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1 Kumulative Habilitation

Gemäß der Zielvereinbarungen meines Habilitationsverfahrens, siehe Appendix B, lege ich folgende
sechs wissenschaftliche Veröffentlichungen vor:

A1. Consistency of multi-time Dirac equations with general interaction potentials, D.-A. Deckert, L.
Nickel, Journal of Mathematical Physics 57:072301, 15 pages, 2016

A2. Multi-time dynamics of the Dirac-Fock-Podolsky model of QED, D.-A. Deckert, L. Nickel, Journal
of Mathematical Physics, 60:072301, 20 pages, 2019

A3. The Mass Shell of the Nelson Model without Cut-offs, S. Bachmann, D.-A. Deckert, A. Pizzo,
Journal of Functional Analysis, 263(5):1224, 58 pages, 2012

A4. Ultraviolet Properties of the Spinless, One-Particle Yukawa Model, D.-A. Deckert, A. Pizzo, Com-
munications in Mathematical Physics, 327(3):887, 33 pages, 2014

A5. Relation Between the Resonance and the Scattering Matrix in the Massless Spin-Boson Model, M.
Ballesteros, D.-A. Deckert, F. Hänle, Communications in Mathematical Physics, 370:249–290, 41
pages, 2019

A6. One-boson scattering processes in the massless Spin-Boson model – A non-perturbative formula,
M. Ballesteros, D.-A. Deckert, F. Hänle, Advances in Mathematics, 371:107248, 26 pages, 2020

Die oben genannten Arbeiten wurden, wie aufgelistet, in Zusammenarbeit mit meinen Kollaborationspart-
nern S. Bachmann (UBC Kanada), M. Ballesteros (UNAM Mexiko), A. Pizzo (U Tor Vergata Italien)
sowie meinen Doktoranden L. Nickel und F. Hänle erstellt. Des Weiteren habe ich aus thematischen
Gründen einen weiteren Bericht über folgende siebte und achte Arbeit

A7. A Perspective on External Field QED., D.-A. Deckert, F. Merkl, book edition Quantum Mathe-
matical Physics, Birkhäuser, 381-399, 18 pages, 2016

A8. External Field QED on Cauchy Surfaces for Varying Electromagnetic Fields, D.-A. Deckert, F.
Merkl, Communications in Mathematical Physics, 345(3):973–1017, 44 pages, 2016

aufgenommen, welche zusammen mit Herrn F. Merkl (LMU) verfasst wurden. Da Herr Merkl in diesem
Habilitationsverfahren die Rolle des Fachmentors einnimmt und gemäß genannter Zielvereinbarung nur
sechs Arbeiten erforderlich sind, kann der Inhalt dieses letzten Berichts in der Begutachtung dieser Ha-
bilitation ausgeschlossen und nur die Arbeiten [A1-6] berücksichtigt werden.

Sämtliche Resultate in allen obig genannten Arbeiten sind aus gemeinsamen Diskussionen ent-
standen. Sie sind folglich Gemeinschaftsleistungen und können nicht den Autoren einzeln zugeord-
net werden. Weiter beinhaltet Sektion 2 einen Bericht, in dem diese Arbeiten erläutert und in den
wissenschaftlichen Zusammenhang gebracht und eingeordnet werden. Dieser Bericht ist in englischer
Sprache verfasst und obige Arbeiten werden dort mit [A1-8] referenziert. Die elektronisch über das
arXiv öffentlich zugänglichen Versionen aller oben genannten Arbeiten sind Appendix A beigefügt. Bis
auf Kürzungen und kleineren editorischen Veränderungen stimmen die Inhalte der Veröffentlichungen
[A1-8] mit den Versionen im Appendix A überein.

http://scitation.aip.org/content/aip/journal/jmp/57/7/10.1063/1.4954947
https://aip.scitation.org/doi/full/10.1063/1.5097457
http://www.sciencedirect.com/science/article/pii/S0022123612001826
http://link.springer.com/article/10.1007%2Fs00220-013-1877-9
https://link.springer.com/article/10.1007%2Fs00220-019-03481-w
https://www.sciencedirect.com/science/article/abs/pii/S0001870820302747
https://link.springer.com/chapter/10.1007/978-3-319-26902-3_16
http://link.springer.com/article/10.1007/s00220-016-2606-y
https://arxiv.org
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2 Main report

2.1 Introduction

In this habilitation thesis, I report on a series of works which were published jointly with my co-authors
throughout the years 2012-20. The central topic of these works lies in a field of research that I would
like to refer to as mathematical quantum field theory in the following. The motivation for this term is to
separate the intended discussion about the involved mathematical difficulties in formulating a rigorous
framework of quantum field theory from the undoubtedly successful but mostly informal computational
methods that were developed to predict and explain the behavior of elementary particles.

As a matter of fact and despite these mathematical difficulties, quantum field theory has proven its
predictive power to an astonishing level of accuracy in some experimentally accessible and interesting
regimes. Together with the theory of general relativity, it has fundamentally shaped the face of modern
physics in the past century and continues to do so in view of next-generation technologies. Experiments
currently under construction, see for example the overview [21], promise to create unprecedented intense
light and X-ray sources which may eventually allow to probe the structure of the quantum vacuum itself.
This success story stands in strong contrast to the failure in finding a mathematically rigorous framework
to describe at least one of the known relativistically interacting models of quantum field theory. One
may ask how such a discrepancy is even possible. This seeming contradiction may be understood better
by observing that there are two major approaches to quantum field theory, a so-called perturbative and a
non-perturbative one.

The perturbative approach originated from the motivation to efficiently compute relativistic correc-
tions to the predictions of quantum mechanics. Despite the missing mathematical justification, it works
particularly well in the regime of high-energy scattering of particles. It has even exceeded its original
motivation by predicting many new elementary particles that by now have all been confirmed and ex-
plored in the many famous collider experiments around the world. The non-perturbative approach to
quantum field theory, on the contrary, seeks a mathematical framework of at least the level of sophisti-
cation of quantum mechanics, in which its computation rules can be derived from first principles. More
precisely put, starting from a model definition in terms of a fundamental equation of motion equipped
with an adequate sense of solutions, its objective is to answer concise questions about the existence and
properties of its solutions.

As it has been the case in quantum mechanics, such a rigorous framework may not just be beneficial
for the sake of mathematics but may also enable a deeper understanding of the physical theory itself.
In non-perturbative quantum field theory, the motivation is of course not to avoid perturbation theory.
On the contrary, analytic perturbation theory is probably still one of the most powerful tools to access
properties of potential solutions. However, if employed, the emphasis lies not only on studying the first
orders of perturbation, but also on the rigorous control of the truncation error. To avoid any confusion, I
prefer the term mathematical over non-perturbative quantum field theory, as introduced above, although
admittedly, both are somewhat peculiar.

In view of the mentioned next-generation experiments, there is also a physical motivation to go be-
yond the perturbative approach as it is unclear whether the latter will maintain its predictive power in
these new and extreme regimes. Perturbative quantum field theory has foremost been applied in the
regime of high-energy collision experiments in which scattering particles only see each other for a very
short time in the impact zone, and therefore only interact weakly, relatively speaking, despite the high
energies. New experiments may test quantum field theoretic systems, such as the quantum vacuum itself,
under much more confined and extreme conditions in which also dynamic phenomena arising either from
ultra-strong or long-time interactions may be observed and possibly even controlled. There is an increas-
ing number of claims in the physical literature, see [33] for a review, that a non-perturbative description
may have to be developed to describe such settings. Although I share this opinion, I need to emphasize
that to this day none of them were sufficiently substantiated. The current epoch is hence particularly
exciting since experiments may not just serve to repetitively reproduce theoretic predictions, as it has
been the case for over half a century, but may in turn drive the development of the corresponding theory.
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Before presenting the reports on the works [A1-8] in “mathematical quantum field theory” in the fol-
lowing sections, it may be valuable for the sake of perspective to briefly outline the informal perturbative
approach in an introductory fashion starting from quantum mechanics. By analogy, this will allow me to
emphasize what is missing in order to reach a non-perturbative understanding and enumerate three of the
known fundamental deficiencies of mathematical quantum field theory. Specialists can of course safely
skip this remaining part of the section as the following reports starting with Section 2.2 are self-contained.

For this introductory purpose, let us consider a quantum system, at first not necessarily containing
quantum fields, and suppose its time evolution is characterized by a groupoid pUpt1, t0qqt1,t0PR of unitary
operators on a Hilbert spaceH of vectors Ψ such that the following Schrödinger-type equation

iBtUpt, t0qΨ “ HUpt, t0qΨ. (1)

is fulfilled given a generating Hamiltonian, typically an unbounded self-adjoint linear operator, of the
special form

H “ H0 ` αHIptq. (2)

In the following, units are always chosen such that Planck’s constant ℏ equals one. In this special form,
H0 shall denote the Hamiltonian of the free system while HIptq is thought to encode the interaction,
potentially depending on time t, and the coupling strength is given by α P R, e.g., Sommerfeld’s fine
structure constant in the case of quantum electrodynamics.

In order to inquire about the full time evolution Upt1, t0q from initial time t0 to time t, one may attempt
to expand it in terms of the mathematically well-understood free time evolution U0pt1, t0q generated by
H0 by means of iterating Volterra’s integral equation corresponding to (1), i.e.,

Upt1, t0q “ U0pt1, t0q ´ iα
ż t1

t0
ds U0pt1, sqHIpsqUps, t0q. (3)

Thereby, one obtains an informal perturbation series of the so-called scattering matrix

S “ lim
t0Ñ´8
t1Ñ`8

U0p0, t1qUpt1, t0qU0pt0, 0q (4)

“1 ` p´iαqn
8ÿ

n“1

ż `8

´8
ds1

ż s1

´8
ds2 . . .

ż sn´1

8
dsnU0p0, s1qHIps1qU0ps1, s2qHIps2q . . .HIpsnqU0psn, 0q

(5)

which is referred to as the Dyson series. Physically, the entity |xΨout, SΨinyH |2 describes the long-time
transition probabilities between incoming and outgoing states in a scattering experiment which are mod-
eled by the Hilbert space vectors Ψin and Ψout, respectively. Even for interacting quantum mechanical
systems not containing quantum fields, giving a mathematical meaning to the expressions (4) and (5)
is already a formidable mathematical task. This task is skipped entirely in the perturbative approach to
quantum field theory. Rather than deriving those formulas from first principles, one regards (5) as a given
symbolic expression for the scattering matrix and simply replaces the symbols H0 and HI by the desired
quantum field theoretic operators describing the free evolution and interaction, respectively. The n-th
order of the correction is then given by the matrix element corresponding to

S n “ p´iqn
ż `8

´8
ds1

ż s1

´8
ds2 . . .

ż sn´1

8
dsn U0p0, s1qHIps1qU0ps1, s2qHIps2q . . .HIpsnqU0psn, 0q (6)

which can quite efficiently be recast into explicit integral formulas by means of the so-called Feynman
rules. Maybe not surprisingly, it turns out that those integrals are notoriously divergent for any relativis-
tically interacting quantum field theory, and thus, render both the n-th order summand (6) as well as the
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Dyson series (5) ill-defined. This may come as no surprise considering its informal origin. As discussed
in more detail later, this is due to the ill-definedness of the interaction Hamiltonian HI, and hence, the
ill-posedness of the corresponding Schrödinger-type initial value problem (1). Leaving the Dyson series
convergence aside, the perturbative approach then attempts to remedy the ill-defined behavior of the n-th
order summand by means of a so-called renormalization procedure that introduces counter terms in or-
der to cancel out these divergences at the expense of specifying additional parameters. If it is possible
to render all orders n of corrections finite with only a set of finite many parameters, one calls the model
renormalizable. Notably, whether the Dyson series is convergent or not is not even part of the definition
of renormalizability in perturbative quantum field theory.

Given the algorithm that generates the symbolic expressions (6) for any particular order of pertur-
bation and the corresponding integral formulas including the counter-terms providing the mathematical
content, one has again a rigorous starting ground for mathematics, e.g., to prove whether a model of quan-
tum field theory is renormalizable or not. As it is well-known, in the case of quantum electrodynamics,
this question was answered affirmatively by several highly sophisticated proofs that in part employed
quite distinct mathematical techniques; maybe most prominently [40]. To this day, there have been many
arguments fought whether the renormalizability property is already sufficient to qualify a quantum field
theory as a fundamental physical theory or not. Since this obviously depends on the definition of the term
“fundamental theory”, I do not enter this discussion here but instead point out two facts: First, as stated
above, for many models of quantum field theory, the first couple of corrections already deliver quite
accurate predictions, many of which have been experimentally verified. Second, it is unknown whether
the resulting series of renormalized corrections converges or not, let alone how large the remainder after
truncation is.

Nowadays, e.g., in the case of quantum electrodynamics, the folklore believe is that (5) may only be
an asymptotic series similar to the following example motivated by the Euclidean φ4 theory. For α ą 0,
let us consider the following function

f pαq :“
ż 8

´8
dx e´x2´αx4 “

ż 8

´8
dx

8ÿ

n“0

αn p´x4qn

n!
e´x2

, (7)

for which it might seem tempting to commute the limits of the integral and summation to obtain

f pαq ?“
8ÿ

n“0

αn fnpαq for fnpαq “
ż 8

´8
dx

p´x4qn

n!
e´x2 “ p´1qnΓp2n ` 1

2 q
n!

. (8)

However, as one may check by the ratio test, the series on the right hand side of ?“ in (8) does not
converge for any α ą 0. Nevertheless, the first few summands fnpαq already provide a reasonably
good approximation of f pαq given α is sufficiently small. More precisely, the series is called asymptotic
because the following property

ˇ̌
ˇ̌
ˇ f pαq ´

N´1ÿ

n“0

fnpαq
ˇ̌
ˇ̌
ˇ “ OαÑ0p fNpαqq (9)

holds true. This property entails that keeping the order of approximation N fixed, the corresponding error
vanishes as fast as fNpαq does when α approaches zero. Of course, this may not be of much help phys-
ically as α is usually to be considered a natural constant. Nevertheless, this example shows that already
an asymptotic series as likely produced by perturbative quantum field theory may provide a reasonably
good prediction for small α when considering only the first few summands, even though the entire series
(5) may not converge.

In studying the divergent integrals in (6), modern approaches introduce a regularization of the model
of interest by cutting off the domains of integration below very small and above very large momenta of
the interaction. These thresholds are usually referred to as infrared and ultraviolet cut-offs, respectively.
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At best, this leads to a family of well-defined models and at least to converging integral formulas derived
for the n-th order correction (6), both parametrized by the respective cut-offs. In order to remove the
regularization, one attempts to define a group action that iteratively increases the allowed momentum
range of the interaction scale by scale, enforcing a certain self-consistency condition. The latter con-
dition is to ensure that the resulting models behave physically consistent. This is usually achieved by
rescaling the underlying model parameters, such as particle masses and charges. Based on this imposed
self-consistency condition, it is the hope that the renormalized flow of models consistently describes
the interactions on the respective ranges of admitted momenta. This so-called renormalization group
approach is clearly more appealing than subtracting similarly ill-defined counter-terms. However, when
set up perturbatively in the case of quantum electrodynamics, it introduces another complication as the
coupling constant α turns into a function of the ultraviolet cut-off which even exhibits a pole at a finite
value, the so-called Landau pole. Disregarding the fact that a growing α makes the informal expansion
used to define the renormalization group action even more questionable as in the first place, the Landau
pole is yet another obstacle in removing the momenta cut-offs. To this day, the interpretation of this
pole, whether it is only an artifact of the informally applied perturbation theory or whether it involves
physics, is unclear. Without going into details of this discussion, I want to mention three facts: First,
such a pole does not seem to show up in the similarly informal computations of quantum chromodynam-
ics, describing the so-called strong interaction between quarks and gluons, although it remains present
in the corresponding unification by means of the standard model. Second, in quantum electrodynamics,
the Landau pole lies at a very high momentum that so far was not reached experimentally. And third,
one often reads that by means of the Landau pole, quantum electrodynamics, and also the respective
other theories that seem to exhibit such a pole, would predict their own breakdown at high energies, and
this despite Hume’s well-intentioned advice of 1739: There is nothing in any object, consider’d in itself,
which can afford us a reason for drawing a conclusion beyond it.

Since this perturbative line of reasoning in reaching an evaluable expression of the n-th order cor-
rection (6) is rather informal, and since the series (5) can merely be regarded as an symbolic expression
derived by an algorithm that mimics what one would hope to find for a well-behaved quantum system,
one may ask for a formal derivation in mathematical quantum field theory. To put such an endeavor
in perspective, it has to be emphasized again that already in the case of quantum mechanical models
without quantum fields, deriving and proving the validity of an expansion such as (5) faces rather intri-
cate mathematical questions. Is the initial value problem of the Schrödinger equation (1) well-posed?
Is it possible to control the long-time evolution in view of (4) in any relevant sense? Does the power
series (5) in α converge in any relevant sense? If not, are there other means to inquire about the time
evolution Upt1, t0q and the scattering matrix S ? In the last century, great many efforts have been invested
to address such questions, be it for one-particle quantum systems interacting with external potentials
or many-particles systems including pair-interaction, and in many of those models the above questions
have been answered satisfactorily. In mathematical quantum field theory, however, even for regularized,
and therefore, mathematically well-behaved models, the tasks are at least as difficult and the additional
desire to control their properties when removing the cut-offs makes their study even more cumbersome.
Nevertheless, in the second half of the last century, many mathematical advances have been achieved,
especially for models of persistent charges interacting with their quantum fields that address the well-
posedness of their time evolution, the well-definedness of their scattering theory, and their behavior when
removing the respective cut-offs. The selected works [A1-8] by my co-authors and myself presented in
the following sections focus on the latter kind as well as on the type of equations of motion of relativistic
interacting models of quantum field theory and how they provoke the divergences when removing the
cut-offs. The encountered difficulties are well-known since the beginning of quantum field theory and
may be categorized into what I would like to call the three fundamental deficiencies of mathematical
quantum field theory:

D1. The ultraviolet divergence of bosonic fields mediating the interaction.

D2. The infrared catastrophe of massless bosonic fields mediating the interaction.



2.2 Persistent charge models 17

D3. The ultraviolet divergence of fermionic fields modeling matter and charges.

In principle, there may also occur an infrared catastrophe for fermionic fields provided they had no
mass. In this report, however, I omit this problem entirely for two reasons. First, to this day, all known
fermionic fields seem to have non-zero effective masses. Second, although ultimately one may like to
start with a theory of only massless fields and let the Higgs mechanism act to assign appropriate masses,
such a mechanism is far beyond the scope of the mathematical studies presented in this report.

Overview. Those three deficiencies D1-3 provide the road map which I will follow. While Section 2.2
focuses on D1 and D2, Section 2.3 concludes with a discussion of D3. The subsections 2.2.1 and 2.2.2
motivate the type of equations of motion that are to be expected in the case of models of persistent
charges that feature a relativistic interaction which, contrary to non-relativistic quantum mechanics, are
of multi-time nature. The given historical review is complemented by reports on the works [A1] and
[A2] that provide rigorous results on the corresponding existence of multi-time dynamics. On the base
of these multi-time equations of motion, a representative class of effective single-time models is derived.
This so-called class of scalar field models turns out to be sufficiently sophisticated in order to analyze
the mathematical nature of the deficiencies D1 and D2 on the same level as in quantum electrodynam-
ics of persistent charges, however, without additional ballast of spin, polarization, and gauge freedom.
Two central paragraphs in Section 2.2.2 labeled “Deficiency D1” and “Deficiency D2” review the math-
ematical implications of deficiencies D1 and D2, the well-definedness of the models when imposing the
infrared and ultraviolet regularization, and discuss why it is desirable to remove them. At many occa-
sions the report will refer back to theses paragraphs. The succeeding sections 2.2.3-2.2.5 report on the
works [A3-6] which aim at an understanding of how one can address deficiencies D1 and D2 mathemat-
ically in certain representatives of scalar field models of persistent charges. At the heart lies a powerful
mathematical technique, which is usually referred to as multi-scale analysis, first introduced by Pizzo
in [83], which shares great similarity with the renormalization group method. Finally, deficiency D3 is
addressed in Section 2.3 that arises from the attempt of employing relativistic dispersion relations for the
charges and leads to a class of non-persistent but varying charges. A report on the works [A7-8] on a
simple model of varying charges, the external field quantum electrodynamics, serves as a conclusion of
the main report and again contains two central paragraphs both labeled “Deficiency D3” reviewing the
implications of D3.

Formal and informal parts. Since mathematical quantum field theory lives on the ridge between
physics and mathematics, it is unavoidable to mix mathematical informal and formal discussions.
Wherever possible, I will try to visually distinguish informal paragraphs from formal ones by in-
denting the latter by a vertical line on the left, such as in this paragraph.

2.2 Persistent charge models

2.2.1 Failure of introducing relativistic interaction by potentials

This section comprises a report on the following article:

A1. Consistency of multi-time Dirac equations with general interaction potentials, D.-A. Deckert, L.
Nickel, Journal of Mathematical Physics 57:072301, 15 pages, 2016

The openly accessible version arXiv:1603.02538 is attached in Section A, page 67.

The birth hours of quantum field theory, alongside Heisenberg and Pauli’s fundamental paper [65] of
1929, was certainly marked by Dirac’s work [29] of 1932. There, Dirac opened with the observation that
the typical wave function for a quantum system of N particles, ψpt, x1, . . . , xNq depending on a single
time t and the position variables x1, . . . , xN for the particles, is an intrinsically non-relativistic object.
There is simply no unitary transformation that would allow ψ to transform, e.g., as a spinor field. He
therefore introduced an object that has a better chance to describe a relativistic N-body system, namely

http://scitation.aip.org/content/aip/journal/jmp/57/7/10.1063/1.4954947
https://arxiv.org/abs/1603.02538
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a wave function ψpx1, . . . , xNq that depends on space-time coordinates x1, . . . , xN , i.e., on N time and
N position coordinates for which the notation xk “ ptk, xkq will be used. This new so-called multi-
time wave function raises two fundamental questions. First, how would one express the law of motion,
and second, how does the multi-time wave function relate to the empirical relative frequencies of events
measured, e.g., in a laboratory? Regarding the former question, Dirac proposed to replace the single-time
Schrödinger equation by a system of N Schrödinger-type equations, one per time variable

iBtkψpx1, . . . , xNq “ Hkpx1, . . . , xNqψpx1, . . . , xNq for k “ 1, . . . ,N, (10)

for which an appropriate choice of Hamiltonian Hk governs the time evolution along the time coordinate
tk. Regarding the latter question, Dirac proposed to interpret the restriction of the multi-time wave
function to an equal-time hyperplane, i.e., ψtpx1, . . . , xNq “ ψpx1, . . . , xNqˇ̌t1“¨¨¨“tN“t, as the usual single-
time wave function which would then fulfill

iBtψtpx1, . . . , xNq “
Nÿ

k“1

Hk,tpx1, . . . , xNqψtpx1, . . . , xNq (11)

for single-time Hamiltonians Hk,tpx1, . . . , xNq “ Hkpx1, . . . , xNqˇ̌t1“¨¨¨“tN“t, which, thanks to the defini-
tion of the derivative, has the typical summation form common in non-relativistic quantum mechanics.
The relation between multi-time wave functions and empirical frequencies of events was studied in more
detail by Bloch in [15] and the notion of equal-time hyperplanes can of course be generalized to any
Cauchy surfaces in space-time R4 which connects nicely to Schwinger’s formalism on Cauchy surfaces
[91, 92, 94, 93, 95, 96].

Rigorous results on the failure of relativistic pair-potentials. On the mathematical side, the
most pressing question is whether the multi-time system of equations (10) gives rise to a well-posed
problem of finding solutions in a relevant sense, for example in terms of an initial value problem on
a Hilbert space. In the original paper, Dirac [29] already noticed that the additional condition

”
iBx0

k
´ Hk, iBx0

l
´ Hl

ı
ψpx1, . . . , xNq “ 0 for all k , l (12)

has to be imposed. In fact, it is only needed on the following domain of space-time configurations

SN :“ ␣px1, . . . , xNq P R4N
ˇ̌@ k , l : |x0

k ´ x0
l | ă |xk ´ xl|

(
(13)

which ensures that all N space-time points lie pairwise space-like to each other. Only then the value
of ψ at the time configuration pt1, . . . , tNq can be given a well-defined meaning. This condition (12)
can be recast into a more implicit but maybe geometrically more intuitive integral form, in which it
states that the value of ψ at time configuration pt1, . . . , tNq is independent of the path of integration in
SN that connects it to an initial value, e.g., at time configuration pt1, . . . , tNq “ 0. Given the solution
of (10) is sufficiently regular, the condition (12) then follows by Schwarz’ theorem. Although
surely observed by Dirac in 1932, a first rigorous understanding of how restrictive this integrability
condition (12) is first appeared in [80] in 2014. Among several results on the system of equations
(10) for general bounded and smooth Hamiltonians Hk, it was shown that multi-time systems with
Hamiltonians of the form

Hk “ H0
k ` Vkpx1, . . . , xNq, (14)

where H0
k and Vk for k “ 1, . . . ,N denote the unbounded free Dirac Hamiltonian for the k-th

particle, see (170) below, and smooth R-valued multiplication operators, respectively, do not admit
smooth C4N-valued solutions ψ on R4N or SN obeying the integrability condition (12) unless there
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are smooth R-valued functions θpx1, . . . , xNq and rVkpxkq for k “ 1, . . . ,N such that

iBtk
rψpx1, . . . , xNq “

´
H0

k ` rVpxkq
¯
rψpx1, . . . , xNq for k “ 1, . . . ,N, (15)

given

rψpx1, . . . , xNq :“ eiθpx1,...,xNqψpx1, . . . , xNq (16)

holds true. The class of such potentials Vk are referred to as non-interacting since the seeming
interaction can be gauged away by means of θ. In other words, as the integrability condition (12)
is essential for the solution sense, there exist at least no strong solutions to the multi-time equations
(10) mediating an actual interaction between the particles, i.e., one that cannot be gauged away in
the sense of (15)-(16).

In the article [A1], this study was extended to also treat potentials that allow for spin-coupling.
Due to the fast growing dimensionality K “ 4N in the spin degrees of freedom, the rigoros proof
was only given for N “ 2. As explained in [A1], with sufficient effort, the exploited mechanism
seems to work for any number N, however, for a no-go-type result the case N “ 2 may already be
sufficiently convincing. The central theorem states:

Theorem 2.1 (No-go regarding relativistic pair-potentials [A1]). Let N “ 2,K “ 4N , Ω “ R4N

or Ω “ SN with one-sided derivatives at the boundary, and potentials Vk P C1pΩ,CKˆKq. If for
all ψ0 P C8

c pR3N ,CKq, there is a strong solution ψ P C2pΩ,CKq to the multi-time system (10) with
initial value ψ

ˇ̌
t1“¨¨¨“tN“0 “ ψ0, then the potentials Vk are either non-interacting or interacting but

not Poincaré invariant.

The common notation is used to denote the set of n-times continuous differentiable functions
V Ñ W by CnpV,Wq while a subscript c restricts the set to functions to compact support. In this
context, the term non-interacting refers to all interactions that can be gauged away in the sense
discussed above. It should be noted that the integrability condition (12) is not assumed explicitly
but it was observed that the existence of solutions ψ to the multi-time equations (10) in the above
sense already implies the integrability condition (21) which enforces restrictions on the class of
admissible potentials Vk, k “ 1, . . . ,N. The entire class of such admissible potentials was identified
explicitly in [A1] and it is interesting to note that this class does indeed comprise interacting ones.
However, none of them are Poincaré invariant. More precisely, none of the admissible family of
potentials fulfills

Vkpx1, . . . , xNq “ S pΛqbNVk
`
Λ´1px1 ´ dq, . . . ,Λ´1pxN ´ dq˘ (17)

for all translations dµ, Lorentz boosts Λµν and corresponding unitary spin-transformation matrices
S pΛq such that S pΛqγµS pΛq´1 “ Λµνγν holds true.

Beside the required regularity, the results in [80] and [A1] only rule out multiplication operators
in configuration space. This still leaves open the possibility for admissible classes of general opera-
tors Vk, e.g., ones that may also depend on the respective momentum operators ´i∇x1 , . . . ,´i∇xN in a
pseudo-differential operator sense, or are formed by integral kernels acting on ψ as in the case of the
Bethe-Salpeter-type equations [76] which may be appealing from the perspective of Wheeler-Feynman
electrodynamics; see also [25, Chapter 8]. Nevertheless, the observations in [A1] render the possibility to
formulate relativistic quantum mechanics with pair-interaction potentials in the sense of an initial value
problem as rather remote.

2.2.2 Relativistic interaction through quantum fields

This section comprises a report on the following article:
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A2. Multi-time dynamics of the Dirac-Fock-Podolsky model of QED, D.-A. Deckert, L. Nickel, Journal
of Mathematical Physics, 60:072301, 20 pages, 2019

The openly accessible version arXiv:1903.10362 is attached in Section A, page 85.

The failure of relativistic quantum mechanics must have already been known in 1932 when Dirac sug-
gested to replace the CK-valued potentials Vk by one operator-valued field on space-time [29]. Together
with Fock and Podolsky, this idea was worked out in [32] in the example of quantum electrodynamics
of N persistent electrons in 1934, showing also the equivalence to the 1929’s formulation by Heisenberg
and Pauli [65]. This ground breaking article [32] would later become the input for Tomonaga’s famous
work [103] that shaped the foundation of modern quantum field theory.

The motivation behind the work [A2] was to understand the type and well-posedness of the initial
value problem of the multi-time equations (10) in Dirac’s setting in which the interaction is mediated
by an operator-valued field. For the purpose of the mathematical study, it will be beneficial to discuss
Dirac’s ideas in the case of a more simplified model of quantum field theory as compared to quantum
electrodynamics, the so-called scalar field model. The latter allows to study the mentioned deficiencies
D1 and D2 in full detail but avoids the additional theoretical complexity of electron spin, photon po-
larization, and gauge invariance. The road map for the following paragraphs in this section is therefore
to introduce the multi-time setting of [32] for the case of a scalar field, discuss the nature of the new
operator-valued field that mediates the interaction, derive an effective class of single-time models for
the further mathematical study, present the deficiencies D1 and D2 mathematically, and conclude with a
report on [A2] which contains a result on the existence of the corresponding multi-time dynamics.

Relativistic interaction in multi-time systems. Dirac’s new ansatz still employed a system of multi-
time equations such as (10), but with only one field φ on R4 that is supposed to mediate the interaction
between the N charges instead of N interaction potentials Vk as in (14):

iBtkΨpx1, . . . , xNq “ HkΨpx1, . . . , xNq “ `
H0

k ` gφpxkq˘Ψpx1, . . . , xNq for all k “ 1, . . . ,N.
(18)

It should be noted that the evolution equation along time axis tk evaluates φ at the k-th space-time point
xk. As before, H0

k denotes the free Dirac operator for the k-th particle, see (170) below, and furthermore,
g P R represents a coupling constant. Now, for the field φ, Dirac required it to satisfy the free wave, i.e.,
Klein-Gordon, equation

`
□x ` µ2˘φpxq “ 0, (19)

where □x “ B2
t ´ ∆x denotes the d’Alembert operator, ∆x the Laplacian with respect to x, and µ ě 0 a

field mass parameter. In the following, units are always chosen such that the speed of light is set to c “ 1.
The complete set of N ` 1 equations (18)-(19) could then be regarded to describe a system of N Dirac
electrons that interact with a free scalar field φ. In order to introduce an effective interaction between the
electrons, Dirac imposed the additional constraint for the scalar field to fulfill the commutation relation

rφpxq, φpyqs “ φpxqφpyq ´ φpyqφpxq “ i∆px, yq, (20)

for x, y P R4, where ∆ denotes the Pauli-Jordan function. The latter can be expressed informally as ∆ “
∆` ´∆´ by means of the advanced and retarded Green’s functions ∆`,∆´ of the Klein-Gordon operator.
It is important to note that the distributions ∆`,∆´ are only supported on the light-cone including its
boundary and that ∆ even vanishes at the origin. This guarantees the integrability condition (12) to hold
true for sufficiently regular Ψ, as can be seen from

”
iBx0

k
´ Hk, iBx0

l
´ Hl

ı
Ψ “ rφpxkq, φpxlqsΨ “ i∆pxk, xlqΨ “ 0 for all k , l, px1, . . . , xNq P SN .

(21)

https://aip.scitation.org/doi/full/10.1063/1.5097457
https://arxiv.org/abs/1903.10362
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Hence, in view of the discussion of the integrability constraint (12) of the previous section, the set of
N ` 1 evolution equations (18)-(19) together with the additional constraint (20) that enforces (21) has a
viable chance to define a multi-time dynamics. Before rigorously answering to the question of existence
of such multi-time solutions, which is the content of [A2] and will be discussed in the very end of this
section, it is worthwhile to understand as to why the requirement (20) eventually gives rise to a sensible
interaction between the charges.

For this purpose, the existence of dynamics is assumed in a form such that on an appropriate N-
particle Hilbert space H , there is a unitary map Upt1, . . . , tNq sufficiently regularly parametrized by
times t1, . . . , tN P R such that a multi-time solution can be represented by means of

Ψpt1, x1, . . . , tN , xNq “ `
Upt1, . . . , tNqΨ0˘ px1, . . . , xNq, (22)

provided a sufficiently regular initial value Ψ0 P H . The abbreviation Uptq “ Upt1, . . . , tNqˇ̌t1“¨¨¨“tN“t
shall denote the evaluation on equal-time hyperplane ttu ˆ R3 at times t P R which foliate space-time
R4. In this notation, one finds that the interacting field operator

φIpt, xq “ Uptq´1φpt, xqUptq (23)

fulfills the inhomogeneous wave equation

`
□t,x ` µ2˘φIpt, xq “ ´g

Nÿ

k“1

δ3 `x ´ x̂I
kptq˘ , (24)

where x̂I
k denotes the interacting position operator

x̂I
kptq “ Uptq´1x̂kUptq, (25)

x̂k the position operator of the k-th particle, i.e., the multiplication operator x̂kΨpx1, . . . , xNq “ xkΨpx1, . . . , xNq,
and δ3 represents the three-dimensional Dirac delta distribution. Hence, according to (24), the sources
of the interacting field are given by the N time evolved charges. To see that equation (24) is implied by
the multi-time equations (18)-(19) and constraint (20), the following computations are helpful:

Btφ
Ipt, xq “ Uptq´1

˜
i

Nÿ

k“1

rHk, φpt, xqs ` Btφpt, xq
¸

Uptq, (26)

rHk, φpt, xqs “ rφpt, xkq, φpt, xqs “ 0, (27)

B2
t φ

Ipt, xq “ Uptq´1

˜
i

Nÿ

k“1

rgφpt, xkq, Btφpt, xqs ` p∆x ´ µ2qφpt, xq
¸

Uptq, (28)

rφpt, xkq, Btφpt, xqs “ Bx0rφpxkq, φpxqsˇ̌x0
k“x0“t “ iBx0∆pxk, xqˇ̌x0

k“x0“t “ iδ3pxk ´ xq, (29)

where the relations on the right-hand sides of (27) and (29) already appeared in [70] and are today the
starting point for the canonical commutation relations in quantum field theory and sometimes referred to
as “second quantization”.

It is important to note that the source terms on the right-hand side of (24) stem from an underlying
interaction between the charges and the field as opposed to a direct interaction between the charges as it
was the case for the previously considered pair-potentials in (10). This becomes particularly obvious for
N “ 1. As it turns out, the charges act on its field as sources, and in turn, the field reacts back on the
charges influencing their motion. Similarly to classical electrodynamics, this interaction turns out to have
two kinetically rather distinct effects. First, the field modes created by charge i that reach charge j , i
mediate an effective interaction between those charges while, when reacting back on the same charge i,
they effectively change its inertia. This will soon be illustrated in a toy model (54) below which requires
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a renormalization of the charges’ rest energies due to this so-called self-interaction. In fact, for N “ 1
the interaction between the charge and the field can be studied separately from the effective interaction
between the charges, a further understanding of which is the main motivation behind the works [A3-6]
that exclusively consider N “ 1 and are reported on the in the later sections.

A representation for the quantum fields. At first sight, starting with an interaction mediated by a
free field (19) and slipping in the interaction (24) through the commutation relation (20) may seem like
a magic trick. However, it becomes more transparent when clarifying the nature of the field operator
φ fulfilling the free wave equation (19) together with the commutation relation (20). This is reviewed
next, first informally and later, in the paragraph ‘Fock representation” below, formally. Nowadays, a
commonly used representation of (20) is the one introduced by Fock, see [47, 48], which can be expressed
in momentum space by introducing so-called creation and annihilation operators a˚

k , ak satisfying

rak, a˚
l s “ δ3pk ´ lq, rak, als “ 0 “ ra˚

k , a
˚
l s. (30)

With their help, the free field operator φ in (19) can informally be assigned the expression

φpxq “
ż

d3k γpkq `ake´ikµxµ ` a˚
keikµxµ˘ , (31)

where the Minkowski metric gµν is chosen such that kµxµ “ k0x0 ´ k ¨ x. The requirement for φ to satisfy
the free wave equation (19) dictates the dispersion

k0 “ ωpkq “
b

k2 ` µ2. (32)

Dirac’s additional requirement to fulfill the commutation relation (20) for the given choice of Pauli-
Jordan function ∆ determines what physicists call the form factor

γpkq “ 1
p2πq3{2

1a
2ωpkq . (33)

It is essential for the later discussion of the deficiencies D1 and D2 that are encountered when trying to
give φ, and eventually the Hamiltonians H0

k ` gφpxkq, a mathematical meaning that ωpkq and γpkq are
already completely determined by the two requirements (19) and (20). This predetermination of (32)
and (33) can at least on a symbolic level be checked by employing (30). Translated to the bigger context
of quantum field theory, the same mechanism implies that Wigner’s representation of the Poincaré group
[104], which gives rise to all known families of fields, together with Tomonaga’s general prescription of
the commutation relations [103] in principle leave no freedom in adjusting the corresponding ωpkq and
γpkq, as it is nevertheless done later when introducing the mentioned cut-offs to regularize the models in
order to avoid D1 and D2. In effective theories, however, it may of course be sensible to adjust the form
factor γpkq by hand to encode the intended effective charge model. For example, an extended charge
density in position space described by a density function ρpxq may be modeled by means of a form factor

γ ρpkq “ pρpkqγpkq (34)

where pρ denotes the Fourier transform of ρ, or equivalently, by employing a spatial convolution between
ρ and the field φ in (31) containing the original form factor (33), i.e.,

φ ρpt, xq “ ρ ˚x φpt, xq “
ż

d3y ρpx ´ yqφpt, yq. (35)

This turns (24) into

`
□t,x ` µ2˘φ ρ,Ipt, xq “ ´g

Nÿ

k“1

ρ
`
x ´ x̂I

kptq˘ , for φ ρ,Ipt, xq “ Uptq´1φ ρpt, xqUptq. (36)
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The class of scalar field models. As a last preparatory step before discussing the deficiencies D1 and
D2, it is helpful to make two observations and thereby reveal the form in which the set of N multi-time
equations (18), the time evolution equation of the quantum field (19), and the commutation relation (20)
gives rise to a single-time model in Fock’s representation as it is commonly used in today’s literature
on mathematical quantum field theory. First, the restriction to equal-time hyperplanes, turns the set of
equations (18) into one single-time Schrödinger equation

iBtΨtpx1, . . . , xNq “
Nÿ

k“1

`
H0

k ` φpt, xkq˘Ψtpx1, . . . , xNq, (37)

cf. (11), using the notation Ψtpx1, . . . , xNq “ Ψpt, x1, . . . , t, xNq. The field φ is thus always evaluated at
time t. Second, in the representation (31) and with the help of the commutation relations (30), the time
evolution generated by the free wave equation (19) of the field operator φpt, xq can be expressed as

φpt, xq “ e´itH0
ωφp0, xqeitH0

ω (38)

given the free field Hamiltonian

H0
ω “

ż
d3kωpkqa˚

kak (39)

which implies

e´itH0
ωakeitH0

ω “ akeitωpkq and e´itH0
ωa˚

keitH0
ω “ a˚

ke´itωpkq. (40)

By implementing the transformation

rΨt “ e´itH0
ωΨt, (41)

it is possible to recast the single-time Schrödinger equation (37) into the form

iBtrΨtpx1, . . . , xNq,“
˜

Nÿ

k“1

H0
k ` H0

ω ` g
Nÿ

k“1

φp0, xkq
¸
rΨtpx1, . . . , xNq, (42)

for which the resulting Hamiltonian on the right-hand side is time-independent. Thanks to the unitarity
of the transformation, one can similarly recover (37) from (42) so that both equations can later be shown
to be equivalent on a certain domain of solutions. Usually (37) is called the interaction picture and (42)
the Schrödinger picture.

Nowadays, this model serves as first hand choice for mathematical studies of persistent quantum
charges interacting with their quantum fields as long as spin degrees of freedom are not of interest. De-
pending on the type of the free Hamiltonian H0

k , it is called Nelson model in case of a Schrödinger disper-

sion H0
k “ ´∆xk

2M , Yukawa model in the case of a pseudo-relativistic dispersion H0
k “ a´∆xk ` M2, or

simply scalar field model for charges of potentially any type that interact with a spinless field φ. Another
at least equally important model of non-relativistic persistent charges for which many mathematical re-
sults can be found in the literature is the Pauli-Fierz model. The latter takes into account the polarization
degrees of freedom of the electromagnetic field and models the interaction between the electrodynamic
field in Coulomb gauge with non-relativistic charges by means of minimal coupling, which is why it
is referred to as non-relativistic model of quantum electrodynamics. An extensive overview over these
models can be found in [100].

After this informal discussion of the scalar field model, the next paragraphs are devoted to its math-
ematical structure.
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Fock representation. Both mentioned mathematical difficulties D1 and D2 arise from the defini-
tion of the field operator φ which, independent of the approach, one would eventually like to define
on the Fock space

F rhs :“
8à

n“0
Fnrhs, Fnrhs :“ hdn, h :“ L2pR3,Cq, (43)

where h is the Hilbert space of square-integrable and complex-valued functions that will often be
omitted in the notation and d denotes the symmetric tensor product in the Hilbert space sense
employing the convention hdn

ˇ̌
n“0 “ C. This wish, more precisely, the requirement of square-

integrability, is inherited from quantum mechanics in order to allow for its probabilistic interpreta-
tion. By virtue of its definition, F is again a Hilbert space, and an elementΦ P F can be represented
as a family of so-called n-mode wave functions

pϕpnqqnPN0 , ϕpnq P Fn. (44)

For all f P h, the informal integral notation, e.g., as employed in the field operator (31),

ap f q “
ż

d3k f ˚pkqak, a˚p f q “
ż

d3k f pkqa˚
k , (45)

can then be given the following mathematical meaning on the level of n-mode wave functions.
Given a Φ P F , the expression involving the annihilation operator is defined by

pap f qΦqpnq pk1, . . . ,knq :“ ?
n ` 1

ż
d3k f ˚pkqϕpn`1qpk,k1, . . . ,knq, (46)

where the superscript ˚ over f denotes complex conjugation, implying that ap f q is anti-linear in f .
The expression involving the creation operator is then the respective adjoint for which one finds

pa˚p f qΦqpnq pk1, . . . ,knq “ 1?
n

nÿ

i“1

f pkiqϕpn´1qpk1, . . . , pki, . . . ,knq, (47)

where the pki denotes the omission of the variable ki from the function arguments in ϕpn´1q. As
regards domains of these operators on F , it is convenient to first establish a meaning for the informal
expression of the free field Hamiltonian H0

ω in (39) when acting on the n-mode wave functions of
Φ P F as

`
H0
ωΦ

˘pnq pk1, . . . ,knq “
nÿ

j“1

ωpk jqϕpnqpk1, . . . ,knq. (48)

It is well-known [86] that H0
ω is a positive, unbounded, and self-adjoint operator whose domain

shall be denoted by DpH0
ωq. Finally, for f P h, the domains of ap f q, a˚p f q can be seen [85] to be

dense and to lie in the form domain of H0
ω, i.e., Dp

a
H0
ωq. For f < h, the corresponding annihilation

operator ap f q may still be well-defined provided the integral of the right-hand side of (46) exists.
However, the domain of the creation operator a˚p f q then only contains zero. Finally, it can now be
checked that for all f , g P h, the algebraic commutation relations (30) take the form

rap f q, a˚pgqs “ x f , gyh, rap f q, apgqs “ 0, ra˚p f q, a˚pgqs “ 0, (49)
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where the operators on the left-hand side are bounded and densely defined such that they have a
unique meaning on entire F . In addition, there is one distinguished non-zero Fock space F element,
more precisely a ray, called the vacuum state

Ω “ p1, 0, 0, . . . q, (50)

which, independently of f , fulfills

ap f qΩ “ 0. (51)

The tuple pa, a˚,Ωq of creation and annihilation operators (45) together with the vacuum (50)
fulfilling (49) and (51) furthermore characterizes the Fock space F as the completion of all finite
linear combinations of creation and annihilation operators acting on Ω. It must be emphasized
that the explicit choice of (50) is not necessarily needed in computations of expectation values and
the implicit relation (51) together with commutation relations (49) already suffice to define a Fock
space. This allows to define Fock spaces for other choices of representations pa, a˚,Ωq obeying the
relations (49) and (51). The explicit choice of Ω can be seen as a choice of a reference state with
respect to which the corresponding creation and annihilation operators introduce or relax excitations
relative to this reference. The Fock space resulting from the particular specification (50) is called the
standard Fock space. It should be noted that, physically, the latter choice is somewhat artificial as
charges always carry a non-zero near-fields which is already implied by (24) in the simple model at
hand and discussed in the next paragraph. Although this jargon, which is also used in the following,
may suggest that there are many Fock spaces, mathematically, one may rightfully argue that there is
only one Hilbert space and it is only the interpretation of its elements that is a changing according
to the choice of representation pa, a˚,Ωq.

Deficiency D1. One may now be inclined to give the field operator φ that was informally defined
in (31) a mathematical meaning for time t “ 0 as

φp0, xq “ a
`
k ÞÑ γpkqe´ik¨x˘ ` a˚ `k ÞÑ γpkqe´ik¨x˘ . (52)

However, due to the behavior of the form factor

γpkq “ O|k|Ñ8
´

|k|´1{2
¯
, (53)

the decay at high momenta, commonly referred to as the ultraviolet regime, is not sufficient to ensure
square-integrability, and thus, γ < h. In turn, at least the creation operator in (52) is ill-defined on
all Fock space elements except zero. It is important to emphasize once again that the form factor
γpkq was predetermined by the Klein-Gordon equation (19) and the choice of Pauli-Jordan function
∆ in the commutation relation (20) which later implies the types of source in (24) by means of (29).

This tension between the regularity of solutions of the inhomogeneous Klein-Gordon equation
(24) and the requirement of square-integrability of the excitation wave functions relative to a vacuum
in a Fock space representation can be seen as one origin of the deficiency D1, i.e., the ultraviolet
divergence of bosonic fields mediating the interaction mentioned in the introduction in Section 2.1.
One may therefore ask if this might just be a homemade problem due to the choice of standard
Fock space representation of pa, a˚,Ωq in (50). As will be explained next by means of a toy model,
the answer turns out to be partly yes but partly no. Yes, because in certain settings, there are
better choices for the vacuum Ω swallowing those modes that are not square-integrable, but no,
because these models inherently contain an ill-defined self-interaction much like the one in classical
electrodynamics [100]. In other words, D1 presents itself as a two-faced problem, the first one
directed towards the Fock representations, and the second one towards a much more fundamental
issue in quantum field theory which questions the sanity of the proposed equation of motion (42).
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In order to substantiate this partly yes-and-no-type answer, it suffices to regard the following
simplified model Hamiltonian

HΛ “ H0
ω ` g

Nÿ

i“1

φΛpxiq, H0
ω “

ż
d3kωpkqa˚

kak, (54)

which is derived from (42) by setting the dispersion of the charges H0
k to zero and, in view of (52),

replacing the time-zero field φp0, xiq by

φΛpxq “ a
`
k ÞÑ γΛpkqe´ik¨x˘ ` a˚ `k ÞÑ γΛpkqe´ik¨x˘ , (55)

for a Λ-parametrized choice of form factors obeying

@Λ ă 8 : γΛ P h, and @ k P R3 : lim
ΛÑ8 γΛpkq “ γpkq. (56)

The parameter 0 ď Λ ă 8 tunes the cut-off or suppression of the problematic ultraviolet momenta
to ensure γΛ P h for Λ ă 8 and allows to reinstate the original form factor γ in the limit Λ Ñ 8.
As exemplified in (35), this can be achieved by introducing a smearing with an extended charge
distribution ρΛ P C8

c pR3,Rq on the scale of Λ´1 in positions space that approaches Dirac’s delta
distribution in the limit Λ Ñ 8, or alternatively, if geometry or smoothness does not play a role,
simply by means of a hard cut-off of all momenta |k| ą Λ, i.e., γΛpkq “ γpkq 1|k|ďΛ. For the fol-
lowing discussion, the particular choice is not relevant as long as the properties in (56) are fulfilled.
As it is well-known from [79] or [86, 85], the unbounded operator φΛpxq, and hence HΛ in (54),
can be given a meaning as essentially self-adjoint operators on F on domain DpHΛq “ DpH0

ωq.
Physically, this toy model describes a quantum scalar field for N charges at fixed classical positions
x1, . . . , xN P R3, or in view of (42), with infinitely heavy charges. This model is simple enough to
be solved explicitly, see [90] in case N “ 1, and thus, allows for a directly accessible heuristic inter-
pretation. Nevertheless, it contains all the structure needed to comprehensively expose and discuss
the deficiencies D1 and D2. Therefore, many remarks in the reports on the works [A3-6] of the later
sections will refer back to this and the next paragraph.

As can be checked by direct computation, for Λ ă 8, the linear transformation TΛ on Fock
space

TΛakTΛ˚ “ ak ´ g
Nÿ

j“1

γΛpkq
ωpkq e´ik¨x j , (57)

TΛa˚
kTΛ˚ “ a˚

k ´ g
Nÿ

j“1

γΛpkq
ωpkq e`ik¨x j , (58)

using the notation (45), is well-defined and unitary, and furthermore turns the Hamiltonian HΛ in
(54) into

H̃Λ :“ TΛHΛTΛ˚ “ H0
ω ´ g2

2

Nÿ

i, j“1

VΛpxi ´ x jq, for VΛpxq “ 2
ż

d3k
γΛpkq2

ωpkq e´ik¨x. (59)

Instead of transforming the Hamiltonian, one may also simply change the representation from stan-
dard Fock representation pa, a˚,Ωq to a new one pãΛ, ãΛ˚, Ω̃Λq defined by

ãΛk :“ TΛ˚akTΛ, ãΛ˚
k :“ TΛ˚a˚

kTΛ, Ω̃Λ :“ TΛ˚Ω. (60)
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In this representation, also the original Hamiltonian is of this particular simple form

HΛ “
ż

d3kωpkqãΛ˚
k ãΛk ´ g2

2

Nÿ

i, j“1

VΛpxi ´ x jq (61)

which allows to readily read off its ground state. The latter is given by the new vacuum Ω̃Λ whose
representation back in standard Fock representation reads

Ω̃Λ “
8ÿ

n“0

ż
d3k1 . . .

ż
d3kn Ω̃

Λ,pnqpk1, . . . ,knq 1?
n!

a˚
k1
. . . a˚

kn
Ω (62)

Ω̃Λ,pnqpk1, . . . ,knq “ 1?
ZΛ

p´gqn
?

n!

nź

i“1

Nÿ

j“1

γΛpkiq
ωpkiq e´iki¨x j , (63)

where

ZΛ “ exp

¨
˝g2

›››››k ÞÑ
Nÿ

j“1

γΛpkq
ωpkq e´ik¨x j

›››››

2

h

˛
‚ (64)

is a normalization constant ensuring }Ω̃Λ}F “ 1. The following observations can be made:

1. For ΛÑ 8, VΛ converges to the Yukawa potential Vpxq “ expp´µ|x|q
4π|x| . Hence, the i “ j terms

VΛp0q in the sum of the Hamiltonian (59) obviously diverge. Returning to the discussion
of the two rather distinct kinetic effects of the interaction (24) between the charges and the
field, these problematic terms may be interpreted as the i-th particle acting back on itself
by instantaneous emission and absorption of field modes – notably, much like in classical
electrodynamics for which the divergence in total energy is also linear in Λ. However, for
all Λ ă 8, the self-interaction terms i “ j are only constants in this simple toy model and
dropping them from the transformed Hamiltonian (59) yields a renormalized one

H̃ren,Λ “ H0
ω ´ g2

ÿ

1ďiă jďN

VΛpxi ´ x jq (65)

that changes the original dynamics only by a constant phase. The latter Hamiltonian (65) can
obviously be given a mathematical sense as self-adjoint operator despite the limit Λ Ñ 8.
For N ą 1, the only interaction left is contained in the effective Yukawa potentials between
the charges. This separation of the two-fold kinetic nature of the interaction is not as cleanly
possible once the charges are not fixed anymore but are allowed to disperse. While in the toy
model above, the self-interaction terms only change the rest energy, in models with non-trivial
dispersion relation for the charges, it turns out that they give rise to an effective inertia of the
charges similarly as in classical electrodynamics; see report on the work [A4] in Section 2.2.4.

2. Looking more closely at the transformation TΛ, which allowed to extract the divergent self-
energies VΛp0q and arrive at the renormalized transformed Hamiltonian (65), reveals that it
is only well-defined for Λ ă 8 due to the fact that the amplitudes γΛ

ω on the right-hand side
of (57) are only square integrable for Λ ă 8. For the same reason, the ground state Ω̃Λ

in (63) also leaves the standard Fock space F as Λ Ñ 8. However, this problem can be
swept under the rug by the mentioned change to Fock representation pãΛ, ãΛ˚, Ω̃Λq. Though
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this representation is Λ dependent, all respective computations of expectation values will be
independent of Λ as can be seen from the right-hand sides of the relations
“
ãΛp f q, ãΛ˚pgq‰ “ x f , gyh,

“
ãΛp f q, ãΛpgq‰ “ 0,

“
ãΛ˚p f q, ãΛ˚pgq‰ “ 0, ãΛΩ̃Λ “ 0.

(66)

In this new representation, the self-energy terms can again be dropped from the original
Hamiltonian (61), analogously to what was done for (65), to find the renormalized version

Hren,Λ “ HΛ ´ g2

2

Nÿ

i“1

VΛp0q “
ż

d3kωpkqãΛ˚
k ãΛk ´ g2

ÿ

1ďiă jďN

VΛpxi ´ x jq. (67)

Again, due to the Λ independence of the relations (66), this Hamiltonian can be given a
meaning as self-adjoint operator even for Λ Ñ 8. However, one needs to note that the
representations pa, a˚,Ωq and pãΛ, ãΛ˚, Ω̃Λq are not related by a unitarily transformation in
the limit Λ Ñ 8 and their vacua have different physical interpretations. While Ω represents
an unphysical state containing no field modes at all, Ω̃Λ represents the ground state containing
the Yukawa near-field modes that are attached to the charges.

This shows the two faces of deficiency D1 more clearly and explains the partly yes-and-no-type
of answer to the question, whether D1 is only a homemade problem of the particular choice of
representation. While observation 2 above gives a positive answer by showing that the non-square-
integrable field modes of the ground state can successfully be hidden in the vacuum of the new
representation, observation 1 shows that the self-interaction causes a more fundamental problem,
namely the presence of the divergent self-interaction terms which are unaffected by a change of
representation and have to be removed by hand. As it turns out, these self-interaction terms are
inherent in all scalar field models in a similar way as in their classical analogues.

As mentioned before, it should again be noted that the annihilation operator ap f q is a bit better
behaved than its adjoint. It can be given a meaning as densely defined operator even for f < h as
long as the corresponding integral (46) exists. On the contrary, a˚p f q for f < h simply has domain
t0u. One may exploit this fact and attempt to define the generator of the time evolution by means of
a quadratic form in which the creation operator is to be interpreted as annihilation operator acting
to the left, thus, avoiding the problem of defining φ in (52) as an operator on Fock space in the first
place. Such a strategy was successfully pursued in Nelson’s famous work [79], in which the more
complicated model (42) with H0

k comprising the Schrödinger dispersion was studied. In particular,
the dynamics was shown to exist after an energy renormalization even when removing the cut-off Λ,
which will be reviewed in the report on work [A3] in Section 2.2.3. Unfortunately, this strategy does
not work for relativistic dispersion of the charges, which will be discussed in detail in the report on
work [A4] in Section 2.2.4.

Deficiency D2. In the case of a massless scalar field, i.e., µ “ 0, one observes another representa-
tional problem. Even with an ultraviolet cut-off Λ ă 8 in place, the ground state Ω̃Λ in (63) leaves
the standard Fock space for µ Ñ 0. This is caused by the singular behavior of its amplitudes

γΛpkq
ωpkq

ˇ̌
ˇ̌
µ“0

“ O|k|Ñ0

´
|k|´3{2

¯
, (68)

which are not square-integrable. This behavior does not affect the finite time dynamics. In fact,
the self-adjointness result of the Hamiltonian HΛ holds for all µ ě 0. However, in the long-time
limit t Ñ 8 of scattering theory, an initial state, e.g., in standard Fock space, would decay into
the ground state Ω̃Λ in (63) with additional asymptotically outgoing field modes, a state that due to
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(68) is not anymore in standard Fock space for µ “ 0. This behavior is referred to as the infrared
catastrophe of massless bosonic fields mediating the interaction, i.e., deficiency D2 as mentioned
in the introduction in Section 2.1. Unlike the two-faced deficiency D1, at least in principle, D2 can
always be remedied by a change of representation. In the simple toy model of fixed charges (54),
one may simply employ the same transformation TΛ as described in observation 2 of D1 above
and change the representation to pãΛ, ãΛ˚, Ω̃Λq in (60) in order to hide the non-square-integrable
amplitudes. However, in settings in which also the charges take part in the dynamics, it turns out
to be rather difficult to identify such convenient representations since they directly depend on the
dynamics of the charges. To illustrate this behavior, let us consider a single classical charge moving
with constant velocity v P R3 and interacting with its quantized field as described by the time-
dependent interaction picture Hamiltonian

HΛv “ gφΛpt, vtq. (69)

This model was considered in [68] where the following scattering state with n-mode wave functions

Ω̃
Λ,pnq
v pk1, . . . ,knq “ 1?

ZΛ
p´gqn
?

n!

nź

i“1

γΛpkiq
ωpkiq ´ k ¨ v

, n P N0, (70)

was computed, again for ZΛ denoting the normalization constant such that }Ω̃Λv }F “ 1. Despite the
simplicity of the model, one readily observes a dependence on the dynamics of the charges and the
implications on the corresponding Fock representations. Not only do the states Ω̃Λv leave the stan-
dard Fock space for µ Ñ 0, neither two states Ω̃Λv and Ω̃Λv1 for v, v1 P R3 are Fock states with respect
to the same representation unless v “ v1. Although, for µ ą 0, there are unitary transformations
TΛv , v P R3, much like (57) above, such that Ω̃Λv “ TΛv Ω holds true and the anticipated singularities
in (70) arising from µ Ñ 0 are absorbed in the corresponding representation pãΛv , ã

Λ˚
v , Ω̃Λv q given by

ãΛv,k :“ TΛ˚
v akTΛv , ãΛ˚

v,k :“ TΛ˚
v a˚

kTΛv , (71)

the map TΛ˚
v1 TΛv survives the limit µ Ñ 0 only for v “ v1. Hence, for different velocities v P R3,

the representations pãΛv , ã
Λ˚
v , Ω̃Λv q are not unitarily equivalent. For more general models in which

the charges are allowed to disperse and interact with their field, this behavior becomes much more
complicated to track. In order to build a scattering theory, usually a sophisticated technology has
to be developed, e.g., [84, 20], in order to identify the so-called super-selection rules that allow to
discern convenient representations.

Mathematically, at least in the class of Hamiltonians considered in (42), such studies are ac-
companied by another difficulty as the limit µ Ñ 0 implies the closure of the spectral gap between
the ground state energy and the continuous spectrum above it. Since the spectral gap is an essential
ingredient for analytic perturbation theory usually employed to analyze these models, substantial
efforts are needed to control the model for µ Ñ 0, see in particular [83]. In Section 2.2.3, the work
[A3] will be discussed which allows to control the mass shell of the Nelson model under simultane-
ous removal of the infrared and ultraviolet cut-offs. Furthermore, in Section 2.2.5, the works [A5-6]
are discussed in which, despite the infrared divergent behavior, a technique to control the long-time
limits in the Spin-Boson model is demonstrated.

After this introduction to the class of scalar field models and their immanent deficiencies D1 and D2,
the rest of this report turns to their rigoros study. The typical approach is, in a first step, to introduce some
kind of ultraviolet and infrared regularization that remedies D1 and D2, respectively, and to investigate
the well-posedness of the corresponding initial value problem. In a second step, one studies the behavior
of the model when the cut-offs are attempted to be removed in order to identify a suitable renormalization
procedure. Therefore, this section closes with a report on work [A2] in which the existence of the
dynamics of the original multi-time model (18), (19), and (21) featuring an ultraviolet regularization
is proven. This complements the classical literature that predominantly studied the derived single-time
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models (42).

Existence of dynamics of the multi-time system. Turning to the question of existence of the
dynamics for (18), (19), and (21), the first task is to give the right-hand side of (18) a mathematical
meaning. For this purpose, it will be convenient to regard smooth maps of the type

ψ : RN Ñ H , pt1, . . . , tNq ÞÑ ψpt1, . . . , tNq (72)

for a target domain

H “ L2pR3N ,F Kq � L2pR3N ,Cq b F K � L2pR3N ,CKq b F (73)

as solution candidates. The constant K “ 4N counts the number of spin degrees of freedom for
N spin 1{2 charges. The three tensor product spaces on the right-hand side of (73) are isomorphic
and isometric and will all be identified with the same symbol H and used interchangeably in the
notation. In particular, the one on the right allows to easily carry over the Fock space formalism
as introduced previously while the one on the left allows to focus on the properties of the multi-
time wave functions and temporarily forget about the Fock degrees of freedom in computations. An
element ϕ P H can thus be thought of as an N-particle wave function taking values in the Fock space
F , i.e., for a.e. x1, . . . , xN P R3, the element ϕ may be evaluated to give a sequence of n-mode wave
functions pϕpnqpx1, . . . , xNqqnPN0 , each of which may in turn be evaluated at a.e. k1, . . . ,kn P R3 to
give a value ϕpnqpx1, . . . , xN ; k1, . . . ,knq in CK .

