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E1.1 [4 Points|. Let (X, ||-||) be a normed vector space, f : X — R a non-zero linear functional, and
a € R. Prove that the hyperplane H := {z € X : f(z) = a} is closed iff (if and only if) f is continuous.

E1.2 [5 Points|. Consider the normed vector space E := {u : [0,1] — R : u continuous, u(0) = 0},
together with the usual sup-norm ||ul|,, := sup,¢jo 1] [u(z)|- Let T : E'— R be defined by

(a) Prove that T' defines a continuous linear functional on E and calculate ||T'|| ;. :== sup
ueE\{0}

(b) Is the norm of 7" attained? That is, can we find u € E, s.t. |lul|,, =1 and T'(u) = ||T|| g7

E1.3 [4 Points|. Let X be a set and -~ : P(X) — P(X) a mapping (called a closure operation)
satisfying

(i) @ =0,

(i) VACX: AC A= 4,

(iii) VA,BC X: AUB = AUB.
Prove that for any closure operation there exists a unique topology O, s.t. Y A C X : A = A9, where
AC denotes the closure of A with respect to the topology O.

E1.4 [5 Points|. Let X be a normed vector space, A C X be a closed non-empty set, and let ¢ : X — R
be the distance function
¢(x) := dist(z, A) := inf ||z — al| .
a€A

Prove:

(a) The map ¢ is Lipschitz-continuous with Lipschitz constant L = 1, that is, [¢(z) — ¢(y)| < [l — y]|.

(b) A is convex iff ¢ is convex.

E1.5 [6 Points|. Let X be a topological vector space and A C X be a convex open set with 0 € A.
Prove that the Minkowski functional

pa(z) := inf {)\ >0: X € A}

satisfies the following properties:

(a) pa(Ax) = Apa(z) forall A >0, z € X,

(b) palz +y) <pa(x)+pa(y) forall z,y € X,

() A={reX: pA( <1}

(d) If there exists a norm ||-|| inducing the toplogy of X, the unit ball B := B1(0) := {z € X : ||z] < 1}

is a convex set and
pp(z) = ||z|| forall z € X.
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E2.1 [5 Points]. Let X be a topological vector space and (A;)YY; a collection of subsets of X. Define

the pointwise sum
N N

ZAZ':: Zai:aieAi
=1

i=1
Prove:
(a) If A; is convex for all 1 <i < N, then Zfil A; is convex.

(b) If A; is open for some i € {1,..., N}, then Efil A; is open.

E2.2 [7 Points|. Let (X, ||-||) be a normed vector space. We say that ||-|| is strictly convex iff
Vo,y € X, st flzll =1=|yll,z £y VA €]0,1[: [[Az+ (1 - Ny < 1.
Similarly, a function ¢ : X — |—00, 00] is strictly convez, iff
Ve,y € X, st.x £y VA €]0,1[: oAz + (1 — N)y) < Ap(x) + (1 — N)o(y).
(a) Prove that ||| is strictly convex if and only if ¢(z) := ||z||? is strictly convex.

b) Let p € |1, 00[. Prove that ||-|| is strictly convex if and only if ¢(z) := ||z||” is strictly convex.
y y y

E2.3 [5 Points|. Consider the space of real-valued continuous functions X := C([a,b]) together with
the 2-norm, defined by || f||, := \/(f, f) in terms of the scalar product

b
(f,9) 12/ f(x)g(z) dz, f,g€ X.

Prove that |||, is strictly convex.

E2.4 [7 Points|. Consider the normed spaces of real-valued sequences

0°° := {(zp)nen : sup |z, | < oo},
neN

El = {(xn)nEN : Z |xn| < OO}:

neN

together with the respective norms ||z|| := sup, ey |Zn|, and ||z]|; := >, oy [2n]-

(a) Prove that in ¢! infinitely many pairwise disjoint 1-balls B% (yi) == {z € 01 ¢ ||z — yxll; < 3}, for
suitable y; € ', k € N, can be embedded into the unit 1-ball B1(0) := {x € ¢! : ||z||; < 1}.

(b) Prove that in £°° infinitely many pairwise disjoint oo-balls of radius % can be embedded into the
unit co-ball B1(0) := {z € £> : ||z < 1}

(c) Prove that |||, and [|-]|; are not equivalent when |-, is restricted to ¢! C ¢°.
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E3.1 [6 Points|. Let (X,d) be a compact metric space. Prove that:
(a) X is complete.

(b) X is bounded, that is, there exist x € X and R > 0 such that X C B(x, R).

E3.2 [6 Points|. Let (X,d) be a complete metric space and (z,)nen a sequence in X such that it has
no subsequence which is convergent. Prove that there exists a subsequence (z, )ken of (zn)nen and a
constant € > 0 such that d(x,,,z,,) > Vk # L.

