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Partial Differential Equations
Homework Sheet 13

(Discussed on 9.2.2022)

E13.1 (d’Alembert formula for wave equation in 1D)

Let g ∈ C2(R), h ∈ C1(R) and define

u(x, t) =
1

2

(
g(x+ t) + g(x− t)

)
+

1

2

∫ x+t

x−t
h(y)dy, ∀x ∈ R, t > 0.

Prove that u ∈ C2(R× (0,∞)) and∂2
t u− ∂2

xu = 0, ∀x ∈ R, t > 0,

limt→0+ u(x, t) = g(x), limt→0+ ∂tu(x, t) = h(x), ∀x ∈ R.

E13.2 (Poisson’s formula for wave equation in 2D)

Let g ∈ C3(R2), h ∈ C2(R2) and define

u(x, t) =
t

2

∫
−

B(x,t)

g(y) +∇g(y) · (y − x) + th(y)√
t2 − |x− y|2

dy, ∀x ∈ R2, t > 0.

Prove that u ∈ C2(R2 × (0,∞)) and∂2
t u−∆xu = 0, ∀x ∈ R2, t > 0,

limt→0+ u(x, t) = g(x), limt→0+ ∂tu(x, t) = h(x), ∀x ∈ R2.

E13.3 Let g ∈ C3
c (R3), h ∈ C2

c (R3). Assume that u ∈ C2(R3 × [0,∞)) satisfies the wave

equation ∂2
t u−∆xu = 0, ∀x ∈ R3, t > 0,

u(x, 0) = g(x), ∂tu(x, 0) = h(x), ∀x ∈ R3.

Prove that there exists a constant C > 0 such that

|u(x, t)| ≤ C

t
, ∀x ∈ R3, t > 0.

E13.4 Let g ∈ L2(Rd) ∩ L1(Rd). Let u : Rd × R → C be the solution of the Schrödinger

equation with the initial data g, namely

u(x, t) = (eit∆g)(x) =
1

(4πit)d/2

∫
Rd

e
i|x−y|

4t g(y)dy.

Prove that for all 2 < p ≤ ∞ we have

lim
t→∞
‖u(·, t)‖Lp(Rd) = 0.

1



2

Mathematisches Institut der Universität München Winter Semester 2021-2022

Phan Thành Nam, Eman Hamza 28.1.2022

Partial Differential Equations
Homework Sheet 12

(Discussed on 2.2.2022)

E12.1 Let Ω ⊂ Rd be open and u ∈ C2(Ω). Assume that x0 ∈ Ω is a local maximizer of

u, namely there exists some r > 0 such that

u(x0) ≥ u(x), ∀x ∈ Br(x0) ⊂ Ω.

(a) Prove that the Hessian matrix H = (Dαu(x0))|α|=2 is negative semi-definite, namely

y ·Hy ≤ 0, ∀y ∈ Rd.

(b) Prove that ∆u(x0) ≤ 0.

Recall that we used (b) for the maximum principle by Hopf’s method.

E12.2 We will prove the maximum principle for a general elliptic operator

Lu(x) =
d∑

i,j=1

aij(x)∂xi∂xju(x) +
d∑
i=1

bi(x)∂xiu(x), x = (xi)
d
i=1.

Let Ω ⊂ Rd be open and bounded. Let aij , bi ∈ C(Ω) such that for all x ∈ Ω,

A(x) = (aij(x))di,j=1 ≥ 1 (as matrices).

Prove that if u ∈ C2(Ω) ∩ C(Ω) satisfies Lu(x) ≥ 0 for all x ∈ Ω, then

max
x∈Ω

u(x) = max
x∈∂Ω

u(x).

Hint: By Hopf’s method you should first consider the case Lu > 0.

