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Fourier Analysis and Nonlinear PDE
Homework Sheet 10
(Released 26.1.2024 — Discussed 2.2.2024)

E10.1 Recall the Kato space for p > 3 and T' < co with the norm
1(1_3
ey = sup o072 )
>t>

(a) Show that for 7' = oo this norm is invariant under the scaling uy(x) = Mu(A\%t, A\z).
3

23
(b) Show that ||t ug| K, (o0) 18 equivalent to the norm of ug in the Besov space By o (R3).

(c) Show that
: tA _ 3
F}lin)oHe uo|| g, (ry =0 Yuog € L* N LP.
Deduce the same result for all ug € L3. Hint: You can use HetAUOHKp(oo) < Cl|uol|e-
E10.2 Let ¢ € S(R?) and define ¢, (z) = ™1 p(x) with = (21, 79, 23) € R3. Show that

when n — oo we have
H@nHHm(W) — 00, HetASDnHKP(oo) — 0
for every p > 3. Thus K?(co)-norm is much weaker than the energy norm LI?OH;;/ 2,
E10.3 Let B be a Banach space which is continuously embedded in S'(R3). Assume that
B is invariant under the scaling fy o(z) = Af(A(z — a)), namely
Ifxalls = 1£lls, A >0,a€R

Show that B C B(;Ol’oo. This means that there is no hope to solve the Navier-Stokes

equation on a space larger than the homogeneous Besov space Bgo{oo.
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Fourier Analysis and Nonlinear PDE
Homework Sheet 9
(Released 20.1.2024 — Discussed 26.1.2024)

E9.1 (a) Prove that if u is a solution to the Navier-Stokes equation
ou—Au+diviu@u) =0, divu=0, t>0,zeR?

then uy(t, ) = Mu(A%t, \z), A > 0, is also a solution.
(b) Prove that the following energy spaces are invariant under the scaling u — wy:

Ld_q . d—1 ;o d
o (e,
LPHZ ", LH,® , LLHZ.

E9.2 Prove that if f € LZH: 1(R?), then

t
g(t) = /0 A f(5)ds, tel0,T)

el
belongs to L4TH5+2.

Hint: In the class we have proved that g € L HS N L2 H:.

E9.3 Let ug € H'/2(R?) (not only H'/?(R?)) with div(up) = 0. Assume that the Navier—
Stokes equation has a global solution w(t) with the initial datum wy.

(a) Use Leray energy condition and Sobolev embedding theorem to show that

| Tt < .

(b) Show that ||u(t)HH1/2(Rd) — 0 as t — oo.
Note: These results also hold if ug € H'/2(R?), but the proof of (a) is more difficult.
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Fourier Analysis and Nonlinear PDE
Homework Sheet 8
(Released 21.12.2023 — Discussed 19.1.2024)

E8.1 Prove that for every s € R, the Besov space Biz(Rd) coincides with the Sobolev
space H*(R?).

ES8.2 Prove the Sobolev embedding for nonhomogeneous Besov spaces:

1 1
d d
By, (R C By ,(RY), §=s—d <m - p2>

forall se Rand 1 <p; <p2<o00,1<r; <ry<oo.

E8.3 Prove that if s > 0, then for all p,r € [1,00] we have B;, = BI“;,T N LP.

Hint: For the inclusion By, C LP, it suffices to consider r = oo and use u = ) j>—1Aju

E8.4 (Hard) Prove that for all d > 1, s € R, p € [1,00] and ¢ € S(R?), we have

loullps _(ra) Sdsps lullps rae)-
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Homework Sheet 7
(Released 2.12.2023 — Discussed 15.12.2023)
E7.1 Consider the inhomogeneous heat equation
duu(t,x) = Au(t,z) + f(t,z), =€ R t>0,

with initial datum up = 0 and the function f satisfies supp f € {\ < |k| < 2A}. Prove
that for all parameters 1 <a <b<o00,1 <p < g < oo, we have

lullary < CX*fllLrra

1 1 1 1
a:2<——1)+d<—>.
P q a b

E7.2 Let u € LY (R?), N € N, such that suppa C {\ < |k| < 2)}. Prove that

where

™Iz < CATHIV (™) 2

Note that the Fourier transform of u” is not necessarily supported in an annulus.

E7.3 Let u € S)(R?) and un(z) = u(2Vz). Prove that for all s € R and p,r € [1,00] we
have 4
funls,, =207 ]

Hint: In the lecture we proved the L? case by Plancherel’s theorem. Now you may perform

the scaling with the convolution in z-space.