E3.3 [6 Points|. Let (X,d) be a complete metric space, (Z,)neny € X and (ry)nen C |0, 0o[ such that
B(z1,71) 2 B(xg,712) 2 ...

(a) Prove that if (X,d) is a normed space, (that is, X is a vector space and there exists a norm || - ||
on X such that d(z,y) = ||z — yl| for all z,y € X) then

[e.9]

() Blan,m) # 2.

n=1

(b) Find an example of a complete metric space (X, d) and sequences (,)neny € X and (rn)nen C
10, 00| such that

0 e —
ﬂ B(xp,m) = 2.
n=1

E3.4 [6 Points]. Let (X, d) be a metric space. Prove that there exists a metric d’ on X which generates
the same topology (that is, V(zn)neny € X Vo € X : x, — x with respect to d if and only if z, — =
with respect to d’) and satisfies in addition

X C By(z,1) for all z € X.
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E4.1 [4 Points|. Let X be an infinite dimensional normed vector space, V' C X a finite dimensional
subspace, and y € X \ V. Prove that dist(y, V) > 0 is attained by a vector v € V.

E4.2 |4 Points|. Let X be an infinite dimensional normed vector space. Prove that there exists a
sequence {zp tnen € X such that ||z,|| =1 for all n € N and ||z, — .|| = 1 for all n # m.

E4.3 [6 Points|. Let Y := {x = (Tn)nen € 01 Y00, ST = O}.

(a) Prove that Y is a closed subspace of £!.

(b) Let eq := (1,0,...) € £1.
Prove or disprove whether dist(e1,Y) := inf{|le; — y||1 : ¥y € Y} is attained by a vector y € Y.

(c) Calculate dist(e1,Y).

E4.4 [10 Points|.
(a) Let Y be a Banach space and X C Y a subspace. Prove: X closed <= X Banach.
Prove that the following are Banach spaces:

(b) Co(R4,C) := {f : R? — C : f continuous, lim |f(z)| = O} with norm ||f]| := sup |f(x)|.

|| zcRd

() co(N) := {:r — (Zn)nen : Tn € C, lim |z,| = o} with ||z|| := sup 2.
n—oo neN

(d) X = {f: [0,1] — C: f continuously differentiable and f(0) = O} with [|f]| ;== sup |f'(z)].
z€[0,1]
(e) Prove that X :={f:[0,1] — C: f continuous} with

1
1] = /0 2|f(2)] da

is a normed space which is not complete.
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E5.1 [6 Points|. Let X be a Banach space, Y normed, and (7;),er € £(X,Y) an arbitrary collection
of bounded linear operators such that sup {||Z,|| : ¢ € I} = oc.
Prove directly (without using the Baire or Uniform Boundedness Theorem) that there exists an x € X

such that sup {||T,z| : ¢ € I} = 0.

Remark and Hints: The goal of this problem is to obtain an elementary proof of the Uniform Boun-
dedness Principle, which does not use the Baire Theorem. We suggest to use the following strategy:

(a) Show that there exist sequences (T},)nen and (2, )pen such that:
n—1
| Toznll = n+ Y [ Tazyll, forn>2, and |Toa| > 1,
j=1
|nll < 27" min {|| T 7" : j < n}, forn>=2, and |lz1] < 1/2.
(b) Show that the series ) 2, converges to some x € X.

(c) Show that 3772 ., || Tyl < 1 for each n.

(d) Show that ||T5,x|| = n — 1 for each n, so sup{||Tiz| : i € I} = +o0.

E5.2 [4 Points|. Let X,Y be Banach spaces and T' € £(X,Y’) be an isomorphism.
Prove: T(Bx(0,1)) = T(BX(O, 1)).

E5.3 [4 Points|. Let X,Y be Banach spaces and T : X — Y be linear s.t. T(Bx(0,1)) = By (0,1).
Prove: T(Bx(0,1)) = By (0,1).

E5.4 |5 Points|. Let X be a normed space and M C X a closed subspace. Recall that the quotient space
X/M :={[z]. =2+ M : x € X} consists of all equivalence classes of the relation x ~ y : < x—y € M.

Prove that ||[z]|| := dist(x, M) defines a norm on X/M.

E5.5 [5 Points|. Let X be a separable normed space. Prove that there exists a sequence { f,, }neny € X*
with || f,]| = 1 for all n € N, such that for all € X we have ||z|| = sup,cy | fn(2)].
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E6.1 [6 Points|. Let X be a Banach space and let M C X be a closed subspace with finite codimension,
that is,
codim M := dim(X/M) < co.

Prove that M is complemented in X.

E6.2 [6 Points|. Let X be a Banach space, M C X a closed subspace of X, and ¢ : X — X/M the
quotient map. Prove that

q(Bx(0,1)) = Bxn(0,1).

