
Chapter 4 , Dual
.

spaces and weak topologies
Recall : Tg ✗ is a normed space , then

✗* =L # e)
Heuristically , ✗* is

"
nicer

" than ✗
.

① If ✗ is a normed space , then ✗
*
is

always a Banach space .

② kgH×* = sup 1gal , V-fEX*
11×11<-1 HEX

11×11 = sup If# I = max If I

$fH¥- I HfH×*H
( by Hahn - Banach theorem)

Is there some maximizer for

HfHµ = sup legal iV-fEX* ?
11×11<-1

In general , not ! Hoover , it is true if
✗ is

"

reflexive
"

( ✗ = ✗
** ) .



given the Banach space ✗ , we can define
c ✗

**
as :

✗c-✗ → I C- ✗
**

by
Tx : ✗

*

→ e

f → ga)
Then ;

✗ ⇐ I c. ✗☒*

isometry since

11×11 = sup If I = sup I -1×911=11-1×11
☒
*

kfHµ4 11ft/*4
The fact that ✗ is reflexive ⇐ = ✗

**

.

We vill discuss the reflexive spaces later .

Def :( Weak convergence) let ✗ be a Banach

space and {Xiii
,

, ✗
in ✗

.

Then we say
✗
n
→ × ( xn converges tox weakly)

off fan) → fcx ) , -VjEX* .



Remache Tf in→ × in ✗ , then :

in -- ✗ Weakly .

However
,
the reverse is not correct

.

Example : ✗ = EKIN) where 1< pas .

Denote en = (0,0, . . >

,
1
,
0
,

. . . )
→
n - th position

Then Hen Hep = 1 → en → 0 in norm .

However
,
we can prove that en -0 weakly .

Assume Fife ✗
*
at . fcen) *0 .

Thus

7 s > 0 and a subsequence Tenn}É
,

sit .

If Cena) / I E , th - 12, . . .

Take Can)É
,

=
É
an en E l%N) . Since

h =)

f C-
*

i ee knee that ;FC>0 :

Iff ? anen) I ← CHE anenllep
-

⇒ I § an fcen ) / ± cf-zla.PT/P



Since If@me) /36 ,
choose anhsit .

Anu - fcenk) % E lanul

Then '

Igf Fanny) / & C ⇐ land)%
"

IF anufcenn ) /
*

E E. land

⇒
Flannel ⇐ E- ⇐ lazy )

"?

We get a contradiction by an,e=¥→
LHS = is while RHS ⇐ as since p> 1 .

Remark : Tg dim ✗ < is
,
then weak c.v.

⇐ strong c. V.

When dim ✗=N , we
can find a basis

{ ei}% ,
sit

. *E- ✗ , we can write



✗ = EN
,
aicxei

This :

4 : ✗ → en

✗ ↳ faint)% ,
linear , bijective

when in _=x ⇒ fcxn) → fcx ) , -VgEX*

⇒ ai.hn ) → aid ) ) _Vi=1 , . . .,N
N

N

⇒ ✗n= I aicxn )ei → ✗ = -2 aicxiei .

6--1 in

Remark : when ✗ = LYIN ) , dim ✗= is ,
but

weak c.v. ⇐ norm c.v. ( come later)

Remark : Weak limit is unique ! Namely
if ✗ n_- × and xn -- y ,

then = y .

Indeed
, VIE ✗

*

,
then fcxn) → fey and

fcxn ) → fly ) ⇒ fix )= fcy ) ⇒ fcx -

y )=0 .

Then : 11×-211 = sup lfcx - g) 1--0
HFHEI=) ✗ = Y '



Weak topology :

collection of subsets of
Recall : (✗ +90

"

) is called a topological
space if

• 01 , X E O

• U Ai EO
,
Y AiEO

ie I arbitrary

• A Ai EO
,
it AIEO

IEI finite
Then 0 is called the collection

of
"

open sets
"

.

Ig ,Q ) and CX ,Oz) are too topological
spaces ,

and 0, I 0¥ ,
then we say that

or is stronger ( fina ) than Oz .

Remark .

"

stronger
"
means 7 more open sets

This implies that if ✗n→x in On , then

n
→ in Oz .

i. e. 7 less convergent sequences
in Os thank

This also implies that g- f :& ,qY→ytt0P
.

Space



is continuous
,
then : f :(✗ , e) →Y is continuous

[because f is continuous ⇐ f-
'

Copen ) is open]
Thus 0

,
is stronger than Oz ,

then 7 more

continuous functions in 0 , than Oz
,

let be a Banach space no ☒ , 011.11) is

the strong topology ( i. e. On , =/ open sets
in 11.11 } = I U open balls } ) .

arbitrary
The weak topology OCX , ✗

*) is the weakest

topology in ✗ sit . if C- X
"

is continuous

⇐ rant)) → e.
Construction of OH,#) :

• f-
'

(A) E o# ✗* ) , V-gex-Y-VAopeni.me
• o ☒ ,

is stable under V & N

arbitrary finite

Def :

o⇐×*) =/ U n / JEN : GEE, HEH }
arbitrary finite



thm-iscx.lt ) is a topology in X
.