E7.4 Explain why we do not expect any inclusion between B;}r and B;?T if 51 # s9.
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Homework Sheet 6
(Released 24.11.2023 — Discussed 1.12.2023)

E6.1 Prove that (LILT) = LY LT for all ¢,r € (1, 00), where

[fllzazr = NLFCE 2 r eyl Lo w)-

E6.2 Prove that for all d > 1 and p € (2, 0),
; _g(i_1 ’
e uoll o ray <t ||l o gy, Vo € LF (RY).

Hint: You can use Riesz—Thorin interpolation theorem.

E6.3 Let d > 1. Explain why
2 d d

q r 2
is a necessary condition to have the Strichartz estimate

le*uollpor: < luollp2ay-
Hint: You can consider uy(z) = A% 2ug(Az).
E6.4 Assume that the cubic NLS
iOu = —Au+ |ulPu, teR, 2R3 wuyec HY(R?),
has a global solution u(t,x) which satisfies
[ulls1@xrsy = [[ullso + [[Vullso < oo, lullgo = ||lul| L s + HUHLng’;-

(a) Prove that we have the (uniform in time) bound
< llullgs

t .
’ / =92 (|4 20) (5)ds
0 L2®)

(b) Prove that there exist limits ug € L*(R3) such that

le™ A u(t, z) — us(z)||g2msy — 0, t — Foo.

(c) Prove that
le™ A u(t, ) — us (2)| gy — 0, ¢ — oo.
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Homework Sheet 5
(Released 18.11.2023 — Discussed 24.11.2023)

E5.1 Let d > 3 and u € H'(RY) is radially symmetric decreasing, namely u(z) = f(|z|)
where t — |f(t)| is decreasing for t € (0,00). Use Hardy’s inequality to prove Sobolev’s

inequality
" 2d
lull 2 rey < ClIVull 2 ey, 2" = 7.
E5.2 Let d > 1 and ug € H'(R?). Prove that for all ¢ > 0,
”etAUO —up|lz2 < C\/ZHUOHHl, HeitAuo — g2 < C\/EHUO”HL

E5.3 Consider the nonlinear Schrodinger equation in 1D in Duhamel’s form

ult,.) = eBug () + /0 t ei(t_S)AOu(s, ) Pu(s, .))ds, uo € H'(RY).

(a) Prove that for every ugp € H'(R), there exist —T, < 0 < T* and a unique local solution
u(t,.) € HY(R) for t € (=T,,T*). Hint: The local Lipschitz condition can be deduced
using

I1F12F = 191290y < CIF = gl @ (1 @y + 19117 ) )-

(b) Prove the conservation laws for ¢t € (=T, T*)

1
e, gz = Nuollzz, Gt ) i= [ (IVut.a)P+ Gt )]ds) = Efuo).
Deduce that [[u(t,.)|| g1 (r) is uniformly bounded in .

(c) Prove that there exists a unique global solution u(t,.) € H'(R) for ¢t € (—o0,0).

E5.4 Let d > 1 and let f € S(R?) such that supp f € {1 < |k| < 2}.

(a) Prove that for every n € N, we can write
f=> gaxD"f
|a|=n
where §o (k) = cok®|k|72"x(k) with cq € C, x € C(RN\{0}), x = 1 on {1 < |k| < 2}.
(b) Deduce that
sup [[D*flloray = Cll fll e ey

laf=n

for all p > 1, where the constant C is independent of f and p.
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Fourier Analysis and Nonlinear PDE
Homework Sheet 4
(Released 11.11.2023 — Discussed 17.11.2023)

E4.1 (Hélder continuity) Let f € H*(R?) with s > d/2. Prove that f is Hélder continuous,

namely there exist constants « > 0 and C > 0 such that

|f(x) — f(y)| < Clz —y|*, Vz,ye R,

E4.2 (Perron-Frobenius principle). Let € be an open subset of R%. Let V € LY(Q).

Assume that the Schrédinger equation
(A =V(x)Y(z) =0, ze€Q,
has a positive solution 0 < ¢ € C?(£2). Prove that
/|w )|dx — / z)2dz >0, Ve e OX(Q).
Hint: You may consider the function g = ¢ /4.

E4.3 (Hardy inequality) Let d > 3 and = R?\{0}.
(a) Find a positive solution 0 < ¢ € C%(Q) for the Schrédinger equation

(2" wor=o

(b) Use the Perron-Frobenius principle and a density argument to conclude that

d—2)? o(z)]? .
/Rd V(o) > & 7 ) Q‘ |§C’3| dr, Ve e HY(RY).

E4.4. For every open set Q C R, we denote by H}(Q) the closure of C°(Q2) C C}(R?)
under the H'(RY)-norm. Let B : H'(Q) — L%(99Q) be the trace operator.