E6.3 [6 Points|. Let X,Y be Banach spaces, f € £(X,Y). Prove that the following statements are
equivalent:

(i) f(X) is closed in Y.
(ii) X/ker f is isomorphic to f(X).

E6.4 [6 Points]. Let X be an infinite-dimensional Banach space.
Prove that the weak topology (X, X™*) is not metrizable.

Hint: To argue by contradiction, suppose that there exists a metric d(z,y) on X such that d induces
the topology o(X, X*). You may then use the following strategy:

(a) For every n € N, let V,, € X be a neighbourhood of zero in ¢(X, X*) such that
Vo C{r e X :d(x,0) <1/n}.

Prove that there exists a sequence (fi)reny € X™* such that every g € X* is a finite linear combi-
nation of the f.

(b) Deduce from (a) that X* is finite-dimensional (e.g. using the Baire theorem).

(c) Prove that o(X, X™) is not metrizable.
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E7.1 [8 Points|. Let X be a Banach space and denote by T' the canonical embedding of X into X™**,
defined by

X — X X*—K

T: with T, :

xr— T, fr—Tu(f) = f(x)
Prove:
(@) [|Tellx = ll=]x
(b) z, — x weakly in X if and only if T}, = T}, weakly- in X**

(c) If &, — = weakly in X, then the set {z,, }nen is bounded.

E7.2 [10 Points|. Let X be a Banach space with dim X = oc.
Prove:

(a) There exists a non-empty subset A C X such that:

e 0¢Z Aand AN B(0,r) is finite for all r > 0.
e For every finite family {f;}icr € X™* we have

inf (z)] = 0.
;gAilel?lfz(w)l 0

(b) The set A is not closed in the weak topology o (X, X™*).

(¢c) For every sequence {y,} C A, if y, — y weakly, then y € A.
(That is, A is weakly sequentially closed.)

(d) Prove using (a)—(c) that (X,o(X, X™*)) is not metrizable.

E7.3 [6 Points|. Let X be a reflexive Banach space. Prove:
(a) For all f € X* there exists an xy € X with |lzf| = 1 such that || f|| = f(xy).

(b) If M is a closed subspace of X and z¢ ¢ M then there exists an x1 € M such that

_ — inf _
lzo — 1] xlélMon |
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E8.1. [2 points] Let X be a Banach space. Prove that the ball B = B(0, 1)”'HX* is closed
in X* with the weak-* topology.

E8.2. [4 points] Let X be a Banach space. Prove that the following statements are
equivalent:

(i) X is uniformly convex.

(ii) For all sequences {x,}, {yn}, if |lzn]l < 1,|lynll < 1 and ||z, + yul|| — 2, then
[2n = ynll = 0.

E8.3. [4 points] Let X be a uniformly convex Banach space and let {z,}72,; C X. Prove
that if x,, = x weakly and ||z, || — ||z||, then x,, — = strongly.

E8.4. [4 points| Let X be a Banach space. Let T': X — X** be the canonical mapping
T(f) = f(@), ¥feXzeX.

Let S and S.. be the unit spheres in X and X**. Prove that T'(S) is dense in S,.. (Note:
Goldstine Lemma says that T'(B) is dense in B, with closed balls.)

E8.5. [4 points] Let X be a reflexive Banach space.
(a) Prove that if M is a closed subspace of X, then M is reflexive.

(b) Prove that if Y is a Banach space isomorphic to X, then Y is reflexive.

E8.6. [6 points| Let X be a Banach space and let M be a subspace of X. Let ¢ : X — X/M
be the quotient map.
(a) Prove that U is weakly open in X/M if and only if ¢~!(U) is weakly open in X.
(b) Prove that if X is reflexive, then X/M is reflexive.
(c) Prove that if M and X/M are reflexive, then X is reflexive.
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E9.1. [4 points| Let (£, 1) be a measure space with () < oco.
(a) Prove that LP(Q) C L9(f2) for all 1 < ¢ <p < 0.
(b) Prove that for every f € L®(£2) we have

lim |[f|lzr = [ f]|ze~.
p—0o0

E9.2. [6 points] Consider R? with the Lebesgue measure.

(a) Prove that for 1 < p < ¢ < oo, both LP(RY)\ L9(R?) and L?(R%)\LP(R?) are non-
empty.

(b) Prove that for 1 < p < oo, there exists a function f € LP(R?) such that f does not
belong to LI(R?) for all 1 < q < 0o, q # p.

E9.3. [4 points| (a) Let (£2, 1) be a measure space and 1 < p < ¢ < r < co. Prove that
LUQ) c LX) + L'(Q) ={f +9g,f € L(),9 € L"(Q)}.

(b) Consider R? with d > 2 and the Lebesgue measure. Prove that f(x) = |2|~! does not
belong to LY space for any 1 < g < oo, but it belongs to LP 4+ L" for some 1 < p < r < oo.