Proof 0 , ✗ c- o☒,X*) ✓

5¢ , ) is stable under V ✓

arbitrary
Vthy: or a ,X☒ ) is stable under n 9

finite
the prove that

'

y A. BE on ☒ XY , then

An BETH ,×*) .
He can write :

A- = U
i arbitrary

Ai 1
B = U
j arbitrary

Bj ,

Ai , Bj are finite / f-Lw) : fEXÉw%%y
Then :

AAB = (UAI ) n (UB;)
i arbitrary J

'

arbitrary
= U (Ain B;) c- 0K¥)
iij arbitrary _n

finite
☐

Remark : n v does not work !

finite arbitrary



Theorem : let ✗ be a Banach space and

An}%
,
and × in ✗

.

Then in converges to

✗ in 0¢ ,✗*) ⇐ xn
-- ✗ weakly

fire . fan) → f☒htfEX*) .

Proof : Tg in →✗ in or#✗*)
⇒ since f :(✗ , xx,X*)) → e

is continuous Fg c-☒

⇒ fcxn) → fat in e iVfEX* .

Reversely ,
assume fcxn) → fcx ) tf C-✗

*
.

We prove ✗
n
→✗ in o☒,X*) .

Take an

open set U E &CX,X*) and ✗EU , the

prove that 7N : ☒
n
C- U

,
Hn> N

.

Recall UE • ☒A) ⇒ U = U n Hpd
arbitrary finite

⇒ 7 V is A
finite

/ Ftw ) ifex-x.wopen.mg}
Sit .

✗ C- V . We prove 7N : XnEViVn3N .



We write ✓= n

Kj finite
Like;) ⇒ ✗

where fi C-✗
*

, wj
'

open in 1C
. Since

has

iig : ficxn) → f.fi ) C- wj open E

⇒ 7- Nij : ficxn) E wj , th> Nij .

Define N = max Nij ,
then :

ij

ficxn ) C- wj , n> N ,
ti,j

⇒ n
E fico;) ,

Yn > N
,
ti ,j

⇒ in C- ficwjl-VV-ns-N.is

Theorem : her ✗ be a Banach space . Then

⇐so#X-D) is a Hausdorff topological
space sire .

V- ✗* y EX ,
7 Ax , Ay open

sit
. ✗Ettx , y c- Ay , Ax A Ay = ¢ .



fatalproof ÷ I • Y

fEX*
Since ✗* y , by Hahn - Banach theorem ,

7- f C- ✗
*
at . f☒, < ✗ Lfcyj

Define A×= f- ,
X)) 3- ×

Ay = f-
'④ ,

is)) 3- y

→ Ax , Ay open since f
C- X* continuous

Axn Ay = f-
'

④

.tl/nfTa.oD=j'(EIgEsD-- 0 .

Remark : In general , (X , oh , ) ) is not

metrizable , ive . ¥ metric di ✗✗✗ → fois)

s.t.se#X*) is the same with the topology
defined by the metric d.

( Homework )



Remand her ✗ be a Banach space and ACX .

Ig [C-*
→ ✗

'

and xne A) ⇒ ✗c- A] ,
then

it is not enough to conclude that Ab closed .

[ Example : exercise)

Theorem : Let ✗ be a Banach space and

let BCQI ) be the closed ball in # 11.11 ) .

Then : B@ 1) is closed in 41,6#XY ) .

In particular , if ✗
n
- ✗ Weakly in ✗

,
then :

11×11 E timing 11h11 .

n→is

Proof : her * → × . Then : 7 foe # " folks
11×11 = sup legal = If .HN

"f# 2-1

Then : the )l= frigging lf I
-419011 link 2- think

⇒ 11×11 t timing llxnll .

his



Consequence , if in E B@ , 1) and in → ✗ , then

11×11 ⇐ timing Ilxnll ← I → C- BCQI)
n→x

To prove that B@ 1) is closed in X*) ,
we write :

B@ 1) =L ✗EX : 11×11<-1 }

=/ EX : sup If# I ⇐ 1- }
" 11¥ 1

= n { ✗EX : If# 1<-1 }
Hf 11*1<-1

= A

%f*e1 Ñ(B)
closed in 0¢ ,✗*)

as f :(X.sk#Y)-se
is continuous ☐

The n

arbitrary
Closed sets) is closed set in

any topological space
⇐ many@pen sets ) is open set

.



Theorem
.
Let ✗ be a Banach space .

Then

the following statements are equivalent :
(a) ✗ is ing - dim

.

(b) 50,1) =/ ✗EX : 11×11=1} is not

closed in (X ,
J# ✗*) ) .

Indeed

SCO , ,)
**)

= B-⑨ 1) .

c) BCQI) is not open in (X , .r(X,X*)) .

Proof : Tg dim ✗ < is
,
then 5@ 1) closed

and B@ it) is open .