E12.3 Consider the inhomogeneous heat equation(∂t −∆x)u(x, t) = f(x, t), (x, t) ∈ Rd × (0, T ),

u(x, 0) = g(x), x ∈ Rd

with f ∈ C2
1 (Rd × (0, T )) compactly supported, and g ∈ C(Rd × [0, T ]) ∩L∞(Rd × [0, T ]).

Assume that there exists a solution u ∈ C2
1 (Rd × (0, T )) ∩ C(Rd × [0, T ]) satisfying

u(x, t) ≤MeM |x|
2
, (x, t) ∈ Rd × [0, T ].

Prove that

max
(x,t)∈Rd×[0,T ]

|u(x, t)| ≤ ‖g‖L∞ + T‖f‖L∞ .
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Partial Differential Equations
Homework Sheet 11

(Discussed on 26.1.2022)

E11.1 Consider the fundamental solution of the heat equation with initial data g ∈ L2(Rd):

u(x, t) =

∫
Rd

Φ(x− y, t)g(y)dy, Φ(x, t) =
1

(4πt)d/2
e−
|x|2
4t .

(a) Prove that u ∈ C∞(Rd × (0,∞)). Hint: In the lecture we already proved that for

every t > 0, u(·, t) ∈ C∞(Rd) by Sobolev embedding theorem.

(b) Prove that

‖u(·, t)− g‖L2(Rd) → 0 as t→ 0+

and

‖u(·, t)‖L2(Rd) → 0 as t→∞.

(c) Prove that if we assume further g ∈ H1(Rd), then

‖u(·, t)− g‖L2(Rd) ≤ C
√
t, as t→ 0+.

E11.2 Consider the heat equation in a bounded domain
∂tu(x, t) = ∆xu(x, t), ∀x ∈ Ω, t > 0,

u(x, t) = 0, ∀x ∈ ∂Ω, t > 0,

u(x, 0) = g(x), ∀x ∈ Ω.

Let us focus on the simplest case Ω = (0, 1). Prove that for every g ∈ C1
c (0, 1), the function

u(x, t) =
∞∑
n=1

gne
−tπ2n2

sin(nπx), where gn = 2

∫ 1

0
g(y) sin(nπy)dy

is a classical solution to the above heat equation.

E11.3 Let g(t) = e−1/t2 and denote g(n)(t) the n-th derivative of g. Define

u(x, t) =
n∑
n=0

g(n)(t)

(2n)!
x2n, ∀x ∈ R, t > 0.

Prove that u is a classical solution to the heat equation∂tu(x, t) = ∆xu(x, t), ∀x ∈ R, t > 0

limt→0 u(x, t) = 0, ∀x ∈ R.



4

Mathematisches Institut der Universität München Winter Semester 2021-2022
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Partial Differential Equations
Homework Sheet 10

(Discussed on 19.1.2022)

Let us discuss the boundary problems in one-dimension. Here we always take Ω = (a, b) ⊂
R be an open, bounded interval. For every u ∈ H1(Ω), the values u(a) and u(b) are

determined uniquely by trace theory, or by Sobolev’s embedding theorem.

E10.1 (Sobolev inequalities) (a) Prove that H1(R) ⊂
(
C(R) ∩ L∞(R)

)
.

Hint: You can use the Fourier transform.

(b) Prove that H1(Ω) ⊂ C(Ω).

E10.2 (Poincare inequality) Prove that there exists a constant C > 0 such that

‖u‖L2(Ω) ≤ C‖u′‖L2(Ω)

for all u ∈ H1(Ω) such that u(a) = 0.

E10.3. (Neumann boundary condition) Let u ∈ H2(Ω) and f ∈ L2(Ω). Prove that the

following statements are equivalent:

(1) u solves the equation −u′′ = f in D′(Ω),

u′(a) = u′(b) = 0.

(2) u solves the variational problem∫
Ω
u′ϕ′ =

∫
Ω
fϕ, ∀ϕ ∈ H1(Ω).

E10.4. (Robin boundary condition) Let f ∈ L2(Ω).