In this setting, the definition of the annihilation and creation operators as given in (46) and (47)
can readily be implemented as follows

ap f q ” 1L2pR3,CKq b ap f q, a˚p f q ” 1L2pR3,CKq b a˚p f q, H0
ω ” 1L2pR3,CKq b H0

ω (74)

for f P h. Those can now be employed to give φ on the right-hand side of the multi-time equations
(18) a mathematical meaning. However, as discussed previously, this requires the introduction
of a regularization. Unfortunately, this introduces a further complication as it also impacts the
integrability condition (21). The geometric nature of this complication can best be made apparent
using a regularization by means of an extended charge density ρ, as exemplified in (35), that is
smooth and compactly supported in a ball of diameter δ ą 0 around the origin, i.e.,

ρ P C8
c pR3,Rq, supp ρ Ď Bδp0q. (75)

As this regularization will be kept fixed, the notation can be simplified by introducing an abbre-
viation for the action of the resulting field operator φ comprising both the regularization and the
evaluation at the respective particle position x j as follows

`
φ jptqϕ˘ px1, . . . , xNq :“ φpt, x jqϕpx1, . . . , xNq, (76)

at least for ϕ in the respective domain. In the notation of (45), the field operator then takes the form

φpt, x jq “
ż

d3k
1

p2πq3{2

pρpkqa
2ωpkq

´
ake´iωpkqt`ik¨x j ` a˚

keiωpkqt´ik¨x j

¯
. (77)

The geometric impact on Dirac’s integrability constraint (21) can be read off the following relation

rφpxq, φpyqs “ iρ ˚x ρy ˚ ∆px ´ yq, (78)

where ˚x and ˚y again denote convolutions in the x and y coordinates, respectively. Hence, after
regularization, Dirac’s integrability constraint cannot be fulfilled anymore on entire SN , as defined
in (13). In order to allow for a path-independent integration of the multi-time evolution (18), and
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thus, an unambiguous definition of the values of a potential solution ψ for certain space-time con-
figurations, the set of admissible configurations needs to be restricted as follows

SN
δ :“ ␣px1, . . . , xNq P R4N

ˇ̌@ k , l : tk “ tl _ |x0
k ´ x0

l | ` δ ă |xk ´ xl|
(
, (79)

for δ ą 0. It should be noted that this definition coincides with the previously defined SN in (13) in
the limit δ Ñ 0.

Opposed to the introduced notion of maps of the type (72) as suggested above, a seemingly more
natural notion for strong solutions to the multi-time system (18), (19), and (78) may now appear to
be smooth maps of the type

ψ : SN
δ Ñ F K . (80)

At least, this would avoid regions in the set of space-time configurations R4N for which the value of
ψ cannot be defined unambiguously due to the violation of the integrability constraint (78). But this
advantage comes with two drawbacks.

As first drawback, SN
δ is not an open set in R4 so that partial time derivatives cannot always be

straightforwardly defined. Therefore, the following notion of partial derivatives was adopted from
[80]: Each point x P SN

δ defines a partition of the set of t1, . . . ,Nu into non-empty disjoint subsets
P1, . . . , PL by means of the equivalence relation given by the transitive closure of the relation that
holds between k and l if and only if |tk ´ tl| ` δ ě |xk ´ xl|. All points xk, xl for k, l in a partition Pi

necessarily fulfill tk “ tl and this common time coordinate is denoted by tPi . The partial derivative
with respect to tPi can hence be defined for ψ : RN Ñ H a.e. as follows

ˆ B
BtPi

ψpt1, . . . , tNq
˙

px1, . . . , xNq “
ÿ

jPPi

ˆ B
Bt j

ψpt1, . . . , tNq
˙

px1, . . . , xNq, (81)

provided the partial derivatives on the right-hand side exist. In the following, a ψ as given in (80) is
called smooth if for all configurations in SN

δ all corresponding derivatives BPi are well-defined.
The second drawback of the notion (80) is that it does not allow to easily exploit the classical

results of functional analysis. Luckily, by definition, only sequences of configurations in SN
δ are

required to obtain the corresponding limits involved in the derivatives BPi . Hence, the value of a
potential solution ψ on SN

δ and its relevant derivatives does not depend on configurations outside
of SN

δ . But such values are anyhow the only ones that have a chance to be unambiguously defined
thanks to the path-independence of the integration of the multi-time equations (18) that is shown to
be enforced by the integrability constraint (78) in [A2]. Hence, with sufficient regularity, it is possi-
ble to extract from potential solutions ψ, in the sense of notion (72), potential solutions in the sense
of (80) by restricting the former to SN

δ . Vice versa, potential solutions of type (80) can be extended
to type (72) by specifying arbitrary values outside of SN

δ because, as also shown in [A2], the values
outside SN

δ do not influence the evolution on SN
δ . This observation is one of the main technical

ingredients in [A2] that allows to exploit functional analysis results of the classical literature.

With the introduced notation, it is possible to state the solution sense and the existence of dy-
namics result of [A2] for the regularized version of Dirac’s original multi-time system (18), (19),
and (21) for the following N Hamiltonians

Hkptq “ H0
k ` gφkptq, k “ 1, . . . ,N, (82)

where H0
k denotes the free Dirac Hamiltonian of the kth particle, see (170) below, and φkptq is given

in (76)-(77). One should note that, thanks to the Fock representation by means of creation and anni-
hilation operators and by definitions of ωpkq and γpkq, the regularized field φ in (77) automatically
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fulfills the free field equation (19) and the regularized version of Dirac’s integrability constraint
(78).

Due to the described complications that are introduced by the regularization, the solution sense
will be defined as follows:

Definition 2.2 (Multi-time solution sense). A map ψ : RN Ñ H , pt1, . . . , tNq ÞÑ ψpt1, . . . , tNq is
called a solution of the regularized multi-time solution if the following properties are fulfilled:

1. (Time regularity) ψ is differentiable.

2. (Point-wise evaluation) For all configurations px1, . . . , xNq P SN
δ and k “ 1, . . . ,N, the fol-

lowing point-wise evaluations are well-defined:

pψpt1, . . . , tNqq px1, . . . , xNq, (83)

pBtkψpt1, . . . , tNqq px1, . . . , xNq, (84)`
H jptkqψpt1, . . . , tNq˘ px1, . . . , xNq. (85)

3. (Evolution equations) For all px1, . . . , xNq P SN
δ with corresponding partitions P1, . . . , PL,

for an L P t1, . . . ,Nu, the following equations hold true:
´

BtPk
ψpt1, . . . , tNq

¯
px1, . . . , xNq “ pHPkψpt1, . . . , tNqq px1, . . . , xNq, (86)

where the partial Hamiltonians are given by

HPk “
ÿ

jPPk

H jptPk q. (87)

Compared to classical existence results for single-time quantum systems, one notes the promi-
nent regularity requirement. This additional requirement allows to restrict the solutions sense con-
veniently to the relevant domain SN

δ of space-time configuration space R4N . In the future, this
condition may be relaxed by regarding solutions as distributions acting on test functions supported
in SN

δ only, but this generalization was not thematized in [A2]. The main results of [A2] are sum-
marized in the following theorem:

Theorem 2.3 (Dirac-Fock-Podolsky multi-time dynamics [A2]). Let

ψ0 P D :“ C8
c pR3N ,CKq b F

č
L2pR3N ,CKq b

˜č

nPN
D
`pH0

ωqn˘
¸
. (88)

1. (Existence) There exists a multi-time solution ψ in the sense of Definition 2.2 with initial value
ψ0, i.e.,

ψpt1, . . . , tNqˇ̌t1,...,tN“0 “ ψ0. (89)

2. (Uniqueness) Furthermore, if rψ is another multi-time solution with initial value ψ0, then rψ
and ψ coincide on S N

δ , i.e., for all px1, . . . , xNq P SN
δ , the following equality holds

`rψpt1, . . . , tNq˘ px1, . . . , xNq “ pψpt1, . . . , tNqq px1, . . . , xNq. (90)

3. (Regularity) For t1, . . . , tN P R, the multi-time solution ψ fulfills

ψpt1, . . . , tNq P D. (91)
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There are several technical inconveniences to be accounted for in the strategy of proof. Due
to the fact that the free Dirac Hamiltonians H0

k are not bounded from below, the time-zero fields
φp0, xkq cannot directly be controlled as perturbations of H0

k ` H0
ω in the Schrödinger picture. For

this purpose, a self-adjointness result by Arai [2] was employed as main ingredient to define single-
time evolutions pUPk ptqqtPR generated by the partial Hamiltonians HPk for relevant partitions Pk.
Candidate solutions of the type (72) are then generated by means of concatenation of partial time
evolutions (86). For example, for the special case of only two charges N “ 2 and times t2 ą t1, a
candidate solution may be constructed by

ψpt1, t2q “ Ut1upt1, t2qUt1,2upt2, 0qψ0, (92)

which, loosely speaking, comprises a single-time evolution for both charges from initial value ψ0

at times zero forward to the largest time t2 and afterwards a backwards evolution in the tensor
component of the first charge to time t1. Thanks to initial regularity, the candidate ψ readily fulfills
(86) for k “ 1, however, for k “ 2 one needs to show that H2 commutes with Ut1,2u, at least when
acting on sufficient regular functions evaluated on admissible configurations SN

δ . In order to show
the respective commutator relation, one has to exploit Dirac’s regularized constraint (78) and the
fact that the evolutions generated by Hk are causal, and thus, affect respective supports only within
light-cones. For those arguments, point-wise evaluation is very helpful for which the invariance of
the domain D over time is controlled with the help of a powerful commutator technique similar to
the one described in [67].

Furthermore, in [A2] the question whether such solutions entail a relativistic interaction between
the charges mediated by the field φ, cf. (24), is addressed by:

Theorem 2.4 (Dirac-Fock-Podolsky interaction [A2]). Let ψ0 P D, ψ the corresponding multi-time
solution, and ψt “ ψt1,...,tN“t for t P R, then

p□t,x ` µ2q xψt, φpt, xqψtyH “ ´g
Nÿ

k“1

A
ψt, ρ ˚x ρ ˚y δ

3px ´ yqˇ̌y“x̂k
ψt

E
(93)

holds for all t P R, x P R3, where x̂k denotes the position multiplication operator of the k-th charge.

This concludes the discussion of regularized multi-time systems which set the stage for the corre-
sponding single-time models of quantum field theory of Schrödinger-type (42). The next sections focus
on the interaction between only N “ 1 charge and its field and report on studies of the model proper-
ties while the corresponding regularizations in the ultraviolet and, for µ “ 0, also in the infrared are
attempted to be removed.

2.2.3 Removal of the cut-offs for non-relativistic charges

This section comprises a report on the following article:

A3. The Mass Shell of the Nelson Model without Cut-offs, S. Bachmann, D.-A. Deckert, A. Pizzo,
Journal of Functional Analysis, 263(5):1224, 58 pages, 2012

The openly accessible version arXiv:1104.3271 is attached in Section A, page 111.

In [A3], the single-time model introduced in (42) is studied for the case of a single, i.e., N “ 1,
non-relativistic, persistent, and spinless charge that interacts with its scalar field. In this case, the corre-
sponding Hamiltonian takes the form

iBtΨtpxq “
ˆ

´ ∆x

2M
` H0

ω ` gφp0, xq
˙
Ψtpxq. (94)

This model is commonly known as the Nelson model since its first rigorous study was conducted by
Nelson [79] in 1964. As discussed in the previous section, due to the ill-defined nature of the field

http://www.sciencedirect.com/science/article/pii/S0022123612001826
https://arxiv.org/abs/1104.3271
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operator φ, the Hamiltonian expression in the parentheses on the right-hand side of (94) cannot be given
a ready meaning unless a regularization such as (56) is introduced. Contrary to the setting of the work
[A2] discussed in the previous section, the particular geometry of this regularization is of no importance
here and one may employ the following simple choice by replacing φp0, xq in (94) with the expression

φpxq|Λκ “
ż

d3k γΛκ pkq `akeik¨x ` a˚
ke´ik¨x˘ , γΛκ pkq “ 1

p2πq3{2

1κď|k|ďΛa
2ωpkq , ωpkq “

b
k2 ` µ2,

(95)

for boson mass µ ě 0 and infrared and ultraviolet cut-off parameters 0 ď κ ď Λ ă 8. As shown in [79],
for this range of cut-offs, the regularized Hamiltonians

H|Λκ “ H0 ` gφpxq|Λκ , H0 “ ´ ∆x

2M
` H0

ω, H0
ω “

ż
d3kωpkqa˚

kak (96)

on Hilbert space

H “ L2pR3,Cq b F (97)

are essentially self-adjoint with domain DpH|Λκ q “ DpH0q. It should be noted that this result includes the
complete removal of the infrared cut-off, i.e., κ “ 0, even for zero boson mass µ “ 0. As remarked in the
discussion of deficiency D2 in Section 2.2.2, the infrared catastrophe is not an obstacle to the existence
of dynamics. It can only lead to a representation problem of certain states in standard Fock spaces and
introduces the technical difficulty of an absence of a spectral gap.

The remarkable main result of [79] ensures the existence of dynamics in the limit Λ Ñ 8 after a
so-called Gross transformation

T |Λκ akT |Λ˚
κ “ ak ´ g

γΛκ pkq
k2

2M ` ωpkqe´ik¨x, (98)

T |Λκ a˚
kT |Λ˚

κ “ a˚
k ´ g

γΛκ pkq
k2

2M ` ωpkqe`ik¨x, (99)

using notation (45), is applied to the Hamiltonian H|Λκ , see [59], and from it, a logarithmically divergent
energy

Vself|Λκ “ ´ g2

2p2πq3

ż

κď|k|ďΛ
d3k

1

ωpkq
” |k|2

2M ` ωpkq
ı (100)

is subtracted. More precisely, for fixed infrared cut-offs 0 ď κ, it is shown that for the family of energy
renormalized Hamiltonians

H1|Λκ “ T |Λκ H|Λκ T |Λ˚
κ ´ Vself|Λκ , Λ ă 8, (101)

there is a unique self-adjoint operator H1|8κ with a domain being a subset of the form domain of H0, i.e.,
DpH1|8κ q Ă D

´?
H0

¯
, such that for all t P R and Ψ P H

lim
ΛÑ8 eitH1|Λκ Ψ “ eitH1|8κ Ψ (102)

holds true. Thanks to this result, the Nelson model has been one of the standard toy models in mathe-
matical quantum field theory to study the deficiency D1.

It is interesting to observe the similarity to the energy renormalization that was employed in the
toy model (54), cf. (59) and (65), of the previous section. The crucial difference between the Gross
transformation and the one used in the toy model in (57) is the additional k2

2M summand in the denominator
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of the amplitude on the right-hand side of (98) which originates from the Schrödinger dispersion relation
´ ∆x

2M of the charges. This additional term guarantees the square-integrability of these amplitude even in
the limit Λ Ñ 8. In turn, and contrary to the toy model case (57), the implied Gross transformation
(98) remains well-defined in the limit Λ Ñ 8. All corresponding representations of the commutation
algebra (30) are therefore unitarily equivalent to the one on standard Fock space. Loosely speaking, in
the Nelson model, the deficiency D1 is not two-faced as in the toy model (59). It resides exclusively in
self-interaction and not in the choice of Fock representation. Furthermore, it should be noted that the
self-energy term Vself|Λκ in (100) only diverges logarithmically as opposed to linearly in the case of VΛp0q
in (59) or in the energy of the classical analogue. Such observations were the source of hope that the
quantum dispersion of the charges, and in non-persistent models also their fluctuations, would render
the models sufficiently regular even though their classical analogues are ill-defined. The work [A4]
presented in the next section, however, shows that this hope cannot be substantiated when considering
more relativistic dispersions such as

a
´∆x ` M2.

Despite the success of removing the ultraviolet cut-off, it turns out that the underlying technique
that controls the limit of the Hamiltonians H1|Λκ , κ ď Λ ă 8, in the spirit of the KLMN theorem on
quadratic forms is rather abstract and provides little information on the particular expression and domain
of the limiting Hamiltonian H1|8κ ; for recent progress in characterization of its domain, see [72]. Shortly
after Nelson’s result [79], Cannon [17] was able to construct the mass shell pE1

P|Λκ ,Pq|P|ă1 in the limit
ΛÑ 8, where E1

P|Λκ P R and P P R3 denote the spectral variables of the Hamiltonian H1|Λκ and the total
momentum operator

Ptotal “ ´i∇x ` Pfield, Pfield “
ż

d3k k a˚
kak, (103)

respectively. The field moment operator Pfield is defined analogously to (48). Since the model is trans-
lation invariant, H1|Λκ and Ptotal commute. In order to compute the mass shell, one may therefore regard
the natural decomposition of the Hamiltonian H|Λκ in terms of the total momentum fibers P P R3, i.e.,

H|Λκ “
ż ‘

R3
d3 p HP|Λκ , (104)

and attempt to construct the corresponding spectral infima EP|Λκ of H1
P|Λκ in the momentum fibers P of

interest. Cannon succeeded in this construction for positive but sufficiently small coupling constants |g|
by employing analytic perturbation theory of quadratic forms with respect to the free Hamiltonian H0.
This technique moreover relies on the existence of a spectral gap which requires boson masses µ ą 0
and/or infrared cut-offs κ ą 0. Only shortly after Cannon’s result, Fröhlich [69] succeeded in a con-
struction of the mass shell without a κ-dependence in the coupling constant and for arbitrarily small but
positive infrared cut-offs κ ą 0, even in the case of zero boson mass µ “ 0, which relied on a lattice
approximation technique that was inspired by earlier works of Glimm and Jaffe.

However, both approaches in constructing the mass shell only provided rather implicit formulas for
perturbative expansions of the energies E1

P|Λκ making computations of approximations and respective
errors rather intractable. These results were furthermore extended by a major advance by Pizzo [83] that
allows to control the mass shell of the Nelson model for the range of cut-offs 0 ď κ ă Λ ă 8, i.e., a
fixed and finite ultraviolet cut-off, but now including the case of complete removal of the infrared cut-off
κ Ñ 0. Contrary to the analytic perturbation of quadratic forms, the employed technique comprises
a multi-scale perturbation analysis that can be applied on the level of operators, in particular, for the
corresponding spectral projections of H1

P|Λκ , for sufficiently small positive Λ-dependent but otherwise
uniform coupling constants |g|.

Construction of the mass shell while removing all cut-offs. With respect to the preceding re-
sults, the main advance of [A3] is a construction of the mass shell in the limit of complete removal
of both the ultraviolet and infrared regularizations, including the case of zero boson mass µ “ 0.
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Furthermore, tractable expansion formulas are provided similar to those in [83] but now for a suf-
ficiently small range of positive coupling constants |g| that is uniform in both cut-off parameters Λ
and κ.

To put this result in perspective, it should be notated that already by means of standard analytic
perturbation theory, one can show that the family of restricted fiber Hamiltonians

H1
P|Λκ ↾ F |Λκ , F |Λκ “ F pL2pBΛzBκqq, (105)

where Br Ă R3 denotes the ball for radius r ě 0 around the origin and the symbol ↾ indicates the
restriction of the domain, in this case to the corresponding momentum shell κ ď |k| ă Λ of the
Fock space F |Λκ , admit isolated and non-degenerate ground state energies

EP|Λκ :“ inf σpHP|Λκ ↾ F |Λκ q, (106)

for 0 ă κ ď Λ ă 8. Here, σp¨q denotes the spectrum of the corresponding self-adjoint operator.
However, adding the interaction gφpxq to the free Hamiltonian H0 in one shot comes at the cost of
a cut-off dependent smallness restriction on the coupling constant |g|. Ultimately, it only allows for
the trivial case g “ 0 in the limit of complete cut-off removal due to the logarithmic divergence of
the interaction for Λ Ñ 8 and, in case of µ “ 0, the closure of the spectral gap for κ Ñ 0. To
overcome this restriction and gain control of the mass shell for a positive range of coupling constants
|g| uniformly in the cut-offs Λ and κ, a multi-scale perturbation analysis similar to [83] was adopted
and extended to include the ultraviolet regime. Contrary to the one-shot perturbation expansion, one
considers an iterative expansion in which one adds smaller momentum slices of the interaction by
repetitive application of analytic perturbation theory until the desired range of allowed interaction
momenta is reached. In this process, the motion of the non-degenerate ground state EP|Λκ and the
continuous spectrum of HP|Λκ that starts at the energy maxtκ, µu must be carefully monitored during
each addition of a new slice of interaction. Two main types of spectral motion occur. First, when
increasing the ultraviolet cut-off Λ, the spectrum of HP|Λκ is shifted towards the left on the real axis,
a behavior that is already indicated by the negatively divergent energy Vself|Λκ in (100). Second,
when decreasing the infrared cutoff κ, the spectral gap between the ground state energy and the
continuous spectrum decreases with a certain velocity, and in case of zero boson mass µ “ 0, it
finally closes. As already discussed in Section 2.2.2 with regards to deficiency D2, in addition to
this technical difficulty for µ “ 0, the family of corresponding ground states will not converge in
standard Fock space for κ Ñ 0 and the Fock space representation will have to be adapted. In order
to focus on the two types of spectral motion and the necessary change of representation in case of
µ “ 0 separately, the construction of the mass shell was carried out in the following three main
steps.

Step 1: The ultraviolet regime. To counteract the shift of the spectrum towards the left, one
regards the transformed fiber Hamiltonians H1

P|Λκ of the renormalized Hamiltonian as given in (101)
and the corresponding renormalized ground state energies

E1
P|Λκ “ EP|Λκ ´ Vself|Λκ , (107)

which are implied by the unitarity of the Gross transformation (98). In this first main step of [A3],
the infrared cut-off κ ą 0 is kept fixed and slices of interaction momenta of the form

rσn, σn´1q, σn :“ κβn
UV, 1 ă βUV, n P N, (108)
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are added in an inductive scheme. When stepping from scale pn ´ 1q to scale n, one regards H1
P|σn
κ

as an analytic perturbation of H1
P|σn´1
κ by

∆H1
P|σn
σn´1 “ H1pPq|σn

κ ´ H1
P|σn´1
κ . (109)

For a carefully chosen sequence pξnqnPN of decreasing positive gap estimates, the inductive hypothe-
ses

1. Ψ1
P|σn´1
κ is the unique ground state of H1

P|σn´1
κ with energy E1

P|σn´1
κ ;

2. The spectral gap of H1
P|σn´1
κ ↾ F |σn´1

κ is bounded from below by ξn´1;

allow to estimate the spectral gap H1
P|σn´1
κ b 1F |σn

σn´1
restricted to F |σn

κ from below also by ξn´1. At
the cost of decreasing the gap estimate form ξn´1 to ξn, it is possible to apply analytic perturbation
theory once again to construct the new ground state Ψ1

P|σn
κ and show that is has a non-degenerate

ground state energy E1
P|σn
κ . Moreover, the Neumann series of the resolvent

1
H1

P|σn
κ ´ z

“ 1
H1

P|σn´1
κ ´ z

8ÿ

j“0

«
´∆H1

P|σn
σn´1

1
H1

P|σn´1
κ ´ z

ff j

(110)

can be shown to be well-defined for all complex z in the domain

1
2
ξn ď |E1

P|n´1
0 ´ z| ď ξn ă ξn´1, (111)

and an a priori variational argument ensures E1
P|σn
κ ď E1

P|σn´1
κ such that the new spectral gap can be

bounded from below by ξn. Tuning βUV sufficiently close to 1 and adapting the choice of spectral
gap bounds pξnqnPN ensures the convergence of the Neumann series for a range of sufficiently small
but positive |g| that is uniform in the scale parameter n. This allows to close the induction and derive
the following result for the limit n Ñ 8, i.e., the limit of removal of the ultraviolet cut-off ΛÑ 8:

Theorem 2.5 (Ultraviolet construction [A3]). Let |P| ď 1
4 . There is a constant gmax ą 0 such that

for all |g| ă gmax the following holds true:

1. The sequence of operators pH1
P|σn
κ qnPN converges in the norm resolvent sense to a self-adjoint

operator H1
P|8κ acting on F .

2. The limit Ψ1
P|8κ :“ limnÑ8Ψ1

P|σn
κ exists in F and is non-zero.

3. E1
P|8κ :“ limnÑ8pE1

P|σn
κ q exists.

4. E1
P|8κ is the non-degenerate ground state energy of the Hamiltonian H1

P|8κ with corresponding
ground state Ψ1

P|8κ . Moreover, the spectral gap of H1
P|8κ ↾ F |8κ is bounded from below by a

fraction of κ.

Step 2: The infrared regime. In the second main step of [A3], another scaling is introduced in
order to add slices of momenta of the interaction

pτm, τm´1s, τm :“ κβm
IR, 0 ă βIR ă 1

2
, m P N, (112)
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below the original infrared cut-off κ. In a similar inductive scheme as applied for the ultraviolet
regime, it is shown that H1

P|σn
τm admits non-degenerate ground state energies E1

P|σn
τ´m with corre-

sponding ground states Ψ1
P|σn
τm while the spectral gap is bounded from below by a fraction of τm.

Also, these results hold for a sufficiently small range of positive coupling constants |g|, however,
uniformly in n,m P N.

Step 3: The removal of both cut-offs. In the third and final main step of [A3], the representational
problem for µ “ 0 is addressed based on the previous results. Recall the discussion of deficiency D2
in the case of the toy model presented in the Section 2.2.2 where it was shown that the corresponding
ground sate (63) leaves the standard Fock space when removing the infrared cut-off κ Ñ 0. The
same problem occurs in the Nelson model and it was already shown in [69] that the normalized
versions of the ground states Ψ1

P|σn
τm weakly converge to zero as m Ñ 8, i.e., in the limit of removal

of the infrared cut-off κ Ñ 0. In order to counteract this behavior, in [69] yet another Bogolyubov
transformation is introduced

Wτmp∇PE1
P|σn
τm q ak Wτmp∇PE1

P|σn
τm q˚ “ ak ´ g

γσn
τm pkq

ωpkq ´ k ¨ ∇PE1
P|σn
τm

e´ik¨x, (113)

Wτmp∇PE1
P|σn
τm q a˚

k Wτmp∇PE1
P|σn
τm q˚ “ a˚

k ´ g
γσn
τm pkq

ωpkq ´ k ¨ ∇PE1
P|σn
τm

e`ik¨x, (114)

using notation (45), and one may regard the family of transformed Hamiltonians

HW1
P |σn

τm :“ Wτmp∇PE1
P|σn
τm q H1

P|σn
τm Wτmp∇PE1

P|σn
τm q˚. (115)

Heuristically, this transformation dresses each naked total momentum fiber state e´iP¨x bΩ with its
natural field modes, cf. (24), much like the ones in (70) as observed in the simple model of a classical
charge moving along a straight line with velocity v “ ∇PE1

P|Λκ . In the same way, the amplitudes
on the right-hand side of (113) are tuned to absorb the non-square-integrable field modes attached
to the charge in order to circumvent deficiency D2 by carefully adapting the representation. This
transformation (113) was the key ingredient in the construction of scattering states without infrared
regularization [83, 19].

Following closely [83], which however assumed a fixed ultraviolet cut-off Λ ă 0 and did not
allow to study Λ Ñ 8, another inductive scheme is employed in [A4] in order to construct the
sequence of transformed ground states

HW1
P |σn

τmΦP|σn
τm “ E1

P|σn
τmΦP|σn

τm , (116)

maintaining the uniformity in the smallness restriction of the coupling constant |g| in n and m. Many
techniques from [69, 83] were recycled in order to treat the many summands in the expression of
the transformed Hamiltonian (115). Since the Bogolyubov transformation depends explicitly on the
effective velocity ∇PE1

P|σn
τm , the induction faces a further complication as those entities have to be

constructed and controlled simultaneously in each step. Furthermore, to conduct the removal of
both cut-offs, it turns out that, as the spectral gap closes due to the removal of the infrared limit, the
ultraviolet limit must be approached at a comparatively sufficient fast rate:

Theorem 2.6 (Removal of both cut-offs [A3]). Let |P| ď 1
4 . There is a constant gmax ą 0 such that

for all |g| ă gmax the following holds true:
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1. There exists an αmin ą 0 such that for any integer α ą αmin and npmq “ αm, the limit

ΦP|80 :“ lim
mÑ8ΦP|σnpmq

τm (117)

exists in F and is non-zero.

2. E1
P|80 :“ limmÑ8 E1

P|8τm
exists and is the ground state energy corresponding to the eigenvector

ϕP|80 of the self-adjoint operator

HW1
P |80 :“ lim

mÑ8 HW1
P |σnpmq

τm , (118)

where the limit is understood in the norm resolvent sense.

2.2.4 Ultraviolet behavior of relativistic charges

This section comprises a report on the following article:

A4. Ultraviolet Properties of the Spinless, One-Particle Yukawa Model, D.-A. Deckert, A. Pizzo, Com-
munications in Mathematical Physics, 327(3):887, 33 pages, 2014

The openly accessible version arXiv:1208.2646 is attached in Section A, page 167.

Regarding the Nelson model, in [A3], all cut-offs were successfully removed during the construction
of the mass shell, but although tractable expansion formulas were provided, tools to conduct a rigoros
study of the mass shell properties were still missing in the limiting regime of the cut-off removal. Fur-
thermore, as also discussed in the previous section, the achieved results strongly relied on the nature of
the non-relativistic dispersion relation of the charge in the model Hamiltonian (94). The latter implied
the k2

2M summand in the denominator of the Gross transformation amplitude (98), and hence, guaranteed
the unitarity of this transformation even in the limit of removing the ultraviolet cut-off Λ Ñ 8. Two
next natural questions are whether the successful construction of the mass shell can be repeated for a
“more” relativistic, and therefore, less regularizing dispersion relation, and how the provided expansion
formulas can be exploited to study the mass shell’s behavior when varying the cut-offs. Therefore, in
[A4] the non-relativistic dispersion relation of the charge was replaced by the so-called Klein-Gordon
one, which results in a model Hamiltonian of the form

H “
a

´∆x ` M2 ` H0
ω ` gφpxq (119)

This model is usually referred to as Yukawa model and can be seen to effectively describe the strong nu-
clear force between heavy nucleons interacting with chargeless mesons. Again, as it stands, the Hamilto-
nian (119) cannot be given a mathematical meaning and an ultraviolet regularization has to be imposed in
the field operator φ. The same cut-off as introduced in (95) was also used in [A4] and the same notation
as in the previous section is adopted here to prescribe the regularized version of the model Hamiltonian
(119), i.e.,

H|Λκ “
a

´∆x ` M2 ` H0
ω ` gφpxq|Λκ . (120)

Already in 1970, a similar model to (120) appeared in the mathematical physics literature in the work of
Eckmann [35] in which the interaction term φ was replaced by the slightly more regular version

ż
d3 p

ż
d3k

|p|,|k|,|p´k|ďΛ

n˚
p´k a˚

k np
b

ppp ´ kq2 ` M2q1{2pk2 ` µ2q1{2pp2 ` M2q1{2
` h.c, (121)

where np̊ and np denote the creation and annihilation operator for the charges. The additional regularity
as compared to φ alone, cf. (95), is due to the form factor of the corresponding charge field

ψpxq “
ż

d3 p
1

´
2p2πq3

a
p2 ` M2

¯1{2

`
npe`ip¨x ` np̊e´ip¨x˘ (122)

http://link.springer.com/article/10.1007%2Fs00220-013-1877-9
https://arxiv.org/abs/1208.2646
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from which the factors involving the charge mass M in the denominator of the integrand in (121) origi-
nate. These are not present in the original persistent charge model (42) since the charges were represented
by quantum particles and not by quantized fields as it is the case in full quantum field theory. It should
be noted that Eckmann’s model nevertheless preserves the total number of charges. Similar to the result
of [A3] in the Nelson model, it was shown that a logarithmically divergent energy renormalization of
the family of Hamiltonians (120) in Λ suffices to ensure convergence in the norm resolvent sense. The
Yukawa model was also treated in the extensive studies of [69, 49] which contain another existence result
for a renormalized Hamiltonian, again, for a slightly more regular form factor compared to γΛκ pkq in (95)
and at the cost of a logarithmically divergent energy renormalization. Moreover, in [101], the existence
of ground states are proven for a more relativistic version of the model in which a Dirac dispersion rela-
tion is employed for the charges and the type of interaction (121) was used for a fixed finite ultraviolet
cut-off.

Ultraviolet behavior of the mass shell of the Yukawa model. As mentioned above, the natural
questions are how to construct and also investigate the properties of the mass shell as the ultraviolet
cut-off Λ approaches infinity. This is the content of the work [A4], in which the less regular inter-
action term as given in (120), and as originally imposed by the form of the commutation relation
(20), is considered. The exact restrictions of the model parameters are given as follows

M ą 0, µ ą 1, 0 ă |g| ď 1, κ “ 1 ď Λ ă 8. (123)

Thanks to translation invariance, it is again possible to study the corresponding Hamiltonians (120)
in terms of its total momentum fibers HP|Λκ for P P R3, cf. (104). As well-known from the classical
literature, for 0 ď κ ď Λ ă 8, these Hamiltonians are essentially self-adjoint on the domain DpH0

ωq
and bounded from below. The latter allows again to define the ground state energies as follows

EP|Λκ :“ inf σpHP|Λκ ↾ F |Λκ q. (124)

It should be noted that a non-zero boson mass µ ą 0 renders the infrared cut-off κ redundant since
the spectral gap is bounded from below by mintκ, µu, and in [A4], κ is only kept for computational
convenience.

The main part of the work in [A4] is again to set up a multi-scale technique similar to the
ones discussed in the previous section in order to construct the mass shell in a certain spectral
range pEP|Λκ ,PqPPR3 and infer expansion formulas that are uniform in Λ, at least for a fixed range
of coupling constants g. Besides the results on the Nelson model in [A3], which behaves much
better in the ultraviolet regime, [A4] is the first work that features an application of such a multi-
scale technique to study the ultraviolet behavior in quantum field theory. Similar to the technique
applied in [A3], the two key ingredients for this purpose are, first, a suitable scaling in which slices
of momenta of the interaction are added iteratively using analytic perturbation theory, and second,
sufficient external information on the spectral motion that occurs during the iteration and ultimately
allows to close the corresponding inductive scheme. In [A4], the following scaling

pΛβn,Λs, 1
2

ă β ă 1 (125)

was employed which results in a number of scales

N “ logΛ
´ log β

, (126)
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assuming the fineness parameter β is chosen such that N is a natural number. In order to gain control
on the Neumann expansion of Hamiltonian HP|Λ

Λβn with respect to perturbation

∆HP|Λβn´1

Λβn :“ HP|Λ
Λβn´1 ´ HP|ΛΛβn , (127)

similar to (110), it turned out to be crucial to fill in the slices of momenta of the interaction starting
from the ultraviolet cut-off Λ down to the infrared cutoff 1 “ κ “ ΛβN . In such a scaling, one can
exploit the spectral gap implied by the lower cut-off Λβn of HP|Λ

Λβn in the required norm estimates
of the corresponding resolvent to compensate the contributions of the interaction momenta of the
perturbation ∆HP|Λβn´1

Λβn up to Λβn´1. This strategy allows to control the expansions on all scales
for a sufficiently small range of couplings constants g that is uniform in Λ. In turn, the mass shell
can be studied for varying Λ. Furthermore, a fine-tuning of β Ñ 1 allows to control error terms
in the multi-scale expansions of the type OpNp1 ´ βq1`ϵq for any ϵ ą 0 and ultimately enables a
study of the model behavior for Λ Ñ 8. After carrying out the multi-scale construction in [A4],
the resulting multi-scale expansion formulas allowed to show the following result, which basically
states that independent of the choice of a possible energy or mass renormalization, the mass shell
collapses.

Theorem 2.7 (Ultraviolet properties of the mass shell [A4]). Let |g| ą 0 be sufficiently small and
|P| ă 1

2 .

1. There exist universal constants a, b ą 0 such that for all 1 “ κ ă Λ ă 8 it holds
a

P2 ` M2 ´ g2bΛ ď EP|Λκ ď
a

P2 ` M2 ´ g2aΛ (128)

2. There exist universal constants c,C ą 0 such that the following estimate holds true

lim sup
βÑ1

ˇ̌∇PEP|Λκ
ˇ̌ ď Λ´g2c |P|

rP2 ` M2s1{2
` C|g|1{2, i “ 1, 2, 3. (129)

The first observation states that the divergence of the ground state energies is linear in Λ. This
behavior is due to the slightly less regular form factor γΛκ pkq as compared to the works [35, 49]
which found only a logarithmic divergence. Furthermore, a direct consequence of the bound in
(129) is the flatness of the mass shell up to a remaining error term as the ultraviolet cut-off is
removed:

lim sup
ΛÑ8

ˇ̌∇PEP|Λκ
ˇ̌ ď C|g|1{2. (130)

In order to interpret the latter observation, it is helpful to note that ∇PE1
P|Λκ encodes the effective

velocities of the charges. In the free case g “ 0, one finds

∇PE1
P|Λκ “ P?

P2 ` M2
, (131)

i.e., the velocity of a free relativistic particle. For |g| ą 0, the study of the effective velocities ∇PE1
P|Λκ

thus allows to gain inside in the effect of the self-interaction on the kinetics of the charge; recall the
discussion of the two-fold kinetic nature of the interaction implied by a scalar field φ contrary to the one
of direct interaction potentials in Section 2.2.2. According to (130), the effective velocity decreases with
increasingΛ and eventually, upon complete removal of the ultraviolet cut-off, the mass shell becomes flat
up to a remaining error of the order |g|1{2. This remaining error in (130) is very likely only of technical
nature as suggested by a comparison of the free mass shell for g “ 0, i.e., (131), with the one of an
arbitrarily small |g| ą 0, i.e., (130). The latter is flat no matter how small |g| is chosen.

Furthermore, in the total momentum fiber P “ 0, the inverse of the effective velocity can be seen as
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the effective inertia of the charge

meffective “ `∇PE1
P|Λκ

˘´1
ˇ̌
ˇ
P“0

. (132)

Since the theorem above states that this quantity diverges for Λ Ñ 8, one may be inclined to coun-
teract such an behavior by a Λ-dependent renormalization of the bare mass parameter, more precisely,
to arrange a scaling m “ mpΛq in such a way that the effective inertia (132) is kept constant and equal
to, e.g., an experimentally measured value. Unfortunately, in the Yukawa model such a rescaling of the
mass has no effect, as can be understood from the right-hand side of (129), and a successful renormal-
ization scheme model will require a more sophisticated method than energy or mass renormalization, for
instance, wave function renormalization. It is interesting to note that this behavior seems to be charac-
teristic to the more relativistic dispersion relations. In the case of non-relativistic charges, in which the
free mass shell takes the form of P2

2M instead of (131), there is a viable chance that the increase of the
effective mass can be counteracted by a conveniently chosen scaling limΛÑ0 mpΛq “ 0. In the case of
the Pauli-Fierz model, there already exists a conjecture about a potentially successful scaling rate [66];
see [100] for an overview. It must however be emphasized that variational lower and upper bounds on
the minimum of the mass shell as first found in [75] and recently proved in [10] suggest that one may not
trust regular one-shot perturbation theory in the limit Λ Ñ 8, so that this issue remains a challenge for
the future. In this respect, it is interesting to note that the first instance of a mass renormalization pro-
cedure appeared in classical electrodynamics in [31], where it turned out convenient to consider a bare
mass mpΛq that diverges to negative infinity; see overview [100]. These three rather distinct behaviors
may provoke the question whether mass renormalization is a general theme of the classical and quantum
field theory that is to be applied as a standard procedure in order to make dedicated models interpretable
in the relativistic regime or whether it is simply a loose patch work to fix the implications of a broken
equation of motion (42). Finally, beyond the change of the inertia of the charge, the self-interaction
term seems to have another interesting effect that cannot be observed in the above models, namely the
phenomenon of enhancement binding which has been proven for a single charge in external potentials in
the setting of non-relativistic quantum electrodynamics, see [64, 60, 18].

2.2.5 Coping with the absence of a spectral gap

This section comprises a report on the following two articles:

A5. Relation Between the Resonance and the Scattering Matrix in the Massless Spin-Boson Model, M.
Ballesteros, D.-A. Deckert, F. Hänle, Communications in Mathematical Physics, 370, 41 pages,
2019

The openly accessible version arXiv:1801.04843 is attached in Section A, page 197.

A6. One-boson scattering processes in the massless Spin-Boson model – A non-perturbative formula,
M. Ballesteros, D.-A. Deckert, F. Hänle, Advances in Mathematics, 371:107248, 26 pages, 2020

The openly accessible version arXiv:1907.03013 is attached in Section A, page 243.

The works [A5-6] comprise a study of the so-called massless Spin-Boson model which describes the
interaction of a two-level atom with its scalar field. In terms of complexity, this model lies in between
the simple toy model of fixed charges (54) considered in Section 2.2.2 and models with a continuous
dispersion relations for the charges such as the Nelson and Yukawa model (94) and (119) considered in
Sections 2.2.3 and 2.2.4, respectively. The atom is considered fixed at the origin of position space and
its only degree of freedom is the transition between its ground and excited states. On the Hilbert space

H “ K b F , K “ C2, (133)

the model Hamiltonian is of the form

H “ H0 ` gV. (134)

https://link.springer.com/article/10.1007%2Fs00220-019-03481-w
https://arxiv.org/abs/1801.04843
https://www.sciencedirect.com/science/article/abs/pii/S0001870820302747
https://arxiv.org/abs/1907.03013
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Here, g P R is again a coupling constant, and the free Hamiltonian

H0 “ K ` H0
ω, K :“

ˆ
e1 0
0 e0

˙
, H0

ω :“
ż

d3kωpkqa˚
kak, (135)

consists of the idealized free Hamiltonian of a two-level atom K that encodes two energy levels denoted
by the real numbers 0 “ e0 ă e1 and the corresponding free Hamiltonian H0

ω of the scalar field, see (48).
The interaction of the two-level atom with its scalar field is encoded in the expression

V “ σ1 b pap f q ` a˚p f qq , σ1 “
ˆ

0 1
1 0

˙
(136)

given a form factor f of the type

f : R3zt0u Ñ R, k ÞÑ e´ k2

Λ2 |k|´ 1
2 `κ. (137)

It should be noted that despite the matrixσ1 that may induce atomic state transitions, the expression (136)
resembles the scalar field of the form (52), where the position was fixed to x “ 0 and the form factor γ
was replaced by f . The special choice of f in (137) is derived from the relativistic γ in (33) by setting the
boson mass to zero, decorating the resulting expression with a Gaussian suppression of the ultraviolet
frequencies that can be tuned with the help of the cut-off parameter Λ, and adding a regularization
parameter κ ą 0 that tempers the singular behavior for |k| Ñ 0. The reason to use a Gaussian ultraviolet
regularization instead of a hard cut-off in this model is to preserve certain analyticity properties that will
be crucial for the applied strategy. Both parameters the ultraviolet cut-off Λ ă 8 and also κ P p0, 1{2q
are kept fixed. All remaining constant factors are thought to be absorbed in the coupling constant g in
this notation.

Despite the simple kinetic term of the atom, this model is physically quite interesting as the interac-
tion with the scalar field may induce transitions between the atom levels. For this reason, it is frequently
employed in quantum optics to investigate scattering processes between bosons and atoms. Likewise,
the underlying mechanism is also mathematically quite rich as the ground state energy e0 in the non-
interacting case, i.e., g “ 0, is shifted on the real line to the interacting ground state energy λ0 while the
free excited state with energy e1 turns into a resonance with complex “energy” λ1 when the interaction
is switched on for g ą 0; see, e.g., [13]. However, in view of the discussed deficiencies D1 and D2, D1
is entirely avoided due to the fixed ultraviolet cut-off Λ ă 0 and also the representation problem of D2 is
not present thanks to the choice κ P p0, 1{2q. It turns out that the only remaining difficulty in the control
of this model in the prescribed range of parameters is the absence of a spectral gap. The spectrum of H0

ω

is absolutely continuous and supported on r0,8q; see [86]. Consequently, the spectrum of H0 is given
by re0,8q and e0 and e1 are eigenvalues embedded in the absolutely continuous spectrum; see [85]. The
latter difficulty is entirely of mathematical nature as it does not allow a ready application of analytic per-
turbation theory but requires a more subtle approach. The first objective of the works [A5-6] is therefore
to enable the rigorous investigation of the atomic state transitions due to the interaction with the scalar
field. As also partly outlined in the previous sections, a lot of technology has already been developed
to overcome this mathematical obstacle, which can be categorized into two principal approaches: The
so-called renormalization group approach, see, e.g., [6, 8, 7, 5, 9, 3, 52, 58, 98, 37, 14], which was the
first one applied successfully to construct resonances in models of quantum field theory, and further-
more, the so-called multi-scale approach also discussed in Sections 2.2.3 and 2.2.4 that was originally
developed in [83, 84, 4] and also successfully applied in various models of quantum field theory – e.g.,
in the discussed works [A3-4] which first extended the multi-scale method to the ultraviolet regime. In
order to study the interacting ground state λ0 and resonance λ1, in both approaches, one ultimately an-
alyzes a family of complex-dilated Hamiltonians which allow to regard the resonance λ1 as a complex
eigenvalue. The construction of the ground state and resonance, its analyticity properties, and crucial
spectral estimates on which the works [A5-6] are crucially based on were obtained in a preceding article
[13], which employs a multi-scale technique.
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After the development of the necessary tools to study the Spin-Boson model despite the absence of a
spectral gap, the second objective of [A5-6] is to establish a link between resonance and scattering theory
in a similar manner as it was done for non-relativistic N-body quantum mechanics, see Simon’s review
in [99]. One of the main results of the latter article shows that the integral kernel of the scattering matrix
elements are related to the resolvent of the corresponding N-body Schrödinger operator. Furthermore,
it was proven that the singularities of a meromorphic continuation of the integral kernel of the scatter-
ing matrix are located precisely at the resonance energies. Similar to resonance theory, also scattering
theory is well-established in various models of quantum field theory, e.g., in [39, 38, 16, 51, 50], and in
particular in the massless Spin-Boson model, e.g., in [22, 23, 24, 28, 11]. However, most results aim at
more abstract properties such as the existence of the scattering operator and asymptotic completeness,
and further strategies had to be developed for the works [A5-6] to live up to its objectives. The work [A5]
provides a formula for the leading order of the scattering matrix elements for one-boson processes to-
gether with an estimate of the error term. This formula already displays the dependence on the resonance
λ1 explicitly. The succeeding work [A6] provides a major improvement by establishing an exact formula
for the integral kernel of the scattering matrix elements for one-boson processes in terms of the dilated
resolvent. Both results are the first of their kind for a maybe simple, nevertheless non-trivial model of
quantum field theory. In order to state these main results, it will be helpful to briefly review a few of the
employed tools from resonance and scattering theory.

Complex dilation. As mentioned above, a complex dilation is employed in order to study the
resonance λ1 as complex eigenvalue, which is a standard strategy of resonance theory, see, e.g.,
[13] and [A3] for a self-comprehensive introduction regarding the particular model at hand. The
basic tool to conduct this dilation is a family of unitary operators onH indexed by θ P R:

uθ : hÑ h, ψ ÞÑ
´

k ÞÑ e´ 3θ
2 ψpe´θkq

¯
. (138)

Its canonical lift Uθ : F ý to standard Fock space F can be established by means of the lift
condition

Uθ a˚phq U´1
θ “ a˚puθhq, h P h. (139)

The latter defines Uθ uniquely up to a phase which, in the following, is simply set to equal one. As
done in the previous sections, all tensored identities are absorbed in the notation. For instance, Uθ

on F and 1K b Uθ onH are identified by the same symbol Uθ. Furthermore, a state Ψ P F is called
an analytic vector if the map θ ÞÑ Ψθ :“ UθΨ has an analytic continuation from an open connected
set in the real line to a connected domain in the complex plane. This unitary group pUθqθPR allows
to define a family of transformed Hamiltonians, for θ P R,

Hθ :“ UθHU´1
θ “ K ` Hθ

f ` gVθ, (140)

where

Hθ
f :“

ż
d3kωθpkqa˚

kak, Vθ :“ σ1 b
´

ap f θq ` a˚p f θq
¯

(141)

and

ωθpkq :“ e´θ|k|, f θ : R3zt0u Ñ R, k ÞÑ e´θp1`κqe´e2θ k2

Λ2 |k|´ 1
2 `κ. (142)

Next, it is crucial to note that the mathematical meaning of (142), (141), and (140) can be extended
to complex θ. In fact, if |θ| is small enough, Hθ is a closed, though non-self-adjoint, operator and
it can be shown that the family pHθqθPR of unitary equivalent, self-adjoint operators with domains
DpHθq “ DpHq extends to an analytic family of type A for θ in a suitable neighborhood of 0, see
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[A4] for details. For sufficiently small coupling constants and a suitable range of complex θ, it has
also been shown that Hθ has two non-degenerate eigenvalues λθ0 and λθ1 with corresponding rank-
one projectors denoted by Pθ0 and Pθ1, respectively; see, e.g., [13, Proposition 2.1]. In this case, the
corresponding dilated eigenstates can be expressed as

Ψθi :“ Pθi φi bΩ, i “ 0, 1, (143)

where the eigenstates φi of the free atomic Hamiltonian K are given by

φ0 “ p0, 1qT and φ1 “ p1, 0qT with Kφi “ eiφi, i “ 0, 1. (144)

The resulting eigenstates Ψθi are not necessarily normalized and, as known from [13, Theorem 2.3],
the eigenvalues λθi are independent of the dilation parameter θ, which is why in the following the
reference to it is suppressed in the notation. It must be emphasized, however, that for real θ the
eigenstate Ψθ1 does not exist as it would contradict self-adjointness. Only the construction of the
ground state Ψθ0 can also be carried out for real θ in which Ψθ“0

0 “ Ψθ0, see [13, Remark 2.4].

Scattering matrix. The second tool needed is a working definition of the scattering matrix, which
is briefly reviewed in the following; for details, see Section 1.3 of [A5]. With the following dense
subspace of compactly supported, smooth, and complex-valued functions on R3zt0u

h0 :“ C8
c pR3zt0u,Cq Ă h (145)

at hand, the basic components of scattering theory are comprised by:

1. For h P h0, the limit operators

a˘phqΨ :“ lim
tÑ˘8 atphqΨ, atphq :“ eitHaphtqe´itH , htpkq :“ hpkqe´itωpkq, (146)

for all Ψ P H such that the limit exists, and analogously the respective adjoints a˚̆ phq.

2. The asymptotic Hilbert spaces

H˘ :“ K˘ b F rhs where K˘ :“ tΨ P H | @ h P h0 : a˘phqΨ “ 0u . (147)

3. The wave operators

Ω˘ : H˘ Ñ H (148)

Ω˘Ψb a˚ph1q...a˚phnqΩ :“ a˚̆ ph1q...a˚̆ phnqΨ, h1, ..., hn P h0, Ψ P K˘. (149)

4. The scattering operator S :“ Ω˚̀Ω´.

The limiting operators a˘ and a˚̆ are called asymptotic outgoing/ingoing annihilation and creation
operators. The existence of the limits in (146), e.g., for Ψ P Dp ?

H0q, their properties, in particular
Ψ0 P K˘, and the well-definedness of Ω˘ are well-known for various models from the classic
literature; see, e.g., [39, 38, 16, 51, 50, 22, 23, 24, 28, 11]. A self-comprehensive proof of these
properties for the model at hand is given in Lemma 4.1 of [A5]. The scattering matrix coefficients
for one-boson processes are thus given by

S ph, lq “ ∥Ψ0∥´2 @a˚̀ phqΨ0, a˚́ plqΨ0
D
, @ h, l P h0, (150)
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In addition to the scattering matrix coefficients, it will be convenient to work with the corresponding
transition matrix coefficients for one-boson processes given by

T ph, lq “ S ph, lq ´ xh, ly2 , @ h, l P h0, (151)

as those carry a ready physical interpretation as transition amplitudes for a process in which an
incoming boson with wave function l is scattered at the two-level atom into an outgoing boson with
wave function h.

Leading term of the one-boson scattering kernel. The first link between resonance and scatter-
ing theory is established in form of a perturbative result, however, with full control on the remaining
error.

Theorem 2.8 (Leading order of the scattering kernel [A5]). For sufficiently small g, θ in the set

S “ tθ P C | ´ 10´3 ă Re θ ă 103 ^ 0 ă Im θ ă π{16u (152)

and for all h, l P h0, the two-body transition matrix coefficients are given by

T ph, lq “TPph, lq ` Rph, lq, (153)

where

TPph, lq :“ 4πig2 ∥Ψ0∥´2
ż

dr Gprq
˜

Re λ1 ´ λ0`
r ` λ0 ´ λ1

˘`
r ´ λ0 ` λ1

˘
¸

(154)

“ A
ż

dr Gprq
¨
˝ E1g2

pr ` λ0 ´ Re λ1 ´ ig2E1q
´

r ´ λ0 ` λ1

¯

˛
‚. (155)

Here, the abbreviations

E1 :“ g´2 Im λ1, (156)

A :“ 4πipRe λ1 ´ λ0qE´1
1 ∥Ψ0∥´2 . (157)

and, for solid angles dΣ, dΣ1 in R3 and h, l P h0, the notation

G : RÑ C, r ÞÑ Gprq :“
#ş

dΣ
ş

dΣ1 r4hpr,Σqlpr,Σ1q f pr,Σq2 for r ě 0
0 for r ă 0

(158)

were used. Furthermore, there are explicitly determined constants Cph, lq such that the error term
satisfies

|Rph, lq| ď Cph, lqg3| logpgq|. (159)

This property separates the error term from the principal one TPph, lq which is of order g2.

With regards to physics, the principal term TPph, lq may be rewritten as

TPph, lq “
ż

d3k
ż

d3k1 hpkqlpk1qδp|k| ´ |k1|qTPpk,k1q, (160)
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for

TPpk,k1q “ A f pkq f pk1q
˜

E1g2
`|k1| ` λ0 ´ Re λ1 ´ ig2E1

˘`|k1| ´ λ0 ` λ1
˘
¸
. (161)

This allows to identify the leading order of the scattering cross section as proportional to

|TPpk,k1q|2 “
˜

|A|2| f pkq|2| f pk1q|2
||k1| ´ λ0 ` λ1|2

¸
E2

1g4

p|k1| ` λ0 ´ Re λ1q2 ` g4E2
1

. (162)

For incoming momenta |k1| in a neighborhood of Re λ1 ´ λ0, this formula is dominated by the
Lorentzian envelope known from physics text-books. As expected, there is a maximum when the
energy of the incoming photons is close to the real value difference of the resonance λ1 and the
ground state energy λ0, and the width of this peak is controlled by the imaginary part of the reso-
nance Im λ1.

Exact formula for the one-boson scattering kernel. Though the above result is explicit in the
first relevant order of perturbation in g, and therefore useful in computations, the next result is more
implicit but reveals the link between the resonance and scattering theory more clearly by means of
an exact dependence of the integral kernel of the scattering matrix on the resolvent of the dilated
Hamiltonians:

Theorem 2.9 (Non-perturbative scattering kernel [A5]). For sufficiently small g, θ P S Ă C and all
h, l P h0, the transition matrix coefficients for one-boson processes are given by

T ph, lq “
ż

d3k
ż

d3k1 hpkqlpk1qδp|k| ´ |k1|qT pk,k1q, (163)

where

T pk,k1q “ 2πig2 f pkq f pk1q ∥Ψ0∥´2
ˆA

σ1Ψ
θ
0,
`
Hθ ´ λ0 ´ |k1|˘´1

σ1Ψ
θ
0

E
(164)

`
B
σ1Ψ

θ
0,
´

Hθ ´ λ0 ` |k1|
¯´1

σ1Ψ
θ
0

F˙
. (165)

As before, the integral with respect to the Dirac delta distribution δ in (163) is to be understood
as

T ph, lq “
ż 8

0
d|k|

ż
dΣ

ż
dΣ1 hp|k|,Σqlp|k|,Σ1qT p|k|,Σ, |k|,Σ1q, (166)

where again spherical coordinates k “ p|k|,Σq with Σ being the solid angle in R3 are used, and
T pk,k1q ” T p|k|,Σ, |k|,Σ1q is given by (164). Finally, one may now apply perturbation theory
again to recover the result (162) and make its Lorentzian shape more apparent.

Beside several Spin-Boson model specific computations that allowed to rewrite the scattering coeffi-
cients in a more explicit form, a crucial tool employed in gaining the required control on the long-time
evolution was the following representation of the unitary time evolution generated by the model Hamil-
tonian H in (134) for analytic vectors ϕ, ψ P H :

@
ϕ, e´itHψ

D “ lim
ϵÓ0

1
2πi

ż

R`iϵ
dz e´itz

A
ϕ, pH ´ zq´1 ψ

E
. (167)

In the considered model, the justification of this identity was possible, first, due to the rather precise
resolvent estimates close to the real axis provided in the preceding work [13], and second, due to the fact
that, after implementing the complex dilation Uθ, the continuous spectrum of the original Hamiltonian
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(134) is tilted to the lower complex plane and localized in cones attached to eigenvalues λ0 and λ1.
Thanks to this fact, it is possible to give (167) a meaning by deforming the integration path R ` iϵ at
´8 and `8 towards the lower complex plane. It is interesting to note that in the massive version of this
model, though it features a spectral gap that makes the construction of the ground state and resonance
much easier, this strategy fails. This is to be attributed to the corresponding unperturbed Hamiltonian
exhibiting the spectrum

te0, e1u Y
8ď

k“1

´
te0, e1u ` rkµ,`8q

¯
, (168)

i.e., a spectrum consisting of the ground state energy e0, excited state energy e1, and in addition con-
tinuous spectra attached to every multiple of m starting from e0 and e1 with a gap of the magnitude of
the boson mass µ. This leads to an absence of decay of the corresponding complex-dilated resolvent of
the model Hamiltonian close to the real line. Therefore, a different strategy had to be employed in a
successive work [12] to control the time evolution and obtain an analogous result to Theorem 2.8 above.
Despite the different strategy of proof, it turns out that the formula of the integral kernel of the scatter-
ing matrix differs only in terms of replacing the bosonic dispersion ωpkq “ |k| by ωpkq “ a

k2 ` µ2

and including the respective Jacobi determinant resulting from the argument of the delta distribution. A
posteriori, the scattering kernel of the massless model can thus be retrieved from the massive one by con-
sidering µ Ñ 0. This may also have been the physical expectation as, contrary to deficiency D1, D2 does
not seem to imply any fundamental problem with the equations of motion of a particular model of quan-
tum field theory. Switching from µ ą 0 to µ “ 0 may rather be regarded as a tuning of the underlying
wave equation (24) which introduces several mathematical subtleties that have to be addressed.

2.3 Models of varying charges

This concluding section provides selected adoptions from the review article

A7. A Perspective on External Field QED., D.-A. Deckert, F. Merkl, book edition Quantum Mathe-
matical Physics, Birkhäuser, 381-399, 18 pages, 2016

The openly accessible version arXiv:1510.03890 is attached in Section A, page 269.

and furthermore a report on the work:

A8. External Field QED on Cauchy Surfaces for Varying Electromagnetic Fields, D.-A. Deckert, F.
Merkl, Communications in Mathematical Physics, 345(3):973–1017, 44 pages, 2016

The openly accessible version arXiv:1505.06039 is attached in Section A, page 287.

The models discussed so far were motivated in Section 2.2.2 with the objective to introduce a rela-
tivistic interaction between the N quantum charges. The described route taken by the founding pioneers
to introduce such an interaction by means of a quantized field of type (20) is the first stepping stone
to quantum field theory. Nowadays, there is good hope that the deficiency D2 entirely as well as the
representation problem caused by the two-faced deficiency D1 can be addressed by sufficiently advanced
mathematical tools. Furthermore, the self-interaction problem caused by D1 does at least not seem to
be worse than its analogue in classical field theory. However, relativistic interaction between persistent
charges is only half of the story of quantum field theory and this section concludes with a brief overview
on the other half, the relativistic nature of the charges themselves. As regards this report, it is to be
emphasized that, except for the works on the existence of dynamics [A1-2] reported on in Section 2.2.1
and 2.2.2, none of the considered models so far feature a relativistic dispersion for the charges. Even
the Yukawa model (119) only caricatures a relativistic dispersion by

a
´∆x ` M2 in the sense that its

Fourier multiplication operator is linear and not quadratic in the momentum variable, nevertheless its
resulting propagator is not causal. The reason why many works in the recent and also classical math-
ematical physics literature do not address relativistic candidates of dispersion relations for the charges,

https://link.springer.com/chapter/10.1007/978-3-319-26902-3_16
https://arxiv.org/abs/1510.03890
http://link.springer.com/article/10.1007/s00220-016-2606-y
https://arxiv.org/abs/1505.06039
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e.g., as the ones derived from the Klein-Gordon or Dirac equation, is that the latter have rather pecu-
liar properties which may not allow for a ready interpretation in terms of quantum particles. The free
one-particle Dirac equation, for example,

pi{B ´ Mqψpxq “ 0, for ψ P H “ L2pR3,C4q, (169)

was originally suggested to describe the free motion of single electrons. Here, γµ, µ “ 0, . . . , 3 denote the
Dirac matrices fulfilling the anti-commutator relation tγµ, γνu “ γµγν ´ γνγµ “ 2gµν, and furthermore,
Feynman’s slash notation {B “ γµBµ is used. Curiously enough, (169) allows for solutions with arbitrarily
negative kinetic energies as the corresponding Hamiltonian

H0 “ γ0p´iγ ¨ ∇x ` Mq (170)

exhibits an absolutely continuous spectrum σpH0q “ p´8,´ms Y r`m,8q. Due to this fact, physi-
cists rightfully argue [57] that a Dirac electron coupled to the electromagnetic field may cascade to ever
lower and lower energies by emission of radiation that is transported to spatial infinity. Other peculiar-
ities stemming from the presence of a negative energy spectrum are the so-called Zitterbewegung, first
observed by Schrödinger [89], and Klein’s paradox [71]. In 1934, Dirac demonstrated [30] how those
peculiarities can be reconciled and brought into a coherent description when switching from the one-
particle Dirac equation (169) to a many, in the mathematical idealization even infinitely many, particle
description known as the Dirac sea or the second quantization of the Dirac equation. Perhaps the most
striking consequence of this description is the phenomenon of electron-positron pair creation, which only
little later was observed experimentally by Anderson [1]. Though models of persistent charges remain
meaningful in physically interesting regimes, as for instance, in non-relativistic quantum electrodynam-
ics or heavy-ion physics, it became clear that a complete quantum field theory will have to describe also
the charges in terms of a relativistic quantum field. In the following, a brief historic introduction is pro-
vided in order to emphasize some basic aspects of this approach, which specialists can of course safely
skip, at least until the paragraph “Time evolution of Dirac seas”.

In order to rid relativistic quantum theory from peculiarities arising from the negative energy states,
Dirac proposed to introduce a “sea” of electrons occupying all negative energy states. The Pauli exclusion
principle then acts to prevent any of the electrons that may be dragged to the positive energy part of the
spectrum by, e.g., a temporary binding potential, to dive back unboundedly into the negative part. For P`
and P´ denoting the orthogonal projectors onto the positive and negative energy subspacesH` “ P`H
and H´ “ P´H of the Hamiltonian H0 in (170), respectively, Dirac’s heuristic picture may amount to
an antisymmetric infinitely-particle wave function, usually called a Dirac sea, such as

Ω “ φ1 ^ φ2 ^ φ3 ^ . . . , pφnqnPN being an orthonormal basis ofH´, (171)

where ^ denotes the antisymmetric tensor product with respect to the Hilbert space H . According to
Dirac, the state in (171), though full of particles, is to be interpreted as an effective vacuum due to the
uniform distribution of the particles so that only excitations from this vacuum may become observable:

Admettons que dans l’Univers tel que nous le connaissons, les états d’energie négative soient
presque tous occupés par des électrons, et que la distribution ainsi obtenue ne soit pas
accessible à notre observation à cause de son uniformité dans toute l’etendue de l’espace.
Dans ces conditions, tout état d’energie négative non occupé représentant une rupture de
cette uniformité, doit se révévler à observation comme une sorte de lacune. Il es possible
d’admettre que ces lacunes constituent les positrons.