Assume that dim ✗ =A
. We prove that

SCO , ,)
**)

= B-⑨ 1) .

Since 58,1 ) C.BG , 1) and BCO ;D is

closed in •⇐ HY ,
then it siifgias to

show that

S@yot.xx, 3 BOTH
since 5011 ) = BCQI ) \ B.② it ) , we only need



Scoil)
'⇒
D B@ 1) .

Take 11×01121 and prove C- 50,1 )
.

the prove that if xo C- ✓ open in ox,✗*) ,

then VASCO , 1) = 0 .

As before ,
ee can assume that

oEV= A
finite fi

"

(Wj ) , fie # cy.org,

claim , Fyo -1-0 sit . ficyo) = 0 , _ViEwhy ?)

Then : get )= Hxottyotl continuous in 11.11

and go)
= Kill < 1

, glt)→x as + → is

→ 7- to : 11 to -1 toyo 11=1
but ficxottoyo) = ficxo)

C-
wj

⇒ xottoyo E V n s

⇒ Vs Scoil ) 1--01 .



Thus ig dim ✗ = -
,
then

s@ , y
9K¥)

= BOGD

→ $0,1 ) is not closed in or XD
.

Consequently ,
130,1) = BCQD \ 50,1)
-

closed in☒X*TÉor closed
insert)

→ BCom ) is not open in •☒☒
(vhy ) ☐

Mazar lemma : let ✗ be a Banach space . Let

A. c. ✗ be a convex and closed subset og .

Then A is closed in & ☒ ,X*) .

Proof : We prove XIA is open in 0⑦✗
*

) .

Take ✗o C- XIA
.
We find XOEUC XIA

5.t.lt is open
in so ☒A) .

×: / 0A
By Hahn - Banach theorem , Ff C- ✗

*

sit .



fcxo) < x < fca , ,
HaeA.

Define U= f-
'

f-a. A) → open in 0K¥) .

and toe U C XIA .
☐

Corollary : let ✗ be
a Banach space .

Assume

n
- ✗ weakly in ✗ . Then Flynt in the

convex combination
of Ixn} sit

. yn
→ ✗ strongly .

proof.

Recall , A convex combination
ay
An} is of

the form I OnXn , 0<-92-1 , §On=1
h

( finite sum)

Define A = { convex combinations ogling}
" "

Then A- is convex and closed in 11.11 . Then

by Mazur lemma
,
Ais closed in ☒ X-D .

On the other hand
, xn-- ✗ weakly in ox ,X*)

and xnc-A.tn → ✗ C- A .

Thus Flynt C / anvex combinations of Hnl }
sit . yn→ × in 11 . 11 .

☐



Thm [ Eberlein - Smullen) let be a Banach

space and A CX
.
Then TFAE ;

a) A is compact in fx , ocx,X*) ) , namely
if A C U Oi + with Oi open in ofX*) .

IEI

then A C U Oi with IKI
, II

' / LA .

it It

(2) A is sequentially compact in # OH,

tire ,

if Hnl C A ,
then 7 subsequence

☒nut sit . Xna
→ × in A.

( Homework / tutorial) .



Weak - * topology :

let ✗ be a Banach space . Then we can

define ✗* = LCX , e) and ✗*
*
= I# e) .

on ✗
*

,
we have 2 topologies :

• ☒911.11*1 strong topology

kfH×* = sup If# I
11×11×2-1

• ( ✗
*

,
or X**)) weak topology

fn
→

g weakly in
*

⇐ gcfn) → gcf )

g E ✗
**

.

Now we can define another topology , called

weak- * topology ⇐☒

, ☒ ,
X)) .

Here

g.
⇐
g weakly

-

* in X
"

⇐ fncx)→ f☒ , , ✗ EX
.

Recalls ✗ ← I CX** where



I =/ 9× : ✗EX } and Cf : ✗
*

→ a

4) = fcx) , tf c-✗
*

.

Deg : The weak - * topology 8 X) on is the

weakest topology , ie . the topology with

fewest open sets
,
such that all & inÉ

are continuous from (✗To #D)→ e.

Recall : The weak topology or#X*§ an ✗
*

is the weakest topology sit . all of C- ✗
**

are continuous from ⇐ ,#
*

1) → e.

This : the weak -* topology is weaker than the

weak topology ,
i.e.

if fn __ f in ✗
*

⇒ fn f in ✗ .

[ gcfn) → gcgl ,-Vg*) (fix)→f☒, itxex
"

9×4%1 -19×9 like



Moreover , if ✗ = ✗
**

( more precisely ☒ = #-)
then weak & weak- * topology on ✗

*
are

the same . The property ✗ = ✗
**

is called

the repeatability agX .

Remark : We can
. construct 0 X) by

0¥, X ) = U n { E-
'

CA) : A opening
arbitrary finite ✗EX }

Example : ✗ = co CN ) =/ Cxn)% , xn→0 as nus}
Then ✗

* '
l 'M ) =/ An )E

,
: Flint co }

✗
**

tan) =/ HE ,
: syphilis}

We can see that the weak topology metal
is really different from the weak - * topology .