(a) Prove that there exists a unique u ∈M := {ϕ ∈ H1(Ω), u(a) = 0} such that∫
Ω
u′ϕ′ =

∫
Ω
fϕ, ∀ϕ ∈M.

(b) Prove that the above function u is the unique solution to the equation−u′′ = f in D′(Ω),

u(a) = 0, u′(b) = 0.
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Partial Differential Equations
Homework Sheet 9

(Discussed on 12.1.2022)

We only consider real-valued functions.

E9.1. Let Ω be an open, bounded domain in Rd (d ≥ 1) with C1-boundary. Let u ∈ H1
0 (Ω)

and f ∈ L2(Ω). Prove that the following statements are equivalent:

(1) −∆u = f in D′(Ω).

(2) For all ϕ ∈ H1
0 (Ω) we have∫

Ω
∇u(x) · ∇ϕ(x)dx =

∫
Ω
f(x)ϕ(x)dx.

(3) u is a minimizer for the variational problem

E = inf
v∈H1

0 (Ω)

(
1

2

∫
Ω
|∇v(x)|2dx−

∫
Ω
f(x)v(x)dx

)
.

Hint: You may adapt the proof of Dirichlet’s principle to weak solutions.

E9.2. Recall that Q = {(x′, xd) ∈ Rd−1 × R : |x′| < 1, |xd| < 1} and

Q+ = Q ∩ {xd > 0}, Q− = Q ∩ {xd < 0}, Q0 = Q ∩ {xd = 0}.

For every function u ∈ H1(Q+), define the extension Bu : Q→ R as

Bu(x) =

u(x), ∀x ∈ Q+,

u(x′,−xd), ∀x = (x′, xd) ∈ Q−.

(a) Prove that for every i ∈ {1, 2, ..., d− 1} we have

∂iBu(x) =

(∂iu)(x), ∀x ∈ Q+,

(∂iu)(x′,−xd), ∀x = (x′, xd) ∈ Q−.

(From this and the computation of ∂d(Bu) in the lecture we obtain Bu ∈ H1(Q).)

(b) Find an example where u ∈ H2(Q+) but Bu /∈ H2(Q).
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Partial Differential Equations
Homework Sheet 8

(Discussed on 14.12.2021)

E8.1. Let u ∈W 1,1
loc (Rd). Let

B = u−1({0}) = {x ∈ Rd : u(x) = 0}.

Prove that ∇u(x) = 0 for a.e. x ∈ B.

Remark: This result holds if Rd is replaced by an open set Ω. Moreover, if u is real-valued,

we may replace u−1({0}) by u−1(A) for any Borel set A ⊂ R of zero measure.

E8.2. Let Ω and U be two open, bounded subsets of Rd (d ≥ 1) such that U ∩ Ω

is non-empty. Let χ ∈ C∞c (U) and u ∈ W 1,p
0 (Ω) for some 1 ≤ p < ∞. Prove that

χu ∈W 1,p
0 (U ∩ Ω). Recall the definition W 1,p

0 (Ω) = C∞c (Ω)
‖.‖W1,p(Ω) .

E8.3. Let Ω and U be two open, bounded subsets of Rd (d ≥ 1) such that there is a

C1-diffeomorphism h : U → Ω. Prove that if y 7→ u(y) ∈ W 1,p
0 (Ω) for some 1 ≤ p < ∞,

then x 7→ u(h(x)) ∈W 1,p
0 (U).

E8.4. (Partition of unity) Let Γ be a compact subset of Rd (d ≥ 1) and let {Ui}Ni=1 be

open subsets of Rd such that

Γ ⊂
N⋃
i=1

Ui.

