
Mathematical Quantum Mechanics
TMP Programme, Munich – Winter Term 2010/2011

EXERCISE SHEET 9, issued on Tuesday 11 January 2011
Due: Tuesday 18 January 2011 by 8,15 a.m. in the designated “MQM” box on the 1st floor
Info: www.math.lmu.de/~michel/WS10_MQM.html

Each exercise is worth a full mark as specified below. Correct
answers without proofs are not accepted. Each step should be
justified. You can hand in the solutions either in German or
in English. The exercise marked with F is for extra credit.

Exercise 33 [15 points]. Consider the Schrödinger Hamiltonian H = −∆ + V in d dimen-
sions. Assume that U−tV Ut = e−tV for all t ∈ R, where for any real t the map Ut : L2(Rd) →
L2(Rd) is defined by (Utψ)(x) := e−td/2ψ(e−tx) ∀x ∈ Rd, ∀ψ ∈ L2(Rd).

(i) Prove that t 7→ Ut is a strongly continuous unitary group on L2(Rd), i.e., Ut is unitary

∀t ∈ R, U0 = 1, Ut+s = UtUs ∀t, s ∈ R, ‖Utψ − ψ‖2
t→0−−→ 0 ∀ψ ∈ L2(Rd).

(ii) Let ψ ∈ L2(Rd), ‖ψ‖2 = 1, such that ∆ψ ∈ L2(Rd), V ψ ∈ L2(Rd), and Hψ = Eψ (in L2)
for some E ∈ R. Prove that

E = −〈ψ, (−∆)ψ〉 =
1

2
〈ψ, V ψ〉

and that therefore E 6 0. (Hint: check that both UtHψ and HUtψ belong to L2(Rd),
then use this fact and (i) to compute the expectation of (UtH−HUt) in the state ψ when
t→ 0.)

Exercise 34 [11 points]. Consider two families {φj}N
j=1 and {ψ`}N

`=1 of functions in L2(Rd)
(d and N being positive integers).

(i) Prove that 〈φ1 ∧ · · · ∧ φN , ψ1 ∧ · · · ∧ ψN〉
L2(RNd)

= det



〈φ1, ψ1〉 · · · 〈φ1, ψN〉

...
. . .

...
〈φN , ψ1〉 · · · 〈φN , ψN〉


 .

(ii) Let A be a N ×N matrix with complex entries. Define the functions

ξi :=
N∑

j=1

Aijψj , i = 1, 2, . . . , N .

Prove that
ξ1 ∧ · · · ∧ ξN = (detA)ψ1 ∧ · · · ∧ ψN .
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Exercise 35 [14 points]. Consider a family {ψ`}N
`=1 of functions in L2(Rd) (d and N being

positive integers) such that 〈ψ`, ψ`′〉 = δ`,`′ . Let Ψ := ψ1 ∧ · · · ∧ ψN ∈ L2(RNd). For any

k ∈ {1, . . . , N} let γ
(k)
Ψ be the k-particle reduced density matrix associated with Ψ and let ρ

(k)
Ψ

be the corresponding k-particle density. Denoting by γ
(k)
Ψ (x1, . . . , xk;x

′
1, . . . , x

′
k) the kernel of

γ
(k)
Ψ , ρ

(k)
Ψ (x1, . . . , xk) = γ

(k)
Ψ (x1, . . . , xk; x1, . . . , xk).

(i) Prove that γ
(1)
Ψ (x;x′) =

∑N
`=1 ψ`(x)ψ`(x

′).

(ii) Prove that ρ
(2)
Ψ (x1, x2) = ρ

(1)
Ψ (x1)ρ

(1)
Ψ (x2)− |γ(1)

Ψ (x1;x2)|2 .

FExercise 36 [15 points]. Consider the Hilbert space H of all (equivalence classes of) mea-
surable functions ψ : Rd → C which are 2π-periodic (i.e., ψ(. . . , xj + 2π, . . . ) = ψ(. . . , xj, . . . )
for almost all x = (x1, . . . , xd) ∈ Rd and ∀j = 1, . . . , d) and square-integrable on [−π, π]d,
equipped with the scalar product

〈φ, ψ〉 =

∫

[−π,π]d
φ(x)ψ(x) dx .

(i) Construct an orthonormal basis of H made of eigenvectors of the operator −∆ acting on
the functions of H that are H2-functions on [−π, π]d.

(ii) Let 0 6 E0 6 E1 6 E2 6 · · · be the eigenvalues of −∆ counted with multiplicity. Prove
that there exist two constants ad, bd ∈ (0,∞) such that

N(E) = #{Ej |Ej 6 E} 6 adE
d/2 + bd .

(iii) Prove that lim
E→∞

N(E)

Ed/2
= vol

({x ∈ Rd | |x| 6 1}) .
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