P.A.M. Dirac, 1934 in Théorie du Positron

Although, such a conjecture would eventually have to be justified by showing that, e.g., thanks to the
Fermi and perhaps also the Coulomb repulsion, the respective density matrices of the actual entangled
ground state of a model of interacting quantum electrodynamics and the product state ansatz (171) are in
some sense close and resemble such a uniform distribution, Dirac’s heuristic picture serves already well
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as a working prescription, and at least in the regime of scattering theory, it has proven its empirical ade-
quacy. As described in [30], a first attempt to study such a system is to introduce an external disturbance
that may provoke the described excitations. The natural candidate is an electromagnetic field

A : R4 Ñ R4, x ÞÑ pAµpxqqµ“0,1,2,3 “ pA0pxq,Apxqq (172)

which turns the free Dirac equation in (170) into the following version, featuring an external potential

pi{B ´ Mqψpxq “ e {Apxqψpxq, (173)

where e represents the electron charge in this notation. The external potential Aµpxq may now allow for
transitions of states between the subspaces H` and H´. Provided sufficient regularity, (173) gives rise
to a one-particle evolution operator UApt1, t0q : H ý for times t1, t0 P R, see [102]. A natural candidate
for a time evolution of (171) may thus be given by an operator LU acting as

LUΩ “ Uφ1 ^ Uφ2 ^ Uφ3 ^ . . . for U “ Upt1, t0q. (174)

Heuristically speaking, an excitation may then be created as follows. A state φ1 P H in the Dirac sea Ω
may be bound by the potential Aµpxq and over time dragged into the positive energy subspace to become
χ P H`. As an oversimplified but illustrative example, a resulting excited state could therefore be of the
form

Ψ “ χ ^ φ2 ^ φ3 ^ . . . (175)

in which φ1 is missing. Due to (173), states inH` disperse rather differently as compared to the ones in
H´. Hence, an electron described by χ P H` may emerge from the “vacuum” and so does the “hole”
in the sea described by the missing φ1 P H´ the state (175), which is left behind. Following Dirac, the
hole itself can be interpreted as a particle, which is referred to as positron, and both names can be used
as synonyms. It turns out that the dispersion of a positron is given by the one of an electron except for
an opposite sign of its charge e. The state (175) is therefore referred to as electron-positron pair. This
heuristic picture can be developed into an economic Fock space formalism to describe Dirac seas and
their excitations which, first, is introduced informally, and later, formally.

Fock space description. Instead of tracking all infinitely many particles individually, one may equiv-
alently describe the motion of the electron χ, the corresponding hole φ1, and the net evolution of Ω.
Since the number of electron-hole pairs may vary over time, a formalism for variable particle numbers is
needed. This is provided by the Fock space formalism associated to the second quantization of the Dirac
equation. One introduces a so-called creation operator a˚ that algebraically acts as

a˚pχqφ1 ^ φ2 ^ . . . “ χ ^ φ1 ^ φ2 ^ . . . , (176)

and also its corresponding adjoint a, which is called annihilation operator. The state Ψ from the example
in (175) can then be written as Ψ “ a˚pχqapφ1qΩ. Moreover, as the operator a˚p f q is linear in its
argument f P H , it is commonly split into the sum

a˚p f q “ b˚p f q ` c˚p f q with b˚p f q :“ a˚pP` f q, c˚p f q :“ a˚pP´ f q. (177)

Hence, b˚ and c˚ and their adjoints are creation and annihilation operators of electrons having positive
and negative energy, respectively. In order to focus on the excitations with respect to the infinitely
many-particle state Ω, in the notation, one introduces the following change in language. First, the space
generated by the completion of all finite linear combinations of states b˚p f1qb˚p f2q . . . b˚p fnqΩ for fk P
H`, n P N, is identified with the electron Fock space

Fe “ à
nPN0

pH`q^n. (178)
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Second, the space generated by the completion of all finite linear combinations of states of the form
cpg1qcpg2q . . . cpgnqΩ for gk P H´, n P N, is identified with the hole Fock space

Fh “ à
nPN0

pH´q^n. (179)

Note that this time it is the annihilation operator of negative energy states that generates the Fock space.
To make the notation more coherent, one furthermore replaces the annihilation operator of negative
energy states cpgq by the symbol d˚pgq, which reminds of a creation operator. However, unlike creation
operators, d˚pgq would still be anti-linear in its argument g P H´. Thus, in a third step, one replacesH´
by its complex conjugate H´, i.e., the set H´ equipped with the usual C-vector space structure except
for the scalar multiplication ¨‹ : C ˆH´ Ñ H´ which is redefined by λ ¨‹ g “ λ˚g for all λ P C and
g P H´. This turns Fh into

Fh “ à
nPN0

pH´q^n, (180)

and d˚pgq “ cpgq becomes linear in its argument g P H´ and may be referred to as a hole creation
operator. To treat electrons and holes more symmetrically, one also introduces the anti-linear charge
conjugation operator C : H Ñ H , Cψ “ iγ2ψ˚. This operator exchanges H` and H´, i.e., CH˘ “
H¯, and thus, gives rise to a linear map C : H´ Ñ H`. A hole wave function g P H´ living in the
space negative states can then be represented by a wave function Cg P H` living in the positive energy
space.

By definition (176), at least informally, it can be seen that b, b˚ and d, d˚ fulfill the well-known
anti-commutator relations

tbpgq, bphqu “ 0 “ tb˚pgq, b˚phqu,
tdpgq, dphqu “ 0 “ td˚pgq, d˚phqu,

tb˚pgq, bphqu “ @
g, P`h

D
H 1Fe ,

td˚pgq, dphqu “ @
g, P´h

D
H 1Fh

(181)

for g, h P H and the full Fock space for the electrons and positrons is then given by

F “ Fe b Fh. (182)

In this space, the vacuum (171) is represented by Ω “ 1 b 1 instead of an infinite antisymmetric product
state as in (171) and the example electron-positron pair state Ψ in (175) by a˚pχqd˚pφ1qΩ. Two goals
are achieved with this formalism. First, the description focuses on the excitation above the vacuum while
the infinity many sea particles are implicitly encoded in the choice ofH “ H` ‘H´ by means of

bp f qΩ “ 0 “ dp f qΩ for all f P H . (183)

And second, the wave functions in the arguments of the creation operators turn out to have positive
kinetic energy.

Time evolution of Dirac seas. In this Fock space formalism, one-particle operators U on H , as for
instance the evolution operator UA : H ý generated by (173), can be lifted to unitary operators rU on F
by requiring the following lift condition to hold

rUa˚p f q rU˚ “ a˚pU f q. (184)

This condition determines a lift rU : F ý up to a phase as can be seen from the left-hand side of
(184). For a prescribed external potential Aµpxq, one would be inclined to readily compute transition
probabilities for the creation of pairs, as for example for a transition from Ω to Ψ as given in (171) and
(175), respectively. Given orthonormal bases pφnqn and pχnqn of H´ and H`, respectively, the leading
order of such a transition is given by

1 ´ |xΩ, rUApt1, t0qΩyF |2 «
ÿ

nm

ˇ̌@
χn,UApt1, t0qφm

D
H
ˇ̌2 “ }UA`´pt1, t0q}I2 , (185)
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where the notation UA˘¯ “ P˘UAP¯ was used and the space of bounded operators with finite Hilbert-
Schmidt norm }¨}I2 is denoted by I2pHq. This is where the otherwise smooth story of the second quanti-
zation of the Dirac equations comes to an abrupt ending:

Deficiency D3: Another representation problem. For quite general yet sufficiently regular po-
tentials A that ensure the existence of the one-particle time evolution operator UA, and whose time
evolution shall be abbreviated by t ÞÑ Aptq, it turns out that:

Theorem 2.10 (Ruijsenaars [87]). The right-hand side of (185) ă 8 ô Apt0q “ 0 “ Apt1q.

In view of (185), the transition probability is thus only defined for external potentials A that, at
the times of interest t0, t1, have zero spatial components A. Even worse, the criterion for the well-
definedness of a possible lift rU : F ý of any unitary one-particle operator U : H ý according to
(184) is given by:

Theorem 2.11 (Shale-Stinespring [97]). There is a unitary operator rU : F ý that fulfills (184) ô
U`´,U´` P I2pHq.

Hence, Theorem 2.10 together with Theorem 2.11 imply that a lift rUA of the one-particle time
evolution UA is well-defined if and only if the spatial components A are zero at the relevant times
t0, t1. The mechanism behind this effect is that the Hamiltonian for Dirac electrons in an external
field

HA “ γ0 pγ ¨ p´i∇x ´ eAq ` Mq ` eA0 (186)

features a γ0γ matrix in front of A which, when applied to (171), instantly develops components in
the positive energy spectrum in each of the infinite tensor components and renders the corresponding
Fock norm infinite. Loosely speaking, infinite many electron-positron pairs are already produced
by the action of the Hamiltonian only. If A eventually becomes zero again, these positive energy
components relax back to the negative spectrum and the corresponding pairs disappear. Therefore,
the scattering matrix for an external field localized in a finite domain of space-time is unaffected,
which is why physicists refer to those pairs at intermediate times as virtual pairs. The time evolution
operators rUA for intermediate times that lie in the support of the spatial components of the external
field A are however ill-defined and cause divergences such as in (185). This ill-definedness of
the evolution operator, and likewise of its generator, for general potentials A can be addressed by
yet another ultraviolet cut-off of large momenta that ensures the finiteness of (185), which is why
deficiency D3 was coined ultraviolet divergence of fermionic fields modeling matter and charges
in the introduction in Section 2.1. The fundamental problem, however, turns out to be yet another
problem of the fixed representation of standard Fock space which is defined by the choice of splitting
H “ H` ‘H´ employed in (178) and (179). In fact, one way to construct a well-defined second-
quantized time evolution operator, as sketched in [41], is to implement it between time-varying Fock
spaces instead of on the single fixed standard Fock space F . Such constructions have successfully
been carried out for general potentials in [73, 77, 26]. With regards to deficiency D2, and in parts
also D1, the necessity to adapt the Fock space representations is not unfamiliar. Especially in a
relativistic setting, a change of Fock spaces should be expected, as for instance any Lorentz boost
may tilt an equal-time hyperplane ttu ˆ R3 to a space-like hyperplane Σ in space-time R4, which
would require a change from standard Hilbert space L2pR3,C4q to L2pΣ,C4q attached to Σ, and
likewise, the corresponding Fock spaces are bound to change.

Despite the fact that there are solutions for this part of deficiency D3, the fact that remained particu-
larly strange in view of Lorentz and gauge invariance was the explicit reference to the spatial components
of A. This gave rise to the work [A8] in which the underlying geometry of Ruijsenaars’ criterion was
investigated and the existing constructions in [73, 77, 26] based on equal-time hyperplanes were gener-
alized by implementing the second-quantized Dirac evolution from one Cauchy surface to another. The
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resulting formulation of external field QED has several advantages. First, its Lorentz and gauge covari-
ance can be made explicit. Second, it treats the initial value problem for general Cauchy surfaces, and
therefore, allows to study the evolution in the form of local deformations of Cauchy surfaces in the spirit
of Tomonaga and Schwinger, e.g., [103, 91, 92, 94, 93, 95, 96]. And third, it gives a geometric and more
general version of the implementability criterion A “ 0 that is formalized by the above theorems by
Ruijsenaars and Shale-Stinespring in the special case of equal-time hyperplanes. These main results of
work [A8] are described in the following.

Evolution on varying Fock spaces. The central geometric objects to formulate the well-posedness
result of the initial value problems of (173), see [27], are Cauchy surfaces Σ in R4, which are under-
stood as smooth, three-dimensional submanifolds of R4 that fulfill the following three conditions:

1. Every inextensible, two-sided, time- or light-like, continuous path in R4 intersects Σ in a
unique point.

2. For every x P Σ, the tangential space TxΣ is space-like.

3. The tangential spaces to Σ are bounded away from light-like directions in the following sense:
The only light-like accumulation point of

Ť
xPΣ TxΣ is zero.

The one-particle Hilbert space attached to a Cauchy surface Σ is given by the space of C4-valued
square-integrable functions HΣ “ L2pΣ,C4q. In the same way H was split into the polarizations
H˘ byH “ H`‘H´, one may proceed withHΣ. All admissible polarizations PolpHΣq are given
by the set of all closed, linear subspaces V Ă HΣ such that V and VK are both infinite dimensional.
For V P PolpHΣq the corresponding orthogonal projector onHΣ is denoted by PV

Σ
: HΣ Ñ V . Each

polarization V P PolpHΣq then splits the Hilbert space HΣ into a direct sum, i.e., HΣ “ VK ‘ V .
The so-called standard polarizations H`

Σ
and H´

Σ
are determined by the orthogonal projectors P`

Σ

and P´
Σ

onto the free positive and negative energy Dirac solutions, respectively, restricted to Σ:

H`
Σ

:“ P`
Σ
HΣ “ p1 ´ P´

Σ
qHΣ, H´

Σ
:“ P´

Σ
HΣ. (187)

Loosely speaking, in terms of Dirac’s hole theory, the polarization V P PolpHΣq indicates the
“sea level” of the Dirac sea, and the electron wave functions in VK and V are considered to be
“above” and “below” sea level, respectively. Finally, given a Cauchy surface Σ and a polarization
V P PolpHΣq, one can define the corresponding Fock space

F pV,HΣq :“ à
cPZ
FcpV,HΣq, FcpV,HΣq :“ à

n,mPN0
c“m´n

pVKq^n b V
^m
, (188)

whose creation and annihilation operators are denoted by a˚
Σ

and aΣ.
For the sake of simplicity, in order to investigate the lift of the one-particle Dirac evolution

UA
Σ1Σ : HΣ Ñ HΣ1 from Cauchy surface Σ to Σ1 that is generated by (173), see [27], the following

external potential

A “ pAµqµ“0,1,2,3 “ pA0,Aq P C8
c pR4,R4q, (189)

that is smooth and compactly supported is assumed, although this condition is unnecessarily strong
and can be generalized. The first question is whether there are polarizations V P PolpHΣq and
W P PolpHΣ1q such that a potential lift

rUA
Σ1Σ : F pV,HΣq Ñ F pW,HΣ1q (190)
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fulfilling the generalized lift condition

rUA
Σ1Σ ψV,Σp f q rUA

ΣΣ1 “ ψW,Σ1pUA
Σ1Σ f q, for f P HΣ (191)

exists, where ψV,Σ denotes the Dirac field operator corresponding to Fock space F pV,Σq, i.e.,

ψV,Σp f q :“ aΣpPVK
Σ f q ` a˚

ΣpPV
Σ f q, for all f P HΣ. (192)

The condition under which such a lift rUA
Σ1Σ exists can be inferred from an application of Shale and

Stinespring’s well-known theorem [97]:

Theorem 2.12 (Generalized Shale-Stinespring). The following statements are equivalent:

1. There is a unitary operator rUA
Σ1Σ : F pV,HΣq Ñ F pW,HΣ1q which fulfills (191).

2. The off-diagonals PWK
Σ1 UA

Σ1ΣPV
Σ

and PW
Σ1UA
Σ1ΣPVK

Σ
are Hilbert-Schmidt operators.

Again, it is important to emphasize that the phase of the lift is not fixed by condition (191) and,
depending on the external field A, this condition is not always satisfied as Ruijsenaars’ theorem above
shows. On the other hand, the choices of polarizations V and W are at one’s expense in order to arrange
for well-definedness. There is a trivial but little useful choice: Pick a Cauchy surface Σin in the remote
past of the support of A fulfilling

Σin is a Cauchy surface such that supp A X Σin “ H (193)

to define V “ UA
ΣΣin
H´
Σin

and W “ UA
Σ1Σin
H´
Σin

which trivially fulfill point 2 of Theorem 2.12 as the off-
diagonals are zero. The drawback of these choices is that the resulting lifts depend on the whole history
of A between Σin and Σ,Σ1. Moreover, such V and W are rather implicit. But the statement in point 2 in
Theorem 2.12 also allows to differ from the projectors PV

Σ
and PW

Σ1 by a Hilbert-Schmidt operator. It is
therefore interesting to study the corresponding classes of admissible polarizations and their dependence
on A, which turn out to be rather canonical objects.

Classes of admissible polarizations. The preceding observations suggest to characterize admis-
sible classes of polarizations as follows:

Definition 2.13 (Physical polarization classes [A8]). For a Cauchy surface Σ, one defines the equiv-
alence classes

CΣpAq :“
”
UA
ΣΣin
H´
Σin

ı
« , (194)

where for V,V 1 P PolpHΣq, V « V 1 means that the difference PV
Σ

´ PV 1
Σ

is a Hilbert-Schmidt
operatorHΣ ý in I2pHΣq.

This definition immediately implies:

Corollary 2.14 (Dirac sea evolution). Let Σ,Σ1 be Cauchy surfaces. Then any choice V P CΣpAq
and W P CΣ1pAq implies condition 2 of Theorem 2.12, and therefore, the existence of a lift rUA

Σ1Σ :
F pV,HΣq Ñ F pW,HΣ1q obeying (191).

Consequently, any choice V P CΣpAq and W P CΣ1pAq gives rise to a lift of the one-particle Dirac
evolution between the corresponding F pV,HΣq and F pW,HΣ1q that is unique up to a phase. Two natural
questions are therefore: On which properties of A and Σ do these polarization classes depend? And how
do they behave under Lorentz and gauge transformations? Beside the above framework, the main import
of the work [A8] are answers to these questions which are reported on next.
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Properties of polarization classes. The first result ensures that the classes CΣpAq are independent
of the history of A. Instead, it is shown that they only depend on the tangential components of A on
Σ.

Theorem 2.15 (Identification of polarization classes [A8]). Let Σ be a Cauchy surface and let A
and rA be two smooth and compactly supported external fields. Then

CΣpAq “ CΣprAq ô A|TΣ “ rA|TΣ (195)

where A|TΣ “ rA|TΣ means that for all x P Σ and y P TxΣ the equality Aµpxqyµ “ rAµpxqyµ holds
true.

Ruijsenaar’s no-go result as stated above may now be viewed as the special case of Σ “ Σt “
tx P R4| x0 “ tu being an equal-time hyperplane.

The second main result furthermore shows that the polarization classes transform naturally un-
der Lorentz and gauge transformations:

Theorem 2.16 (Lorentz and Gauge transformations [A8]). Let V P PolpHΣq be a polarization.

1. Consider a Lorentz transformation given by LpS ,Λq
Σ

: HΣ Ñ HΛΣ for a spinor transformation
matrix S P C4ˆ4 and an associated proper orthochronous Lorentz transformation matrix
Λ P SOÒp1, 3q, cf. [27, Section 2.3]. Then:

V P CΣpAq ô LpS ,Λq
Σ

V P CΛΣpΛApΛ´1¨qq. (196)

2. Consider a gauge transformation A ÞÑ A ` BΓ for some Γ P C8
c pR4,Rq given by the multipli-

cation operator e´iΓ : HΣ Ñ HΣ, ψ ÞÑ ψ1 “ e´iΓψ. Then:

V P CΣpAq ô e´iΓV P CΣpA ` BΓq. (197)

Similarly to the unnecessarily strong restriction of A P C8
c pR4,Rq, it is also possible to relax

the condition of Γ, but this was not the focus of the work [A8].

These results render a geometric explanation for the peculiar no-go results on the existence of dynam-
ics by Ruijsenaars and Shale-Stinespring in the special case of equal-time hyperplanes and fixed standard
Fock space. In all generality, to construct the evolution for Dirac seas between Cauchy surfaces Σ and
Σ1, the initial step is to define Fock spaces F pV,HΣq and F pW,HΣ1q attached to Σ and Σ1 by selecting
polarizations V and W, respectively. The reported results of work [A8] now state that those polarizations
V and W must be chosen from the polarization classes CΣpAq and CΣ1pAq, respectively. Only then there
is a lift of the unitary one-particle Dirac evolution operator UA

Σ1Σ : H ý to a unitary second-quantized
evolution rUA

Σ1Σ : F pV,HΣq Ñ F pW,HΣ1q fulfilling the lift condition (191). While the particular choice
of V and W can be regarded as a “choice of coordinates” in the admissible Fock representations of the
Dirac seas, the classes from which these polarizations are chosen are canonical objects in the sense that
they behave covariantly under Lorentz and gauge transformations and are uniquely characterized only
by the tangential components of the external potential A on the respective Cauchy surface. The resulting
transition probabilities |xΨ, rUA

Σ1ΣΦy|2 are thus well-defined for all Ψ P F pW,HΣ1q and Φ P F pV,HΣq,
and furthermore, also unique because the potential phase that is left unspecified by the lift condition
(191) drops out.

Finally, given a Cauchy surface Σ, the work [A8] provides another explicit representative eQA
ΣH´
Σ

of the equivalence class of polarizations CΣpAq in the form of a compact, skew-adjoint, linear operator
QA
Σ

: HΣ ý that only depends on local information of A at Σ as opposed to the history of A such as, e.g.,
the trivial representative employed in (194), which is called “interpolating representation”, and also those
directly derived from global constructions of the fermionic projector [42, 45, 46, 43]. Given a family
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of Cauchy surfaces pΣtqtPR that interpolates smoothly between Σ and Σ1, the work [A8] furthermore
provides an infinitesimal version of how the external potential A changes the polarization in terms of
the flow parameter t. Other representatives of the polarization class CΣpAq can be inferred from the so-
called Furry picture, which were worked out for equal-time hyperplanes in [41]. This choice amounts
to the polarization obtained by a splitting into the positive and negative spectral subspaces of the Dirac
Hamiltonian (173) with respect to an external field that is frozen at time t. However, as also concluded
in [41], the resulting number operators of electrons and positrons for this choice of polarization are not
Lorentz invariant and a vacuum state in one reference frame may look as a many-particle state in another.
In fact, the mathematical structure of the external field problem in QED does not seem to discriminate
between particular choices of polarizations within a class CΣpAq. Such a discrimination must therefore
be introduced ad-hoc on physical grounds or inferred from a model of quantum electrodynamics that
features an interaction between the charges, e.g., in order to devise a simple detector model. In scattering
situations, one usually relies on Dirac’s prescription that, whenever the external field A is switched off,
in the long-time limits of scattering theory, the vacuum state (171) can be considered close to the actual
ground state, and furthermore, excitations above it, i.e., with respect to polarizationsH`

Σ
andH´

Σ
, should

be considered asymptotic electron-positron pairs. A similar prescription is given by the Furry picture in
which the external fields are static. In such settings and for adiabatically tuned external fields, the effect
of electron-positron pair creation was proven in [82]; see also [81].

Much more interesting than the external field model above are of course models that feature an elec-
tromagnetic interaction between the charges. While currently, a rigoros study of a complete model of
quantum electrodynamics beyond individual perturbative corrections may yet be out of reach, in a long
series of works Gravejat, Hainzl, Séré, and Solovej studied the stationary solutions of a non-linear model
of quantum electrodynamics, among them [61, 62, 63, 54, 55] and, in particular, the overview in [74].
This model treats the Dirac sea in a Hartree-Fock approximation and features a self-consistent coupling
to a classical electromagnetic field that is composed out of a prescribed external part, and most interest-
ingly, another one that fulfills the time-independent Gauss laws given the expectation value of the charge
current density generated by the Furry picture representation as input. Those models are not only able
to describe the polarization of the vacuum by an external field but also the back reaction of its quantum
expectation and establish the contact to effective models such as the Heisenberg-Euler Lagrangian [56]
that are used in high-energy physics to describe the so-called non-linear properties of the quantum vac-
uum such as light-light scattering.

In general, models that couple to the charge current of the Dirac sea have to deal with yet another
deficiency of type D3 that is more severe than the representational one described above. This section,
and therefore this report, concludes with a short informal description of it:

Deficiency D3: The ill-defined charge current. As it is well-known [34], without a regularization of
the momenta in the ultraviolet regime by another cut-off Λ, expectation values of the straight-forward
charge current in quantum electrodynamics, as suggested by Noether’s theorem, diverge logarithmically
in Λ. In the external field model above, this behavior can be understood by means of Bogolyubov’s
formula

rj µpxq “ ie rUA
ΣinΣout

δ rUA
ΣoutΣin

δAµpxq (198)

where, similar to Σin characterized in (193), Σout is a Cauchy surface in the remote future of the support
of A such that Σout X supp A “ H. Moreover, δ

δAµpxq denotes the functional derivative with respect to
Aµpxq in the sense of

xΩ,
ż

d4x Fµpxqrj µpxqΩyF “ d
dϵ

xΩ, ie rUA
ΣinΣout

rUA`eF
ΣoutΣin

ΩyF
ˇ̌
ˇ
ϵ“0

(199)
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for test functions F P C8
c pR4,R4q. While for each lift rUA

Σ1Σ the expression (199) is well-defined, it
depends explicitly on the choice of phase that was left unspecified by the lift condition (191). Let for
example φA P R be a functional of A. Then

U
A
Σ1Σ “ e´iφA rUA

Σ1Σ (200)

specifies another lift. By means of Bogolyubov’s formula (198), the associated current is given by

j
µpxq “ rj µpxq ` e

δφA

δAµpxq . (201)

Loosely speaking, the divergence of the expectation of the straight-forward charge current operator men-
tioned above is reflected in Bogolyubov’s formula as the dependence of j

µ
on an arbitrarily chosen

quantity, namely the phase φA. Hence, now it is the task to select a physically relevant one. A possible
route, maybe most prominently investigated in [36, 88, 77, 53], is to impose extra conditions on the
unidentified phase φA, such as causality and Lorentz and gauge invariance of the implied current (201),
so that together with the groupoid property

U
A
Σ1Σ “ U

A
Σ1Σ2 U

A
Σ2Σ, (202)

for all Cauchy surfaces Σ,Σ1,Σ2, the degrees of freedom in finding such a physically relevant vacuum
expectation value for the current operator (201) are reduced to the known freedom of choice of a real
number, i.e., the experimentally measured charge eexp. While there is a suggestion of a phase motivated
by parallel transport in [78], which also reproduces the second order of perturbation of the vacuum
expectation value of the charge current, the program to arrive at a well-defined current was yet only
carried out for individual orders of perturbation.

Furthermore, even if this program succeeds, there might be another difficulty to face when coupling
self-consistently to the fields created by the potentially induced electron-positron pair excitations of
the vacuum, which has been mentioned as the Landau pole problem in the introduction to this report
in Section 2.1. While there is a lot of sophisticated physics literature on this topic, the mechanism is
demonstrated particularly clear for the time component of the charge current vacuum expectation value
in [63, Section 7 and 8] in the afore mentioned non-linearly coupled Hartree-Fock model of the quantum
vacuum. On a very informal level, the general mechanism may be sketched as follows. According to
[34], the Fourier modes in the momentum variable q P R4 of the vacuum expectation value of the charge
current operator under the influence of an external field A takes the form

pj µpqq “ ´αpj µApqqpRΛ ´ ∆pqqq ` O
´

pαpjAq3
¯
, (203)

where, in the employed system of units, the fine structure constant is given by α “ e2

4π and pj µApqq denotes
the Fourier modes of the external current that produces the external field A by means of the Maxwell
equations. The term RΛ is a constant that diverges logarithmically upon removal of the ultraviolet cut-off
ΛÑ 8. Moreover, ∆pqq is a well-defined term that comprises two summands

∆pqq “ 1
4π

ż 1

0
dx

x?
1 ´ x

log
ˇ̌
ˇ̌1 ´ x

q2

4M2

ˇ̌
ˇ̌ ´ i

4
signpq0q

ż 1

0
dx

x?
1 ´ x

1
xą 4M2

q2
(204)

describing the vacuum polarization and pair-creation, respectively, and O
´

pαpjAq2
¯

denotes the remain-
ing orders of perturbation theory. However, the expression (203) only reflects the “answer” of the Dirac
sea when exposed to the external field. In addition, in a non-linear approximation, the vacuum expecta-
tion value of the polarization current (203) again produces an electromagnetic field and couples back to
the Dirac sea. In order to make the computation self-consistent on the level of perturbation theory, a total
current

pj µtot “ pj µ ` pj µA (205)
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should be introduced and the equation (203) should be iterated to read

αpjtot “ αpjA ´ α2pjtotpRΛ ´ ∆q ` αO
´

pαpjtotq3
¯

(206)

“ α

1 ` αRΛ
pjA ` α

1 ` αRΛ
αpjtot∆` α

1 ` αRΛ
O
´

pαpjtotq3
¯

(207)

Here, the tensor indices and the q-dependence were dropped for the sake of readability. In an attempt to
remove the Λ dependence, one regards this equation for q “ 0 in the time component of the current

αpj 0
totpq “ 0q “ α

1 ` αRΛ
pj 0

Apq “ 0q, (208)

for which all higher orders vanish in case the Dirac sea remains neutral. Thanks to the Fourier transform
being evaluated at q “ 0, the right-hand side of (208) equals the total external charge which suggests a
scaling of the bare fine structure constant α “ αpΛq such that

α

1 ` αRΛ
ΛÑ8ÝÝÝÑ αexp and αpjtot

ΛÑ8ÝÝÝÑ αexppjexp (209)

in order to swallow the Λ dependence and gauge the fine structure constant to the experimentally mea-
sured value αexp. Implementing this scaling results in

αexppjexp “ αexppjA ` α2
exp

pjexp∆` αexpO
´

pαexppjexpq3
¯

(210)

which looks good at first sight but it requires

αpΛq “ αexp

1 ´ αexpRΛ
. (211)

The latter implies that the bare fine structure constant α grows with Λ and diverges already at a finite
value, the so-called Landau pole. By virtue of the smallness of αexp, this pole luckily occurs only
at an extremely large momentum scale. Nevertheless, the introduction of the ultraviolet cut-off that
breaks the Lorentz invariance of the model is already undesirable in the first place. In this respect, it
is important to note that the scaling above stands on no grounds as a perturbation theoretic treatment
is anyhow questionable for growing coupling parameters α. Finally, whether a well-defined and well-
chosen definition of the non-perturbative charge current (198) even leads to this Landau pole problem
after a self-consistent coupling is introduced is unclear at this point in time. In fact, e.g., in a more
fundamental approach to quantum field theory dubbed the “Theory of Causal Fermion Systems” [42, 44,
43], this problem seems to be absent even for the sector of quantum electrodynamics.
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Abstract

In 1932, Dirac proposed a formulation in terms of multi-time wave functions
as candidate for relativistic many-particle quantum mechanics. A well-known con-
sistency condition that is necessary for existence of solutions strongly restricts the
possible interaction types between the particles. It was conjectured by Petrat and
Tumulka that interactions described by multiplication operators are generally ex-
cluded by this condition, and they gave a proof of this claim for potentials without
spin-coupling. Under smoothness assumptions of possible solutions we show that
there are potentials which are admissible, give an explicit example, however, show
that none of them fulfills the physically desirable Poincaré invariance. We conclude
that in this sense Dirac’s multi-time formalism does not allow to model interaction
by multiplication operators, and briefly point out several promising approaches to
interacting models one can instead pursue.
Keywords: multi-time wave functions, relativistic quantum mechanics, Dirac equa-
tion, consistency condition, interaction potentials, spin-coupling, solution theory of
multi-time systems

1 Introduction
The absence of absolute simultaneity in the theory of relativity has consequences for the
formulation of relativistic quantum mechanics. Very elementarily, this can already be
observed when considering the Lorentz transformation of a simultaneous configuration
of N particles, (t,x1), ..., (t,xN ), which yields a configuration (t′1,x′

1), ..., (t′N ,x′
N ) with

N different times. This fact immediately poses the question of how a wave function or
quantum state ψ(t,x1, ...,xN ), which is usually described as dependent on one time t and
Euclidean positions x1, . . . ,xN , behaves under such a transformation. Dirac addressed
this issue already in 1932 and suggested to generalize the concept of the familiar wave
function ψ(t,x1, ...,xN ) to a multi-time wave function ψ(x1, ..., xN ), where now xj =
(tj ,xj) denote N space-time points in Minkowski space; see [1]. This idea led to the
fundamental works [2, 3] which provided the basis for the relativistic formulation of
quantum field theory. In his approach, Dirac defined the evolution of the multi-time state
ψ by requiring it to fulfillN Dirac equations, one for each each time variable tj. Although
this concept seems natural, it is very restrictive in admission of solutions because it is a
necessary condition for the existence of solutions, already discussed in [4] and henceforth
called consistency condition, that the N single-time evolutions commute. This condition

∗deckert@math.lmu.de
†nickel@math.lmu.de
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becomes subtle when the N particles are allowed to interact. In this respect, Dirac’s
approach calls for a mathematical study of the corresponding solution theory, which was
initiated recently in a series of works by Petrat and Tumulka [5, 6, 7] and by Lienert
[8, 9, 10] and Lienert and Nickel [11]. As shown in [5], the consistency condition basically
rules out any interaction mediated by potentials without spin-coupling. In the following
we extend the results of [5] and prove that the consistency condition is also violated for
Poincaré invariant interaction potentials including spin-coupling.
This raises the question of how to introduce a sensible interaction in the multi-time
formalism, which led Dirac et al. [2] to consider second-quantized fields that mediate the
interaction; see also the recently studied multi-time models of quantum field theory in
[6, 7]. In one dimension, another way of introducing a consistent interaction between the
N particles was presented in [9, 11]. There, rigorous models of interaction by boundary
conditions have been constructed. There is some connection to the new concept of
interior-boundary conditions by Teufel and Tumulka, which has so far been used to
formulate certain non-relativistic QFT models without divergences [12, 13, 14]. It is an
open but very interesting question if the method of interior-boundary conditions can help
to formulate mathematically well-defined models of particle creation and annihilation in
the multi-time formalism.
A further strategy that has been pursued is to generalize the concept of a potential to
terms of the form V (x1, . . . , xN , p1, . . . , pn) that are no multiplication operators, but
also depend on the momenta, i.e. derivatives [15, 16]. Lastly, we consider the idea of
multi-time integral equations to be very promising. Instead of a system of differential
equations such as (1), one can impose a single integral equation for ψ(x1, ...xN ). This
avoids the problem of the consistency condition and makes a more general class of models
possible. A prominent example known from QED is the Bethe-Salpeter equation [17, 18],
whose mathematical features are not well-understood and would deserve further study
(see also [19]).

Definition of the model. The model for our investigation is given by the system of
evolution equations

i
∂

∂tk
ψ(x1, ..., xN ) = Hk(x1, ..., xN )ψ(x1, ..., xN ), k = 1, ..., N, (1)

where the partial Hamiltonians Hk are given by

Hk = H0
k + Vk, (2)

with H0
k being the free Dirac Hamiltonian of the k-th particle (see (6)) below). The

interaction shall be described by the operator Vk which is given in terms of a (self-
adjoint) spin-matrix valued multiplication operator Vk(x1, ...xN ) that depends on the
space-time coordinates x1, . . . , xN . For this model, as was first recognized by Bloch [4]
and further investigated by Petrat and Tumulka [5], a necessary condition for existence
of solutions to (1) is the aforementioned consistency condition

(
[Hj,Hk] − i

∂Vk

∂tj
+ i

∂Vj

∂tk

)
ψ = 0, ∀k 6= j. (3)

In [5], Petrat und Tumulka conjectured that interacting systems of the form (1) with
general non-vanishing potentials that lead to interaction between the particles are ex-
cluded as they would violate the consistency condition (3). They gave a proof of this
claim under the assumption that the potentials Vk depend on the spin-index of the k-th
particle only. This rules out a number of conceivable potentials, but not all of them:

2
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Potentials such as the one of the Breit equation [20, 21], which can be derived as an
approximation to the Bethe-Salpeter equation of QED (see [22]), contain a more com-
plicated spin-coupling, which poses the question whether more general potentials may
indeed comply with condition (3) and thereby to well-posedness of (1) in terms of an
initial value problem.

As main results of this paper, we present a concrete example of a spin-coupling inter-
action potential which satisfies the consistency condition. However, we will also show
that the class of potentials admitted by the consistency condition is rather small. In
particular, under certain smoothness conditions on possible solutions ψ, we identify this
class completely and show that it does not contain Poincaré invariant potentials. There-
fore, combining the mathematical consistency condition with the physical requirement
of Poincaré invariance, our results show that any type of potential acting as a multi-
plication operator must be excluded as possible candidates for modeling the interaction
between the N particles.

After the following paragraph about the employed notation and conventions, we present
our results in Section 2 and the proofs and more detailed derivations in Sections 3 and
4.

Notations and conventions. We consider 4-dimensional Minkowski space-time with
metric g = diag(1,−1,−1,−1), with the usual notation that Greek indices run from 0
to 3 and Latin indices a, b, ... only over the spatial components 1, 2, 3. The Einstein
summation convention is employed for Greek indices only. Particle labels are denoted
also by Latin indices, j, k, ... and run from 1 to the total particle number N . Space-time
points are denoted by x = (t,x). Throughout, the abbreviation ∂k,µ := ∂

∂xµ
k

will be used.
The gamma matrices are arbitrary 4 × 4-matrices that form a representation of the
Clifford algebra, i.e. fulfill the anti-commutation relation

{γµ, γν} = 2gµν
1, µ, ν = 0, 1, 2, 3. (4)

Moreover, the matrix γ0 is hermitian, γk anti-hermitian, and a fifth gamma matrix is
defined as

γ5 := iγ0γ1γ2γ3. (5)
The free Dirac Hamiltonian for the k-th particle is given by

H0
k = −i

3∑

a=1
γ0

k γ
a
k∂k,a + γ0

kmk, (6)

where mk is the mass of the k-th particle and we use the following convention for the
matrices: Since we are always working in the N -fold tensor product of C4, we write for
some 4 × 4-matrix M :

Mk := 1⊗ · · · ⊗ 1⊗ M ⊗︸ ︷︷ ︸
k-th place

1⊗ · · · ⊗ 1. (7)

It is well-known that the Dirac operator (6) is self-adjoint on dom(H0
k) = H1(R3,C4);

see [23]. Furthermore, it will be convenient to use the notation αµ
k := γ0

kγ
µ
k so that we

may write the multi-time system (1) as

(iαµ
k∂k,µ − γ0

kmk)ψ(x1, ..., xN ) = Vk(x1, ...xN )ψ(x1, ..., xN ), k = 1, ..., N. (8)

Hence, the wave function ψ(x1, ..., xN ) takes values in (C4)⊗N ∼= CK , K := 4N .
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2 Results
In order to present the results two remarks are in order. First, we need to make precise
what is meant by the notion interaction potential. External potentials of the form Vk(xk)
that do not generate entanglement must be excluded, and also potentials that seemingly
depend on different coordinates, but that actually only arise from external potentials by
a change of coordinates in the spinor space CK . Therefore we define:

Definition 2.1 A collection of potentials Vk, k = 1, ..., N, given as spin-matrix valued
multiplication operators Vk(x1, ..., xN ) is called non-interacting iff there is a unitary map
U(x1, ..., xN ) : CK → CK such that for all k = 1, . . . , N , ψ̃ := U(x1, ...xN )(ψ(x1, ...xN ))
satisfies a system of the form (1) where for each k, the potential Vk(xk) is independent
of all other coordinates x1, ...xk−1, xk+1, ...xN . In the other case, we call the collection
of potentials interacting.

Petrat and Tumulka called potentials that are connected via a unitary map U gauge-
equivalent [5], which means that interacting potentials in the sense of our definition are
exactly those that are not gauge-equivalent to external potentials.
Second, it has to be emphasized that the natural domain of a multi-time wave function
is not the whole configuration space-time R4N , but the subset

S (N) :=
{

(t1,x1, ..., tN ,xN ) ∈ R4N
∣∣∣ ∀k 6= j : (tj − tk)2 < |xj − xk|2

}
, (9)

which contains the configurations where the N particles are space-like separated. A
detailed explanation of this fact is found in [9]. Here, we only state that there are at
least two reasons to consider a multi-time wave function only on S (N):

• Sufficiency: In order to interpret Born’s rule on any space-like hypersurface, it is
sufficient for ψ to have domain S (N). A Lorentz transformation of a simultaneous
configuration as presented above always yields a space-like configuration. Indeed,
the mere concept of “N -particle configuration” implies the use of S (N) because
the presence of N particles is always understood with respect to a frame, e.g. a
laboratory frame, which is represented by a space-like hypersurface.

• Necessity: In quantum field theory the left-hand side of the consistency condition
(3) generically contains commutators of field operators, such as [φ(xj), φ(xk)],
which are given in terms of the Pauli-Jordan distribution [3]. However, the latter
has only support for (xj −xk)2 ≥ 0, and hence, outside of S (N). This is the reason
why multi-time formulations of quantum field theory such as [2] as well as [6, 7]
are consistent on S (N), but not on R4N .

Therefore, all results will be proven mainly on S (N) and only besides on R4N . Lastly,
we have to make precise what is meant by Poincaré invariance of potentials. For Λ in the
proper Lorentz group and a ∈ R4, the Poincaré transformation maps x 7→ x′ = Λx + a
and the multi-time wave function transforms as

ψ′ (x1, ...xN ) = S(Λ)⊗Nψ
(
Λ−1(x1 − a), ...,Λ−1(xN − a)

)
, (10)

with the spin transformation matrix S(Λ) that fulfills S(Λ)γS−1(Λ) = Λγ . We call a
potential Vk Poincaré invariant if it satisfies

Vk (x1, ...xN ) = S(Λ)⊗NVk

(
Λ−1(x1 − a), ...Λ−1(xN − a)

)
S−1(Λ)⊗N , (11)

which is the condition for (1) to be Poincaré invariant. Our main result can then be
stated as follows:
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Theorem 2.2 Let N = 2, Ω = R4N or Ω = S (N). If Vk(x1, · · · , xN ) are interacting
potentials in C1(Ω,CK×K) and for all initial values ϕ ∈ C∞

c (R3N ∩ Ω,CK), there is
a solution ψ ∈ C2(Ω,CK) to the multi-time system of Dirac equations (1), then the
potentials Vk are not Poincaré invariant.

We only formulate the theorem for the case N = 2, although we expect it to hold for
general N and we prove several intermediate results for any N . For larger numbers of
particles, however, some parts in the proofs which are based on a direct computation in
terms of gamma matrices quickly become very complex and hardly traceable. In several
partial results, we will also not restrict to Ω = R4N or Ω = S (N), but consider any open
set Ω ⊂ R4N . The strategy of proof is illustrated as follows:

(a) Existence =⇒ Consistency: If a solution to (1) exists, then the consistency
condition (3) has to hold.

(b) Consistency =⇒ Restrictions on potentials: If the consistency condition (3)
holds, then the admissible potentials are restricted and no Poincaré invariant ones
are possible.

Step (a): The consistency condition.
Let us first discuss why one expects the consistency condition (3) to be necessary for
existence of solutions. The condition can heuristically be understood as path indepen-
dence of the integration of the system of evolution equations (1): E.g. prescribing initial
values ψ(0,x1, ...0,xN ) at t1 = ... = tN = 0, it makes no difference if one decides to
evolve first in tj-direction and then in tk-direction or the other way around, one always
has to arrive at the same well-defined ψ(t1,x1, ..., tN ,xN ). Therefore, the actions of the
respective equations in our system (1) on the possible initial values have to commute.
Petrat and Tumulka have proven that the existence of a solution for every initial datum
in the Hilbert space necessitates the consistency condition (3) in two different cases [5,
Theorems 1 and 2]:

• for time-independent, possibly unbounded partial Hamiltonians Hk,

• for time-dependent, but smooth and bounded partial Hamiltonians Hk.

Here, we generalize the results of Petrat and Tumulka to the relevant case of unbounded
Hamiltonians that may include a time-dependence in the potentials. Our proposition
is a rather direct consequence of the differentiability of solutions and makes the idea of
Bloch [4, p. 304] mathematically precise.

Proposition 2.3 Let Ω ⊂ R4N be open. Suppose the multi-time system (1), with Vk

being a function in C1(Ω,CK×K), possesses a solution ψ ∈ C2(Ω,CK). Then the con-
sistency condition (3) holds for all (x1, ..., xN ) = X ∈ Ω.

The proof is given in Section 3.1, followed by some remarks about a more geometric way
of understanding the consistency condition in Section 3.2.

Step (b): Consistent potentials.
The consistency condition puts strong restrictions on the spin-coupling induced by the
potentials. The following example shows the inconsistency for one natural looking choice.
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Example: We consider a two-particle system (1) with V1 = αµ
2Aµ(x1, x2) and V2 =

αµ
1Bµ(x1, x2) for some smooth, compactly supported functions Aµ, Bµ. This is suggested

by the usual way of adding a 4-vector potential to the single-time Dirac equation, which
is by adding αµAµ to the Hamiltonian. One could think that interaction is achieved
by choosing the gamma matrices of the other particle, as done here. But then the
consistency condition is

[
αµ

2Aµ,−iαν
2∂2,ν + γ0

2m2
]

= 0

⇐⇒ −2m2γ
µ
2Aµ + iαν

2α
µ
2 (∂2,νAµ) + iAµ[αν

2 , α
µ
2 ]∂2,ν = 0. (12)

There is no possibility that the respective terms will cancel each other, so any Aµ

different from zero will make the equations inconsistent. In particular, the derivative
term with ∂2,ν has to vanish separately, which will be a crucial ingredient in the proof of
theorem 2.4. A similar calculation excludes potentials of the form Vk ∼ Fµν(x1, x2)γµ

1 γ
ν
2 ,

too.

To have a chance of being consistent, the potentials may only depend on few matrices,
which are the identity matrix and γ5. To see this, we need to reformulate the consistency
condition to a more useful version. That the bracket in (3) applied to any solution ψ
ought to be zero implies that it must also be zero on every initial value ϕ = ψ|t1=...=tN =0.
The initial values will be defined on a 3N -dimensional set U , an intersection of Ω with the
time-zero hypersurface. The assumption that there are solutions for all initial values
in a certain class, e.g. the smooth compactly supported functions, allows us to draw
general conclusions.

Theorem 2.4 We assume:

(A) U ⊆ R3N is open and simply connected. For a multi-time Dirac system (1) with
continuously differentiable Vk, we have for each ϕ ∈ C∞

c (U,CK),
(

[Hj,Hk] − i
∂Vk

∂tj
+ i

∂Vj

∂tk

)
ϕ = 0, ∀k 6= j. (13)

Then, for each k 6= j, the k-th spin component of the potential Vj is spanned by 1k and
γ5

k.

The proof is given in Section 4.1. One can directly see that the above example is not in
the class of admissible potentials.
Theorem 2.4 allows us to proceed by a basis decomposition. All possible matrix struc-
tures that might appear in V1 and V2 can be listed and the consistency condition can
be explicitly evaluated, as will be done in Section 4.2. In Lemma 4.2, we show that the
consistency condition is equivalent to the system of equations (36a) to (36p), and that
only eight possibly interacting terms remain.
It turns out that these possibilities for interacting terms in the potentials can not be
excluded by general arguments. In fact, interacting potentials that fulfill the consistency
condition exist, for example the ones in the following lemma.

Lemma 2.5 Let Cν and cν be constants for ν = 0, 1, 2, 3 with at least one Cν and cν

different from zero, and define x := x2 − x1. Consider the multi-time Dirac system (1)
for two particles with potentials

V1 = γµ
1Cµ exp

(
2iγ5

1cλx
λ
)

−m1γ
0
1

V2 = γ5
1α

ν
2cν . (14)
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1. This system is consistent, i.e. (3) holds.

2. This system is interacting.

This is proven in Section 4.3. With this example at hand, it becomes clear that we cannot
prove inconsistency of arbitrary interacting potentials. But obviously, the potential V1 in
(14) is not Lorentz invariant. Since the use of multi-time equations aims at a relativistic
formulation of quantum mechanics, it is natural to require Poincaré invariance, i.e.
Lorentz invariance and translation invariance, of the potentials. We show that the
latter excludes the former by finding that every translation invariant potential has to
be of a certain shape.

Lemma 2.6 Suppose the assumptions (A) of theorem 2.4 hold. If, in addition, the
potentials are both interacting and translation invariant, i.e. satisfy

Vk(x1, x2) = Vk(x1 + a, x2 + a) ∀a ∈ R4, (15)

then they are necessarily of the form

Vk = M1e
ck,νxν +M2e

−ck,νxν + const. (16)

for some M1,M2 ∈ CK×K and ck ∈ C4, where x = x1 − x2.

A slightly stronger version of this lemma will be formulated and proven in Section 4.4.
Our main theorem 2.2 can then be proven by a simple collection of facts:

Proof of Theorem 2.2:

• First case: Ω = R4N . Suppose a system (1) with potentials Vk ∈ C1(R4N ,CK×K)
that are interacting has a solution ψ ∈ C2(R4N ,CK) for all initial values ϕ ∈
C∞

c (R3N ,CK). Consequently, by Proposition 2.3, the consistency condition (13)
has to be true for all ϕ ∈ C∞

c (R3N ,CK). Then, by Lemma 2.6, if the potentials
are translation invariant, they are of the form (16), which is not Lorentz invariant.
Therefore, the potentials cannot be Poincaré invariant.

• Second case: Ω = S (N). The proof for the domain S (N) goes through as above
because the necessary lemmas were all proven for general domains that are open
and simply connected, which is true for S (N).

�

Under the assumptions on higher regularity of solutions, we have thus generalized the
results of Petrat and Tumulka [5] in the sense that our theorem 2.2 covers arbitrary
multiplication operators with spin-coupling. The class of potentials that are consistent
and translation invariant (equation (16)) does not contain any physically interesting
potentials, but only potentials that oscillate with the distance of the particles. That
these are not Lorentz invariant further motivates to disregard them because multi-time
equations are intended for a fully and manifest Lorentz invariant formulation of quantum
mechanics. The implications of this result for the formulation of interacting relativistic
quantum mechanics were discussed above in the introduction.
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3 Proof of the consistency condition
3.1 Proof of Proposition 2.3
Proof of Proposition 2.3: Suppose ψ ∈ C2(Ω,CK) solves the equations (1). Let
j 6= k. By the theorem of Schwarz, the time-derivatives on ψ commute, which for
X ∈ Ω gives:
(
i∂tk

i∂tj − i∂tj i∂tk

)
ψ = 0 ⇒ i∂tk

(Hjψ) − i∂tj (Hkψ) = 0 (17)

⇒ Hji∂tk
ψ + (i∂tk

Vj)ψ −
(
i∂tjVk

)
ψ −Hki∂tjψ = 0 (18)

⇒
(
HjHk + (i∂tk

Vj) −
(
i∂tjVk

)
−HkHj

)
ψ = 0. (19)

In (17) and (19), we used that ψ solves the multi-time equations (1), and (18) follows
by the product rule. As X ∈ Ω was arbitrary, equation (3) holds on Ω, as claimed. �

Remark:

1. The assumption that the solution ψ is at least twice differentiable in the time
direction seems unproblematic because the spatial smoothness of initial data is
usually inherited in the time direction due to the nature of physically relevant
evolution equations. E.g. for the one-particle Dirac equation with smooth external
electromagnetic potential Aµ, it was proven in [24] that solutions that are smooth
on one (space-like) Cauchy surface are indeed smooth on all of R4.

2. This theorem even covers relativistic Coulomb potentials because for the domain
Ω = S (N), a potential of the form

V ∼ 1
(tk − tj)2 − |xk − xj|2

(20)

is singular only outside of S (N), which ensures that V ∈ C∞(S (N),CK×K).

3.2 Geometric view of the consistency condition
In this section, we discuss on a non-rigorous level how the results on the consistency
condition can be reformulated with the help of differential geometry (compare Section
2.3 in [5]). For each multi-time argument (t1, ..., tN ), the multi-time wave function will
be an element of the Hilbert space H = L2(R3N ,CK). We can define a vector bundle
E over the base manifold RN with identical fibres H at every point. (This is therefore
a trivial vector bundle E = RN × H ). A multi-time wave function is then a section of
E.
A natural notion of parallel transport on E can be given by the single-time evolution
operators Uk(tk) (which would be e−iHktk for time-independent Hk). This means that
we define a connection ∇ on E with components ∇k = ∂tk

+ iHk, whereby the parallel
transport in direction tk is given by Uk. Solutions of (1) are then sections that are
covariantly constant, i.e. satisfy ∇ψ = 0.
The well-definedness of solutions requires that the parallel transport along a closed curve
does not change the vector. So we need that for any loop γ, Uγ = 1. This is equivalent
to saying that the vector bundle has a trivial holonomy group, Hol(∇) = {1}. By the
theorem of Ambrose and Singer [25], the holonomy group is in direct correspondence
to the curvature form F (∇); in particular: Hol(∇) = {1} ⇔ F (∇) = 0. Therefore, the
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existence of a well-defined solution implies that ∇ is a flat curvature for E. By the
formula for calculating the curvature from the connection, this means

0 = Fij = ∂Hi

∂tj
− ∂Hj

∂ti
− i[Hi,Hj], (21)

which is the consistency condition.

4 Spin-coupling potentials
4.1 Proof of Theorem 2.4
Proof of Theorem 2.4: We start with a system (8) and evaluate the consistency con-
dition (13). Let k 6= j, then:

[
iαµ

k∂k,µ − γ0
kmk − Vk, iα

ν
j ∂j,ν − γ0

jmj − Vj

]
(22)

=
[
iαµ

k∂k,µ − γ0
kmk,−Vj

]
+
[
−Vk, iα

ν
j ∂j,ν − γ0

jmj

]
+ [Vk, Vj ] (23)

= [Vk, Vj ] +mk

[
γ0

k, Vj

]
−mj

[
γ0

j , Vk

]
− i

[
αµ

k∂k,µ, Vj

]
+ i

[
αν

j∂j,ν , Vk

]
(24)

In (23), we used that the derivatives w.r.t. different coordinates commute by Schwarz.
We consider the last term in more detail:

i
[
αν

j ∂j,ν, Vk

]
= iαν

j ∂j,νVk − iVkα
ν
j ∂j,ν

= iαν
j (∂j,νVk) + iαν

jVk∂j,ν − iVkα
ν
j ∂j,ν

= iαν
j (∂j,νVk) + i

[
αν

j , Vk

]
∂j,ν

= iαν
j (∂j,νVk) + i

3∑

a=1

[
αa

j , Vk

]
∂j,a, (25)

where in the last line, the summand with ν = 0 was dropped because α0 = 1 commutes
with everything. Doing the same for the second last term yields that the consistency
condition is equivalent to

0 = [Vk, Vj ] +mk

[
γ0

k , Vj

]
−mj

[
γ0

j , Vk

]

−iαµ
k (∂k,µVj) + iαν

j (∂j,νVk)

−i
3∑

a=1
[αa

k, Vj ] ∂k,a + i
3∑

a=1

[
αa

j , Vk

]
∂j,a. (26)

The derivatives in (26) are in some sense linearly independent, which is made clear in
the following auxiliary claim.

Lemma 4.1 Let U ⊆ R3N be open. Let f : U → CK be a function and suppose there
are complex K ×K-matrices Λk,j(x1, ...,xN ) such that


f(x1, ...,xN ) +

N∑

k=1

3∑

j=1
Λk,j

∂

∂xj
k


ϕ(x1, .., .xN ) = 0, ∀(x1, ...,xN ) ∈ U, (27)

holds for all ϕ ∈ C∞
c (U,CK). Then, for all j and k, Λk,j(x1, ...,xN ) = 0, and f must

be the zero function.
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Proof of the Lemma: We choose some fixed k and j and show that Λk,j = 0 first.
Pick some point (x1, ...,xN ) = X ∈ U . There exists ϕ ∈ C∞

c (U,CK) with the property
that ϕ(X) = 0 and ∂l,mϕ(X) = δlkδmj . Thus, evaluating (27) at the point X, we have

0 = f(X)ϕ(X) +
N∑

l=1

3∑

m=1
Λl,m(X)δlkδmj = Λk,j(X) (28)

Because all factors Λk,j are equal to zero, eq. (27) directly implies that f is the zero
function. �

Applying this lemma to the consistency condition (26), we obtain that the prefactors of
the derivative terms have to vanish separately, which means

[
αa

j , Vk

]
= 0, ∀k 6= j, ∀a ∈ {1, 2, 3}. (29)

This will give us the desired constraint on the matrix structures that may appear in
each Vk. We note that the following matrices form a basis of the complex 4× 4 matrices
(for a proof see e.g. [26, p. 53ff.]) :

αµ, γ5αµ, γµ, γ5γµ, µ = 0, 1, 2, 3. (30)

Although the matrix Vk is a tensor product of N 4 × 4-matrices, we can disregard all
factors of the tensor product apart from the j-th to check when the condition (29) can
be satisfied. We can express Vk in the above basis and just compute all commutators of
αa with basis elements. The following list, where we omit the index j, results:

[
αa, α0

]
= 0

[
αa, αb

]
= 2γaγb = −2iεabcγ

5αc

[
αa, γ5α0

]
= 0

[
αa, γ5αb

]
= (2 − 2δab)γ5γbγa = 2iεabcα

c

[
αa, γ0

]
= −2γa

[
αa, γb

]
= −2δabγ0

[
αa, γ5γ0

]
= −2γ5γa

[
αa, γ5γb

]
= −2δabγ5γ0. (31)

If Vk contains combinations of α0
j = 1j and γ5

j , the commutators in (26) vanish. But the
commutators with all other elements of the basis give non-zero and linearly independent
matrices, which implies that other matrices cannot be present in Vk in order for condition
(29) to be fulfilled. �

4.2 Basis decomposition
By theorem 2.4, the consistency condition implies that Vk only depends on the spin of
the j-th particle via the identity matrix or γ5

j . Therefore, we can expand the potentials
as

V1 = 12V11 + γ5
2V15,

V2 = 11V21 + γ5
1V25. (32)
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In the terms Vi1 and Vi5, all matrices depending on the i-th spin index may appear in
principle, so we have

V11 = αµ
1W1,µ + γ5

1α
µ
1Y1,µ + γµ

1Aµ + γ5
1γ

µ
1Bµ

V15 = αµ
1X1,µ + γ5

1α
µ
1Z1,µ + γµ

1Cµ + γ5
1γ

µ
1Dµ

V21 = αν
2W2,ν + γ5

2α
ν
2X2,ν + γν

2Eν + γ5
2γ

ν
2Fν

V25 = αν
2Y2,ν + γ5

2α
ν
2Z2,ν + γν

2Gν + γ5
2γ

ν
2Hν , (33)

where A0, Bk, C0,Dk, E0, Fk, G0,Hk,Wi,µ,Xi,µ, Yi,µ, Zi,µ are arbitrary real scalar func-
tions and Ak, B0, Ck,D0, Ek, F0, Gk,H0 are arbitrary functions with purely imaginary
values, such that the potentials are self-adjoint. It will soon become understandable
why this nomenclature makes sense, especially what W1,X1, Y1, Z1 have to do with
W2,X2, Y2, Z2.

Lemma 4.2 Consider a multi-time system (1) for two particles for which the assump-
tion (A) of Theorem 2.4 holds. Then the potentials can be expanded as

V1 = γµ
1Aµ + γ5

1γ
µ
1Bµ + γ5

2
(
γµ

1Cµ + γ5
1γ

µ
1Dµ

)
+ V1,ext (34)

V2 = γν
2Eν + γ5

2γ
ν
2Fν + γ5

1
(
γν

2Gν + γ5
2γ

ν
2Hν

)
+ V2,ext (35)

where Vi,ext is not interacting and the functions Aµ to Hµ, µ = 0, 1, 2, 3, are scalars.
Furthermore, the consistency condition is equivalent to the following system of equations:

∂1,µW2,ν = ∂2,νW1,µ (36a)
∂1,µX2,ν = ∂2,νX1,µ (36b)
∂1,µY2,ν = ∂2,νY1,µ (36c)
∂1,µZ2,ν = ∂2,νZ1,µ (36d)

BµY2,ν +DµZ2,ν = i
2∂2,νAµ (36e)

(m1δ0µ +Aµ)Y2,ν +CµZ2,ν = i
2∂2,νBµ (36f)

−BµZ2,ν −DµY2,ν = i
2∂2,νCµ (36g)

−(m1δ0µ +Aµ)Z2,ν − CµY2,ν = i
2∂2,νDµ (36h)

FνX1,µ +HνZ1,µ = i
2∂1,µEν (36i)

(m2δ0ν +Eν)X1,µ +GνZ1,µ = i
2∂1,µFν (36j)

−FνZ1,µ −HνX1,µ = i
2∂1,µGν (36k)

−(m2δ0ν +Eν)Z1,µ −GνX1,µ = i
2∂1,µHν (36l)

BµGν = CµFν (36m)
BµHν = Cµ(m2δ0ν + Eν) (36n)

(m1δ0µ +Aµ)Gν = DµFν (36o)
(m1δ0µ +Aµ)Hν = Dµ(m2δ0ν + Eν) (36p)

Proof of Lemma 4.2: Having used Theorem 2.4 already and expanded the potentials
as in (33), we now evaluate the missing part of the consistency condition:

0 != [Vk, Vj ] +mk

[
γ0

k , Vj

]
−mj

[
γ0

j , Vk

]
− iαµ

k∂k,µVj + iαµ
j ∂j,µVk (37)

We have

m1
[
γ0

1 , V2
]

= 2m1γ
0
1γ

5
1V25,

m2
[
γ0

2 , V1
]

= 2m2γ
0
2γ

5
2V15, (38)
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and

[V1, V2] =
[
V11, γ

5
1
]
V25 +

[
γ5

2 , V21
]
V15 +

[
V15γ

5
2 , γ

5
1V25

]

=
(
−2γ5

1γ
µ
1Aµ − 2γµ

1Bµ

)
V25

+
(
2γ5

2γ
ν
2Eν + 2γν

2Fν

)
V15

+ 2αµ
1γ

5
1X1,µ

(
γ5

2γ
ν
2Gν + γν

2Hν

)
+ 2αµ

1Z1,µ

(
γ5

2γ
ν
2Gν + γν

2Hν

)

+ 2γµ
1 γ

5
1Cµ

(
γ5

2α
ν
2Yν,2 + αν

2Z2,ν

)
− 2γµ

1Dµ

(
γ5

2α
ν
2Yν,2 + αν

2Z2,ν

)
. (39)

The derivative terms are

− iαµ
1∂1,µV21 − iαµ

1γ
5
1∂1,µV25 + iαν

2∂2,νV11 + iαν
2γ

5
2∂2,νV15. (40)

As the 16 matrices in (30) are linearly independent, their tensor products give us
162 = 256 linearly independent matrices that appear in the consistency condition. Their
respective prefactors have to vanish separately. This gives the following table, in which
every of the 16 cells stands for 16 terms (for µ, ν = 0, 1, 2, 3) that have to vanish.

