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INSTRUCTIONS:

e This booklet is made of twenty-two pages, including the cover, numbered from 1 to 22. The test consists of
nine problems. Each problem is worth 16 marks. 100 marks are counted as 100% performance in this test.
You are free to attempt any problem and collect partial credits.

e The only material that you are allowed to use is black or blue pens/pencils and one hand-written, two-sided,
A4-size “cheat sheet” (Spickzettel).

e Raise up your hand to request extra sheets or scratch paper. You are not allowed to use your own paper.
e Prove all your statements or refer to the standard material discussed in class.

e Work individually. Write with legible handwriting. You may hand in your solution in German or in English.
Put your name on every sheet you hand in.

e You have 140 minutes.

GOOD LUCK!
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PROBLEM 1. (16 marks)

Let S! denote the unit circle in the complex plane, consider it homeomorphic to [0, 27) with
periodicity. Let h € L*(S') be such that h(z) = h(—z) for a.e. z € S*. Consider the map

T:L*S") — L*S"), Tf:=hxf
(the convolution with the function h).
(i) Prove that T is an everywhere defined bounded linear operator.
(ii) Prove that T is a compact and self-adjoint operator.
(iii) Find an explicit orthonormal system {e, } ez of L?(S') and a collection {\, },.ez in R such

that
T = Z Anlen)(en]

nez
where the series is meant to converge in operator norm.

(Hint: you may find it useful to use the fact that the Fourier transform turns convolution
into multiplication.)

SOLUTION:



SOLUTION TO PROBLEM 1 (CONTINUATION):
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PROBLEM 2. (16 marks)
Consider the measure @ on R defined by

H = Hlebesgue + 54 + 6—4

(where ¢, denotes the Dirac measure centred at a) and the function ¢ : R — R defined by

o) = {x "

3, <0
Correspondingly, consider the operator M, : L*(R,du) — L*(R,du) defined by
Myf=of,  D(M,)={f € I*R,du) | of € IR, djn)}
(i.e., the self-adjoint operator of multiplication by ¢).

(i) Find the spectrum of Mj.

(ii) Find the eigenvalues of M.

SOLUTION:



SOLUTION TO PROBLEM 2 (CONTINUATION):
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PROBLEM 3. (16 marks)
Let H be a Hilbert space and let A be a (possibly unbounded) self-adjoint operator acting on

H. Define
U:=(A—i)(A+i)".

(i) Prove that U is a unitary operator on H.

(ii) Prove that ker(U—1) = {0}.

SOLUTION:



SOLUTION TO PROBLEM 3 (CONTINUATION):

10
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PROBLEM 4. (16 marks)

Let H be a Hilbert space and let A be a (possibly unbounded) self-adjoint operator acting
on ‘H. Denote by {EéA)}Q the projection-valued measure associated with A and by o(A) the
spectrum of A. Prove the following:

o(4) = {NeR|EQ. ., #0 v=>0}.

SOLUTION:

11



SOLUTION TO PROBLEM 4 (CONTINUATION):

12
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PROBLEM 5. (16 marks)
For every z € [0,1] and n € N define f,(z) := n~""42"5 . Consider the sequence {f,}22,.
(i) Prove that f, — 0 weakly in H'(0,1) as n — oo.

(i) Does the sequence {f,}°°; converge weakly to 0 in H?(0,1)? Justify your answer.

SOLUTION:

13



SOLUTION TO PROBLEM 5 (CONTINUATION):

14



Name

PROBLEM 6. (16 marks)
Let A and B be two bounded self-adjoint operators on a Hilbert space H such that

O<ALB.

Prove that
@ g A1/3 g Bl/g.

Too ] 1
——dA\ forz > 0.)

(Hint: consider /0 BUEEE

SOLUTION:

15



SOLUTION TO PROBLEM 6 (CONTINUATION):

16
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PROBLEM 7. (16 marks)
Let H be a separable Hilbert space and let T" be a bounded linear operator acting on H.

(i) Assume that T' = T T, for some Hilbert-Schmidt operators 77 and T3 acting on H. Prove
that T is of trace class.

(ii) Assume that 7" is of trace class. Prove that there exist two Hilbert-Schmidt operators T3
and Th acting on H such that T' = T1T5.

SOLUTION:

17



SOLUTION TO PROBLEM 7 (CONTINUATION):

18



Name

PROBLEM 8. (16 marks)
2

Consider the Hamiltonian H = 2t V(z) acting on L*(R), where
T

e V is real-valued,
o Ve L*(R),
e and lim V(z)=0.

r—+oo

For any given E > 0 construct a sequence {1, }°°, in C3°(R) such that
o [nllo=1 VneN
e and lim ||(H — E)Yy,|l2 =0.
n—o0

SOLUTION:

19



SOLUTION TO PROBLEM 8 (CONTINUATION):

20
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PROBLEM 9. (16 marks)
Consider the Hamiltonian H = —A — V acting on L*(R?), where
V(x) = Zx|te ™, x#0,

and Z is a positive parameter. (You may think of H as the Hamiltonian of an hydrogenic
atom where the Coulomb interaction is exponentially suppressed at large distances.)

(i) Prove that there exists a universal constant Z; > 0 such that if Z < Z; then the ground
state energy Fy of H is non negative.

(ii) Prove that there exists a universal constant Cy > 0 such that the ground state energy
Eg (N) of a system of N non-interacting spinless fermions, each subject to the same
potential V', is bounded below by E{(N) > —Cy Z*? uniformly in N.

SOLUTION:

21



SOLUTION TO PROBLEM 9 (CONTINUATION):

22



