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Phan Thanh Nam, Eman Hamza 4.2.2022

Partial Differential Equations
Homework Sheet 13
(Discussed on 9.2.2022)

E13.1 (d’Alembert formula for wave equation in 1D)
Let g € C%(R),h € C'(R) and define

1 1 z+t
u(x,t) = §<g(x +t)+g(x — t)) + 2/ h(y)dy, VzeR,t>0.
x—t

Prove that u € C%(R x (0,00)) and

Pu—0*u=0, VrxeRt>0,

lim; o+ u(x,t) = g(z), limy; o+ Owu(z,t) = h(z), VreR.

E13.2 (Poisson’s formula for wave equation in 2D)
Let g € C3(R?),h € C?(R?) and define

_t 9(y) +Vg(y) - (y — x) + th(y)
u(z,t) = 5 Bgi,t) m dy,

Prove that u € C%(R? x (0,00)) and

Ve e R% ¢ > 0.

Pu—Agu=0, VrcRZt>0,

lim o+ u(z,t) = g(x), lim,_o+ Opu(x,t) = h(z), Vo e R2

E13.3 Let g € C3(R3),h € C?(R3). Assume that u € C?(R? x [0,00)) satisfies the wave
equation

O?u—Azu=0, VreR3t>0,

u(z,0) = g(x), Owu(x,0) = h(x), VzeR3.
Prove that there exists a constant C' > 0 such that

lu(z,t)] < %, Vo e R3,t > 0.

E13.4 Let g € L2(RY) N LY(RY). Let u : R? x R — C be the solution of the Schrodinger
equation with the initial data g, namely

ilz—y|

uat) = (@ 29)e) = s [ S oy

Prove that for all 2 < p < oo we have

lim {[u(-, )| Lr ey = 0.

t—o00
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Partial Differential Equations
Homework Sheet 12
(Discussed on 2.2.2022)

E12.1 Let © C R? be open and u € C%(2). Assume that g € © is a local maximizer of

u, namely there exists some r > 0 such that
u(zg) > u(x), Vr € Br(zg) C Q.
(a) Prove that the Hessian matrix H = (D“u(20))|q|=2 is negative semi-definite, namely
y-Hy <0, VyeR%

(b) Prove that Au(zg) < 0.
Recall that we used (b) for the maximum principle by Hopf’s method.

E12.2 We will prove the maximum principle for a general elliptic operator
d

Lu(z) = Z i (2)Op; O, u(w) + Zb VO u(z), == (z)%,.

ij=1
Let  C R? be open and bounded. Let a;j,b; € C(Q) such that for all z € €,
A(z) = (aij(x))gjzl >1 (as matrices).
Prove that if u € C?(Q) N C(Q) satisfies Lu(x) > 0 for all € €, then
I;leaﬁxu(x) = ;Ié%éu(:z)

Hint: By Hopf’s method you should first consider the case Lu > 0.
E12.3 Consider the inhomogeneous heat equation

(0y — Ap)u(x,t) = f(x,t), (z,t) € R? x (0,7),

u(z,0) = g(z), r € R?
with f € CZ(R? x (0,T)) compactly supported, and g € C(R? x [0, T]) N L>=(R? x [0, T7).
Assume that there exists a solution u € CZ(R? x (0, 7)) N C(R? x [0, T]) satisfying

u(z,t) < MM’ (z,t) e R4 x [0, 7).

Prove that

max u(x,t)] < o +T .
(z,t)ERI%[0,T] ‘ ( )| HgHL HfHL
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Partial Differential Equations
Homework Sheet 11
(Discussed on 26.1.2022)

E11.1 Consider the fundamental solution of the heat equation with initial data g € L?(R%):

u(z,t) = /1Rd¢($—y,t)g(y)dy7 Oz, t) = (ml)me_ﬂ

(a) Prove that u € C®°(R?% x (0,00)). Hint: In the lecture we already proved that for
every t > 0, u(-,t) € C®(R?) by Sobolev embedding theorem.
(b) Prove that
u(-t) = gll2@ay = 0 ast— 0+
and
lu( )l 2may = 0 as t — oo.

(c) Prove that if we assume further g € H'(R?), then

u(-,t) — gllp2ray < CVE, ast— 07,

E11.2 Consider the heat equation in a bounded domain
ou(z,t) = Agu(x,t), VeeQt>0,
u(z,t) =0, VxedQ,t>D0,
u(z,0) = g(z), Vel
Let us focus on the simplest case = (0, 1). Prove that for every g € C1(0, 1), the function
> 2,2 1
u(x,t) = Zgne_t” ""sin(nmx), where g, = 2/ 9(y) sin(nmy)dy
n=1 0

is a classical solution to the above heat equation.

