
Chapter 3 .

Banach spaces

Def . let É be a normed vector space .
Then

✗ is a Banach space if ✗ is complete lie .

any Cauchy sequence {xn}% in ✗ has a limit

in X ) .

Etamples

7 IR ,
1×1 = absolute value → Banach

space

① = IN → Banach Space

Rd
, 1×1 End

.
→ Banach space

☒ 111.11) finite dimensional normed space

→ Banach space ( why ?)
e.) Let K be a compact metric space and

consider X=C (K , e) =/ f : K→e
, continuous}

with the norm

11 flies := sup 1 fist .

X€K
Then : C (K, e) leith tlgths is a Banach

space ,



Proof First
,
✗ = CCK, e) is a vector space .

Moreover
,
II. His is a norm in X

'

,

tlflhs = sup If I 30

XEK

llflhs -0 ⇐

fcxj-O.V-x-CK-f-okf-glhs-lft.tn-111g His city :)

⇐ If# + gal 2- 11%-1 Agha ,
-V×EK

.

This follows from the triangle inequality
If# +gal -2 I fill -11gal

⇐ Aghast Agha
Next ,

let us prove that ,
II. Hp ) is complete .

Take a Cauchy sequence |fnbE , in⇐ II. His)
We need to find a limit fat .

f.→ g
in CX

,
II. His) .



By assumption , / fnl is a Candy sequence i. e.

Afn - fmtln → 0 as min → is

consequently , ltx C- K , then ,

Ifni ) - final ⇐ tlfn - finks→0 as

m , n→ is

⇒ { f.☒BE ,
ni a Cauchy sequence in €

⇒ F figs fix ) = : fix ) (agg f)
why eye ✗ = C ( Kse) : i. e. why is faint?

Take in→× in K .
We prove that

fan) → fit
in e

.

He- fmlho
We have : Kim

-

lfcxn) - fall ⇐lfknl-fefnltlfukntfEH-lfmknl-fmhl-lfn.CH- fall



v ¥É.
I fcxn) - fill ⇐lfknl-fknlttlfh-fmlhsk-lfmknl-fm-H-lfn.CH- fall

Take tens

lying - fast ⇐ eimswp 11 fu - finks
has

+ Ifmen - final + Ifma - fat
Take n→o

eimsvp Ifan) - fail ⇐ limsupllfifmlhs
has his

+ If# 1- fair
Take m →is

limsnplfcxntfcxltlimsnplimoupllf.fm/bn-o
m→is has

"
0

because { fmf is a Cauchy sequence

This be conclude that

fan) → fcx, as n→o⇒f is ant .



Finally ,
we peace that fn → f in II. His , namely

Ip / fat - fat → 0 as n→is .

We have :

I fix ) - fall ⇐ tfncxs-fmcxil-lfn.ly - fill
⇐ Afn -fmths-lf.mn - fill

Take in→ is

Ignis - fail c- limsuptlfn - finks
m →is

→ s¥p life ) - fast 2- limsup Afn - fmlts
" m →-

Mn - Hhs
Take

n →s

eimsuptlfn - g His ⇐ hinsup limsupllfn - fml!
n→ h→s miss

"

o
because ffnl is Cauchy sequence .This fn→ f .



Ths we have A fn - fkn →0 as n→o .

We conclude that ☒ = CCK ,e) with

II. His is a Banach space .

Remain the use

"

K is compact
"

implicitly grom
the fact that we can define

His for f. c- CCK , e) .

Recall then '

y f : K → e is continues & Kis

compact ⇒ FCK ) is compact C 1C .



Example : ✗ = Cb CAD ,e)
=/ f : Rd→e continuous and

Has := sup Ifat < is }
E- Rd

Then ⑦ II. His) is a Banach space .

Example ✗ = GCN , e)

=/ f : Rd→e continuous

and compactly supported }
Then (X

,
II. this) is a normed space but

it is not complete .

H Dey f 's compactly support ⇐ 7- a compact
Uses KC Rd s.r.fi#O,V-x-cRdlk .

Proof let us find an example fn a Cauchy
sequence

in F- Cc (Rd, E) with II. Up which

does not converge to any
limit in ✗

.



Take f☒)= e-
Ht

c- GARD , e)

⇒ f # Ecole)

Take a function X :Ñ→O;D which is

continuous and :

Xcx ) = I
'

y 1×1<-1

{ ✗☒ 1=0 ig 1×132

✗

→
I

a

Regino
Xn☒)= XCX/ n) ,

V-n= 112,3 , . . .

In ; i

- 2h - th th 2n

Define
gn⇐ , -. zncxjfcx)=Xn⇐1é GARY

the see that Ign) is a Cauchy sequence

soso.ee/fncxs-fmcxs1--lXncxi-XmN1fcx1l



←

f
/ fell , j 1×13 mincmm)
O

'

y 1×1 t min @ im)

E e- mincing

this

ftp.n-gm/1, ⇐ e-
min @' ""

→ 0

as mm →is

Hereever
, ee can see that if fn → g

then
g=g but get cocked ⇒

tfnl does not have a limit in ✗ = 94k¢,e)

Conclusion ✗ = Cc @d ,e) is not a

Banach space .