Prove that there exist functions {χi}Ni=0 ⊂ C∞(Rd) such that

(1) χi ≥ 0 for all i and
∑N

i=0 χi = 1;

(2) suppχi ⊂ Ui for all i = 1, 2, ..., N ;

(3) suppχ0 ⊂ Rd\Γ.
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Partial Differential Equations
Homework Sheet 7

(Discussed on 8.12.2021)

E7.1. Let Ω be an open, bounded domain in Rd with C1-boundary. Assume that for

every x ∈ Ω, there exists a solution φx ∈ C2(Ω) to∆yφx(y) = 0, ∀y ∈ Ω,

φx(y) = G(y − x), ∀y ∈ ∂Ω

where G is the fundamental solution of Laplace’s equation in Rd. Prove that

φx(y) = φy(x), ∀x, y ∈ Ω.

E7.2. Recall Rd+ = {x = (x′, xd) ∈ Rd−1 × R : xd > 0} and Poisson’s kernel

K(x, y) =
2

d|B1||x− y|d
, ∀x ∈ Rd+, ∀y ∈ ∂Rd+.

Prove that for every x ∈ Rd+ we have∫
∂Rd

+

K(x, y)dy = 1.

(You may try the case d = 2 first.)

E7.3. Let g ∈ C(∂Rd+) ∩ L∞(∂Rd+) satisfy g(x) = |x| if x ∈ ∂Rd+ ∩B(0, 1). Let

u(x) =

∫
∂Rd

+

K(x, y)g(y)dy, ∀x ∈ Rd+

with the above Poisson’s kernel K(x, y). Prove that |∇u(x)| is unbounded in Rd+ ∩B(0, r)

for every r > 0. Here B(0, r) is the open ball in Rd.
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Partial Differential Equations
Homework Sheet 6

(Discussed on 1.12.2021)

E6.1. Let χ ∈ C∞(Rd) and f ∈W 1,p(Rd). Prove that χf ∈W 1,p(Rd) and

∂i(χf)(x) = (∂iχ)(x)f(x) + χ(x)∂if(x) in D′(Rd)

for all i = 1, 2, ..., d.

E6.2. Let f ∈ Lp(R2) be compactly supported. Let G(x) = − 1
2π ln |x| be the fundamental

solution of Laplace’s equation. Prove that:

(a) If p = 1, then G ∗ f ∈ Lqloc(R
2) for all q <∞.

(b) If p > 2, then G ∗ f ∈ C1,α(R2) for all 0 < α < 1− 2/p.

Hint: This low regularity result has been discussed in the lecture for d ≥ 3. Here you need

to adapt the proof to d = 2.

E6.3. Let Ω be an open subset of Rd. Let f ∈ C0,α
loc (Ω) for some 0 < α < 1.

(a) Prove that for every open ball B ⊂ B ⊂ Ω, there exists a function fB ∈ C0,α(Rd)
such that fB is compactly supported and fB(x) = f(x) for all x ∈ B.

(b) Prove that if u ∈ D′(Ω) satisfies

−∆u = f in D′(Ω),

then u ∈ C2,α
loc (Ω).

Hint: For (b) you can use the result that G ∗ fB ∈ C2,α(Rd).

E6.4. Assume that u, f ∈ L2(Rd) and

−∆u = f in D′(Rd).

Prove that u ∈W 2,2(Rd) and

‖u‖W 2,2(Rd) ≤ C(‖u‖L2(Rd) + ‖f‖L2(Rd)).

Here the constant C = Cd is independent of u and f .

Hint: You can use the Fourier transform.
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Partial Differential Equations
Homework Sheet 5

(Discussed on 24.11.2021)

E5.1. Prove that if f is a harmonic function in Rd and g ∈ Cc(Rd) is radial, then∫
Rd

f(x)g(x)dx = f(0)

∫
Rd

g(x)dx.

E5.2. Let 1 ≤ p <∞. Let Ω ⊂ Rd be open. Consider the Sobolev space

W 1,p(Ω) = {f ∈ Lp(Ω) : ∂xif ∈ Lp(Ω),∀i = 1, 2, ..., d}

with the norm

‖f‖W 1,p = ‖f‖Lp +

d∑
i=1

‖∂xif‖Lp(Ω).

