Mathematisches Institut der Universitat Minchen Summer Semester 2022
Phan Thanh Nam, Arnaud Triay 13.7.2022

Partial Differential Equations 11
Homework Sheet 10
(Discussed on 18.7.2022)

E10.1 Let ¢ € H'(R%) and J, = 1(~A < n). Prove that J,o — ¢ strongly in LP(RY)
for all 2 < p < 2*. Here 2* =2d/(d —2) if d > 3 and 2* = 0o if d < 2.

E10.2 Let F(t) = e*® on L?*(R%). By a modification of the analysis of ®(t) = [ F(t —

s)f(s)ds from the lecture, we can also show that if (g, r) is admissible and ¢ > 2, then

/ F(-—s)f(s)ds
R

(a) Use this bound to show that

/ F() (1)t
R

(b) Deduce the first Strichartz estimate
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Hint: You can mimic the duality used in Step 2 and Step 3 of the analysis of ®£(t).
E10.3 Let ¢ € HY(R?) and u(t) = e> .
(a) Prove that
lu(t) —u(s)llzz < Clt—s|?, Vi, seR.
(b) Let (q,r) be admissible with 2 < r < 2*. Prove that
u(t) — u(s)||rr < Ot — sV Y vt s €R.

(c) Deduce from (b) and the Strichartz estimate (in E10.1 (b)) that ||u(t)|z: — 0 as

|t| — oo. Can you prove this convergence directly without using the Strichartz estimate?
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Partial Differential Equations 11
Homework Sheet 9
(Discussed on 11.7.2022)

E9.1 Let u € H'(R?) be a radial, positive solution to the equation
—Au(z) +u(z) =u’(z), =R

(a) Prove that w is continuous.
(b) Prove that u decays faster than any polynomial, namely for every n € N, there

exists a constant C,, > 0 such that

u(z) < Cn Vo € R3.

CEREDE
Hint: G(x) = e~ 1%l/(4x|z]) is the 3D Yukawa potential, namely G(k) = (1 + |27wk[2)~L.

E9.2 Letd>1,2<p<ocoand f(u) = |ulP~2u.

(a) For every n € N, define the operator J,, = 1(—A < n) on L2(R%). Prove that there
exists a constant C' = Cyyp,, > 0 such that

| f(Jnu) — f(JnU)HLQ(Rd) < Cllu— UHLQ(Rd)(HuHLQ(Rd) + HU”LZ’(W))}D*1

for all u,v € L?(RY).

(b) Assume further that 2(p — 1) < 2*, with 2* = 2d/(d — 2) if d > 3 and 2* = —o0 if
d = 1,2. Prove that there exist constants C' = Cy, > 0 and o € (0,1) such that

1f (w) = f(0)llL2ra)y < Cllu = vl| T2 gay (lull g ey + 0]l E1Ra) )P~

for all u,v € H'(R?).

Hint: Sobolev’s embedding theorem and the bound in E5.2 are helpful.

E9.3 (Gronwall’s lemma) Let 0 < o < 1 and T' > 0. Prove or disprove the following: If
f,9:10,T] — [0,00) are continuous and satisfy

f(t) < / g(s)f*(s)ds, Vtel[0,T],
0
then f(¢t) =0 for all ¢ € [0, 7.
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Partial Differential Equations 11
Homework Sheet 8
(Discussed on 4.7.2022)

We consider a generalization of the method of moving planes to nonlinear PDE.
Let 0 < u € H'(R?) N C(R?) be a weak solution of the equation

—Au(z) + pu(z) = f(u(z)), zcR<
Here p > 0 is a constant and f : [0,00) — R satisfies that f € C! and
0< f'(b) <CH*, V¥b>0
with some constants C' > 0 and 0 < o < 2* — 2.
Recall that 2* =2d/(d —2) if d > 3 and 2* = —c0 if d = 1, 2.
E8.1 Let G be the Yukawa potential, namely
Gk) = 127k + p2) .
Prove that we can write
G(r) = /°° R
~Jo mti |

Deduce that G is radially symmetric decreasing and G' € LP(R) for 1 < p < 2*/2.