Take en = ( 0,0 , . - , 1 ,
0

,
. . ) c- e'CN)

→
n - th position

claim en
É 0 : Take ✗ C- ✗ = co4N ) , we

pure en (x) → 0 .

Here : Cpi) Cxnh) = § fnxn , V-lfnlc-elknt-c.co



Then clearly ✗ =(☒a¥ ,

E COLIN)

en (X) = ✗
n

→ 0 as n→ .

Ee'm
This en

# 0 in ✗
*

= lian ) .

Claim , en →0 in ✗
*

.

Take g=( 1 , -1,1 , -1 , - . . ) c- e•dN)=X**.
Then gcen ) = C- IT → 0 as n→o

This en → 0 in ✗
*

.

Theorem ; let ✗ be a Banach space . Then

0¥ ,X )) is Hausdorff topological
space .

As a consequence , if

fn±f , fn±g ,
then f=g .

Proof : Ty gn¥f and fn±g , then :

EX : fn⇐)→g⇐) and fncx ) → guy
in e → fix )= gcx, ⇒ g-gin X* .



Assume ftg in ✗
☒

. We find U , ✓ open

0 ×) at. fell , gev , UM V=
.

①① "⇐
¥

a-ÉCA) V=QilB ) ¥ € ↳
since ftg in ✗9 7- ✗EX : fcx ) # gcxj.in e.
Then I A , B open in 1C sit .

yes c-A , gcx )
C- B
,
An B =

Define a = aim
,
✓ ⇐ %

"
"

i ¥ ,)
vs U a V open #TX) since

ex : continuous XXIX))→e
Moreau

, fell igev and UAV =ÉAlnÉB

=oÉCA¥B) = 01 .

☐



Theorem : let ✗ be a Banach space . Assume

fn If in ✗
*

.

Then

Lyn} is bounded in II. the ) and

liming tlfntlxx 3 "fH×* '

n→ is

proof . Recall 1fn|E ,
C I ☒ , e) = ✗

*

and ✗ C- ✗
,
then :

f.A)→ fcx) by weak * c.v.

⇒ sunup If Kiss EX

⇒ snap HfnK×* Go

by the Uniform boundedness Principle .

Then , take a subsequence og ffn} sit .

lining HfnH×* = ¥1
,

" fnu "✗* '

n→

fmi ) → fcx,we have :

{ y.nu#1zHfnnllx* " × "



Thus If I = %%lfni
2- Kfmb# 11×11

⇐ bin 11 full# 11×11
less

= (liningkpr.tl#)hK,VxEXn-2s
⇒

kfH¥ sup If I ⇐ lining HfnH×*
.

My
his

Theorem : ( Banach - Alaoglu) let ✗ be a

Banach space .
Then B@ 1)

" "
H C ✗

*
is

a compact set in ⑦*, or X) ) .

Moreover , if ✗ is separable ,
then BCO, 1)

"
' "
✗
*

is sequentially compact , ive . ftp.nl?= ,
bounded

in ✗
*
, F subsequence / fun} sit .

fnk ± f in ✗
*

.



Remark ; The result is in general not correct

for the weak topology .

Here the weak - *

topology is weaker than the weak topology
us it has fewer open sets → it has

more compact sets .

Remark : In general , the compactness in a

topological space
is different from the

sequential compactness .
The important point

here is that if is separable , then

( BCom ) " "☒ , of#×) ) is

metrizable . [ Exercise)

Proof og the Banach - Alnogln theorem when

✗ is separable ÷ Take {fn} bonded
in ✗

*

,

the more that 7 subsequence Ifni sit . fn f
i. e. funk ) → JK ) ,

C-✗ .

Take lxn}E , be dense in ✗ . We find



a subsequence ffnn, } of Ifn } at . / funked}h
converges ,

te .

For 1=1 : / fncx ,)fn is bounded in E

→ 7 a subsequence / faµ,}n of Iff sit

faµj⇐ ) → LAD as n→o .

con

limit

For e=2 : lfqcnfx.in b. d. in e

→ F a subsequence / fain ,Yn of Hank
Sot

.

f.µ#) → fcxz) .

;

By induction , V-E , 7 / fan,µ , }n subsequence
h→s

of { fancy}n sit '

fawn .cn#ee-iD-fGk-u)



✗
a f. (4) f.G) fs(xD folk)

⑨ ⑦ •• ⑥ ⑨ ③

*
a ③ ① 0 0

→

By Cantor's diagonal argumentt s

consider { fan,n,}
,

a subsequence Ifn}

( a subsequence of Hana ,}u)
Then has

fain,(✗ i) → fcti ) I tie 12 , . . .

Since An}!
,
is dense in ✗ , he can define

f : ✗→ e from / fan) : n-1,2 . . . } by
the continuity . More pricey , tyEX ,
Flynt C Anti

,

sot
. yn
-

y in ✗ .

