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Lattice operators: introduction

The underlying space: l2(Γ) with some lattice Γ ⊂ Rd , d ≥ 1.
The unperturbed operator H0:

H0u(n) = h0(n)u(n),n ∈ Γ.

This is a diagonal operator.

Perturbation: a finite band operator B with entries b(n,θ),n,θ ∈ Γ:

Bu(n) =
∑
|θ|≤r

b(n,θ)u(n + θ).

The standard Schrödinger operator: Γ = Zd and
potential: h0(n) = V (n),
unperturbed Hamiltonian: b(n,±ej) = 1, where ej , j = 1, 2, . . . , d is the
canonical basis of Zd , and b(n,θ) = 0 for other θ.
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We are interested in self-adjoint operators, so

h0(n) = h0(n), b(n,θ) = b(n + θ,−θ).

Also:
h0(n)→∞ as |n| → ∞ and
b(n,θ)h0(n)−1 → 0 as n→∞, so B is H0-compact.

More specifically:
h0(n) = |n|2m,m > 0.

Classes of perturbations Sα(w ;R), α ∈ R,
w(ξ) = 〈ξ〉β, β ∈ (0, 1), 〈ξ〉 =

√
1 + |ξ|2:

b(n,θ) = 0 for |θ| > R, and

b
(α)
s := max

0≤p≤s
sup
n,θ

w(n)−α+p|∇p
nb(n,θ)| <∞,

for all s. Here

∇nb(n,θ) =

b(n + e1,θ)− b(n,θ)
...

b(n + ed ,θ)− b(n,θ)

 .
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One-dimensional case

“One-sided” Jacobi matrix:

J =


h0(1) b(1, 1) 0 0 · · · 0

b(2,−1) h0(2) b(2, 1) 0 · · · 0

0 b(3,−1) h0(3) b(3, 1) · · · 0

...
...

...
... · · ·

...



Janas, Malejki, Naboko; Boutet de Monvel, Zielinski (BMZ). Assume

h0(n)− h0(n − 1) ≥ cnz , |b(n,±1)| ≤ Cnz−ε, z > −1, ε > 0.

Then (see [BMZ], 2010)]:

|λn(J)− h0(n)| ≤ Cnz−2ε, |λn(J)− h0(n)− d(n)| ≤ Cnz−3ε,

with

d(n) = − |b(n, 1)|2

h0(n + 1)− h0(n)
− |b(n,−1)|2

h0(n − 1)− h0(n)
.
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A straightforward generalization:

d(n) = −
∑
φ6=0

|b(n,φ)|2

h0(n + φ)− h0(n)
.

Problem: resonances, i.e. points n and φ where h0(n + φ)− h0(n) = 0!

Correction: let ι ∈ C∞(R) be non-negative:

0 ≤ ι ≤ 1, ι(t) =

{
1, |t| ≤ 1/4;

0, |t| ≥ 1/2,

and define

Υ(n,θ) = 1− ι
(
|θ · (n + θ/2)|
〈n〉β|θ|

)
.

Let bo(n) = b(n, 0), and

d(n) = −
∑
φ6=0

|b(n,φ)|2

h0(n + φ)− h0(n)
Υ(n,φ).

B = {bo(n)}, D = {d(n)}.
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Main result

Theorem (Main Theorem)

Let b ∈ Sα(w ;R), w(ξ) = 〈ξ〉β with α ≥ 0, β ∈ (0, 1) s.t.

2m − 2 > β(α− 2).

Let
δ3 = 3αβ − 2(2m − 2)− 4β,

and

ω0 =

d − 3 + β + 2
d , β <

1
d ,

d − 3 + 3β, β ≥ 1
d ,

Then for any ω > ω0,

N(ρ2m − Cρδ3 ;H0 + Bo + D)− Cρω ≤ N(ρ2m;H)

≤ N(ρ2m + Cρδ3 ;H0 + Bo + D) + Cρω.
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Main result

1. Generalization of [BMZ]. Recall: for d = 1 the cut-off factor Υ is not
required.

2. Condition on m, β, α ensures that δ3 < αβ.

3. The counting function N(ρ2m;H0 + Bo + D) equals the number of
lattice points satisfying

h0(n) + b(n, 0) + d(n) < ρ2m.

4. Lattice point counting: for any lattice Λ ⊂ Rd ,

#{m ∈ Λ : |m| < ρ} =
wd

|Λ|
ρd + O(ρd−2+εd ), εd ≥ 0.

εd = 2
d+1 (Landau, 1915), and εd = 0 for d ≥ 5 (Götze, 2004).