Exercise . Coard , e) =/ f : Rd→ continuous

and limlfcxjl =Of*→

Prove that co@e) is a Banach space with



118110 :-. sup / fast .

Moreover
,

XEIRD

cjcrd#
" ' "

= Cock! e) .

Remae Impale
E(Rd , e) G- C☐(R% G- GCHQ

&

not complete comb
page

G- C(RYE)
with II. His

.

to
we cannot dgim 11.11pm CARY

Eerie . Let ① (N ) =/ ✗ = (Hsh , . . .) ,
✗ice.

(Kp Ecs) and tlxtlep <• }
ohne

Hep :=( É
,

HIP)% y
'

p.ba{ snap Hnl j p- o
.

Prove that Ñ4N) is a Banach space .

Exercise : her be a Banach space and letY

be a subspace of ✗ . Then 4 is a Banach space
⇒ Y is closed in

.



This ( Banach ) let ✗ be a normed space .

Then ✗ is locally compact ( i. e. BEST is

a compact set) ig and only if dim ✗ < is .

Proof . Tg dim✗ as → BI is compact

[⇐ Rd is locally compact)

Assume that ✗ is locally compact .
Then

we prove that dim ✗ < is ,

tenma . let ✗ be a normed space . let Y

be a subspace of X , Y is closed
, 4=1 ✗ ,

-6%99%7 o EXIY sit . Holt 1 and

distcxo , Y) = ing 11×0 - YI → 1- E.

gey

Perry .
Because 4#✗ ⇒ 7-

"
E XIY

.

Because 4 is closed and ✗
' ¢4 , then

d : = dcx
'

,
-4) > 0 .

We can find y
' EY sit . µ- y 'll ←¥, '



Define to :-. ¥-,µ . Then
y EY ,

☒ - HI = 11
µ
-111

= "÷i " " " "

→ ¥4 dcxhy)

3 4¥
.
d = 1- e. ☐

We prove that iy dim ✗ = is > then ✗ is

not locally compact .
More precisely ,

he

prove that y dim X-P , then 71in}E ,

such that MbH =L but 11in - Xm 113 1- e

V-n.fm ( for any given secoii ) ) .



We choose Hnl by induction .

•) ×, C- ✗ , 11×111=1 .

*) spank, ) = Ya G- ✗

Yi is closed since it is finite - din Gehry:)
By the lemma

, Fxz C- ✗14 , ☒ 11=1

and dist (×, , Y,) 31 -e ⇒ H - X
,
1171 - E .

•) Yz= Span#xD G- ✗

Y , is closed

By the lemma
, F xp C-HY , sit .

11511=1 , dist # , Yy → 1- s

⇒ 11×5×111 , ☒5h11 > 1-E.

i.
This gives the desired sequence /*n| .

This sequence
has yo subsequence which

is convergent → ✗ is not locally
compact !



Exercise. let ✗ be a normed space
and dinX*o

.

Prove that 7 }×n)nÉ ,
C X sit . llxn 11=1 n

and llxn - Xmtl 31 , them .

Exercise : let ✗ be a normed space and

lot 4C be a subspace with dim Yes .

Prove that Fxoe XY : 11×011=1 and

diet ⇐o , -1 ) → 1 .

( Hint : you can proved that

dirt Cto
,4) = ing 1-1×0- y 11

gey
is attained for some y EY , i. e. FYOEY :

-

go 11 = ing 11×0- y 11

yey )
⇐ her ☒ be a Banach space and Y be a

closed subspace og
✗

. Let toe 14
.

Can we

expect 7 minimizer for
dist Cto ,4) = ing 11 to- yll ?

yey



In general , it is not true ! Havener , it is

true
'

y ✗ is
"

reflexive
"

( ✗
**
= ✗

,
come later)

Def ( separability) let ✗ be a normed space .

Then ✗ is separable if 7 A CX , A is

countable and A is dense in ✗
.

Thin .
let ✗ be a normed space .

Then

✗ is separable ⇐ 7 KIE ,
C sit .

✗= Span Hn inIt} .

Proof :

"

=)
"

Tg ✗ is separable , 7 A coutable

sit
.
✗ = A-

. Then A = { xn}%
,

and

A C Span / ✗ n in-11J
⇒ ✗ = E C Span / xnin>t} .

"

=

"

Tg ✗ = Span lxn : n> 1)

=) ✗ = A- where

A = -1 I 8nxn , One ☒+ iQ ,
/ On } has

HII

finite elements -1-0 }
as A is coutable

⇒ ✗ is separable .



Example
• ✗€④ D) e) =/ f :[OD → e continuous)

KFH = sup lfcxjl .

⇒ ☐

This Banach space is separable due to

Weierstrass Theorem :

✗ =
A- where A =/ pol . with rational

coefficients }

• ✗ = C. Crd , e) is separable . [ why ?)