Then { fcyn ) } is a Cauchy sequence in 1C
,

indeed :



Ifryi) - fly;) I -49g ;) - fancy :D
+ lfancnslyif-fancni.gl/-lfancnilYj)-flYjlI

⇐ lfcyi) - fancy :H+kf÷¥×* Kyi -yjll

+ I fancy;)
- fly;) I

n→is

£ C Nyi - YJH → 0 as i. g- → is

since Igt is Cauchy in ✗ ( as g.
→ g) .

Thus Ifcyij } is Cauchy in E and E complete

→ 7 the limit figs fcy;) = : fcy ) .

We can see that

fancy) → fcg ) sty c- ✗ .

Indeed
,
take lyr.SC/xnTn= ,

sit . yn→y ,
then

.

by the triangle inequality



lfancn, 9) - fall ± /fancy;)
-

family:X
+

lfamcmfyil-fag.it?l-lfamcmlH-fCYiH-lfCyi)-fCy)l
⇐ lfancniyjl-famcmfypl-llfan.cm ,# " Yi

- Jill

¥
+

lfamcmscyil-fyisl-lfcyil-f.int/m-nseIfancn,Cyj1-fcyis1+Cllyj-gill
+ lfcyi ) - fcysl

É→ city ; - yit.lt/1fyi1-fcy)H
→

o

→ limsup 1 fanny 41
- fly) / ⇐ 0

n→s

⇒ fan G) 4) → fly ) sty EX .



Conclusion : We proved 7 a subsequence / fancy}
of { fn}É ,

in ✗
*

at .

fancy) → fly , ityex

Here f : ✗ → 1C . Now we prove that fEX* .

First
, fane, is linear n ⇒ f is linear .

Second
'

Ight 4m→

← llfancn,H×* Nyk
2- C High , _VyEX .

→ f is continuous
.

This : fanon,
E-
f

in ✗
*

.

'



Proof g the Banach - Alaogln theorem (general case)

theorem (Tychonogg) : Ig {✗ if ±
is a collection

of topological spaces ,
and Xi is compact for

any i
c-I

.
Then the product space

4 = IT Xi =/ ⇐i)i⇐
,

: XieXi }
IEI

with the product topology is compact .

( The prog requires Axiom of choice / Zorn lemma)

Now we define
Ñ = = } f : ✗→e}
= IT ①

✗c-✗

Y = ¥* Dx , Dx =/ ZEE : HE 11×11 }

Thus ✗C-✗
,
D.
×
is compact ⇒ Y is compact

with the product topology by Tychongg theorem
.



Define OI : ✗
*
→ 7 by trivial embeddj

if ↳ Icf) = f : ✗→e .

Then I c Ñ and & is bijective from
*
→ 0T¥) . Moreover

> OI , §
'

are continuous :

in Ñ
. fn → g ⇐ fncx)→ fcx ) , -VxEX .

{ in ✗* , f. Eg ⇐ fix ) → fix , i
-V×€X

.

Claim , § ( D#
"

' "✗*) is a compact set

in Ñ
.
This implies that B⇒

" ' "☒ is compact

in ✗
*

with the weak - * topology because

I
"

( compact ) is compact .

Write 8- ( BÑ
" "*)= Knnkz

K, = If :X→ e : If# 1<-11×11 , _VxEX }

Kz= If :X→ e : f. ⇐+g) = felt fly )
and fax ) = ✗ fly , thy EX

thee }



Note that kn = If :X -11C : If#14-1×11 ,-VxeH

=

✗
Dx , Dx =/ ZEE : 6-14-1×11}

is compact .in Ñ

We prove that K, is closed in Ñ
.

K
,=/ fi ✗→e : fcxi-yt.pk) -1 fly ) ,

fax)= ✗fcxlittxiyex
thee }

= N f f :X→e : lfcxty) - in - fish
×,yEX
see

+ lfctx) - right 1=0 }
We see that thyEX , Flee, then

If :X→e :/ fans ) - fat - fat -11µA -Hato}
is closed in Ñ because it is g-

'

④ where

g : Ñ → IR defined by
f ↳ gg ) = lfcxey) - fat - fish -1%1-4*1

and g is continuous
.
Thus kz= A closed set



⇒ Kz is closed .

Thus I [ BÑ
"

' "
✗
*) = kn h k

,

Impact tccoged
is compact ⇒ BÑ

" "*
= of

"

( a compact set)
is compact in ✗

*
with the weak -* topology . ☐

Recall :

• On ✗ with weak topology 0 ☒ , X-D ,
we do not

have the compactness of BCO , 1)
" "✗

.

On ✗
*
with weak * topology or X) , we

have the compactness of D
" "×?

• On ✗
, if AC ✗ is weakly compact

⇐ A is sequentially compact ( Eberlein -

Emulsion theorem
,
exercise / tutorial)

on ✗
*

, y
'

AC ✗* is weakly * compact

then #-) A b sequentially compact .