E9.4. [4 points] Let (€2, 1) be a measure space and let p,q € (1,00). Let {f,}22; be a
bounded sequence in L7(2).

(a) Prove that if f, — f strongly in LP(Q2), then f,, — f strongly in L"(Q2) for all r
between p and ¢, r # q.

(b) Prove that if f, — f weakly in LP(Q2), then f, — f weakly in L"(Q2) for all r

between p and ¢, including r = q.

E9.5. [6 points] Let (€2, 1) be a measure space which is sigma-finite. Let 1 < p < co. Let
f : © — C be a measurable function such that fg € L*(Q) for all g € LP(Q2). Prove that
feLiQ) with1/p+1/qg=1.
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E10.1. [4 points] Let d > 1. Find a sequence { f,,}°°, ¢ L'(R?)NL?(R?) such that f,, — 0
strongly in L'(R9), f, — 0 weakly in L*(R%), and f,, does not converge to 0 strongly in
L?(RY).

E10.2. [4 points] Let f € LP(R%) with 1 < p < co. For every r > 0, define

1
fr(z) = W /B(M) f(y)dy.

Prove that f, € LP(R?) for all » > 0, and f. — f strongly in LP(R?) when r — 0.

E10.3. [4 points] Let f € LL (R?) satisfy
f(@)p(z)dz >0, V0 <¢eCORY).
R4
Prove that f > 0.
E10.4. [4 points] Let 1 < p,q < oo such that 1/p + 1/¢ = 1. Prove that if f €
LP(R?) and g € LY(R?), then f * g € Co(RY), namely = + (f * g)(z) is continuous and
lit g0 (f # 9) () = 0.

E10.5. [4 points] Prove that if f € LY(R?), then f € Co(R?), namely k — f(k) is

~

continuous and lim ., f(k) = 0.

E10.6. [4 points] Let f(z) = e ™*I* with 2 € R%. Prove that

Flk)=e ™ vE e RY
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E11.1. [8 points] (a) Prove that (¢*(N))* = ¢>°(N).
(b) Prove that (£°°(N))* is really bigger than ¢!(N) and that ¢*°(N) is not separable.

E11.2. [8 points] Let X be a vector space. Let T': X x X — C be a function satisfying
that T'(x,y) is linear in y and anti-linear in x.
(a) Prove that if we assume further that 7'(x,z) € R for all z € X, then

T(z,y) =T(y,z), Vr,yecX.
(b) Prove that if we assume further that T'(x,z) > 0 for all x € X, then

|T(z, y)|2 <T(z,2)T(y,y), Vz,ye X.

E11.3. [4 points] Let X be a Hilbert space. Let M, N be two closed subspaces of X such
that M LN, namely (x,y) = 0 for all x € M and y € N. Prove that M + N is a closed
subspace of X.

E11.4. [4 points| Let X be a Hilbert space. Let {w,}7°; C X such that u, — 0 weakly.

Prove that there exists a subsequence {uy, }32, such that
1 m
~m D>t
k=1

converges strongly to 0 when m — oco.
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E12.1. [2 points| Let X be a Hilbert space and let {x,,}°2; be an orthonormal family in

X. Prove that z, — 0 weakly in X.

E12.2. [8 points| Let X be a Hilbert space and let B € £(X) such that || B|| < 1. Define
Sp=1+B+B*+..+B"

(a) Prove that S, is a Cauchy sequence in £(X).
(b) Prove that S, (1 — B) = (1 — B)S, — 1 strongly in £(X) when n — oo.
(c) Deduce that (1 — B)™! = S,, where Sy = limy, 5005, =1+ B + B> + ...

E12.3. [8 points] Let (2, u) be a measure space which is sigma-finite. Let X = L?(Q, u).
Let a € L>®(, ). Let A be an operator on X defined by
(Af)(z) = a(z)f(z), VfeXzel

(a) Prove that A € £(X) and ||A|| = ||a||ee.
(b) Prove that o(A) = ess-range(a) where

ess-range(a) ={A € C: u({z € Q: Ja(z) — A\| < e}) > 0 for all € > 0}.

E12.4. [6 points] Let G € L*(R?) N L2(R%). Let A be an operator on L?(RY) defined by
(Af)(x) = (G * f)(x) = o Gz —y)f(y)dy, Vf e L*RY).
(a) Prove that A is bounded and ||A|| < ||G||z1-
(b) Let F be the Fourier transform. Prove that FAF ! is the multiplication operator
by G in L2(R%), namely

(FAF~'g)(k) = G(k)g(k), Vge L*(R%.

Losungen kénnen bis zum 16.07.2021 um 14:00 Uhr iiber Uni2Work abgegeben werden.
Weitere Informationen finden Sie auf Uni2Work: https://uni2work.ifi.lmu.de/course/S21/MI/FA



