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Exercise 20. For this exercise you will need the following classical theorem by Paley and
Wiener:

A measurable function F on R is the inverse Fourier transform of a function F̂ ∈ C∞
0 (R) with

support in [−R,R] (R > 0) if and only if the continuation of F to the complex plane is entire

analytic and for each n ∈ N there exists a constant Cn such that |F (z)| ⩽ Cn
eR|Imz|

(1 + |z|)n
.

Let A be a C∗-algebra with unit, {τt | t ∈ R} be a one-parameter strongly continuous group of
∗-automorphisms of A, and β ∈ R. Prove that the following conditions are equivalent:

(1) ω satisfies the (τt, β)-KMS condition,

(2) the relation ∫ +∞

−∞
dt f(t)ω(Aτt(B)) =

∫ +∞

−∞
dt f(t+ iβ)ω(τt(B)A)

is valid for all A,B ∈ A and all f with Fourier transform f̂ ∈ C∞
0 (R).

Exercise 21. Let A be a C∗-algebra with unit, {τt | t ∈ R} be a one-parameter strongly
continuous group of ∗-automorphisms of A, and ω be an τt-invariant state, such that

(1) τt is asymptotically abelian, i.e., lim
t→∞

∥[A, τt(B)]∥ = 0 ∀A,B ∈ A,

(2) ω has the “cluster property” ω(Aτt(B))
t→∞−−−→ ω(A)ω(B) ∀A,B ∈ A. (This is the typi-

cal property shown by KMS states with respect to an asymptotically abelian dynamics,
although proving this fact is laborious.)

Consider a state ν that is ω-normal. Prove that ν “returns to equilibrium” in the sense that

ν(τt(A))
t→∞−−−−→ ω(A) ∀A ∈ A .
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Exercise 22. Consider

• the quasi-local UHF algebra (A, (AΛ)Λ∈F(Z)) associated with an infinite quantum spin
system on Z with one-site Hilbert space Hx = Cn (n ∈ N and F(Z) is the collection of
the finite subsets of Z),

• the automorphism α that, locally, is defined by

α(A) =
(⊗

x∈Λ

U∗
x

)
A
(⊗

x∈Λ

Ux

)
∀A ∈ AΛ (Λ ∈ F(Z)) ,

and is then extended by density on the whole A, where each Ux is a unitary on Hx,

• an interaction Φ : F(Zd) → A (recall from class: Φ(X) = Φ(X)∗ ∈ AX ∀X ∈ F(Z)) that

– decreases at infinity in the sense that

sup
x∈Z

∑
X∈F(Z)
X∋x

diam(X)∥Φ(X)∥ < ∞ (diam(Λ) := sup
x,y∈Λ

|x− y|) ,

– is invariant under α, i.e., α(Φ(X)) = Φ(X) ∀X ∈ F(Z),

• the corresponding one-parameter strongly continuous group {τt | t ∈ R} of ∗-automorphisms
of A constructed, by similar arguments as in Exercises 18 and 19, as the limit of the local

dynamics generated by the local Hamiltonians HΛ :=
∑
X⊂Λ

Φ(X); it satisfies τt ◦α = α ◦ τt

for all t ∈ R.

Prove that if ω is a (τt, β)-KMS state for some β ∈ (0,+∞), then

ω ◦ α = ω on A .

(Hint: check the applicability of the theorem discussed in class in Section (iii)d.)

Exercise 23. For each of the 10 questions below answer YES or NO and provide a brief
explanation.

23.1 If X ⊂ R is closed and the C∗-algebra A = C0(X) contains the identity, is then X
compact?

o YES o NO

23.2 If X ⊂ R is compact, does then the C∗-algebra A = C0(X) contains the identity?

o YES o NO

23.3 Is there a representation π of the C∗-algebra A = M(2,C) such that ∥π(σx)∥ = 2?

o YES o NO

23.4 Is there a representation π of the C∗-algebra A = M(2,C) such that ∥π(σz)∥ = 1
2
?

o YES o NO

23.5 Consider the C∗-algebra A of 17× 17 complex-valued matrices. Is ω(A) = 1
17

∑17
i,j=1Aij,

A = (Aij) ∈ A, a state over A?

o YES o NO
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23.6 Consider the C∗-algebra A = C ⊕M(2,C) (two-block diagonal matrices with blocks of

size 1 and 2 respectively) and the vector v = 1√
6

(
1
2
1

)
. Does the map M 7→ ⟨v,Mv⟩ define a

state on A?

o YES o NO

23.7 Is the map M 7→ ⟨v,Mv⟩ defined in the previous question a pure state on A?

o YES o NO

23.8 Is the map ω : ACCR(h) → C defined by

ω(W (f)) :=

{
1 if f = 0

0 if f ̸= 0

and extended by linearity and density on the whole ACCR(h), a state?

o YES o NO

23.9 Is the map defined in the previous question a regular state?

o YES o NO

23.10 Concerning the global dynamics {τt | t ∈ R} constructed in Exercises 18 and 19 on the
quasi-local UHF algebra (A, (AΛ)Λ∈F(Zd)) associated with an infinite quantum spin system, is
there an element H = H∗ ∈ A such that τt(A) = eitHAe−itH ∀A ∈ A?

o YES o NO
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