Clear if ✗ is separable ,
then we have "←→

" ) .

n



Reflexive spaces :

Recall if ✗ is a Banach space , then

✗ ← I =/ Tx : ✗
*
→e : Tak faitKEY

and I c. ✗☒* .

Def. ✗ is reflexive if ✗ = ✗
**

(or more

precisely =

** ) .

Examples , • INN) or LPD) wite Kp < as

are reflexive .

•
IPP @) an LP@) with pet apes

are not reflexive .

CCK) with
,

k compact set isnot reflexive .

Motivation :

• Ig ✗ is reflexive ,
then an ✗

*

,
the weak

topology o ✗
*) and the weak * topology

o ✗ ) are the same .

• In this case , we obtain the compactness

of the weak topology and also the sequential



compactness .

The reverse is also correct .

Theorem : Let ✗ be a Banach space . Then

TFAE :

e) ✗ is reflexive .

Cii ) 13¥
" ' "✗ is weakly compact . (Kakutani)

Ciii) BÑ
" "✗

is weakly sequentially compact
i. e. if HnfÉ BÑ ,

then 7 a subsequence
xnn → × weakly in DÑ .

[More generally , cioi ) ⇐ FINE ,
bounded inX ,

7- a subsequence xnw _- ✗ weakly ) .

Proof :
e) ⇒ Cii) Assume that ✗ is reflexive , i.e .

✗ ± I = ✗**

This BÑ in ✗ is the same D#
"

' "
✗
**

which is compact with the weak * topology )
by the Banach - Alaogln theorem . But X=X*,

hence so ✗
*

) = OH ,XD =
the weak



topology in ✗ .
This BÑ is compact in

the weak topology or#XD .

→ Ciii) First
,
assume that ✗ is separable .

Then ✗
*

is also separable . By the Banach-

Aheogln theorem , BÑ
" "✗* is sequentially

compact rite the weak - * topology o⇐*, ) .

Since ✗ = ✗
**

⇒ BÑ
" "
✗
= BW.lk#

is sequentially compact with the weak topology
ix. ✗* ) = o HJ .

In general , if ✗ is net separable .
Then

take knf.EC BE
""✗

. Define

I = span Kng%
" "
✗
c

closed subspace
Then BÑ

" "I cpetl.tk
closed in strong topology

& convex ⇒ closed in weak topology
by Mazur lemma



By Cil ⇒ Cio ) i. e. BOCIT
"
'
"
×'s weakly compact

→ BCQIT
" - "

is weakly compact
⇒ BE

" ' "
is weakly sequentially compact

[ I is separable) ⇒ 7 a subsequence Xnk_-✗

weakly .

Note : By the same argument , he can prove ⇒fiii)

④ ⇒ Ci ) We will need a key lemma .

Lemma ( Goldstone) her ✗ be a Banach space

and let Ti ✗→ ✗
**

, I (g) = fix ) , _VgEX* .

Then : TX) is dense in ✗
**

with the weak -☒

topology ,
i. e. to -4 Vc ✗

**

open in weak - * topo .

then TCX ) n V =/ 01 .

In particular , T(BÑ
"

' "× ) is dense B#
"

' ¥×

Proof : herd #VC ✗
*

be open in weak * topology .

Then we prove that TX ) n v =/ 0 .

By definition of the weaker topology F-✗
*

opaniie

arbitrary Finite 13€ ✗
*

: g. (F) EatV= U



For our purpose , we can assume that

v= Ñ |geX** : 3cg ;) E Wi }i=l

where fi C- ✗
* and w ; open ball in 1C

.

Then TCX ) NV -1-0 ⇐ 7- ✗ C- ✗ i IIEV

⇐ FXEX : Txlfi )= ficxj-cwiiv-i-1.tt

Define 4 : ✗ → Ek by
K

to QQ )=
⇐ ,

→ 9 is linear and continuous .
Then the fact

7. ✗EX : ficx ) C- wi , V-i-ls.r.sk

⇐7×-046-0 E ¥ Wi .

.

I = I

Assume by contradiction that

9h) nT.Iiwi-0.lu
to

closed subspace g Ek open , convex

ok ☐ :# wi
I >

9K )



By the Hahn - Banach theorem ,
-7 peeks.t .

p.IE < f. y ,

-

-

ÉÉ fifth Éilsiyi
K

✗EX
, y=(yi)€¥,wi

This uinplies that p.ae ) -0 ,
✗EX

and pry >
0

, Hye T.FI
,

wi .

From p.cl#--Oi-VxEX
⇒ ÉÉ

, pificx )
-0 ,

✗EX

⇒ Épifi)cx) -0 ,
✗ C- ✗

IF
K

⇒
¥

,
fifi =O in ✗

*

.

Because Vto ⇒ 75€11 : Kfi ) C- Wi iti

⇒ ÷É
, f. i. 39 ;) SO contradiction

⇒ } CEE Bisi ) >0 ~ÉÉpifi=0 .