⊗ αν
2 γ5

2α
ν
2 γν

2 γ5
2γ

ν
2

αµ
1

−i∂1,µW2,ν +
i∂2,νW1,µ

−i∂1,µX2,ν +
i∂2,νX1,µ

2FνX1,µ +
2HνZ1,µ −
i∂1,µEν

(2m2δ0ν +
2Eν)X1,µ +

2GνZ1,µ−i∂1,µFν

γ5
1α

µ
1

−i∂1,µY2,ν +
i∂2,νY1,µ

−i∂1,µZ2,ν +
i∂2,νZ1,µ

2FνZ1,µ +
2HνX1,µ +
i∂1,µGν

(2m2δ0ν +
2Eν)Z1,µ +
2GνX1,µ +
i∂1,µHν

γµ
1

−2BµY2,ν −
2DµZ2,ν +
i∂2,νAµ

−2BµZ2,ν −
2DµY2,ν−i∂2,νCµ

−2BµGν +
2CµFν

−2BµHν +
2EνCµ +
2m2Cµδ0ν

γ5
1γ

µ
1

−(2m1δ0µ +
2Aµ)Y2,ν −

2CµZ2,ν+i∂2,νBµ

−(2m1δ0µ +
2Aµ)Z2,ν −

2CµY2,ν−i∂2,νDµ

−(2m1δµ0 +
2Aµ)Gν +

2DµFν

−(2Aµ +
2m1δ0µ)Hν +

(2m2δ0ν +
2Eν)Dµ

Setting every entry of this table equal to zero gives the required system of equations
(36a)–(36p).
It remains to show that the potentials can be expanded as in (34), (35). Let us add up
equations (36a) to (36d) with the respective matrices, factorizing αµ

1α
ν
2 , which leads to

− ∂1,µW2,ν + ∂2,νW1,µ + γ5
2 (−∂1,µX2,ν + ∂2,νX1,µ)

+ γ5
1 (−∂1,µY2,ν + ∂2,νY1,µ) + γ5

1γ
5
2 (−∂1,µZ2,ν + ∂2,νZ1,µ) = 0. (41)

The names we gave to the terms in the potential are suited to make the symmetry of
this equation visible. Defining

fj,µ := Wj,µ + γ5
2Xj,µ + γ5

1Yj,µ + γ5
1γ

5
2Zj,µ, (42)

equation (41) becomes
∂1,µf2,ν = ∂2,νf1,µ. (43)

Then, we adapt the argument of Petrat and Tumulka [5, p. 34]: Define

gj,µν = ∂j,µfj,ν − ∂j,νfj,µ. (44)

12
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For i 6= j, we have

∂i,λgj,µν = ∂j,µ∂i,λfj,ν − ∂j,ν∂i,λfj,µ = ∂j,µ∂j,νfi,λ − ∂j,ν∂j,µfi,λ = 0. (45)

This implies that gj,µν is a function of xj only. Define for arbitrary fixed x̃1, x̃2 the
function f̃j,µ(xj) := fj,µ(xj , x̃i) and hj,µ(x1, x2) := fj,µ(x1, x2) − f̃j,µ(xj). Since (45)
implies

gj,µν = ∂j,µfj,ν − ∂j,νfj,µ = ∂j,µf̃j,ν − ∂j,ν f̃j,µ, (46)

we have
∂j,µhj,ν − ∂j,νhj,µ = 0, j = 1, 2. (47)

Moreover, eq. (43) gives us
∂1,µh2,ν − ∂2,νh1,µ = 0. (48)

These two equations together form the integrability condition, from which it follows that
a self-adjoint matrix-valued function M(x1, x2) exists such that hj,µ = ∂j,µM(x1, x2),
i.e.

fj,µ(x1, x2) = ∂j,µM(x1, x2) + f̃j,µ(xj). (49)

Therefore, the unitary map eiM(x1,x2) maps the potential fj to the purely external
potential f̃j, which shows that fj is not interacting according to our definition.
The generalization to the case where the consistency condition only holds on S (N) works
exactly like in [5, p. 35]. �

4.3 A consistent example
As a side remark before we prove Lemma 2.5, note that the connection of the consistent
potential with the above basis decomposition is more easily visible if the potential is
rewritten as V1 = −iγµ

1Cµ sin(2cνx
ν) + γ5

1γ
µ
1Cµ cos(2cνx

ν) −m1γ0
1 .

Proof of Lemma 2.5:

1. We have to evaluate the consistency condition
[
iαµ

1∂1,µ −m1γ
0
1 − γµ

1Cµ exp
(
2iγ5

1cλx
λ
)

+m1γ
0
1 , iα

ν
2∂2,ν −m2γ

0
2 − γ5

1α
ν
2cν

]
= 0

⇐⇒ −
[
γµ

1Cµ exp
(
2iγ5

1cλx
λ
)
, iαν

2∂2,ν

]
+
[
γµ

1Cµ exp
(
2iγ5

1cλx
λ
)
, γ5

1α
ν
2cν

]
= 0

⇐⇒ γµ
1Cµα

ν
2
(
i∂2,ν exp

(
2iγ5

1cλx
λ
)

+ 2γ5
1cν exp

(
2iγ5

1cλx
λ
))

= 0,

which is indeed true. Note that in the case at hand the consistency condition is
satisfied identically, not only applied to certain functions.

2. Now we assume (for a contradiction) that there is a gauge transformation U(x1, x2) :
CK → CK that yields non-interacting potentials. Such a map can be written as
U(x1, x2) = eiM(x1,x2) with a self-adjoint K ×K-matrix M . We define the trans-
formed quantities

ψ̃ := Uψ, γ̃µ := UγµU †. (50)

If ψ is a solution of the system (1), it follows that ψ̃ satisfies

(iα̃µ
k∂k,µ − γ̃0

kmk)ψ̃ = Ṽkψ̃ − α̃µ
k(∂k,µM̃)ψ̃, (51)
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where Ṽ and M̃ stand for the same expressions as V and M , but with all appearing
matrices replaced by the ones with a tilde1. Therefore, the condition that the
transformed potential only depends on xk amounts to the requirement that

Vk(x1, x2) − αµ
k∂k,µM(x1, x2) (52)

is in fact only a matrix-valued function of xk, so its derivative with respect to
another coordinate has to vanish. Using that V2 is constant, this implies the
following two equations:

∂1,λα
µ
2∂2,µM(x1, x2) = 0 (53)

∂2,δα
ν
1∂1,νM(x1, x2) = cδ2iγ5

1γ
µ
1Cµ exp

(
2iγ5

1cνx
ν
)

(54)

Now consider the contraction

αλ
1α

δ
2∂1,λ∂2,δM(x1, x2)

= αλ
1
(
αδ

2∂1,λ∂2,δM(x1, x2)
)

= 0

= αδ
2
(
αλ

1∂1,λ∂2,δM(x1, x2)
)

= αδ
2cδ2iγ5

1γ
µ
1Cµ exp

(
2iγ5

1cνx
ν
)

(55)

where we have used, after different regrouping of the summands, equation (53)
in the second line and (54) in the third line. This is a contradiction because the
Cµ, cµ are not all zero. Hence, a matrix M with the required properties does not
exist. We have therefore proven that the potential is not gauge-equivalent to a
non-interacting one, so it is interacting. �

4.4 Classification of consistent potentials
Instead of proving lemma 2.6 directly, we give a slightly stronger reformulation that
implies it, but uses the basis decomposition discussed in Section 4.2.

Lemma 4.3 Suppose the consistency condition is fulfilled (in the sense of (A) in the-
orem 2.4) for a two-particle Dirac system (1) for which the gauge transformation which
makes Wi,Xi, Yi, Zi purely external has already taken place. If the potentials are trans-
lation invariant, i.e. satisfy

Vi(x1, x2) = Vi(x1 + a, x2 + a) ∀a ∈ R4, (56)

then all terms Aµ, ...,Hµ in the potentials are necessarily of the form

C1 · eci,νxν +C2 · e−ci,νxν (57)

for some C1, C2 ∈ C and ci ∈ C4, where x = x1 − x2. In the case of A0 and E0, a
constant term −m1 resp. −m2 is added.

Proof of Lemma 4.3 After the gauge transformation, Wi,Xi, Yi and Zi are functions
of xi only. If we assume that the potentials are translation invariant, it follows that
these functions have to be constants. Therefore, we can derive second order differential
equations for the functions A to H. We show the steps for Bµ and Dµ, the other cases are
analogous. Since Vk ∈ C1(Ω,CK×K), every scalar function Aµ, Bµ, ...,Hµ,Wi,µ, ..., Zi,µ

in the potentials has to be continuously differentiable. Equations (36e) to (36l) imply
1Since the gamma matrices are always only defined up to a similarity transformation, the tildes do

not really matter and can basically be omitted. Note that a gauge transformation just refers to a (local)
change of coordinates in the spinor space.
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that the terms A to H are in fact two times continuously differentiable, because the first
derivatives are expressible as a sum of continuously differentiable functions.
Therefore, we may differentiate equation (36f) once more. Inserting (36e) and (36g), we
obtain

1
4∂2,ν∂2,λBµ = (Z2,λZ2,ν − Y2,λY2,ν)Bµ + (Y2,νZ2,λ − Y2,λZ2,ν)Dµ. (58)

Similarly for Dµ:

1
4∂2,ν∂2,λDµ = (Z2,λZ2,ν − Y2,λY2,ν)Dµ + (Y2,νZ2,λ − Y2,λZ2,ν)Bµ (59)

Although the derivatives ∂2,ν and ∂2,λ need to commute, the right hand side of these
equations is apparently not invariant under exchange of ν and λ. This implies that

Bµ = Dµ = 0 ∨ Y2,νZ2,λ − Y2,λZ2,ν = 0. (60)

In the first case, we are already done (the potentials are of the desired form, with the
constants being equal to zero). So we go on with the second case, where the differential
equation becomes

∂2,ν∂2,λBµ = 4(Z2,λZ2,ν − Y2,λY2,ν)Bµ, (61)

and the same for Dµ. Using Y2,νZ2,λ = Y2,λZ2,ν , it can be rewritten as

∂2,ν∂2,λBµ = 2
√
Z2

2,ν − Y 2
2,ν · 2

√
Z2

2,λ − Y 2
2,λ ·Bµ. (62)

The square root is also defined for negative radicand as
√
x := i

√
|x|. This has the

general solution

Bµ = C+
µ exp

(
2
√
Z2

2,α − Y 2
2,αx

α
2
)

+ C−
µ exp

(
−2
√
Z2

2,α − Y 2
2,αx

α
2
)
, (63)

with free constants C±
µ that may depend on x1. Since the potential must be translation

independent, the constants must be such that Bµ has the form (57).
We thus have the required form for B and D, and the other terms work analogously.
In the case of A and E, one should derive the differential equations for the functions
(m1δ0µ +Aµ) and (m2δ0ν + Eν) instead. Then, the consistency condition poses several
additional constraints, eqs. (36m)–(36p) amongst others, that were not considered so
far. But we will not elucidate on that because we only want to show that the form (57)
is necessary. �
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Abstract

Dirac, Fock, and Podolsky [1] devised a relativistic model in 1932 in which a fixed num-
ber of N Dirac electrons interact through a second-quantized electromagnetic field. It is
formulated with the help of a multi-time wave function ψ(t1,x1, ..., tN ,xN ) that generalizes
the Schrödinger multi-particle wave function to allow for a manifestly relativistic formu-
lation of wave mechanics. The dynamics is given in terms of N evolution equations that
have to be solved simultaneously. Integrability imposes a rather strict constraint on the
possible forms of interaction between the N particles and makes the rigorous construction
of interacting dynamics a long-standing problem, also present in the modern formulation of
quantum field theory. For a simplified version of the multi-time model, in our case describing
N Dirac electrons that interact through a relativistic scalar field, we prove well-posedness of
the corresponding multi-time initial value problem and discuss the mechanism and type of
interaction between the charges. For the sake of mathematical rigor we are forced to employ
an ultraviolet cut-off in the scalar field. Although this again breaks the desired relativistic
invariance, this violation occurs only on the arbitrary small but finite length-scale of this
cut-off. In view of recent progress in this field, the main mathematical challenges faced in
this work are, on the one hand, the unboundedness from below of the free Dirac Hamilto-
nians and the unbounded, time-dependent interaction terms, and on the other hand, the
necessity of pointwise control of the multi-time wave function.

Keywords: multi-time wave functions, relativistic quantum mechanics, scalar field,
quantum electrodynamics, consistency condition, partial differential equations, invariant
domains

1 Introduction
1.1 The need for multi-time models
The multi-time formalism for relativistic wave mechanics was first developed in works of Dirac
[2, 1] and Bloch [3] and after Tomonaga’s famous paper [4] ultimately lead towards the modern
relativistic formulation of QFT. At its base, the main observation is that the Schrödiger wave
function for a many-body system contains only one time variable t and N position variables xi,
i = 1, . . . , N , in other words a configuration of N space-time coordinates (t,xi), i = 1, . . . , N ,
on an equal-time hypersurface t×R3 in Minkowski space. A Lorentz-boost will in general lead
to a configuration of space-time points (t′i,x′i), i = 1, . . . , N , with pair-wise distinct t′i, t′j , hence,
a Schrödinger wave function defined on equal time hypersurfaces will fail to have the desired
transformation properties under Lorentz boosts. A natural way to extend the wave function on

∗deckert@math.lmu.de
†nickel@math.lmu.de
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equal-time hypersurfaces is the multi-time wave function ψ(t1,x1, ..., tN ,xN ), an object which
lives on a subset of R4N .

In recent years, there has been a renewed interest in constructing mathematically rigoros
multi-time models, see [5] for an overview. Some of the current efforts to understand Dirac’s
multi-time models focus on the well-posedness of the corresponding initial value problems [6,
7, 8, 9, 10], other works also ask the question how the multi-time formalism could be exploited
to avoid the infamous ultraviolet divergence of relativistic QFT and how a varying number of
particles by means of creation and annihilation processes can be addressed [11, 12, 13]. Beside
being candidate models for fundamental formulations of relativistic wave mechanics, a better
mathematical understanding of such multi-time evolutions may also be beneficial regarding
more technical discussions, such as the control of scattering estimates on vacuum expectation
values of products of interacting field operators; see e.g. [14].

Many contemporary treatments of multi-time models are yet not entirely satisfactory as
they either have technical deficiencies, e.g., do not allow to treat unbounded Hamiltonians, or
define interactions whose nature are conceptually not entirely clear or experimentally adequate.
Also our treatment presented in this work is not fully satisfactory by those standards, as for the
sake of mathematical rigor we need to introduce an ultraviolet cut-off that in turn breaks the
Lorentz-invariance of the model. Nevertheless, building on previous works, we still achieve a
substantial improvement since we can allow for unbounded Hamiltonians in the evolution equa-
tions. Furthermore, the violation of Lorentz-invariance only occurs on the finite but arbitrary
small length-scale of the cut-off. Since the mathematically rigorous treatment of multi-time
evolutions is independent of the ultraviolet divergences of relativistic interaction, we believe
that it is advantageous for the progress in both topics to separate the discussion between for-
mulations of multi-time dynamics and the divergences of quantum field theory at first. Later, it
may well be that the understanding of multi-time evolution leads to new possibilities to encode
relativistic interaction without causing ultraviolet divergences.

This work is divided into three parts. First, we give an informal introduction to the model
at hand in subsection 1.2. The mathematical definition of this model is then given in section
2 where we state our main results on existence, uniqueness, and interaction of solutions, i.e.,
Theorem 1, Theorem 2, and Theorem 3, respectively. The corresponding proofs are provided
in section 3.

1.2 The multi-time model
In our choice of model we follow closely the Dirac, Fock, Podolsky (DFP) model given in the
paper [1], which we informally introduce in this subsection and formally define in the next
one. This model is supposed to describe the relativistic interaction between N persistent Dirac
electrons. The only simplification we assume for the model treated in this paper in comparison
to the original DFP model is that the electromagnetic interaction is replaced by the one of a
scalar field. This allows to avoid the additional complication of electromagnetic gauge freedom.
A ready choice for the evolution equations of the multi-time wave function ψ(x1, ..., xN ) is a
system of N Hamiltonian equations,

i∂tjψ(x1, ..., xN ) = Hjψ(x1, ..., xN ), j = 1, ..., N, (1)

with a suitable partial Hamiltonian Hj for each particle. In [3], Bloch argued that it is necessary
for the existence of solutions to (1) that an integrability condition for the different times tj , the
so-called consistency condition

[Hj ,Hk] + i
∂Hj
∂tk
− i∂Hk

∂tj
= 0, ∀j 6= k, (2)

2
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is satisfied in the domain of ψ, which is usually taken as the set of space-like configurations in
R4N .

Let H0
j = −iγ0

jγj ·∇j + γ0
jm be the free Dirac operator acting on particle j, with the usual

gamma matrices γµj . For the free multi-time evolution with HamiltoniansHj = H0
j , condition (2)

is fulfilled. For the introduction of a non-trivial interaction, however, the consistency condition
poses a serious obstacle. If one takes as partial Hamiltonians

Hj = H0
j + Vj(x1, ..., xN ), (3)

with interaction potentials, i.e. multiplication operators, Vj , it is hardly possible to fulfill (2).
Using this insight, it was shown in [6, 15] that systems of multi-time Dirac equations with
relativistic interaction potentials fail to admit solutions.

Already in 1932 in [2], Dirac pointed out an ingenious way to circumvent this problem,
namely, by second quantization. He observed that in case the “potential” is not a multiplication
operator, but a Fock space valued field operator ϕ(x), the consistency condition (2) can be
retained although it will turn out that an interaction is present. The Hamiltonians in question
are of the form

Hj = H0
j + ϕ(tj ,xj), (4)

all containing one and the same second quantized scalar field ϕ on space-time R4, fulfilling the
wave equation

�xϕ(x) =
(
∂2
t −4x

)
ϕ(t,x) = 0, (5)

as well as the canonical commutation relation

[ϕ(xj), ϕ(xk)] = i∆(xj , xk), (6)

with ∆ being the Pauli-Jordan function [4, 16] given in (74). It is well-known that (6) implies

[ϕ(xj), ϕ̇(xk)]tj=tk = iδ(3)(xj − xk). (7)

This ensures the consistency of the system of equations in the sense of (2) since

∆(xj , xk) = 0 if xj , xk are space-like related. (8)

A natural choice for a representation of the field operator fulfilling (6) is the one on standard
Fock space. The multi-time wave-function ψ(x1, ..., xN ) can then be thought of as taking values
in a bosonic Fock space. This second quantization of ϕ(x) is the key feature to understand how
the seemingly “free” evolutions in (5) in fact allow to mediate interaction between the Dirac
electrons. In fact, an informal computation (see [1]) shows that (5) and (8) imply for the field
operator ϕH(x) := ϕH(t,x) = U(t)†ϕ(0,x)U(t), where U(t) denotes the time evolution of the
N -body system on equal-time hypersurfaces, that

(
∂2
t −4x

)
ϕH(t,x) = −

N∑

j=1
δ(3) (x̂j(t)− x) , (9)

where x̂j(t) = U(t)†x̂jU(t) denotes the position operator of the k-th electron in the Heisenberg
picture. The right-hand side of (9) now demonstrates the effective source terms influencing
the scalar field which in turn couples the motion of the N electrons. A rigoros version of this
informal computation is given as Theorem 3.
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Mathematical challenges. There are three main difficulties we have to overcome for a math-
ematical solution theory of the model.

1. As it is well-known [17], the scalar field model is badly ultraviolet divergent. A standard
way to defer the discussion of this problem and nevertheless continue the mathematical
discussion is the introduction of a ultraviolet cut-off in the scalar field. This cut-off, which
can be thought of as smearing out the scalar field with a smooth and compactly supported
function ρ with diameter δ > 0, ensures well-definedness of the model, however, breaks
Lorentz on the length scale δ as it smears out the right-hand side of (8) as can be seen
from (28) below. This will furthermore force us to take as domain Sδ, defined in (19)
below, for the multi-time wave function instead of all space-like configurations on R4N .
Since Sδ is not an open set in R4N a simple notion of differentiability is not sufficient
anymore which is reflected in our choice of solution sense in Definition 1.

2. We need sufficient regularity in the solution candidates to allow for point-wise evaluation.
It is decisive for our proofs that we find a dense set D of smooth functions which is left
invariant by the single-time evolutions. Furthermore, the majority of methods employed in
the literature on Schrödinger Hamiltonians (see e.g. [18]) rely on boundedness from below,
and hence, do not apply to our setting as the free Dirac Hamiltonian is not bounded from
below.

3. Since we add unbounded and time-dependent interaction terms to the free Dirac Hamil-
tonians, already the study of the corresponding single-time equations generated by the
Hamiltonians Hj(t) in (4) is subtle. Abstract theorems such as the one of Kato [19] or
Yosida [20, ch. XIV] about the existence of a propagator U(t, s) require time-independence
of the domain dom(Hj(t)), which in our case is unknown.

Beside the introduction of an ultraviolet cut-off, which will be defined in the next section,
there is a further difference compared to the original formulation of Dirac, Fock, Podolsky,
namely that the multi-time wave function ψ of N particles has N time arguments and not an
additional “field time” argument. This is because we formulate the field degrees of freedom in
momentum space and in the Dyson picture, leading to a time-dependent ϕ(t,x) but no free
field Hamiltonian in Hj . The choice of a field time as in [1] corresponds to choosing a space-
like hypersurface Σ (in that paper, only equal-time hypersurfaces Σt are considered) on which
the field degrees of freedom are evaluated. Our formulation is mathematically convenient since
the Hilbert space is fixed and not hypersurface-dependent. It is always possible to choose a
hypersurface and perform the Fourier transformation to obtain field modes in position space.

2 Definition of the model and main results
We now put the model described by the informal equations (1), (4), (6) into a mathematical
rigoros context and define a solution sense, see Def. 1 below, which will allow us to formulate our
main results about existence and uniqueness of solutions. As the model describes the interaction
of N electrons with a scalar field, an operator on Fock space, there are two main ingredients we
need to define: the field operator and the multi-time evolution equations.

Field operator with Cut-off. We follow the standard quantization procedure. The Fock
space is constructed by means of a direct sum of symmetric tensor products of the one-particle
Hilbert space L2(R3,C) of complex valued square integrable functions on R3:

F =
∞⊕

n=0
L2(R3,C)�n, (10)
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where � denotes the symmetric tensor product. In our setting, we think of R3 as momentum
space. The total Hilbert space, in which the wave function ψ(t1, ·, ..., tN , ·) is contained for fixed
time t1, . . . , tN ∈ R, is given by

H = L2(R3N ,FK) ∼= L2(R3N ,CK)⊗F ∼= L2(R3N ,C)⊗FK , (11)

with K = 4N denoting the dimension of spinor space of the N Dirac electrons. In view of (10)
and (11), we use the notation

for a.e. (x1, ..., xN ) : ψ(x1, ..., xN ) =
(
ψ(n)(x1, ..., xN )

)
n∈N0

,

so that
(
(k1, ...,kn) 7→ ψ(n)(x1, ..., xN ; k1, ...,kn)

)
∈ CK ⊗ L2(R3,C)�n

(12)

to denote the n-particles sectors of Fock space F and distinguish between functions with values
in F and CK . A dense set in F are the finite particle vectors Ffin. On this set, we can define
for square integrable f , as in Nelson’s paper [21], the annihilation

(∫
d3k f(k)a(k)ψ

)(n)
(k1, ...,kn) =

√
n+ 1

∫
d3k f(k)ψ(n+1)(k,k1, ...,kn) (13)

and creation operators
(∫

d3k f(k)a†(k)ψ
)(n)

(k1, ...,kn) = 1√
n

n∑

j=1
f(kj)ψ(n−1)(k1, ..., k̂j , ...,kn), (14)

in which a variable with hat is omitted. The field mass is µ ≥ 0 and the energy ω(k) =
√

k2 + µ2,
which allows to define the free field Hamiltonian

(Hfψ)(n) (k1, ...kn) =
n∑

j=1
ω(kj)ψ(k1, ...,kn), (15)

as self-adjoint operator on its domain dom(Hf ) ⊂ F ; see [22]. We will later use the notation
dom(H∞f ) := ⋂∞

j=0 dom(Hjf ).

Before we can define the scalar field, we need to introduce the cut-off as final ingredient. Let
Br(x) denote the open ball in R3 of radius r around x ∈ R3. For this we introduce a smooth
and compactly supported real-valued function

ρ ∈ C∞c (R3,R) such that supp (ρ) ⊂ Bδ/2(0), (16)

which can later be thought of as smearing out the point-like interaction to be mediated by the
scalar field by a charge form factor ρ. The Fourier transform ρ̂(k) is an element of the Schwartz
space of function of rapid decay with not necessarily compact support. For each particle index
j = 1, ..., N , we can now define the time-dependent scalar field

ϕj(t)ψ :=
∫
d3k

[(
ρ̂(k)√
ω(k)

e−iω(k)teik·x̂ja(k) + ρ̂†(k)√
ω(k)

eiω(k)te−ik·x̂ja†(k)
)
ψ

]
(17)

for sufficiently regular ψ ∈ H . Here, x̂j is the position operator of the j-th particle which
acts on a multi-time wave function by x̂jψ(t1,x1, ..., tj ,xj , ...) = xjψ(t1,x1, ..., tj ,xj , ...). The
necessity of the cut-off function ρ ∈ C∞c (R3) can be seen from the fact that if we had chosen
ρ(x) = δ3(x) which for reasons of Lorentz invariance would be physically desirable but would
imply ρ̂ = (2π)−3/2, the domain of the second summand in ϕj(t) would be {0}, which is
a manifestation of the mentioned ultraviolet problem. With a square integrable ρ̂, the field
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operator is self-adjoint on a dense domain; see [22]. An equivalent definition is possible by
direct fiber integrals, see [23, 24]. Despite the notation, one should not think of the ϕj as being
N different fields, the index just denotes in a brief way that the single scalar field is evaluated
at the coordinates of particles j, i.e. at xj .

This allows to define the one-particle Hamiltonians as follows:

Hj(t) = H0
j + ϕj(t), j = 1, ..., N. (18)

Multi-Time Evolution Equations and Solution Sense. As domain for our multi-time
wave function on configuration space-time, we take those configurations of space-time points
which are at equal times or have a space-like distance of at least δ, i.e.

Sδ :=
{

(x1, ..., xN ) ∈ R4N
∣∣∣ ∀j 6= k : tj = tk or ‖xj − xk‖ > |tj − tk|+ δ

}
. (19)

The multi-time wave function will hence be represented as a map ψ : Sδ → FK .
The natural notion of a solution to our multi-time system (1) would be a smooth function

mapping from Sδ to the Fock space FK . However, the above introduced Hilbert space H on
R3N allows to apply on a lot of functional analytic methods, and thus, simplifies the mathe-
matical analysis considerably. This is why it is helpful to at first define a solution as a map
ψ : RN →H , (t1, ..., tN ) 7→ ψ(t1, ..., tN ) and require it to solve the system (1) on the space-time
configurations in Sδ. The latter involves the difficulty that the domain Sδ is not an open set
in R4N so that partial derivatives with respect to time coordinates cannot be straightforwardly
defined in this set.

x

t

Figure 1: The set Sδ is depicted in grey, for two particles in relative coordinates. Because of
the line at t = t1− t2 = 0, this is obviously not an open set in configuration space-time. At the
origin, for example, the partial derivative ∂t1 cannot be computed inside the set.

In order to cope with this difficulty, we adapt a method to define partial derivatives in Sδ

that was also employed by Petrat and Tumulka [6, sec. 4]. If all times are pair-wise different,
the usual partial derivatives exist. However, this is not the case at points where for some
j 6= k, tj = tk while ‖xj − xk‖ ≤ δ. For those configurations we will only take the derivative
with respect to the common time coordinate. This is implemented as follows: Each point
x = (x1, ..., xN ) ∈ Sδ defines a partition of {1, ..., N} into non-empty disjoint subsets P1, ..., PL
by the equivalence relation that is the transitive closure of the relation that holds between j
and k exactly if1 ‖xj − xk‖ ≤ |tj − tk| + δ. We call this the corresponding partition to x. By

1This gives exactly the partition called F Pq4 by Petrat and Tumulka.
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(19), all particles in one set Pi of the partition necessarily have the same time coordinate, i.e.
∀i ∈ {1, ..., L} ∀j, k ∈ Pi, we have tj = tk. We write this common time coordinate as tPi for
each i = 1, ..., L.

The partial derivative with respect to tPi can now be defined for a differentiable function
ψ : RN →H as

(
∂

∂tPi

ψ(t1, ..., tN )
)

(x1, ...,xN ) :=
∑

j∈Pi

(
∂

∂tj
ψ(t1, ..., tN )

)
(x1, ...,xN ), (20)

provided that the expression on the right-hand side is well-defined. By this definition, ∂
∂tPi

ψ can
be obtained solely by limits of sequences of configurations inside Sδ, so changing the function
ψ outside of the relevant domain Sδ will not matter for the derivative, and thus not affect its
status of being a solution. With this notation at hand, we define:

Definition 1 (Solution Sense) For each set A ⊂ {1, ..., N}, define the respective Hamilto-
nian

HA(t) :=
∑

j∈A

(
H0
j + ϕj(t)

)
. (21)

A solution of the multi-time system is a function ψ : RN →H , (t1, ..., tN ) 7→ ψ(t1, ..., tN ) such
that the following hold:

i) Time derivatives: ψ is differentiable.

ii) Pointwise evaluation: For every (t1,x1, ..., tN ,xN ) ∈ Sδ, and for all j = 1, ..., N , the
following pointwise evaluations are well-defined:

(
ψ(t1, ..., tN )

)
(x1, ...,xN ),

(
∂tjψ(t1, ..., tN )

)
(x1, ...,xN ),

(
Hj(tj)ψ(t1, ..., tN )

)
(x1, ...,xN ).

(22)

iii) Evolution equations: For every x = (t1,x1, ..., tN ,xN ) ∈ Sδ with corresponding partition
P1, ..., PL, the equations
(

∂

∂tPj

ψ(t1, ..., tN )
)

(x1, ...,xN ) =
(
HPj (tPj )ψ (t1, ..., tN )

)
(x1, ...,xN ), j = 1, ..., L,

(23)
where the left hand side is defined by (20), are satisfied.

Due to the unfamiliar structure of the domain Sδ and our compact notation, this definition
may look complicated at first sight. However, the complication is only due to the introduction
of the cut-off ρ which led to the definition of Sδ. The purpose of the whole effort is simply
to restrict the system (1) to those time directions in which taking the derivative is admissible
in Sδ. It may be helpful to take a quick look at Eq. (30) which shows the explicit form of
the multi-time system for the special case of N = 2. We emphasize that with our notation in
(21), the index of the Hamiltonian is actually a set, for example H{1,2} = H1 +H2 denoting the
mutual Hamiltonian of particles 1 and 2.

As a final ingredient, we define a dense domain in H :

D := C∞c (R3N ,CK)⊗F ∩ L2(R3N ,CK)⊗ dom(H∞f ). (24)

Our first main result is on the existence of solutions given initial values in D .
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Theorem 1 (Existence) Let ψ0 ∈ D . Then there is a solution of the multi-time system ψ in
the sense of definition 1 which satisfies ψ(0, ..., 0) = ψ0 pointwise. In particular, there is such
a solution ψ fulfilling

ψ(t1, ·, ..., tN , ·) ∈ D ∀(t1, ..., tN ) ∈ RN . (25)

The second main result is on the uniqueness of solutions in D .

Theorem 2 (Uniqueness) Let ψ0 ∈ D . Let ψ1 and ψ2 be two solutions of the multi-time
system in the sense of definition 1 which both satisfy ψk(0, ..., 0) = ψ0 pointwise for k = 1, 2.
Then we have for all (t1,x1, ..., tN ,xN ) ∈ Sδ:

(
ψ1(t1, ..., tN )

)
(x1, ...,xN ) =

(
ψ2(t1, ..., tN )

)
(x1, ...,xN ). (26)

To illustrate that our model is indeed interacting, we provide a rigoros version of Eq. (9) for
the case of our model, in other words, the Ehrenfest equation for the scalar field operator.

Theorem 3 For every t ∈ R and x ∈ R3, let us abbreviate the solution to given initial values
ψ0 ∈ D at equal times as ψt := U{1,...,N}(t, 0)ψ0 and Ht := H{1,...,N}(t) and write ϕ(t,x) for the
field operator acting as

ϕ(t,x)ψ :=
∫
d3k

[(
ρ̂(k)√
ω(k)

e−iω(k)teik·xa(k) + ρ̂†(k)√
ω(k)

eiω(k)te−ik·xa†(k)
)
ψ

]
. (27)

Then, the following equation holds:

�
〈
ψt, ϕ(t,x)ψt

〉
= −

N∑

k=1

〈
ψt, ρ ∗ ∗δ(x̂k − x)ψt

〉
, (28)

where � := ∂2
t − 4x, and the double convolution defined as in (75) is here understood as a

shorthand notation for

ρ ∗ ∗δ(x̂k − x) =
∫
d3y1

∫
d3y2 ρ(y1)ρ(y2)δ(x̂k − y1 − (x− y2)).

=
∫
d3y1 ρ(y1)ρ(x− x̂k + y1).

(29)

We observe that the Ehrenfest equation (28) for the scalar fiel features a “source term” on
the right hand side. It consists of the N electrons as sources whose point-like nature is smeared
out by the form factors ρ comprising the ultraviolet cut-off. The two occurrences of ρ in the
double convolution ρ ∗ ∗δ arise like this: In the computation, the source term is introduced by
means of the commutation relation (8). The latter features two occurrences of ϕ whereas each
ϕ bares one ρ in its definition in (27).

The remaining section of the paper provides the proofs of the above theorems. It is divided
in section 3.1, which explains the strategy of proof regarding existence of solutions, section 3.2,
which collects necessary results about the single-time evolution operators, section 3.3, which
constructs the multi-time evolution and provides the proof of Theorem 1, section 3.4, which
asserts the uniqueness of solutions, i.e., Theorem 2, and finally, section 3.5, which carries out
the computation for the proof of Theorem 3.
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3 Proofs
3.1 Strategy of proof for existence of solutions
Before treating the general case in the following sections, it is helpful to explain our strategy
of proof in the simplest case of N = 2 as there we can easily make the index partitions fully
explicit and do not obstruct ideas in the compact partitioning notation introduced above. For
the treatment of the general case, however, the compact notation will prove very helpful to
tackle the additional difficulties.

In the case of N = 2, we are looking for a pointwise evaluable solution ψ : R2 → H to the
system

(
i∂t1ψ(t1, t2)

)
(x1,x2) =

(
H1(t1)ψ(t1, t2)

)
(x1,x2)

(
i∂t2ψ(t1, t2)

)
(x1,x2) =

(
H2(t2)ψ(t1, t2)

)
(x1,x2)



 if ‖x1 − x2‖ > δ + |t1 − t2|,

(
i∂tψ(t, t)

)
(x1,x2) =

(
H{1,2}(t)ψ(t, t)

)
(x1,x2) if t1 = t2 = t,

(30)

where H{1,2} = H1 +H2. Note that there is a little bit of redundancy in this system, since the
second case is implied by the first if t1 = t2 and ‖x1 − x2‖ > δ + |t1 − t2|. The relevance of
the second case comes from the points where the times are equal, but the particles have smaller
distance than δ, i.e. the line in figure 1.

The first step is to show that evolution operators U{1}, U{2}, U{1,2}, one for each of the
single equations in (30), exist. These evolutions satisfy the usual properties of two-parameter
propagators and, for all ψ in a suitable domain, generate a time evolution fulfilling

i
∂

∂t
UA(t, s)ψ = HA(t)UA(t, s)ψ, A ∈ {{1}, {2}, {1, 2}}. (31)

An essential property of UA that we will need is that it makes the support of a wave function
grow only within its future (or backwards) lightcone, as it is common for Dirac propagators. A
further necessary ingredient that has to be proven is the invariance of smooth functions under
the time evolutions. This will be established by commutator theorems following Huang [25].

0

t1

t2

U12

U1x2

x1

Figure 2: Depiction of the multi-time evolution. First, the initial values are evolved from time
0 to t2 with the common propagator U{1,2}, then only the degrees of freedom of particle 1
are brought to time t1 by applying U1. This works consistently because x2 is outside of the
backward lightcone of x1 with an additional distance of δ, as sketched here.

In the second step, a candidate for the solution can directly be constructed with the help of
the evolution operators UA. Given smooth initial values ψ0 at t1 = t2 = 0, we define

ψ(t1, t2) = U{1}(t1, t2)U{1,2}(t2, 0)ψ0. (32)
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The idea is: First evolve both particles simultaneously up to time t2 and then only evolve the
first particle to t1. If more times are added, we need to order them increasingly such that we
do not “move back and forth” in the time coordinates. It is necessary, as mentioned above,
to prove that the UA operators keep functions sufficiently regular to be able to define ψ in a
pointwise sense and obtain a differentiable function.

By definition, i∂t1ψ(t1, t2) = H1(t1)ψ(t1, t2) holds. If both times are equal, the equation
i∂tψ(t, t) = H{1,2}(t)ψ(t, t) is also fulfilled. For the derivative with respect to t2, one has

(
i∂t2ψ(t1, t2)

)
(x1,x2) =

(
U{1}(t1, t2)H2(t2)U{1,2}(t2, 0)ψ0

)
(x1,x2). (33)

To show that ψ solves the multi-time equations, U1 and H2 have to commute on the configura-
tions with minimal space-like distance δ. By taking another derivative, and after treating some
difficulties that originate in the unboundedness of H2(t2), we will be able to reduce this to the
consistency condition

([H1(t1),H2(t2)]ψ(t1, t2)) (x1,x2) = 0. (34)
The crucial ingredients in this step are that the commutators vanish at configurations inside
our domain of definition Sδ, and that the supports grow at most with the speed of light.

3.2 Dynamics of the single-time equations
In this section, we consider a fixed set A ⊂ {1, ..., N} with the respective Hamiltonian HA(t)
defined in (21) and construct a corresponding time evolution operator UA(t, s). This is contained
in the following theorem, which uses the subsequent Lemmas 5 and 6. The subsection continues
with important properties of the operator UA(t, s), namely the spreading of data with at most
the speed of light (Lemma 7) and the invariance of certain smooth functions (Lemma 9, Corollary
10), namely those in the important set D defined in (24). We denote the identity map by 1.

Theorem 4 There exists a unique two-parameter family of unitary operators UA(t, s) : H →
H with the properties that for all t, s, r ∈ R,

1. UA(t, t) = 1,

2. UA(t, r) = UA(t, s)UA(s, r),

3. If ψ ∈ D , then ∂
∂tUA(t, s)ψ

∣∣∣
t=s

= −iHA(s)ψ.

Remark: The third property in the theorem is slightly weaker than in the common case of
time-independent Hamiltonians, where one can prove that the derivative exists for all functions
in the domain of the Hamiltonian. But in our case, since we do not know whether dom(H(t))
is independent of t, we have to reside to a common domain like D .

Proof: We first prove the existence of UA. Consider for a fixed s ∈ R the time-independent
Hamiltonian

H̃A,s := Hf +
∑

j∈A

(
H0
j + ϕj(s)

)
. (35)

It is proven below in Lemma 5 that this Hamiltonian is essentially self-adjoint on the dense
domain D . Therefore, there is a strongly continuous unitary one-parameter group ŨA,s with
the property that if ψ ∈ dom(H̃A,s), then ∂

∂t ŨA,s(t)ψ = −iH̃A,sψ. We can transform back to
the Hamiltonian without tilde by setting

UA(t, s) := eiHf (t−s)ŨA,s(t− s) ∀t, s ∈ R. (36)

We have to check that the such defined two-parameter family of unitary operators satisfies the
properties listed in the theorem.
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1. For all t ∈ R, UA(t, t) = 1 follows immediately by ŨA,s(0) = 1.

2. We compute for any t, s, r ∈ R,

UA(t, s)UA(s, r) = eiHf (t−s)ŨA,s(t− s)eiHf (s−r)ŨA,r(s− r)
= eiHf (t−r) eiHf (r−s)ŨA,s(t− s)eiHf (s−r)

︸ ︷︷ ︸
=ŨA,r(t−s) by Lemma 6, part 2

ŨA,r(s− r)

= eiHf (t−r)ŨA,r(t− s)ŨA,r(s− r)
= UA(t, r).

(37)

3. Let ψ ∈ D and t, s ∈ R, then also ψ ∈ dom(Hf ) ∩ dom(H̃A,s), and

i∂tUA(t, s)ψ(s)|t=s
=
[
−HfeiHf (t−s)ŨA,s(t− s)ψ(s) + eiHf (t−s)H̃A,sŨA,s(t− s)ψ(s)

]
t=s

=
[
−Hfψ(t) + eiHf (t−s)H̃A,se−iHf (t−s)ψ(t)

]
t=s

=
[
−Hfψ(t) + H̃A,tψ(t)

]
t=s

= HA(s)ψ(s),

(38)

where we used in the last line the statement of Lemma 6, part 1. This establishes the
third property and hence existence.

We now prove uniqueness of UA. Assume there are two families UA(t, s) and U ′A(t, s) with
all required properties. Pick some ψ0 ∈ D , then ψ(t) := UA(t, 0)ψ0 and ψ′(t) := U ′A(t, 0)ψ0

are differentiable w.r.t to t by the invariance of D (Corollary 10). By linearity, also w(t) :=
ψ(t)−ψ′(t) satisfies the differential equation i∂tw(t) = HA(t)w(t). Note that w(0) = 0. Because
HA(t) is self-adjoint for all times, the norm is preserved during time evolution:

i∂t 〈w(t), w(t)〉 = −〈HA(t)w(t), w(t)〉+ 〈w(t),HA(t)w(t)〉 = 0 (39)

Therefore, also w(t) must have norm zero, so ψ(t) = ψ′(t) ∀t ∈ R, which proves that the families
UA(t, s) and U ′A(t, s) are in fact identical. �

We have used the statements of the following two lemmas:

Lemma 5 Let t, s ∈ R. The Hamiltonian HA(t) and the operator H̃A,s defined in (35) are
essentially self-adjoint on the domain D defined in (24).

The following proof is a generalization of an argument by Arai [24] and a similar argument
given in [26, app. C].

Proof: Let t, s ∈ R. We want to prove essential self-adjointness of H̃A,s using the commutator
theorem [27, theorem X.37], nicely proven in [28]. It is easy to see that the same argumentation
can then also be applied to HA(t), which just has one term less. Consider

KA :=
∑

j∈A
−4j +Hf + 1. (40)

This operator is essentially self-adjoint on D due to well-known results (see e.g. [27]) and
certainly satisfies KA ≥ 1. Therefore, to apply the commutator theorem, we need to prove:

1. ∃c ∈ R such that ∀φ ∈ D , ‖(H̃A,s)φ‖ ≤ c‖KAφ‖.

2. ∃d ∈ R such that ∀φ ∈ D , |
〈
H̃A,sφ,Kαφ

〉
−
〈
KAφ, H̃A,sφ

〉
| ≤ d‖K1/2

A φ‖.
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Proof of 1. We make use of the standard estimates (see e.g. [21]) valid for all ψ ∈ dom(H1/2
f )

and f ∈ L2(R3,C),
∥∥∥∥
∫
d3k f(k)a(k)ψ

∥∥∥∥ ≤ ‖f‖2
∥∥∥H1/2

f ψ
∥∥∥ ,

∥∥∥∥
∫
d3k f(k)a†(k)ψ

∥∥∥∥ ≤ ‖f‖2
∥∥∥H1/2

f ψ
∥∥∥+‖f‖2 ‖ψ‖. (41)

Now let φ ∈ D . We have by the triangle inequality
∥∥∥H̃A,sφ

∥∥∥ ≤
∑

j∈A

(∥∥∥H0
jφ
∥∥∥+ ‖ϕjφ‖

)
+ ‖Hfφ‖ , (42)

so we need to bound each of the summands on the right hand side. ‖Hfφ‖ ≤ ‖KAφ‖ is clear
since 1 and −4 are positive operators. Next we consider the free Dirac operator,

∥∥∥H0
jφ
∥∥∥ ≤ m ‖φ‖+ ‖−i(αj · ∇j)φ‖ . (43)

The derivative term needs closer inspection,

‖−i(αj · ∇j)φ‖2 =
〈
φ,−(αj · ∇j)2φ

〉
= 〈φ,−4φ〉 , (44)

where only the Laplacian survives because the α-matrices anticommute and the derivatives
commute. Continuing with the Cauchy-Schwarz inequality and the elementary inequality

√
ab ≤

1
2(a+ b) ∀a, b ≥ 0, we obtain

‖−i(αj · ∇j)φ‖ ≤
√
〈φ,−4φ〉 ≤

√
‖φ‖ ‖−4φ‖ ≤ 1

2 (‖φ‖+ ‖−4φ‖) . (45)

Again, since all the summands in KA are positive operators, this directly leads to
∥∥∥H0

jφ
∥∥∥ ≤ C ‖KAφ‖ . (46)

In the whole article, C denotes an arbitrary positive constant that may be different each time.
For the interaction term, we see that the factor ρ̂(k)√

ω(k)
is in L2 since ρ̂ being a Schwartz function

ensures rapid decay at infinity and since the singularity at k = 0 (present only for µ = 0) is
integrable. This allows the use of (41), giving

‖ϕjφ‖ ≤ C
(∥∥∥H1/2

f φ
∥∥∥+ ‖φ‖

)
, (47)

and with one more application of Cauchy-Schwarz,
∥∥∥H1/2

f φ
∥∥∥ ≤ ‖φ‖1/2 ‖Hfφ‖

1/2 ≤ 1
2 (‖φ‖+ ‖Hfφ‖) , (48)

we are done with the proof that there is a constant c (not depending on φ) with ‖(H̃A,s)φ‖ ≤
c‖KAφ‖.
Proof of 2. As in the previous step, we can bound the summands in H̃A,s one by one. We first
observe that Hf and H0

j commute with KA. For the interaction term, we have

[ϕj ,KA] = [ϕj ,−4j ] + [ϕj ,Hf ] , (49)

so let us compute

〈ϕjφ,4jφ〉 − 〈4jφ, ϕjφ〉 =
3∑

a=1

〈
∂

∂xaj
φ,

∂

∂xaj
ϕjφ

〉
−
〈

∂

∂xaj
ϕjφ,

∂

∂xaj
φ

〉

= 2i
3∑

a=1
=
〈

∂

∂xaj
φ,

∂

∂xaj
ϕjφ

〉

= 2i
3∑

a=1
=
〈

∂

∂xaj
φ,

∫
d3k

[(
−ikaj ρ̂(k)
√
ω(k)

e−iω(k)teik·x̂ja(k) + c.c.

)
φ

]〉
,

(50)
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where the last equality holds since
〈

∂
∂xa

j
φ, ϕj

∂
∂xa

j
φ

〉
is real; and “c.c” denotes the hermitian

conjugate of the preceding term. Since ρ̂ is a Schwartz function, also −ikaj ρ̂(k) is, so we get
from the estimate (41)

|〈ϕjφ,4jφ〉 − 〈4jφ, ϕjφ〉| ≤ C
(∥∥∥H1/2

f φ
∥∥∥+ ‖φ‖

)
≤ 2C

∥∥∥K
1/2
A φ

∥∥∥ . (51)

For the second term in (49), we look at the commutator of ϕj and Hf . This amounts to a time
derivative of ϕj(t), which gives an expression like in the last line of (50), but where the function
−ikaj ρ̂(k) is replaced by −iω(k)ρ̂(k). This is again a Schwartz function. Using estimate (41)
again for that function, we obtain

| 〈ϕjφ,Hfφ〉 − 〈Hfφ, ϕjφ〉 | ≤ C
∥∥∥K

1/2
A φ

∥∥∥ . (52)

This means we have shown that there is a constant d (independent of φ), such that
∣∣∣
〈
H̃A,sφ,KAφ

〉
−
〈
KAφ, H̃A,sφ

〉∣∣∣ ≤ d‖K1/2
A φ‖. (53)

This is the second necessary ingredient for the application of the commutator theorem, which
gives the statement of the lemma. �

Lemma 6 The self-adjoint Hamiltonian H̃A,s and the unitary group ŨA,s it generates satisfy
the following properties for all r, s, t ∈ R:

1. eiHf (t−s)H̃nA,se−iHf (t−s) = H̃nA,t ∀n ∈ N, whenever both sides are well-defined.

2. eiHf (r−s)ŨA,s(t− s)eiHf (s−r) = ŨA,r(t− s).

Proof: Let r, s, t ∈ R.

1. We have for n = 1

eiHf (t−s)H̃A,se−iHf (t−s) = eiHf (t−s)


Hf +

∑

j∈A
H0
j + ϕj(s)


 e−iHf (t−s)

= Hf +
∑

j∈A
H0
j + eiHf (t−s)ϕj(s)e−iHf (t−s)

= H̃A,t.

(54)

The statement for arbitrary n ∈ N follows directly from the n = 1 case, which can be seen
by inserting the identity 1 = e−iHf (t−s)eiHf (t−s) between the factors of H̃A,s,

eiHf (t−s)H̃nA,se−iHf (t−s) =
n∏

k=1
eiHf (t−s)H̃A,se−iHf (t−s) = H̃nA,t. (55)

2. By the analytic vector theorem, the set A of analytic vectors for H̃A,s is dense. Hence
its image under the unitary map eiHf (r−s) is also dense. Let ψ ∈ eiHf (r−s) (A ). We can
write

eiHf (r−s)ŨA,s(t− s)eiHf (s−r)ψ = eiHf (r−s)
∞∑

n=0

in(t− s)n
n! H̃nA,seiHf (s−r)ψ

=
∞∑

n=0

in(t− s)n
n! eiHf (r−s)H̃nA,seiHf (s−r)ψ

=
∞∑

n=0

in(t− s)n
n! H̃nA,rψ, (56)
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where we used part 1 of the lemma in the last step. The series converges, so ψ is analytic
for H̃A,r, which proves

eiHf (r−s)ŨA,s(t− s)eiHf (s−r)ψ = ŨA,r(t− s)ψ, ∀ψ ∈ eiHf (r−s) (A ) . (57)

Equation (57) tells us that the bounded operators eiHf (r−s)ŨA,s(t−s)eiHf (s−r) and ŨA,r(t−
s) agree on a dense set, which implies that they are equal. �

The next lemma is about the causal structure of our equations. It uses the usual definition
of addition of sets,

M +R := {m+ r|m ∈M, r ∈ R}. (58)

In order to simplify notation, it is implied that vectors in R3N and R3 can be added by just
changing the respective j-th coordinate, e.g. (x1,x2) + y2 ≡ (x1,x2 + y2).

Lemma 7

1. The evolution operators UA do not propagate data faster than light, i.e. if for R ⊂ R3N

we have suppψ ⊂ R, then for all t, s ∈ R,

supp (UA(t, s)ψ) ⊂ R+
∑

j∈A
B|t−s|(xj). (59)

2. Let ψ be the solution of i∂tψ = HA(t)ψ with smooth initial values given as
ψ(0, ..., 0) = ψ0. Then for all t ∈ R, ψ(t,x1, ..., t,xN ) is uniquely determined by specifying
initial conditions on ∑j∈AB|t|(xj).

Proof:

1. This lightcone property of the free Dirac equation is well-known (compare [29, theorem
2.20]). The claim for our model is a direct generalization to the many-particle case of the
functional analytic arguments in [23, theorem 3.4]. (Note that it is also feasible to adapt
the arguments using current conservation in [6, lemma 14] since the continuity equation
holds for our model, as well.)

2. This follows directly from 1. since if ψ and ψ′ are two solutions whose initial values ψ0

and ψ′0 agree on ∑j∈AB|t|(xj), then

supp (ψ0 − ψ′0) ⊂ R3N \
∑

j∈A
B|t|(xj) (60)

implies by (59)

supp (UA(t, 0)(ψ0−ψ′0)) ⊂ R3N \
∑

j∈A
B|t|(xj) +

∑

j∈A
B|t|(xj) = R3N \ {(x1, ...,xN )}, (61)

which is the claim. �

Another necessary information is which domains stay invariant under the time evolutions
we have just constructed. The idea is to exploit a theorem by Huang [25, thm. 2.3], which we
cite here adopted to our notation.

Theorem 8 (Huang). Let K be a positive self-adjoint operator and define Zj(t) = Kj−1 [HA(t),K]K−j.
Suppose that Zk(t) is bounded with ‖Zk(·)‖ ∈ L1

loc(R) for all k ≤ j. Then UA(t, s)[dom(Kj)] =
dom(Kj).
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We will use a family of comparison operators for j ∈ N, abbreviating ∑N
k=1−4k =: −4,

Kn := (−4)n + (Hf )n + 1. (62)

The operator Kn resembles the n − th power of the operator KA we defined in (40) for the
commutator theorem. Its domain of self-adjointness is denoted by dom(Kn).

Lemma 9 The family of operators UA(t, s) with t, s ∈ R leaves the set dom(Kn) invariant for
all n ∈ N.

Proof: Let n ∈ N. It is known that Kn is self-adjoint and strictly positive. We prove the
invariance of dom(Kn) using Thm. 8, hence we only need the case j = 1 and need to bound
Z1(t) = [HA(t),Kn]K−1

n .
Note that, since Kn is positive, 0 is in its resolvent set. This means that Kn : dom(Kn)→H is
bijective, so its inverse K−1

n : H → dom(Kn) is bounded by the closed graph theorem. Because
the Laplacian commutes with the free Dirac operator (in the sense of self-adjoint operators,
which can e.g. be seen by their resolvents), this carries over to (−4)n and the commutator
gives

[HA(t),Kn] =
∑

j∈A
[ϕj(t), (−4)n] +

∑

j∈A

[
ϕj(t),Hnf

]
. (63)

The commutator terms give rise to derivatives of the field terms ϕ, similarly as in the calculation
(50). It becomes apparent that arbitrary derivatives with respect to time or space variables lead
to the multiplication of ρ̂(k) in (17) by a product of ka and ω(k) factors, which still keep the
rapid decay at infinity. Therefore, also the derivative is a quantum field with an L2-function as
cut-off function. This means that the bound (47) can analogously be applied to the commutator
and we have some C > 0 with

‖[HA(t),Kn] η‖ ≤ C (‖Hfη‖+ ‖η‖) ∀η ∈ dom(K). (64)

By the inequality of arithmetic and geometric mean,

‖Hfη‖ = ‖ n

√
Hnf η‖ ≤ C(‖Hnf η‖+ ‖η‖) ≤ C(‖Knη‖+ ‖η‖) (65)

Since K−1
n ψ ∈ dom(Kn), we can apply this to Z1(t),

‖Z1(t)ψ‖ =
∥∥∥([HA(t),Kn])K−1

n ψ
∥∥∥ ≤ C

(
‖KnK

−1
n ψ‖+ ‖K−1

n ψ‖
)

= C
(
1 + ‖K−1

n ‖op
)
|ψ‖,

(66)
which implies that Z1(t) is bounded with ‖Z1(·)‖ ∈ L1

loc(R). Hence, application of Theorem 8
yields the claim. �

Corollary 10 The family of operators UA(t, s) with t, s ∈ R leaves the set D , defined in (24),
invariant.

Proof: By Lemma 9, UA(t, s) with t, s ∈ R leaves dom(Kn) invariant for each n ∈ N. We claim
that

dom(Kn) = dom((−4)n)⊗F ∩ L2(R3N ,CK)⊗ dom(Hnf ). (67)

The operatorKn is of the form (−4)n⊗1+1⊗Hnf+1, where the bounded operator 1 is irrelevant
for the domain. By [30, chap. VIII.10], an operator of this structure on a tensor product space is
essentially self-adjoint on the domain dom((−4)n)⊗F ∩L2(R3N ,CK)⊗dom(Hnf ). The domain
of self-adjointness arises when we take the closure of that operator. It is, however, known from
[31, p. 160] that a sum of positive operators is already closed on the domain (67). Thus, (67) is
actually the domain of self-adjointness of Kn.
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Let ψ ∈ D , then also ψ ∈ dom(Kn) for all n ∈ N. Thus, UA(t, s)ψ ∈ dom(Kn) for all n ∈ N.
For the Fock space part, this directly gives

UA(t, s)ψ ∈
∞⋂

n=1
L2(R3N ,CK)⊗ dom(Hnf ) = L2(R3N ,CK)⊗ dom(H∞f ). (68)

In the L2-part, we first note that Lemma 7 gives an upper bound on the growth of supports, so
compactness of the support is preserved under the time evolution UA(t, s). Secondly, we have

UA(t, s)ψ ∈
∞⋂

n=1
dom((−4)n)⊗F ⊂ C∞(R3N ,CK)⊗F , (69)

which follows from Sobolev’s lemma as contained in the proposition in [27, chap. IX.7]. These
two facts imply that the time evolution leaves C∞c invariant. Thus we infer UA(t, s)ψ ∈ D . �

Another result that will be helpful later is that not only the time evolutions leave the set D
invariant, but also the terms in the Hamilton operators themselves.

Lemma 11 The set D is left invariant by Hf , H0
j and ϕj(t) for each 1 ≤ j ≤ N and t ∈ R.

Proof: 1. H0
j only acts on the first tensor component and on that one, it leaves C∞c -functions

invariant because it is a linear combination of partial derivatives and the identity.

2. Hf only acts on the second tensor component and on that one, it leaves dom(H∞f ) invariant
by definition.

3. First we note that ϕj does not increase supports. Now let k ∈ N, t ∈ R and ψ ∈
dom(Hk+1

f ). Then, using the same estimates as in the proof of Lemma 5,

∥∥∥Hkf ϕj(t)ψ
∥∥∥ ≤

∥∥∥ϕj(t)Hkfψ
∥∥∥+

∥∥∥∥∥
∂k

∂tk
ϕj(t)ψ

∥∥∥∥∥ ≤ C
(∥∥∥Hk+1

f ψ
∥∥∥+ ‖Hfψ‖+ ‖ψ‖

)
<∞, (70)

which shows that ϕj(t)ψ ∈ dom(Hkf ) for every t ∈ R. An analogous argument can be
done for the operators H0

j , which together implies that ϕj(t) leaves D invariant. �

3.3 Construction of the multi-time evolution
The construction of the solution of our multi-time system (23) relies on the consistency condition
which we prove now.

Lemma 12 Let ψ ∈ D and A,B be disjoint subsets of {1, ..., N}, then the consistency condition

[HA(tA),HB(tB)]ψ(x1, ...,xN ) = 0 (71)

is satisfied whenever ∀j ∈ A, k ∈ B : ‖xj − xk‖ > δ + |tA − tB|.

Proof: Let tA, tB ∈ R. The commutator reads

[HA(tA),HB(tB)] =


∑

j∈A
H0
j + ϕj(tA),

∑

k∈B
H0
k + ϕk(tB)


 =

∑

j∈A,k∈B
[ϕj(tA), ϕk(tB)] , (72)

since, by definition, the free Dirac Hamiltonians commute with the other terms. We will now
show that each of the summands in the double sum applied to ψ ∈ D vanishes when evaluated
at (x1, ...,xN ) ∈ R3N with ∀j ∈ A, k ∈ B : ‖xj − xk‖ > δ + |tA − tB|.
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It is well-known (e.g. [27, thm X.41]) that field operators as defined in (17) satisfy the CCR,
which means

[ϕj(tA), ϕk(tB)]ψ(x1, ...,xN )

= i=
∫

d3k
ω(k) ρ̂(k)†ρ̂(k)eiω(k)tA−ik·xje−iω(k)tB+ik·xkψ(x1, ...,xN )

= 1
2

∫
d3k
ω(k)

(
ρ̂(k)†ρ̂(k)eiω(k)(tA−tB)e−ik·(xj−xk) − c.c

)
ψ(x1, ...,xN )

= 1
2

∫
d3k
ω(k)

(∫
d3y1d

3y2ρ(y1)e−ik·y1ρ(y2)eik·y2eiω(k)(tA−tB)e−ik·(xj−xk)

− c.c
)
ψ(x1, ...,xN ),

(73)

upon insertion of the Fourier transforms. We compare this to the so-called Pauli-Jordan function
[32, p. 88], i.e. the distribution

∆(xj , xk) := c

∫
d3k
ω(k)

(
eiω(k)(tj−tk)−ik·(xj−xk) − c.c.

)
, (74)

where c = i
16π3 . It is known that ∆(x1, x2) = 0 whenever x1 is space-like to x2 [32, p. 89]. We

define a double convolution by

(ρ ∗ ∗∆)(tj ,xj , tk,xk) :=
∫
d3y1d

3y2 ρ(y1)ρ(y2)∆(tj ,xj − y1, tk,xk − y2)

= c

∫
d3k
ω(k)

∫
d3y1d

3y2ρ(y1)ρ(y2)
(
eiω(k)(tj−tk)−ik·(xj−y1−xk+y2) − c.c.

)
,

(75)

which is a well-defined integral since ρ ∈ C∞c (R3). Comparison to (73) yields
2
c

[ϕj(tA), ϕk(tB)]ψ(x1, ...,xN ) = (ρ ∗ ∗∆)(tA,xj , tB,xk)ψ(x1, ...,xN ). (76)

We know that ‖xj − xk‖ > |tA − tB| + δ and by (16), ρ(y) 6= 0 only if ‖y‖ < δ
2 . Thus the

argument of the function ∆ in the double convolution (75) satisfies

‖xj − y1 − (xk − y2)‖ ≥ ‖xk − xj‖ − ‖y1‖ − ‖y2‖
≥ ‖xj − xk‖ − δ
> |tA − tB|,

(77)

i.e. it is space-like, which implies that (ρ∗∗∆)(tA,xj , tB,xk) = 0 and hence also the commutator
is zero. �

With all the previous results at hand, the existence of solutions can be treated constructively.
We first prove a lemma which contains the crucial ingredient for the subsequent theorem.

Lemma 13 Let ζ ∈ D . Let A,B be arbitrary subsets of {1, ..., N} with A ∩ B = ∅, let tB ≥
s ≥ tA, then

([HA(tA), UB(tB, s)] ζ) (x1, ...,xN ) = 0. (78)
holds at every point (x1, ...,xN ) ∈ R3N for which ∀j ∈ A, k ∈ B, ‖xj − xk‖ > δ + tB − tA.

The idea of the proof is to take the derivative of the commutator in (78) with respect to
tB to get an expression where the consistency condition proven in Lemma 12 becomes useful.
However, it is not immediately clear if a term of the form HA(tA)UB(tB, s) is differentiable or
even continuous in tB because HA is not a continuous operator. Therefore, we have to take
a detour and approximate HA by bounded operators. A similar approximation by bounded
operators is used in the proof of the Hille-Yosida theorem in [33, ch. 7.4].
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Proof: Let A,B ⊂ {1, ..., N} with A ∩ B = ∅, s, tA, tB ∈ R with tB ≥ s ≥ tA, ζ ∈ D and
(x1, ...,xN ) ∈ R3N such that ∀j ∈ A, k ∈ B: ‖xj − xk‖ > δ + tB − tA.