• X=lPCN ) is separable for 1-2 pas .

Indeed ✗ = Span / ✗ n : ring where

in = ( 0,0 , . . .

,
1
, 0,0 , in)
"

n - th position

• ✗ = l°4N ) is not separable .
Indeed

,

define ✗
☐
= (xp)n→ , , xiil =/ f In EBotherwise

where BC IN
.



Then : HXB - xp , 11 = 1 g BIB !

This HB)
Ben

is uncountable [ 127- IRI)
and this implies that ✗=P is non - separable

Cvhy ?]

Operators on Banach spaces :

Def let X , Y be two normed spaces .
Then

L☒,Y ) = } f : ✗→Y linear & continuous}
with, the norm :

" fHyµ, , := sup 118*11,
= sup 119*11,

11×11×2-1 11×11×-1

In particular , LCX ) =L#X) and XÉLCX , e).
Remands .) 11 folly 2- HfHy④y , 11×11×17×-41
e) Tg g :X -14 is linear

,
then f is continuous

⇐ sup Hfc ) Ily CA .

9×1121

theorem: let ✗ be a normed space and Y be

a Banach space .
Then 24,4) is a Banach space .

space .



Proof First L⇐Y) is a normed space ✓

Second
,
L CKY) is complete .

Take lfn} be

a Cauchy sequence in 2*4) , i. e.

" fn - fully⇐y,
→ 0 as min → is .

For every ✗EX
,
then ,

11pm - finally -11 n-fmklt.ly
⇐ Hfn - fmHy⇐y, 11×11 → 0

as m , n →D

is

This |fn)}n= ,

is
a Cauchy sequence in Y .

Because Y is complete → 7 f⇐)=ff fit .

We prove that f C- I ☒4) . Clearly

f is linear
.
Moreover

, we
have if 11×11×2-1

If# Hy ← UH - fncxslly + 118*114
⇐ Afa ) - fne-Nytllfnkyx.gg

Take n→o



Ilf Ily ± dims
up tlfntlg #y)n→

⇒
§:p, ,

" fatty & limsuplfnlly ,pn→

Here we used the
fact that {fn} is aCauchy

sequence in I#4) ⇒ lfnf is bounded in

L⇐Y) .

Thus f e 2*4 ) and

HfHy@yj-snp1fcD1lyHXHx4zbimsupMnHyQ.y
)

'

n-0ns

Actually , we can prove that Cvhy ?)

kfky⇐y , ⇐ liming tlfn "L(×y)n→o

Next , we prove that fn→f in L # Y) .



we have ☒ 11×2-1

llfncx ) - fatty ⇐ Hfncxtfnillytfñl - f
⇐ Hfn - fmtlyx.yl-llfn.CH - fatty

Take m→o

tlfncxl - fishy ± liinsupllfn - fmHy☒y,
m → is

⇒ sup tlfncx ) - fishy 2-
. . .

11×11×2-1

⇒ Afn - guy ⇐y,
⇐ limsuplfn - smh

mas LHD

Take n→o

⇐ limrwp limsuplinkups Hln - Sky y) nos mas

tlfn - fmtlycx,y5-0
because { fnl is a Cauchy sequence in LW .

This fn→ fin I #4) . ☐



Three fundamental Theorems :

Theorem ( Uniform boundedness principle ,

Banach - Steinhaus theorem)
let ✗ , -1 be two Banach spaces .

let / fi}ie±
C 241,4) . Ig ✗ C- ✗

,

sup Afia Ily < is ,

IEI

then
sup sup ftp.chlly < is
it I 11×1111

i.e. sup H filly#y )
↳ '

i c- I

Re-made : The set T can be anything , might be
uncoutable .

Recall the Baire category theorem :

let ✗ be a complete metric space . Ig
as

¥ }n= , be a sequence og
closed set XNCX

and %
,
✗ n
= ✗ . Then Fn : Xn > Bar) .



Proogog the uniform boundedness principle :

n > 1 , define Xn = HEX : sup 11 HEYIEI
Then Ryn is a closed subset

of ✗ . In fact ,
if aq→a in ✗ and lakh C Xn , then

a E Xn because :
.

tlficatly ⇐ tlfica) - ficaalllytlficault,
← Afia ) - fi can )Hy 1- n

Take k→o

llfically £ n
,
ti c- I

→ a c- ✗
n ⇒ Xn is closed .

Moreover :

✗
n
= ✗

since

IX. = HEX : sup thinkin}
ie I

= { ✗EX : suptlf.cn/lyG}IEI

= ✗ by assumption on fi



By Baire Category theorem, 7- new
and BCxo.ro) C X sit .

Bar? C Xn =/ ✗C-✗is;¥Mi⇐¥n}
⇒ Afi (g) Hy ⇐ n , ye BCH) HIEI

⇒ Hfir Hyeon , 711×11×4 ,

V-ic-tffxol-rofo.ci)

ntllficxo)Hy 1414111⇒ Afield -1 S
ro tie I

⇒ HfiHy⇐y , 2- " +111*01114
,yieI

To

→ %¥HfiHy☒y, ⇐
n -1 supllfilxoiky

IEI

to

< is ☐

Corollary : let X ,Y be Banach spaces .
let

tfnbCL⇐Y) at . fncx ) → f☒) ,txEX .



