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SUGGESTED SOLUTIONS

Exercise 1. Let n > 3 be an integer. Show that the center Z(S,,) of the n-th symmetric
group is trivial.

Suggested solution. Recall that Z(S,)={o €S, |VreS,:to =07} . Let 0 € S,, be a
nontrivial element. Then there exists i € {1,...,n} such that o(i) # i. Since n > 3, we
can choose another element j € {1,...,n} with j # i and j # o(i).

Now consider the transposition 7 = (o(7) j) € S,,. We compute:

(ro)(i) = 7(o(i)) = J,

whereas
(07)(i) = o(7(2)) = o(i).
Since j # o(7), we have 7o # o7. Hence, the only element commuting with all others is
the identity, and therefore the center of S, is trivial, i.e. Z(S,,) = {id}.
O

Exercise 2. Let n > 1 be an integer, and let F be a finite field with ¢ = |F| elements.
Prove that GL,,(F) is a finite group of order

(=) x("—q)x--x("—q¢"") = H(Q”—qi)-

Compute the index of SL,(F) in GL,(F) and conclude that the order of SL, (F) is

n—1 n—1

1 A )
Il =a) = @) [T - a).
=0 =1

)

Suggested solution. This argument is based on a basic fact from linear algebra: Since
there is a one-to-one correspondence between automorphisms F” — F" and invertible
matrices A € GL,(IF), it suffices to determine the number of different bases of F".

Let us now compute the number of possible bases. For the first basis vector vy, we may
choose any nonzero vector in F”; thus, there are ¢" — 1 possibilities. For the second
basis vector vy, we may choose any vector vy € F" \ (v1), so there are ¢" — g options.
Similarly, for the third basis vector vs, we may choose vz € F"™ \ (v1,vq), which gives
q" — ¢? possibilities. Continuing in the same way, for the final vector v, we must have
vp € F"\ (v1,...,v,_1), and hence there are ¢" — ¢" ! possible choices. Therefore, we
obtain exactly the formula given in the exercise.
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From Tutorial Sheet 3, Exercise 1(c), we know that GL,(IF)/SL,(F) = F*, and hence
|GL,(F) : SL,(F)| = |F*| = ¢ — 1.
By Lagrange’s theorem, we therefore conclude that

|GL, (F)|
L) = =2
q
This is precisely the formula stated in the exercise.

]

Exercise 3. Let n > 5 be an integer. Show that in A,, a 3-cycle is a commutateur.
Conclude that for n > 5,
(A, A, = A,

Deduce that for n > 5 the group A, is not solvable, and consequently S, is not solvable
either.

Suggested solution. Recall (for instance from linear algebra) that A, consists precisely of

finite products of 3-cycles. So it suffices to show that every 3-cycle is a commutator in
A,

Let (x1,x9,23) be a 3-cycle. Since n > 5, there are distinct x4, z5. Hence we can write

($1;5627l'3) = (131,wz;564)(961,$37$5)(3317374,$2)(131,375,5€3)
= (551,152,934)(371,~’B3,5175)(33175172,5154)_1(351,153,375)_1

= [(xla T2, 1’4), ('Tl? T3, ZU5):| :

Thus (z1, g, x3) € [A,, An] and therefore A, = [A,, A,].

We can now easily deduce that A, is not solvable for n > 5. Indeed, by definition A, is
solvable if there exists k € N such that D*)(A,) = x. But since D*(A,,) = A, no such
k can exist. Hence A,, is not solvable for n > 5.

In Tutorial Sheet 2, Exercise 3, we showed that [S,, S,] = A, (already true for n > 2).
Therefore, for n > 5 we have D(k)(Sn) = A, # %, and thus S, is not solvable.

]

Exercise 4. Let G be a group, and Z[G| be the group ring of G: it is the free abelian
group with basis ([g])seq, where [¢g] € Z[G], and the product is induced by the bilinear
map

Z|G) x Z|G] — Z[G],  (lg], [h]) — [g - hl.
We denote by [e] the element 1 € Z[G], with e € G the neutral element; observe indeed
that [e] is the neutral element for the product in Z[G]. The canonical homomorphism

e: LGl — Z, [g]—1,

is a ring homomorphism called the augmentation. The kernel I(G) is a two-sided ideal
in Z|G]. We denote by I(G)?* the two-sided ideal product of I(G) with itself. Clearly
I(G)? C I(G).
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1) Show that I(G), as an abelian group, is the free abelian group with basis ([g] —
le])gec\fe}, With e € G the neutral element. Conclude that I(G)?, as an abelian
group, is generated by the family

([g- h] = [g] = [h] + Dgmecien?-
Suggested solution. Consider the augmentation map

e: Z|G] — Z, Zag[g] — Zag.

geG geG

From Tutorial Sheet 3 we know that I(G) = ker(e) is a two-sided ideal in Z[G].