We abbreviate ∑k∈A ϕk(t) =: ϕA(t) for t ∈ R. First note that the free Dirac terms in HA
trivially commute, so

([UB(tB, s),HA(tA)] ζ) (x1, ...,xN ) = ([UB(tB, s), ϕA(tA)] ζ) (x1, ...,xN ). (79)

Now define for ε > 0, t ∈ R a family of auxiliary operators

ϕεA(t) := ϕA(t)
1 + iεϕA(t) , (80)

which are well-defined since ϕA(t) is self-adjoint for all t [22]. For λ ∈ R, ε > 0,
∣∣∣∣

λ

1 + iελ

∣∣∣∣ ≤
1
ε

=⇒ ‖ϕεA(t)‖ ≤ 1
ε

(81)

where the implication follows by the spectral theorem. The difference of field operator ϕA and
its approximation ϕεA can be recast into

(ϕA(tA)− ϕεA(tA)) = ϕA(tA) + iεϕA(tA)2

1 + iεϕA(tA) − ϕA(tA)
1 + iεϕA(tA) = iε

1 + iεϕA(tA)ϕA(tA)2 (82)

and we note the bound for all ε > 0:
∥∥∥∥

1
1 + iεϕA(tA)

∥∥∥∥ ≤ 1. (83)

Because UB(tB, s)ζ ∈ D by corollary 10, we find the bound

‖[UB(tB, s), ϕA(tA)− ϕεA(tA)] ζ‖ ≤ ‖(ϕA(tA)− ϕεA(tA))ζ‖
+ ‖(ϕA(tA)− ϕεA(tA))UB(tB, s)ζ‖
≤ ε

(
‖ϕA(tA)2ζ‖+ ‖ϕA(tA)2UB(tB, s)ζ‖

)
.

(84)

Since we can take ε→ 0, the norm of the left hand side has to vanish. Because we furthermore
know that [UB(tB, s), ϕA(tA)− ϕεA(tA)] is a continuous function, the following implication holds:

([UB(tB, s), ϕεA(tA)] ζ) (x1, ...,xN ) = 0 ∀ε > 0⇒ ([UB(tB, s), ϕA(tA)] ζ) (x1, ...,xN ) = 0. (85)

Thus it remains to prove that the commutator defined for t ∈ R,

Ωt := [UB(t, s), ϕεA(tA)] ζ, (86)

vanishes at (x1, ...,xN ). Note that Ωt depends on ε, which we do not write for brevity. As a
merit of our approximation, t 7→ Ωt is a continuous map R→H . We proceed in four steps:

1. Construct an auxiliary function φt that solves for η ∈ D

i∂t 〈η, φt〉 = 〈η, [ϕB(t), ϕεA(tA)]UB(t, s)η〉+ 〈HB(t)η, φt〉 . (87)

2. Show that ∀η ∈ D : i∂t 〈η, φt − Ωt〉 = 〈HB(t)η, φt − Ωt〉.

3. Show that the weak equation proven in step 2 has a unique solution, thus φt = Ωt.

4. Investigate the support properties of φt and conclude that Ωt vanishes at (x1, ...,xN ).
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Step 1: We introduce the abbreviation for t ∈ R

ft := [ϕB(t), ϕεA(tA)]UB(t, s)ζ (88)

and recognize that the function f : R→H , t 7→ ft is bounded and measurable. Define

φt :=
∫ t

s
dτ eiHf (t−s)e−i(Hf +HB(s))(t−τ)e−iHf (τ−s)fτ . (89)

For η ∈ D , t ∈ R, we compute using Fubini’s theorem,

i∂t 〈η, φt〉 =i∂t
∫ t

s
dτ
〈
eiHf (τ−s)ei(Hf +HB(s))(t−τ)e−iHf (t−s)η, fτ

〉

=
〈
eiHf (t−s)ei(Hf +HB(s))(t−t)e−iHf (t−s)η, ft

〉

+
∫ t

s
dτ
〈
eiHf (τ−s)HB(s)ei(Hf +HB(s))(t−τ)e−iHf (t−s)η, fτ

〉

= 〈η, ft〉+ 〈HB(t)η, φt〉 .

(90)

Step 2: A calculation similar to the one above is now possible for Ωt, t ∈ R:

i∂t 〈η,Ωt〉 =i∂t
(
〈UB(s, t)η, ϕεA(tA)ζ〉 −

〈
ϕεA(tA)†η, UB(t, s)ζ

〉)

= 〈UB(s, t)HB(t)η, ϕεA(tA)ζ〉 −
〈
ϕεA(tA)†η,HB(t)UB(t, s)ζ

〉

− 〈HB(t)η, ϕεA(tA)UB(t, s)ζ〉+ 〈HB(t)η, ϕεA(tA)UB(t, s)ζ〉
= 〈HB(t)η,Ωt〉+ 〈η, [HB(t), ϕεA(tA)]UB(t, s)ζ〉

= 〈HB(t)η,Ωt〉+ 〈η, [ϕB(t), ϕεA(tA)]UB(t, s)ζ〉+
∑

k∈B

〈
η,
[
H0
k, ϕ

ε
A(tA)

]

︸ ︷︷ ︸
=0

ζ

〉

= 〈η, ft〉+ 〈HB(t)η,Ωt〉 .

(91)

This together with (90) yields that the difference φt−Ωt is a weak solution of the Dirac equation
in the sense that ∀η ∈ D :

i∂t 〈η, φt − Ωt〉 = 〈HB(t)η, φt − Ωt〉 . (92)

Step 3: For all s ∈ R, UB(s, s) = 1 implies Ωs = 0 and by definition, φs = 0. To show that Ωt

and φt are actually equal for all times t ∈ R, it thus suffices to prove uniqueness of solutions to
Eq. (92).
To this end, let ρ : R→ H, t 7→ ρt be continuous and for every η ∈ D a solution to

i∂t 〈η, ρt〉 = 〈HB(t)η, ρt〉 . (93)

We claim that then, for all t ∈ R, ρt = UB(t, s)ρs. To see this we consider t 7→ 〈UB(t, s)η, ρt〉,
we prove that this is differentiable with zero derivative. For h > 0, we find

1
h

∥∥∥ 〈UB(t+ h, s)η, ρt+h〉 − 〈UB(t, s)η, ρt〉
∥∥∥

≤
∥∥∥1
h
〈UB(t+ h, s)η − UB(t, s)η, ρt+h〉 − 〈iHB(t)UB(t, s)η, ρt+h〉

∥∥∥

+
∥∥∥1
h
〈UB(t, s)η, ρt+h − ρt〉 − i 〈HB(t)UB(t, s)η, ρt+h〉

∥∥∥

≤
∥∥∥1
h

(
UB(t+ h, s)η − UB(t, s)η

)− iHB(t)UB(t, s)η
∥∥∥‖ρt+h‖

+
∥∥∥1
h
〈UB(t, s)η, ρt+h − ρt〉 − i 〈HB(t)UB(t, s)η, ρt〉

∥∥∥+
∥∥∥ 〈HB(t)UB(t, s)η, ρt+h − ρt〉

∥∥∥.

(94)
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The first term goes to zero as h → 0 because η ∈ D and since ρt is continuous, the norm ρt+h
is bounded in a neighbourhood of t. The second term vanishes using (93), noting that also
UB(t, s)η ∈ D by Corollary 10. The last term also goes to zero by continuity of ρt. We have
thus proven that

∂t 〈UB(t, s)η, ρt〉 = 0 ⇒ 〈η, UB(s, t)ρt〉 = const. (95)

This implies the desired uniqueness statement 〈η, UB(t, s)ρs − ρt〉 = 0 for all η ∈ D . Since
D ⊂H is dense, ρt = UB(t, s)ρs follows.
In the special case of (92), the initial value is ρs = φs − Ωs = 0. Furthermore, t 7→ Ωt − φt is
continuous, hence

∀t ∈ R : φt − Ωt = 0. (96)

Step 4: Thanks to Eq. (89), we now have an explicit formula for Ωt by means of Ωt = φt. Next,
we investigate its support.
To treat the commutator term in (88), we insert two identities:

[ϕB(t), ϕεA(tA)] = 1
1 + iεϕA(tA)(1 + iεϕA(tA))ϕB(t)ϕA(tA) 1

1 + iεϕA(tA)

− 1
1 + iεϕA(tA)ϕA(tA)ϕB(t)(1 + iεϕA(tA)) 1

1 + iεϕA(tA)

= 1
1 + iεϕA(tA) [ϕB(t), ϕA(tA)] 1

1 + iεϕA(tA) .

(97)

The operator 1
1+iεϕA(tA) does not increase the domain of functions since it is the resolvent of

ϕA(tA) that can be written as a direct fiber integral, compare [23, thm. 3.4] and [34, thm.
XIII.85]. Hence, Lemma 12 guarantees that ft(x1, ...,xN ) = 0 whenever ‖xj−xk‖ > δ+ |t− tA|
for all j ∈ A, k ∈ B.

The spatial support is not altered by the Hf operators and their exponentials, so we have

supp
(
e−iHf (τ−s)fτ

)
⊂
{

(x1, ...,xN ) ∈ R3N ∣∣∃j ∈ A, k ∈ B : ‖xj − xk‖ ≤ δ + τ − tA
}
. (98)

Applying Lemma 7, this support can grow by at most ∑k∈B Bt−τ (xj) when acted on by
e−i(Hf +HB(s))(t−τ). So this implies

supp
(
e−i(Hf +HB(s))(t−τ)e−iHf (τ−s)fτ

)
⊂
{

(x1, ...,xN ) ∈ R3N
∣∣∣ ∃j ∈ A, k ∈ B :
‖xj − xk‖ ≤ δ + t− tA

}
.

(99)
Consider ΩtB = φtB . By (99), the integrand in Eq. (89) vanishes whenever ‖xj−xk‖ > δ+tB−tA.
This is satisfied for (x1, ...,xN ) by assumption, which yields

Ωt(x1, ...,xN ) = ([UB(t, s), ϕεA(tA)] ζ) (x1, ...,xN ) = 0 (100)

for every positive ε, and thus with (85) the claim of the lemma. �

We are now ready to prove the existence Theorem 1. In addition to the claim in Thm. 1 we
also prove the following extended claim that states the form of the solution.

Theorem 14 For each ψ0 ∈ D , there exists a solution ψ of the multi-time system in the sense
of Def. 1 on Sδ with initial data ψ(0, ..., 0) = ψ0 and with ψ(t1, ..., tN ) ∈ D .
Let σ be a permutation on {1, ..., N} such that tσ(1) ≥ tσ(2) ≥ · · · ≥ tσ(N), then one such solution
is given by

ψ(t1, ..., tN ) (101)
= U{σ(1)}(tσ(1), tσ(2)) . . . U{σ(1),...,σ(N−1)}(tσ(N−1), tσ(N))U{1,2,...,N}(tσ(N), 0)ψ0.
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For the proof, it will be helpful to abbreviate formulas like (101) using the©-symbol for the
ordered product of operators, ©l

k=1Ak := A1A2...Al. In this notation, expression (101) reads
((
©N−1
k=1 U{σ(j)|j≤k}(tσ(k), tσ(k+1))

)
U{1,,...,N}(tσ(N), 0)ψ0

)
(x1, ...,xN ). (102)

Compare also fig. 2 for a depiction of the successive application of the UA operators in a simple
case.

Proof: Let ψ0 ∈ D , and define ψ : RN → H by Eq. (101). Property UA(t, t) = 1 stated in
Theorem 4 ensures ψ(0, ..., 0) = ψ0, so the correct initial value is attained. ψ0 ∈ D implies that
for all t1, ..., tN ∈ R, ψ(t1, ..., tN ) ∈ D since D is preserved by the operators UA by virtue of
Corollary 10.

We now show the three points from Definition 1.
i) Since ψ : RN → D ⊂H , we may infer by Theorem 4 part 3 that ψ is differentiable.
ii) Let j ∈ {1, ..., N}. By Lemma 11 also Hj(tj)ψ(t1, ..., tN ) ∈ D , so both expressions

are pointwise evaluable. The same is true for ∂tjψ(t1, ..., tN ) since it amounts to a successive
application of UA operators and of Hj , which all leave D invariant.

iii) We now have to check that ψ satisfies the respective equations (23) in Sδ. Given a
set A ⊂ {1, ..., N} and a time tA ∈ R, consider a configuration (t1,x1, ..., tN ,xN ) ∈ Sδ where
tj = tA ∀j ∈ A. We assume w.l.o.g. that the times are already ordered t1 ≥ t2 ≥ · · · ≥ tN , so
that the permutation in (101) is the identity. Let a := min(A) and b := max(A), then

ψ(t1, ..., tN ) =
(
©a−2
k=1U{j|j≤k}(tk, tk+1)

)
U{j|j≤a−1}(ta−1, tA)U{j|j≤b}(tA, tb+1)

(
©N−1
k=b+1U{j|j≤k}(tk, tk+1)

)
U{1,,...,N}(tN , 0)ψ0 (103)

We take the derivative of (103) with respect to tA and use that for ζ ∈ D ,

i
d

dt
UB(s, t)ζ = −UB(s, t)HB(t)ζ, ∀ s, t ∈ R, B ⊂ {1, ..., N}, (104)

which follows directly from the properties of the time evolution operators. Abbreviating

ψ′ := U{j|j≤b}(tA, tb+1)
(
©N−1
k=b+1U{j|j≤k}(tk, tk+1)

)
U{1,,...,N}(tσ(N), 0)ψ0, (105)

we obtain

i
∂

∂tA
ψ(t1, ..., tN )

=
((
©a−2
k=1U{j|j≤k}(tk, tk+1)

)
U{j|j≤a−1}(ta−1, tA)

(
−H{j|j≤a−1}(tA) +H{j|j≤b}(tA)

)
ψ′
)

= HA(tA)ψ(t1, ..., tN ) +
([
©a−1
k=1U{j|j≤k}(tk, tk+1),HA(tA)

]
ψ′
)
.

(106)

We rewrite the second term as
[
©a−1
k=1U{j|j≤k}(tk, tk+1),HA(tA)

]
ψ′

=
a−1∑

l=1

(
©l−1
k=1U{j|j≤k}(tk, tk+1)

) [
U{j|j≤l}(tl, tl+1),HA(tA)

] (
©a−1
k=l+1U{j|j≤k}(tk, tk+1)

)
ψ′,

(107)

where empty products such as©0
k=1 denote 1. Lemma 13 implies that for any ζ ∈ D and l < a,

supp
([
U{j|j≤l}(tl, tl+1),HA(tA)

]
ζ
)
⊂ {(x1, ...,xN )|∃k ∈ A, j ≤ l : ‖xj − xk‖ ≤ δ + tl − tA}.

(108)
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The support properties of the evolution operators (Lemma 7) imply that if supp (ξ) ⊂ R,
then supp

(
©l−1
k=1U{j|j≤k}(tk, tk+1)ξ

)
is a subset of

{
(y1, ...,yN ) ∈ R3N

∣∣∣∃(x1, ...xN ) ∈ R : xj = yj if j > l.
‖xj − yj‖ ≤ tj − tl if j ≤ l.

}
(109)

Now we see that the support growth described by (109) is exactly such that the term[
©a−1
k=1U{j|j≤k}(tk, tk+1),HA(tA)

]
ψ′(x1, ...,xN ) = 0, whenever ‖xj−xk‖ > δ+ |tj− tk| holds for

all j ∈ A, k /∈ A. Thus (106) evaluated inside of Sδ becomes
(
i
∂

∂tA
ψ(t1, ..., tN )

)
(x1, ...,xN ) = (HA(tA)ψ(t1, ..., tN )) (x1, ...,xN ), (110)

which proves that ψ indeed is a solution of the multi-time system (23). �

3.4 Uniqueness of solutions
Uniqueness of solutions can be proven by induction over the particle number, using the key
features of our multi-time system that the Hamiltonians Hk are self-adjoint and that the prop-
agation speed is bounded by the speed of light (see Lemma 7).

Proof of Theorem 2: Let ψ1, ψ2 be solutions to (23) in the sense of Def. 1 with ψ1(0, ..., 0) =
ψ2(0, ..., 0) = ψ0. Due to linearity, ω := ψ1 −ψ2 is a solution to (23) in the sense of Def. 1 with
initial value ω(0, ..., 0) = ψ0 − ψ0 = 0. In particular, the point-wise evaluations of ω as in (22)
are also well-defined. By induction over L ∈ {1, ..., N}, we prove the statement:
A(L): At all points (t1,x1, ..., tN ,xN ) ∈ Sδ with at most L different time coordinates, we have
(ω(t1, ..., tN )) (x1, ...,xN ) = 0.
For the base case A(1), we consider configurations with all times equal, where ω satisfies

i∂tω(t, ..., t) = H{1,...,N}(t)ω(t, ..., t). (111)

By the uniqueness statement in Theorem 4, this implies

ω(t, ..., t) = U{1,...,N}(t, 0)ω0 = 0. (112)

A(L) =⇒ A(L + 1): We assume that A(L) holds, and let (t1,x1, ..., tN ,xN ) ∈ Sδ with exactly
L+1 different time coordinates. This means there is a unique partition of {1, ..., N} into disjoint
sets Π1, ...,ΠL+1 which groups together particles with the same time coordinate in an ascending
way:

Π1 :=
{
j ∈ {1, ..., N}

∣∣∣tj = min
k∈{1,...,N}

tk

}

Π2 :=
{
j ∈ {1, ..., N}

∣∣∣tj = min
k∈{1,...,N}\Π1

tk

}

· · ·

Πm :=
{
j ∈ {1, ..., N}

∣∣∣tj = min
k∈{1,...,N}\∪m−1

i=1 Πi

tk

}
.

(113)

Denote the largest time by tL+1 and the second largest one by tL. We define the backwards
lightcone with respect to the particles in ΠL+1 as follows,

B :=





(y1, ..., yN ) ∈ R4N

∣∣∣∣∣∣∣

yj = xj if j /∈ ΠL+1
∀j ∈ ΠL+1 : y0

j = τ with tL ≤ τ ≤ tL+1,
|yj − xj | ≤ tL+1 − τ




. (114)
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We show that B ⊂ Sδ. If (y1, ..., yN ) ∈ B, consider j ∈ ΠL+1 and k /∈ ΠL+1, then

|y0
k − y0

j |+ δ = τ − tk + δ = (τ − tL+1) + (tL+1 − tk + δ)
< −|yj − xj |+ |xk − xj | ≤ |xk − yj | = |yk − yj |.

(115)

Thus, all points in B are still in our domain Sδ. In particular, we have
(
i∂τω(y0

1, ..., y
0
N )
)

(y1, ...,yN ) =
(
HΠL+1(τ)ω(y0

1, ..., y
0
N )
)

(y1, ...,yN ) ∀(y1, ..., yN ) ∈ B.
(116)

Since B contains the domain of dependence, i.e. the set that uniquely determines the value of
ω at (t1,x1, ..., tN ,xN ) according to Lemma 7, Theorem 4 tells us that

ω(x1, ..., xN ) =
(
UΠL+1(tL+1, tL)ωtL

)
(x1, ...,xN ), (117)

where ωtL denotes the function ω evaluated at the time coordinates as in (t1, ..., tN ) but where
tL+1 is replaced by tL. This only has L different times and is thus given according to the
induction hypothesis A(L) as ωtL = 0 in the whole domain of dependence. Consequently,

(ω(t1, ..., tN )) (x1, ...,xN ) = 0, (118)

which concludes the uniqueness proof. �

3.5 Interaction
We now demonstrate that our model is indeed interacting, providing a rigoros version of Eq.
(9).

Proof of Theorem 3 Let t ∈ R and x ∈ R3. The first step just uses that ψt solves the Dirac
equation,

i∂t
〈
ψt, ϕ(t,x)ψt

〉
=
〈
−Htψt, ϕ(t,x)ψt

〉
+
〈
ψt, ϕ(t,x)Htψt

〉
+
〈
ψt, iϕ̇(t,x)ψt

〉
. (119)

We already encountered ϕ̇, the time-derivative of the operator ϕ, in the proof of Lemma 5.
Since Ht and ϕ(t,x) commute at equal times, only the third summand survives and the second
derivative is

∂2
t

〈
ψt, ϕ(t,x)ψt

〉
= −i∂t

〈
ψt, iϕ̇(t,x)ψt

〉

= i
〈
Htψt, ϕ̇(t,x)ψt

〉
− i

〈
ψt, ϕ̇(t,x)Htψt

〉
+
〈
ψt, ϕ̈(t,x)ψt

〉

= i
〈
ψt,

[
Ht, ϕ̇(t,x)

]
ψt
〉

+
〈
ψt,4xϕ(t,x)ψt

〉
.

(120)

Hence,

�
〈
ψt, ϕ(t,x)ψt

〉
= i

〈
ψt,

[
Ht, ϕ̇(t,x)

]
ψt
〉

= i
N∑

k=1

〈
ψt, [ϕk(t), ϕ̇(t,x)]ψt

〉
. (121)

So we need to compute, with the integration variable x = (x1, ...,xN ),

i
〈
ψt, [ϕk(t), ϕ̇(t,v)]ψt

〉

= i

∫
d3Nx ψt†(x)

∫
d3k

2ω(k)
(
ρ̂†(k)ρ̂(k)iω(k)e−ik(xk−v) − c.c.

)
ψt(x)

= − 1
2

∫
d3Nx ψt†(x)

∫
d3k ρ̂†(k)ρ̂(k)

(
e−ik(xk−v) + eik(xk−v)

)
ψt(x).

(122)
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Denoting the function y 7→ ρ(y + v−xk) by ω, we have ω̂(k) = ρ̂(k)eik(xk−v). Thus, the above
formula can be rewritten with the help of the Plancherel theorem,

= −1
2

∫
d3Nx ψt†(x)

(
〈ρ̂, ω̂〉L2(R3) + 〈ω̂, ρ̂〉L2(R3)

)
ψt(x)

= −1
2

∫
d3Nx ψt†(x)

(
〈ρ, ω〉L2(R3) + 〈ω, ρ〉L2(R3)

)
ψt(x)

= −
∫
d3Nx ψt†(x) 〈ρ, ω〉L2(R3) ψ

t(x).

= −
∫
d3Nx ψt†(x)

∫
d3y1ρ(y1)ρ(v− xk + y1)ψt(x)

(123)

We have used that ρ and ω are real-valued. The result contains the term we wrote as ρ∗∗δ(xk−v)
in (29). Inserting this into (121) gives

�
〈
ψt, ϕ(t,x)ψt

〉
= −

N∑

k=1

∫
d3Nx ψt†(x)

∫
d3y1ρ(y1)ρ(x− xk + y1)ψt(x)

≡ −
N∑

k=1

〈
ψt, ρ ∗ ∗δ(x̂k − x)ψt

〉
,

(124)

which concludes the proof. �
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1 Introduction and Definition of the Model

We study the mass shell of a non-relativistic spinless quantum particle interacting with the quan-
tized field of relativistic, massless, scalar bosons, wherethe interaction is linear in the field. This
model originated as an effective description of the interaction between non-relativistic nucleons
and mesons. It is usually referred to as ‘Nelson model’ sinceE. Nelson (see [Nel64]) showed
how to remove the ultraviolet cut-off that turns off the interaction with the high frequency modes
of the field. The limiting Hamiltonian is defined starting from the quadratic form associated with
the so-called Gross transformed Hamiltonian. The latter isobtained from the Nelson Hamiltonian
through a unitary dressing transformation [Gro62] after subtracting a constant which is divergent
in the ultraviolet (UV) limit. This means that only a ground state energy renormalization is neces-
sary in order to define the local interaction. This model for only one nucleon is known as the one
particle sector of the translation invariant Nelson model.

In recent years this model has been extensively studied withregard to quantum electrodynamics
(QED). In fact, when the bosons are massless particles (i.e.‘scalar photons’) the model can be seen
as a scalar version of the effective theory (non-relativistic QED) that describes a non-relativistic
electron interacting with the quantized radiation field. Inthe study of the translation invariant,
massless Nelson model an ultraviolet cut-off of the order of the rest mass energy of the electron is
usually imposed. Otherwise relativistic corrections to the electron dynamics and electron-positron
pair creation should be taken into account. In spite of thesesimplifications, the massless Nelson
model gives non-perturbative insights on the infrared properties of QED.

It is an interesting mathematical problem to clarify whether the results concerning the infrared
region, which have been obtained in presence of an ultraviolet cut-off, can be extended to the
‘renormalized’ Nelson model (i.e. without an ultraviolet cut-off). As presented in [HHS05] these
questions do not in general have a straightforward answer.

For the one particle sector of the renormalized Nelson modelthe study of the mass shell was
carried out by Cannon few years after the appearance of Nelson’s paper. In [Can71] it is proven
that a perturbed mass shell exists for sufficiently small values of the coupling constantg and in
the spectral region (E,P) for |P| < 1. Here,E andP are the spectral variables of the Hamiltonian
and of the total momentum operator, respectively. In fact, starting from translation invariance, one
considers the natural decomposition of the Hilbert space onthe spectrum of the total momentum
operator and studies the existence of the ground state of thefiber HamiltoniansHP for |P| < 1. In
his paper, Cannon relies on the spectral gap of the fiber Hamiltonians induced by a meson mass.
The mass shell of the nucleon is then defined by analytic perturbation theory of the ground state
eigenvector fiber by fiber for|P| < 1 and sufficiently smallg. The interaction is in fact a small
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perturbation of type B – i.e. in the form sense – with respect to the free Hamiltonian. For this type
of perturbation it is in principle possible to control the perturbed spectral projection and to give
a meaning to the formal expansion of the ground state vector of the perturbed Hamiltonian. The
price for this is a very cumbersome formula (see [Kat95]) making his result almost intractable for
applications to scattering theory. As a matter of fact, no explicit expression for the perturbed mass
shell is provided in [Can71].

Finally, for the massless Nelson model, the result concerning the existence of the mass shell
was extended by Fröhlich to arbitrarily small infrared cut-off with no restriction on the coupling
constant. The method used in [Frö73] is based on a lattice approximation of the boson momen-
tum space which is eventually removed, a technique inspiredby earlier works of Glimm and Jaffe.
However, Fröhlich’s expression for the fiber eigenvectorsis only implicit. In recent years the
P-dependence of the ground state energy in the massless Nelson model and in non-relativistic
QED has been studied in presence of an ultraviolet regularization. [BCFS07] and [Che08] use the
isospectral renormalization group whereas [AH10] relies on statistical mechanics methods.

We accomplish three main goals: (1) By using a multiscale technique for small values of the
coupling constant and for a fixed infrared cut-off κ > 1 (in units where the electron massm, the
Planck’s constant~, and the speed of lightc all equal one) we first derive the results by Cannon
for the massless Nelson model. Rather than using regular perturbation theory for quadratic forms
we employ a multiscale technique for operators inspired by [Piz03]. Our construction yields more
explicit expressions for the ‘renormalized’ mass shell. Inparticular, they are amenable to rigor-
ously control the S-matrix elements under the removal of theUV cut-off and to compare them with
physicists’ perturbation formulae.

(2) We then show how to construct the mass shell for the renormalized model when the inter-
action is extended to frequency ranges down to an arbitrarily small infrared cut-off. This result at
a small but fixed value of the coupling constantg is beyond the reach of the method employed by
Cannon [Can71] because the spectral gap shrinks to zero as the infrared cut-off is removed.

(3) The final part of our analysis concerns the properties of the mass shell in the infrared limit
where it is well-known that nopropermass shell is present, a fact usually referred to as theinfrared
catastrophe. Following the strategy developed in [Piz03], we implementa suitable Bogolyubov
transformation for the field variables corresponding to frequencies below the thresholdκ > 1. In
contrast to Gross’ dressing this transformation depends onthe P-fiber and is not unitary in the
infrared limit. Fiber by fiber, we obtain a transformed Hamiltonian where the interaction is not
linear in the field anymore both because of the Gross transformation in the UV region (frequencies
larger thanκ) and because of the infrared dressing transformation (frequencies smaller thanκ).
Each transformed Hamiltonian has a ground state in the infrared limit, the construction of which
requires a delicate control of the interplay between high and low frequency modes. The control
of the mass shell associated with theseunphysicalfiber Hamiltonians is crucial to analyze the
infraparticle behavior of the renormalized electron in themassless Nelson model and to provide
an asymptotic expansion for the scattering amplitudes in ‘Compton scattering’, free from both
ultraviolet and infrared divergences.
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Definition of the model. The Hilbert space of the model is

H := L2(R3,C; dx) ⊗ F (h),

whereF (h) is the Fock space of scalar bosons

F (h) :=
∞⊕

j=0

F ( j), F (0) := C, F j≥1 :=
⊙ j

l=1
h, h := L2(R3,C; dk),

where⊙ denotes the symmetric tensor product. Leta(k), a∗(k) be the usual Fock space annihilation
and creation operators satisfying the canonical commutation relations (CCR)

[a(k), a∗(l)] = δ(k − l), [a(k), a(l)] = [a∗(k), a∗(l)] = 0.

The kinematics of the system is described by: (a) The position x and the momentump of the non-
relativistic particle that satisfy the Heisenberg commutation relations. (b) The scalar fieldΦ and
its conjugate momentum where

Φ(y) :=
∫

dk ρ(k)
(
a(k)eiky + a∗(k)e−iky

)
, ρ(k) :=

1
(2π)3/2

1√
2ω(k)

, ω(k) := |k|.

The dynamics is generated by the Hamiltonian of the Nelson model,

H|Λτ :=
p2

2
+ H f + gΦ|Λτ (x)

where

H f :=
∫

dkω(k)a∗(k)a(k)

is the free field Hamiltonian, and

gΦ|Λτ (x) := g
∫

BΛ\Bτ
dk ρ(k)

(
a(k)eikx + a∗(k)e−ikx

)
, ρ(k) :=

1
(2π)3/2

1√
2ω(k)

, (1)

is the interaction term for 0≤ τ < Λ < ∞; hereg ∈ R is the coupling constant and for the domain
of integration we use the notationBσ := {k ∈ R3 | |k| < σ} for anyσ > 0. Note that forΛ = ∞
the formal expression of the interactionΦ|Λκ is not a well-defined operator onH because the form
factorρ(k) is not square integrable.

We briefly recall some well-known facts about this model. For0 ≤ τ < Λ < ∞ the operator
H|Λτ is self-adjoint and its domain coincides with the one ofH0 := p2

2 + H f (see also Proposition
1.1 below). The total momentum operator of the system is

P := p+ Pf := p+
∫

dk k a∗(k)a(k)

wherePf is the field momentum. Due to translational invariance of thesystem the Hamiltonian
and the total momentum operator commute. Hence, the HilbertspaceH can be decomposed on
the joint spectrum of the three components of the total momentum operator, i.e.

H =
∫ ⊕

dPHP
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whereHP is a copy of the Fock spaceF carrying the (Fock) representation corresponding to
annihilation and creation operators

b(k) := a(k)eikx, b∗(k) := a∗(k)e−ikx.

We will use the same symbolF for all Fock spaces. The fiber Hamiltonian can be expressed as

HP|Λτ :=
1
2

(
P− Pf

)2
+ H f + g

∫

BΛ\Bτ
dk ρ(k) (b(k) + b∗(k)) .

By construction, the fiber Hamiltonian maps its domain inHP intoHP. Finally, for later use
we define

HP,0 :=
(P− Pf )2

2
+ H f , ∆HP|Λτ := HP|Λτ − HP,0. (2)

The Gross transformation. We use a frequency

1 < κ < 2

to separate the ultraviolet and the infrared regimes. The renormalization of the Hamiltonian must
cure the divergence which appears in the second order correction to the ground state energy as
Λ→∞. This logarithmically divergent term

Vself|Λκ := − g2

[2(2π)3]

∫

BΛ\Bκ
dk

1

|k|
[ |k|2

2 + |k|
] (3)

can be separated from the rest of the Hamiltonian by a Bogolyubov transformatione−T |Λκ , acting on
all frequencies aboveκ, whose skew-adjoint generator is given by

T |Λκ :=
∫

BΛ\Bκ
dk β(k) (b(k) − b∗(k)) , β(k) := −g

ρ(k)
|k|2
2 + ω(k)

. (4)

Note that for any 1< κ < Λ ≤ ∞, the operatorsT |Λκ , T∗|Λκ are well-defined onD(HP,0). For
1 < κ < Λ < ∞ the HamiltonianHP|Λκ transforms as follows:

H′P|Λκ := eT |Λκ HP|Λκ e−T |Λκ − Vself|Λκ (5)

=
1
2

(
P− Pf

)2
+ H f +

1
2

[(B|Λκ )2 + (B∗|Λκ )2] + B∗|Λκ · B|Λκ
− (P− Pf ) · B|Λκ − B∗|Λκ · (P− Pf )

(6)

where

B|Λκ :=
∫

BΛ\Bκ
dk kβ(k)b(k). (7)

It is important to note that the operator equality (6) holds on D(HP,0) as proven in [Nel64, Lemma
3]. In the following sections we will study the renormalizedHamiltonian

H′P|Λκ + gΦ|κτ (8)

The proofs of [Nel64, Lemma 2 and 3] imply:

A.3 The Mass Shell of the Nelson Model without Cut-Offs 115



The Mass Shell of the Nelson Model without Cut-Offs 6

Proposition 1.1. For 0 ≤ τ < Λ < ∞, the operators HP|Λτ and H′P|Λκ + gΦ|κτ are self-adjoint and
their domain coincide with the one of HP,0.

By [Nel64, Main Theorem] there exists an ultraviolet renormalized Hamiltonian:

Theorem 1.2. For all τ ≥ 0, there is a unique self-adjoint operator HP|∞τ onF that generates the
unitary group defined by

e−itHP|∞τ := s-limΛ→∞ e−it(HP|Λτ −Vself|Λκ ), t ∈ R.
The domain of HP|∞τ is a dense subset of the domain of H1/2

P,0 , and HP|∞τ is bounded from below.

However, we will not make use of Theorem 1.2. In the case of|P| < Pmax defined in (9) and for
sufficiently small|g| this result will follow from our multiscale analysis.

2 Main Results

Since the particle is non-relativistic we restrict the total momentum to the ball

|P| ≤ Pmax :=
1
4
. (9)

The ultraviolet and infrared scaling. We shall introduce a scaling that divides the interaction
term into slices of boson momenta for which, step by step, we apply analytic perturbation theory.
In the ultraviolet regime, this scaling is defined by the sequence

σn := κβn, 1 < β, n ∈ N,
while in the infrared regime we use

τm := κγm, 0 < γ <
1
2
, m∈ N.

With respect to these scalings we shall use the following notation for Hamiltonians and Fock
spaces:

IR UV Hamiltonian Fock space

κ σn H′P|n0 := H′P|σn
κ F |n0 := F (L2(Bσn \ Bκ))

τm σn H′P|nm := H′P|n0 + gΦ|κτm
F |nm := F (L2(Bσn \ Bτm))

The normalized vacuum vector in each of these Fock spaces is denoted by the same symbolΩ. We
shall exclusively use the indexn to denote the ultraviolet cut-off σn and the indexm to denote the
infrared cut-off τm, e.g.

F |nn−1 := F (L2(Bσn \ Bσn−1)), F |m−1
m := F (L2(Bτm−1 \ Bτm)).

For a vectorψ in F |n−1
0 and an operatorO on F |n−1

0 we shall use the same symbol to denote the
vectorψ ⊗Ω in F |n0 and the operatorO⊗ 1F |nn−1

onF |n0, respectively.
Moreover, the Fock space slices and the related interactionterms are given by
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Slice Interaction Fock space

UV [σn−1, σn) ∆H′P|nn−1 := H′P|n0 − H′P|n−1
0 F |nn−1

IR (τm, τm−1] gΦ|m−1
m := gΦ|τm−1

τm F |m−1
m

Similarly we shall use|nm, |nn−1, |m−1
m instead of|σn

τm, |σn
σn−1, |τm−1

τm , respectively, as short-hand notation to
denote the range of boson momenta associated with the interaction.

For a self-adjoint operatorA which is bounded from below we define the spectral gap as

Gap(A) := inf {Spec(A) \ {inf Spec(A)}} − inf Spec(A) .

Moreover, we denote

EP|nm := inf Spec
(
HP|nm ↾ F |nm

)
, E′P|nm := inf Spec

(
H′P|nm ↾ F |nm

)
= EP|nm− Vself|n0 (10)

where Spec(A ↾ X) denotes the spectrum of the linear operatorA restricted to the subspaceX. If
E′P|nm is a non-degenerate eigenvalue of the HamiltonianH′P|nm we shall denote a (possibly unnor-
malized) corresponding eigenvector byΨ′P|nm. In this situation we have

Gap
(
H′P|nm ↾ F |nm

)
= inf

ψ⊥Ψ′P|nm

〈
H′P|nm− E′P|nm

〉
ψ

where the infimum is taken over the vectorsψ in the domain ofH′P|nm ↾ F |nm, and we have used the
notation

〈A〉ψ =
〈ψ,Aψ〉
〈ψ, ψ〉

for any operatorA andψ ∈ D(A).

The Mass Shell ofH′P|∞0 . The multiscale perturbation theory that we use here relies on the control
of the spectral gap as more and more slices of the interactionHamiltonian are added. In the
construction of the mass shell eigenvectors one observes a major difference between removing the
ultraviolet and the infrared cut-off. In the infrared limit the main problem is that the gap closes
and the infimum of the spectrum is not an eigenvalue anymore (see [Piz03]). In the ultraviolet
limit the main problem is that the whole spectrum moves towards−∞. The latter is caused by
the well-known logarithmic divergence in (3). In order to gain control on the gap it is necessary
to extract this divergent term which, as it is also well-known, can be accomplished via the Gross
transformation. At first, we shall therefore apply the multiscale perturbation theory to the Gross
transformed HamiltoniansH′P|n0, and then use unitarity to inherit all results for the back-transformed
Nelson Hamiltonians

HP|n0 := e−T |n0H′P|n0eT |n0 + Vself|n0, n ∈ N.
The iterative analytic perturbation theory, which was successfully applied for the infrared

regime [Piz03], can be adapted to the ultraviolet regime using the following induction:
Suppose that, for a given and appropriately chosen real sequence (ξn)n∈N bounded from below

by a positive constant, we know that the following holds for the (n− 1)-th step of the induction:
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(i) Ψ′P|n−1
0 is the unique ground state ofH′P|n−1

0 with energyE′P|n−1
0 .

(ii) Gap
(
H′P|n−1

0 ↾ F |n−1
0

)
≥ ξn−1.

In order to show the induction step (n−1)⇒ n, we first estimate the new spectral gap while adding
the sliceF |nn−1 of boson Fock space without modifying the Hamiltonian. An a priori variational
argument yields Gap

(
H′P|n−1

0 ↾ F |n0
)
≥ ξn−1. With this at hand we apply analytic perturbation theory

à la Kato to construct the ground state ofH′P|n0 ↾ F |n0. More precisely, we show that the Neumann
series of the resolvent

1
H′P|n0 − z

=
1

H′P|n−1
0 − z

∞∑

j=0

[−∆H′P|nn−1

1

H′P|n−1
0 − z

] j (11)

is well-defined for allz in the domain

1
2
ξn ≤ |E′P|n−1

0 − z| ≤ ξn < ξn−1.

Step by step we show the convergence of the Neumann series fora sufficiently small|g| (andβ
sufficiently close to one) but uniformly inn. In the control of the resolvent in (11) a convenient
definition of (ξn)n∈N turns out to be crucial. Kato’s perturbation theory ensuresthe existence of a
projectionQ′P|n0 onto the unique ground stateΨ′P|n0 with eigenvalueE′P|n0. Since an a priori variational

argument yieldsE′P|n0 ≤ E′P|n−1
0 , we conclude that Gap

(
H′P|n0 ↾ F |n0

)
≥ ξn.

This way we construct a convergent sequence of ground statescorresponding toH′P|n0, n ∈ N,

Ψ′P|n0 := Q′P|n0Q′P|n−1
0 · · · Q′P|10Ω

whereΩ is the ground state ofH′P,0. The projectionsQ′P|n0 will be given explicitly in (76). Finally,
the unitarity of the Gross transformation implies that

ΨP|n0 := e−T |n0Ψ′P|n0, n ∈ N,

is a sequence of ground states ofHP|n0 that also converges, say to aΨP|∞0 ∈ F . Furthermore, we
prove the convergence ofH′P|n0 in the norm resolvent sense to a limiting HamiltonianH′P|∞0 , the
unique ground state of which isΨ′P|∞0 . Precisely, we prove:

Theorem 2.1. Let |P| ≤ Pmax. There is a constant gmax > 0 such such that for all|g| < gmax the
following holds true:

(i) The sequence of operators(HP|n0 − Vself|n0)n∈N converges in the norm resolvent sense to a self-
adjoint operator HP|∞0 acting onF .

(ii) The limitΨP|∞0 := limn→∞ΨP|n0 exists inF and is non-zero.

(iii) E P|∞0 := limn→∞(EP|n0 − Vself|n0) exists.

(iv) EP|∞0 is the non-degenerate ground state energy of the Hamiltonian HP|∞0 with corresponding
ground stateΨP|∞0 . Moreover, the spectral gap of HP|∞0 ↾ F |∞0 is bounded from below by116κ.
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The Mass Shell ofH′P|∞m for m ∈ N. Starting from the ground statesΨ′P|n0 of the HamiltonianH′P|n0,
we continue to add interaction slicesgΦ|τm−1

τm , m ∈ N, now below the frequencyκ and construct the
family of ground statesΨ′P|nm of the HamiltoniansH′P|nm with eigenvalueE′P|nm, i.e.

H′P|nmΨ′P|nm = E′P|nmΨ′P|nm.
For arbitrarily large but fixedm ∈ N, we prove results analogous to Theorem 2.1: Norm resolvent
convergence of (H′P|nm)n∈N is shown in Lemma 5.2. The existence ofΨ′P|∞m, m ∈ N, is shown in
Theorem 5.8. In particular, the spectral gap ofH′P|nm is bounded from below by a constant timesτm

uniformly for all n ∈ N ∪ {∞}. This is proven in Lemma 5.5.

The Mass Shell ofHW′
P |∞∞. As it is well-known (see [Frö73, Piz03]), for everyn ∈ N ∪ {∞} the

ground state
Ψ′P|nm
‖Ψ′P|nm‖

weakly converge to zero asm → ∞. This is linked to the infamous infrared
catastrophe problem in QED. In fact, in the infrared limit the interaction turns out to bemarginal
according to renormalization group terminology. On the other hand it was proven in [Frö73] that

b(k)Ψ′P|nm = g ρ(k)
1

E′P|nm− |k| − H′P−k|nm
Ψ′P|nm (12)

which implies that

b(k)Ψ′P|nm ≈ αm(∇E′P|nm, k)Ψ′P|nm, αm(Q, k) := −g
ρ(k)
ω(k)

1Bκ\Bτm(k)

1− k̂ · Q
(13)

up to higher order terms ask→ 0. This motivates a strategy to analyze the infrared limit byusing
the Bogolyubov transformationWm(∇E′P|nm) defined as follows: forQ ∈ R3, |Q| < 1,

Wm(Q) b#(k) Wm(Q)∗ := b#(k) + αm(Q, k) b#(k) = b(k), b∗(k). (14)

Instead of studyingH′P|nm directly one considers the transformed Hamiltonian

HW′
P |nm :=Wm(∇E′P|nm) H′P|nm Wm(∇E′P|nm)∗. (15)

Note that the transformation acts non-trivially only on boson momenta belowκ. For any finite
m, the operatorWm(Q) is unitary but this property does not hold anymore in the limit m → ∞.
Furthermore, forQ , Q′ the functionαm(Q, k) − αm(Q′, k) is not square integrable asm→ ∞.

Most importantly, the interaction term

HW′
P |nm− HP,0 (16)

of the transformed Hamiltonian is nowsuperficially marginalin the infrared limit, in contrast to
the interactionH′P|nm − HP,0. At a fixed ultraviolet cut-off and at a small coupling constantg, it has
been proven in [Piz03] that the sequence of ground states (φP|nm)m∈N, i.e.

HW′
P |nmφP|nm = E′P|nmφP|nm, (17)

converges in the limitm → ∞ while the spectral gap closes. Consequently, infrared asymptotic
freedom holds. This result requires a sophisticated proof by induction. In the present paper we
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prove the same result while simultaneously removing the ultraviolet cut-off. Before sketching the
main technical difficulties in dealing with the construction of the statesφP|∞∞ let us briefly explain
their physical relevance.

With the statesφP|nm and the Bogolyubov transformationWm(∇E′P|nm) at hand it is possible to
control the properties of the physical mass shell given by the statesΨ′P|nm in the infrared limit, i.e.
m→ ∞, namely the dependence on the total momentumP. This spectral information represents
the key ingredient to construct the scattering states for the so-calledinfraparticles (see [Piz03]
and [CFP09]). The QED analogue of the transformation of the field variables in (14) is related to
the Liénard-Wiechert fields carried by the charged particle and to the infrared radiation emitted in
Compton scattering; see [CFP09] for precise mathematical statements.

More technically, while simultaneously removing the infrared and the ultraviolet cut-off in φP|nm
a major difficulty arises in the induction mentioned above. In fact, the proof of the limit ofφP|nm as
m→∞ relies on a suitable rearrangement of the terms in the HamiltonianHW′

P |nm given by

HW′
P |nm =

1
2
ΓP|nm2

+ H f − ∇E′P|nm · Pf +C(n)
P,m+ RP|nm , (18)

see (85) in Section 6, where the vector operatorΓP|nm has the crucial property

〈φP|nm, ΓP|nmφP|nm 〉 = 0. (19)

However, the operatorΓP|nm is ill-defined in the limitn→ ∞. This suggests the following strategy
for the simultaneous removal of the cut-offs, for sufficiently smallg but uniform inn andm:

(i) First show that (φP|nm)m∈N is a Cauchy sequence uniformly inn;

(ii) then provide bounds of the form

‖φP|nm − φP|n−1
m ‖ ≤ f1(n,m), (20)

and
|∇E′P|nm − ∇E′P|n−1

m | ≤ f2(n,m), (21)

where f1(n,m) and f2(n,m) are such that for the scalingn(m) := αm with α sufficiently large
both (φP|n(m)

m )n∈N and (∇E′P|n(m)
m )n∈N are Cauchy sequences.

This program will be carried out in Sections 6 and 7. It will yield the second main result:

Theorem 2.2.Let |P| ≤ Pmax. For |g| sufficiently small the following holds true:

(i) There exists anαmin > 0 such that for any integerα′ > αmin and n(m) = α′m, the limit

φP|∞∞ := lim
m→∞

φP|n(m)
m

exists inF and is non-zero.

(ii) E ′P,∞ := limm→∞ E′P|∞m exists and is the ground state energy corresponding to the eigenvector
φP|∞∞ of the self-adjoint operator

HW′
P |∞∞ := lim

m→∞
HW′

P |n(m)
m ,

where the limit is understood in the norm resolvent sense.
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At this point, we emphasize that at least within the scope of the presented multiscale technique,
the given scaling to remove both UV and IR cut-offs simultaneously is natural. The method indeed
relies on the control of the spectral gap, and as the gap closes in the IR limit, the UV limit must be
taken at a comparatively fast enough rate.

For the notation throughout this paper, the reader is advised to consult the list below.

Notation.

1. By convention 0< N.

2. The symbolC denotes any universal constant. Any appearingC is independent of the in-
dicesm andn and of all parameters in the paper, i.e.g, β, γ and ζ, at least in prescribed
neighborhoods.

3. The bars| · |, ‖ · ‖ denote the euclidean and the Fock space norm, respectively.The brackets
〈·, ·〉 denote the scalar product of vectors inF . Given a subspaceK ⊆ F and an operatorA
onF we use the notation

‖A‖K = ‖A ↾ K‖.

4. For a vector operatorA = (A(1),A(2),A(3)) with componentsA(i) : D(A(i))→ F , 1≤ i ≤ 3, we
use the notation

‖Aψ‖2 =
3∑

i=1

‖A(i)ψ‖2.

3 Tools

We recall some standard operator inequalities which are frequently used. For every square inte-
grable functionf the estimates

∥∥∥∥∥∥

∫

BΛ\Bτ
dk f(k)b(k)ψ

∥∥∥∥∥∥ ≤

∫

BΛ\Bτ
dk

∣∣∣∣∣∣
f (k)√|k|

∣∣∣∣∣∣
2

1/2

‖(H f |Λτ )1/2ψ‖,
∥∥∥∥∥∥

∫

BΛ\Bτ
dk f(k)b∗(k)ψ

∥∥∥∥∥∥ ≤

∫

BΛ\Bτ
dk

∣∣∣∣∣∣
f (k)√|k|

∣∣∣∣∣∣
2

1/2

‖(H f |Λτ )1/2ψ‖

+

(∫

BΛ\Bτ
dk | f (k)|2

)1/2

‖ψ‖

(22)

hold true for all 0≤ τ < Λ ≤ ∞ andψ in the domain ofH1/2
P,0 whenever the integrals on the

right-hand side of (22) are well defined.
The following two results are crucial ingredients in the proofs presented in the next sections.

The first one, Theorem 3.1, is a classical result by L. Gross that turns out to be the main non-
perturbative ingredient for the gap estimates that we obtain by iterative analytic perturbation the-
ory; see Sections 4 and 5.
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Theorem 3.1.For 0 ≤ τ < Λ < ∞ and all P∈ R3 the ground state energies EP|Λτ := inf Spec
(
HP|Λτ

)

fulfill E0|Λτ ≤ EP|Λτ .

Proof. See [Gro72, Theorem 8]. �

The second one, Lemma 3.2, plays a role in Sections 5, 6, 7 where we consider the interaction
both in the ultraviolet and in the infrared regime. It is a crucial ingredient to prove statements
(i), (ii) in Corollary 5.4 . We stress that the multiscale technique which we apply in Section 4 to
remove the ultraviolet cut-off at m = 0 does not refer to Corollary 5.4 (i),(ii), and only relies on
Theorem 3.1 and on a weaker estimate given in (48) that follows from (22).

Lemma 3.2. There exist finite constants ca, cb > 0 such that

〈
ψ,HP,0ψ

〉 ≤ 1
1− |g|ca

[ 〈
ψ,H′P|nmψ

〉
+ |g|cb 〈ψ, ψ〉

]
(23)

for |g| ≤ 1, 1
ca

andψ ∈ D(H1/2
P,0 ) with m, n ∈ N.

Proof. See Appendix A. �

4 Ground States of the Gross Transformed HamiltoniansH′P|∞0
This section provides the proof of Theorem 2.1 in Section 2. We start by introducing a sequence
of gap bounds.

Definition 4.1. We define the sequence of gap bounds

ξn :=
1
8
κ

1−
n∑

j=1

∆ξ j

 , ∆ξn :=
(β − 1)2

2β
n
βn

(24)

for n ∈ N with the scaling parameterβ > 1. Furthermore, we impose the constraint

|g| ≤ (β − 1), 1 < β < 2. (25)

The definition of the sequence of gap bounds (ξn)n∈N in (24) will be motivated in Lemma 4.5.
Note that

∑∞
j=1∆ξ j =

1
2 implies

1
16
κ ≤ ξn ≤ 1

8
κ. (26)

Remark 4.2. In this section the constraints|P| < Pmax and1 < κ < 2 are implicitly assumed.

Lemma 4.3. For an integer n> 1 assume:

(i) E′P|n−1
0 is the non-degenerate eigenvalue of H′P|n−1

0 ↾ F |n−1
0 with eigenvectorΨ′P|n−1

0 .

(ii) Gap
(
H′P|n−1

0 ↾ F |n−1
0

)
≥ ξn−1.

(iii) E ′P|n−1
0 is differentiable in P and|∇E′P|n−1

0 | ≤ C∇E ≡ 3
4.
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This implies that E′P|n−1
0 is also the non-degenerate ground state energy of H′

P|n−1
0 ↾ F |n0 with eigen-

vectorΨ′P|n−1
0 ⊗Ω. Furthermore,

Gap
(
H′P|n−1

0 ↾ F |n0
)
≥ inf
F |n0∋ψ⊥Ψ′P|n−1

0 ⊗Ω

〈
H′P|n−1

0 − θH f |nn−1 − E′P|n−1
0

〉
ψ
≥ ξn−1 (27)

where0 < θ < 1
8 and the infimum is taken overψ ∈ D(HP,0).

Proof. Using (i), a direct computation yields

H′P|n−1
0 (Ψ′P|n−1

0 ⊗ Ω) = E′P|n−1
0 (Ψ′P|n−1

0 ⊗Ω)

as the interaction is cut off atσn−1. Hence,E′P|n−1
0 is an eigenvalue ofH′P|n−1

0 ↾ F |n0 with eigenvector
Ψ′P|n−1

0 ⊗Ω. Let us consider

inf
F |n0∋ψ⊥Ψ′P|n−1

0 ⊗Ω

〈
H′P|n−1

0 − E′P|n−1
0

〉
ψ
. (28)

As the Gross transformation is unitary and does not affectF |nn−1, and sinceH f |nn−1 is positive, we
have

(28)≥ inf
F |n0∋ψ⊥ΨP|n−1

0 ⊗Ω

〈
HP|n−1

0 − θH f |nn−1 − EP|n−1
0

〉
ψ
. (29)

We subtract the termθH f |nn−1 for a technical reason which will become clear in Lemma 4.5.
Now, the right-hand side of (29) is bounded from below by

min

{
Gap

(
H′P|n−1

0 ↾ F |n−1
0

)
, inf
ψ=ϕ⊗η

〈
HP|n−1

0 − θH f |nn−1 − EP|n−1
0

〉
ψ

}
,

whereϕ ∈ F |n−1
0 , η ∈ F |nn−1, ϕ ⊗ η belongs toD(HP,0) andη is a vector with a definite, strictly

positive number of bosons. Form≥ 1 bosons in the vectorη we estimate

inf
ψ=ϕ⊗η

〈
HP|n−1

0 − θH f |nn−1 − EP|n−1
0

〉
ψ

≥ inf
ϕ,kj∈[σn−1,σn)

〈
1
2

P− Pf −
m∑

j=1

kj


2

+ H f + gΦ|n−1
0 + (1− θ)

m∑

j=1

|kj | − EP|n−1
0

〉

ϕ

≥ inf
kj∈[σn−1,σn)

(1− θ)
m∑

j=1

|kj | + EP−∑m
j=1 kj |n−1

0 − EP|n−1
0

 (30)

≥ (1− θ −C∇E)σn−1 ≥ 1
8
κ (31)

where the steps (30) and (31) follow from:

1. σn−1 ≥ κ, 0 < θ < 1
8 andC∇E =

3
4.

2. The estimate

EP−∑m
j=1 kj |n−1

0 − EP|n−1
0 = EP−∑m

j=1 kj |n−1
0 − E0|n−1

0 + E0|n−1
0 − EP|n−1

0 ≥ E0|n−1
0 − EP|n−1

0

which holds by Theorem 3.1.
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3. The estimate
E′0|n−1

0 − EP|n−1
0 ≥ − sup

|Q|≤Pmax

|∇E′Q|n0| ≥ −C∇E

sinceE′P|n−1
0 is differentiable inP and|P| < 1.

First, this implies that (28) is bounded from below by min
{
ξn−1,

κ
8

}
= ξn−1; see (26). Second, it

turns out thatΨ′P|n−1
0 is the non-degenerate ground state ofH′P|n−1

0 ↾ F |n0 with

Gap
(
H′P|n−1

0 ↾ F |n0
)
≥ ξn−1.

�

Remark 4.4. Under the assumptions of Lemma 4.3 it follows that for j, n ∈ N

E′P|n0 = inf Spec
(
H′P|n0 ↾ F |n0

)
= inf Spec

(
H′P|n0 ↾ Fn+ j

)
.

Lemma 4.5. Let n≥ 1. For n = 1, set H′P|n−1
0 := H′P,0, E′P|n−1

0 := P2/2, andξn−1 := κ/2. Assume
that for some universal constant CE′ the bound|E′P|n−1

0 | < CE′ holds true. Then there existβmax > 1
and gmax > 0 such that, for all1 < β ≤ βmax and |g| ≤ gmax, the assumptions (i), (ii) in Lemma 4.3
imply that

1
H′P|n0 − z

↾ F |n0,
ξn

2
≤ |E′P|n−1

0 − z| ≤ ξn, (32)

is well-defined.

Proof. Let z be in the domain given in (32). In order to control the expansion of the resolvent
(H′P|n0 − z)−1, i.e.

1

H′P|n−1
0 − z

∞∑

j=0

[
−∆H′P|nn−1

1

H′P|n−1
0 − z

] j

↾ F |0n,

it is sufficient to prove that
∥∥∥∥∥∥∥

(
1

H′P|n−1
0 − z

)1/2

∆H′P|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

< 1. (33)

As we shall show now, this can be achieved by a convenient choice ofβ andg (uniformly in n)
using the gap bounds (ξn)n∈N from Definition 4.1. We can express the interaction term by

∆H′P|nn−1 =
1
2

(
(B|nn−1)

2 + (B∗|nn−1)
2
)
+ B|n−1

0 · B|nn−1 + B∗|nn−1 · B∗|n−1
0

− (P− Pf ) · B|nn−1 − B∗|nn−1 · (P− Pf )

+ B∗|nn−1 · B|nn−1 + B∗|n−1
0 · B|nn−1 + B∗|nn−1 · B|n−1

0 .

(34)
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Hence, the left-hand side of (33) is bounded by
∥∥∥∥∥∥∥
B|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
× (35)

×
[ ∥∥∥∥∥∥∥

B∗|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
+

∥∥∥∥∥∥∥
B|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

(36)

+ 2

∥∥∥∥∥∥∥
B∗|n−1

0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
+ 2

∥∥∥∥∥∥∥
B|n−1

0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
+ (37)

+ 2

∥∥∥∥∥∥∥
(P− Pf )

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

]
. (38)

Notice that the standard inequalities in (22) yield

‖B|nmψ‖ ≤ |g| C
(

1
σm
− 1
σn

)1/2

‖(H f |nm)1/2ψ‖,

‖B∗|nmψ‖ ≤ |g| C

(

1
σm
− 1
σn

)1/2

‖(H f |nm)1/2ψ‖ + (lnσn − lnσm)1/2‖ψ‖


(39)

for all ψ in the domain ofH1/2
P,0 . Then expression (35)-(38) can be controlled as follows:

1. We estimate
∥∥∥∥∥∥∥
B|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤ |g|C

(
β − 1
σn

)1/2
∥∥∥∥∥∥∥
(H f |nn−1)

1/2

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

. (40)

Furthermore, sinceH f |nn−1 andH′P|n−1
0 commute, we have that

∥∥∥∥∥∥∥
(H f |nn−1)

1/2

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

(41)

≤ θ−1/2

∥∥∥∥∥∥∥

(
θH f |nn−1

H′P|n−1
0 − θH f |nn−1 − E′P|n−1

0 + θH f |nn−1 + E′P|n−1
0 − z)

)1/2
∥∥∥∥∥∥∥F |n0

≤ θ−1/2

∥∥∥∥∥∥∥

(
θH f |nn−1

ξn−1 − ξn + θH f |nn−1)

)1/2
∥∥∥∥∥∥∥F |n0
≤ θ−1/2

for, e.g.θ = 1
16. This is true because of Lemma 4.3, the constraints onz given in (32), and the

bound∆ξn = ξn−1 − ξn > 0 (see Definition 4.1).

2. Next we consider the bounds
∥∥∥∥∥∥∥
B|n−1

0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤ |g|C

∥∥∥∥∥∥∥
(H f |n−1

0 )1/2

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

, (42)
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and
∥∥∥∥∥∥∥
B∗|n−1

0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤ |g|C

( ∥∥∥∥∥∥∥
(H f |n−1

0 )1/2

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

+
(
ln βn−1

)1/2

∥∥∥∥∥∥∥

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

)
.

(43)

Terms includingH f |n−1
0 or (P− Pf ) can be estimated as follows:

∥∥∥∥∥∥∥
(H f |n−1

0 )1/2

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤

∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

, (44)

∥∥∥∥∥∥∥
(P− Pf )

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤
√

2

∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0

. (45)

In order to estimate the right-hand side in (44) and (45), we observe that the standard inequalities
(39) readily imply that there exists a n-indepedent finite constantcuv such that, for|g| ≤ 1 and
|g| < 1

cuv
, ψ ∈ D(H1/2

P,0 ) andn ∈ N, it holds

〈
ψ,HP,0ψ

〉 ≤ 1
1− |g|cuv

[ 〈
ψ,H′P|n0ψ

〉
+ g2c2

uv lnσn 〈ψ, ψ〉
]
. (46)

Consequently, for|g| sufficiently small, we can estimate

∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥

2

F |n0

≤ C sup
‖ψ‖=1

〈
ψ,

[
1+ (|z| + |g| lnσn)

∣∣∣∣∣∣
1

H′P|n−1
0 − z

∣∣∣∣∣∣

]
ψ

〉
(47)

whereψ ∈ F |n0. Moreover, the right-hand side of

|z| ≤ |E′P|n−1
0 − z| + |E′P|n−1

0 |

is uniformly bounded because, first,|E′P|n−1
0 − z| ≤ ξn−1 ≤ 1

2κ, and, second,|E′P|n−1
0 | ≤ CE′ by

assumption. Hence, we get

∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥

2

F |n0

≤ C

1+ (1+ |g| lnσn)

∥∥∥∥∥∥∥

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥

2

F |n0

 . (48)

Finally, the remaining norm in (48) can be controlled by

∥∥∥∥∥∥∥

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥

2

F |n0

≤ max


1

|E′P|n−1
0 − z| ,

1

Gap
(
H′P|n−1

0 ↾ F |n0
)
− |E′P|n−1

0 − z|


≤ C
∆ξn

(49)

which is due to Lemma 4.3 and the domain ofz given in (32).
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We recall that by Definition 4.1 the sequence (∆ξn)n∈N tends to zero, which is a necessary
ingredient in the induction scheme in the proof of Theorem 2.1. Hence, the terms proportional to
(∆ξn)−1/2 must be treated cautiously. It turns out that the sum of the terms in (35)-(38) is bounded
by

O
|g|

(
(β − 1)
σn∆ξn

)1/2 + O
|g|

(
(β − 1) lnβn−1

σn∆ξn

)1/2 ≤ |g|1/2C
(
(β − 1)2n
βn∆ξn

)1/2

(50)

for |g| ≤ (β − 1); see (25). This dictates the choice∆ξn := (β−1)2

2β
n
βn made in Definition 4.1. Hence,

for all n ∈ N we get
∥∥∥∥∥∥∥

(
1

H′P|n−1
0 − z

)1/2

∆H′P|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤ |g|1/2C

(
(β − 1)2n
βn ∆ξn

)1/2

≤ |g|1/2C. (51)

Therefore, (33) holds for|g| sufficiently small which proves the claim. �

Definition 4.6. For n ∈ N we define the contour

Γn :=

{
z ∈ C

∣∣∣∣∣ |E′P|n−1
0 − z| = 1

2
ξn

}
.

The bound in (50) was delicate because the outer boundary of the domain ofzmight be close to
the spectrum. However, when consideringz being further away from the spectrum we get a much
better estimate:

Corollary 4.7. Let g, β fulfill the conditions of Lemma 4.5 and z∈ Γn or z = E′P|n0 + iλ with
λ ∈ R, |λ| = 1 for n ∈ N. The following estimates hold true

∥∥∥∥∥∥∥

(
1

H′P|n−1
0 − z

)1/2

∆H′P|nn−1

(
1

H′P|n−1
0 − z

)1/2
∥∥∥∥∥∥∥F |n0
≤ C|g|

(
(β − 1)n
βn

)1/2

, (52)

∥∥∥∥∥∥
1

H′P|n0 − z
− 1

H′P|n−1
0 − z

∥∥∥∥∥∥F |n0
≤ C|g|

(
(β − 1)n
βn

)1/2

. (53)

Proof. It is enough to notice that in the estimate of the left-hand side of (52) one can just replace
∆ξn in (50) by a constant and use that 1< β < 2, see (25). For|g| small enough, the inequality in
(53) follows from (52). �

With these lemmas at hand we prove the induction step for the removal of the ultraviolet cut-off.