E8.2 For every a € R, denote
Tq = (20 — 21,22, ..., 2q), uq(z) =u(xs), V= (r1,...,24q),

namely z, is the reflection of x via the hyperplane {x; = a}. Prove that

) wa@) = [ (Gl 9) ~ Glea =) (£0) — Sl

E8.3 Prove that if a is sufficiently negative, then u(z) > uq(x), Vr € {x1 > a}.

E8.4 Prove that the set A = {a € R: u(z) > uy(x),Vx € {z1 > a}} has a maximal value
ag. Deduce that
u(x) = ugy(x), VoeR%

E8.5 Conclude that u is radial up to translation, namely there exists zg € R% and U :
[0,00) — [0, 00) such that

w(z) = U(|jx — xo]), VzeR
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Partial Differential Equations 11
Homework Sheet 7
(Discussed on 27.6.2022)

E7.1 Let F C R% d > 1, be a compact set such that its Lebesgue measure satisfies
|F| > |FnF~|

(a) Let f = 1p+ — I pnp+, g = 1p — 1 prp+. Prove that there exists zg € R%\{0} s.t.

/ f(zo —y)g(—y)dy > 0.
R4

(b) Let e = xo/||xo|| with zo being given in (a). Prove that

|F**NF*| > |FnNF*.
Here F* is the radially symmetric decreasing rearrangement of F', and F*¢ is the Steiner
symmetrization of F' with respect to the direction e.
E7.2 Let A and B be nonempty open bounded sets in R?, d > 1. We denote
A+B:={r+y|lzeAyec B}

(a) Prove that A+ B = {z € R?: (14 *1p5)(z) > 0}.
(b) Prove that A* 4+ B* C (A+ B)".

(c) Use Riesz’ rearrangement inequality to prove the Brunn—Minkowski inequality

A+ BIY > AV B

E7.3 Let A C R be an open bounded set with C' boundary. Use the Brunn-Minkowski

inequality to prove the isoperimetric inequality
[0A] > [0(A7)].

Hint: The surface area of A can be computed as

|0A| = lim |A+rB| — 4]

r—0t r

with B the unit ball in R,

E7.4 Use the Hardy-Littlewood—Sobolev inequality to prove Sobolev’s inequality:
[ull 2 < Ol Va2, Vu € CE(RY).

Here d > 3 and 2* = 2d/(d — 2).
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Partial Differential Equations 11
Homework Sheet 6
(Discussed on 13.6.2022)

E6.1 Let d > 3 and p = 2* = 2d/(d — 2).
(a) Prove that if 0 < u € H'(R%) be an optimizer of the Sobolev inequality
IVull p2@ey = Ellull prway
then it solves the Euler-Lagrange equation
—Au(z) = cuP~Hz), ae zeR?
for some constant ¢ > 0.

(b) Prove that h(z) = (1 + |2|?)™® with o = % is a solution of the above equation

(for some c¢).

E6.2 Let d > 3. Prove that there exists a unique number A > 0 such that the following
(i)-(ii) hold:
(i) We have
/ (\vu|2 + V\u|2) >0, Yue H'RY), V|V|pizgs =
Rd

(ii) There exists |V ja/2gay = A and 0 £ u € H'(R?) such that

/Rd (|Vu\2 + V|u|2) —0.

Compute A in terms of E given in E5.1(a).

E6.3 Prove that for all d > 3 and u € H'(R?) we have

2
oy [ 1O,
vz 2aa-2 [ 0w

Moreover, the equality occurs if and only if w = zh with a constant z and with h given in
E5.1(b).

Hint: You can use the Perron—Frobenius principle.

E6.4 Let B be the closed unit ball in R? and let f : B — B be a continuous function.