The conclusion
"

-14¥
" "
×) is dense in

BÑ "
' "
✗
** "

is legs as an exercise .

Conclusion
og
Cii) ⇒c)

The
mapping
T: ✗ → ✗

**
is continuous

from the weak topology in ✗ to the weak*

topology in ✗
**

.

For example , if ✗
n
→ ✗ in ✗

⇒ fan) -1 fait f
C- ✗

*

⇒ In → -1×91 , f C-X
"

=) In Tx in ✗
**

.

More generally , we prove that iy V is open

in ✗** with the weak * topology , then TTV)
is open in ✗ with the weak topology .

In fact , by definition of the weak * topology ,
V - U

arbitrary finite
{ 5-✗

**

: 5cg )Ew}

pe¥ Iron
in e



Then felt Fone
9

1-
"

(b) = U
arbitrary Fate T

"

/ 50¥ . 5cg ) Ew}

By definition of the weak topology in ✗ , we

can conclude that TTV) is open if V-fEX*
and w open in 1C

,
then -

T
"

} }EX** : } (g) c- wig is open

= HE (g) Ew }
=/ ✗EX : fcx ) Ew }
= of
"

(w ) ( this is open in ✗
,
in both

strong & weak topologies)

Nbu ) , we know that BÑ is compact

in the weak topology .
And since

Ti Choe . D → (✗ o 'D
continuous

→ 1- ( Bait ) is compact in ☒
*

, r☒¥X*D
⇒ T @Ñ ) is closed in 1×761×-7×-9)



On the other hand
, by Goldstone lemma

,

1- (BÑ) is dense in BÑ "
' "✗** with the

weak * topology . Thus :

1-(Dot) = BÑ
" "✗

**

⇒ 1-☒ ) = ✗
**

⇒ ✗ is reflexive .

The proof of Cii ) ⇒ (it .

The direction from Ciii) → Cii) orig is more

difficult and left as an exercise
. ☐

Remark : In general , a compact set in a

topological space is not necessarily closed .

However
,
this is -0K for He sdorgg spaces .

?⃝ ①
a- * y
7 Ux , Uy open

Ux Uy ✗C- Ux

y Elly
Uxnlly -1-0



Lemma : Let ✗ be a Hausdorff topological space .
Then

any compact set in ✗ is closed
.

Proof : let KCX be a compact set . the prove

that ✗ 1K is open .

Take E NK and

find an open set U : XEUC HK
.

Uy Vy

ye K then ✗ + y
. Since is Hausdorff ,

7 Uy and Vy open sets such that

✗ C- Uy , y c- Vy , Uynvy = 0 .

Then : K = Why} < U vyiopen
YEK yekg

Since K is compact , 7- finite sets

K C F v
in Yi

Define U = fin Uyi .
Then U is open



and ✗ C- U
,
Un K = to iie .

Uc HK ☐

Theorem : let ✗ be a Banach space .
Then

✗ is reflexive ⇐ ✗
☒

is reflexive .

Proof : "⇒" Assume that ☒ is reflexive .
Then

on ✗
*

, the weak and weak* topology are

the same .
But by the Banach Alaogln theorem

,

BÑ
" "✗* is weakly * compact .

Thus

BE
" ' "* is weakly compact .

Then ✗
*

is

reflexive by Kakutani theorem
.

⇐⇒*
Remote There is a

"

fast proof
"

µ
✗ reflexive → ✗ = ✗

☒*

⇒ ✗I ✗*¥F*
?⃝

⇒ ✗
*
is reflexive .

"

⇐
"
Assume ✗

*
is reflexive .

ThenÑ¥he weak and
and the weak* topology are the same .

Vue know that T: ✗→✗
*

, -1×91=11×1 , VYEÉ
is a linear map

and TQ) is dense in ✗
**



with the weak * topology by Goldstone lemma
.

Then TCX ) is dense in ✗
** with the weak

topology . why?)
However

,
TCX ) is convex ,

closed in the

strong topology .

Then by Masur lemma
,

1-⑦ ) is closed in the weak topology .
Thus

TCX ) = ✗
**

,
i.e. ✗ is a reflexive space .

Exercise : Let ✗ be a Banach space .

Prove that TCX ) is closed in ✗
**

with

the strong topology .

Remark : Tg ✗ is not reflexive , then :

✗ - TX ) = I c. ✗☒* = I**q×*¥+
&

nor reflexive



Exercise ; let ✗ be a Banach space .
Let

M be a closed subspace of✗ .
Prove that if

✗ is reflexive , then M is reflexive .

Exercise ; her ✗ be
a Banach reflexive space .

Let ACX be a convex , closed set in the

strong topology .
Prove that A is compact in

the weak topology .

Def:( Uniformly convex spaces)
'

her * be a Banach space .
Then ✗ is

uniformly convex ig HE>0,78>0 sit
.

I

sup 11¥41 s 1-8 ¥E • Y

11×11 titty 114
A-ytl> E

Note : By the triangle inequality , we only know
that CHT Ed

.



