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1) Cayley’s Theorem

Let G be a group and S(G) the group of bijective maps from G to G. Then every element
a € G induces a bijection
To: G — G, g+ ag.

Hence 7, € S(G), and the assignment
G— S(G), a1,

defines a monomorphism. Therefore G can be identified with a subgroup of S(G). This
result is called Cayley’s Theorem.

Consequence: Any finite group G of order n is isomorphic to (and can therefore be
viewed as) a subgroup of S,,.

2) Subgroups generated by a family of elements

Let G be a group and (g;);c; a family of elements in G. There exists a unique smallest
subgroup of GG that contains all elements g;. It can be described as the intersection of all
subgroups H < G such that g; € H for all i € I.

We denote this subgroup by
((gi)ier),
and call it the subgroup generated by (g;)icr-
The subgroup ((¢;)ics) can also be explicitly described as

En

<<gz’)iel> = {95119522 G,

neNy, i, €1, ¢ € {:tl}}.
Example (Commutator subgroup). Let G be a group. For g, h € G, we define
lg,h] := ghg™'h~"

and call this element the commutator of g and h. The subgroup of G generated by all
elements of the form [g, h] is called the commutator subgroup of G and is denoted by

G, G].

Definition. (a) A group G is called finitely generated if there exist finitely many
elements g1, ..., g, € G such that (g1,...,9,) = G.
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(b) A group is called cyclic if it is generated by a single element, i.e. (g) = G for
some g € G.

Lemma. Let GG be a cyclic group generated by g. Then the map
0:7—G, nw—g",

induces an isomorphism

1%

Z, if |G| = o0,
Z/mZ, if |G| =m.

Let G be a group and g € G. Then (g) < G is a subgroup, and the cardinality of (g) is
called the order of g. In particular (see Lagrange’s theorem below), if G is finite, then

ord(g) | G-

Furthermore, the lemma stated above provides an equivalent definition of the order of an
element: if (G is finite, then the order of an element g is the smallest n € N such that

g" = eq.

3) Quotient of a Group by a Subgroup
Let H < G be a subgroup of a group G. We define the equivalence relation
a~b < a'beH.
The set of equivalence classes is denoted by G/H, and we have
[a] = aH.

Since ~ is an equivalence relation, we further have

G = H aH.

aHeG/H

The map H — aH, h — ah, is a bijection, so each equivalence class has the same

cardinality, i.e.
laH| = |bH| for all a,b € G.

Definition. If G/H is finite, |G/H]| is called the index of H in G, and we denote
it by
G : H|=|G/H|.

As an immediate consequence we obtain:
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Theorem (Lagrange’s Theorem). Let G be a finite group and H < G a subgroup.
Then
Gl =G : H]-|H].

In particular, for a finite group GG, a necessary condition for a subset H C G to be
a subgroup is that the cardinality of H divides the cardinality of G.

We want to define a group structure on G/H. The obvious operation is given by
-:G/HxG/H — G/H, aH -bH v+ (a-cb)H.

Problem: The operation on G/H is, in general, not well-defined.

Let aH = o’H and bH = b'H. Then there exist hy, ho € H such that a’ = ah,b = bh,.
For the operation to be well-defined, we require

(ab)H = (a’b’)H <~ ab(b_lhlb)hg € H.

That is, we need b=*h;b € H for all b € G and h, € H.

(The part after Lagrange’s Theorem has not been covered in the lecture so far, but it will
probably be treated at the beginning of week 3.)

This leads us to the following definition.

Definition. A subgroup H < G is called a normal subgroup of G if
gHg'=H forallge@.

In this case we write H < G.

By the above observation, we see that for a normal subgroup N < G, the operation
(aN) - (bN) = (ab)N

is well defined. Hence, (G/N,-) is a group with identity element e N.