E11.3 Let g(t) = e~'/** and denote ¢(™(t) the n-th derivative of g. Define

n n)
u($’ t) — Z (t) 2n
n=0

(
g
x Ve eR,t > 0.
(2n)! & 7 ’
Prove that u is a classical solution to the heat equation

Ou(z,t) = Agu(x,t), VeeRt>0

limy,ou(z,t) =0, VaeR.
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Partial Differential Equations
Homework Sheet 10
(Discussed on 19.1.2022)

Let us discuss the boundary problems in one-dimension. Here we always take 2 = (a, b) C
R be an open, bounded interval. For every u € H'(Q), the values u(a) and u(b) are

determined uniquely by trace theory, or by Sobolev’s embedding theorem.

E10.1 (Sobolev inequalities) (a) Prove that H'(R) C (C(R) N L>*(R) )
Hint: You can use the Fourier transform.
(b) Prove that H'(Q2) C C(%Q).

E10.2 (Poincare inequality) Prove that there exists a constant C' > 0 such that

lullz2i@) < Cllv'| 20

for all u € HY(Q) such that u(a) = 0.

E10.3. (Neumann boundary condition) Let u € H?(Q) and f € L?(f2). Prove that the
following statements are equivalent:

(1) u solves the equation
—u"=f inD'(Q),
v (a) =u/'(b) = 0.

(2) u solves the variational problem

/Qu’gz)':/ﬂﬂp, Yo € HY(Q).

E10.4. (Robin boundary condition) Let f € L?(9).
(a) Prove that there exists a unique u € M := {¢ € H*(Q),u(a) = 0} such that

/u'go':/ftp, Yo € M.
Q Q

(b) Prove that the above function wu is the unique solution to the equation
—u"=f inD'(Q),
u(a) =0, u'(b)=0.
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Partial Differential Equations
Homework Sheet 9
(Discussed on 12.1.2022)

We only consider real-valued functions.

E9.1. Let  be an open, bounded domain in R? (d > 1) with C'-boundary. Let u € H} (1)
and f € L?(Q). Prove that the following statements are equivalent:
(1) —Au = f in D'(Q).
(2) For all ¢ € H}(2) we have
[ i) Votais = [ @

(3) u is a minimizer for the variational problem
1
E— inf (/ Vo) 2dz — / f(x)v(x)dx) .
veH Q) \2 Jo Q

Hint: You may adapt the proof of Dirichlet’s principle to weak solutions.

E9.2. Recall that Q = {(2/,14) € R xR : |2/| < 1,|z4| < 1} and
Q+:Qﬂ{xd>0}) Q_:Qﬂ{$d<0}, QOZQﬁ{deO}

For every function u € H'(Q ), define the extension Bu : Q — R as

u(z), Ve Qq,
u(z, —zq), Vo= (2 xq) € Q-_.

Bu(z) =

(a) Prove that for every i € {1,2,...,d — 1} we have

(Ou)(z), VzeQq,
() (2!, —xq), Vo= (2'24) €Q_.

0; Bu(x) =

(From this and the computation of 9;(Bu) in the lecture we obtain Bu € H'(Q).)
(b) Find an example where u € H?(Q.) but Bu ¢ H?(Q).
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Partial Differential Equations
Homework Sheet 8
(Discussed on 14.12.2021)

ES8.1. Let u € W2} (R?). Let
B=u"t({0}) = {z € R?: u(z) = 0}.

Prove that Vu(z) =0 for a.e. z € B.

Remark: This result holds if R? is replaced by an open set 2. Moreover, if u is real-valued,

we may replace u~({0}) by u~!(A) for any Borel set A C R of zero measure.

E8.2. Let Q and U be two open, bounded subsets of R? (d > 1) such that U N Q
is non-empty. Let x € C°(U) and u € Wol’p(Q) for some 1 < p < oco. Prove that
xu € WP(U N Q). Recall the definition W?(Q) = Ceo()wir@,

E8.3. Let Q and U be two open, bounded subsets of R? (d > 1) such that there is a
C'-diffeomorphism % : U — Q. Prove that if y — u(y) € Wy*(Q) for some 1 < p < oo,
then x — u(h(x)) € Wol’p(U).

E8.4. (Partition of unity) Let I' be a compact subset of R? (d > 1) and let {U;}Y, be
open subsets of R? such that

N
I'c U U;.
i=1
Prove that there exist functions {x;}Y, C C*(R%) such that
(1) x; > 0 for all ¢ and ZiioXi =1;
(2) suppx; C U; for alli =1,2,..., N;
(3) supp xo C RAT.
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Partial Differential Equations
Homework Sheet 7
(Discussed on 8.12.2021)

E7.1. Let Q be an open, bounded domain in R? with C'-boundary. Assume that for
every = € €, there exists a solution ¢, € C%(Q) to

Ayoe(y) =0, Vyeq,

¢x(y) = Gy —x), VyeodQ

where G is the fundamental solution of Laplace’s equation in R?. Prove that

b2 (y) = ¢y(x); Y,y € Q.