Prove that W 1,p(Ω) is a Banach space. Here x = (xi)
d
i=1 ∈ Rd.

Hint: You can use the fact that Lp(Ω) is a Banach space.

E5.3. Let f be a real-valued function in W 1,p(Rd) for some 1 ≤ p < ∞. Prove that

|f | ∈W 1,p(Rd) and

(∇|f |)(x) =


∇f(x), if f(x) > 0,

−∇f(x), if f(x) < 0,

0, if f(x) = 0.

Hint: You can use the chain rule for Gε(f) with Gε(t) =
√
ε2 + t2 − ε→ |t| as ε→ 0.

E5.4. Let Ω ⊂ Rd be open and bounded. Let f ∈ L1(Ω). Let G be the fundamental

solution of Laplace equation in Rd. Define

u(x) =

∫
Ω
G(x− y)f(y)dy, ∀x ∈ Rd.

Prove that u ∈ L1
loc(Rd) and −∆u = f in D′(Ω).

Hint: In the lecture we already discussed the case Ω = Rd. Here you need to consider a

general bounded domain.

E5.5. Let B = B(0, 1/2) ⊂ R3. Consider u : B → R defined by

u(x) = ln(| ln |x||).

Prove that the distributional derivative f = −∆u is a function in L3/2(B).
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Partial Differential Equations
Homework Sheet 4

(Discussed on 17.11.2021)

E4.1. Prove that if Tn → T in D′(Rd), then DαTn → DαT in D′(Rd) for all α = (αj)
d
j=1.

E4.2. Let δx be the Dirac delta function in D′(Rd). Prove that

(Dαδx)(ϕ) = (−1)|α|(Dαϕ)(x), ∀ϕ ∈ D(Rd), ∀α = (αj)
d
j=1.

E4.3. Let f ∈ L1(Rd) satisfy
∫
Rd f = 1. For every ε > 0, denote fε(x) = ε−df(ε−1x).

Prove that fε → δ0 in D′(Rd) when ε→ 0.

E4.4. Let {fn} ⊂ L1(Rd) such that suppfn ⊂ B(0, 1) for all n ≥ 1 and

fn → f in L1(Rd)

as n→∞. Prove that for every g ∈ C∞c (Rd)

fn ∗ g → f ∗ g in D(Rd).

E4.5. Compute the distributional derivatives f ′, f ′′ ∈ D′(R) of the function

f(x) = x|x− 1|, x ∈ R.
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Partial Differential Equations
Homework Sheet 3

(Discussed on 10.11.2021)

E3.1. (Lebesgue Differentiation Theorem) Let f ∈ L1
loc(Rd). Prove that for almost every

x ∈ Rd we have

lim
r→0

∫
−

B(x,r)
|f(x)− f(y)|dy = 0.

E3.2. Let 1 ≤ p, q, r ≤ 2 satisfy
1

p
+

1

q
= 1 +

1

r
.

Recall that if f ∈ Lp(Rd), g ∈ Lq(Rd), then f ∗ g ∈ Lr(Rd) by Young’s inequality, and its

Fourier transform is well-defined by the Hausdorff-Young inequality. Prove that

f̂ ∗ g(k) = f̂(k)ĝ(k) for a.e. k ∈ Rd.

Hint: In the lecture we already discussed the case f, g ∈ Cc(Rd).

E3.3. Prove that if f ∈ C∞c (Rd), then for all N ≥ 1 we have

|f̂(k)| ≤ CN
(1 + |k|)N

, ∀k ∈ Rd

where the constant CN > 0 is independent of k.

E3.4. Prove that the Fourier transform of a Gaussian in Rd is

F(e−π|x|
2
) = e−π|k|

2
,

and more generally

F(e−πλ
2|x|2) = λ−de−π|k|

2/λ2
, ∀λ > 0.