(a) Prove that Bu = 0 on 0 for every u € H} ().

(b) Let u € H'(R). Prove that ujg € Hj(Q) with Q = (0,1) iff u(0) = u(1) = 0.

E4.5. Let g(t) = exp(—t~2), t > 0. Prove that 97'g(t) = P,(t')g(t) where P, is a

polynomial of degree 3n satisfying
Po1(t7h) = (Pu(t™h) + 202 Pa(t™)

Deduce that

|P(s)| < max otk (3p)n—hgn 2k ys > 0.
n

Hint: P,(t!) can be obtained from Py = 1 by applying (n times) either d; or 2t 3.
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Fourier Analysis and Nonlinear PDE
Homework Sheet 3
(Released 4.11.2023 — Discussed 10.11.2023)

E3.1. Let s > 0. Prove that the following two statements are equivalent:
(a) fo — f weakly in H*(R?%) when n — oo;
(b) fn — f weakly in L*(R?) and {fn}52, is bounded in H3(RY).

n—=

E3.2. Prove that H*(R?) C L>®°(R%) with continuous embedding if s > d/2. Prove that
it fails to hold if s = d/2.

E3.3. Let s = d/2. Prove that there exist constant ¢ > 0,C > 0 depending only on d
such that the Moser-Trudinger inequality holds

/Rd@g'f @F Dz <c,  VYIffla <1,

Hint: You can mimic the Chemin-Xu’s proof of Sobolev’s inequality.

E3.4. Let ¢ € S(R?). Prove that if {f,,}°2, is bounded in H*(R?) for some s € R, then

n—

sup sup |¢fn(k)| < .
|[k|<Rn=>1

(We used this bound in the proof of Sobolev’s compact embedding.)

E3.5. Use Sobolev’s compact embedding to deduce the following statement: If f, — f
weakly in H*(R?) for some s > 0, then up to a subsequence, we have

e lp,fn— 1p,f strongly in L2(R%) for all R > 0; and

o fu(z) = f(z) for a.e. z € RY
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Fourier Analysis and Nonlinear PDE
Homework Sheet 2
(Released 27.10.2023 — Discussed 3.11.2023)

E2.1. Let d > 1 and s € (0,1). Prove that

ety —1)2 2
Ly = sl

for a constant Cy s > 0 independent of k € R,

E2.2. Let —oo <7 < 5 < 00.
(a) Prove that H*(R%) and H"(R%) cannot be compared for the inclusion.
(b) Prove that (HS(]Rd) N HT(]Rd)) c HP(RY) for all p € (r, s).

E2.3. We say that a tempered distribution f € &'(R) is compactly supported if there
exists R > 0 such that

f(p) =0, Vo e S(RY) such that supp(p) C B = RN\ Bg.
Prove that the set of compactly supported tempered distributions is dense in S’ (Rd).
E2.4. Let f € H*(R?) with s < d/2. Prove that there exists a sequence { f,}2°,; € H*(R%)
such that f, — f in H*(R%) as n — oo, and for every n we have

fulk) =0, VK[ <n L.

Hint: You can use the fact that H $(RY) is a Hilbert space.

E2.5. Let f € D/(RY). Then we know that d,,f € D'(R?) is well-defined. Prove or
disprove the following: if d;, f € S’'(R?), then f € S'(RY).
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Fourier Analysis and Nonlinear PDE
Homework Sheet 1
(Released 20.10.2023 — Discussed 27.10.2023)

El.1. Let f,g € S(R?) such that [, g = 1. Define g,(z) = ng(nz).

(a) Prove that g, * f — f in S(R?) as n — oo.

(b) Prove that the condition g € S(RY) can be replaced by the weaker condition that
g € L'(RY) and g(z) decays faster than any polynomial at infinity.

E1.2. Prove that C2°(R?) is dense in S(RY).

E1.3. Let 7 : S(R%) — C be a linear mapping. Prove that T € S'(R%) if and only if there
exist k € N and C € (0,00) such that

IT(@)] < Cligllss, Vo € SRY),

El.4. (a) Let f(z) = 3 ), <y Caz® be a polynomial with variable z € RY and coefficients
co € C. Let g € LP(R?) for some p € [1,00]. Prove that fg € S'(R9).
(b) Prove that the function f(x) = el*!, 2 € R%, is not an element of S'(R?).

E1.5. Let 79 € R% and denote the Dirac delta function &,, as

020 () = (), Vo € S(RY).
(a) Prove that d,, € S'(R%).

(b) Compute the Fourier transform of d.

E1.6. Prove that the Fourier transform F : S’'(R?) — S'(R%) is bijective.
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