E7.2. Recall RY = {z = (2/,z4) € R“"! x R: 24 > 0} and Poisson’s kernel

2
K =—~ _ VreR? RY .
(l‘,y) d|B1H$*y|d7 l’e bl Vyea —+

Prove that for every x € Ri we have

K(z,y)dy = 1.
ORY.

(You may try the case d = 2 first.)
E7.3. Let g € C(OR%) N L>(0RY) satisfy g(z) = |z| if € ORL N B(0,1). Let

u(z) = [ K(z,y)g(y)dy, VeeR{
ORE
with the above Poisson’s kernel K (z,y). Prove that |[Vu(z)| is unbounded in R% N B(0,r)
for every 7 > 0. Here B(0,r) is the open ball in R
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Partial Differential Equations
Homework Sheet 6
(Discussed on 1.12.2021)

E6.1. Let x € C°(R?) and f € W'P(R?). Prove that xf € WHP(R?) and

3i(xf)(x) = () (@) f(x) + x(); f(z)  in D'(R)
foralli=1,2,...,d.

E6.2. Let f € LP(R?) be compactly supported. Let G(z) = —3- In |z| be the fundamental
solution of Laplace’s equation. Prove that:

(a) If p=1, then G  f € LL (R?) for all ¢ < oo.

(b) If p > 2, then G * f € CLY(R?) forall 0 < a < 1 —2/p.
Hint: This low regularity result has been discussed in the lecture for d > 3. Here you need
to adapt the proof to d = 2.

E6.3. Let Q be an open subset of R%. Let f € C%(Q) for some 0 < a < 1.

loc

(a) Prove that for every open ball B C B C €, there exists a function fz € C%*(R%)
such that fp is compactly supported and fp(x) = f(z) for all x € B.
(b) Prove that if u € D/'(Q) satisfies

~Au=f inD(Q),
then u € Cp2 ().
Hint: For (b) you can use the result that G x fg € C?%(R%).
E6.4. Assume that u, f € L?(R?%) and
—Au=f inD'(RY).
Prove that u € W22(R%) and
[ullw22may < Cllullp2may + 11l L2ray)-

Here the constant C' = Cy is independent of u and f.

Hint: You can use the Fourier transform.
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Partial Differential Equations
Homework Sheet 5
(Discussed on 24.11.2021)

E5.1. Prove that if f is a harmonic function in R? and g € C.(R?) is radial, then

f(@)g(x)dz = £(0) / o()dz.
Rd Rd

E5.2. Let 1 < p < 0o0. Let © C R% be open. Consider the Sobolev space
WP(Q) = {f € LP(Q) : 0,,f € LP(Q),Yi = 1,2,...,d}
with the norm

d
1 lwie = 1fllze + D100, £l o)
i=1
Prove that W1P(Q) is a Banach space. Here z = (z;)%; € R<.

Hint: You can use the fact that LP(2) is a Banach space.

E5.3. Let f be a real-valued function in W1P(R?) for some 1 < p < co. Prove that
|f| € WEP(R?) and

Vf(z), if f(z) >0,
(VIf)(z) = =V f(z), if fz) <0,
0, if f(z) =0.

Hint: You can use the chain rule for G.(f) with G.(t) = Ve?2 +t> —e — |t| as € — 0.

E5.4. Let Q C R? be open and bounded. Let f € L'(Q). Let G be the fundamental

solution of Laplace equation in R?. Define
u(r) = / G(r—y)f(y)dy, VreR"
Q

Prove that u € LL (R?) and —Au = f in D'(1).
Hint: In the lecture we already discussed the case Q = R%. Here you need to consider a

general bounded domain.

E5.5. Let B = B(0,1/2) C R3. Consider u : B — R defined by
u(z) = In(| In |z])).

Prove that the distributional derivative f = —Aw is a function in L3/2(B).
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Partial Differential Equations
Homework Sheet 4
(Discussed on 17.11.2021)

E4.1. Prove that if T, — T in D'(R?), then D*T,, — D*T in D'(R?) for all a = (a;)7_;.