Then : YE LCX , -1 ) and

HfHy☒y ,
± liming HfnHL⇐y .

n→w

Proof because f. a) → f ✗ C- and

f. is linear ten ⇒ g is linear
.

.

For every ✗ C- ✗
,
{ fn☒ig% ,

is bounded

i. e.

sup II fix> Hy <
NEIN

By the uniform boundedness principle

sup sup tlfncx, Hy <
NEIN☒É

11%112*4)

⇐ sup sup llfncx> Ily 2A
All kl new

→ sup Ilfcxstly < as
11×112.1

⇒ f is continuous
.



Moreover ,

11ft = sup Hf Hy = sup timing Hfneytly
L⇐Y) 11×11<-1 11×112-1 n→A-

± 11%112*1,1×1
⇐ timing HfnHy☒,yj☐h→s

Corrolary : let ✗ be a Banach space ,
let

B be a subset of
✗

. Then

B is bounded ( i.e sup 11×11<0 )
XEB

⇐ B is weakly - bounded ( i.e sup / fables
✗EB

V-gc-E-dx.at)
proof .

"

→
"

obvious ! (18*12-1181111×4)
"

⇐
"

Non - trivial
.
We need



lemma
. [ A consequence of Hahn

- Banach theorem)
let ✗ be a wormed space .

Then ✗EX
,

11×11
✗
= sup Igel = max legal
fEX* fEX*

if HE 1 HI =L

Proof . First , vehaves

sup past ⇐ sup (411.11×14)=11×11,1
fEX* felt
Ilflltkflkl

Second , we prove that 7- f. E
✗
*

s.tl/foll-- 1,
and f.a) = Hilly . We define

fo : spank)= ① × → e by
fo @×) := 2- All✗

⇒ go c- LC Spank ) , e) and 11%11--1 .

L§pm☒D
By the Hahn - Banach theorem

,
we can

extend the functional go : ✗ → E sit .



go c- LCX , =X*
, f. G-D= 2- Why ,V-zE¢

and

llfotlgcx
,

= " folly @pane ,Q)=
t

'

then focx ) = 11×11✗ . ☐

Conclusion g-
the Corrolary :

"

⇐
"

Assume that BC ✗ is weakly bounded .

Then sup If (b) I < is , V-fEX* .

BEB

Define Y= ✗
*

( a Banach) and

%}
be,
C Y* ⇐ ✗

**)

Tbcf ) := gcb) , gEY=XTVbEB
Then : Yf C- Y=X* , then by the weak bud .

5¥, 1%811
= sup lfcbl < is
BEB

By the uniform boundedness principle ,
sup sup Ifcb) I < is
BEB HGH El



sup sup Ifcb) I < is
b. c- B

Ñ"¥by the lemma

⇒ sup Noll < is sire . B is bounded .☐ .

BEB

Exercise ( Another proof of the uniform
'

boundedness principle , due to Hahn 1922)
let X

,
Y be Banach spaces .

Let a family
tf ;} C IX.4) Sir . sup HfiHy⇐y , = • .

IEI

Then we prove that FXE ✗ sit .

sup 11g ; 11 = is .

i c-I

(a) Pure that 7 a sequence hfn}% ,
C tfi¥

,
and a sequence lxnfn.sc ✗ sit .

link 2- 2-
n
min / 111TH

"
: jcn}

( and 2
"

if n= 1)



and lltnxn 11 3 n + É
"

III. xjtl
ja

( or 31 if n= 1) .

(b) Prove that E?×n = × in ✗
.

(c) É Htnxjll £1 itn
j=n -11

(d) III. ✗ 11 I n - 1
,
V-n.ms conclusive

.

Theorem Open mapping theorem ,
Banach - Schauder theorem )
let X

,
Y be Banach spaces .

let fEL☒iD.

If y is surjective , i. e. ft) = Y ,
then :

FCA ) is open in Y
,
A open in ✗ .

Remark : Tg f : ✗
→Y is continuous , then

f-
'

(B) is
open

in ✗
,
FB open in Y .



corrolary , let X
, -1 be Banach spaces and

fed ☒it) . Ty y is bijective ,
then

g-
'
E L # X) .

( For that reason ,
the "

open mapping theorem
is also called the

"

inverse mapping theorem
" )

corollary : let X be a normed space with,

II. Hs and 11.112 .

Assume ⇐ 11.14) and

☒ II. HD are Banach spaces and

11×11
,
3 11×112 ,

HE ✗
.

Then 7 C >O s . 1- .

11×11
,
E C 11×112 , txt ✗ .

Pray : Define fi ⇐ , 11.14) → ☒ II. Hz)
with f⇐ ) = .

Then f is bijective and

Hfa )Hz 2- 11×11
,

, i.e. f b at lnuovs .