Explicitly,
1(G) = {Zag{g] Zag = O} :

geG geG

We show that I(G) is a free abelian group with Z-basis [g] — [e] for all g € G\ {e}.

First, these elements lie indeed in the kernel:

e(lg] —[e)) =1-1=0.

Hence [g] — [¢] € I(G) for all g € G. Thus, the ideal generated by these elements is

contained in /(G):
(9] = le] [ g € G\ A{e}) € I(G).

In particular, ([g] —[e] | g € G \ {e})z C I(G). For the converse, let 3 ., a4lg] €
I(G), so that }_ ., a, = 0. Then we have

D aglgl= Y aylg] + acle].

geG g€G\{e}

Since ) s a, =0, it follows that

Qe = — E Clg,

geG

g€G\{e}
and therefore
D aglgl= Y ay(lg] - [e]).
g€G g€G\{e}

Hence we deduce

HG) = (gl — el | g € G\ {e})z.

So it remains to show that ([g] — [e])ge (e} 18 linearly independent over Z. Let
0= Z ag([g] - [e]).
9€G\{e}
Then
> ald - (D a)ld = 0.
9€G\{e} 9€G\{e}
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Since ([g])g < 1 a basis of the free abelian group Z|G], all coefficients must vanish.
Hence all a, = 0, and ([g] — [6])960\{6} is a Z-basis of I(G). This means that 1(G)
is a free Z-module, a notion we will learn about later in the lecture.

Let us now recall the definition of the product of ideals. Let R be a ring and a, b
be two (two-sided) ideals in R. Then the product ab is again a (two-sided) ideal,

defined by
ab = {Z aibi
i=1

By this definition, the square of the augmentation ideal is given by

Now choose n =1, a; = [g] — [e], and by = [h] — [e] for g,h € G\ {e}. Then

aiby = ([g] = [e])([A] — [e]) = [gh] — [g] — [h] + [e] € I(G)*.

Hence the ideal generated by the elements [gh] — [g] — [h] + [e] | g, h € G\ {e} is
contained in I(G)?; in particular, the Z-submodule generated by these elements is
contained in I(G)?.

nEN,aiEa,biEb}.

ai,bi EI(G),TLEN}

The converse inclusion follows immediately since I(G) is generated over Z by the
elements [g] — [¢] for g € G\ {e}. More precisely, it suffices to show that for any
a,b € I(G), the product ab is a linear combination of such elements. So let

n

a=Y_allg] - €], b:ij([hj]—[e]% ai,b; € Z.

i=1 j=1

n m

ab=" " ai([g:] — [e]) Z bi(lhy] = le)) = D D aiby(lgihy] — [9:] — [hy] + [e]),

=1 j=1 i=1 j=1

which shows that

ab € ([gh] —[g] — [h] +[e] | g, h € G\ {e})z.

Hence we conclude that
I(G)* = ([gh] — ] — [h] + [e] | g,h € G\ {e})z.
[
2) (*) Let Gap be the abelianisation of G. Show that the morphism of abelian groups
HG) — Ga, 9] =1—7,

4
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where g is the class of g in G, = G/[G,G], is trivial on I(G)? and induces an
isomorphism of abelian groups

I(G)/1(G)* = Gap.
[Hint: define a group homomorphism G, — I(G)/I(G)?* which is inverse...|

Suggested solution. Recall that every abelian group is a Z-module. By Exercise 4,
1), the elements {[g] — [¢] | g € G\ {e}} form a Z-basis of I(G), and hence the map

p: 1(G) — Gan, (9] =lel—7

is a well-defined Z-linear map. In particular, ¢ is a morphism of abelian groups.
First we show that I(G)* C ker(¢). Then, by the fundamental theorem of homo-
morphisms, we obtain a morphism

7 I(G)/1(G) — Gap, 9] —[e] — 7.

Since ker(p) is a submodule, it suffices to show that the generators of I(G)? lie in
ker(y). So let g,h € G\ {e} be given. Then

(lghl = lg] = [A] + [e]) = ghg~*h=t = 0.
Thus [gh] — [g] — [h] + [e] € ker(p), and therefore I(G)? C ker(¢p).

Now consider the morphism

v G — I(G)/IG)?, g+ [g] —le].
First note that this is indeed a group homomorphism:

P(gh) = gh] —e] = [g] = le] + [n] = [e] = ¥(g) + ¥ (h).

Since [G, @] is the smallest normal subgroup, such that the quotient is abelian, we
immediately obtain [G, G| C ker(¢). Again the fundamental theorem of homomor-
phism, yields an induced map

¥: G, — I(G)/ (G, Gr—[g] — [e].
Obviously, ¥ and @ are inverse to each other, and hence we obtain an isomorphism

I(G)/1(G)* = Gap.