Assume that there exists a constant € € (0,1) such that
z-f(zr)>e, Vli—e<|z|<1

Prove that the equation f(y) = 0 has a solution y € B.
Hint: You can apply Brouwer’s fixed-point theorem for g(z) = x —§ f(x) with some § > 0.
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Partial Differential Equations 11
Homework Sheet 5
(Discussed on 30.5.2022)

E5.1 Prove that for every «,e € (0, 1), there exists a constant § = d(a, ) > 0 such that

a®+b* > (1+60)(a+b)* Va,belel].

E5.2 (a) Let 2* =d/(d —2) if d > 3 and 2* = oo if d < 2. Prove that for every d > 1 and

every 2 < p < 2*, there exists a unique parameter 6 € (0,1) such that
1-6

V]| 2 ey Nl 2
E:= inf{ ﬁZﬂTZZ(Rd)LQ(Rd) |u € HY(RH\{0} p > 0.

(b) Prove that E has an optimizer.
Hint: For (a) you can use the Sobolev inequality ||u|| ;1 > C||ul/z» and a scaling argu-

ment (c.f. E3.1). For (b), you can use the existence of optimizers for ||u||gz1 > C||ul|ze-

E5.3 (Helly’s selection theorem) Let {f,}2%, be a sequence of functions R — [0, 1] such
that ¢ — f,(t) is increasing for every n. Prove that there exists a subsequence f,, and a
function f» : R — [0, 1] such that

i fo, (1) = foo(t), VEER

E5.4 Let {u,}22, be a sequence of Borel probability measures on R d > 1. Let p1 be a
Borel finite measure on R such that s, — p weakly in (C.(R%))*, namely

/R Fdpn /R Fdu, VS € R

Prove that the following three statements are equivalent:

(a) p(RY) =1
(b) pn, — p weakly in (Cp(R%))*, namely

[ fdwn > [ fan, i e o,

Rd R4

(c) The sequence {py, }52 ; is tight, namely for every € > 0, there exists R > 0 such that
lirginf,un(BR(O)) >1—e.

Here Cc(Rd) is the space of continuous functions R? — C with compact support, and

Cy(R?) is the space of bounded continuous functions.
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Partial Differential Equations 11
Homework Sheet 4
(Discussed on 23.5.2022)

E4.1 (a) Prove that the constant

. \Vu (z)|?dx .
a* = inf fRS PP |u€Hl(IRi‘3),/]Ra lu|? =
Jrs Jrs —y‘Qdmdy

is positive and finite.

(b) For a € R, consider the variational problem

E = int {5(u) ‘u € Hl(R3),/ uf? = 1}

R4
where
cw)= [ [Vu(a)Pdr— [ ™ / / ©)July : ) BT I dedy.
R3 R3 |fL’| R3 JR3 |l‘ - ?J|
Prove that £ = —cc if @ > a*, and that FE is finite and has a minimizer if a < a*.

E4.2 Let {Q}ger be a collection of disjoint, unit cubes in R, d > 1. Prove that for every
2 < p < 2* we have
d
Z HuH%p(Q) < CHUH?p(Rd), Yu € HI(R )
QeF

for a constant C = Cy, independent of u. Here 2* is the critical power in Sobolev’s
inequality (namely 2d/(d —2) if d > 3, and oo if d < 2).
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Partial Differential Equations 11
Homework Sheet 3
(Discussed on 16.5.2022)

E3.1 Prove that there exists a constants ¢ > 0 such that

sup / |u(a:)|2ec|"($)|2dx < 00.
R2

HuHHl(RQ)Zl

Deduce that for every 2 < ¢ < oo, there exist C'=Cy > 0 and 6 = §, € (0,1) such that

llloczey < Cllul o [Vulbaleay.  Vu € H'(RY).

