂.. bounded

∥L∞

Bernstein
↓
≲j ∥∆j(ϕun)∥Lp ≲j ∥ϕun∥Bs

p,∞
≲ ∥un∥Bs

p,∞
≤ C <∞

Consequently, ∀R > 0,
∥∆j(ϕun)∥Lp(BR)

n→∞−−−−→ 0

by dominated convergence (obivious if p < ∞, p = ∞ needs a modification). To get the convergence in
Lp(Rd), we need some decay for x 7→ g ∗ (ϕun). For all n ∈ N:

|x|2m|g ∗ (ϕun)(x)| =
∣∣∣∣ˆ

Rd

|x|2mg(x− y)ϕ(x)un(y) dy
∣∣∣∣

≲m

ˆ
Rd

((x− y)2m + y2m)|g(x− y)||ϕ(y)||un(y)|dy

≤
ˆ
Rd

(x− y)2mg(x− y)︸ ︷︷ ︸
z2ng(z)∈S

|ϕ(y)un(y)|dy +
ˆ
Rd

|g(x− y)| |y2mϕ(y)|︸ ︷︷ ︸
y2nϕ(y)∈S

un(y) dy

≤∥un∥Bs
p,∞
≤ C <∞

by the same argument as before. Thus:

|g ∗ (ϕun)(x)| ≲m
1

1 + |x|2m
∈ Lp(Rd)

if m large enough (m ≥ d)! ⇝ g ∗ (ϕun)→ 0 in Lp by dominated convergence.
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4 Incompressible Navier-Stokes equation

For a vector field: u = (uj)
d
j=1, uj : Rd × R→ R, u = u(x, t), the Navier-Stokes equation is ∂t u+ u · ∇u−∆u = −∇P

div(u) = 0
u|t=0 = u0

,

where u0 = u0(x) is the initial data and P : Rd → R the pressure. The equation is considered component-
wise with

u · ∇u =

d∑
j=1

uj ∂j u =

Ñ
d∑
j=1

uj ∂j uk

éd

k=1

, div(u) = ∇ · u =

d∑
j=1

∂j uj .

(1) Leray weak solution

(2) (Weak) solution in u0 ∈ Ḣ
d
2−1, critical space

(3) Uniqueness of solution (2D ✓, 3D ?)

(4) Solution u0 ∈ B−1
∞,∞

4.1 Energy approach

Theorem 4.1 (Leray, 1934). There exists a weak solution in L∞(R+, L
2
x) ∩ L2(R+, H

1
x) such that

∥u(t)∥2L2
x
+ 2

ˆ t

0

∥∇u(s)∥2L2
x
ds ≤ ∥u0∥2L2

x

Remark 4.2. Energy space L∞(R+, L
2
x) ∩ L2(R+, Ḣ

1
x) is invariant under the scaling

uλ(x) = λu(λ2t, λx) in 2D ,

so we get a good theory in 2D.

Formal derivation of the energy kernel: Do inner product in L2
x with u(t, x):

1

2
∂t ∥u∥2L2 + ⟨u · ∇u, u⟩L2

x
−
ˆ
Rd

|∇u|2 = −⟨∇P, u⟩L2
x

−
ˆ
Rd

∇P · udx =

d∑
j=1

−
ˆ
Rd

∂j P · uj =
d∑
j=1

ˆ
P ∂j uj =

ˆ
P div(u)︸ ︷︷ ︸

=0

= 0

⟨u · ∇u, u⟩L2 =
∑
j,k

ˆ
uj(∂j uk)uk =

∑
j,k

ˆ
uj

1

2
∂j(uk)

2 = −
∑
j,k

ˆ
∂j uj · tu2k = −

ˆ
(divu) · |u|2 = 0

Integrating over time:

∥u(t)∥L2
x
+ 2

ˆ t

0

∥∇u(s)∥2L2
x
ds = ∥u0∥2L2

x

7th tutorial

The Navier-Stokes equation can be written as ∂t u−∆u = Q(u, u)
u(t = 0) = u0

divu = 0
,

where Q(u, v) is a bilinear form (cf. an inner product). We will try to use a fixed point argument to
prove existence of a solution (at least local existence).
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Lemma 4.3. If Q is a bilinear form on a Banach space and

∥Q∥ = sup
∥u∥≤1
∥v∥≤1

∥Q(u, v)∥ <∞ .

Then ∀a such that ∥a∥ ≤ α < 1
4∥Q∥ , there exists a unique solution for

x = a+Q(x, x) , x ∈ B(0, 2α) .

Proof. Define x0 = a, x1 = a + Q(x0, x0), xn+1 = a + Q(xn, xn), ∀n. We prove that xn ∈ B(0, 2α). In
fact:

• x0 = a =⇒ ∥x0∥ < α =⇒ x0 ∈ B(0, 2α)

• Assume ∥xn∥ < 2α. We need to show that ∥xn+1∥ < 2α.

∥xn+1∥ = ∥a+Q(xn, xn)∥ ≤ ∥a∥+ ∥Q(xn, xn)∥ < α+ ∥Q∥∥xn∥2 < α+ ∥Q∥(2α)2︸ ︷︷ ︸
<α

< 2α .

We want to prove that {xn} is a Cauchy sequence. We have

∥xn+1 − xn∥ =∥Q(xn, xn)−Q(xn−1, xn−1)∥ = ∥Q(xn − xn, xn) +Q(xn−1, xn − xn−1)∥
≤∥Q(xn − xn−1, xn∥+ ∥Q(xn−1, xn − xn−1)∥ ≤ ∥Q∥∥xn − xn−1∥(∥xn∥+ ∥xn−1∥)
≤∥Q∥∥xn − xn−1∥(∥xn∥+ ∥xn−1∥) ≤ 4∥Q∥α︸ ︷︷ ︸

=:β<1

∥xn − xn−1∥

Thus {xn} is a Cauchy sequence since

∥xm − xn∥ ≤ ∥xm − xm−1∥+ · · ·+ ∥xn+1 − xn∥ ≤ C(βm + βm−1 + · · ·+ βn)
m,n→∞−−−−−→ 0

∥xn+1∥ ≤ β∥xn−1∥ ≤ β2∥xn−1 − xn−2∥ ≤ · · · ≤ βnC

Hence there exists x = limn→∞ xn. From xn+1 = a + Q(xn, xn)
n→∞−−−−→ x = a + Q(x, x). Finally, we

check, that the solution in B(0, 2α) is unique. Assume ∃x̃ = a+Q(x̃, x̃), then

∥x− x̃∥ = ∥Q(x, x)−Q(x̃, x̃)∥ ≤ 4∥Q∥α︸ ︷︷ ︸
<1

∥x− x̃∥ =⇒ ∥x− x̃∥ ≤ 0 =⇒ x = x̃ .

Navier-Stokes reads:  ∂t u+ div(u⊗ u)−∆u = −∇P
u(t = 0) = u0

divu = 0
,

where

div(u⊗ u) = u · ∇u =

(∑
k

∂k(ujuk)

)d
j=1

= (div(uju))
d
j=1 .