By the Open mapping theorem ( by the
above corrolary) , f

"
is also continuous .



This : 11 f- E) 11
,

⇐ C 11×11
, ,
EX

"

11×11
,

☐

Prog .g the Open mapping theorem :

step 1 .
We claim that it suffices to shoe that

*I f ( By D) 3 Bfo.ro)
for some ro>0 .

Indeed , let U be an open set in ✗ .
Then

see pure that fct ) is open in 4 .
Take

yefcu) and are pure that Fry>0 sit .

fil) 3 Bfg , ry) .

Since ye fil) ⇒ y
= fat for ✗EU .

And U is
open ⇒7rx7Os.t.Bfx.rxjcUTlusif@J3fiBEx.rx)) =fC× -113×(01%1)

= fcx ) + rxf (13×0,11)
D y

+ r× By (O , ro) = Bfy , rxro) .



Stepan the prove a weaker property :

f @ ⑨D) 3 Bcoiro) .

Regine D-new :

Yn= n f(D-⑨ D)
= Ing : ye f(BID) } .

Then jyn is closed ten and

¥ Yn - É n

fCsCQ1D3YfnfCB@DJ3fCE.nBCQI ) )
= f ( E,

B@ in ))=f☒)=Y
By the Baire category theorem , 7. NEIN
sit . ¥ D BC y

'

, ry
n

"

f(BAD)
⇒

f @@D) 3 Bcyoir )
where yo = ¥ , r,

= ¥ .



Since B@ 1) is convex

⇒ f( B-@D) is convex

⇒ FCB D) is convex ( why ?)
Exercise : Tg Ab convex ,

then A- is convex .

Moreover
,

A@f) is even
, namely

- D- Cool ) =/ - ✗ : C- DOCH} = BCQI )
⇒

g @⑥D)
is also even

.

This from
f @⑥D) 3 Bcyoirn )

⇒ gCB@iDJ3-BCyo.r) __ BEgoin

By the convexity

f(B(0,1 ) ) 0 IBCyoirl-EBC-yoih-BCO.kz) .

.



- Jo
''

yo

f. BC-yo.ro) {BCyo.ro)
thus we have the conclusion will ro = I ,

4

Step -3
.
We prove that

f @⑨ D) D B RD .

Recall from step 2 :

fCB@iDJDBCQ2.ro) .

Take yo
C- D- Coiro) . Then we need to find

✗EB@ijs.t . fcx ) = Yo .

Because2yoEBC0s2rDCfCBCQDJ.thenFxoEB@sDs.t
.

112 yo - fcxo) 11 < to
.

⇐ Hyo - Igad 11 < %



Then : 4 ( yo - lzfcto)) c- B(Q2ro)
C
f D)

⇒ 7 × , C- B- (0/1) :

11440 - IfGD) - fan) /Is .ro

⇒ Hyo - Egas - EAD 1k¥
Then 8 Cfo - tzfcto ) - lqfcxi) ) C- ACO ,2ro)

C f (BCom ))
→ Fxz C- B@ 1) sit .

118cg . - tgcto) - ¥1M)
- fcxallkro

⇒ Hyo - tfcxo) -¥fG) - f far) /Krg
By induction

,
we can fund a sequence

{ ✗ n }E , C B @ 1) and

11 Yo - ¥"o¥fEnj) 11 2- J÷, ith>1



⇐ Hyo - fjÉ☐ E) 1K¥"
Because WE.☐C Bail) and ✗ is a

Banach space , he have the convergence
lain ¥, ¥ xj = × in ✗
has

-

[ Zn is a Cauchy sequence )

This : Hyo - fi) 11=0 ⇐ fly __ yo

and 11×11 < ¥1 ¥ , Hjk ⇐ 1

conclusion , FXE BCQI ) s.t.fi )= Yo .

Remark : Tg eye LCXY) and fi )=Y ,

then in general , it does not hold that

FCA ) is closed if A is closed .



Example : Take g : R¥→ÑY
fay) = y

⇒ gCÑ)=1R , fe LCÑIR) .

However , A = { ④ g) C- IÑ : y > et }
Then A is closed in IÑ bus

FCA ) = ( 0, is) is not closed in IR
.

Nevertheless : f(BÑ) = -11,1] closed .

Can we say
that f(BCOTD) is closed ?

Exercise , let X,Y be Banach spaces . Let

ye L N) be a bijective . Then

(a) if (A) is closed in 4
,
A closed in ✗

(b) if @Ñ) = f( BCQ D) .

Remark : The assumption
"

f is bijective
"

can be

replaced by
"

f is surjective
"

if is reflexive
[ ✗ = ✗*

*

,
come later) .



Exercise
.
Let X

, Y be Banach spaces . let

FELIX ,Y) .

Assume f ( BCQID contains

a ball in 7 .

Then f D) contains

a ball ,
and hence f is surjective .

( Hint : You can mimic the proof of the Open

mapping Theorem) .