Theorem 4.8. Let g, β fulfill the assumptions of Lemma 4.5. Then for|g| sufficiently small the
following holds true for all n∈ N:

(i) E′P|n0 := inf Spec
(
H′P|n0 ↾ F |n0

)
is a non-degenerate eigenvalue of H′P|n0 ↾ F |n0.

(ii) Gap
(
H′P|n0 ↾ F |n0

)
≥ ξn.
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(iii) The vectors

Ψ′P|00 := Ω,

Ψ′P| j0 := Q′P| j0Ψ′P| j−1
0 , Q′P| j0 := − 1

2πi

∮

Γ j

dz
H′P, j − z

, j ≥ 1, (54)

are well-defined andΨ′P|n0 is the unique ground state of H′P|n0 ↾ F |n0.
(iv) The following holds:

∥∥∥Ψ′P|n0 − Ψ′P|n−1
0

∥∥∥ ≤ C|g|
(
(β − 1)n
βn

)1/2

, (55)

‖Ψ′P|n0‖ ≥ CΨ′ (56)

where0 < CΨ′ < 1.

(v) E′P|n0 is analytic in P for all n∈ N and the following bounds hold true

|E′P|n0 − E′P|n−1
0 | ≤ C|g|2 (β − 1)n

βn
, |E′P|n0| < CE′

(
>

P2

2

)
, (57)

|∇E′P|n0 − ∇E′P|n−1
0 | ≤ C|g|2 (β − 1)n

βn
, |∇E′P|n0| ≤ C∇E

(
=

3
4

)
, (58)

where E′P|00 ≡ P2

2 and∇E′P|00 ≡ P.

Proof. We prove this by induction: Statements (i)-(v) for (n−1) will be referred to as assumptions
A(i)-A(v) while the same statements forn are claims C(i)-C(v). Forn = 1 the claims can be
verified by direct computation and by using Lemma 4.5. Letn > 1 and suppose A(i)-A(v) hold.

1. Because of A(i), A(ii), and A(v) Lemma 4.3 states that

Gap
(
H′P|n−1

0 ↾ F |n0
)
≥ ξn−1.

Lemma 4.5 ensures that the resolvent (H′P|n0 − z)−1 is well-defined for12ξn ≤ |E′P|n−1
0 − z| ≤ ξn.

2. Hence, Kato’s theorem yields claims C(i) and C(iii). As a consequence, the spectrum ofH′P|n0 ↾
F |n0 is contained in{E′P|n0} ∪ (E′P|n−1

0 + ξn,∞) becauseE′P|n0 ≤ E′P|n−1
0 by (iii) of Corollary 5.4 for

m= 0, which proves claim C(ii).

3. Next, we prove C(iv). By A(iii) we have

‖Ψ′P|n0 −Ψ′P|n−1
0 ‖ ≤ ‖(Q′n − Q′n−1)Ψ

′
P|n−1

0 ‖ = O
|g|

(
(β − 1)n
βn

)1/2 (59)

where we have used Lemma 4.7 and that‖Ψ′P|n−1
0 ‖ ≤ 1 holds by construction. Furthermore,

starting from the identity

‖Ψ′P|n0‖2 = ‖Ψ′P|n−1
0 ‖2 + ‖Ψ′P|n0 −Ψ′P|n−1

0 ‖2 + 2 Re
〈
Ψ′P|n−1

0 ,Ψ′P|n0 −Ψ′P|n−1
0

〉
(60)
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we conclude that

‖Ψ′P|n0‖2 − ‖Ψ′P|n−1
0 ‖2 = O

(
|g|2 (β − 1)n

βn

)
. (61)

Finally, since‖Ψ′P|00‖ = 1 by definition,

‖Ψ′P|n0‖2 ≥ 1−
n∑

j=1

∣∣∣‖Ψ′P| j0‖2 − ‖Ψ′P| j−1
0 ‖2

∣∣∣ ≥ 1−C|g|2
n∑

j=0

(β − 1) j
β j

≥ 1− O(|g|) ≥ CΨ′ > 0

for some positive constantCΨ′ , and |g| sufficiently small and subject to the constraint|g| ≤
(β − 1); see (25).

4. In order to prove C(v), first by using (52) and (56) we can estimate the energy shift as follows

|E′P|n0 − E′P|n−1
0 | =

∣∣∣∣∣∣∣∣

〈
Ψ′P|n0,∆H′P|nn−1Ψ

′
P|n−1

0

〉
〈
Ψ′P|n0,Ψ′P|n−1

0

〉

∣∣∣∣∣∣∣∣
= O

(
|g|2 (β − 1)n

βn

)

This readily implies

|E′P|n0| ≤
P2

2
+C|g|2

n∑

j=0

(β − 1) j
β j

≤ CE′ (62)

for some constantCE′ .

Since (H′P|n0)|P|≤Pmax is an analytic family of type A andE′P|n0 is an isolated eigenvalue,E′P|n0 is an
analytic function ofP and

∇E′P|n0 = P−
〈
[Pf + B|n0 + B∗|n0]

〉
Ψ′P|n0

. (63)

By using equations (40), (41), (42), (45), (46) forz ∈ Γn (see Definition 4.6), and (59), for|g|
sufficiently small one can easily prove that

∇E′P|n0 − ∇E′P|n−1
0 = − 〈

[B|nn−1 + B∗|nn−1]
〉
Ψ′P|n0

+
〈
[P− Pf + B|n−1

0 + B∗|n−1
0 ]

〉
Ψ′P|n0
−

〈
[P− Pf + B|n−1

0 + B∗|n−1
0 ]

〉
Ψ′P|n−1

0

= O
(
|g|2 (β − 1)n

βn

)

and finally the bound|∇E′P|n0| ≤ 3
4 = C∇E. �

We can now prove the first main result.

Proof of Theorem 2.1 in Section 2.
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(i) Recall thatΨP|n0 := e−T |n0Ψ′P|n0. By unitarity of the Gross transformation

‖ΨP|n0 −ΨP|n−1
0 ‖ = ‖Ψ′P|n0 − eT |nn−1Ψ′P|n−1

0 ‖
≤ ‖(eT |nn−1 − 1)Ψ′P|n−1

0 ‖ + ‖Ψ′P|n0 −Ψ′P|n−1
0 ‖

holds. The convergence of (Ψ′P|n0)n∈N to a non-zero vector (see Theorem 4.8) and

‖(eT |nn−1 − 1)Ψ′P|n−1
0 ‖ ≤

∫ 1

0
dλ ‖eλT |nn−1T |nn−1Ψ

′
P|n−1

0 ‖
≤ ‖T |nn−1Ψ

′
P|n−1

0 ‖ −−−→n→∞
0

imply the claim.

(ii) Again the unitarity of the Gross transformation and (5)implies

EP|n0 − Vself|n0 := inf Spec
(
HP|n0 ↾ F |n0

) − Vself|n0 = E′P|n0. (64)

Since the right-hand side of (57) in Theorem 4.8 is summable,the sequence (E′P|n0) is conver-
gent.

(iii) By Corollary 4.7 the resolvent (H′P|n0 − z)−1, for z = E′P|n0 + iλ, λ ∈ R and | Im λ| = 1, con-
verges asn → ∞. Furthermore, for everyn the range of (H′P|n0 − z)−1 is given byD(HP,0)
which is dense inF . Hence, the Trotter-Kato Theorem [RS81, Theorem VIII.22] ensures
the existence of a limiting self-adjoint HamiltonianH′P|∞0 on F . Because of the unitarity
of the Gross transformation, the family of HamiltoniansHP|n0 − Vself|n0, n ∈ N, converges to
HP|∞0 := e−T |∞κ H′P|∞0 eT |∞κ in the norm resolvent sense asn→ ∞.

(iv) By (iii), ΨP|∞0 is a ground state ofHP|∞0 . Moreover, Theorem 4.8 ensures

Spec
(
(H′P|n0 − E′P|n0) ↾ F |n0

) ⊂ {0} ∪ (ξn,∞).

Sinceξn ≥ 1
16κ the set (−∞, 0)∪ (0, 1

16κ) is not part of the spectrum of (H′P|n0 − E′P|n0) ↾ F |n0 for
anyn ∈ N. As the spectrum cannot suddenly expand in the limit [RS81, Theorem VIII.24],
this proves the claimed gap bound. The gap bound and the resolvent convergence imply that
E′P|∞0 is a non-degenerate eigenvalue.

�

5 Ground States of the Gross Transformed HamiltoniansH′P|∞m
for m ∈ N

So far we have studied the Gross transformed HamiltonianH′P|n0 for an arbitrary largen. In the
following we want to add interaction slices below the frequency κ. As a preparation for this we
state some important properties of the Hamiltonian

H′P|nm := H′P|n0 + gΦ|0m
for anym ∈ N ∪ {∞} andn ∈ N. Note that for all such cut-offs the operatorH′P|nm is a Kato small
perturbation ofHP,0 and therefore self-adjoint onD(HP,0). We collect these facts including the
limiting casen→ ∞ in the next lemma.
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Remark 5.1. In this section we implicitly assume the constraints|P| < Pmax and 1 < κ < 2.
Furthermore, g andβ are such that all the results of Section 4 hold true.

Lemma 5.2. Let |g| be sufficiently small. For n∈ N, m ∈ N ∪ {∞} there existsλ ∈ R such the
operator

1
H′P|nm− E′P|n0 ± iλ

has range D(HP,0) and converges in norm as n→ ∞. Therefore, the sequence of operators H′
P|nm,

n ∈ N, converges to a self-adjoint operator acting onF in the norm resolvent sense.

Proof. Let m ∈ N ∪ {∞}. The only non-straightforward case isn→∞. First, we show the validity
of the Neumann expansion

1
H′P|nm− E′P|n0 ± iλ

=
1

H′P|n0 + gΦ|0m− E′P|n0 ± iλ
= Rn

∞∑

j=0

(S Rn)
j (65)

for

Rn :=
1

H′P|n0 − E′P|n0 ± iλ
and S = −gΦ|0m.

With the standard inequalities (22) we estimate

‖S Rn‖ ≤ C|g|
∥∥∥∥∥∥∥
(H f |0m)1/2

(
1

H′P|n0 − E′P|n0 ± iλ

)1/2
∥∥∥∥∥∥∥

(
1
|λ|

)1/2

+C|g| 1|λ| . (66)

Fix a θ′ such that 1− θ′ − C∇E > 0. From an analogous computation as conducted in the proof of
Lemma 4.3 one finds

inf
‖ψ‖=1

〈
ψ, (H′P|n0 − θ′H f |0m− E′P|n0)ψ

〉
≥ 0

where the infimum is taken overψ ∈ D(HP,0). Consequently, we get that

∥∥∥∥∥∥∥

(
θ′H f |0m

H′P|n0 − θ′H f |0m− E′P|n0 + θ′H f |0m ± iλ

)1/2
∥∥∥∥∥∥∥

2

≤ 1
|λ|

holds becauseH f |0m andH′P|n0 commute. For|λ| sufficiently large this gives

(66)≤ |g|Cθ
′−1/2 + |g|C
|λ| < 1 (67)

so that the Neumann expansion in (65) is well-defined for alln ∈ N. Moreover, the limit of (65)
for n→∞ exists because:

1. The sequence (Rn)n∈N, converges in norm; see Theorem 2.1

2. ‖RlS‖, ‖S Rl‖ < 1 for all l ∈ N, see (67)
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3. For anyj ≥ 1 we have

‖Rl(S Rl)
j+1 − Rn(S Rn)

j+1‖ ≤ ‖S Rl‖ ‖Rl(S Rl)
j − Rn(S Rn)

j‖ + ‖RnS‖ j+1 ‖Rl − Rn‖.

For alln ∈ N the range of the resolvent (H′P|nm−E′P|n0± iλ)−1 equalsD(HP,0) and therefore it is dense.
Finally the Trotter-Kato Theorem [RS81, Theorem VIII.22] ensures the existence of a self-adjoint
limiting operatorH′P|∞m bounded from below. �

For the HamiltonianH′P|nm, where the infrared cut-off τm is arbitrarily small but strictly larger
than zero, we construct the corresponding ground stateΨ′P|nm. For this construction we introduce a
new parameterζ and provide necessary constraints on the infrared scaling parameterγ depending
on the coupling constantg.

Definition 5.3. We consider an infrared scaling parameterγ that obeys

0 < γ <
1
2
, |g| ≤ γ2,

∞∑

j=1

γ
j
4 (1+ j) ≤ 1

2
. (68)

Furthermore, we fix the auxiliary constant0 < ζ < 1
16 such that

1− θ −C∇E ≥ 2ζ

where0 < θ < 1
8 and C∇E =

3
4.

As we shall see later, the upper bound onζ is constrained by the ultraviolet gap estimate; see
(iv) in Theorem 2.1.

In the iterative construction of the ground state we use Corollary 5.4 below that relies on
Lemma 3.2 and on Theorem 3.1 for statements (i),(ii). The estimate in (iii) is based on a sim-
ple variational argument.

Corollary 5.4. Let |g| be sufficiently small. For all n,m∈ N the following holds true:

(i) −|g|cb ≤ E′P|nm ≤ 1
2P2, where cb is the constant introduced in Lemma 3.2.

(ii) There is a gmax > 0 such that for0 ≤ |g| < gmax and all k∈ R3

E′P−k|nm− E′P|nm ≥ −C∇E|k|. (69)

(iii) Assume that E′P|n+1
m ,E′P|nm+1, and E′P|nm are eigenvalues of H′P|n+1

m ↾ F |n+1
m , H′P|nm+1 ↾ F |nm+1, and

H′P|nm ↾ F |nm, respectively; then E′P|n+1
m ,E′P|nm+1 ≤ E′P|nm.

Proof. See Appendix A. �

Lemma 5.5. Let |g| be sufficiently small and n∈ N ∪ {∞}. For an integer m≥ 1, assume:

(i) E′P|nm−1 is the non-degenerate eigenvalue of H′P|nm−1 ↾ F |nm−1 with eigenvectorΨ′P|nm−1.

(ii) Gap
(
H′P|nm−1 ↾ F |nm−1

)
≥ ζτm−1.
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This implies that E′P|nm−1 is also the non-degenerate ground state energy of H′
P|nm−1 ↾ F |nm with

eigenvectorΨ′P|nm−1 ⊗ Ω. Furthermore, it holds:

Gap
(
H′P|nm−1 ↾ F |nm

) ≥ inf
F |nm∋ψ⊥Ψ′P|nm−1⊗Ω

〈
H′P|nm−1 − θH f |m−1

m − E′P|nm−1

〉
ψ

≥ 2ζτm (70)

where the infimum is taken overψ ∈ D(HP,0).

Proof. Mimicking the steps in the proof Lemma 4.3 and the inequalityin (69) we get the bound

inf
F |nm∋ψ⊥Ψ′P|nm−1⊗Ω

〈
H′P|n0 + gΦ|0m−1 − θH f |m−1

m − E′P|nm−1

〉
ψ
≥ (1− θ −C∇E)τm ≥ 2ζτm.

This gives the estimate

Gap
(
H′P|nm−1 ↾ F |nm

)
= Gap

((
H′P|n0 + gΦ|0m−1

)
↾ F |nm

)
≥ min {ζτm−1, 2ζτm} = 2ζτm

where in the last step we have used thatγ < 1
2; see (68). This proves the claim for any finiten,m.

But the resolvent convergence proved in Lemma 5.2 ensures that the statements remain true in the
limit n→∞ as the spectrum cannot suddenly expand in the limit [RS81, Theorem VIII.24]. �

Lemma 5.6. For n ∈ N∪{∞} and m≥ 1 there is a gmax > 0 such that, for|g| < gmax andγ fulfilling
the constraints in (68), the assumptions of Lemma 5.5 imply that the resolvent

1
H′P|nm− z

,

restricted toF |nm, is well-defined in the domain

1
4
ζτm ≤ |E′P|nm−1 − z| ≤ ζτm. (71)

Proof. It is sufficient to show that
∥∥∥∥∥∥∥

(
1

H′P|nm−1 − z

)1/2

gΦ|m−1
m

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm

(72)

is less than one for allz in the given domain. Forg sufficiently small this is true because:

1. By standard inequalities in (22) the estimate
∥∥∥∥∥∥∥
gΦ|m−1

m

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
≤ |g|C ((1− γ)τm−1)

1/2

∥∥∥∥∥∥∥
(H f |m−1

m )1/2

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm

(73)

holds true. SinceH f |m−1
m commutes withH′P|nm−1 and using (70), the spectral theorem yields

∥∥∥∥∥∥∥
(H f |m−1

m )1/2

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
≤ C. (74)
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2. Using Lemma 5.5 we get
∥∥∥∥∥∥∥

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥

2

F |nm
≤ max


1

1
4ζτm

,
1
ζτm

 ≤
4
ζτm

. (75)

Combining (73), (74), and (75) we find

(72)≤ C|g|
(
τm−1

τm

)1/2

= C|g|γ−1/2 ≤ C|g|3/4.

where we have used the constraints in (68). This proves the claim. �

Inside the domain where the resolvent is well-defined, let usnow introduce the integration
contour that is used to iteratively construct the ground state vectors in Theorem 5.8 below.

Definition 5.7. For m ∈ N we define the contour

∆m :=

{
z ∈ C

∣∣∣∣∣ |E′P|nm−1 − z| = 1
2
ζτm

}
.

Theorem 5.8. Let n ∈ N ∪ {∞} and g, γ sufficiently small such that the constraints in (68) are
fulfilled. Then for all m≥ 0 the following holds true:

(i) E′P|nm := inf Spec
(
H′P|nm ↾ F |nm

)
is the non-degenerate ground state energy of H′

P|nm ↾ F |nm.

(ii) Gap
(
H′P|nm ↾ F |nm

)
≥ ζτm.

(iii) The vectors

Ψ′P|n0 := Ψ′P|n0,
Ψ′P|nm := Q′P|nmΨ′P|nm−1, Q′P|nm := − 1

2πi

∮

∆m

dz
H′P|nm− z

, m≥ 1, (76)

are well-defined and non-zero. The vectorΨ′P|nm is the unique ground state of H′P|nm ↾ F |nm.

Proof. The proof is by induction and it relies on Corollary 5.4, Lemma 5.5, and Lemma 5.6. Since
the rationale can be inferred from similar steps in the proofof Theorem 4.8, we do not provide the
details.
The main difference with respect to Theorem 4.8 is the fact the sequence ofvectors does not
converge. Moreover, here we only prove that the norm of the vectorΨ′P|nm is nonzero for all finite
m that follows from the bound‖Ψ′P|nm‖ ≥ C‖Ψ′P|nm−1‖. The same type of argument is shown for the
vectorsφP|nm (with n finite) in the next section. We refer the reader to equations (100)–(106). �

An auxiliary result needed for the next section is:

Lemma 5.9. Let |g| be sufficiently small. Then for all n,m∈ N
(i) ∣∣∣E′P|nm+1 − E′P|nm

∣∣∣ ≤ Cg2γm (77)
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(ii) ∣∣∣∇E′P|nm
∣∣∣ ≤ C∇E (78)

hold true, where∇E′P|nm is given by

∇E′P|nm = P−
〈
[Pf + B|n0 + B∗|n0]

〉
Ψ′P|nm

. (79)

Proof. (i) The claim can be seen from:

(a) The gap estimate (70) and (i) in Corollary 5.4.

(b) The bound

θH f |mm+1 + gΦ|mm+1 + g2

∫

Bτm\Bτm+1

dk
ρ(k)2

θω(k)
≥ 0

which can be inferred from completion of the square.

(c) The inequality

∫

Bτm\Bτm+1

dk
ρ(k)2

θω(k)
≤ C
θ
γm.

(ii) Since (H′P|nm)|P|≤Pmax, is an analytic family of type A andE′P|nm is an isolated eigenvalue, equa-
tion (79) holds by analytic perturbation theory. Moreover,(78) follows immediately from
Corollary 5.4 (ii).

�

6 Ground States of the Transformed HamiltoniansHW′
P |n∞ for

n ∈ N
This section provides the key result for Section 7 where we remove both limits simultaneously.
Here (Section 6) we generalize the strategy employed in [Piz03] to perform the limit of a vanishing
infrared cut-off τm uniformly in the ultraviolet cut-off σn.

Remark 6.1. In this section we implicitly assume the constraints|P| < Pmax and 1 < κ < 2.
Furthermore, g, β, andγ are such that all the results of Sections 4 and 5 hold true.

Preliminaries. We collect the definitions of the transformed operators and vectors, and we ex-
plain some of their properties:

Hamiltonian Fock space

HW′
P |nm :=Wm(∇E′P|nm) H′P|nm Wm(∇E′P|nm)∗ F |nm := F (L2(Bσn \ Bτm))

H̃W′
P |nm :=Wm(∇E′P|nm−1) H′P|nm Wm(∇E′P|nm−1)

∗ F |nm
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Notice that

H̃W′
P |nm =Wm(∇E′P|nm−1)Wm(∇E′P|nm)∗HW′

P |nmWm(∇E′P|nm)Wm(∇E′P|nm−1)
∗. (80)

The transformationWm(Q), Q ∈ R3 and|Q| ≤ 1, was defined in (14) and it is unitary for all finite
m. Forn,m∈ N we iteratively define the vectors

φP|n0 :=
Ψ′P|n0
‖Ψ′P|n0‖

,

φ̃P|nm := Q̃′P|nmφP|nm−1, Q̃′P|nm := − 1
2πi

∮

∆m

dz

H̃W′
P |nm− z

φP|nm :=Wm(∇E′P|nm)Wm(∇E′P|nm−1)
∗φ̃P|nm

(81)

where the contour∆m was introduced in Definition 5.7. This family of vectors is well-defined
because of the unitarity of the transformationsWm and of the results of Section 5. If the vectors
φP|nm andφ̃P|nm are non-zero they are by construction the (unnormalized) ground states ofHW′

P |nm and
H̃W′

P |nm, respectively. Assuming that these vectors are non-zero weintroduce the following auxiliary
definitions:

A(n)
P,m :=

∫
dk kαm(∇E′P|nm, k)[b(k) + b∗(k)], C(k,n)

P,m :=
∫

dk kαm(∇E′P|nm, k)2,

C(ω,n)
P,m :=

∫
dkω(k)αm(∇E′P|nm, k)2, C(ρ,n)

P,m := 2g
∫

dk ρ(k)αm(∇E′P|nm, k).
(82)

where the function

αm(∇E′P|nm, k) := −g
ρ(k)
ω(k)

1Bκ\Bτm(k)

1− k̂ · ∇E′P|nm
was introduced in (13). Furthermore, we define

RP|nm := −∇E′P|nm · (B|n0 + B∗|n0) −
1
2

(
[B|n0,P− Pf ] + [P− Pf , B∗|n0] + [B|n0, B∗|n0]

)
,

ΠP|nm := Pf + A(n)
P,m+ B|n0 + B∗|n0 (83)

=Wm(∇E′P|nm)
(
Pf + B|n0 + B∗|n0

)
Wm(∇E′P|nm)∗ −C(k,n)

P,m ,

ΓP|nm := ΠP|nm−
〈
ΠP|nm

〉
φP|nm , (84)

C(n)
P,m :=

P2

2
− 1

2
(
P− ∇E′P|nm

)2 − ∇E′P|nm ·C(k,n)
P,m +C(ω,n)

P,m +C(ρ,n)
P,m .

Using these abbreviations and a formal computation carriedout in Appendix B, one can prove that
the identity

HW′
P |nm =

1
2
ΓP|nm2

+ H f − ∇E′P|nm · Pf +C(n)
P,m+ RP|nm (85)

holds onD(HP,0) for all n,m ∈ N. As in [Piz03] the ‘normal ordered’ operatorΓP|nm will play a
crucial role in the next steps.
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Analogously, one can verify that onD(HP,0) and forn,m∈ N the following identity holds true:

H̃W′
P |nm =

1
2

(
ΓP|nm−1 + Ã(n)

P,m− A(n)
P,m−1 + C̃(k,n)

P,m −C(k,n)
P,m−1

)2
+ H f − ∇E′P|nm−1 · Pf + C̃(n)

P,m+ RP|nm−1; (86)

here we have similarly introduced, for any fixedn ∈ N,

Ã(n)
P,m :=

∫
dk kαm(∇EP|nm−1, k)[b(k) + b∗(k)], C̃(k,n)

P,m :=
∫

dk kαm(∇E′P|nm−1, k)2,

C̃(ω,n)
P,m :=

∫
dkω(k)αm(∇EP|nm−1, k)2, C̃(ρ,n)

P,m := 2g
∫

dk ρ(k)αm(∇EP|nm−1, k),
(87)

which differ from those in (82) only in the argument ofαm. We also define

Π̃P|nm := Pf + Ã(n)
P,m+ B|n0 + B∗|n0

=Wm(∇E′P|nm−1)
(
Pf + B|n0 + B∗|n0

)
Wm(∇E′P|nm−1)

∗ − C̃(k,n)
P,m ,

Γ̃P|nm := Π̃P|nm−
〈
Π̃P|nm

〉
φ̃P|nm

, (88)

C̃(n)
P,m :=

P2

2
− 1

2
(
P− ∇E′P|nm−1

)2 − ∇E′P|nm−1 ·C(k,n)
P,m + C̃(ω,n)

P,m + C̃(ρ,n)
P,m .

Notice that using (79) we have the following identities

〈
ΠP|nm

〉
φP|nm = P− ∇E′P|nm−C(k,n)

P,m , (89)

ΓP|nm =Wm(∇E′P|nm)
(
Pf + B|n0 + B∗|n0

)
Wm(∇E′P|nm)∗ − P+ ∇E′P|nm, (90)

Γ̃P|nm =Wm(∇E′P|nm−1)Wm(∇E′P|nm)∗ΓP|nmWm(∇E′P|nm)Wm(∇E′P|nm−1)
∗, (91)

Γ̃P|nm− ΓP|nm−1 = (∇E′P|nm− ∇E′P|nm−1) + (Ã(n)
P,m− A(n)

P,m−1) + (C̃(k,n)
P,m −C(k,n)

P,m−1). (92)

To start with, we show that for any finitem, the vectorsφP|nm andφ̃P|nm are non-zero. Namely,
by starting fromφP|n0, we estimate the norm difference

‖φ̃P|nm − φP|nm−1‖ =
∥∥∥∥∥∥∥
− 1

2πi

∮

∆m

dz

H̃W′
P |nm− z

φP|nm−1 − φP|nm−1

∥∥∥∥∥∥∥
. (93)

In (93) we expand the resolvent with respect to

∆ĤW′
P |m−1

m := H̃W′
P |nm− HW′

P |nm−1 − C̃(n)
P,m+C(n)

P,m−1 (94)

=
1
2

(
Ã(n)

P,m− A(n)
P,m−1 + C̃(k,n)

P,m −C(k,n)
P,m−1

)2
+ (95)

+
1
2

[
Ã(n)

P,m− A(n)
P,m−1, ΓP|nm−1

]
+ (96)

+
(
Ã(n)

P,m− A(n)
P,m−1

)
· ΓP|nm−1 +

(
C̃(k,n)

P,m −C(k,n)
P,m−1

)
· ΓP|nm−1. (97)

Given the form of∆ĤW′
P |m−1

m it is convenient to replace the integration contour∆m with ∆̂m

defined below:
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Definition 6.2. For m ∈ N define

∆̂m :=
{
z− (C(n)

P,m−1 − C̃(n)
P,m)

∣∣∣ z ∈ ∆m

}
.

In the same fashion as Theorem 5.8 we ensure the bounds

1
4
ζτm ≤ |E′P|nm−1 − z+ C̃(n)

P,m−C(n)
P,m−1| ≤ ζτm. (98)

for z in the original integration contour∆m. For this we observe that

|C̃(n)
P,m−C(n)

P,m−1| ≤ g2Cτm−1, (99)

and hence, for|g| sufficiently small,

ζτm ≥ 1
2
ζτm + g2Cτm−1 ≥ |E′P|nm−1 − z+ C̃(n)

P,m−C(n)
P,m−1| ≥

1
2
ζτm− g2Cτm−1 ≥ 1

4
ζτm

where in the last step we have used the constraints in (68). The upper bound (98) follows from
(99) by a similar argument. Hence, we can use the shifted contours∆̂m instead of∆m and estimate

‖φ̃P|nm− φP|nm−1‖ ≤
∥∥∥∥∥∥

1
2πi

∮

∆̂m

dz
∞∑

j=1

(
1

E′P|nm−1 − z

)1/2 (
1

HW′
P |nm−1 − z

)1/2

× (100)

×

(

1

HW′
P |nm−1 − z

)1/2

(−∆ĤW′
n |m−1

m )

(
1

HW′
P |nm−1 − z

)1/2
j

φP|nm−1

∥∥∥∥∥∥

≤ Cγm sup
z∈∆̂m

∣∣∣∣∣∣
1

E′P|nm−1 − z

∣∣∣∣∣∣
1/2

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
× (101)

×
∞∑

j=1

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥

j−1

F |nm
× (102)

×
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥
. (103)

Firstly, the gap estimate in (75) immediately yields

sup
z∈∆̂m

∣∣∣∣∣∣
1

E′P|nm−1 − z

∣∣∣∣∣∣
1/2

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
≤ C
γm

so that (101) is bounded by a constant. Secondly, we show thatthe series in (102) is convergent.
We remark that (̃A(n)

P,m− A(n)
P,m−1) commutes withWm−1(∇E′P|nm−1) so that

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2 (
Ã(n)

P,m− A(n)
P,m−1

)
· ΓP|nm−1

(
1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm

=

∥∥∥∥∥∥

(
1

H′P|nm−1 − z

)1/2 (
Ã(n)

P,m− A(n)
P,m−1

)
·
(
Pf + B|n0 + B∗|n0 + ∇E′P|nm−1 − P

) ( 1
H′P|nm−1 − z

)1/2 ∥∥∥∥∥∥F |nm
,
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where we used again the unitarity ofWm−1. Since (̃A(n)
P,m − A(n)

P,m−1) commutes withB|n0 , B∗|n0 it is
enough to bound

∥∥∥∥∥∥∥

(
1

H′P|nm−1 − z

)1/2 (
Ã(n)

P,m− A(n)
P,m−1

)
· [Pf − P+ B|n0]

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm

≤ C

∥∥∥∥∥∥∥
(
Ã(n)

P,m− A(n)
P,m−1

)
·
(

1
H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
× (104)

×


∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
+

∥∥∥∥∥∥∥
B|n0

(
1

H′P|nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm

 (105)

The factor (104) can be bounded byC|g|γ(m−1)/2, similarly to (73). Both terms in (105) can be esti-
mated asC|g|γ−m/2 using inequalities (22)-(23) and the uniform bound on|E′P|nm| given by Corollary
5.4; see an analogous argument in (48) that exploits the bound in (46). All the remaining terms can
be controlled in a similar fashion. Hence, for|g| sufficiently small andγ satisfying the constraint
(68), we conclude that

‖φ̃P|nm‖ ≥ C‖φP|nm−1‖ (106)

for a strictly positive constantC.

Key result. Theorem 6.3 below is the key tool needed for proving the second main result of this
paper, namely that the ground states (φP|nm)m∈N converge to a non-zero vector. This theorem relies
on several lemmas (Lemma 6.4, Lemma 6.5, and Lemma 6.6) that will be proven later on.

Recall that the symbolC denotes any universal constant. Throughout the computation it will
be important to distinguish the constantsCi, 1 ≤ i ≤ 7.

Theorem 6.3.For |g|, γ, andζ sufficiently small and fulfilling the constraints in Definition 5.3 the
following holds true for all n∈ N, m≥ 1:

(i) ‖φP|nm− φ̃P|nm‖ ≤ mγ
m
4 and‖φ̃P|nm − φP|nm−1‖ ≤ γ

m
4 ,

(ii) ‖φP|nm‖ ≥ 1−∑m
j=1 γ

j
4 (1+ j) (≥ 1

2),

(iii) Let z ∈ ∆̂m+1 andδ := 1
2 then

|g|δ
∣∣∣∣∣∣

〈
Γ

(i)
P |nmφP|nm,

1

HW′
P |nm− z

Γ
(i)
P |nmφP|nm

〉∣∣∣∣∣∣ ≤ γ
−m

2 , i = 1, 2, 3.

Proof. We prove this by induction: Statements (i)-(iii) for (m− 1) shall be referred to as assump-
tions A(i)-A(iii) while the same statements form are referred to as claims C(i)-C(iii).

A straightforward computation yields the casem= 1.
Let m≥ 2 and suppose A(i)-A(iii) hold. We start proving claims C(i)and C(ii).
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1. Due to the inequality in (101)-(103), the estimate

‖φ̃P|nm− φP|nm−1‖ ≤ C1

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥

holds true for|g| sufficiently small, uniformly inn andm. Furthermore, Lemma 6.5 states
that

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥

≤ |g|C2γ
m−2

2

1+
3∑

i=1

∣∣∣∣∣∣

〈
Γ

(i)
P |nm−1φP|nm−1,

1

HW′
P |nm−1 − z

Γ
(i)
P |nm−1φP|nm−1

〉∣∣∣∣∣∣

1
2


which together with the induction assumption A(iii) yields

‖φ̃P|nm− φP|nm−1‖ ≤ |g|C1C2γ
m−2

2

(
1+ 3|g|− δ2γ−m−1

4

)
.

For |g| sufficiently small andγ satisfying the constraints in (68) we have

‖φ̃P|nm− φP|nm−1‖ ≤ γ
m
4 . (107)

Finally, from (107), A(ii) and (68) we conclude

‖φ̃P|nm‖ ≥ ‖φP|nm−1‖ − ‖φ̃P|nm− φP|nm−1‖ ≥ 1−
m−1∑

j=1

γ
j
4 (1+ j) − γm

4 ≥ 1
2
. (108)

2. We observe that

‖φP|nm− φ̃P|nm‖ ≤ ‖[Wm(∇E′P|nm)Wm(∇E′P|nm−1)
∗ − 1F |nm] φ̃P|nm‖

≤
∥∥∥∥∥∥[Wm(∇E′P|nm) −Wm(∇E′P|nm−1)]

Ψ′P|nm
‖Ψ′P|nm‖

∥∥∥∥∥∥ (109)

holds because the vectorsΨ′P|nm andWm(∇E′P|nm−1)
∗φ̃P|nm are parallel and‖φ̃P|nm‖ ≤ 1. Lemma

6.6 yields

(109)≤ |g|C3m | lnγ|
∣∣∣∣∣∇E′P|nm− ∇E′P|nm−1

∣∣∣∣∣. (110)

The difference of the gradients of the ground state energies in (110)is estimated in Lemma
6.7 which states that

|∇E′P|nm− ∇E′P|nm−1| ≤ g2C4γ
m−1

2 + sup
z∈∆̂m

∥∥∥∥∥∥∥

(
1

HW′
P |nm− z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥

+C
‖φP|nm−1 − φ̃P|nm‖
‖φP|nm−1‖2‖φ̃P|nm‖2

.
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Hence, using Lemma 6.5, (107), (108) as well as assumptions A(ii) and A(iii), one finds that

‖φP|nm− φ̃P|nm‖ ≤ |g|C3m| ln γ|
(
g2C4γ

m−1 + |g|C2γ
m−2

2 (1+ 3|g|− δ2γ−m−1
4 ) +C5γ

m
4

)

which implies

‖φP|nm− φ̃P|nm‖ ≤ mγ
m
4 (111)

for |g| sufficiently small andγ fulfilling the constraints in (68).

Estimates (107) and (111) prove C(i). C(ii) follows along the same lines as (108) using the bound
in (111).

Finally, we prove claim C(iii). Letz ∈ ∆̂m+1 andi = 1, 2, 3. Using the unitarity of the transfor-
mationsWm we get

∣∣∣∣∣∣

〈
Γ

(i)
P |nmφP|nm,

1

HW′
P |nm− z

Γ
(i)
P |nmφP|nm

〉∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

〈
Γ̃

(i)
P |nmφ̃P|nm,

1

H̃W′
P |nm− z

Γ̃
(i)
P |nmφ̃P|nm

〉∣∣∣∣∣∣∣
,

see identities (80)-(91). For|g| sufficiently small, i.e.,|g| of orderγ2, we can expand the resolvent
(H̃W′

P |nm− z)−1 by the same reasoning as for (100)-(103) even forz ∈ ∆̂m+1 because of the bound on
the energy shifts

∣∣∣E′P|nm+1 − E′P|nm
∣∣∣ ≤ Cg2γm, (112)

given by Lemma 5.9, and because of (71). Hence, using (94) we find
∣∣∣∣∣∣∣

〈
Γ̃

(i)
P |nmφ̃P|nm,

1

H̃W′
P |nm− z

Γ̃
(i)
P |nmφ̃P|nm

〉∣∣∣∣∣∣∣

≤
∞∑

j=1

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2 [
∆ĤW′

n |m−1
m + C̃(n)

P,m−C(n)
P,m−1

] ( 1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥

j−1

F |nm
× (113)

×
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ̃
(i)
P |nmφ̃P|nm

∥∥∥∥∥∥∥

2

≤ C

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ̃
(i)
P |nmφ̃P|nm

∥∥∥∥∥∥∥

2

Furthermore,
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ̃
(i)
P |nmφ̃P|nm

∥∥∥∥∥∥∥

2

≤ 2

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ
(i)
P |nm−1φP|nm−1

∥∥∥∥∥∥∥

2

+ (114)

+ 2

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

(̃Γ(i)
P |nmφ̃P|nm− Γ(i)

P |nm−1φP|nm−1)

∥∥∥∥∥∥∥

2

. (115)

Term (114): Exploiting the property
〈
φP|nm−1, ΓP|nm−1φP|nm−1

〉
= 0
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and the spectral theorem, one can show that the term on the right-hand side of (114) fulfills
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ
(i)
P |nm−1φP|nm−1

∥∥∥∥∥∥∥

2

=

〈
Γ

(i)
P |nm−1φP|nm−1,

∣∣∣∣∣∣
1

HW′
P |nm−1 − z

∣∣∣∣∣∣ Γ
(i)
P |nm−1φP|nm−1

〉

≤ C

∣∣∣∣∣∣

〈
Γ

(i)
P |nm−1φP|nm−1,

1

HW′
P |nm−1 − z

Γ
(i)
P |nm−1φP|nm−1

〉∣∣∣∣∣∣ (116)

≤ C

∣∣∣∣∣∣

〈
Γ

(i)
P |nm−1φP|nm−1,

1

HW′
P |nm−1 − y

Γ
(i)
P |nm−1φP|nm−1

〉∣∣∣∣∣∣ (117)

+C
supy∈∆̂m,z∈∆̂m+1

|z− y|
dist

(
z,Spec

(
H′P|nm−1 ↾ F |nm−1

)
\ {E′P|nm−1}

)
∣∣∣∣∣∣

〈
ΓP|nm−1φ|nm−1,

1
H′P|nm−1 − y

ΓP|nm−1φ|nm−1

〉∣∣∣∣∣∣
(118)

≤ C7

∣∣∣∣∣∣

〈
ΓP|nm−1φ|nm−1,

1
H′P|nm−1 − y

ΓP|nm−1φ|nm−1

〉∣∣∣∣∣∣ . (119)

for y ∈ ∆̂m (recall thatz ∈ ∆̂m+1). In passing from (116) to (117) we have used the property〈
ΓP|nm−1φ|nm−1, φP|nm−1

〉
= 0 which implies that the vectorΓ(i)

P |nm−1φP|nm−1 has spectral support (with

respect toHW′
P |nm−1) contained in the interval (E′P|nm−1 + ζτm−1,∞), and hence:

a)
〈
ΓP|nm−1φ|nm−1,

∣∣∣∣∣∣
1

H′P|nm−1 − y

∣∣∣∣∣∣ ΓP|nm−1φ|nm−1

〉
≤ C

∣∣∣∣∣∣

〈
ΓP|nm−1φ|nm−1,

1
H′P|nm−1 − y

ΓP|nm−1φ|nm−1

〉∣∣∣∣∣∣

b)
∣∣∣∣∣∣

〈
ΓP|nm−1φ|nm−1,

1
H′P|nm−1 − z

1
H′P|nm−1 − y

ΓP|nm−1φ|nm−1

〉∣∣∣∣∣∣

≤ 1

dist
(
z,Spec

(
H′P|nm−1 ↾ F |nm−1

)
\ {E′P|nm−1}

)
〈
ΓP|nm−1φ|nm−1,

∣∣∣∣∣∣
1

H′P|nm−1 − y

∣∣∣∣∣∣ΓP|nm−1φ|nm−1

〉
.

In the step from (116)-(118) we used inequality (112). Therefore, we can conclude that

(114)≤ C7

∣∣∣∣∣∣

〈
ΓP|nm−1φ|nm−1,

1
H′P|nm−1 − y

ΓP|nm−1φ|nm−1

〉∣∣∣∣∣∣ . (120)

Term (115): We first observe that

(115)≤ 4

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

(̃Γ(i)
P |nm− Γ(i)

P |nm−1)φ̃P|nm
∥∥∥∥∥∥∥

2

+ (121)

+ 4

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ
(i)
P |nm−1(φ̃P|nm− φP|nm−1)

∥∥∥∥∥∥∥

2

. (122)

In order to estimate (121) we use the identity in (92) and the following ingredients:
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c) The bound on|∇E′P|nm − ∇E′P|nm−1| from Lemma 6.7

d) The estimate in (99), i.e.|C̃(k,n)
P,m −C(k,n)

P,m−1| ≤ g2Cγm−1

e) The bound

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2 ∫
dk k[αm(∇E′P|nm−1, k) − αm−1(∇E′P|nm−1, k)](b(k) + b∗(k))

∥∥∥∥∥∥∥

2

F |nm
≤ g2Cγm−3.

Hence, we obtain

(121)≤ C
τm+1

[
g2τ1/2

m−1 + sup
y∈∆̂m

∥∥∥∥∥
(

1

HW′
P |nm−1 − y

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − y

)1/2

φP|nm−1

∥∥∥∥∥+ (123)

+
‖φP|nm−1 − φ̃P|nm‖
‖φP|nm−1‖2‖φ̃P|nm‖2

]2

+ (124)

+
C
τm+1

[
g2Cγm−1

]2
(125)

+ g2Cγm−3 (126)

where (123)-(124), (125) and (126) are related to ingredients c), d) and e) respectively.
For the remaining term (122) we use analytic perturbation theory to find

√
(122)≤ Cτm sup

y∈∆̂m

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ
(i)
P |nm−1

(
1

HW′
P |nm−1 − y

)1/2
∥∥∥∥∥∥∥F |nm
×

×
∞∑

j=1

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − y

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − y

)1/2
∥∥∥∥∥∥∥

j−1

F |nm
×

×
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − y

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − y

)1/2

φP|nm−1

∥∥∥∥∥∥∥

∣∣∣∣∣∣
1

E′P|nm−1 − y

∣∣∣∣∣∣
1/2

≤ C

γ
1
2

1

γ
m
2

sup
y∈∆̂m

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − y

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − y

)1/2

φP|nm−1

∥∥∥∥∥∥∥
,

where we have used the estimates in (101)-(103) fory ∈ ∆̂m, and, using the identity in (90)
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

Γ
(i)
P |nm−1

(
1

HW′
P |nm−1 − y

)1/2
∥∥∥∥∥∥∥F |nm

(127)

=

∥∥∥∥∥∥∥

(
1

H′P|nm−1 − z

)1/2

[Pf − P+ ∇E′P|nm−1 + B|n0 + B∗|n0]
(

1
H′P|nm−1 − y

)1/2
∥∥∥∥∥∥∥F |nm

≤ Cτ−1
m γ

−1/2. (128)

The inequality in (128) can be derived by combining the first inequality in (39) with Lemma 3.2.
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Using Lemma 6.5, Assumption A(iii), the estimates (107), (108) and the constraints (68) we
get

(121)≤ C
[
g4γ−2 + g2γ−3

(
1+ γ−

m−1
2 g−δ

)
+ γ−

m+2
2 + g4γm−3 + g2γm−3

]
≤ C

γ
m+2

2

,

(122)≤ Cg2γ−3(1+ γ−
m−1

2 |g|−δ) ≤ C

γ
m+2

2

,

and hence,

(115)≤ C6

γ
m+2

2

. (129)

Finally, we collect inequalities (120), (129) and make use of assumption A(iii) to derive

|g|δ
∣∣∣∣∣∣

〈
Γ

(i)
P |nmφP|nm,

1

HW′
P |nm− z

Γ
(i)
P |nmφP|nm

〉∣∣∣∣∣∣ ≤ C7γ
−m−1

2 + |g|δ C6

γ
m+2

2

≤ γ−m
2

for γ and|g| sufficiently small and fulfilling the constraints in (68). This proves claim C(iii). �

We shall now provide the lemmas we have used.

Lemma 6.4. Let |g| be sufficiently small. For n,m ∈ N the following expectation values are uni-
formly bounded:

∣∣∣〈φP|nm,ΠP|nmφP|nm
〉∣∣∣ ,

∣∣∣∣
〈
φ̃P|nm, Π̃P|nmφ̃P|nm

〉∣∣∣∣ ≤ C,

Proof. We only prove the bound for the first term. The second can be bounded analogously. Let
n,m∈ N. By definition of the transformationsWm and using the fact that the vectors

Ψ′P|nm, Wm(∇E′P|nm)∗φP|nm, Wm(∇E′P|nm−1)
∗φ̃P|nm

are parallel and their norm is less than one, we have
∣∣∣〈φP|nm,ΠP|nmφP|nm

〉∣∣∣

≤ C
∣∣∣∣
〈
Ψ′P|nm
‖Ψ′P|nm‖

,
[
Pf + B|n0 + B∗|n0 −C(k,n)

P,m

] Ψ′P|nm
‖Ψ′P|nm‖

〉 ∣∣∣∣ ≤ C[|P| + |∇E′P|nm| + |C(k,n)
P,m |].

where the last inequality holds by Lemma 5.9. �

Lemma 6.5. Let |g|, ζ, γ be sufficiently small. Furthermore, let n∈ N, m≥ 2 and z∈ ∆̂m. Then
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥

≤ |g|Cγm−2
2

1+
3∑

i=1

∣∣∣∣∣∣

〈
Γ

(i)
P |nm−1φP|nm−1,

1

HW′
P |nm−1 − z

Γ
(i)
P |nm−1φP|nm−1

〉∣∣∣∣∣∣

1
2
 (130)

holds true, where∆ĤW′
n |m−1

m is defined in (94).

144 A Electronic reprints



The Mass Shell of the Nelson Model without Cut-Offs 35

Proof. Recall the expression for∆ĤW′
n |m−1

m given in (95)-(97) . With the usual estimates one can
show that

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

((95)+ (96))

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥
≤ |g|Cγm−1

2 . (131)

Next, we control the first term in (97). First, observe that
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

(Ã(n)
P,m− A(n)

P,m−1) · ΓP|nm−1

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥

2

=
1

|E′P|nm−1 − z|
〈
(Ã(n)

P,m− A(n)
P,m−1) · ΓP|nm−1φP|nm−1,

∣∣∣∣∣∣
1

HW′
P |nm−1 − z

∣∣∣∣∣∣ (Ã
(n)
P,m− A(n)

P,m−1) · ΓP|nm−1φP|nm−1

〉
.

(132)

Second, we recall that̃A(n)
P,m − A(n)

P,m−1 contains boson creation operators restricted to the range
(τm, τm−1] in momentum space. Therefore,

〈
φP|nm−1, Ã

(n)
P,m− A(n)

P,m−1 · ΓP|nm−1φP|nm−1

〉
= 0,

which implies

(132)≤ C
γm

∣∣∣∣∣∣

〈
(Ã(n)

P,m− A(n)
P,m−1) · ΓP|nm−1φP|nm−1,

1

HW′
P |nm−1 − z

(Ã(n)
P,m− A(n)

P,m−1) · ΓP|nm−1φP|nm−1

〉∣∣∣∣∣∣ (133)

by using the spectral theorem and the gap estimate forHW′
P |nm−1 ↾ F |nm. Note further that

(Ã(n)
P,m− A(n)

P,m−1) · ΓP|nm−1φP|nm−1 =

∫
dk (αm(∇E′P|nm−1) − αm−1(∇E′P|nm−1))b

∗(k)k · ΓP|nm−1φP|nm−1.

Using the pull-through formula we get

1

HW′
P |nm−1 − z

b∗(k) = b∗(k)
1

HW′
P |nm−1 +

1
2k2 + k · ΓP|nm−1 + |k| − ∇E′P|nm−1 · k− z

so that we can rewrite the right-hand side of (133) as follows:

(133)=
C
γm

∫
dk

[
αm(∇E′P|nm−1) − αm−1(∇E′P|nm−1)

]2×

×
〈
k · ΓP|nm−1φP|nm−1,

1

HW′
P |nm−1 +

1
2k2 + k · ΓP|nm−1 + |k| − ∇E′P|nm−1 · k− z

k · ΓP|nm−1φP|nm−1

〉
.

(134)

In order to expand the resolvent in (134) in terms ofk · ΓP|nm−1 we have to provide the bound
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2

k · ΓP|nm−1

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm

< 1 (135)
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for τm < |k| ≤ τm−1 andz ∈ ∆̂m, where we have defined

fP,m−1(k) :=
1
2

k2 + |k|(1− ∇E′P|nm−1 · k̂).

Recall that

ΓP|nm−1 = Pf + A(n)
P,m−1 + B|n0 + B∗|n0 −

〈
ΠP|nm−1

〉
φP|nm−1

.

The necessary estimates are:

1. For|g| sufficiently small, the lower bound

fP,m−1(k) − |E′P|nm−1 − z| > |k|
(
1− ∇E′P|nm−1 · k̂−

1
2
ζ − g2γ−1C

)
> 0 (136)

holds becausez belongs to the shifted contour̂∆m so that

|E′P|nm−1 − z| ≤ 1
2
ζτm+ g2Cτm−1.

The inequality in (136) implies
∥∥∥∥∥∥∥

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥

2

F |nm−1

≤ 1

|k|
(
1− ∇E′P|nm−1 · k̂− 1

2ζ − g2γ−1C
) .

2. By the unitarity ofWm−1(∇E′P|nm−1) and using [B|n0,Wm−1(∇E′P|nm−1)] = 0 as well as the standard
inequalities (22), we have
∥∥∥∥∥∥∥
k · B|n0

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

≤ |g| |k| C
∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

.

3. By definition of the transformationWm−1(∇E′P|nm−1) and the transformation formulae (198),

Wm−1(∇E′P|nm−1)(P− Pf )Wm−1(∇E′P|nm−1)
∗ = P− Pf − A(n)

P,m−1 −C(k,n)
P,m−1

holds onD(HP,0). Hence, we have the bound
∥∥∥∥∥∥∥
k · (Pf + A(n)

P,m−1)

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

≤ |k|
∥∥∥∥∥∥∥
(P− Pf )

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

+ |k|(|P| + g2C)

∥∥∥∥∥∥∥

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

≤ |k|
√

2

∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm

+ |k|(|P| + g2C)

∥∥∥∥∥∥∥

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

.
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4. Using the a priori estimate (23) in Lemma 3.2 one derives

∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

≤ 1√
1− |g|ca



∥∥∥∥∥∥∥
(H′P|nm−1)

1/2

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥

2

F |nm−1

+ |g|cb

∥∥∥∥∥∥∥

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥

2

F |nm−1



1/2

.

Collecting these estimates, we find:
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2

k · ΓP|nm−1

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

(137)

≤ |k|
∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

× (138)

×


√
2+ |g|C√
1− |g|ca



∥∥∥∥∥∥∥
(H′P|nm−1)

1/2

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥

2

F |nm−1

+

+|g|cb

∥∥∥∥∥∥∥

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥

2

F |nm−1



1/2

+ (|P| + g2C)

∥∥∥∥∥∥∥

(
1

HP|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

 .

Note that
∥∥∥∥∥∥∥
(H′P|nm−1)

1/2

(
1

H′P|nm−1 + fP,m−1(k) − z

)1/2
∥∥∥∥∥∥∥F |nm−1

≤
(
1+

|E′P|nm−1|
fP,m−1(k) − |E′P|nm−1 − z|

)1/2

.

Finally we obtain

(137)≤ 1(
1− ∇E′P|nm−1 · k̂− 1

2ζ − g2γ−1C
)×

×
[ √

2+ |g|C√
1− |g|ca

(
|E′P|nm−1| + τm−1

(
1− ∇E′P|nm−1 · k̂−

1
2
ζ −Cg2γ−1

)
+ gcb

)1/2

+ (|P| + g2C)

]

so that

lim sup
|g|,γ,ζ→0

(137)≤ 2Pmax

1− Pmax
<

2
3

for Pmax <
1
4. By continuity, inequality (135) holds forg, ζ, γ in a neighborhood of zero.
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Going back to equation (134) we can proceed with the expansion (in k·ΓP|nm−1) of the resolvent:

(133)≤ Cg2γm−2 sup
τm≤|k|≤τm−1

3∑

i,l=1

〈 
(

1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
∗
Γ

(i)
P |nm−1φP|nm−1, (139)

∞∑

j=0


(

1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2

k · ΓP|nm−1

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2
j

×

×
(

1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2

Γ
(l)
P |nm−1φP|nm−1

〉

≤ Cg2γm−2
3∑

i=1

sup
τm≤|k|≤τm−1

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2

Γ
(i)
P |nm−1φP|nm−1

∥∥∥∥∥∥∥

2

. (140)

Since fP,m−1(k) ≥ 0 and because of the property
〈
φP|nm−1, ΓP|nm−1φP|nm−1

〉
= 0 it follows that

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 + fP,m−1(k) − z

)1/2

Γ
(i)
P |nm−1φP|nm−1

∥∥∥∥∥∥∥

2

≤ C

∣∣∣∣∣∣

〈
Γ

(i)
P |nm−1φP|nm−1,

1

HW′
P |nm−1 − z

Γ
(i)
P |nm−1φP|nm−1

〉∣∣∣∣∣∣ .

Combining the estimates in (140) and (131) yields the claim of the lemma. �

Lemma 6.6. For all n,m∈ N and Q,Q′ ∈ R3 with |Q|, |Q′| ≤ 1 the estimate

‖[Wm(Q) −Wm(Q′)] Ψ′P|nm‖ ≤ |g|C|Q− Q′|| ln τm|

holds.

Proof. The Bogolyubov transformationsWm defined in (14) can be explicitly written as

Wm(Q) = exp

(∫
dkαm(Q, k)

(
b(k) − b∗(k)

))
,

so that

‖[Wm(Q) −Wm(Q′)] Ψ′P|nm‖ ≤
∥∥∥∥∥
∫

dk [αm(Q, k) − αm(Q′, k)](b(k) − b∗(k)) Ψ′P|nm
∥∥∥∥∥ (141)

In order to estimate this term we employ:

1. The identity (12) in [Frö73, Equation (1.26)] that relies on the boundE′P−k|nm−E′P|nm ≥ −C∇E|k|,
|P| ≤ Pmax, from Corollary 5.4(iii).

2. By definition ofαm it holds
∫

dk
∣∣∣∣αm(Q, k) − αm(Q′, k)

∣∣∣∣
1
|k|3/2 ≤ |g|C|Q− Q′| | ln κ − ln τm|.

3. ‖Ψ′P|nm‖ ≤ 1
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With these estimates, the claim is proven. �

Lemma 6.7. Let |g| be sufficiently small. For n,m∈ N the following estimate holds:

|∇E′P|nm − ∇E′P|nm−1|

≤ g2Cτ1/2
m−1 +C sup

z∈∆̂m

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥
+C
‖φP|nm−1 − φ̃P|nm‖
‖φP|nm−1‖2‖φ̃P|nm‖2

.

Proof. Let n,m∈ N. Using Lemma 5.9 we have

∇E′P|nm− ∇E′P|nm−1 =
〈
Pf + B|n0 + B∗|n0

〉
Ψ′P|nm−1

−
〈
Pf + B|n0 + B∗|n0

〉
Ψ′P|nm

which by unitarity of the transformationWm−1(∇E′P|nm−1) andWm(∇E′P|nm−1) can be rewritten as

∇E′P|nm− ∇E′P|nm−1 =
〈
ΠP|nm−1

〉
φP|nm−1

−
〈
Π̃P|nm

〉
φ̃P|nm
+ C̃(k,n)

P,m −C(k,n)
P,m−1.

We have already noted that|C̃(k,n)
P,m −C(k,n)

P,m−1| ≤ g2Cτm−1. Moreover, we observe

∣∣∣∣
〈
ΠP|nm−1

〉
φP|nm−1

−
〈
Π̃P,m

〉
φ̃P|nm

∣∣∣∣ =

∣∣∣∣∣∣∣∣

〈
φP|nm−1,ΠP|nm−1φP|nm−1

〉

‖φP|nm−1‖2
−

〈
φ̃P|nm, Π̃P|nmφ̃P|nm

〉

‖φ̃P|nm‖2

∣∣∣∣∣∣∣∣
≤ ‖φP|nm−1‖−2

∣∣∣∣
〈
φP|nm−1,ΠP|nm−1φP|nm−1

〉 −
〈
φ̃P|nm, Π̃P|nmφ̃P|nm

〉∣∣∣∣+ (142)

+
∣∣∣∣
〈
φ̃P|nm, Π̃P|nmφ̃P|nm

〉∣∣∣∣
∣∣∣‖φP|nm−1‖−2 − ‖φ̃P|nm‖−2

∣∣∣ . (143)

We know that the norms‖φP|nm−1‖ and‖φ̃P|nm‖ are by construction smaller than one and non-zero.
Using Lemma 6.4 we find

(143)≤ C
‖φP|nm−1 − φ̃P|nm‖
‖φP|nm−1‖2‖φ̃P|nm‖2

.

In order to bound the term (142) we use

‖φP|nm−1‖2(142)=

∣∣∣∣∣∣
〈(
φP|nm−1 − φ̃P|nm

)
,ΠP|nm−1φP|nm−1

〉
+ (144)

+
〈
φ̃P|nm,

[
ΠP|nm−1 − Π̃P|nm

]
φP|nm−1

〉
+ (145)

+
〈
φ̃P|nm, Π̃P|nm

(
φP|nm−1 − φ̃P|nm

)〉 ∣∣∣∣∣∣. (146)

The term (145) is bounded by

|(145)| ≤
∣∣∣∣
〈
φ̃P|nm,

[
Ã(n)

P,m− A(n)
P,m−1

]
φP|nm−1

〉∣∣∣∣ ≤ |g|Cτ1/2
m−1
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because by the standard inequalities (22)

∥∥∥∥∥
∫

dk k[αm(∇E′P|nm−1, k) − αm−1(∇E′P|nm−1, k)]b(k)φP|nm−1

∥∥∥∥∥

≤ C


∫

dk

∣∣∣∣∣∣
k[αm(∇E′P|nm−1, k) − αm−1(∇E′P|nm−1, k)

|k|1/2
∣∣∣∣∣∣
2

1/2 ∥∥∥∥∥∥∥
(H f |m−1

m )

(
1

HW′
P |nm−1 − i

)1/2

φP|nm−1

∥∥∥∥∥∥∥
≤ |g|Cτ1/2

m−1.

Terms (144) and (146) can be treated in the same way, and we only demonstrate the bound on
the former. Using analytic perturbation theory we get

∣∣∣∣
〈(
φP|nm−1 − φ̃P|nm

)
,ΠP|nm−1φP|nm−1

〉∣∣∣∣ (147)

≤ Cτm sup
z∈∆̂m

∞∑

j=1

∣∣∣∣∣∣

〈 
(

1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2
j

φP|nm−1,

,


(

1

HW′
P |nm−1 − z

)1/2
∗
ΠP|nm−1

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

〉∣∣∣∣∣∣

≤ Cτm sup
z∈∆̂m

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥
×

×
∥∥∥∥∥∥∥


(

1

HW′
P |nm−1 − z

)1/2
∗
ΠP|nm−1

(
1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm

. (148)

The term in (148) can be controlled similarly to (127) in the ultraviolet regime so that we finally
have ∥∥∥∥∥∥∥


(

1

HW′
P |nm−1 − z

)1/2
∗
ΠP|nm−1

(
1

HW′
P |nm−1 − z

)1/2
∥∥∥∥∥∥∥F |nm
≤ Cτ−1

m . (149)

Combining these results, we obtain the estimate

∣∣∣∣
〈(
φP|nm−1 − φ̃P|nm

)
,ΠP|nm−1φP|nm−1

〉∣∣∣∣ ≤ C sup
z∈∆̂m

∥∥∥∥∥∥∥

(
1

HW′
P |nm−1 − z

)1/2

∆ĤW′
n |m−1

m

(
1

HW′
P |nm−1 − z

)1/2

φP|nm−1

∥∥∥∥∥∥∥
,

which concludes the proof. �

7 Ground States of the Transformed HamiltoniansHW′
P |∞∞

In this section, we finally remove both the UV and the IR cut-off (σn andτm, respectively). In our
study of the removal of the IR cut-off in Section 6 we have proven that

‖φP|nm− φP|nm−1‖ ≤ (m+ 1)γ
m
4

holds for anyn ∈ N. We shall now provide the analogous bound

‖φP|nm− φP|n−1
m ‖ ≤ CmK3m+1| ln γ|m+1

(
n

βnγm

)1/2

(150)
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as the UV cut-off is shifted fromσn−1 to σn. The constantK ≥ 1 will be introduced in Theorem
7.5. The latter bound, derived in Corollary 7.6, holds for any IR cut-off τm and uses a particular
scalingN ∋ n := n(m) > αm for

α :=
− ln |γ|

ln β
≥ 1. (151)

These two estimates will enable us to prove the second main result Theorem 2.2 at the end of this
section.

Remark 7.1. In this section we implicitly assume the constraints|P| < Pmax and 1 < κ < 2.
Furthermore, g, β, andγ are such that all the results of Sections 4, 5 , and 6 hold true.

In order to control the norm difference‖φP|nm−φP|n−1
m ‖ we notice that form≥ 1 the vectorsφP|nm

can be rewritten in the following way

φP|nm =Wm(∇E′P|nm) Q′P|nmW|m−1
m (∇E′P|nm−1)

∗ · · · Q′P|n2W|12(∇E′P|n1)∗Q′P|n1 W|01(∇E′P|n0)∗
Ψ′P|n0
‖Ψ′P|n0‖

,

whereQ′P|nm is defined in (76) and

W|m′m (Q)∗ :=Wm(Q)∗Wm′(Q), W|01(Q)∗ =W1(Q).

The following definition will be convenient.

Definition 7.2. For n ∈ N and m≥ 1, we define

ηP|nm :=Wm(∇E′P|nm)∗φP|nm, (152)

andηP|n0 := φP|n0 = ΨP|n0/‖ΨP|n0‖ in the case m= 0.

Note that by construction we have the identity

ηP|nm+1 = Q′P|nm+1W|mm+1(∇E′P|nm)∗ηP|nm, (153)

and moreover, since the transformationWm is unitary and due to Theorem 6.3, the bounds

1 ≥ ‖φP|nm‖ = ‖ηP|nm‖ ≥
1
2

(154)

hold true for allm, n ∈ N. First, we prove two a priori lemmas that can be combined to yield
Theorem 7.5.