Definition 4.4 (Weak solution of the Navier-Stokes equation). We want that u satisfies:

ˆ t

0

ˆ
Rd

u(s, x)ψ(s, x) dsdx =

ˆ t

0

ˆ
Rd

(u ·∆ψ + ⟨u⊗ u,∇ψ⟩+ u · ∂t ψ) (s, x) dsdx+

ˆ
Rd

u0(x)ψ(0, x) dx ,

∀t ∈ [0, T ], ∀ψ ∈ C([0, T ], H2(Rd)).
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Leray condition: If u is a weak to solution to the Navier-Stokes equation, then

∥u(t)∥2L2
x
+ 2

ˆ t

0

∥∇u(s)∥2L2
x
ds = ∥u0∥2L2

x

This implies the global existence in d = 2. The Leray condition makes sense, if u ∈ L∞(R+, L
2
x) ∩

L2(R+, Ḣ
1
x), but this energy space is only scaling compatible in d = 2.

Scaling argument: Let uλ(t, x) = λu(λ2t, λx), then

∂t uλ(t, x) = λ3 ∂t u(λ
2t, λx)

∆xuλ(t, x) = λ3∆xu(λ
2t, λx

Q(uλ)︸ ︷︷ ︸
≡div(u⊗u)

∼ λ3 (this requires the factor λ)

We want to find an energy space such that

∥uλ∥E = ∥u∥E .

For d = 2, E = L∞(R+, L
2
x):

∥uλ∥L∞(R+,L2
x)

=sup
t
∥uλ∥L2

x
= sup

t

Åˆ
R2

λ2|u(λ2t, λx)|2 dx
ã 1

2

= sup
t

Åˆ
Rd

|u(λ2t, x)|2 dx
ã 1

2

=sup
t

Åˆ
Rd

|u(t, x)|2 dx
ã 1

2

= ∥u∥L∞
t L2

x

Similarly:

∥uλ∥L2(R+,Ḣ1
x)

=

Çˆ
R+

∥uλ∥2Ḣ1
x
dx

å 1
2

=

Çˆ
R+

ˆ
R2

|∇xuλ(t, x)|2 dxdt
å 1

2

=

Çˆ
R+

ˆ
R2

λ2λ2|∇u(λ2t, λx)|2 dxdt
å 1

2

= ∥u∥L2
t Ḣ

1
x

In general, the following energy space is scaling invariant in d = 2, 3:

L∞
t L

d
x, L

2
t Ḣ

d
2
x , L

∞
t Ḣ

d
2−1
x , L4

t Ḣ
d−1
2

x (exercise)

Theorem 4.5 (Local well-posedness). If d = 2, 3 and u0 ∈ Ḣ
d
2−1(Rd), then there exists T > 0 such

that the Navier-Stokes equality has a unique weak solution

u ∈ L4
t ([0, T ])Ḣ

d−1
2

x︸ ︷︷ ︸
↑

the Banach space to do
the fixed point argument

∩L∞
t ([0, T ])Ḣ

d
2−1
x ∩ L2

t ([0, T ])Ḣ
d
2
x .

17th lecture

We will use the fixed point argumentation on the Banach space L4([0, T ])Ḣ
d−1
2

x . By the Duhamel formula,
we can rewrite the equation:

u(t) = et∆u0 +

ˆ t

0

e(t−s)∆div(u⊗ u)(s) ds

(⇝ x = a+Q(x, x)⇝ need ∥a∥ < 1
4∥Q∥ ). Denote

Q(u, v) = −
ˆ t

0

e(t−s)∆div(u⊗ v)(s) ds .
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Lemma 4.6.
∥Q(u, v)∥

L4
t Ḣ

d−1
2

x

≤ C∥u∥
L4

T Ḣ
d−1
2

x

∥v∥
L4

T Ḣ
d−1
2

x

Lemma 4.7. If T > 0 small and u0 ∈ Ḣ
d
2−1(Rd), then ∥et∆u0∥

L4
TH

d−1
2

x

is small.

Then the conclusion that there exists a unique solution u ∈ L4
tH

d−1
2

x follows from the general fixed point
result.
Proof of Lemma 4.6: Step 1: We show:

∥div(u⊗ v)∥
Ḣ

d
2
−2 ≤ C∥u∥

Ḣ
d−1
2
∥v∥

Ḣ
d−1
2

For d = 2:

∥div(u⊗ v)∥Ḣ−1(R2) ≲ ∥uv∥L2(R2) ≤ ∥u∥L4(R2)∥v∥L4(R2) ≲ ∥u∥Ḣ 1
2 (R2)

∥v∥
Ḣ

1
2 (R2)

,

by the Sobolev inequality Lq(Rd) ⊃ Ḣs(Rd) with q = 2d
d−2s (d = 2, s = 1

2 , q = 4).
For d = 3:

∥div(u⊗ v)∥
Ḣ− 1

2 (R3)
≲ ∥∇u · v∥

L
3
2 (R3)

≤ ∥∇u∥L2(R3)∥v∥L6(R3)

Sobolev:
L3(R3) ⊃ H 1

2 (R3) =⇒ H− 1
2 ⊃ L 3

2 (R3)

NR:

∥∇u · v∥
3
2

L
3
2
=

ˆ
|∇u| 32 |v| 32 ≤

(
|∇u|2

) 3
4
(
|v|6
) 1

4 = ∥∇u∥2L2∥v∥
6
4

L6

Step 2: Consider ®
∂t v −∆v = f ∈ L2([0, T ], Ḣs−2)

v(t, 0) = v0 ∈ Ḣs(Rd)

(f ∼ div(u⊗ v) in our application). Then, we claim that

v ∈ L∞([0, T ], Ḣs(Rd)) ∩ L4([0, T ], Ḣs+ 1
2 ) ∩ L2([0, T ], Ḣs+1)

and we get quantivative information

∥v(t)∥2
Ḣs + 2

ˆ t

0

∥∇v∥2
Ḣs ds = ∥v0∥Ḣs +

ˆ t

0

⟨f, v⟩s ds .

Duhamel gives:

v = et∆v0 +

ˆ t

0

e(t−s)∆f(s) ds

⇐⇒ v̂(k) = e−t|4πk|
2“v0(k) + ˆ t

0

e−(t−s)|4πk|2 f̂(s, k) ds

=⇒ ∥v∥Hs ≤ ∥et∆v0∥Ḣs +

∥∥∥∥ˆ t

0

e(t−s)∆f(s) ds

∥∥∥∥
Ḣs

≤ ∥v0∥Ḣs +

∥∥∥∥ˆ t

0

(−∆)
s
2 e(t−s)∆f(s) ds

∥∥∥∥
L2

The second term equals:Çˆ
Rd

∣∣∣∣∣
ˆ t

0

|2πks|e−(t−s)|2πk|2 f̂(s, k) ds

∣∣∣∣∣dk
å 1

2

= c

(∣∣∣∣∣
ˆ t

0

e−(t−s)|2πk|2 |k||k|s−1f̂(s, k) ds

∣∣∣∣∣
2

dk

) 1
2

≲

Çˆ
Rd

Çˆ t

0

e−(t−s)|2πk|2 |k|2 ds
åÇˆ t

0

|f̂(s, k)|2|k|2(s−1) ds

åå 1
2

≤ ∥f∥L2
t Ḣ

s−1
x
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Let us multiply the equation with v̂(k)|2πk|2s and integrate over k ∈ Rd:

∂t v̂(t, k) + |2πk|2v̂(k, t) = f̂(t, k)

=⇒ 1

2
∂t

ˆ
Rd

|2πk|2|v̂|2 +
ˆ
Rd

|2πk|2s+2|v̂|2 =

ˆ
Rd

f̂(t, k)v̂(k)|2πk|2s dk ,

i.e. 1
2 ∂t ∥v∥

2
Ḣs

x

+ ∥v∥Ḣs+1
x

= ⟨v, f⟩Ḣs
x
. Integration by parts yields:

1

2

(
∥v(t)∥2

Ḣs − ∥v0∥Ḣs

)
+

ˆ t

0

∥v∥2
Hs+1

x
=

ˆ t

0

⟨v, f⟩Hs
x
dt′

Consequently:

ˆ T

0

∥v(t)∥2
Ḣs+1

x
≤ 1

2
∥v0∥Ḣs +

ˆ T

0

⟨v, f⟩Ḣd
x︸ ︷︷ ︸

∼
´
|k|2sv̂(k)f̂(k) dk

≤
´
|k|s+1v̂(k)|k|s−1f̂(k) dk
≤∥v∥Ḣs+1∥f∥Ḣs−1

dt

=⇒
ˆ T

0

⟨v, f⟩Ḣs
x
dt ≤

ˆ T

0

∥v(t)∥Ḣs+1∥f(t)∥Ḣs+1 dt ≤
1

2

ˆ T

0

∥v(t)∥2
Ḣs+1

x
+

1

2

ˆ T

0

∥f(t)∥Ḣs−1
x

dt

=⇒
ˆ T

0

∥v(t)∥Ḣs+1
x
≤ ∥v0∥2Ḣs +

ˆ T

0

∥f(t)∥2
Ḣs+1

x
dt

The fact v ∈ L4 follows by interpolation (exercise). Let us conclude Lemma 4.6 from this: We already
proved

∥div(u⊗ v)∥
Ḣ

d
2
−2 ≲ ∥u∥

Ḣ
d−1
2
∥v∥

Ḣ
d−1
2

We now apply the previous claim with s = d
2 − 1, f = ±div(u⊗ v) to get:

∥f∥L2([0,T ],Ḣs−1) =

ˆ T

0

∥div(u⊗ v)∥
Ḣ

d
2
−2 dt ≲

ˆ T

0

∥u∥2
Ḣ

d−1
2
∥v∥2

Ḣ
d−1
2

dt

≤
Çˆ T

0

∥u∥4
Ḣ

d−1
2

å 1
2
Çˆ T

0

∥v∥4
Ḣ

d−1
2

dt

å 1
2

= ∥u∥
L4

t Ḣ
d−1
2

x

∥v∥
L4

t Ḣ
d−1
2

2

x

Thus
∥Q(u, v)∥

L4
t Ḣ

d−1
2
≲ ∥div(u⊗ v)∥

L2
T Ḣ

d
2
−2

x

≲ ∥u∥
L4

t Ḣ
d−1
2

x

∥v∥
L4

t Ḣ
d−1
2
,

i.e. the bilinear form Q(u, v) is bounded in L4
t Ḣ

d−1
2

x (and ∥Q∥ is independent of T ).

Proof of Lemma 4.7:

• Easy step: Assume ∥u0∥
Ḣ

d
2
−1 is small. Then by the previous proof:

∥et∆u0∥
L4

t Ḣ
d−1
2

x

≲ ∥u0∥
Ḣ

d
2
−1

small.

• Additional step: for any u0 ∈ Ḣ
d
2−1, we decompose

u0 = u<0 + u>0 ,
”u<0 = û0(k)1{|k|≤L} , L large

By taking L→∞, we can make ∥u>0 ∥ as small as we want. Easy step applies.

u<0 ∈ Ḣ
d−1
2 =⇒ ∥et∆u0∥

Ḣ
d−1
2
≤ ∥u0∥

Ḣ
d−1
2

=⇒ ∥et∆u0∥
L4

T Ḣ
d−1
2

small, if T > 0 small
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18th lecture

Remark 4.8. • To be safer, we should define

Q(u, v) =

ˆ t

0

e(t−s)∆P

Å
−1

2
div(u⊗ v)− 1

2
div(v ⊗ u)

ã
(s) ds ,

where P is the projection onto the divergent-free function.

⇝ Duhamel : u(t) = et∆u0 +Q(u, u)

=⇒ automatically divu = 0

P (div(u⊗ u)) = div(u⊗ u) +

Ñ
d∑

k,l=1

∂j(−∆)−1 ∂k ∂l(ukul)

éd

j=1

div(P (div(u⊗ u))) =
∑
j

∂j
∑
k

∂k(ujuk) +
∑
j

∂j

Ñ
d∑

k,l=1

∂j(−∆)−1 ∂k ∂l(ukul)

éd

j=1

=
∑
j,k

∂j ∂k(uj , uk) +
∑
j

∂2j (−∆)−1

︸ ︷︷ ︸
=−1

∑
k,l

∂k ∂l(ukul) = 0

• The fact that u is divergent-free allows us to get

∥u(t)∥2L2 + 2

ˆ t

0

∥u∥2
Ḣ1︸ ︷︷ ︸

∥∇u∥2
L2

dt′ = ∥u0∥2L2

Multiply the equation with u:

∥u(t)∥2L2 + 2

ˆ t

0

∥∇u∥2L2 dt′ = ∥u0∥2L2 + 2

ˆ t

0

⟨−div(u⊗ u), u⟩L2︸ ︷︷ ︸
2
´ t
0
⟨u⊗u,divu⟩

dt′

Two key estimates that we used:

• ∥div(u⊗ v)∥
Ḣ

d
2
−2(Rd)

≲ ∥u∥
Ḣ

d−1
2
∥v∥

Ḣ
d−1
2

• If f ∈ L2
t Ḣ

s−1
x , then

ˆ t

0

e(t−s)∆f(s) ds ∈ L∞
T Ḣ

s
x ∩ L2

T Ḣ
s+1
x ∩ L4

T Ḣ
d+ 1

2
x (exercise)

(use
´ t
0
e−sk

2

k2 ds ≤
´∞
0

e−sk
2

k2 ds =
´∞
0

e−s ds = 1)

=⇒ f = −div(u⊗ v)
=⇒ ∥f∥L2

t Ḣ
≲ ∥u∥

Ḣ
d−1
2
∥v∥

Ḣ
d−1
2

=⇒ ∥f∥
L2

T Ḣ
d
2
−2 =

ˆ T

0

∥f∥2
Ḣ

d
2
−2

dt ≲
ˆ T

0

∥u∥2
Ḣ

d−1
2

dt ≤
(
∥u∥4

Ḣ
d−1
2

) 1
2

ˆ
v = ∥u∥2

L4Ḣ
d−1
2

x

∥v∥2L4

=⇒ ∥Q(u, v)∥
L4Ḣ

d−1
2
≲ ∥u∥L4∥v∥L4∥
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Why u ∈ L∞
T Ḣ

d
2−1(Rd)?

u(t) = et∆u0 +

ˆ t

0

e(t−s)∆(−div(u⊗ u) ds

u0 ∈ Ḣ
d
1−1 =⇒ et∆u0 ∈ Ḣ

d
2−1

u ∈ L4
T Ḣ

d−1
2 =⇒ div(u⊗ u) ∈ L2

T Ḣ
d
2−2
x =⇒

ˆ t

0

e(t−s)∆div(u⊗ u) ds ∈ L∞
T Ḣ

d
2−1
x ∩ L2

T Ḣ
d
2
x

∥et∆u0∥2
L2

t Ḣ
d
2
x

=

ˆ T

0

∥et∆u0∥2
Ḣ

d
2
dt =

ˆ T

0

ˆ
Rd

e−t|2πk|
2

|2πk|d|û0(k)|2 dk dt

=

ˆ T

0

ˆ
Rd

e−t|2πk|
2

|2πk|2|2πk|d−2|û(k)|2 dk dt

Theorem 4.9 (2D). If u0 ∈ L2(Rd)), divu0 = 0, then the Navier-Stokes equation has a unique global

solution in L4(R+, Ḣ
1
2 (R2)). Moreover, the solution belongs to L∞(R+, L

2) ∩ L2(R+, Ḣ
1) and

∥u(t)∥2L2 + 2

ˆ t

0

∥∇u(t′)∥2L2 dt′ = ∥u0∥2L2 , ∀t > 0 .