For d ≥ 3 and β < 1/3 one has ω0 < d − 2.
If d ≥ 3, 2m = 2, α = 0 and β < 1/3, then ω0 < d − 2 and
δ3 = −4β.
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The “gauge” method: Take 1

Goal: to find a unitary U such that U∗HU is almost diagonal,
Rozenblum ’78.
Ansatz: U = U(1),U(t) = e iΨt , t ∈ R, where Ψ is a self-adjoint bounded
operator.
Rewrite A(t) = U(−t)HA(t):

A(t) = H + i

∫ t

0
U(−t ′)[H,Ψ]U(t ′)dt ′ = H0 + B + i [H0,Ψ] + R2.

Find an operator Ψ such that

i [H0,Ψ] + B = 0.

Thus
i(h0(n)− h0(n + θ))ψ(n,θ) = −b(n,θ).

Need to exclude the points where h0(n + θ)− h0(n) = 0!
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Partition of lattice operators

Take the function ι and define for arbitrary L > 0:

ζ(n,θ; L) = ι

(
|θ(n + θ/2)|

L|θ|

)
, ϕ(n,θ; L) = 1− ζ(n,θ; L).

Set

b\(n,θ; ρ) =

{
b(n,θ)ϕ(n,θ; ρβ), θ 6= 0,

0, θ = 0,

b[(n,θ; ρ) =

{
b(n,θ)ζ(n,θ; ρβ), θ 6= 0,

0, θ = 0,

bo(n,θ) = δθ,0b(n, 0).

b[( · ,θ; ρ)’s are supported on the resonant layers

Λ(θ) = {ξ ∈ Rd : |θ · ξ| < ρβ|θ|}.

Trubowitz, Skriganov, Karpeshina ...
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The “gauge” method: Take 2

Rewrite:

U(−t)HU(t) = H0 + Bo + B[ + B\ + i [H0,Ψ] + R2.

Lemma (Commutator equation)

Let b ∈ Sα(w ;R). Then the matrix Ψ with the entriesψ(n,θ) = −i b\(n,θ)

h0(n + θ)− h0(n)
, θ 6= 0,

ψ(n, 0) = 0,

solves the equation
ad(H0; Ψ) + B\ = 0.

Moreover, the operator Ψ is self-adjoint, with ψ ∈ Sσ where

σ = α− (2m − 2)β−1 − 1.
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A Sobolev (UCL) Discrete spectrum of lattice operators Münich 12.04.12 11 / 14



Thus

A(1) = H0 + Bo + B[ + R2, ‖R2‖ ≤ Cρδ2 ,

δ2 = 2αβ − (2m − 2)− 2β.

After two iterations:

A(1) = H0 + Bo + D + B[ + B[2 + R3, ‖R3‖ ≤ Cρδ3 ,

δ3 = 3αβ − 2(2m − 2)− 4β < δ2.

One can do further iterations.
Next step is to study the operator A(1).
Crucial point: structure of resonant zones.
d = 2: easy
d ≥ 2: not easy, Parnovski-Sobolev 2010.
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Resonant zones

Parnovski-Sobolev 2010.
RZ’s are parametrized by subspaces spanned by the
θ ∈ ΘR := {η ∈ Γ : |η| ≤ R}, denoted V ∈ V(R, n), 1 ≤ n ≤ d . Let
β1 = β, β2, . . . , βd , σ1, σ2, . . . , σd−1 be s.t.0 < β1 < · · · < βd−1 < βd ≤ 1,

σ1 < · · · < σd−1 < β1.

Define
ΛV =

⋃
θ∈ΘR∩V

Λ(θ), Λ := ΛRd .

For any V ∈ V(R, n), n = 1, 2, . . . , d define M(V) ⊂ Rd . If n = 1, then

M(V) = Λ(θ), if V = V(θ), θ ∈ ΘR .
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If n ≥ 2, then for every subspace U ∈ V(R, p), p = 1, 2, . . . , n − 1, U ⊂ V,
set

KU(V) =
{
ξ ∈ ΛV : |(ξV)U⊥ | < ρβn − ρσp

}
, p = 1, 2, . . . , n − 1.

Now

M(V) =
n−1⋂
p=1

⋂
U∈V(R,p)

U⊂V

KU(V), V ∈ V(R, n), n ≥ 2.

and

Ξ(V) :=

M(V) \
⋃

m>n

( ⋃
W∈V(R,m)

M(W)

)
, n ≤ d − 1,

M(V), n = d .

The subsets Ξ(V) give produce invariant subspaces of A(1).
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