Lemma 7.3. For any m∈ N, let N ∋ n > αm ≥ 1. There exists a constant K1 such that for|g|
sufficiently small the following estimates hold true:

‖ηP|nm+1 − ηP|n−1
m+1‖ ≤ ‖ηP|nm− ηP|n−1

m ‖ + K1


(

n
βnγm+1

)1/2

+
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣
 . (155)
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Proof. By using (152) and (153) we get the bound

∥∥∥ηP|nm+1 − ηP|n−1
m+1

∥∥∥ ≤
∥∥∥∥
(
Q′P|nm+1 − Q′P|n−1

m+1

)
W|mm+1(∇E′P|nm)∗ηP|nm

∥∥∥∥ (156)

+
∥∥∥∥Q′P|n−1

m+1

(
W|mm+1(∇E′P|nm)∗ −W|mm+1(∇E′P|n−1

m )∗
)
ηP|nm

∥∥∥∥ (157)

+
∥∥∥∥Q′P|n−1

m+1W|mm+1(∇E′P|n−1
m )∗

(
ηP|nm − ηP|n−1

m

)∥∥∥∥ . (158)

Furthermore, the expansion

Q′P|nm+1 − Q′P|n−1
m+1 = −

1
2πi

∮

∆m+1

dz



(
1

H′P|n−1
m+1 − z

)1/2

×

×
∞∑

j=1


(

1

H′P|n−1
m+1 − z

)1/2

∆H′|nn−1

(
1

H′P|n−1
m+1 − z

)1/2
j

×

×
(

1

H′P|n−1
m+1 − z

)1/2
 ,

(159)

can be controlled by noting that

∥∥∥∥∥∥∥

(
1

H′P|n−1
m+1 − z

)1/2
∥∥∥∥∥∥∥

2

F |nm+1

≤ 2
ζτm+1

(160)

(see Lemma 5.5), which yields

sup
z∈∆m+1

∥∥∥∥∥∥∥

(
1

H′P|n−1
m+1 − z

)1/2

∆H′|nn−1

(
1

H′P|n−1
m+1 − z

)1/2
∥∥∥∥∥∥∥F |nm+1

≤ C|g|
(

n
βnζτm+1

)1/2

(161)

by a similar computation as for (50). Now, by the choicen > αm and |g| sufficiently small, the
right-hand side in (161) is strictly smaller than 1. Hence, we get

‖Q′P|nm+1 − Q′P|n−1
m+1‖ ≤ C|g|

(
n

βnζτm+1

)1/2

.

Moreover, under the constraint in (68) we get the bound

(157)≤ C|g|| ln γ|
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣ ≤ C
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣

by a similar procedure as used in the proof of Lemma 6.6. The remaining term (158) can be
estimated using the unitarity ofWm. This concludes the proof. �

Lemma 7.4. For any m∈ N, let N ∋ n > αm ≥ 1. There exists a constant K2 such that for|g|
sufficiently small the following estimate holds true:

∣∣∣∇E′P|nm− ∇E′P|n−1
m

∣∣∣ ≤ K2


(

n
βnγm

)1/2

+ ‖ηP|nm− ηP|n−1
m ‖ +

∣∣∣∇E′P|nm−1 − ∇E′P|n−1
m−1

∣∣∣
 . (162)
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Proof. Let us start with the equality

∣∣∣∇E′P|nm− ∇E′P|n−1
m

∣∣∣ =
∣∣∣∣∣
〈
Pf + B|n0 + B∗|n0

〉
Ψ′P|nm
−

〈
Pf + B|n−1

0 + B∗|n−1
0

〉
Ψ′P|n−1

m

∣∣∣∣∣ . (163)

AsΨ′P|nm andηP|nm belong to the same ray inHP, we obtain

(163)=
∣∣∣∣
〈
Pf + B|n0 + B∗|n0

〉
ηP|nm
−

〈
Pf + B|n−1

0 + B∗|n−1
0

〉
ηP|n−1

m

∣∣∣∣ .

In order to shorten the formulae we define

Vn := Pf + B|n0 + B∗|n0
so that

(163)≤ 1
‖ηP|n−1

m ‖2
∣∣∣∣
〈
ηP|nm,VnηP|nm

〉 −
〈
ηP|n−1

m ,Vn−1ηP|n−1
m

〉∣∣∣∣ (164)

+

∣∣∣∣∣∣
1

‖ηP|nm‖2
− 1
‖ηP|n−1

m ‖2
∣∣∣∣∣∣
∣∣∣〈ηP|nm,VnηP|nm

〉∣∣∣ . (165)

Furthermore, by the definitions in (82), (83) and (152) we have
∣∣∣〈ηP|nm,VnηP|nm

〉∣∣∣ =
∣∣∣〈φP|nm,ΠP|nmφP|nm

〉
+C(k,n)

P,m ‖φP|nm‖2
∣∣∣ ≤ C , (166)

where we used Lemma 6.4. Hence, by (154) we get the estimate

(165)≤ C
‖ηP|nm − ηP|n−1

m ‖
‖ηP|nm‖2‖ηP|n−1

m ‖2
≤ C‖ηP|nm− ηP|n−1

m ‖. (167)

Next, we proceed with

(164)≤ C

[ ∣∣∣∣
〈
(ηP|nm− ηP|n−1

m ),VnηP|nm
〉∣∣∣∣ (168)

+
∣∣∣∣
〈
ηP|n−1

m , (Vn − Vn−1)ηP|nm
〉∣∣∣∣ (169)

+
∣∣∣∣
〈
ηP|n−1

m ,Vn−1(ηP|nm− ηP|n−1
m )

〉∣∣∣∣
]
. (170)

First, we observe that

(169)≤ C
∣∣∣∣
〈
ηP|n−1

m , (B|nn−1 + B∗|nn−1)ηP|nm
〉∣∣∣∣ ≤ C

∣∣∣E′P|nm− i
∣∣∣1/2

∣∣∣∣∣∣∣

〈
ηP|n−1

m , B|nn−1

(
1

H′P|nm − i

)1/2

ηP|nm
〉∣∣∣∣∣∣∣

holds. Invoking the standard inequalities in (39) and the boundedness of
∥∥∥∥∥∥∥
H1/2

P,0

(
1

H′P|nm− i

)1/2
∥∥∥∥∥∥∥
≤ C , (171)
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which holds by Lemma 3.2, one has
∥∥∥∥∥∥∥
B|nn−1

(
1

H′P|nm− i

)1/2
∥∥∥∥∥∥∥F |nm
≤ C|g|

(
1
βn

)1/2

.

Hence, since the ground state energies are bounded from above and below by Corollary 5.4,

(169)≤ C

(
1
βn

)1/2

(172)

holds true. Terms (168) and (170) can be treated similarly. By recalling the identity in (153) we
can write

(168)=
∣∣∣∣
〈
(Q′P|nmW|m−1

m (∇E′P|nm−1)
∗ηP|nm−1 − Q′P|n−1

m W|m−1
m (∇E′P|n−1

m−1)
∗ηP|n−1

m−1),VnηP|nm
〉∣∣∣∣

≤
∣∣∣∣
〈
(Q′P|nm− Q′P|n−1

m )W|m−1
m (∇E′P|nm−1)

∗ηP|nm−1,VnηP|nm
〉∣∣∣∣ (173)

+
∣∣∣∣
〈
Q′P|n−1

m

(
W|m−1

m (∇E′P|nm−1)
∗ −W|m−1

m (∇E′P|n−1
m−1)

∗) ηP|nm−1,VnηP|nm
〉∣∣∣∣ (174)

+
∣∣∣∣
〈
Q′P|n−1

m W|m−1
m (∇E′P|n−1

m−1)
∗ (ηP|nm−1 − ηP|n−1

m−1

)
,VnηP|nm

〉∣∣∣∣ . (175)

Observe that
〈
Q′P|n−1

m W|m−1
m (∇E′P|n−1

m−1)
∗ (ηP|nm−1 − ηP|n−1

m−1

)
,VnηP|nm

〉

=
〈
W|m−1

m (∇E′P|n−1
m−1)

∗ (ηP|nm−1 − ηP|n−1
m−1

)
,Q′P|n−1

m VnηP|nm
〉

=
1

‖ηP|n−1
m ‖2

〈
W|m−1

m (∇E′P|n−1
m−1)

∗ (ηP|nm−1 − ηP|n−1
m−1

)
, ηP|n−1

m

〉 〈
ηP|n−1

m ,VnηP|nm
〉
.

With
∣∣∣∣
〈
ηP|n−1

m ,VnηP|nm
〉∣∣∣∣ ≤ C

∣∣∣E′P|nm− i
∣∣∣1/2

∣∣∣∣∣∣∣

〈
ηP|n−1

m ,H1/2
P,0

(
1

H′P|nm − i

)1/2

ηP|nm
〉∣∣∣∣∣∣∣

+C
∣∣∣E′P|n−1

m − i
∣∣∣1/2

∣∣∣∣∣∣∣

〈
ηP|n−1

m ,

(
1

H′P|n−1
m − i

)1/2

H1/2
P,0 ηP|nm

〉∣∣∣∣∣∣∣
and (171), we obtain the first estimate

(175)≤ C‖ηP|nm−1 − ηP|n−1
m−1‖

∣∣∣∣
〈
ηP|n−1

m ,VnηP|nm
〉∣∣∣∣ ≤ C‖ηP|nm−1 − ηP|n−1

m−1‖.
Furthermore, (174) can be bounded by

(174)≤ C
∥∥∥∥
(
W|m−1

m (∇E′P|nm−1)
∗ −W|m−1

m (∇E′P|n−1
m−1)

∗) ηP|nm−1

∥∥∥∥
∣∣∣∣
〈
ηP|n−1

m ,VnηP|nm
〉∣∣∣∣

≤ C|g|| ln γ|
∣∣∣∇E′P|nm−1 − ∇E′P|n−1

m−1

∣∣∣ ≤ C
∣∣∣∇E′P|nm−1 − ∇E′P|n−1

m−1

∣∣∣

where the constraints (68) has been used again. Finally, using the resolvent expansion in (159) we
get

(173)≤ Cτ
1
2
m

(
n

βnγm

)1/2 ∣∣∣E′P|nm− i
∣∣∣1/2 sup

z∈∆m

∥∥∥∥∥∥∥


(

1
H′P|n−1

m − z

)1/2
∗
Vn

(
1

H′P|nm− i

)1/2

ηP|nm
∥∥∥∥∥∥∥
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and the standard inequalities in (22) and Lemma 3.2 yield

(173)≤ C

(
n

βnγm

)1/2

.

Carrying out the same argument for term (170) one obtains

(168)+ (170)≤ C


(

n
βnγm

)1/2

+ ‖ηP|nm− ηP|n−1
m ‖ +

∣∣∣∇E′P|nm−1 − ∇E′P|n−1
m−1

∣∣∣


which, together with estimate (172), proves the claim. �

Theorem 7.5. There exist constants K≥ max(K1,K2, 5), g∗ > 0 and 1
2 > γ∗ > 0 such that for

|g| ≤ g∗ andγ ≤ γ∗ the following estimates hold true for all finite n∈ N andN ∋ m< n/α:

(i)
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣ ≤ K3m+1
(

n
βnγm

)1/2
.

(ii) ‖ηP|nm− ηP|n−1
m ‖ ≤ K3m+1

(
n

βnγm

)1/2
.

Proof. Let n ∈ N and fixK ≥ max(K1,K2, 5). We prove the claim by induction inm for m< n/α.
Statements (i)-(ii) form will be referred to as assumptions A(i)-A(ii) while the samestatements
for m+ 1 are claims C(i)-C(ii). We recall thatηP|n0 ≡ φP|n0 ≡ Ψ′P|n0/‖Ψ′P|n0‖ so that C(i) and C(ii) for
m= 0 are consequence of (58) and (55) for|g| sufficiently small. The induction stepm⇒ (m+ 1)
for (m+ 1) < n

α
is a straightforward consequence of inequalities (162) and(155): For C(i) we

estimate

∣∣∣∇E′P|nm+1 − ∇E′P|n−1
m+1

∣∣∣ ≤ K2


(

n
βnγm+1

)1/2

+ ‖ηP|nm+1 − ηP|n−1
m+1‖ +

∣∣∣∇E′P|nm− ∇E′P|n−1
m

∣∣∣


≤ K2

[ (
n

βnγm+1

)1/2

+
∣∣∣∇E′P|nm − ∇E′P|n−1

m

∣∣∣

+ ‖ηP|nm− ηP|n−1
m ‖ + K1


(

n
βnγm+1

)1/2

+
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣

]

≤ K(K + 1)

(
n

βnγm+1

)1/2

+ K(K + 1)
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣

+ K‖ηP|nm − ηP|n−1
m ‖.

Hence, A(i) and A(ii) andγ < 1
2 imply

∣∣∣∇E′P|nm+1 − ∇E′P|n−1
m+1

∣∣∣ ≤ K3(m+1)+1

(
n

βnγm+1

)1/2 [(
1

K2
+

1
K3

)
+

(
1
K
+

1
K2

)
+

1
K2

]
,

which by the assumption onK proves C(i). For C(ii), using (155) again, we get

‖ηP|nm+1 − ηP|n−1
m+1‖ ≤ ‖ηP|nm− ηP|n−1

m ‖ + K1


(

n
βnγm+1

)1/2

+
∣∣∣∇E′P|nm− ∇E′P|n−1

m

∣∣∣


≤ K3(m+1)+1

(
n

βnγm+1

)1/2 [
1

K3
+

1
K3
+

1
K2

]
,

which by the assumption onK andγ < 1
2 proves C(ii) and concludes the proof. �
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Corollary 7.6. Let n> αm≥ 1. For |g| andγ as in Theorem 7.5 the estimate

‖φP|nm− φP|n−1
m ‖ ≤ CmK3m+1

(
n

βnγm

)1/2

holds true.

Proof. By Definition 7.2 and the unitarity of the transformationsWm we have that

‖φP|nm − φP|n−1
m ‖ ≤ ‖[Wm(∇E′P|nm) −Wm(∇E′P|n−1

m )]ηP|nm‖ + ‖ηP|nm− ηP|n−1
m ‖. (176)

The lower bound on the norm ofηP|nm in (154) together with Lemma 6.6 and the constraints (68)
yield the estimate

‖[Wm(∇E′P|nm) −Wm(∇E′P|n−1
m )]ηP|nm‖ ≤ Cm

∣∣∣∇E′P|nm− ∇E′P|n−1
m

∣∣∣ .

The claim then follows from a direct application of Theorem 7.5. �

Before we can prove the second main result, we must show the convergence of the fiber Hamil-
tonians under the simultaneous removal of the UV and IR cut-off, HW′

P |n(m)
m → HW′

P |∞∞. For this, we
need a slightly faster scalingn(m).

Lemma 7.7. Under the same assumptions of Theorem 7.5, there existᾱ ≥ α such that for any
N ∋ α′ > ᾱ and n(m) = α′m, the Hamiltonians(HW′

P |n(m)
m )m∈N converge in the norm resolvent sense

as m→ ∞.

Proof. The convergence of the resolvent ofHW′
P |n(m)

m consists of direct applications of results of
Section 4, Section 6 and the present section. Letz = iλ with |λ| > 1. First, we observe that for
all m ∈ N the range of (HW′

P |n(m)
m − z)−1 equalsD(HP,0) which is dense inF . By the Trotter-Kato

Theorem [RS81, Theorem VIII.22] it suffices to prove that the family of resolvents ([HW′
P |n(m)

m −
z]−1)m∈N is convergent. We begin with

∥∥∥∥∥∥
1

HW′
P |lm− z

− 1

HW′
P |l−1

m − z

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥

1
H′P|lm− z

− 1
H′P|l−1

m − z

∥∥∥∥∥∥

+

∥∥∥∥∥∥
1

Wm(∇E′P|lm)∗H′P|l−1
m Wm(∇E′P|lm) − z

− 1
Wm(∇E′P|l−1

m )∗H′P|l−1
m Wm(∇E′P|l−1

m ) − z

∥∥∥∥∥∥

where we used unitarity ofWm in the first line. Mimicking Corollary 4.7, the first term is bounded
above by

C|g|
(

l
βl

)1/2

.

With the standard inequalities, the second term is bounded by

C|g|
∥∥∥∥∥∥

1
(HP|l−1

m − z)1/2

∥∥∥∥∥∥ ·
∥∥∥∥∥∥(H

f )1/2 1
(HP|l−1

m − z)1/2

∥∥∥∥∥∥ ·
1

τ1/2
m

∣∣∣∇E′P|lm− ∇E′P|l−1
m

∣∣∣ ,

which can be further bounded by

C|g| 1
| Im z|γ

−m/2K3m+1

(
l

βlγm

)1/2
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with the help of Lemma 3.2 and Theorem 7.5. Hence, it holds
∥∥∥∥∥∥∥

1

HW′
P |n(m)

m − z
− 1

HW′
P |n(m−1)

m − z

∥∥∥∥∥∥∥
≤ α′C|g|K (

α′m
)1/2

(
K3

γβα′/2

)m

(177)

where
K3

γβα′/2
< 1

for α′ ≥ ᾱ andᾱ sufficiently large.

Moreover, using the explicit expressions (85), (86), Lemma3.2, the bound
∣∣∣∇E′P|nm− ∇E′P|nm−1

∣∣∣ ≤ Cγm/4 (178)

at fixedn from Lemma 6.7, and a resolvent expansion one can show that

∥∥∥∥∥∥∥
1

HW′
P |n(m−1)

m − z
− 1

H̃W′
P |n(m−1)

m − z

∥∥∥∥∥∥∥

≤ C
| Im z|

∥∥∥∥∥∥∥


1

HW′
P |n(m−1)

m − z


1/2 [

H̃W′
P |n(m−1)

m − HW′
P |n(m−1)

m

] 
1

HW′
P |n(m−1)

m − z


1/2∥∥∥∥∥∥∥

(179)

where the right-hand side in (179) can be controlled in termsof (178).

Furthermore, we observe that
∥∥∥∥∥∥∥

1

H̃W′
P |n(m−1)

m − z
− 1

HW′
P |n(m−1)

m−1 − z

∥∥∥∥∥∥∥
≤ C|g|γ(m−1)/2

| Im z| . (180)

by operator estimates similar to those used to control (102).

Finally, for α′ ≥ ᾱ andᾱ sufficiently large, the estimates in (177),(179) and (180) implythat
the family of resolvents ([HW′

P |n(m)
m − z]−1)m∈N is a Cauchy sequence in the norm topology, which

concludes the proof. �

We can now prove the second main result, namely the convergence of the ground state vectors
φP|nm asn,m→ ∞ with n ≡ n(m).

Proof of Theorem 2.2 in Section 2.

(i) Define

αmin := max

{∣∣∣∣∣
6 lnK − ln |γ|

ln β

∣∣∣∣∣ , ᾱ
}
. (181)
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For anyN ∋ α′ > αmin, let n(m) = α′m. By Theorem 6.3 and Corollary 7.6 we can estimate

‖φP|n(m)
m − φP|n(m−1)

m−1 ‖ ≤ ‖φP|n(m−1)
m−1 − φP|n(m−1)

m ‖ +
α′m∑

l=α′(m−1)

‖φP|lm− φP|l−1
m ‖

≤ mγ
m−1

4 + α′
CmK3m+1

(
α′m

βα′(m−1)γm

)1/2

≤ mγ
m−1

4 +m3/2α′3/2CKβα
′/2

(
K3

(βα′γ)1/2

)m

Due to (181) the term K3

(βα′γ)1/2 < 1 so that (φP|n(m)
m )m∈N is a Cauchy sequence. We denote its

limit by φP|∞∞. Finally Theorem 6.3 ensures that the vectorφP|∞∞ has norm larger than12.

(ii) Let E′P|∞∞ := limm→∞ E′|∞m which exists by Corollary 5.4. By Lemma 7.7 and (i),E′P|∞∞ is the
eigenvalue corresponding to the eigenvectorφP|∞∞ of HW′

P |∞∞. Furthermore,

Spec
(
HW′

P |nm
)
= Spec

(
H′P|nm

) ⊆ [E′P|nm,∞).

By the nonexpansion property of the norm resolvent convergence for self-adjoint operators
[RS81, Theorem VIII.24], this implies thatφP|∞∞ is ground state ofHW′

P |∞∞ and E′P|∞∞ is the
ground state energy.

�

A Proofs of Lemma 3.2 and Corollary 5.4

Proof of Lemma 3.2.Let ψ ∈ D(H1/2
P,0 ). We start with the identity

〈
ψ,HP,0ψ

〉
=

〈
ψ,H′P|nmψ

〉 − 〈
ψ,∆H′P|n0ψ

〉 −
〈
ψ, gΦ|0mψ

〉
(182)

where

〈
ψ,∆H′P|n0ψ

〉
=

〈
ψ,

[
1
2

(
(B|n0)2 + (B∗|n0)2

)
+ B∗|n0 · B|n0 − (P− Pf ) · B|n0 − B∗|n0 · (P− Pf )

]
ψ

〉

= Re
[〈
ψ, (B|n0)2ψ

〉
+

〈
B|n0ψ, B|n0ψ

〉 − 2
〈
(P− Pf )ψ, B|n0ψ

〉]
.

We denote the number operator of bosons in the momentum range[κ, σn) by

N|n0 :=
∫

Bσn\Bκ
dk b(k)∗b(k)

and express the vectorψ ∈ F as a sequence (ψ j) j≥0 of j-particle wave functionsψ j ∈ L2(R3 j ,C),
j ≥ 1, andψ0 ∈ C. Following [Nel64, Proof of Lemma 5] it is convenient to consider an estimate
of the following type

Re
〈
ψ, (B|n0)2ψ

〉
= Re

〈
(N|n0 + 3)1/2ψ, (N|n0 + 3)−1/2(B|n0)2ψ

〉

≤
∥∥∥(N|n0 + 3)1/2ψ

∥∥∥
∥∥∥(N|n0 + 3)−1/2(B|n0)2ψ

∥∥∥ . (183)
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We consider the two norms in (183) separately. ForI ⊂ R+0 let 1I (k) ≡ 1I (|k|) denote the character-
istic function ofI . Schwarz’s inequality gives

∥∥∥(N|n0 + 3
)−1/2 (

B|n0
)2ψ

∥∥∥2

≤ c1g
4
∞∑

j=0

∫
dk1 . . .

∫
dkj+2

( j + 1)( j + 2)ω(kj+1)1/2
1[κ,∞)(kj+1)ω(kj+2)1/2

1[κ,∞)(kj+2)
∑ j

i=1 1[κ,∞)(ki) + 3
×

×
∣∣∣ψ( j+2)(k1 . . . kj+2)

∣∣∣2

= c1g
4
∞∑

j=0

∫
dk1 . . .

∫
dkj+2

( j + 1)( j + 2)ω(kj+1)1/2ω(kj+2)1/2
1[κ,∞)(kj+1)1[κ,∞)(kj+2)

∑ j+2
i=1 1[κ,∞)(ki) + 1

×

×
∣∣∣ψ( j+2)(k1 . . . kj+2)

∣∣∣2

≤ c1g
4
∞∑

j=0

∫
dk1 . . .

∫
dkj+2( j + 1)( j + 2)

1
2

[
ω(kj+1)1[κ,∞)(kj+2) + ω(kj+2)1[κ,∞)(kj+1)

]
×

×
∣∣∣ψ( j+2)(k1 . . . kj+2)

∣∣∣2
∑ j+2

i=1 1[κ,∞)(ki) + 1
. (184)

for ann-independent and finite constant

c1 :=


∫

dk

∣∣∣∣∣∣∣
k

ρ(k)
|k|2
2 + ω(k)

1[κ,∞)(k)

ω(k)1/4

∣∣∣∣∣∣∣

2

1/2

.

Using the symmetry we get

(184)=g4c1

∞∑

j=0

∫
dk1 . . .

∫
dkj+2

j+2∑

l=1

∑

m,l

ω(kl)1[κ,∞)(km)

∣∣∣ψ( j+2)(k1 . . . kj+2)
∣∣∣2

∑ j+2
i=1 1[κ,∞)(ki) + 1

≤g4c1

∞∑

j=0

∫
dk1 . . .

∫
dkj+2


j+2∑

l=1

ω(kl)


∑ j+2

m=11[κ,∞)(km)
∑ j+2

i=1 1[κ,∞)(ki) + 1

∣∣∣ψ( j+2)(k1 . . . kj+2)
∣∣∣2

≤g4c1

∥∥∥∥
(
H f

)1/2
ψ
∥∥∥∥

2
.

For the remaining term in (183) we compute

〈
ψ, (N|n0 + 3)ψ

〉 ≤ 1
κ

〈
ψ,H fψ

〉
+ 3 〈ψ, ψ〉 . (185)

Moreover, we estimate
∣∣∣∣
〈
ψ, (P− Pf )B|n0ψ

〉∣∣∣∣ ≤ ‖(P− Pf )ψ‖ ‖B|n0ψ‖ ≤
√

2‖H1/2
P,0ψ‖ ‖B|n0ψ‖ (186)

where by the standard inequalitites in (39)

‖B|n0ψ‖ ≤ |g|c2‖(H f )1/2ψ‖ (187)
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holds true for ann-independent and finite constant

c2 :=


∫

dk

∣∣∣∣∣∣∣
k

ρ(k)
|k|2
2 + ω(k)

1[κ,∞)(k)

ω(k)1/2

∣∣∣∣∣∣∣

2

1/2

.

Finally, using the standard inequalities in (22) again, we find
∣∣∣∣
〈
ψ, gΦ|0mψ

〉∣∣∣∣ ≤ 2|g|c3 ‖ψ‖ ‖(H f )1/2ψ‖ ≤ |g|c3
(〈
ψ,HP,0ψ

〉
+ 〈ψ, ψ〉) (188)

for anm-independent and finite constant

c3 :=

(∫
dk

∣∣∣∣∣
ρ(k)1[0,κ)(k)

ω(k)1/2

∣∣∣∣∣
)1/2

Hence, for|g| ≤ 1 the identity (182) and the estimates (183)-(188) yield thebound
∣∣∣〈ψ,∆H′P|n0ψ

〉∣∣∣ +
∣∣∣∣
〈
ψ, gΦ|0mψ

〉∣∣∣∣ ≤ |g| [ca
〈
ψ,HP,0ψ

〉
+ cb 〈ψ, ψ〉] (189)

for m andn-independent positive constantsca andcb. For |g| < 1
ca

inequality (189) proves the
claim. �

Proof of Corollary 5.4.

(i) We note thatE′P|nm ≤
〈
Ω,H′P|nmΩ

〉
= P2

2 and, furthermore, by applying Lemma 3.2 we observe

that for anyφ ∈ D(H1/2
P,0 ), ‖φ‖ = 1,

0 ≤ (1− |g|ca)
〈
φ,HP,0φ

〉 ≤ 〈
φ,H′P|nmφ

〉
+ |g|cb.

(ii) First we study the case|k| < 1 where we follow a strategy similar to [CFP09, Section VI]:

E′P−k|nm− E′P|nm = inf
‖ϕ‖=1

[〈
ϕ, (H′P−k|nm− H′P|nm)ϕ

〉
+

〈
ϕ,H′P|nmϕ

〉 − E′P|nm
]

≥ inf
‖ϕ‖=1

[
k2

2
− |k| |

〈
ϕ, (P− Pf + B|n0 + B∗|n0)ϕ

〉
| + 〈

ϕ,H′P|nmϕ
〉 − E′P|nm

]

where the infimum is meant to be taken overϕ ∈ D(H1/2
P,0 ) ∩ F |nm only. By the standard

estimates (39) we get

|
〈
ϕ, (P− Pf + B|n0 + B∗|n0)ϕ

〉
| ≤ (
√

2+ 2|g|C)‖H1/2
P,0ϕ‖ (190)

whereC does not depend onn sinceB∗|n0 can be seen to act to the left asB|n0 and the integral
in (39) converges for anyn ∈ N ∪ {∞}. Using Lemma 3.2 it turns out thatE′P−k|nm − E′P|nm is
bounded from below by

inf
‖ϕ‖=1


k2

2
− |k|

√
2+ 2C|g|√
1− |g|ca

√〈
ϕ,H′P|nmϕ

〉
+ |g|cb +

〈
ϕ,H′P|nmϕ

〉 − E′P|nm


≥ inf
λ≥0


k2

2
− |k|

√
2+ 2C|g|√
1− |g|ca

√
λ + E′P|nm + |g|cb + λ

 =: inf
λ≥0

f (λ)
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where

f (λ) :=
k2

2
− |k|

√
2+ 2C|g|√
1− |g|ca

√
λ + E′P|nm+ |g|cb + λ (191)

The infimum can be attained either atλ∗ = 0 or atλ∗ such thatf ′(λ∗) = 0, i.e.

λ∗ =
|k|2
4

(
√

2+ 2C|g|)2

1− |g|ca
− (E′P|nm+ |g|cb) (192)

Caseλ∗ = 0: Since

f (0) ≥ −|k|
√

2+ 2C|g|√
1− |g|ca

√
E′P|nm+ |g|cb

and, by claim (ii),

0 ≤ E′P|nm+ |g|cb ≤ P2

2
+ |g|cb ≤ P2

max

2
+ |g|cb ,

we obtain the lower bound

f (0) ≥ −|k|
√

2+ 2C|g|√
1− |g|ca

(
Pmax√

2
+ O(|g|)

)
= −|k|Pmax (1+ O(|g|)) . (193)

Caseλ∗ > 0: To evaluate

f (λ∗) =
k2

2

1− 1
2

(
√

2+ 2C|g|)2

1− |g|ca

 − (E′P|nm + |g|cb)

we consider thatλ∗ given in (192) is assumed to be larger than zero. This impliesthat

f (λ∗) >
k2

2

1− (
√

2+ 2C|g|)2

1− |g|ca

 = −k2

(
1
2
+ O(g)

)
> −|k|

(
1
2
+ O(g)

)
(194)

where we have used that|k| < 1.

Recall thatPmax =
1
4. Therefore, taking the minimum of both lower bounds (193) and (194)

for |g| sufficiently small proves that, for all|k| < 1,

E′P−k|nm− E′P|nm ≥ −c|k| , (195)

for anyc > 1
2, and in particular forc = C∇E := 3

4.

For the case|k| ≥ 1 Theorem 3.1 implies:

E′P−k|nm− E′P|nm = (E′P−k|nm− E′0|nm) + (E′0|nm− E′P|nm) ≥ E′0|nm− E′P|nm (196)

≥ −C∇E|Pmax| ≥ −C∇E|k|, (197)

where the step from (196) to (197) is justified by invoking theresult in the case|k| < 1, i.e.,
by replacingk = P in (195) .
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(iii) Let Ψ′P|nm be the eigenvector corresponding toE′P|nm, then we get

E′P|n+1
m ≤

〈
Ψ′P|nm
‖Ψ′P|nm‖

⊗ Ω, [H′P|n0 + ∆H′P|n+1
n + gΦ|0m]

Ψ′P|nm
‖Ψ′P|nm‖

⊗ Ω
〉
=

〈
Ψ′P|nm
‖Ψ′P|nm‖

,H′P|n0
Ψ′P|nm
‖Ψ′P|nm‖

〉
= E′P|nm

as well as

E′P|nm+1 ≤
〈
Ψ′P|nm
‖Ψ′P|nm‖

⊗Ω, [H′P|nm+ gΦ|mm+1]
Ψ′P|nm
‖Ψ′P|nm‖

⊗Ω
〉
=

〈
Ψ′P|nm
‖Ψ′P|nm‖

,H′P|nm
Ψ′P|nm
‖Ψ′P|nm‖

〉
= E′P|nm.

�

B Transformed Hamiltonians: derivation of identities (85), (86)
and (92)

Derivation of identity (85).Let n,m∈ N. Recalling (6) we can start with the expression

H′P|nm =
1
2

(
P− Pf

)2
+ H f +

1
2

[(B|n0)2 + (B∗|n0)2] + B∗|n0 · B|n0
− (P− Pf ) · B|n0 − B∗|n0 · (P− Pf ) + gΦ|0m.

This Hamiltonian can be written in the form

H′P|nm =
1
2

(
P− Pf − B|n0 − B∗|n0

)2
+ H f + gΦ|0m+ SP,n

where we collected terms acting in the ultraviolet region in

SP,n := −1
2

(
[B|n0,P− Pf ] + [P− Pf , B∗|n0] + [B|n0, B∗|n0]

)
.

The conjugation byWm(∇E′P|nm) on these various terms reads

Wm(∇E′P|nm) Pf Wm(∇E′P|nm)∗ = Pf + A(n)
P,m+C(k,n)

P,m

Wm(∇E′P|nm) H f Wm(∇E′P|nm)∗ = H f + L(n)
P,m+C(ω,n)

P,m

Wm(∇E′P|nm) Φ|0m Wm(∇E′P|nm)∗ = Φ|0m+C(ρ,n)
P,m

Wm(∇E′P|nm) SP,n Wm(∇E′P|nm)∗ = SP,n

(198)

for

L(n)
P,m :=

∫
dkω(k) αm(∇E′P|nm, k)[b(k) + b∗(k)].

andA(n)
P,m,C

(k,n)
P,m ,C

(ω,n)
P,m ,C(ρ,n)

P,m given in equations (82).
Using these formulae we find

Wm(∇E′P|nm) H′P|nm Wm(∇E′P|nm)∗ =
1
2

(
P− Pf − A(n)

P,m− B|n0 − B∗|n0 −C(k,n)
P,m

)2

+
(
H f + L(n)

P,m+C(ω,n)
P,m

)
+

(
gΦ|0m+C(ρ)

m

)
+ SP,n.
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Applying the identity (79) we further have

P = ∇E′P|nm+
〈
[Pf + B|n0 + B∗|n0]

〉
Ψ′P|nm
= ∇E′P|nm +

〈
Pf + A(n)

P,m+ B|n0 + B∗|n0
〉

WmΨ
′
P|nm
+C(k,n)

P,m

= ∇E′P|nm+
〈
ΠP|nm

〉
φP|nm +C(k,n)

P,m , (199)

so that we obtain

Wm(∇E′P|nm) H′P|nm Wm(∇E′P|nm)∗

=
1
2

(
∇E′P|nm+

〈
Pf + A(n)

P,m+ B|n0 + B∗|n0
〉
φP|nm
−

(
Pf + A(n)

P,m+ B|n0 + B∗|n0
))2

+ H f + L(n)
P,m+C(ω,n)

P,m + gΦ|κτm
+C(ρ)

m + SP,n

=
1
2
ΓP|nm2

+
1
2
∇E′P|nm2

+ ∇E′P|nm ·
(〈

Pf + A(n)
P,m+ B|n0 + B∗|n0

〉
φP|nm
−

(
Pf + A(n)

P,m+ B|n0 + B∗|n0
))

+ H f + L(n)
P,m+C(ω,n)

P,m + gΦ|κτm
+C(ρ,n)

P,m + SP,n.

The transformationWm was designed to yield the following cancellation

− ∇E′P|nm · A(n)
P,m+ Lm + gΦ|κτm

= 0. (200)

Hence, using the abbreviations introduced in the beginningof Section 6, we finally arrive at the
form

HW′
P |nm :=Wm(∇E′P|nm) H′P|nm Wm(∇E′P|nm)∗ =

1
2
ΓP|nm2

+ H f − ∇E′P|nm · Pf +C(n)
P,m+ RP|nm. (201)

By analogous methods as in [Nel64] for the ultraviolet region it can then we verified that this
equality actually holds onD(HP,0). �

Derivation of Identity (86).From the definition of̃HW′
P |nm, we can write

H̃W′
P |nm =Wm(∇E′P|nm−1) Wm−1(∇E′P|nm−1)

∗ [HW′
P |nm−1 + gΦ|m−1

m ] Wm−1(∇E′P|nm−1) Wm(∇E′P|nm−1)
∗

which by virtue of the formulae (198) as well as identity (201) gives

H̃W′
P |nm =

1
2

(
ΓP|nm−1 + Ã(n)

P,m− A(n)
P,m−1 + C̃(k,n)

P,m −C(k,n)
P,m−1

)2

+ H f + L̃(n)
P,m− LP,m−1 + C̃(ω,n)

P,m −C(ω,n)
P,m−1

− ∇E′P|nm−1 ·
(
Pf + Ã(n)

P,m− A(n)
P,m−1 + C̃(k,n)

P,m −C(k,n)
P,m−1

)

+ gΦ|0m+ C̃(ρ,n)
P,m −C(ρ,n)

P,m−1 +C(n)
P,m−1 + RP|nm−1

for

L̃(n)
P,m :=

∫
dkω(k) αm(∇E′P|nm−1, k)[b(k) + b∗(k)].
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Due to the cancellation (200) and

C̃(k,n)
P,m = C(k,n)

P,m−1 − ∇E′P|nm−1 ·
(
C̃(k,n)

P,m −C(k,n)
P,m−1

)
+ C̃(ω,n)

P,m −C(ω,n)
P,m−1 + C̃(ρ,n)

P,m −C(ρ,n)
P,m−1

we finally obtain

H̃W′
P |nm =

1
2

(ΓP|nm−1 + Ã(n)
P,m− A(n)

P,m−1 + C̃(k,n)
P,m −C(k,n)

P,m−1)
2 + H f − ∇E′P|nm−1 · Pf + C̃(n)

P,m+ RP|nm−1.

One can verify that this identity holds onD(HP,0). �

Derivation of Identity (92).By definitions (84) and (88),

Γ̃P|nm− ΓP|nm−1 =
〈
ΠP|nm

〉
φP|nm−1

−
〈
Π̃P|nm

〉
φ̃P|nm
+ Π̃P|nm− ΠP|nm.

so that (199) yields

Γ̃P|nm− ΓP|nm−1 = ∇E′P|nm− ∇E′P|nm−1 + Ã(n)
P,m− A(n)

P,m−1 + C̃(k,n)
P,m −C(k,n)

P,m−1.

One can verify that this identity holds onD(HP,0). �
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Abstract

We consider the one-particle sector of the spinless Yukawa model, which describes the in-
teraction of a nucleon with a real field of scalar massive bosons (neutral mesons). The nucleon
as well as the mesons have relativistic dispersion relations. In this model we study the depen-
dence of the nucleon mass shell on the ultraviolet cut-off Λ. For any finite ultraviolet cut-off
the nucleon one-particle states are constructed in a bounded region of the energy-momentum
space. We identify the dependence of the ground state energyonΛ and the coupling constant.
More importantly, we show that the model considered here becomes essentially trivial in the
limit Λ → ∞ regardless of any (nucleon) mass and self-energy renormalization. Our results
hold in the small coupling regime.
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1 Introduction and Definition of the Model

The Yukawa theory provides an effective description of the strong nuclear forces between massive
nucleons which are mediated by mesons. The nucleons as well as the mesons have relativistic
dispersion relations. It is well-known that the Yukawa theory is plagued by ultraviolet divergences,
and so far the fully relativistic model has only been constructed in 1+ 1 dimensions; see [11] and
references therein for the details.

1
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In this paper we consider a toy model of the Yukawa theory, referred to asspinless, one-
particle Yukawa model, obtained by neglecting pair-creation and spin, and we restrict the analysis
to the one-nucleon sector. In order to yield a well-defined Hamiltonian for this model one usually
introduces a cut-off which removes the problematic meson momenta from the interaction term
above a finite threshold energyΛ. While for non-relativistic situations one may argue that acut-off
Λ of the order of the nucleon rest mass should render a satisfying predictive power of the model, a
finite cut-off is not justified in the relativistic regime. Though the modelwe deal with is a caricature
of the relativistic interaction between nucleons and mesons, we address the mathematical problem
how to control the model uniformly inΛ beyond perturbation theory.

More specifically, we analyze the effect of self-energy and mass renormalization in the limit
Λ → ∞. It is a common hope that at least for non-relativistic QED, i.e., for the Pauli-Fierz
Hamiltonian, the ultraviolet cut-off can possibly be removed by introducing a suitable mass and
energy renormalization; see [13]. The believe is that, in contrast to classical electrodynamics where
the electron bare mass is sent to negative infinity, in non-relativistic QED the bare mass should
tend to zero asΛ→ ∞ to compensate for the growing electrodynamic mass. Our results show that
because of the relativistic dispersion relation of the nucleon this is not the case for the spinless,
one-particle Yukawa model. Namely, in a neighborhood of theorigin of the (total) momentum
space and for small values of the coupling constant, we establish two goals:

1. We identify the dependence of the ground state energy onΛ and the coupling constantg.

2. We show that the nucleon mass shell becomes flat in the limitΛ → ∞ up to corrections
estimated to beOg→0(|g| 12 ), irrespectively of any scaling of the (nucleon) bare massm, i.e.,
m≡ m(Λ) > 0.

Our analysis is based on a multi-scale technique which was developed in [12] to treat the infrared
divergence of the Nelson model, and which was recently refined in [1] to simultaneously control
the infrared and ultraviolet divergences of the same model.We extend this multi-scale technique
further and apply it to the spinless, one-particle Yukawa model.

It is interesting to note that for this model the self-energydiverges linearly forΛ → ∞ as it is
the case for its classical analogue.

Definition of the Model. The Hilbert space of the model is

H := L2(R3,C; dx) ⊗ F (h) ,

whereF (h) is the Fock space of scalar bosons

F (h) :=
∞⊕

j=0

F ( j) , F (0) := C , F j≥1 :=
j⊙

l=1

h , h := L2(R3,C; dk)

where⊙ denotes the symmetric tensor product. Leta(k), a∗(k) be the usual Fock space annihilation
and creation operators satisfying the canonical commutation relations (CCR)

[
a(k), a(q)∗

]
= δ(k − q),

[
a(k), a(q)

]
= 0 =

[
a(k)∗, a∗(q)

]
, ∀k, q ∈ R3.

2
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The kinematics of the system is described by: (a) The position x and the momentump of the
nucleon that satisfy the Heisenberg commutation relations. (b) The real scalar fieldΦ and its
conjugate momentum.

The dynamics is generated by the Hamiltonian

H|Λκ :=
√

p2 +m2 + H f + gΦ|Λκ (x) (1)

where:

• m is the nucleon mass;

• g ∈ R is the coupling constant;

•

H f :=
∫

dkω(k)a∗(k)a(k), ω(k) ≡ ω(|k|) :=
√
|k|2 + µ2,

is the free field Hamiltonian withµ being the meson mass;

• the interaction term is given by

Φ|Λκ (x) := φ|Λκ (x)+φ∗|Λκ (x), φ|Λκ (x) :=
∫

BΛ\Bκ
dkρ(k)a(k)eikx, ρ(k) :=

1
(2π)3/2

1√
2ω(k)

(2)
for 0 ≤ κ < Λ, and for the domain of integration we use the notationBσ := {k ∈ R3 | |k| < σ}
for anyσ > 0;

• we use units such that~ = c = 1.

Note that forΛ = ∞ the formal expression of the interactionΦ|Λκ (x) is not a well-defined
operator onH because the form factorρ(k) is not square integrable. It is well-known (see also
Proposition 1.1 below) that for 0≤ κ < Λ < ∞ the operatorH|Λκ is self-adjoint and its domain
coincides with the one ofH(0) :=

√
p2 +m2 + H f

We briefly recall some well-known facts about this model. Thetotal momentum operator of
the system is

P := p+ Pf := p+
∫

dk a* (k)a(k) (3)

wherePf is the field momentum. Due to translational invariance of thesystem the Hamiltonian
and the total momentum operator commute. Hence, the HilbertspaceH can be decomposed on
the joint spectrum of the three components of the total momentum operator, i.e.,

H =
∫ ⊕

dPHP

hereHP is a copy of the Fock spaceF carrying the (Fock) representation corresponding to anni-
hilation and creation operators

b(k) := a(k)eikx, b∗(k) := a∗(k)e−ikx .

3
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We will use the same symbolF for all Fock spaces. The fiber Hamiltonian can be expressed as

HP|Λκ :=
√

(P− Pf )2 +m2 + H f + gΦ|Λκ
where

Φ|Λκ := φ|Λκ + φ∗|Λκ , φ|Λκ :=
∫

BΛ\Bκ
dkρ(k)b(k),

and

H f =

∫
dkω(k)b∗(k)b(k), Pf =

∫
dk kb∗(k)b(k).

By construction, the fiber Hamiltonian maps its domain inHP intoHP. Finally, for later use we
define

H(0)
P := Hnuc

P + H f , Hnuc
P :=

√
(P− Pf )2 +m2.

We restrict our study to themodel parameters:

m> 0, µ > 1, 0 < |g| ≤ 1, 0 < κ ≤ 1 < Λ < ∞, 0 < Pmax<
1
2
, |P| < Pmax.

The choiceµ > 1 andPmax less than one is only a technical artifact of the crude estimate (14) in the
proof of Lemma3.1 which provides an easy spectral gap estimate in Lemma3.3 that we employ
in the multi-scale analysis.

Concerning previous results on the spinless, one-particleYukawa model we refer the reader to
[2, 3, 4, 14]. In [2] Eckmann considers the spinless Yukawa model without pair-creation with a
regularization of the meson form factor. In contrast to our choice given in (2) the interaction term
in his Hamiltonian is given by

∫
dp

∫
dk

|p|,|k|,|p−k|≤Λ

n∗(p− k) a∗(k) n(p)√
((p− k)2 + µ2)1/2(k2 + µ2)1/2(p2 + µ2)1/2

+ h.c.

wheren∗(p) andn(p) denote the nucleon creation and annihilation operators. This implies that the
Hamiltonian renormalized by means of a mass operator (for details see [2]) converges in the norm
resolvent sense asΛ→ ∞. Furthermore, in [2] the one-particle scattering states are constructed in
the small coupling regime. Also Fröhlich [4] studied the spinless, one-particle Yukawa model but
with the meson form factorρ(k)

|k|1/2 , for which he showed that the Hamiltonian including a logarithmi-
cally divergent self-energy renormalization constant is well defined in the limitΛ → ∞ and that
the nucleon mass shell is non-trivial.

The behavior of the ground state energy forΛ→ ∞ has been addressed in [10] and [6] for non-
relativistic and pesudo-relativistic QED models. In particular, in [10], for the relativistic dispersion
relation the electron self-energy has been proven to obey the same type of dependence onΛ as in
our model, but without the restriction to the small couplingregime. Perturbative mass renormaliza-
tion in non-relativistic QED has been addressed in [7]. Furthermore, mass renormalization based
on the binding energy of hydrogen has been discussed in models of quantum electrodynamics in
[9].

We also want to mention [8] for a recent application of the iterative analytic perturbation theory
to the so-called semi-relativistic Pauli-Fierz model thatfocusses on the infrared corrections to the
electron mass shell.

4
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Notation.

1. The symbolC denotes any positive universal constant and may change its value from line to
line.

2. The components of a vectorv ∈ R3 are denoted byv = (v1, v2, v3).

3. The bars|·| , ‖·‖ denote the euclidean and the Fock space norm, respectively.

4. The brackets〈·, ·〉 denote the scalar product of vectors inF . Given a subspaceK ⊆ F and
an operatorA onF we use the notation

‖A‖K ≡ ‖A ↾ K‖F .

5. A hat over a vector means that the vector is of unit length, i.e.,Ψ̂ := Ψ
‖Ψ‖ .

6. For two vectorsψ, χ we writeψ ‖ χ if they are parallel andψ ⊥ χ if they are perpendicular.

7. We denote the spectral gap of a self-adjoint operatorH restricted to a subspaceK ⊆ F with
unique ground stateΨ and corresponding ground state energyE by

Gap(H ↾ K) := inf spec(H ↾ K) \ {E} − E = inf
ψ⊥Ψ

〈
ψ̂, (H − E)ψ̂

〉

where the infimum is taken over the domain ofH ↾ K .

8. We use the short-hand notation (γ is defined in (4))

HP,n := HP|ΛΛγn, . . . |mn = . . . |Λγ
m

Λγn ,

∫ b

a
dk=

∫

Bb\Ba

dk.

2 Strategy and Main Results

Our computations are based on von Neumann expansion formulas of the ground state of the Hamil-
toniansHP|Λκ by iterative analytic perturbation theory, that means by a multi-scale procedure that
relies on analytic perturbation theory. Indeed, in order tostudy theΛ-dependence of the mass
shell, we need to construct the ground states for a fixed and non-zero value ofg that is independent

of the cut-off Λ. Note however that unless the coupling constantg is of order
(

1
Λ

) 1
2 one cannot

add the full interactiongΦ|Λκ to the free HamiltonianH(0)
P in a single shot of perturbation theory.

Therefore, instead of adding the interaction in one shot we shall do many intermediate steps in the
expansion by slicing up the interaction term of the Hamiltonian into smaller pieces, namely slices
corresponding to momentum ranges [Λγn−1,Λγn) that can be made arbitrarily thin by adjusting a
fineness parameterγ

1
2
< γ < 1. (4)

It turns out that in this way one can maintain control over theconvergence radius of the von
Neumann expansions uniformly inΛ. With respect to this slicing we define the Fock spaces:

5
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Definition 2.1. Forn ∈ {0} ∪ N, we define the Fock spaces

F := F
(
L2

(
R3,C; dk

))
,

Fn := F
(
L2

(
R3 \ BΛγn,C; dk

))
,

F |n−1
n := F

(
L2

(
BΛγn−1 \ BΛγn,C; dk

))
.

In all these Fock spaces we shall use the same symbolΩ to denote the vacuum. For a vectorψ in
Fn−1 and an operatorO on Fn−1 we shall use the same symbol to denote the vectorψ ⊗ Ω in Fn

and the operatorO⊗ 1F n−1
n

onFn, respectively, where1F n−1
n

is the identity operator onF |n−1
n (e.g.,∫ Λ

Λγn−1 dkρ(k)b(k) ↾ Fn ≡
∫ Λ
Λγn−1 dkρ(k)b(k) ⊗ 1F n−1

n
).We adapt the notation for the Hamiltonians

HP,n := HP|ΛΛγn =
√

(P− Pf )2 +m2 + H f + g
∫ Λ

Λγn
dkρ(k) (b(k) + b∗(k)) ,

and note

HP,n = HP,n−1 + gΦ|n−1
n , Φ|n−1

n := φ|n−1
n + φ∗|n−1

n , φ|n−1
n :=

∫ Λγn−1

Λγn
dkρ(k)b(k) .

Furthermore, for simplicity of our presentation we keep an infrared cut-off

κ ≡ ΛγN = 1 ,

and in the following, for fixedΛ, the fineness parameterγ will be chosen in such a way that

N =
lnΛ
− ln γ

(5)

is an integer. Note that by construction 1≤ Λγn ≤ Λ for 0 ≤ n ≤ N.

Remark2.2. We warn the reader that, though it is not explicit in the notation, the definitions ofFn

andHP,n areΛ−dependent as well as for other quantities introduced later on (e.g.,EP,n, ΨP,n).

We introduce:

Definition 2.3. For P ∈ R3 and integers 0≤ n ≤ N we define the ground state energies

EP,n := inf spec
(
HP,n ↾ Fn

)
.

The desired expansion formulas are a byproduct of the construction of the ground states of the
HamiltoniansHP,N ↾ FN, |P| < Pmax. At the heart of this construction lies an induction argument.
Suppose that:

(i) At step (n− 1) the vectorΨP,n−1 is the unique ground state of the HamiltonianHP,n−1 ↾
Fn−1 with corresponding ground state energyEP,n−1.

(ii) For someζ > 0 the spectral gap can be bounded from below by

Gap
(
HP,n−1 ↾ Fn−1

) ≥ ζω (Λγn) .
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Given the assumptions (i) and (ii) we can derive the implications reported below.

1. In Lemma3.3we show through a variational argument that

Gap
(
HP,n−1 ↾ Fn

) ≥ ζω (Λγn) .

2. Next, we justify the Neumann expansion of the resolvent1
HP,n−z in terms of 1

HP,n−1−z and the
slice interactionHP,n − HP,n−1 for z ∈ C in the domain defined by

1
2
ζω

(
Λγn+1

)
≤

∣∣∣EP,n−1 − z
∣∣∣ ≤ ζω

(
Λγn+1

)

by a direct computation; see Lemma3.4. We find
∥∥∥∥∥∥∥

(
1

HP,n−1 − z

)1/2

gΦ|n−1
n

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤ C|g|

uniformly in n and inΛ. The reason for this is that we add interaction slices starting fromΛ
down toΛγN = 1 in decreasing order so that the contribution of

∥∥∥∥∥∥∥
gφ|n−1

n

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤ C|g|
(
Λγn−1(1− γ)

)1/2

is compensated thanks to the spectral gap estimate and the chosen domain forz which gives
∥∥∥∥∥∥∥

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤ C

(
1

Λγn(1− γ)

)1/2

.

3. Finally, Theorem3.6ensures the existence of a unique ground state

ΨP,n := − 1
2πi

∮

ΓP,n

dz
HP,n − z

ΨP,n−1

= − 1
2πi

∞∑

j=0

∮

ΓP,n

dz
HP,n−1 − z

[
−(HP,n − HP,n−1)

1
HP,n−1 − z

] j

ΨP,n−1 (6)

of the HamiltonianHP,n ↾ Fn by analytic perturbation theory for sufficiently small|g| uni-
formly in n andΛ < ∞, where the contourΓP,n is appropriately chosen aroundEP,n−1; see
Definition3.5.

4. Furthermore, another variational argument guaranteesEP,n ≤ EP,n−1 and, hence, by Kato’s
theorem

Gap
(
HP,n ↾ Fn

) ≥ ζω
(
Λγn+1

)
.

Along this construction we gain the expansion formula (6) of the ground stateΨP,n in terms of the
previous ground stateΨP,n−1 for each induction step. The above induction is based on the following
well-known results:

7
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Proposition 2.4. For P ∈ R3 and any integer0 ≤ n < ∞ the Hamiltonians Hnuc
P ,H f ,H(0)

P ,HP,n

acting onF are essentially self-adjoint on the domain D(H(0)
P=0) and bounded from below.

Theorem 2.5.For P ∈ R3 and integers0 ≤ n < ∞ the ground state energies fulfill

EP,n ≥ E0,n. (7)

The inequality in (7) is due to [5].

Remark2.6. We remark that the construction of the ground state can be implemented forγ arbi-
trarily close to 1. This feature of our technique will be crucial to derive the results on the limiting
regime, asΛ→∞, of the ground state energy and of the effective velocity stated in Theorems (2.7)
and (2.8), respectively. Indeed, by (5) it allows us to control any error term that can be bounded by
O(N(1− γ)1+ε) with ε > 0.

Main Results. As a direct application of the established expansion formulas we can bound
the ground state energy from above and from below. The boundsare sharp in the sense that they
identify the order of dependence of the ground state energy on the ultraviolet cut-off Λ and the
coupling constantg:

Theorem 2.7. Let |g| be sufficiently small and|P| < Pmax. Define EP,Λ := inf spec
(
HP|Λκ

)
. There

exist universal constants a, b > 0 such that for all1 < Λ < ∞ it holds
√

P2 +m2 − g2bΛ ≤ EP,Λ ≤
√

P2 +m2 − g2aΛ (8)

The proof will be given in the end of Section3.

In our second main result we give an estimate of the effective velocity of the nucleon in a
one-particle state:

Theorem 2.8. Let |g| be sufficiently small and|P| < Pmax. Then, there exist universal constants
c1,C1 > 0 such that the following estimate holds true

lim supγ→1

∣∣∣∣∣
∂EP,N

∂Pi

∣∣∣∣∣ ≤ Λ−g2c1
|P|

[
P2 +m2

]1/2
+C1|g|1/2, i = 1, 2, 3. (9)

The proof will be given in Section (4). A direct consequence of the bound in (9) is

lim supΛ→∞

∣∣∣∣∣
∂EP,Λ

∂Pi

∣∣∣∣∣ ≤ C|g|1/2. (10)

In order to interpret this result consider that in the free case, i.e.,g = 0, one finds
∣∣∣∣∣
∂EP,Λ

∂Pi

∣∣∣∣∣ =
|Pi |√

P2 +m2
.

Therefore, Theorem2.8states that if the interaction is turned on, even for an arbitrarily small but
non-zero|g|, the absolute value of the gradient of the ground state energy decreases to an order
smaller or equal to|g|1/2 in the limit Λ → ∞. The physical interpretation of this result is that the
mass shell essentially becomes flat and the theory trivial inthe limitΛ→ ∞. Moreover, our proof

8

174 A Electronic reprints



shows that not even a suitable scaling of the bare mass, i.e.,m≡ m(Λ) > 0, may prevent the mass
shell from becoming essentially flat.

A crucial tool for the above results comes from the non-perturbative estimates that we derive
in Theorem (3.7) and Theorem (3.8), respectively:

aΛγn−1(1− γ) ≤
〈
Ψ̂P,n−1, φ|n−1

n

1
HP,n−1 − EP,n−1

φ∗|n−1
n Ψ̂P,n−1

〉
≤ bΛγn−1(1− γ) , (11)

c1(1− γ) ≤ αP|n−1
n :=

〈
Ψ̂P,n−1, φ|n−1

n

(
1

HP,n−1 − EP,n−1

)2

φ∗|n−1
n Ψ̂P,n−1

〉
≤ c2(1− γ) (12)

which hold for some universal constants 0< a ≤ b < ∞, 0 < c1 ≤ c2 < ∞. In order to get the
bounds in (11)-(12) we make use of the spectral information obtained during theconstruction of
the ground states.

The strategy of proof in Theorem2.8 consists in re-expanding back the vectors in the matrix
element yielding the effective velocity. This means that, iteratively, the matrix element

〈
Ψ̂P,n,Vi(P)Ψ̂P,n

〉
≡ ∂EP,n

∂Pi
, Vi(P) :=

Pi − Pf
i[

(P− Pf )2 +m2
]1/2

will be expressed in terms of:

1. The analogous quantity on scalen− 1, i.e.,
〈
Ψ̂P,n−1,Vi(P)Ψ̂P,n−1

〉
(13)

2. The scalar products

AP,n−1 := g2

〈
1

HP,n−1 − EP,n−1
φ∗|n−1

n Ψ̂P,n−1,Vi(P)
1

HP,n−1 − EP,n−1
φ∗|n−1

n Ψ̂P,n−1

〉

and

BP,n−1 := 2g2ℜ
〈
Q̃⊥P,n−1

1
HP,n−1 − EP,n−1

φ|n−1
n

1
HP,n−1 − EP,n−1

φ∗|n−1
n Ψ̂P,n−1,Vi(P)Ψ̂P,n−1

〉

whereQ̃⊥P,n−1 is defined in equation (24).

3. A remainder that can be estimated to beO(|g|4(1− γ)
4
2 ).

The hard part of our proof is showing that some a priori estimates onAP,n−1 andBP,n−1 hold so that
they shall not be re-expanded like the leading term (13) but their cumulative contribution can be
estimated to be of order|g| 12 as in (9). Two substantially different arguments are devised to control
AP,n−1 andBP,n−1:

• As for AP,n−1, due to the velocity operatorVi(P) we can show summability inn after con-
tracting the boson operatorsφ∗|n−1

n .
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• As for BP,n−1, by exploiting the presence of the orthogonal projectionQ̃⊥P,n−1 and a suitable
one-step, g−dependentbackwards expansion, we can improve the crude estimate,O(g2(1−
γ)), that follows from the operator bounds derived in Section3 by, at least, an extra factor
|g| 12 .

The product of the coefficients{(1− g2αP|n−1
n )}1≤n≤N that are generated in front of the leading term

(13) at each step of the re-expansion gives rise to a damping factor bounded above byΛ−g2c1 asγ
tends to 1.

3 Construction of the One-Particle States

We begin our discussion with the construction of the ground states corresponding to the Hamilto-
niansHP,n ↾ Fn, 0 ≤ n ≤ N. This construction is based on an induction completed in Theorem3.6.
Next, we collect helpful estimates and expansion formulas which also will be used frequently in
Section4. This section ends with Lemma3.8 where we derive some upper and lower bounds on
the ground state energies.

The first lemma provides some a priori estimates on the groundstate energies. In particular
claim (iii) of Lemma3.1will be crucial for the gap estimate in Lemma3.3.

Lemma 3.1. For P ∈ R3 and any integer0 ≤ n < N supposeΨP,n is the ground state of HP,n ↾ Fn

and EP,n is the corresponding ground state energy. Then:

(i) EP,n+1 ≤ EP,n.

(ii) −g2CΛ ≤ EP,n ≤
√

P2 +m2.

(iii) ∀k ∈ R3 , EP−k,n − EP,n ≥ −|P|ω(k).

Proof.

(i) By definition of the ground state energy we can estimate

EP,n+1 − EP,n ≤
〈
ΨP,n,

[
HP,n+1 − HP,n

]
ΨP,n

〉
〈
ΨP,n,ΨP,n

〉 =

〈
ΨP,n, gΦ|nn+1ΨP,n

〉
〈
ΨP,n,ΨP,n

〉 = 0.

(ii) It suffices to observe that

EP,n ≤
〈
Ψ̂P,0,HP,nΨ̂P,0

〉
=
√

P2 +m2

and

0 ≤
√

(P− Pf )2 +m2 +

∫ Λ

Λγn

dkω(k)

(
b∗k + g

ρ(k)
ω(k)

) (
bk + g

ρ(k)
ω(k)

)
= HP,n + g2

∫ Λ

Λγn

dk
ρ(k)2

ω(k)

where

g2

∫ Λ

Λγn
dk

ρ(k)2

ω(k)
≤ g2CΛ.
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(iii) Inequality (7) implies

EP−k,n − EP,n = EP−k,n − E0,n + E0,n − EP,n ≥ E0,n − EP,n

and

E0,n − EP,n ≥
〈
Ψ0,n,

[
H0,n − HP,n

]
Ψ0,n

〉
〈
Ψ0,n,Ψ0,n

〉 =

〈
Ψ0,n,

[
Hnuc

0 − Hnuc
P

]
Ψ0,n

〉
〈
Ψ0,n,Ψ0,n

〉 ≥ −|P| ≥ −|P|ω(k)

(14)

because ∥∥∥∥
√

Pf 2 +m2 −
√

(P− Pf )2 +m2
∥∥∥∥ ≤ |P|

andω(k) =
√

k2 + µ2 with µ > 1.

�

In our construction we shall single out two parameters needed to control the gap of the Hamil-
toniansHP,n ↾ Fn, 0≤ n ≤ N:

Definition 3.2. Define 1
8 < θ <

1
4 andζ > 1

4 such that

1− θ − Pmax ≥ ζ.

Later the following lemma will be invoked from the main induction in Theorem3.6to provide
the gap estimate that is used in the inductive scheme.

Lemma 3.3. Let |P| < Pmax and1 ≤ n ≤ N. Assume:

A(i) EP,n−1 is the non-degenerate ground state energy of HP,n−1 ↾ Fn−1 corresponding to the
ground state vectorΨP,n−1.

A(ii) Gap
(
HP,n−1 ↾ Fn−1

) ≥ ζω (Λγn).

Then:

C(i) EP,n−1 is the non-degenerate ground state energy of HP,n−1 ↾ Fn corresponding to the ground
state vectorΨP,n−1 ⊗Ω.