Proof. Usual unique continuation! Here the local theory with u0 ∈ Ḣ
d
2−1 applies to give us a local

solution. Then by the Leray energy identity, ∥u(t)∥L2 ≤ ∥u0∥L2 , thus we can extend the solution. From
this identity, the global solution satisfies

ˆ ∞

0

∥∇u∥2L2 dt ≤ ∥u0∥2L2 =⇒ u ∈ L2(R+, Ḣ
1) .

This also implies u ∈ L4(R+, Ḣ
1
2 (R2)).

Theorem 4.10 (3D). If u0 ∈ Ḣ
1
2 (R3), div(u0) = 0, and ∥u0∥

Ḣ
1
2
is small enough, then the Navier-Stokes

equation has a unique global solution.

Open problem: Does there exists a global solution for large data in Ḣ
1
2 (R3)?

Lemma 4.11. If ∥u0∥
Ḣ

1
2 (R3)

≤ ε, then the solution to the Navier-Stokes equation satisfies:

t 7→ ∥u(t)∥
Ḣ

1
2 (R3)

is decreasing .

Proof. ∂t u−∆u = −div(u⊗ u), multiply with
√
−∆u and integrate over x and t:

∥u(t)∥2
Ḣ

1
2
+ 2

ˆ t

0

∥u∥2
Ḣ

3
2
ds = ∥u0∥2

Ḣ
1
2
+

ˆ t

0

⟨−div(u⊗ u), u⟩
Ḣ

1
2
ds

By Cauchy-Schwarz inequality:

| ⟨divu⊗ u, u⟩
Ḣ

1
2
| ∼

∣∣∣∣ˆ
Rd

|k|⁄�div(u⊗ u)(k)û(k) dk
∣∣∣∣

≤
Åˆ

Rd

|k|3|û(k)|2 dk
ã 1

2
Åˆ

Rd

|k|−1|⁄�div(u⊗ u)(k)|2 dk
ã 1

2

≤ ∥u∥
Ḣ

3
2
∥div(u⊗ u)∥

Ḣ− 1
2

≲ ∥u∥
Ḣ

3
2
∥u∥2

Ḣ1︸ ︷︷ ︸
≤ ∥u∥

Ḣ
3
2
∥u∥

Ḣ
1
2

≤ ∥u∥2
Ḣ

3
2
∥u∥

Ḣ
1
2

Conclusion:

∥u(t)∥2
Ḣ

1
2
+ 2

ˆ t

0

∥u(s)∥2
Ḣ

3
2
ds ≤ ∥u0∥2

Ḣ
1
2
+ c

ˆ t

0

∥u(s)∥2
Ḣ

3
2
∥u(s)∥

Ḣ
1
2
ds
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We have claimed that our local solution belongs to L∞
T Ḣ

1
2
x . This can be improved to C([0, T ], H

1
2 (R3)).

Consequently, t 7→ ∥u(t)∥
Ḣ

1
2
is continuous. So if ∥u0∥

Ḣ
1
2
≤ ε gives that for T > 0 small, ∥u(t)∥

Ḣ
1
2
≤ 2 ε,

∀t ∈ [0, T ].

C

ˆ t

0

∥u(s)∥2
Ḣ

3
2
∥u(s)∥

Ḣ
1
2
ds ≤ 2C ε

ˆ t

0

∥u(s)∥2
Ḣ

3
2
ds

Thus if 2C ε < 1 =⇒ ∥u(t)∥2
Ḣ

1
2
≤ ∥u0∥2

Ḣ
1
2
.

19th lecture

Lemma 4.12 (3D). Take u0 ∈ Ḣ
1
2 (R3), div(u0) = 0. If there exists a global solution of the Navier-stokes

equation wrt. the initial data u0, then:

• ∥u(t)∥
Ḣ

1
2 (R3)

t→∞−−−→ 0.

•
´∞
0
∥∇u(t)∥4L2 dt <∞.

Remark 4.13. If u0 ∈ H
1
2 (i.e. in Ḣ

1
2 ∩ L2), then the proof is easy (exercise).

Proof. Let u(t) be a global solution wrt. initial data u0 ∈ Ḣ
1
2 (R3). From

∂t u−∆u+ div(u⊗ u) = 0

take the inner product with u in Ḣ
1
2 (R3):

∥u(t)∥2
Ḣ

1
2 (R3)

+ 2

ˆ t

0

∥∇u∥2
Ḣ

1
2 (R3)

= ∥u0∥
Ḣ

1
2 (R3)

−
ˆ t

0

⟨div(u⊗ u), u⟩
Ḣ

1
2 (R3)

dt′

If ∥u(t)∥
Ḣ

1
2 (R3)

is small, then the nonlinear term from the RHS can be controlled by the LHS (this is the

way we prove global existence for small data). For general data, we decompose u0 = u−0 + u0+, where{ ”u−0 (k) = û01|k|≤E”u+0 (k) = û01|k|>E

By taking E > 0 small enough, we find that ∥u−0 ∥Ḣ 1
2 (R3)

is small:

∥u−0 ∥Ḣ 1
2 (R3)

=

ˆ
|k|≤E

|2πk||û0(k)|2 dk
E→0−−−→ 0 , by dominated convergence

and ∥u+0 ∥L2 is finite:

∥u+0 ∥L2 =

ˆ
|k|>E

|û0(k)|2 dk ≤
ˆ
|k|
E
|û0(k)|2 dk <∞

By the global existence for small data in Ḣ
1
2 (R3), there exists a global solution u−(t) of the Navier-Stokes

equation with u−(t = 0) = u−0 . Thus

∥u−(t)∥
Ḣ

1
2 (R3)

≤ ∥u−0 ∥Ḣ 1
2 (R3)

.

Define v(t) = u(t) − u−(t). Then v(0) = u+0 ∈ H
1
2 (R3) = Ḣ

1
2 (R3) ∩ L2(R3) and v solves the modified

equation:
∂t v −∆v = −div(v ⊗ v)− div(v ⊗ u−)− div(u− ⊗ v)

By mimicing Leray’s identity, we get:

∥v(t)∥L2 + 2

ˆ t

0

∥∇v∥2L2 = ∥v0∥2L2 − 2

ˆ t

0

〈
div(v ⊗ v) + div(v ⊗ u−) + div(u− ⊗ v), v

〉
L2
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We can bound:

|
〈
div(u⊗ u−), v

〉
|L2 ≤ ∥vu−∥L2∥∇v∥L2 ≤ ∥v∥L6∥u−∥L3∥∇v∥L2 ≲ ∥u−∥

Ḣ
1
2 (R3)

∥∇v∥2L2

Conclusion: From Leray’s identity for v:

∥v∥2L2 + 2

ˆ t

0

∥∇v∥2L2 ≤ ∥v0∥2L2 + C

ˆ t

0

∥u−∥
Ḣ

1
2 (R3)︸ ︷︷ ︸

≤∥u−
0 ∥

Ḣ
1
2 (R3)

small

∥∇v∥2

=⇒ ∥v(t)∥2L2 +

ˆ t

0

∥∇v∥2L2 ≤ ∥v0∥2L2 = ∥u+0 ∥2L2

Consequently, v(t) is uniformly bounded in L2 and ∥∇v∥L2 is small in an average sense, i.e.
´∞
0
∥∇v(t)∥2L2 dt <

∞. Thus there exists t0 > 0 such that ∥∇v(t0)∥L2 is small. Therefore:

∥v(t0)∥
Ḣ

1
2 (R3)

≤ ∥v(t0)∥
1
2

L2∥v(t0)∥
1
2

Ḣ1

is small. By the triangle inequality:

∥u(t0)∥
Ḣ

1
2 (R3)

= ∥u−(t0) + v(t0)∥
Ḣ

1
2 (R3)

≤ ∥u−∥
Ḣ

1
2 (R3)︸ ︷︷ ︸

≤∥u−
0 ∥

Ḣ
1
2 (R3)

small

+∥v(t0)∥
Ḣ

1
2 (R3)

is small.
=⇒ t 7→ ∥u(t)∥

Ḣ
1
2 (R3)

is decreasing, when t ≥ t0 .