E3.2 Let d > 1. Assume that u, — u weakly in H'(RY) as n — oco. Prove that there
exists a sequence R,, — 0o as n — oo such that
1{z/<r,}un — u  strongly in L3(RY).

Deduce that
/ |t () |2dz — 0.
Ry /2<|z|<Rn

E3.3 Let d > 1. Let w € L™®(R?) + LP(R?) with p > (d/2,1) and w(x) — 0 as |z| — oo.
Let {u,} and {R,} as in E3.2. Denote
an = L{jzj<Rr./23Uns  bn = Lo,y tn.
Prove that
D(uy) — D(an) — D(by,) -0 asn— o0

where

()= [ [ 1@ Pute = sy

E3.4 (IMS formula) Let ¢ € C'(R?) be non-negative and bounded. Prove that

P*(—A) + (A)p?
2

= (=D — [Ve?

as quadratic forms in L?(R%).
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Partial Differential Equations 11
Homework Sheet 2
(Discussed on 9.5.2022)

E2.1 Let V : R? — R such that V € LP(R?) + L4(R?) with p,q € (1,00). Assume that
E:inf{/ |vu\2+/ Vi - ue Hl(Rz),/ uf? = 1} <0.
R2 R2 R2

Prove that E has a minimizer.

E2.2 Let V € Ld/z(Rd), V <0,V #£0and A > 0. Consider the variational problem
E:inf{/ |Vu\2+)\/ Vi§ul? : ueHl(Rd),/ \u|2:1}.
R4 Rd R4

(a) Prove that if d > 3, then E has a minimizer if A is large enough, and E has no

minimizer if A is small enough.

(b) What happens if d = 27

E2.3 Let d > 1. Let V,w : RY — R such that V_,w € LP(R?) + L*(RY) with p >
max(d/2,1) and

V(z) = 400 as |z] — oco.
Prove that the following variational problem

E = inf {S(U) cu € H'(RY), |[ul p2(ge) = 1}

has a minimizer, where

= ’LL2 U2 } ’LL.CUQ’LL 2’11}{13—
e = [ vl [ ViP5 [ [ )P Pt - .
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Partial Differential Equations 11
Homework Sheet 1
(Discussed on 2.5.2022)

E1.1 (Brezis—Lieb’s refinement of Fatou’s lemma)
Let Q be an open subset of R? (d > 1) and let 1 < p < co. Let {f,}¢_, be a bounded
sequence in LP(Q2) such that f,(z) — f(x) a.e. Prove that

Jm [ @l = £@P = 1) - f@)P]d =0

Hint: For every € > 0 you may apply Dominated Convergence Theorem to

gue = (|lfal = 1£7 = 1fu = 1P| = clfu = £P)  with  t; = max(t,0).

E1.2 (Fourier representation of Sobolev spaces)
Let d, s € N. Recall the Hilbert space

HS(RY) = {f € L’RY) : D*f € L*(R?), V|a| < s}.
Prove that

H*(RY) = {f € L’RY) : (1 + |27k|?)*/%f (k) € L*(R%)}.

E1.3 Recall that C}(R%) is dense in H'(R?) for all d > 1.
(a) Prove that if d > 3, then C!(R%\{0}) is also dense in H*(R?). Is it true for d = 1,2?
(b) In the lecture, by the Perron—Frobenius principle we proved that for all u €

CLE\(0)) o
Lovae = [ e [

L[ Ju?
2 —_—
]V = 4/3 |z|2”

Deduce the same bounds for all u € H L(R3) using (a) and the density argument.

and

E1.4 (Sobolev inequalities in 1D)
(a) Using ||u|]§{1(R) = [p(1+|27k|?)|a(k)|*dk (see E1.2) to prove that

[l oo ) < Cllulliry, Vu € H'(R).
(b) Using the scaling argument to deduce from (a) the following inequality
ull oo ) < Cllull 2@y v 2Ry, Yu € H'(R).

Here C > 0 is a universal constant.