Hint: For d = 1, you can show that the function∫
R
e−π(x+ik)2

dx

is independent of k ∈ R.
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Partial Differential Equations
Homework Sheet 2

(Discussed on 03.11.2021)

E2.1. Let u ∈ C2(Rd) and let H(x) = (Dαu(x))|α|=2 be the Hessian matrix of u, namely

Hij(x) = ∂xi∂xju(x), ∀i, j ∈ {1, 2, ..., d}, ∀x = (x1, ..., xd) ∈ Rd.

Assume that u is convex, namely

u(tx+ (1− t)y) ≤ tu(x) + (1− t)u(y), ∀t ∈ [0, 1], ∀x, y ∈ Rd.

(a) Prove that for every x ∈ Rd, the Hessian matrix H(x) is positive semidefinite.

(b) Prove that u is sub-harmonic in Rd.

E2.2. (Newton’s theorem) Let d ≥ 3.

(a) Prove that for all r > 0 and x ∈ Rd, we have∫
−

∂B(x,r)

dS(y)

|y|d−2
=

1

max(|x|, r)d−2

where dS(y) is the surface measure on the sphere ∂B(x, r) ⊂ Rd.
(b) Let 0 ≤ f1, f2 ∈ L1(Rd) be radial functions with

∫
Rd fi = Mi. Prove that for all

z1, z2 ∈ Rd we have ∫∫
Rd×Rd

f1(x− z1)f2(y − z2)

|x− y|d−2
dxdy ≤ M1M2

|z1 − z2|d−2

Moreover, prove that we have the equality if f1, f2 are compactly supported and |z1 − z2|
is sufficiently large.

Hint: For (a) you may use the mean-value theorem (the function 1/|x|d−2 is harmonic

in Ω if 0 /∈ Ω). For (b) you may use (a) and polar coordinates.

E2.3. Prove Young’s inequality

‖f ∗ g‖Lr(Rd) ≤ ‖f‖Lp(Rd)‖g‖Lq(Rd)

for all d ≥ 1 and for all 1 ≤ p, q, r ≤ ∞ satisfying

1

p
+

1

q
= 1 +

1

r
.
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Partial Differential Equations
Homework Sheet 1

(Discussed on 27.10.2021)

E1.1. (Gauss–Green formula) Let f = (fi)
d
i=1 ∈ C1(Rd,Rd). Prove that for every open

ball B ⊂ Rd we have ∫
∂B
f(y) · −→n ydS(y) =

∫
B

div(f)(x)dx.

Here −→n is the outward unit normal vector and dS is the surface measure on the sphere.

E1.2. Assume that u ∈ C(Rd) and
∫
B u = 0 for every open ball B ⊂ Rd. Prove that

u(x) = 0 for all x ∈ Rd.

E1.3. Let f ∈ C1
c (Rd) with d ≥ 2. Let

u(x) = (Φ ∗ f)(x) =

∫
Rd

Φ(x− y)f(y)dy

where Φ is the fundamental solution of Laplace equation in Rd. Prove that u ∈ C2(Rd)
and −∆u(x) = f(x) for all x ∈ Rd. (The proof for f ∈ C2

c (Rd) was already discussed in

the lecture. Here you need to verify the extension to f ∈ C1
c (Rd).)

E1.4. Let Ω be an open subset of Rd. Let u ∈ C2(Ω) and ∆u ≥ 0 (namely u is a

subharmonic function).

(a) Prove that u satisfies the mean-value inequality∫
−

∂B(x,r)
u(y)dS(y) ≥

∫
−

B(x,r)
u(y)dy ≥ u(x)

for all x ∈ B(x, r) ⊂ Ω.

(b) Assume further that Ω is connected and u ∈ C(Ω). Prove that u satisfies the strong

maximum principle, namely either

• u is a constant in Ω, or

• supy∈∂Ω u(y) > u(x) for all x ∈ Ω.