Theorem ( Closed Graph theorem ) Let ×,Y

be Banach spaces .
Let f : ✗→Y be a linear

function . Then :

y is continuous ←→ the graph

9=-14 , fcx )) : EX } is a closed

set in ✗ ✗ Y .

Remark : If ✗ &Y are wormed spaces , then

✗ ✗ Y =\ (Ky ) : ✗EX , yet } is also a

normed space where

I ⇐ g) 11×+4 = 11×11×-1 Ily Ily .



Actually ,
we can also use another norm , e.g .

11×11×-1 Ily Ily no max( 11×11×11411 )
or ( 11×11%+11 ylty)"P , Kpho

All of these norms are equivalent .

Exercise let X , Y be Banach spaces .
Prove

✗ ✗4 is also a Banach space .

Proof og
the closed graph Theorem :

"

⇒
"

Assume that f is continuous
.
We prove

that G =/ ⇐ gas) : ✗EX} is closed in ✗ ✗Y .

Take a sequence fxn , fan))%
,

in g and

assume ⇐n , fan) ) → (ng) in ✗ Y
.

Then we need to prove ☒ y ) C- G .

Namely , if xn→x and fan) → y ,
then y=f☒)

this is obvious since f is continuous ,

n
→ ✗ ⇒ fan) → fit } ⇒ y=g* .

& fan) → y



"

⇐
"

Assume that g =/ ( Kgw) : ✗EX} is

closed in ✗ ✗Y ,
ire . if xn→✗ and flinty ,

then y = fix ) . Now we prove that f is cont .

Consider the Banach space ✗ with 2 norms

11×11
× ,

11×11
,
:= 11×11×+11 fatty .

Clarin : ⇐ 11.11,) is a Banach space .

From the claim and 11×11,3 11×11
✗ , by

the Open mapping theorem , 7- a constant 00:

11×11
,
E C 11×14

⇒ 11×11×+11 fatty 2- CHIK MAX

⇒ tlfcx ) Hy £ C 11×11
✗ ,

✗EX

⇒ f is continuous
.

Proof of
the claim : We need to prove that

⇐ II. Hr) is complete .
Take a Cauchy sequence

txn}%
,
in ☒ ,

II. 1h) ,
we need to prove that

✗
n
→ × in ⇐ 11.14) .

We know that :



11in - ✗mil
,

= Hxn - xmtlxttlflxn) - faintly
→ 0 as min→A

⇒ An} is Cauchy in ✗ and Ifan)}% ,
is

Cauchy in Y

⇒ Since ✗ & Y are complete , n
→ in ✗

and fan ) → y
in Y

⇒ ( xn , fan)) → (Xy) in ✗ Y

⇒ Since g is closed , we conclude that y=f*

This : in→ in ✗ and fan ) → fcx) in Y

→ tlxn - ✗ 11
,
= It xn- ✗ 11×-1 tlfcxn)- fully
→ 0 as n → is

thus ⑦ ,
II. 1h) is complete . ☐



Direct sum : Ig Y and 2- are too subspaces

of a vector space X and y n 2- = f:O} ,

then we can identify Yx 2- to Y + Z ii.e.

(g)⇒ ↳ ytz is a bijective
4×2 → 4+2

( Indeed ,
the mapping YXZ → 4+-2 is clearly

surjective , and this mapping is injective since
YNZ =/ 0} ,

ie . if y +
2- = y

'
-1£' rith y , y

' EY ,

zit
' EZ

, then : y - y
'
= É - z C- YAZ -40}

⇒ Iz
→

y
= y

'
, 2- = -21

.)

Tf ✗ = Y + 2- , then we say that ✗ =Y④Z

, the direct sum in algebraic way .

Def . We say that
✗ = 4+0=2 , the direct

sum in a Banach space ✗ , if Y , Z are

subspace ⇐gX , Y n z =/0} ,
and the mapping

✗ = Y④Z → YXZ is continuous .



Banach

Remark : Tg Y and 2- are closed subspaces cgi
then 4, -2 are Banach spaces ⇒ 4×2 is

a Banach space .
This the linear

, bijective map
✗ = 4+02 → 4×2

is continuous ⇐ its inverse is continuous , by
the Open mapping theorem .

We can define the projection ✗ = Y④Z
→ Y by ✗ = ytz ↳ P×=

y . Then

P is continuous ✗→ Y and Y = PX
.

Moreover
,
PI P since

P'✗ =P (P¥
,

= Px

(⇐ Py= y , try c- 4)

Deg : Let 4 be a closed subspace of a
Banach

space ✗ .
Then ee say

that 4 is

complemented in ✗ if F a closed subspaceZ

in sit .
✗ = Y④ Z .



Theorem : let Y be a closed subspace of ✗ .

then Y is complemented in ✗ ⇐ Y = PX

with a projection P : ✗→✗
,
ire .
PEL# X)

and P'=P
.

Proof :
"

⇒
" Assume that 4 is complemented in ×,

ire .
✗ = Y ④ 2- with Y , 2- are closed -subspaces

and 4 NZ =/ 0} .
Then

Px = y
where ✗= ugtz , y EY , ZEZ

Then clearly P is linear
,
Y = PX and

P'=P ( as Py=y , Hye 4) .