E4.2. Let 6, be the Dirac delta function in D’(R%). Prove that
(D6:)() = (~D)II(D*)(x), Ve € DRY), Va = (o).
E4.3. Let f € L'(R?) satisfy [p. f = 1. For every € > 0, denote f.(z) = e~ 4f(e 'a).
Prove that f. — & in D'(R?) when ¢ — 0.
E4.4. Let {f,} ¢ L'(RY) such that suppf, C B(0,1) for all n > 1 and
fo— f in LYRY
as n — 0o. Prove that for every g € C2°(R?)

faxg— fxg in D[RY).

E4.5. Compute the distributional derivatives f’, f” € D/'(R) of the function

fl)=zlz -1, ze€R.
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Partial Differential Equations
Homework Sheet 3
(Discussed on 10.11.2021)

E3.1. (Lebesgue Differentiation Theorem) Let f € Li. (R%). Prove that for almost every

loc

x € R% we have
lim |f(z) — f(y)|dy = 0.

r—0pB x,r)

E3.2. Let 1 < p,q,r < 2 satisfy
1 1 1
S +-=1+-=.
P g r
Recall that if f € LP(R?), g € LI(RY), then f x g € L"(R?) by Young’s inequality, and its

Fourier transform is well-defined by the Hausdorff-Young inequality. Prove that
Frg(k) = fk)g(k) for ae. ke R

Hint: In the lecture we already discussed the case f,g € C.(R%).

E3.3. Prove that if f € C2°(R?), then for all N > 1 we have

N Cy
F)1 < i

where the constant Cy > 0 is independent of k.

vk € RY

E3.4. Prove that the Fourier transform of a Gaussian in R? is
Fe ey = =k,

and more generally
Fem™ 1Py = \=demm kA" wx > 0.,

Hint: For d = 1, you can show that the function

/ efﬂ*(:):Jrik)le,
R

is independent of k € R.
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Partial Differential Equations
Homework Sheet 2
(Discussed on 03.11.2021)

E2.1. Let u € C%(R?) and let H(x) = (DYu(x))o|=2 be the Hessian matrix of u, namely
Hij(r) = 03,0p,u(z), Vi, j€{l,2,...d}, Vo= (r1,..,24) € R,

Assume that u is convex, namely
u(te + (1 —t)y) < tu(z) + (1 —t)uly), Vte[0,1], Vz,yeRL

(a) Prove that for every x € R?, the Hessian matrix H(z) is positive semidefinite.

(b) Prove that u is sub-harmonic in RY.

E2.2. (Newton’s theorem) Let d > 3.
(a) Prove that for all » > 0 and z € R?, we have
dS(y) 1

0Bz |y|*?  max(|z|,r)4-2

where dS(y) is the surface measure on the sphere dB(x,r) C R%.
(b) Let 0 < f1, fo € L*(R?) be radial functions with [y, f; = M;. Prove that for all

21,29 € R? we have
— — M7 M.
/ / b Zl)f?d(—y2 2 dody < A T
R x R4 lz -y |21 — 22|

Moreover, prove that we have the equality if fi, fo are compactly supported and |z; — 22
is sufficiently large.
Hint: For (a) you may use the mean-value theorem (the function 1/|z|¢"? is harmonic

in Qif 0 ¢ Q). For (b) you may use (a) and polar coordinates.

E2.3. Prove Young’s inequality

1f * gllor@ay < 1 fll o rayl9ll La(ray

for all d > 1 and for all 1 < p,q,r < oo satisfying
1 1 1
—t-=14-.
P q r
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Partial Differential Equations
Homework Sheet 1
(Discussed on 27.10.2021)

E1.1. (Gauss-Green formula) Let f = (fi)L, € C*(R? R?). Prove that for every open
ball B C RY we have

f(y) - 7448 (y) = / div(f)(z)de.
0B B

7 is the outward unit normal vector and dS is the surface measure on the sphere.

Here
E1.2. Assume that u € C(R?) and [zu = 0 for every open ball B C R Prove that
u(z) = 0 for all z € R4

E1.3. Let f € C}(R?) with d > 2. Let

ula) = (@ £)@) = [ =)y
where @ is the fundamental solution of Laplace equation in R?. Prove that u € C?(RY)
and —Au(z) = f(x) for all x € R% (The proof for f € C?(R?) was already discussed in
the lecture. Here you need to verify the extension to f € CI(R%).)

El1.4. Let © be an open subset of R Let u € C?(Q) and Au > 0 (namely u is a
subharmonic function).

(a) Prove that u satisfies the mean-value inequality

o5l u(y)dS(y) > ng’r) u(y)dy > u(x)

for all z € B(z,r) C Q.
(b) Assume further that Q is connected and u € C(Q). Prove that u satisfies the strong
maximum principle, namely either
e 1 is a constant in €, or

® Sup,cpn u(y) > u(x) for all z € Q.