=⇒ lim sup
t→∞

∥u(t)∥
Ḣ

1
2 (R3)

≤ ∥u(t0)∥
Ḣ

1
2 (R3)

Since we can make ∥u(t0)∥
Ḣ

1
2 (R3)

as small as we want, we conclude that ∥u(t)∥
Ḣ

1
2 (R3)

t→∞−−−→ 0. By Leray’s

identity for Ḣ
1
2 (R3):

∥v(t)∥2
Ḣ

1
2
+ 2

ˆ t

0

∥∇u∥2
Ḣ

1
2 (R3)

= ∥u0∥2
Ḣ

1
2 (R3)

+ 2

ˆ t

0

⟨−div(u⊗ u), u⟩
Ḣ

1
2 (R3)

=⇒
ˆ ∞

0

∥u(t)∥4
Ḣ1 dt <∞ (exercise)

Theorem 4.14 (3D). The subset of H = {u0 ∈ Ḣ
1
2 (R3) |div(u0) = 0} such that there exists a global

solution for the Navier-Stokes equation is an open subset of H.

Proof. Assume u0 ∈ Ḣ
1
2 (R3), div(u0) = 0 gives a solution. Take ε0 ∈ Ḣ

1
2 (R3), div ε0 = 0, ∥ ε0 ∥

Ḣ
1
2 (R3)

is small. We need to prove that the initial data u0 + ε0 gives us a global solution. Let v(t) be the local
solution with v(0) = u0 + ε0. Define

ε(t) := v(t)︸︷︷︸
local

− u(t)︸︷︷︸
global

.

Then ε(0) = ε0 and

∂t ε(t)−∆ ε(t) = −div(v ⊗ v) + div(u⊗ v) = −div(ε⊗ ε)− div(u⊗ ε)− div(ε⊗u)

=⇒ ∥ ε(t)∥2
Ḣ

1
2 (R3)

+ 2

ˆ t

0

∥∇ ε(t′)∥2
Ḣ

1
2 (R3)

dt′ = ∥ ε0 ∥2
Ḣ

1
2 (R3)

− 2

ˆ t

0

⟨div(. . . )− div . . . , ε⟩
Ḣ

1
2 (R3)

We have
| ⟨div(a⊗ b), c⟩

Ḣ
1
2 (R3)

| ≤ ∥div(a⊗ b)∥
Ḣ− 1

2 (R3)
∥c∥

Ḣ
3
2 (R3)
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In particular:

| ⟨div(ε⊗ ε), ε⟩
Ḣ

1
2 (R3)

| ≲ ∥ ε ∥2
Ḣ1∥∇ ε ∥Ḣ 1

2 (R3)
≤ ∥ ε ∥

Ḣ
1
2 (R3)

∥∇ ε ∥2
Ḣ

1
2 (R3)

⟨div(ε⊗u), ε⟩
H

1
2 (R3)

≲ ∥u∥Ḣ1∥ ε ∥Ḣ1∥∇ ε ∥
Ḣ

1
2 (R3)

≲ ∥u∥Ḣ1∥ ε ∥
1
2

Ḣ
1
2 (R3)

∥∇ ε ∥
3
2

Ḣ
1
2 (R3)

≤ Cδ∥u∥4Ḣ1∥ ε ∥2
Ḣ

1
2 (R3)

+ δ∥∇ ε ∥2
Ḣ

1
2 (R3)

Conclusion:

∥ ε(t)∥2
Ḣ

1
2 (R3)

+ 2

ˆ t

0

∥∇ ε ∥2
Ḣ

1
2 (R3)

≤ ∥ ε0 ∥2
Ḣ

1
2 (R3)

+ C

ˆ t

0

∥ ε ∥
Ḣ

1
2 (R3)

∥∇ ε ∥2
Ḣ

1
2 (R3)

+ C

ˆ t

0

(Cδ∥u∥Ḣ1∥ ε ∥2
Ḣ

1
2 (R3)

+ δ∥∇ ε ∥2
Ḣ

1
2 (R3)

We take δ > 0 small such that Cδ < 1
2 . If we assume ∥ ε ∥

Ḣ
1
2 (R3)

≤ δ for all t ∈ [0, T ], then

∥ ε(t)∥2
Ḣ

1
2 (R3)

+

ˆ 1

0

∥∇ ε ∥2
Ḣ

1
2 (R3)

≤ ∥ ε0 ∥2
Ḣ

1
2 (R3)

+ Cδ

ˆ t

0

∥u∥4
Ḣ1∥ ε ∥2

Ḣ
1
2 (R3)

Since
´∞
0
∥u∥4

Ḣ1 dt <∞, we can apply the Gronwall lemma (Osgood):

∥ ε(t)∥2
Ḣ

1
2 (R3)

≤ ∥ ε0 ∥2
Ḣ

1
2 (R3)

exp

Å
Cδ

ˆ ∞

0

∥u(s)∥4
Ḣ1 ds

ã
, ∀t ∈ [0, T ] .

This holds as long as
∥ ε(t)∥

Ḣ
1
2 (R3)

≤ δ , ∀t ∈ [0, T ] .

We can take ∥ ε0 ∥
Ḣ

1
2 (R3)

small, so ∥ ε ∥
Ḣ

1
2 (R3)

is uniformly bounded small, i.e.

∥ ε ∥
Ḣ

1
2 (R3)

≤ C∥ ε0 ∥
Ḣ

1
2 (R3)︸ ︷︷ ︸

≤δ

, ∀t ∈ [0, T ] .

Consequently,
∥v(t)∥

Ḣ
1
2 (R3)

≤ ∥u(t)∥
Ḣ

1
2 (R3)

+ ∥ ε(t)∥
Ḣ

1
2 (R3)

≤ C

uniformly in time =⇒ v(t) is global.

4.2 Lp-approach
20th lecture

Theorem 4.15 (3D). If u0 ∈ L3(R3), div(u0) = 0, then there exists T > 0 and a unique local solution
u(t) ∈ C([0, T ], L3(R3)) of the Navier-Stokes equation. Moreover, if ∥u0∥L3 is small, then there exists a
global solution.

Remark 4.16. We will use the abstract fixed point argument for the equation

u(t) = et∆u0 +

ˆ t

0

e(t−s)∆(−div(u⊗ u)(s)) ds .

The point here is that the fixed-point method does not work on L∞L3, but we need to use the Besov

space Ḃ
3
p−1
p,∞ (R3) for some p > 3.