Vlhypiscontinuousinx : the prove that using
the closed graph theorem .

We will prove

that {⇐ ,
Dx ) : EX } is closed in ✗ X

, i.e.

✗n→x in ✗ and pxn→ g in ✗
, then

g = Px .

First
, get since Piney and Pkn -1g

and Y is closed .
This Pg = g.



Thus the equation Px=g
⇐ Px = Pg ⇐ Pcx -g) =O
⇐ ✗ -

g- c- Z ( x - y = PG -g) +E)
Indeed ,

EZ

✗ -
y = ¥z(×n-P EZ

C- Z.tn as 2-

is closed
thus we conclude that P : ✗→ ✗ is continuous

and it is a projection .

"

⇐
"

Tg Y is a closed subspace og a Banal

space and Y= PX for a projection
PEL# X) and P'=P

,
then we

prove that ✗ = Y④Z for a closed subspace
Z sit

. YNZ = to} .

Indeed : ✗ = Px -1 @- D) ✗
Ey
-

C- 2-

→ 2- = Ker P =/ ✗EX : Px -0 } is closed

and 4h 2- =/ Of since j ✗c-Ynz ⇒



Px = 0 05 ✗C-Z

} ⇒ x-D ."

✗ as ✗ C- Y

Remark : given a Banach space and a

closed subspace Y CX , then in general , it

might happen that 4 is not complemented .

Example : Y=Co(IN) =/ ✗ =Gn)%
,
,
✗nee , ×n→O

is a closed subspace og
as into}

✗ = PIN )
.
However , Y is not complemented

in ✗ . f It is a Theorem of Phillip 1940
,

are will come to that later) .

Actually ,
there is a deep result :

Thm : ( Linden strauss - Tzagriri) let be

a Banach space .
Then TFAE :

a) Y closed subspace of
☒

, then Y is

complemented in ✗ .

(2) ✗ is isomorphic to a Hiebert space .



We will come to that later .
Here

is isomorphic to M if
F bijective f E I#M)
⇐ f is continuous & f-

1
is continuous .

⇐ -111×11×5-111# 11m 2- C 11×11
✗
HEX

Remark : A stronger concept is

✗ is isometric to M if
7 a bijective f e LG , M) and

Afa) Hm = 11×14 ,
C- ✗

.

Exercise : let ✗ be a Banach space and Ybe

a subspace sit .

dim Y Cus . Then 4 is

complemented .

[ Hint : You can use Hahn - Banach theorem ,

i. e. C-
, Ff C- ✗

*

sit . fcx ) = 11×11 and

"f" = 1)



Remark : Tg ✗ = Y④Z then

✗ = 4×2

This is similar to the "

factorization
"

in number

theory .
For that reason , a Banach space

✗ is called a prime space if Y

complemented subspace og
✗

,
then either

dim Y < is or ✗ = -1 ( isomorphic) .

Example : IPCIN) is prime for 1 2- pls .

( we will come to that later )

Quotient spaces : let be a Banach

space and 4 be a closed subspace .
He define

the quotient space
✗14 := I qcx ) : ✗EX }

where qcx ) = ✗ +4 as a equivalent class

i. e. qcx ) = qcy )
'

y ✗ -

y
EY

.

Define the norm :

119*11×1 , := distcx , 4) = high- yll
gey



Theorem : Tg ✗ is a Banach space and

4 is a closed subspace , then ✗14 is

a Banach space .

Proof First
,
he need to check that XIY

is a normed space ( exercise) .

None he prove that XIY is complete .

lemma : let ✗ be a normed space .
Then

✗ is complete ⇐ An}%
,
CX and

as

E.
,

Hink < is ,
then É

,

✗
n converges

m

( i.e . ¥
,

in converges when m→ is)
proof exercise)

pray og
the theorem Assume { ✗nfc ✗ :

nil

ÉHq-n)h×y <•
net

Then we prove that §
,

qcxn) converges .

By definition
tlqcxnlf. distcxn , 4) = ing 11in- yll

Hy yey



Then Fyne Y Sit
.

1194411 ⇐ Hin - yntl £ 2 Agan)H×,y
XIY

(we also used if Hqcxn ) 11*1=0--1 HEY)

This :

as is

⇐ Hxn - ynll ⇐ 2¥
,
Ngan )Aµy<

Since ✗ 8 a Banach space ,
we conclude that

É Cxn - yn) = z in ✗

mire
.

11 ¥
,

⇐ n
-

yn) - z 11 → 0 as m→o

Claim : ¥7 qcxn ) = qczj in XIY

proof : 11 É
, gon ) - 94-111×1

,

= 11 q⇐É×n - a) 11×1, = 119C É
,

En-yn) -2-111
XIY

£ It É
,
(✗n -yn) -2-11 → 0 as m-ns.rs



Remark : Here we used the obvious inequality
119*11×1, ⇐ 11×11

, the ✗ .