Examples .
.

Rd with 1×1 =/51¥ ,×=Ki)É
,

is uniformly convex for all d > 2 .

•
Rd with 1×1

,
=
& Hit , ✗ = Hit ! ,
1--1

or 1×1
•
= max Hit
it itd

is my uniform convex .

•
IKIN) is uniformly convex iy 12 pas
& me uniformly convex igp-lor-p.is

Theorem (Milman - Pettis) let ✗ be a Banach

space . Ig ✗ is uniformly convex , then ✗ is

reflexive .

Demay: Note that the uniform convexity
is a geometric property of the norm , ine .

it might happen that 11.14) ,
☒ , II. K)

are equivalent bur 11.11
,
is uniform convex

rehile 11.11
,
is not

.

on the other hand , the reflexive property is



a topological property , i :O if ☒ 11.14) and

☒ 11.112) are equivalent , then ☒ 11.14) in

reflexive ⇐ ⇐ 11.112) is reflexive .

Remark : There are examples of reflexive
spaces sit . ¥ equivalent norm that is

uniformly convex .

Proof ; Recall : 7. ✗ → ✗
**

,

-1×91--1*1 . ✗c-
, Yg C- ✗

*

.

We need to prove TCX )= ✗
**

.

Take ge ✗
**

and we find ✗ C-✗ sit . } = Tx .
Assume 1151*-1

Claim , HE>0
,
7- ×
,
C- ✗ sit . 1141111 and

It 3- The H×→* ⇐ E.

Define : 8=8
,
= ing (1-11×-11-14)>0 .

11×11,141141
☒ -

y 1138

By def , 1=1134#* = sup 159,11 = sup 1
Flyers 11811×-4=1

→ If C-¥ , Hf.tl#=1 , 13-911>-1 -§ .



Defines
3 C- V= { ye ✗

**

: I ycgl - 3cg) 1<812}
= F-

'

(3*1,3)) . -4 :#→
*

741=24)
since Ty is continuous from ✗

**
with weak *

topology to E → V is open in ✗
*
with

weak → topology .
Moreover

,
we knoe that

TCX ) is dense in ✗
**
with weak - * topology

→ V n TH ) 1=0
→ 7 ✗EX : I -1×9 ) - 3cg ) / < 812

⇐ If☒ ) - 5911 < 812
.

Actually ,
we can take 11×11<-1 since

1-¢041T " - " ×) is dense in BÑ "
' "x**

.

We claim that 11-1×-511#* ⇐ E. Assume

that HI - 511#*
> E. Thus : }EB)• .

☒*



Exercise : B,eT "
' "
✗
**

is closed in ✗
**
with

the weak * topology .

Thus :} E V n (B⇐%
"

- "✗*)°
Tpm ↳

open in ✗
**

with the weak*

topology
⇒ vs ( ACI.ej-tt.lk#Jn-cxj+o

in

dense in ✗
**

⇒ 7g : Ty C- V n (BI " ' "
✗¥5

i.e. Ifcy ) - 5911 < 812 and

thy - T×H×** > E ( ⇐ ☒ -ya>e)
And we can also take High* ⇐ 1 .

In summary ,

Fyry EX : 11×11 , 11yd El , Fg c- ¥11111 -1
If A) -5911 < § , If# - 591128g

and Hx - yllx > E , 13911 > 1-§



If A) -5911 < § , If# - 591128g
and 11×-211×78 , I } g) I > 1- 8

I

consequently :

24-81<21 } I ← Ife -5911+1141-5911
I

+ If# + fcyll
28 + lfcxey) 1<-8+41111×-411

Is

⇒ 11 ✗ +y 11 > 2- 28

⇒ 11×+1-11 > e- s ⇐ s > 1- 11++1-11
However , this contradicts the fact that

5- = ing {1-11*7111}
⇒ Night
*

'
- y' 1138

This V-E>0
,
7- ✗ C- ✗

, 11×11<-1 , -31*-4 .



Since T(BÑ) is closed in BÑ "
' "x**

with the strong topology and we have proved
that -1B¥ ) is dense in BÑ

"
' "
✗
*

→ 1-[BOI) = BÑ
" "
✗
*

→ 3- xge BE at . TX} = } .

Exercises Prove that T@Ñ "
' "×) is closed

in ✗*
*

with the strong topology . [ Hint :

⇐ 11
#*

= Alf & ✗ is Banach space )

Exercise .
her ✗ be a uniformly convex Banach

space .
Then TFAE :

4) in → × strongly in ✗ as nos

Cii ) ✗
n
→ ✗ weakly in ✗ and t.hn/→ 11×11 .

Exercise : let ✗ be a Banach space .
Prove

that TFAE : Ci ) ✗ is uniformly convex .

Cii ) Y sequences Hn} , -1gal , y
' llxn 11<-1,11%114

and A×n-zYI 11 → 1 , then An - ynll → 0 .