Definition 4.17 (Kato spaces). For p ∈ [3,∞] define

Kp(T ) =

®
u ∈ C((0, T ], Lp(R3))

∣∣∣∣ sup
t∈(0,T ]

t
1
2 (1−

3
p )∥u(t)∥Lp(R3) <∞

´
.

If p ∈ [1, 3], we can also define Kp(T ) similarly except (0, T ]⇝ [0, T ].
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Let us consider the et∆u0 with u0 ∈ L3(R3). We claim:

Lemma 4.18. • ∥et∆u0∥Kp(T ) ≲ ∥u0∥L3 uniformly in T .

• Moreover, ∥et∆u0∥Kp(T )
T→0−−−→ 0, ∀p > 3.

Proof. By definition:

et∆u0(x) =
1

(4πt)
3
2

e−
|x|2
4t ∗ u0(x)

=⇒ ∥et∆u0∥Lp
x
≲

1

t
3
2

∥e−
|x|2
4t ∗ u0∥Lp

x
≤ 1

t
3
2

∥e−
|x|2
4t ∥Ls∥u0∥L3

Here

∥e−
|x|2
4t ∥Ls =

Åˆ
R3

e−
s|x|2
4t dx

ã 1
s

=

Åˆ
R3

e−
s|y|2

4 dxt
3
2

ã 1
s

∼ t 3
2s = t1+

3
2p ,

so

∥et∆u0∥Lp
x
≲ t−

3
2 t1+

3
2p ∥u0∥L3 = t

1
2 (

3
p−1)∥u0∥L3 , ∀t > 0 .

To get ∥et∆u0∥Kp(T )
T→∞−−−−→ 0, p > 3, we first assume u0 ∈ C∞

c . Then we can apply the previous proof to
show that

∥et∆u0∥Kp(T )
T→∞−−−−→ 0 . (exercise)

For general u0 ∈ L3, there exists (un)n ⊆ C∞
c such that un → u0 in L3. Then

∥et∆u0∥Kp(T ) ≤ ∥et∆(u0 − un)∥Kp(T ) + ∥eT∆un∥Kp(T ) ≤ C∥u0 − un)∥L3 + ∥et∆un∥Kp(T )

=⇒ lim sup
T→0

∥et∆u0∥Kp(T ) ≤ C∥u0 − un∥L3

Taking n→∞, we conclude that ∥et∆u0∥Kp(T )
T→0−−−→ 0.

Lemma 4.19. Denote

B(f) =

ˆ t

0

e(t−s)∆div(f(s)) ds (f = u⊗ v in application) .

Then

B(f)(t, x) =

ˆ t

0

Γ(t− s, •) ∗x f(s, •) ds =
ˆ t

0

ˆ
R3

Γ(t− s, y)f(s, x− y) dy ds ,

where

|Γ(t, x)| ≤ C

t2 + x4
.

Proof. Using the Fourier transform:’B(f) =

ˆ t

0

e−(t−s)|2πk|2k · f̂(s, k) ds

Define
Γ̂(t, k) = e−t|2πk|

2

k ,

then ’B(f)(t, k) =

ˆ t

0

Γ̂(t− s, k) · f̂(s, k) ds =
ˆ t

0

Γ(t− s, •) ∗x f(s, •) ds .

To get the bound for Γ(t, x), we use

Γ(t, x) =

ˆ
R3

e−t|2πk|
2

ke2πik·x dk =
1

2πi
∂x

ˆ
R3

e−t|2πk|
2

e2πik·x dk
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From the heat kernel:

e−
|x|2
4t

(4πt)
3
2

= e−t|2πk|
2

=⇒ Γ(t, x) =
∂x
2πi

e−
|x|2
4t

(4πt)
3
2

=⇒ |Γ(t, x)| ≲ |x|
t
5
2

e−
|x|2
4t

Using that e−ξ ≤ ξ−α for ξ ≥ 0, α ≥ 1, we get

RHS ≤ |x|
t
5
2

·
Å |x|2

t

ã− 1
2

=
1

t2

Also

RHS ≤ |x|
t
5
2

·
Å |x|2

t

ã− 5
2

=
1

|x|4
,

so

|Γ(t, x)| ≲ min(
1

t2
,

1

|x|4
) ≤ C

t2 + |x|4
.

Lemma 4.20. Define

Q(u, v) = −
ˆ t

0

e(t−s)∆div(u⊗ v) ds .

Take 1 ≥ 1
p +

1
q > 0, 1

r +
1
3 >

1
p +

1
q ≥

1
r . Then, ∀T > 0:

∥Q(u, v)∥Kr(T ) ≤ C∥u∥Kp(T )∥v∥Kq(T )

Proof.

Q(u, v) =

ˆ t

0

ˆ
R3

Γ(t− s, y)(u⊗ v)(x− y) dy ds

for some

|Γ(t, x)| ≲ min

Å
1

t2
,

1

|x|4

ã
=⇒ ∥Q(u, v)∥Lr(R3) ≤

ˆ t

0

∥Γ(t− s, •) ∗ (u⊗ v)∥Lr ds

ˆ t

0

∥Γ(t− s, •)∥Lη
x
∥u∥Lp

x
∥v∥Lq

x
ds

Using

|Γ(t, x)| ≤ C

t2 + |x|4
=⇒ ∥Γ(t, x)∥ηLx

≤
Å

C

(t2 + |x|4)η
dx

ã 1
η

∼
Ç

t
d
2 dy

t2η(1 + |y|4)

å 1
η

= t
3
2q−2

TODO

Proof of Theorem 4.15: Let u0 ∈ L3(R3), consider u(t) = et∆u0 + Q(u, u). We use the fixed point
argument on the Banach space Kp(T ), p > 3. For T > 0 small, ∥et∆u0∥Kp(T ) is small. Moreover

∥Q(u, u)∥Kr(T ) ≲ ∥u∥Kp(T ) , if r ≥
p

2
, p > 3

We can take r = p > 3, then ∥Q∥ ≤ C in Kp(T ) and T > 0 small: ∥et∆u0∥Kp(T ) ≤ 1
4∥Q∥ . Then Lemma

4.3 gives the existence and uniqueness of a solution in Kp(T ) with ∥u(t)∥Kp(T ) ≤ 2∥et∆u0∥Kp(T ). Trick:

u(t)− et∆u0︸ ︷︷ ︸
b.d. in L3

= Q(u, u)
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Hence
∥u(t)− et∆u0∥L∞

T L3
x
≤ ∥Q(u, u)∥K3(T ) ≤ C∥u∥2K6(T ) ≤ C∥e

t∆u0∥2K6(T ) ,

which is small if T > 0 is small. Thus ∥u(t)∥L3
x
is bounded small for all t < T , if T > 0 and ∥u0∥L3 are

small.
8th tutorial

In general, the Navier-Stokes equation reads ∂t u−∆u+ div(u⊗ u) = ∇F
divu = 0

u(t = 0) = u0

.

So far, we only considered the case F = 0. For F ̸= 0, the same result applies. Duhamel gives

u(t) = et∆u0 +

ˆ t

0

e(t−s)∆(−div(u⊗ u)(s) +∇F (s)) ds = g +

ˆ t

0

e(t−s)∆(−div(u⊗ u)(s)) ds .