In particular ,
this implies that the

"

quotient map
"

q : ✗ → ✗ 14

is linear and continuous ! Moreover , q is

surjective , hence it is an open map by the
Open Mapping theorem . Actually :

q (13×0,11) = 13×1×0,1 ) fly :)

Remark : The quotient space XIY is well - defined
for any

closed subspace Yog X .

Hoverer ,
when

Y is complemented , then ✗14 is simply
-the

complement of Y .

Theorem : Let be a Banach space and let

4 be a complemented subspace , i.e. ✗=Y④Z

with Y, -2 closed subspace .
Then :

✗ 14 is isometric to Z .



Proof : Because 4 is complemented , 7 a projection
PE LCX ,X) at .

Y= PX and 2- = G-DX .

Thus : ✗ = IET I , V- *EX

EY EZ

Dejine T: XIY → 2- by
qcx) to Tqcx) = 4- D)× ,

_VEX.

Tis well - defined : Ig qcx )= 9cg ) when :

G- D) ✗ = d- My ⇒ x - Px= y - Py
⇐ × - ye Pcx - y)
⇐ × -

y
EY ✓

T.name#-dbijetive :

✗
To 9--1 - P

> z
q

>

Ily T

T & T
"

are continuous : We prove that T
"

is continuous .
Here : T

"

: 2- → ✗ / Y

z t qcz )



111--12-11*4=119*11×1, 2-112-14=112-11z
⇒ T

"

is continuous ( actually 111--111<-1) .

By the open mapping theorem , T is continuous .

Conclusion :
✗14 I Z .

'

☐

Remark : In particulars
'

y Y is complemented in X,
then XIY

"
is
"

a subspace of ✗ .
But in general,

if Y is not complemented , then ✗14 might
be not a subspace of

✗
.

Remark : her X, Y be Banach spaces .
Let fE

L (KY) and ft) = Y . By Open mapping
theorem

, gC¥ ,D) 3 B.for] .

Moreover
, define M= Kerf =/ ✗EX : f*=oiH

= f-
'

to}) closed in ✗

Then : J : HM → Y

qcx) → fcx)
is an isomorphic map ( bijective , linear , cont .)



This : ✗ 1M _~ Y
. ( isomorphic)

In particular , J b both open and closed

map .

Theorem ( Banach - Mazur theorem) Ig is

a separable Banach space , then :

✗ = GAN) / M

with a closed subspace M of LYIN ) .

Proof : Recall GIV ) =/ Can)%
,

, anEe , Flank's}
=/ E. anen : Flanks }

where en = ( O , G . . .

,
1
, 0,0 , . . . )
"
n - th position .

Because ✗ is separable ,
7 / xn}%

,
C X sit

.

it is dense in B-⑨ 1) of ✗ . Define
f : e' D) → ✗ by

en ↳ xn and by linearity
É

,
anen to É anxn

h=,



① f is well - defined :

Tg can )E
,

= I anen c- e' CIN)
h=l

A

⇒ Elanl = 11 Can)%
, He, <Ahat

→ EE Hananu = Élan 1112¥
← Élan as

h =L
is

⇒ ¥ anxn converges since is Banach

space

② f is continuous :

11 ffzanen )H = HE anxntl
⇐ § llanxntl ⇐ E tant 11¥12
E E tant = HE anenlley.mg

Thus kfH 2- 1
.

③ f is surjective : We need to prove that

y ( Bait) ) contains an open ball .



Recall : f( BOI ) C BCQIT as kf1K1
Claim :

f @⑨D) = BCQIJ .

We have the obvious direction 4kg)

f(Bell ) ) C BCQD
Thus the main point here is the other direction

f(B@ it) ) 3 Bad)
This follows :f@n ) = in and in}=É

,
is dense

in B@ it) .

Conclusion : From f@%) 3 B@ it)

by following the prog og
the Open mapping

theorem ( or an exercise) , then

f ( BCom) ) contains a ball
.

Thus f is surjective .
Then by Open Mapping

theorem
, f (Bd ;D) is open and we have

f (BCom) ) = BCQI ) .



This : f : b'CN ) → ✗ surjective

→ § : thin) /M →✗ bijective
where Me kerf

f- Cqcx)) = fix ) ,txeé4N)
Thus

é4N) / M = ✗ ( isomorphic)
11 From the proof , you can see that f- is an
H isometry .

Exercise : let ✗
, Y be Banach spaces .

let

fe ICKY) sit .

/ f(
BCQD ) C B 1)

f @⑨ D) s BCO ;D

Then : f(B@D) = BCQI )
and

f. (BCom)) =L@ coil) ) = AND .



Def let ✗ be a Banach space and
let 4

be a closed subspace .
Then

dim ⑦14 ) is called the co - dimension

of -1 .

Remark . If ✗ = Y④ Z , then

✗14 _~ 2-

⇒ dim ☒4) = dim (Z )

Exercise : her ✗ be a Banach space
and let

4 be a closed subspace .
Assume co - dim og

4 is finite . Prove that 4 is complemented .