We are looking for a fixed point x = a + Q(x, x). Therefore, we need ∥a∥ small, then ∥et∆u0∥ +
∥
´ t
0
e(t−s)∆∇F (s) ds∥ is small ⇝ easy! For the global existence: Leray equality:

∥u(t)∥2L2 + 2

ˆ t

0

∥∇u(s)∥2L2 ds = ∥u0∥2L2 + 2

ˆ t

0

⟨∇F, u⟩L2︸ ︷︷ ︸
−⟨F,divu⟩=0

ds

The same applies if we consider ∥u(t)∥Hs
x
:

⟨∇F, u⟩Hs =

ˆ
Rd

(2πik)F̂ (k) · û(k)|2πk|2s dk ∼
ˆ
Rd

F̂ (k) k · û(k)︸ ︷︷ ︸
=0

dk

By Theorem 4.15: If u0 ∈ L3(R3), there exists T > 0 and a local solution in Kp(T ). We claim that for
T =∞, p > 3:

∥et∆u0∥Kp(∞) ∼ ∥u0∥
Ḃ

3
p
−1

p,∞

Remember the characterization of the Besov spaces (Theorem 3.24: For p, r ∈ [1,∞], s > 0:

∥u∥Ḃ−s
p,r
∼ ∥t s

2 ∥et∆u∥Lp
x
∥Lr(R+,

dx
t )

In particular, for r =∞:
∥u∥−s

Ḃp,∞
∼ sup

t>0
t
s
2 ∥et∆u∥Lp

x

and for s = 1− 3
p > 0, p > 3:

∥u0∥
Ḃ

3
p
−1

p,∞

∼ sup
t>0

t
1
2 (1−

3
p )∥et∆u0∥Lp = ∥et∆u0∥Kp(∞)

Theorem 4.21. If u0 ∈ S ′
h and T > 0 such that ∥et∆u0∥Kp(T ) is small enough, then there exists a local

solution to the Navier-Stokes equation.
21st lecture

The best we can hope for is a solution with initial data u0 ∈ Ḃ−1
∞,∞. If we want to solve the Navier-Stokes

equation by our fixed point argument, we cannot go beyond this space. This is because the Navier-Stokes
equation is invariant under the scaling u 7→ uλ(t, x) = u(λ2t, λx). If we do the fixed point argument on
a space B ⊆ S ′(R3), its norm should be invariant under that scaling. If also ∥Q(u, v)∥B ≤ C∥u∥B∥v∥B ,
then B ⊆ Ḃ−1

∞,∞. Here

Q(u, v) =

ˆ t

0

e(t−s)∆(−div(u⊗ v)(s)) ds ,

then Navier-Stokes reads:
u(t) = et∆u0 +Q(u, u)

We need to make sense for Q(et∆u0, e
t∆u0) ⇝ et∆u0 ∈ L2

loc(R+ × R3).
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Definition 4.22. Define X0 ⊆ S ′(Rd).

∥u0(x)∥X0
= ∥u0∥Ḃ−1

∞,∞︸ ︷︷ ︸
∼supt>0 t

1
2 ∥et∆u0∥L∞

x

+ sup
x∈R3

R>0

Ç
R−3

ˆ
Px,R

|et∆u0(y)|2 dy dt
å 1

2

<∞ ,

with Px,R = (0, R2)×B(x,R) ⊆ R+ × R3. Also

∥u(x, t)∥X = sup
t>0

t
1
2 ∥u(t)∥L∞

x
+ sup
x∈R3

R>0

Ç
R−3

ˆ
Px,R

|u(t, y)|2 dy dt
å 1

2

<∞

X0 is called BMO−1 space (dual of BMO).

Remark 4.23. ∥et∆u0∥X ∼ ∥u0∥X0

Theorem 4.24. If u0 ∈ X0 and ∥u0∥X0
∼ ∥et∆u0∥ is small, then there exists a global solution u ∈ X of

the Navier-Stokes equation and ∥u∥X ≤ 2∥u0∥X0
.

Remark 4.25. X0 ⊃ Ḃ
3
p−1
p,∞ , ∀3 < p <∞.

Proof. Let u0 ∈ X0. We need to show if u0 ∈ Ḃ
3
p−1
p,∞ , i.e. et∆u0 ∈ Kp(∞), then u0 ∈ X0. Assume x = 0.

Then

R−3

ˆ
0,R

|et∆u0(y)|2 dy dt ≤ R−3

ˆ R2

0

dt

Åˆ
BR

|et∆u0(t)|p dy
ã 2

p
Åˆ

BR

1 dy

ã1− 2
p

≤ R−3

ˆ R2

0

dt∥et∆u0∥2LpR3(1− 2
p ) ≤ R− 6

T

Çˆ R2

0

dtt
3
p−1

å
sup
t>0

Ä
t1−

3
p ∥et∆u0∥2Lp

ä
∼p R− 6

p · t
2
p

∣∣∣∣
t=R2︸ ︷︷ ︸

=1

∥u0∥
Ḃ

3
p
−1

p,∞

We will prove the theorem by a fixed point argument on X.

Lemma 4.26.
∥Q(u, v)∥X ≤ C∥u∥X∥v∥X ,

where

Q(u, v) =

ˆ t

0

e(t−s)∆(−div(u⊗ v)(s)) ds .

Definition 4.27 (Technical space).

∥f∥Y = sup
t>0

t∥f(t)∥L∞
x

+ sup
x∈R3

R>0

R−3

ˆ
Px,R

|f(t, y)|dy dt

Lemma 4.28 (Key Lemma).

Lf =

ˆ t

0

e(t−s)∆div(f(s, •)) ds =⇒ ∥Lf∥X ≤ ∥f∥Y

Remark 4.29. (1) The space Y is stable with scaling in Fourier: If θ ∈ S (R3), then

∥θ(t 1
2 k)f(t, x)∥Y ≲ ∥f∥Y
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(2) ∥ab∥Y ≲ ∥a∥X∥b∥X
Proof of Remark 4.29:

(2)

∥ab∥Y = sup
t>0

t∥ab∥L∞
x

+ sup
x∈R3

R>0

R−3

ˆ
Px,R

|(ab)(t, y)|dy dt

≤ sup
t>0

(t
1
2 ∥a∥L∞)(t

1
2 ∥b∥L∞) + sup

x∈R3

R>0

Ç
R−3

ˆ
Px,R

|a|2
å 1

2
Ç
R−3

ˆ
Px,R

|b|2
å 1

2

≤ ∥a∥X∥b∥X

(1) θ ∈ S (R3)

θ(t
1
2 k)f(t, x) ∼ t−3

2

ˆ
R3

θ(t−
1
2 (x− y))f(t, y) dy

=⇒ ∥θ(t 1
2 k)f(t, x)∥L∞

x

Young
↓
≤ ∥t− 3

2 θ̌(t−
1
2 •)∥L1

x
∥f(t, •)∥L∞

x
≲ ∥f(t)∥L∞

x

Moreover, for |x| ≤ R:

∥θ(t 1
2 k)f(t, x)∥L1(Px,R) ≤ ∥θ(t

1
2 k)1B2R

f∥L1(Px,R) + ∥θ(t
1
2 k)1BC

2R
f∥L1(Px,R)

For 1BR

∥θ̌(t 1
2 k)1B2R

f∥L1(Px,R
≤
ˆ
Px,R

ˆ
R3

t−
3
2 |θ̌(t− 1

2 (zy))|︸ ︷︷ ︸´
dd≤C

1B2R
(y)|f(t, y)|dy dz dt

≤
ˆ R3

0

ˆ
1B2R

(y)|f(t, y)|dy dt ≤
ˆ
P0,3R

|f(t, y)|dy dt = ∥f∥L1(P0,2R)

For 1BC
R
:

∥θ(t 1
2 k)1B2R

f∥L1(Px,R) ≤
ˆ
Px,R

ˆ
R3

t−
3
2 |θ̌(t− 1

2 (z − y))|1BC
3R
(y) |f(t, y)|︸ ︷︷ ︸

≤∥f(t)∥L∞

dy dz dt

≲
ˆ
Px,R

ˆ
R3

t−
3
2
∥f(t)∥L∞

1 + t−2|z − y|4
1|1−z|>R dy dz dt

≲
ˆ
Px,R

Çˆ
R3

t−
3
2 ∥f(t)∥L∞

(1 + t−2|y|4)2
1|y|>R dy

å
dz dt

≲
ˆ R2

0

dtR3

ˆ
|ỹ|>t

1
2R

∥f(t)∥L∞

1 + |y|4
dỹ dt

≤ (sup
t>0

t∥f(t)∥L∞)

ˆ R2

0

dt
1

t

ˆ
|ỹ|>t

1
2R

1

1 + |ỹ|4
dy

22nd lecture

Proof of Theorem 4.24: In the proof, the key point is to use the fixed point argument in X, with

Q(u, v) =

ˆ t

0

e(t−s)∆(−div(u⊗ v))(s) ds .

Recall:

Lf =

ˆ t

0

e(t−s)∆div(f(s, •)) ds(x) =
ˆ t

0

ˆ
R3

Γ(t− s, x− y)f(s, y) dy ds,

61



4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

|Γ(t, x)| ≲ 1

t2 + x4
⇝ Q(u, v) = L(−u⊗ v))

Technical space:

∥f∥Y = sup
t>0

t∥f(t)∥L∞
x

+ sup
x∈R3

R>0

R−3

ˆ
Px,R

|f(t, y)|dy dt

Conclusion of the theorem:

∥Q(u, v)∥X = ∥L(u⊗ v)∥X

Key Lemma
↓
≲ ∥u⊗ v∥Y ≲ ∥u∥X∥v∥X

⇝ Q is a bounded bilinear map ⇝ x = a+Q(x, x) is solvable if ∥a∥X < 1
4∥Q∥ and ∥x∥X ≤ 2∥a∥.

Lemma 4.30. Define Γ(1)(t, x) = Γ(t, x)1BC
R
(x), Γ(2) = Γ(t, x)1BR

(x), then

Lf(Γ ∗ f)(t, x) =
ˆ t

0

ˆ
R3

Γ(t− s, x− y)f(s, y) dy ds = (Γ(1) ∗ f + Γ(2) ∗ f)(t, x) .

Then:

∥Γ(1) ∗ f∥L∞((0,R2)×R3) ≲
t

R3
∥f∥Y

and if t ≥ R2:

∥Γ(2) ∗ f∥L∞((R2,∞)×R2) ≲
1

R
∥f∥Y

Consequently, if R =
√
t, then

∥Γ(1)/(2) ∗ f∥L∞
x
≲

1√
t
∥f∥Y

=⇒ sup
t>0

√
t∥Lf(t)∥L∞

x
≤
√
t
Ä
∥Γ(1) ∗ f∥L∞

x
+ ∥Γ(2) ∗ f∥L∞

x

ä
=⇒ sup

t>0
t
1
2 ∥Lf(t)∥L∞

x
≲ ∥f∥Y

Proof.

|(Γ(1) ∗ f)(t, x)| ≤
ˆ t

0

ˆ
R3

|Γ(1)(t− s, x− y)||f(s, y)|dy ds ≤
ˆ t

0

ˆ
R3

1BC
R
(x− y)

|t− s|2 + |x− y|4
|f(s, y)|dy ds

≤ t
ˆ
|x−y|>R

1

|x− y|4
|f(s, y)|dy ds ≤

ˆ t

0

∞∑
l=1

ˆ
2l+1R≥|x−y|>2lR

1

|x− y|4
|f(s, y)|dy ds

≲
ˆ R2

0

∞∑
l=1

1

(2lR)4

ˆ
|x−y|<2l+1R

|f(s, y)|dy ds

≤
∞∑
l=1

1

2lR

(
1

(2lR)3

ˆ R2

0

ˆ
B

x,2l+1R

|f(s, y)|dy ds

)
︸ ︷︷ ︸

≤∥f∥Y

≲
1

R
∥f∥Y

On the other hand:

|(Γ(2) ∗ f)(t, x)| ≲
ˆ t

0

ˆ
R3

1BR
(x− y)

|t− s|2 + |x− y|4
|f(s, y)|dy ds ≲

ˆ t

0

1BR
(x− y)

|t− s|2 + |x− y|4
1

s
dy ds

Let us divide the time integration over s into s ∈ [0, R
2

2 ] and R2

2 , t]. The second part is good:

ˆ t

R2

2

1BR
(x− y)

|t− s|2 + |x− y|4
1

s
dy ds ≲ R−2

ˆ ∞

0

ˆ
R3

1BR
(x− y)

s2 + |x− y|4
dsdy ≲

1

R2

ˆ
R3

1BR(x−y)

|x− y|2
dy ≲

1

R
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For the other one:

R−3

ˆ
Px,R

|Γ ∗ f(t, y)|2 dtdy ≲ ∥f∥2Y

For Γ(1) easy:

R−3

ˆ R2

0

ˆ
Bx,R

|Γ(1) ∗ f(t, y)|2 dtdy ≤ R−3

ˆ R2

0

ˆ
Bx,R

1

R2
∥f∥2Y dy ds ∼ ∥f∥2Y

The case Γ(2) is difficult: The previous bound does not apply! Problem:

R−3

ˆ R2

0

ˆ
Bx,R

∣∣∣∣∣
ˆ t

0

ˆ
R3

1BR
(y − z

|t− s|2 + |y − z|4
|f(s, z)|dsdz

∣∣∣∣∣
2

dy dt ≲ ∥f∥2Y

By translation and rescaling, we may assume x = 0 and R = 1. Decompose 23rd lecture

f = f+ + f− ,

where ”f+(t, ξ) = θ(t
1
2 ξ)f̂(t, ξ)

for θ ∈ C∞
c with θ(0) = 1.

First try:

∥f−∥2L2(P0,1)
=

ˆ t

0

ˆ
R3

ˆ
|1− θ(t 1

2 ξ)|2|f̂(t, ξ)|2 dtdξ ≲
ˆ 1

0

ˆ
R3

t|ξ|2|f̂(t, ξ)|2 dtdξ?

|f−(t, x)| ≤
ˆ
R3

|1− θ(t 1
2 ξ)|?

Note:
∥L(1BC

2
f)∥L∞((0,1)×B1) ≲ ∥f∥Y

∥t 3
2 θ(t

1
2 ξ)f∥Y ≲ ∥f∥Y

follows the same estimate for Γ(1) ∗ f before. It remains to consider 1B2
f , i.e. we can assume that f(t, •)

is compactly supported in y ∈ B2.
TODO?

|Lf(t, x)| = |Γ ∗ f(t, x)| ≲
∣∣∣∣∣
ˆ t

0

ˆ
R3

1

|t− s|2 + |x− y|4
f(s, y) dsdy

∣∣∣∣∣ , supp f ⊆ B2

≲
ˆ t

0

ˆ
R3

1B2
(y)

|t− s|2 + |y|4
|f(s, y)|︸ ︷︷ ︸

≤
√

|f(s,y)|∥f∥
1
2
Y

dsdy

≤ ∥f∥
1
2

Y

Çˆ t

0

ˆ
R3

1B2

å
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