C(ii)
Gap

(
HP,n−1 ↾ Fn

)
, inf
ϕ=ψ⊗η

〈
ϕ̂,

(
HP,n−1 − θH f |n−1

n − EP,n−1

)
ϕ̂
〉
≥ ζω (Λγn)

where the infimum is taken overϕ ∈ D(H(0)
P ) such thatψ ∈ Fn−1 andη ∈ F |n−1

n contains a
strictly positive number of bosons.
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Proof. A direct computation using A(i) shows thatΨP,n−1 ⊗ Ω is eigenvector ofHP,n−1 ↾ Fn with
corresponding eigenvalueEP,n−1. SinceH f |n−1

n is a positive operator one has

inf
ϕ⊥ΨP,n−1⊗Ω

〈
ϕ̂,

(
HP,n−1 − EP,n−1

)
ϕ̂
〉 ≥ inf

ϕ⊥ΨP,n−1⊗Ω

〈
ϕ̂,

(
HP,n−1 − θH f |n−1

n − EP,n−1

)
ϕ̂
〉

; (15)

we subtract the termθH f |n−1
n for a technical reason which will become clear in Lemma3.4.

Now, the right-hand side of (15) is bounded from below by

min

{
Gap

(
HP,n−1 ↾ Fn−1

)
, inf
ϕ=ψ⊗η

〈
ϕ̂,

(
HP,n−1 − θH f |n−1

n − EP,n−1

)
ϕ̂
〉}
, (16)

whereψ ∈ Fn−1, η ∈ F n−1
n , ψ⊗ η belongs toD(H(0)

P ), andη is a vector with definite, strictly positive
number of bosons. For a vectorη with l ≥ 1 bosons we compute

inf
ϕ=ψ⊗η

〈
ϕ̂,

(
HP,n−1 − θH f |n−1

n − EP,n−1

)
ϕ̂
〉

≥ inf
ψ,Λγn≤|kj |≤Λγn−1

〈
ψ̂,

HP−∑l
j=1 kj ,n−1 + (1− θ)

l∑

j=1

ω(kj) − EP,n−1

 ψ̂
〉

≥ inf
ψ,Λγn≤|kj |≤Λγn−1

EP−∑l
j=1 kj ,n−1 − EP,n−1 + (1− θ)

l∑

j=1

ω(kj)

 .

Furthermore, Lemma3.1 implies

EP−∑l
j=1 kj ,n−1 − EP,n−1 ≥ −Pmax

l∑

j=1

ω(kj).

Hence, by Definition3.2the inequality

inf
ϕ=ψ⊗η

〈
ϕ̂,

(
HP,n−1 − θH f |n−1

n − EP,n−1

)
ϕ̂
〉
≥ ζω (Λγn)

holds. Now by A(ii) we also get

(16) ≥ ζω (Λγn) . (17)

From the estimate in equation (17) we can conclude thatΨP,n−1 ⊗ Ω is the unique ground state of
HP,n−1 ↾ Fn with eigenvalueEP,n−1 and

Gap
(
HP,n−1 ↾ Fn

) ≥ ζω (Λγn) .

This proves C(i) and C(ii). �

The second ingredient needed for the main induction in Theorem3.6 is a control of the resol-
vent expansion of the Hamiltonians:
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Lemma 3.4. Let |g| be sufficiently small and|P| < Pmax. Suppose further that for1 ≤ n ≤ N
EP,n−1 is the non-degenerate ground state energy of HP,n−1 ↾ Fn−1 corresponding to the ground
state vectorΨP,n−1 and that

Gap
(
HP,n−1 ↾ Fn

) ≥ ζω (Λγn) . (18)

Then, for z∈ C such that

1
2
ζω

(
Λγn+1

)
≤

∣∣∣EP,n−1 − z
∣∣∣ ≤ ζω

(
Λγn+1

)
,

the resolvent 1
HP,n−z is a well-defined operator onFn which equals to

1
HP,n−1 − z

∞∑

j=0

[
−gΦ|n−1

n

1
HP,n−1 − z

] j

. (19)

Proof. We start with the estimate
∥∥∥∥∥∥∥

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

=
1√

dist
(
z, spec

(
HP,n−1 ↾ Fn

))

≤
(
max

{
2

ζω
(
Λγn+1

) , C
ζω (Λγn) − ζω (

Λγn+1
)
})1/2

≤
(

C
ζΛγn+1(1− γ)

)1/2

where we made use of the assumption in (18). Next, we estimate
∥∥∥∥∥∥∥
gφ|n−1

n

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤ |g|C
[
Λγn−1(1− γ)

]1/2

∥∥∥∥∥∥∥
(
H f |n−1

n

)1/2
(

1
HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

. (20)

The operatorsH f |n−1
n andHP,n−1 commute, and we may apply the spectral theorem and Lemma3.3

in order to get
∥∥∥∥∥∥∥
(
H f |n−1

n

)1/2
(

1
HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

=

∥∥∥∥∥∥∥
(
H f |n−1

n

)1/2
(

1
HP,n−1 − θH f |n−1

n − z+ θH f |n−1
n

)1/2
∥∥∥∥∥∥∥Fn

≤ θ−1/2.

In consequence, we can estimate
∥∥∥∥∥∥∥
g

(
1

HP,n−1 − z

)1/2

Φ|n−1
n

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤ |g|C(ζγ2)−1/2θ−1/2.

Sinceγ > 1
2, ζ > 1

4, andθ > 1
8 the coupling constant|g| can be chosen independently ofn (and of

Λ) such that
|g|C(θζγ2)−1/2 < 1

which implies the convergence of the power series on the right-hand side of (19) and, thus, the
claim. �

We will now prove that the vectors in the following definitionare the unique, non-zero ground
states of the HamiltoniansHP,n ↾ Fn , 0 ≤ n ≤ N. (We warn the reader that the spectral projection
in (21) will be shown to be well defined in Theorem3.6.)
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Definition 3.5. For 1≤ n ≤ N we define

QP,n := − 1
2πi

∮

ΓP,n

dz
HP,n − z

↾ Fn ΓP,n :=

{
z ∈ C

∣∣∣∣∣
∣∣∣EP,n−1 − z

∣∣∣ = 1
2
ζω

(
Λγn+1

)}
(21)

and recursively
ΨP,n := QP,nΨP,n−1, ΨP,0 := Ω. (22)

Note thatΨP,n are in general unnormalized vectors with‖ΨP,n‖ ≤ 1.

Theorem 3.6.Let |g| be sufficiently small and|P| < Pmax. For 0 ≤ n ≤ N it holds:

(i) ΨP,n is well-defined, non-zero, and the unique ground state vector of HP,n ↾ Fn with corre-
sponding eigenvalue

EP,n := inf spec
(
HP,n ↾ Fn

)
.

(ii) Gap
(
HP,n ↾ Fn

) ≥ ζω
(
Λγn+1

)
.

Proof. A direct computation shows that the claim holds forn = 0. Let us assume it holds forn− 1
with 0 ≤ n− 1 < N − 1:

1. The assumptions allow to apply Lemma3.3which states that

Gap
(
HP,n−1 ↾ Fn

) ≥ ζω (Λγn) .

2. Hence, Lemma3.4ensures that for|g| small enough but uniform inn (and inΛ) the resolvent

1
HP,n − z

↾ Fn =
1

HP,n−1 − z

∞∑

j=0

[
−gΦ|n−1

n

1
HP,n−1 − z

] j

↾ Fn

is well-defined for
1
2
ζω

(
Λγn+1

)
≤

∣∣∣EP,n−1 − z
∣∣∣ ≤ ζω

(
Λγn+1

)
. (23)

3. For|g| small enough but uniform inn (and inΛ),ΨP,n defined in (22) is non-zero. Indeed for
0 ≤ n ≤ N andz ∈ ΓP,n we have

∥∥∥∥∥∥∥

(
1

HP,n−1 − z

)1/2

gΦ|n−1
n

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤ C|g|(1− γ)1/2

because forz in the domainΓP,n defined in (21) we get
∥∥∥∥∥∥∥

(
1

HP,n−1 − z

)1/2
∥∥∥∥∥∥∥Fn

≤
(

C
Λγn

)1/2

that we can combine with the bound in (20). By Kato’s theorem we can conclude that it is
the unique ground state ofHP,n ↾ Fn with corresponding ground state energyEP,n.
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4. Lemma3.1(i), Kato’s theorem, and the domain ofz given in (23) provide the estimate

Gap
(
HP,n ↾ Fn

) ≥ ζω
(
Λγn+1

)
.

�

Next we provide expansion formulas which will be used frequently in our computations in
Section4.

Theorem 3.7.Let |g| be sufficiently small and|P| < Pmax. For 0 ≤ n ≤ N the following statements
hold:

(i) The following equality is satisfied:

ΨP,n =ΨP,n−1 − g
1

HP,n−1 − EP,n−1
φ∗|n−1

n ΨP,n−1

+ g2Q̃⊥P,n−1

1
HP,n−1 − EP,n−1

φ|n−1
n

1
HP,n−1 − EP,n−1

φ∗|n−1
n ΨP,n−1

+ g2Q̃⊥P,n−1

1
HP,n−1 − EP,n−1

φ∗|n−1
n

1
HP,n−1 − EP,n−1

φ∗|n−1
n ΨP,n−1

− g2Q̃P,n−1φ|n−1
n

(
1

HP,n−1 − EP,n−1

)2

φ∗|n−1
n ΨP,n−1 + O

(
|g|3(1− γ)3/2

)

for

Q̃P,n−1 := − 1
2πi

∮

ΓP,n

dz
1

HP,n−1 − z
↾ Fn, Q̃⊥P,n−1 := 1Fn − Q̃P,n−1 (24)

where1Fn is the identity operator onFn.

(ii) The norm of the ground state vectors fulfills the relation

∥∥∥ΨP,n

∥∥∥2
=

〈
ΨP,n,ΨP,n

〉
=

(
1− g2αP|n−1

n + O
(
|g|4(1− γ)4/2

)) ∥∥∥ΨP,n−1

∥∥∥2
(25)

where

αP|n−1
n :=

〈
Ψ̂P,n−1, φ|n−1

n

(
1

HP,n−1 − EP,n−1

)2

φ∗|n−1
n Ψ̂P,n−1

〉
.

(iii) There exist universal constants0 < c1 ≤ c2 < ∞ such that

c1(1− γ) ≤ αP|n−1
n ≤ c2(1− γ).

Proof. Claim (i) can be shown by a direct computation using Definition 3.5. Likewise claim (ii)
follows from Definition3.5by exploiting the relation

ΨP,n = QP,nΨP,n−1 =

〈
ΨP,n,ΨP,n−1

〉
〈
ΨP,n,ΨP,n

〉 ΨP,n

15
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that holds by construction.

Next, we prove claim (iii). The bound from above is obtained by using the pull-through formula
and Lemma3.1(iii), i.e.,

αP|n−1
n =

〈
Ψ̂P,n−1, φ|n−1

n

(
1

HP,n−1 − EP,n−1

)2

φ∗|n−1
n Ψ̂P,n−1

〉

=

∫ Λγn−1

Λγn
dkρ(k)2

〈
Ψ̂P,n−1,

(
1

HP−k,n−1 + ω(k) − EP,n−1

)2

Ψ̂P,n−1

〉
≤ −C ln γ ≤ c2(1− γ) (26)

for an appropriately chosen constantc2; recall that12 < γ < 1.
With respect to the bound from below we consider the spectralrepresentation for the self-

adjoint operatorHP−k,n−1 + ω(k) − EP,n−1 and define the spectral projections

χ+(k) := χ(5ω(k),+∞)
(
HP−k,n−1 + ω(k) − EP,n−1

)
, χ−(q) : =1Fn−1 − χ+(q)

whereχ(5ω(k),+∞) is the characteristic function being one on the interval (5ω(k),+∞) and zero oth-
erwise. We also define the function

f (k) := ρ(k)2

〈
Ψ̂P,n−1,

(
1

HP−k,n−1 + ω(k) − EP,n−1

)2 (
χ+(k) + χ−(k)

)
Ψ̂P,n−1

〉

that we study for two complementary cases:

(a) In the case
∥∥∥∥χ+(k)Ψ̂P,n−1

∥∥∥∥
2
< 1

2 we get

f (k) ≥ ρ(k)2

〈
χ−(k)Ψ̂P,n−1,

(
1

HP−k,n−1 + ω(k) − EP,n−1

)2

χ−(k)Ψ̂P,n−1

〉
≥ ρ(k)2

50ω(k)2
. (27)

(b) In the other case, i.e.,
∥∥∥∥χ+(k)Ψ̂P,n−1

∥∥∥∥
2 ≥ 1

2, we start with the trivial inequality

f (k) ≥ ρ(k)2

〈
1

HP−k,n−1 + ω(k) − EP,n−1
Ψ̂P,n−1, χ

+(k)
1

HP−k,n−1 + ω(k) − EP,n−1
Ψ̂P,n−1

〉
(28)

and consider the resolvent formulas

1
HP−k,n−1 + ω(k) − EP,n−1

=
1

HP,n−1 + ω(k) − EP,n−1

− 1
HP,n−1 + ω(k) − EP,n−1

∆P(k)
1

HP−k,n−1 + ω(k) − EP,n−1
(29)

and

1
HP−k,n−1 + ω(k) − EP,n−1

=
1

HP,n−1 + ω(k) − EP,n−1

− 1
HP−k,n−1 + ω(k) − EP,n−1

∆P(k)
1

HP,n−1 + ω(k) − EP,n−1
(30)

16
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where
∆P(k) :=

√
(P− k− Pf )2 +m2 −

√
(P− Pf )2 +m2 .

Then we apply the expansions in (29) and in (30) to the resolvents on the left and on the right
in the scalar product of (28), respectively, and get

f (k) ≥ ρ(k)2

〈
Ψ̂P,n−1,

1
HP,n−1 + ω(k) − EP,n−1

χ+(k)
1

HP,n−1 + ω(k) − EP,n−1
Ψ̂P,n−1

〉

− 2ℜρ(k)2

〈
Ψ̂P,n−1,

1
HP,n−1 + ω(k) − EP,n−1

∆P(k)
1

HP−k,n−1 + ω(k) − EP,n−1
×

× χ+(k)
1

HP,n−1 + ω(k) − EP,n−1
Ψ̂P,n−1

〉

+ ρ(k)2

〈
Ψ̂P,n−1,

∣∣∣∣∣∣χ
+(k)

1
HP−k,n−1 + ω(k) − EP,n−1

∆P(k)
1

HP,n−1 + ω(k) − EP,n−1

∣∣∣∣∣∣
2

Ψ̂P,n−1

〉
. (31)

Note that
‖∆P(k)‖ ≤ |k|

so that neglecting the last positive term in (31) we get the estimate

f (k) ≥ ρ(k)2

ω(k)2

∥∥∥∥χ+(k)Ψ̂P,n−1

∥∥∥∥
2 − 2ρ(k)2|k|

5ω(k)3

∥∥∥∥χ+(k)Ψ̂P,n−1

∥∥∥∥

≥ ρ(k)2

ω(k)2

∥∥∥∥χ+(k)Ψ̂P,n−1

∥∥∥∥
(

1√
2
− 2

5

)
≥ (5− 2

√
2)ρ(k)2

10ω(k)2
. (32)

Combining the bounds (27) and (32) we obtain

∫ Λγn−1

Λγn
dkρ(k)2

〈
Ψ̂P,n−1,

(
1

HP−k,n−1 + ω(k) − EP,n−1

)2

Ψ̂P,n−1

〉
≥ −C ln γ ≥ c1(1− γ)

that gives the bound from below onαP|n−1
n for an appropriately chosen constantc1. This together

with the bound from above (26) proves the claim. �

With the help of these expansion formulas we get upper and lower bounds on the ground state
energy shifts:

Lemma 3.8. Let |g| be sufficiently small and|P| < Pmax. For 1 ≤ n ≤ N the following holds:

(i)

EP,n − EP,n−1 = −∆EP|n−1
n + O

(
|g|4Λ(1− γ)4/2

)
, (33)

∆EP|n−1
n := g2

〈
Ψ̂P,n−1, φ|n−1

n

1
HP,n−1 − EP,n−1

φ∗|n−1
n Ψ̂P,n−1

〉
.

(ii) There exist universal constants a, b > 0 such that

g2aΛγn−1(1− γ) ≤ ∆EP|n−1
n ≤ g2bΛγn−1(1− γ).
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Proof. Claim (i) follows from the expansion formula of Theorem3.7applied to

EP,n − EP,n−1 =

〈
ΨP,n,

[
HP,n − HP,n−1

]
ΨP,n−1

〉
〈
ΨP,n,ΨP,n−1

〉 =

〈
ΨP,n, gΦ|n−1

n ΨP,n−1

〉
〈
ΨP,n,ΨP,n−1

〉 .

Next, we show claim (ii). The bound from above follows by using the pull-through formula,
i.e.,

∆EP|n−1
n = g2

∫ Λγn−1

Λγn
dkρ(k)2

〈
Ψ̂P,n−1,

1
HP−k,n−1 + ω(k) − EP,n−1

Ψ̂P,n−1

〉
(34)

and the estimate

g2

∫ Λγn−1

Λγn

dkρ(k)2

〈
Ψ̂P,n−1,

1
HP−k,n−1 + ω(k) − EP,n−1

Ψ̂P,n−1

〉
≤ g2bΛγn−1(1− γ). (35)

that uses Lemma3.1 (iii). The bound from below of (34) can be shown by a similar argument as
in (iii) of Theorem3.7. Therefore we omit the proof. �

The established upper and lower bounds given in Lemma3.8enable us to prove the first main
result.

Proof of Theorem 2.7. Using (i) of Lemma3.8we find

EP,N = EP,0 −
N∑

n=1

∆EP|n−1
n + O

(
N|g|4Λ(1− γ)4/2

)
,

where by constructionEP,0 =
√

P2 +m2.
The inequalities in (ii) of Lemma3.8imply

EP,N ≤
√

P2 +m2 − g2aΛ(1− γ)
N∑

n=1

γn−1 + |g|4CΛN(1− γ) (36)

as well as

EP,N ≥
√

P2 +m2 − g2bΛ(1− γ)
N∑

n=1

γn−1 − |g|4CΛ lnΛ(1− γ). (37)

Notice that by the same argument used in Lemma3.3one can conclude thatEP,N = inf spec
(
HP,N ↾ F j

)

for all j ≥ N. SinceN = lnΛ
− ln γ and the estimates in (36) and (37) hold for γ arbitrarily close to 1,

they imply the inequalities in (8). �

4 The Effective Velocity and the Mass Shell

In this last section we provide the proof of Theorem2.8, the starting point of which is the expres-
sion of the first derivative of the ground state energiesEP,n that follows from analytic perturbation
theory inP as stated in the proposition below:

18
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Proposition 4.1. Suppose EP,n is the non-degenerate isolated eigenvalue corresponding to the
ground stateΨP,n. Then, the equation

∂EP,n

∂Pi
=

〈
Ψ̂P,n,Vi(P)Ψ̂P,n

〉
, Vi(P) :=

Pi − Pf
i[

(P− Pf )2 +m2
]1/2

(38)

holds true for components i= 1, 2, 3.

Proof. See Lemma 3.7 in [4]. �

In order to control the scalar product in (38) the following definition will be convenient:

Definition 4.2. For eachΛγn−1 we consider the energy level

min

{
Λ,
Λγn−1

gǫ

}
, 0 < ǫ ≤ 1/2 , (39)

andl ∈ N ∪ {0} such that

Λγl ≤ min

{
Λ,
Λγn−1

gǫ

}
< Λγl−1 .

We define
Ξn−1 := Λγl . (40)

The energy scaleΞn−1 will be used in a convenientbackwards expansionto gain a certain power
of |g| in some estimates. From now on, we use the notation

HP,Ξn−1 := HP|ΛΞn−1
, ΨP,Ξn−1 := ΨP,l .

The following lemma gives a justification for this type of expansion:

Lemma 4.3. Let |g| be sufficiently small,|P| < Pmax, and0 < ǫ ≤ 1/2. For z∈ ΓP,n−1 the bound
∥∥∥∥∥∥∥

(
1

HP,Ξn−1 − z

)1/2

gΦ|Ξn−1

Λγn−1

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

≤ |g|δC, δ := 1− ǫ
2
, (41)

holds true. Consequently, the expansion formulas

Ψ
(Ξn−1)
P,n−1 := QP,n−1ΨP,Ξn−1,

QP,n−1 := − 1
2πi

∮

ΓP,n−1

dz
HP,n−1 − z

↾ Fn−1

= − 1
2πi

∮

ΓP,n−1

dz
HP,Ξn−1 − z

∞∑

j=0

[
−gΦ|Ξn−1

Λγn−1

1
HP,Ξn−1 − z

] j

↾ Fn−1

(42)

hold true and
‖Ψ(Ξn−1)

P,n−1‖2 ≥ (1− O(|g|4δ))‖ΨP,Ξn−1‖2 . (43)
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Proof. With the help of Lemma3.8we infer the bound
∣∣∣EP,n−1 − EP,Ξn−1

∣∣∣ ≤ Cg2Ξn−1. (44)

Hence, by the definition ofΞn−1 in (39) and 0< ǫ ≤ 1/2, |g| can be chosen sufficiently small but
uniformly in n such that both ground state energies,EP,n−1 andEP,Ξn−1, lie inside the contourΓP,n−1.
We estimate

sup
z∈ΓP,n−1

∥∥∥∥∥∥∥

(
1

HP,Ξn−1 − z

)1/2

gΦ|Ξn−1

Λγn−1

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

≤ 2|g| sup
z∈ΓP,n−1

∥∥∥∥∥∥∥

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

· sup
z∈ΓP,n−1

∥∥∥∥∥∥∥
φ|Ξn−1

Λγn−1

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

.

A similar computation as in Lemma3.3gives

Gap
(
HP,Ξn−1 ↾ Fn−1

) ≥ ζω (Λγn) (45)

such that for sufficiently small|g| one has the bound
∥∥∥∥∥∥∥

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

≤
(

C
Λγn

)1/2

(46)

by using inequality (i) in Lemma3.1. Furthermore, one can bound

∥∥∥∥∥∥∥
φ|Ξn−1

Λγn−1

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

≤ CΞ1/2
n−1

∥∥∥∥∥∥∥
(
H f |Ξn−1

Λγn−1

)1/2
(

1
HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

≤ CΞ1/2
n−1θ

−1/2.

Hence, we may conclude that

∥∥∥∥∥∥∥

(
1

HP,Ξn−1 − z

)1/2

gΦ|Ξn−1

Λγn−1

(
1

HP,Ξn−1 − z

)1/2
∥∥∥∥∥∥∥Fn−1

≤ |g|C


(
Λγn−1

Λγngǫ

)1/2
for Λγ

n−1

gǫ < Λ(
Λ
Λγn

)1/2
for Λγ

n−1

gǫ ≥ Λ
≤ |g|δC.

This ensures the validity of the expansion formulas (42) as well as the relation in (43). �

We can now prove our second main result:

Proof of Theorem 2.8. The strategy of proof is an expansion using the formulas provided by The-
orem3.7. As a first observation we note that by the spectral theorem the bounds

‖Vi(P)‖ ≤ 1 ∀P ∈ R3,

∣∣∣∣∣
∂EP,n

∂Pi

∣∣∣∣∣ ≤ 1 for |P| < Pmax (47)

hold. These inequalities will be employed frequently without further notice.
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With the help of Theorem3.7we find the following expansion for allN ≥ n ≥ 1:

〈
Ψ̂P,n,Vi(P)Ψ̂P,n

〉
=

〈
ΨP,n,Vi(P)ΨP,n

〉
〈
ΨP,n,ΨP,n

〉 (48)

=
1+ g2αP|n−1

n + O
(
|g|4(1− γ)4/2

)
〈
ΨP,n−1,ΨP,n−1

〉
[ 〈
ΨP,n−1,Vi(P)ΨP,n−1

〉
+

+ g2

〈
1

HP,n−1 − EP,n−1
φ∗|n−1

n ΨP,n−1,Vi(P)
1

HP,n−1 − EP,n−1
φ∗|n−1

n ΨP,n−1

〉

+ g2

〈
Q̃⊥P,n−1

1
HP,n−1 − EP,n−1

φ|n−1
n

1
HP,n−1 − EP,n−1

φ∗|n−1
n ΨP,n−1,Vi(P)ΨP,n−1

〉
+ h.c.

− g2

〈
Q̃P,n−1φ|n−1

n

(
1

HP,n−1 − EP,n−1

)2

φ∗|n−1
n ΨP,n−1,Vi(P)ΨP,n−1

〉
+ h.c. (49)

+ O
(
|g|4(1− γ)4/2

) ]
.

We observe that
(49) = −2g2αP|n−1

n

〈
ΨP,n−1,Vi(P)ΨP,n−1

〉

because

g2

〈
Q̃P,n−1φ|n−1

n

(
1

HP,n−1 − EP,n−1

)2

φ∗|n−1
n ΨP,n−1,Vi(P)ΨP,n−1

〉
= g2αP|n−1

n

〈
ΨP,n−1,Vi(P)ΨP,n−1

〉
.

Hence, we can rewrite (48) as
〈
Ψ̂P,n,Vi(P)Ψ̂P,n

〉
=

(
1− g2αP|n−1

n + O
(
|g|4(1− γ)4/2

)) 〈
Ψ̂P,n−1,Vi(P)Ψ̂P,n−1

〉
(50)

+ g2

〈
1

HP,n−1 − EP,n−1
φ∗|n−1

n Ψ̂P,n−1,Vi(P)
1

HP,n−1 − EP,n−1
φ∗|n−1

n Ψ̂P,n−1

〉
(51)

+ g22ℜ
〈
Q̃⊥P,n−1

1
HP,n−1 − EP,n−1

φ|n−1
n

1
HP,n−1 − EP,n−1

φ∗|n−1
n Ψ̂P,n−1,Vi(P)Ψ̂P,n−1

〉

(52)

+ O
(
|g|4(1− γ)4/2

)
.

Next, we proceed iteratively by expanding
〈
Ψ̂P,n,Vi(P)Ψ̂P,n

〉
at each step fromn = N to n = 0.

Meanwhile, we define
AP,n−1 := (51), BP,n−1 := (52) .

As a result of the iteration we find the following expansion

〈
Ψ̂P,N,Vi(P)Ψ̂P,N

〉
=

N∏

j=1

(
1− g2αP|N− j

N− j+1

) 〈
Ψ̂P,0,Vi(P)Ψ̂P,0

〉

+

N−1∑

j=2

(
1− g2αP|N−1

N

)
. . .

(
1− g2αP|N− j

N− j+1

) [
AP,N− j−1 + BP,N− j−1

]

+
(
1− g2αP|N−1

N

) [
AP,N−2 + BP,N−2

]
+

[
AP,N−1 + BP,N−1

]
+ O

(
|g|4N(1− γ)4/2

)
. (53)
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Let us assume one could show the bounds

∣∣∣AP,N− j

∣∣∣ ≤ g2C
1− γ
ΛγN− j+1

, (54)
∣∣∣BP,N− j

∣∣∣ ≤ |g|5/2C(1− γ) (55)

where we stress that the universal constantC is independent of the massm. Then, using the
following ingredients

• (iii) of Theorem3.7,

• N = lnΛ
− ln γ ,

• the basic estimates

N∏

j=1

(
1− g2αP|N− j

N− j+1

)
≤

N∏

j=1

(
1− g2c1(1− γ)

)
≤ Λ−g2c1

(1−γ)
− ln γ ,

N−1∑

j=2

(
1− g2αP|N−1

N

)
. . .

(
1− g2αP|N− j

N− j+1

)
+

(
1− g2αP|N−1

N

)
+ 1 ≤

N−1∑

j=0

(
1− g2c1(1− γ)

) j

≤ 1
g2c1(1− γ)

,

and usingΛγN = 1

N−1∑

j=2

(
1− g2αP|N−1

N

)
. . .

(
1− g2αP|N− j

N− j+1

) 1− γ
ΛγN− j

+
(
1− g2αP|N−1

N

) 1− γ
ΛγN−1

+
1− γ
ΛγN

≤ C(1− γ)
N−1∑

j=0

γ j ≤ C,

the bounds in (54)-(55) are seen to imply

∣∣∣∣
〈
Ψ̂P,N,Vi(P)Ψ̂P,N

〉∣∣∣∣ ≤ Λ−g2c1
(1−γ)
− ln γ

|P|
[
P2 +m2

]1/2
+C|g|1/2 +C|g|4 lnΛ(1− γ) , (56)

where we recall that
∣∣∣∣
〈
Ψ̂P,0,Vi(P)Ψ̂P,0

〉∣∣∣∣ = |Pi |
[P2+m2]1/2 .

As the fineness parameterγ can be chosen arbitrarily close to one the bound in (9) is proven.
We show now that the bounds (54)-(55) hold true.

Bound (54): Defining Pλ := λP and its componentsPλ i := λPi, 1 ≤ i ≤ 3, we start with the
identity

AP,n−1 =

∫ 1

0
dλ

d
dλ

g2

〈
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1,Vi(Pλ)
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1

〉
(57)
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that holds because of analytic perturbation theory inP (see Lemma 3.7 in [4]) and
〈

1
H0,n−1 − E0,n−1

φ∗|n−1
n Ψ̂0,n−1,Vi(0)

1
H0,n−1 − E0,n−1

φ∗|n−1
n Ψ̂0,n−1

〉
= 0

by symmetry under rotational invariance ofH0,n−1, E0,n−1 and Ψ̂0,n−1. In order to estimate the
integrand

g2 d
dλ

〈
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1,Vi(Pλ)
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1

〉
=

= lim
h→0

g2

h

[ 〈
1

HPλ+h,n−1 − EPλ+h,n−1
φ∗|n−1

n Ψ̂Pλ+h,n−1,Vi(Pλ+h)
1

HPλ+h,n−1 − EPλ+h,n−1
φ∗|n−1

n Ψ̂Pλ+h,n−1

〉

−
〈

1
HPλ,n−1 − EPλ,n−1

φ∗|n−1
n Ψ̂Pλ,n−1,Vi(Pλ)

1
HPλ,n−1 − EPλ,n−1

φ∗|n−1
n Ψ̂Pλ,n−1

〉 ]
(58)

we first observe that in expression (58), at least for small|h|, the vector̂ΨPλ+h,n−1 can be replaced
by the vector̂ΥPλ+h,n−1 where

ΥPλ+h,n−1 := − 1
2πi

∮

ΓP,n−1

dz
HPλ+h,n−1 − z

ΨPλ,n−1 .

Notice thatΥPλ+h,n−1 ‖ ΨPλ+h,n−1 andΥPλ+h,n−1

∣∣∣
h=0
= ΨPλ,n−1. Hence, we need to estimate three types

of terms:

lim
h→0

g2

h

〈 [
1

HPλ+h,n−1 − EPλ+h,n−1
− 1

HPλ,n−1 − EPλ,n−1

]
φ∗|n−1

n Ψ̂Pλ,n−1,

Vi(Pλ)
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1

〉
, (59)

lim
h→0

g2

h

〈
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n

[
Υ̂Pλ+h,n−1 − Υ̂Pλ,n−1

]
,Vi(Pλ)

1
HPλ,n−1 − EPλ,n−1

φ∗|n−1
n Υ̂Pλ,n−1

〉
, (60)

lim
h→0

g2

h

〈
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1, [Vi(Pλ+h) − Vi(Pλ)]
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1

〉
, (61)

In order to estimate term (59) we observe that the expression is well defined because the vector
φ∗|n−1

n Ψ̂Pλ,n−1 is orthogonal to the ground state vector of both the HamiltoniansHPλ+h,n−1 andHPλ,n−1.
Hence, we verify that

lim
h→0

1
h

[
1

HPλ+h,n−1 − EPλ+h,n−1
− 1

HPλ,n−1 − EPλ,n−1

]

= lim
h→0

1
h

[
1

HPλ+h,n−1 − EPλ+h,n−1

(
HPλ,n−1 − HPλ+h,n−1 − EPλ,n−1 + EPλ+h,n−1

) 1
HPλ,n−1 − EPλ,n−1

]

=
1

HPλ,n−1 − EPλ,n−1

(
− d

dλ

√
(Pλ − Pf )2 +m2 +

d
dλ

EPλ,n−1

)
1

HPλ,n−1 − EPλ,n−1

=
1

HPλ,n−1 − EPλ,n−1

3∑

i=1

Pλ i

(
−Vi(Pλ) +

∂EP,n−1

∂Pi

∣∣∣∣∣
P≡Pλ

)
1

HPλ,n−1 − EPλ,n−1
(62)
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holds true when applied to the vectorφ∗|n−1
n Ψ̂Pλ,n−1. At first we treat the term proportional to∑3

i=1 Pλ iVi(Pλ). Using (iii) in Lemma3.1, the estimate in (47), and the pull-through formula, we
get the estimate

g2

∣∣∣∣∣∣

〈
Vi(Pλ)

1
HPλ,n−1 − EPλ,n−1

φ∗|n−1
n Ψ̂Pλ,n−1,

1
HPλ,n−1 − EPλ,n−1

3∑

j=1

Pλ jV j(Pλ)
1

HPλ,n−1 − EPλ,n−1
φ∗|n−1

n Ψ̂Pλ,n−1

〉∣∣∣∣∣∣

= g2

∣∣∣∣∣∣

∫ Λγn−1

Λγn
dkρ(k)2

〈
Vi(Pλ − k)

(
1

HPλ−k,n−1 − EPλ,n−1 + ω(k)

)
Ψ̂Pλ,n−1,

(
1

HPλ−k,n−1 − EPλ,n−1 + ω(k)

) 3∑

j=1

Pλ jV j(Pλ − k)
1

HPλ−k,n−1 − EPλ,n−1 + ω(k)
Ψ̂Pλ,n−1

〉∣∣∣∣∣∣

≤ g2C
∫ Λγn−1

Λγn

dk
1
|k|4 ≤ g2C(1− γ)

Λγn
.

The remaining term in (59) being proportional to
∑3

i=1 Pλ i

(
∂EP,n−1

∂Pi

∣∣∣
P≡Pλ

)
can be estimated in the same

way. In consequence, we get

|(59)| ≤ g2C(1− γ)
Λγn

. (63)

Next, we consider term (60). Using the differentiability inλ again we find

lim
h→0

ΥPλ+h,n−1 − ΥPλ,n−1

h
= − 1

2πi
lim
h→0

1
h

∮

ΓP,n−1

dz

[
1

HPλ+h,n−1 − z
− 1

HPλ,n−1 − z

]
ΨPλ,n−1

= − 1
2πi

lim
h→0

1
h

∮

ΓP,n−1

dz

[
1

HPλ,n−1 − z

(
HPλ,n−1 − HPλ+h,n−1

) 1
HPλ,n−1 − z

]
ΨPλ,n−1

= − 1
2πi

∮

ΓP,n−1

dz


1

HPλ,n−1 − z

−
3∑

i=1

Pλ iVi(Pλ)


1

HPλ,n−1 − z

ΨPλ,n−1

= −Q⊥Pλ,n−1

1
HPλ,n−1 − EPλ,n−1

3∑

i=1

Pλ iVi(Pλ)ΨPλ,n−1 (64)

and

lim
h→0

1
h


1∥∥∥ΥPλ+h,n−1

∥∥∥
− 1∥∥∥ΥPλ,n−1

∥∥∥

 = −
1

∥∥∥ΥPλ,n−1

∥∥∥3
lim
h→0
ℜ

〈
ΥPλ+h,n−1 − ΥPλ,n−1

h
,ΥPλ,n−1

〉
= 0. (65)

Equations (64) and (65), the pull-through formula, and the gap estimate in Theorem3.6give

|(60)| ≤ g2C(1− γ)
Λγn

. (66)

In the estimate of the third term, i.e., term (61), we exploit the additional decay which we gain
through the derivative ofVi(Pλ), i.e.,

lim
h→0

1
h

[Vi(Pλ+h) − Vi(Pλ)] =
Pλ i − Vi(Pλ)

∑3
j=1 V j(Pλ)Pλ j√

(Pλ − Pf )2 +m2
.
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Thus, we can rewrite and estimate (61) as follows

∣∣∣∣∣∣g
2

∫ Λγn−1

Λγn
dkρ(k)2

〈
Ψ̂Pλ,n−1,

1
HPλ−k,n−1 + ω(k) − EPλ,n−1

×

Pλ i − Vi(Pλ − k)

∑3
j=1 V j(Pλ − k)Pλ j√

(Pλ − Pf − k)2 +m2


1

HPλ−k,n−1 + ω(k) − EPλ,n−1
Ψ̂Pλ,n−1

〉∣∣∣∣∣∣

≤ Cg2Pmax

∣∣∣∣∣∣

∫ Λγn−1

Λγn
dkρ(k)2

〈
Ψ̂P,n−1,

1
HPλ−k,n−1 + ω(k) − EPλ,n−1

×

× 1√
(Pλ − Pf − k)2 +m2

1
HPλ−k,n−1 + ω(k) − EPλ,n−1

Ψ̂Pλ,n−1

〉∣∣∣∣∣∣ (67)

where we have used the pull-through formula. Next we consider the spectral measuredµk(ξ) ≡
fk(ξ)dξ (where fk(ξ) ≥ 0 a.e.) associated with the vector

1
HPλ−k,n−1 + ω(k) − EPλ,n−1

Ψ̂Pλ,n−1

in the joint spectral representation of the components of the operatorPf whereξ is the spectral
variable. The measure is defined by

(0 ≤) ‖χΩ 1
HPλ−k,n−1 + ω(k) − EPλ,n−1

Ψ̂Pλ,n−1‖2 =:
∫

σ(Pf )
dξ fk(ξ) χΩ(ξ) ≤ C

|k|2

for every measurable setΩ ⊆ σ(Pf ) whereχΩ(ξ) is the characteristic function of the setΩ andχΩ
is the corresponding spectral projection. Thus we can write(67) as follows

(67) = Cg2

∫ Λγn−1

Λγn

dk
1
|k|

∣∣∣∣
∣∣∣∣
[ 1√

(Pλ − Pf − k)2 +m2

] 1
2 1
HPλ−k,n−1 + ω(k) − EPλ,n−1

Ψ̂Pλ,n−1

∣∣∣∣
∣∣∣∣
2

= Cg2

∫ Λγn−1

Λγn

∫
dΩkd|k| 1|k|

∫

σ(Pf )
dξ fk(ξ)

1√
(Pλ − ξ − k)2 +m2

(68)

By knowing that ∫

σ(Pf )
dξ fk(ξ)

1√
(Pλ − ξ − k)2 +m2

< +∞

we can interchange the integration indξ with the angular integration in the variablek, i.e.,

(68) = Cg2

∫ Λγn−1

Λγn
|k|d|k|

∫

σ(Pf )
dξ

∫ 2π

0
dϕ

∫ π

0
dθ sinθ fk(ξ)

1√
(Pλ − ξ)2 + k2 − 2 cosθ|Pλ − ξ| |k| +m2

whereθ denotes the angle between the vectork and the vectorPλ − ξ andϕ the azimuthal angle
with respect to an arbitrarily chosen vector orthogonal toPλ − ξ. We split the integration in the
variableθ into two regions:θ ∈

[
π
3, π

]
andθ ∈

[
0, π3

]
. For θ ∈

[
π
3, π

]
being cosθ ∈

[
−1, 1

2

]
we

observe that

(Pλ − ξ)2 + k2 − 2 cosθ|Pλ − ξ| |k| ≥ (Pλ − ξ)2 + k2 − |Pλ − ξ| |k| ≥ 3
4

k2
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and, consequently,

∫

σ(Pf )
dξ

∫ 2π

0
dϕ

∫ π

π/3
dθ sinθ fk(ξ)

1√
(Pλ − ξ)2 + k2 − 2 cosθ|Pλ − ξ| |k| +m2

(69)

≤C
∫

σ(Pf )
dξ

∫ 2π

0
dϕ

∫ π

0
dθ sinθ fk(ξ)

1
|k| (70)

≤C
|k|

∫
dΩk

∫

σ(Pf )
dµk(ξ) (71)

≤ C
|k|3 (72)

Notice that the constantC in (72) can be chosen to be independent of the massm. Next, we treat
the integration overθ ∈

[
0, π3

]
where cosθ ∈

[
1
2, 1

]
and

(Pλ − ξ)2 + k2 − 2 cosθ|Pλ − ξ| |k| ≥
[
(Pλ − ξ)2 + k2

]
(1− cosθ)

we find
∫

σ(Pf )
dξ

∫ 2π

0
dϕ

∫ π/3

0
dθ sinθ fk(ξ)

1√
[(Pλ − ξ)2 + k2](1 − cosθ) +m2

≤
∫

σ(Pf )
dξ

∫ 2π

0
dϕ

∫ π/3

0
dθ sinθ

1
|k| fk(ξ)

1√
(1− cosθ)

≤ C
∫

σ(Pf )
dξ

∫ 2π

0
dϕ

∫ π/3

0
dθ

1
|k| fk(ξ)

≤ C
|k|3

(73)

Notice that also the constantC in (73) can be chosen to be independent of the massm. Combining
the results for the two integration domains, i.e., (69) and (73), we arrive at

(68) ≤ g2C
∫ Λγn−1

Λγn

d|k| 1
|k|2 ≤ g2C

1− γ
Λγn

. (74)

Hence, we have proven the bound in (61).
With the three bounds in (63), (66) and (74) we can control the integrand (59)-(61), and hence,

the integral given in (57) which proves the bound in (54).

Bound (55): As a next step we proceed with the bound of (55) where by using the pull-through
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formula we get

∣∣∣BP,n−1

∣∣∣

= g2

∣∣∣∣∣∣∣
2ℜ

∫ Λγn−1

Λγn
dkρ(k)2

〈
Q⊥P,n−1

1
HP,n−1 − EP,n−1

1
HP−k,n−1 + ω(k) − EP,n−1

Ψ̂P,n−1,Vi(P)Ψ̂P,n−1

〉∣∣∣∣∣∣∣

≤ g2C
∫ Λγn−1

Λγn
dk

1
k2

∥∥∥∥∥∥
1

HP,n−1 − EP,n−1
Q⊥P,n−1Vi(P)Ψ̂P,n−1

∥∥∥∥∥∥

≤ g2CΛγn−1(1− γ)

∥∥∥∥∥∥
1

HP,n−1 − EP,n−1
Q⊥P,n−1Vi(P)Ψ̂P,n−1

∥∥∥∥∥∥ . (75)

We shall now show that
∥∥∥∥∥∥

1
HP,n−1 − EP,n−1

Q⊥P,n−1Vi(P)Ψ̂P,n−1

∥∥∥∥∥∥ ≤ C
|g|1/2
Λγn

(76)

holds true, so that, by inserting this bound in (75), we get the desiredm-independent estimate in
(55).

In order to gain a certain power of|g| we re-expand the left-hand side of (76) backwards from
energy levelΛγn−1 toΞn−1, as defined in (40), with the help of Lemma4.3for anǫ, 0< ǫ ≤ 1

2, and
δ = 1− ǫ

2 which will be fixed later. We know that

•

∥∥∥∥∥∥
(

1
HP,Ξn−1−z

)1/2

gΦ|Ξn−1

Λγn−1

(
1

HP,Ξn−1−z

)1/2
∥∥∥∥∥∥Fn−1

≤ |g|δC for z ∈ ΓP,n−1 (see (41)),

• Ψ(Ξn−1)
P,n−1 andΨP,n−1 are two vectors belonging to the same ray with‖Ψ(Ξn−1)

P,n−1‖2 ≥ (1−O(|g|4δ))‖ΨP,Ξn−1‖2
(see (42)).

Thus, denoting the length of the contourΓP,n−1 by |ΓP,n−1|, we find for|g| sufficiently small

∥∥∥∥∥∥
1

HP,n−1 − EP,n−1
Q⊥P,n−1Vi(P)Ψ̂P,n−1

∥∥∥∥∥∥ =
∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,n−1Vi(P)Ψ̂(Ξn−1)
P,n−1

∥∥∥∥∥∥

≤ C

∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,n−1Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥

+C

∥∥∥∥∥∥
1

HP,n−1 − EP,n−1
Q⊥P,n−1

∥∥∥∥∥∥Fn−1

‖Vi(P)‖ |ΓP,n−1| sup
z∈ΓP,n−1

∞∑

j=1

∥∥∥∥∥∥
1

HP,Ξn−1 − z

[
−gφ∗|Ξn−1

Λγn−1

1
HP,Ξn−1 − z

] j

Ψ̂P,Ξn−1

∥∥∥∥∥∥

≤
∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,n−1Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ +C
|g|δ
Λγn

(77)

where we have used the bound in (41), the inequality in (46), and the gap estimate given in Theorem
3.6. Using the same ingredients, we estimate

∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,n−1Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ (78)
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by expanding the spectral projection on the right, i.e.,

(78) ≤
∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥

+C

∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

∥∥∥∥∥∥Fn−1

|ΓP,n−1| sup
z∈ΓP,n−1

∞∑

j=1

∥∥∥∥∥∥
1

HP,Ξn−1 − z

[
−gΦ|Ξn−1

Λγn−1

1
HP,Ξn−1 − z

] j∥∥∥∥∥∥Fn−1

‖Vi(P)‖

≤
∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ +C
|g|δ
Λγn

(79)

whereQ⊥P,Ξn−1
≡ Q⊥P,l , for somel ≤ N specified in (40). Next, we study

∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ (80)

by applying the resolvent formula

(80) ≤
∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥

+

∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,n−1 − EP,n−1

gφ∗|Ξn−1

Λγn−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ . (81)

In order to estimate (81) we make use of the following intermediate steps:

•
∥∥∥∥Q⊥P,n−1

(
1

HP,n−1−EP,n−1

)∥∥∥∥Fn−1

≤ C
Λγn ,

•
∥∥∥∥∥∥gφ

∗|Ξn−1

Λγn−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥

= |g|
(∫ Ξn−1

Λγn−1
dkρ(k)2

)1/2 ∥∥∥∥∥∥
1

HP,Ξn−1 − EP,n−1
Q⊥P,Ξn−1

Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥

≤ C|g|Ξn−1
1
Ξn−1

following from
∥∥∥∥∥∥Q
⊥
P,Ξn−1

1
HP,Ξn−1 − EP,n−1

∥∥∥∥∥∥F |Λ
Ξn−1

≤ C
Ξn−1

= C max
( gǫ

Λγn
;

1
Λ

)
(82)

that holds because of Theorem3.6and inequality (i) in Lemma3.1.

This implies

(80) ≤
∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ +C
|g|
Λγn

. (83)
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Next we consider ∥∥∥∥∥∥Q
⊥
P,n−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ (84)

and re-expand the first spectral projection. Hence, by using(41) and (82) we can conclude that

(84) ≤
∥∥∥∥∥∥Q
⊥
P,Ξn−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ +C
|g|δ
Λγn

. (85)

As a last step, for the first term on the right-hand side of (85) we have to regard two cases:

1. CaseΞn−1 < Λ. In this case we exploit
∥∥∥∥∥∥Q
⊥
P,Ξn−1

1
HP,Ξn−1 − EP,n−1

∥∥∥∥∥∥F |Λ
Ξn−1

≤ gǫC
Λγn

2. CaseΞn−1 = Λ. In this case we have

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1 =

Pi√
P2 +m2

Q⊥P,Ξn−1
Ψ̂P,Ξn−1 = 0.

For both cases the estimate
∥∥∥∥∥∥Q
⊥
P,Ξn−1

1
HP,Ξn−1 − EP,n−1

Q⊥P,Ξn−1
Vi(P)Ψ̂P,Ξn−1

∥∥∥∥∥∥ ≤
Cgǫ

Λγn

holds true.
Choosingǫ = 1

2 and collecting all the remainders the bound in (76) is seen to be true. Hence,
we have also proven the inequality in (55). This concludes the proof of the bound in (56). �

References

[1] S. Bachmann, D. -A Deckert, and A. Pizzo. The Mass Shell ofthe Nelson Model without
Cut-Offs. math-ph:1104.3271, April 2011.

[2] J. -P. Eckmann. A model with persistent vacuum.Communications in Mathematical Physics,
18(3):247–264, September 1970.

[3] Jürg Fröhlich. On the infrared problem in a model of scalar electrons and massless, scalar
bosons.Ann. Inst. H. Poincaré Sect. A (N.S.), 19:1–103, 1973.

[4] Jürg Fröhlich. Existence of Dressed One Electron Statesin a Class of Persistent Models.
Fortschritte der Physik, 22(3):159–198, 1974.

[5] Leonard Gross. Existence and uniqueness of physical ground states.Journal of Functional
Analysis, 10(1):52–109, May 1972.

[6] Christian Hainzl and Robert Seiringer. Mass renormalization and energy level shift in non-
relativistic QED.Adv. Theor. Math. Phys., 6(5):847–871 (2003), 2002.

29

A.4 Ultraviolet Properties of the Spinless, One-Particle Yukawa Model 195



[7] Fumio Hiroshima and Herbert Spohn. Mass renormalization in nonrelativistic quantum elec-
trodynamics.J. Math. Phys, 46, 042302, 2005.

[8] Martin Könenberg and Oliver Matte. The mass shell in the semi-relativistic Pauli-Fierz
model.arXiv:1204.5123, 2012.

[9] Elliott Lieb and Michael Loss. A bound on binding energies and mass renormalization in
models of quantum electrodynamics.J. Statist. Phys., 108, 5-6, pages 1057–1069, 2002.

[10] Elliott Lieb and Michael Loss. Self-Energy of Electrons in Non-Perturbative QED. In Walter
Thirring and Walter Thirring, editors,The Stability of Matter: From Atoms to Stars, pages
607–623. Springer Berlin Heidelberg, 2005.

[11] Vieri Mastropietro.Non-perturbative renormalization. World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2008.

[12] Alessandro Pizzo. One-particle (improper) States in Nelson’s Massless Model.Annales
Henri Poincare, 4(3):439–486, June 2003.

[13] Herbert Spohn.Dynamics of Charged Particles and their Radiation Field. Cambridge Uni-
versity Press, October 2004.

[14] Toshimitsu Takaesu. Ground States of the Yukawa modelswith Cutoffs. math-ph/0912.4951,
12 2009.

30

196 A Electronic reprints



ar
X

iv
:1

80
1.

04
84

3v
3 

 [
m

at
h-

ph
] 

 2
3 

Fe
b 

20
19

Relation between
the Resonance and the Scattering Matrix

in the massless Spin-Boson Model
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Abstract

We establish the precise relation between the integral kernel of the scattering
matrix and the resonance in the massless Spin-Boson model which describes the
interaction of a two-level quantum system with a second-quantized scalar field. For
this purpose, we derive an explicit formula for the two-body scattering matrix. We
impose an ultraviolet cut-off and assume a slightly less singular behavior of the boson
form factor of the relativistic scalar field but no infrared cut-off. The purpose of this
work is to bring together scattering and resonance theory and arrive at a similar
result as provided by Simon in [39], where it was shown that the singularities of the
meromorphic continuation of the integral kernel of the scattering matrix are located
precisely at the resonance energies. The corresponding problem has been open in
quantum field theory ever since. To the best of our knowledge, the presented formula
provides the first rigorous connection between resonance and scattering theory in
the sense of [39] in a model of quantum field theory.

1 Introduction
In this paper, we analyze the massless Spin-Boson model which is a non-trivial model
of quantum field theory. It can be seen as a model of a two-level atom interacting
with its second-quantized scalar field, and hence, provides a widely employed model
for quantum optics which gives insights into scattering processes between photons and
atoms. The unperturbed energies of the two-level atom shall be denoted by real numbers
0 = e0 < e1. It is well-known that after switching on the interaction with a massless
scalar field, which may induce transitions between the atom levels, the free ground state
energy e0 is shifted to the interacting ground state energy λ0 while the free excited state
with energy e1 turns into a resonance with complex “energy” λ1.
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One of the main mathematical difficulties in the study of the massless Spin-Boson
model is the absence of a spectral gap which does not allow a straight-forward application
of regular perturbation theory. Several techniques have been developed to overcome this
difficulty. There are two methods that rigorously address this problem: The so-called
renormalization group (see e.g. [8, 10, 9, 6, 11, 2, 26, 27, 38, 21, 15]) which was the
first one used to construct resonances in models of quantum field theory, and further-
more, the so-called multiscale method which was developed in [33, 34, 4, 5] and also
successfully applied in various models of quantum field theory. In both cases, a family
of spectrally dilated Hamiltonians is analyzed since this allows for complex eigenvalues.
Our work draws from the results obtained in a previous article [14] which is build on
the latter technique mentioned above. Beyond the construction, we obtained several
spectral estimates and analyticity properties in [14] which are crucial ingredients for this
work.

In addition to the resonance theory, also the scattering theory is well-established in
various models of quantum field theory, e.g., in [23, 22, 16, 25, 24], and in particular
in the massless Spin-Boson model, e.g., in [17, 18, 19, 20, 12]. The purpose of this
work is to bring these two well-developed fields together and to arrive at a similar
result as provided by Simon in [39]. Therein, it was shown that the singularities of
the meromorphic continuation of the integral kernel of the scattering matrix are located
precisely at the resonance energies. To the best of our knowledge, this question has not
yet been addressed in models of quantum field theory, which is most probably due to
the fact that quantum field models involve new subtleties as compared to the quantum
mechanical ones. These can however be addressed with the recently developed methods
of multiscale analysis and spectral renormalization (while we rely on the former in this
work). We provide a representation of the scattering matrix in terms of an expectation
value of the resolvent of a spectrally dilated Hamiltonian; see Theorem 2.2 below. The
relation of the scattering matrix and the resonance can then be read of this formula; see
Eqs. (2.3) and (2.4) below. Loosely put, our results imply that, for the photon momenta
|k′| in a neighborhood of Reλ1 − λ0, the leading order (in g for small g) of the integral
kernel of the transition matrix fulfills

|T (k, k′)|2 ∼ E2
1g

4

(|k′| + λ0 − Reλ1)2 + g4E2
1
, (1.1)

where we define

E1 := g−2 Imλ1, (1.2)

and it turns out that there are constant numbers EI < 0, a > 0 and a uniformly bounded
function ∆ ≡ ∆(g) such that E1 = EI + ga∆. Heuristically, for an experiment in which
a two-level atom is irradiated with monochromatic incoming light quanta of momentum
k′ ∈ R3, the relation (1.1) states that the intensity of the outgoing light quanta with
momentum k ∈ R3 is proportional to |T (k, k′)|2, which is given as a Lorentzian function
with maximum at |k′| = Reλ1 −λ0 and width 2 Im λ1. This relation is already found as
folklore knowledge in physics text-books. In this work we give a rigorous derivation in
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the model at hand. On the other hand, the relation between the imaginary value of the
resonance and the decay rate of the unstable excited state was established rigorously in
several articles [1, 29, 37, 13].

In [7], a rigorous mathematical justification of Bohr’s frequency condition is derived,
using an expansion of the scattering amplitudes with respect to powers the finestructur
constant for the Pauli-Fierz model. In particular, they calculate the leading order term
and provide an algorithm for computing the other terms. In [12], the photoelectric effect
is studied for a model of an atom with a single bound state, coupled to the quantized
electromagnetic field. In their work, they use similar techniques for estimating time
evolution as the ones presented in this manuscript.

1.1 The Spin-Boson model
In this section we introduce the considered model and state preliminary definitions and
well-known tools and facts from which we start our analysis. If the reader is already
familiar with the introductory Sections 1.1 until 1.2 of [14], these subsections can be
skipped. The notation is identical and these subsections are only given for the purpose
of self-containedness.

The non-interacting Spin-Boson Hamiltonian is defined as

H0 := K +Hf , K :=
(
e1 0
0 e0

)
, Hf :=

∫
d3k ω(k)a(k)∗a(k). (1.3)

We regard K as an idealized free Hamiltonian of a two-level atom. As already stated
in the introduction, its two energy levels are denoted by the real numbers 0 = e0 < e1.
Furthermore, Hf denotes the free Hamiltonian of a massless scalar field having dispersion
relation ω(k) = |k|, and a, a∗ are the annihilation and creation operators on the standard
Fock space which will be defined in (1.12) and (1.13) below. In the following we will
sometimes call K the atomic part, and Hf the free field part of the Hamiltonian. The
sum of the free two-level atom Hamiltonian K and the free field Hamiltonian Hf will
simply be referred to as the “free Hamiltonian” H0. The interaction term reads

V := σ1 ⊗ (a(f) + a(f)∗) , σ1 :=
(

0 1
1 0

)
, (1.4)

where the boson form factor is given by

f : R3 \ {0} → R, k 7→ e− k2
Λ2 |k|− 1

2 +µ. (1.5)

Note that the relativistic form factor of a scalar field should rather be f(k) = (2π)− 3
2 (2|k|)− 1

2 ,
which however renders the model ill-defined due to the fact that such an f would not
be square integrable. This is referred to as ultraviolet divergence. In our case, the gaus-
sian factor in (1.5) acts as an ultraviolet cut-off for Λ > 0 being the ultraviolet cut-off

3
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parameter and in addition the fixed number

µ ∈ (0, 1/2) (1.6)

implies a regularization of the infrared singularity at k = 0 which is a technical assump-
tion chosen for this work to keep the proofs more tractable. With additional work, one
can also treat the case µ = 0 with methods described in [3]. The missing factor of
2− 1

2 (2π)− 3
2 will be absorbed in the coupling constant g in our notation. Note that the

form factor f only depends on the radial part of k. To emphasize this, we often write
f(k) ≡ f(|k|).

The full Spin-Boson Hamiltonian is then defined as

H := H0 + gV (1.7)

for some coupling constant g > 0 on the Hilbert space

H := K ⊗ F [h] , K := C2, (1.8)

where

F [h] :=
∞⊕

n=0
Fn [h] , Fn [h] := h⊙n, h := L2(R3,C) (1.9)

denotes the standard bosonic Fock space, and superscript ⊙n denotes the n-th symmetric
tensor product, where by convention h⊙0 ≡ C. Note that we identify K ≡ K⊗ 1F [h] and
Hf ≡ 1K ⊗Hf in our notation (see Remark 1.2 below).

Due to the direct sum, an element Ψ ∈ F [h] can be represented as a family (ψ(n))n∈N0

of wave functions ψ(n) ∈ h⊙n. The state Ψ with ψ(0) = 1 and ψ(n) = 0 for all n ≥ 1 is
called the vacuum and is denoted by

Ω := (1, 0, 0, . . . ) ∈ F [h] . (1.10)

We define

F0 :=
{

Ψ = (ψ(n))n∈N0 ∈ F [h]
∣∣ ∃N ∈ N0 : ψ(n) = 0 ∀n ≥ N,∀n ∈ N : ψ(n) ∈ S(R3n,C)

}
,

(1.11)

where S(R3n,C) denotes the Schwartz space of infinitely differentiable functions with
rapid decay.

Then, for any h ∈ h, we define the operator a(h) : F0 → F0 by

(a(h)Ψ)(n) (k1, ..., kn) =
√
n+ 1

∫
d3k h(k)ψ(n+1)(k, k1, ..., kn) (1.12)

and a(h)Ω = 0. The operator a(h) is closable and, using a slight abuse of notation, we
denote its closure by the same symbol a(h) in the following. The operator a(h) is called

4
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the annihilation operator. The creation operator is defined as the adjoint of a(h) and
we denote it by a(h)∗. For Ψ = (ψ(n))n∈N0 ∈ F0, we find that

(a(h)∗Ψ)(n) (k1, ..., kn) = 1√
n

n∑

i=1
h(ki)ψ(n−1)(k1, ..., k̃i, ..., kn), (1.13)

where the notation ·̃ means that the corresponding variable is omitted.
Occasionally, we shall also use the physics notation and define the point-wise creation

and annihilation operators. The action of the latter in the n boson sector is to be
understood as:

(a(k)Ψ)(n) (k1, ..., kn) =
√
n+ 1ψ(n+1)(k, k1, ..., kn), (1.14)

for Ψ = (ψ(n))n∈N0 ∈ F0. The operator a(k) is not closable. The point-wise creation
operator a(k)∗ is only defined as a quadratic form on F0 in the following sense:

〈Φ, a(k)∗Ψ〉 = 〈a(k)Φ,Ψ〉 , ∀Φ,Ψ ∈ F0. (1.15)

Moreover, we define quadratic forms:

F0 × F0 → C, (Φ,Ψ) 7→
∫

d3k h(k) 〈Φ, a(k)Ψ〉 (1.16)

and

F0 × F0 → C, (Φ,Ψ) 7→
∫

d3k h(k) 〈Φ, a(k)∗Ψ〉 . (1.17)

It is not difficult to see that these quantities are equal to 〈Φ, a(h)Ψ〉 and 〈Φ, a(h)∗Ψ〉,
respectively. The point-wise creation operator a(k)∗ is not defined as an operator but,
formally, we can express it in the following way:

(a(k)∗Ψ)(n) (k1, ..., kn) = 1√
n

n∑

i=1
δ(3)(k − ki)ψ(n−1)(k1, ..., k̃i, ..., kn). (1.18)

This is the usual formula that physicists use. Here, δ denotes the Dirac’s delta tempered
distribution acting on the Schwartz space of test functions. Note that a and a∗ fulfill
the canonical commutation relations:

∀h, l ∈ h, [a(h), a∗(l)] = 〈h, l〉2 , [a(h), a(l)] = 0, [a∗(h), a∗(l)] = 0. (1.19)

Let us recall some well-known facts about the introduced model. Clearly, K is self-
adjoint on K and its spectrum consists of two eigenvalues e0 and e1. The corresponding
eigenvectors are

ϕ0 = (0, 1)T and ϕ1 = (1, 0)T with Kϕi = eiϕi, i = 0, 1. (1.20)

Moreover, Hf is self-adjoint on its natural domain D(Hf ) ⊂ F [h] and its spectrum
σ(Hf ) = [0,∞) is absolutely continuous (see [36]). Consequently, the spectrum of H0
is given by σ(H0) = [e0,∞), and e0, e1 are eigenvalues embedded in the absolutely
continuous part of the spectrum of H0 (see [35]).

Finally, also the self-adjointness of the full Hamiltonian H is well-known (see, e.g.,
[31]) and it can be shown using the standard estimate in Lemma A.1.
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Proposition 1.1. The operator gV is relatively bounded by H0 with infinitesimal bound
and, consequently, H is self-adjoint and bounded below on the domain

D(H) = D(H0) = K ⊗ D(Hf), (1.21)

i.e., there is a constant b ∈ R such that

b ≤ H. (1.22)

Remark 1.2. In this work we omit spelling out identity operators whenever unambigu-
ous. For every vector spaces V1, V2 and operators A1 and A2 defined on V1 and V2,
respectively, we identify

A1 ≡ A1 ⊗ 1V2, A2 ≡ 1V1 ⊗A2. (1.23)

In order to simplify our notation further, and whenever unambiguous, we do not utilize
specific notations for every inner product or norm that we employ.

1.2 Access to the resonance: Complex dilation
It is known (e.g., [31]) that the only eigenvalue in the spectrum of H is

λ0 := inf σ(H) (1.24)

while the rest of the spectrum is absolutely continuous. This implies that there is no
stable excited state in the massless Spin-Boson model. Heuristically, the reason for this
is that the atomic energy of the excited state e1 turns into what can be seen as a complex
“energy” λ1 with strictly negative imaginary part once the interaction is switched on (see
e.g. [4, 5]). This complex energy λ1 is referred to as resonance energy and its imaginary
part is responsible for the decay of the excited state (see e.g. [1, 29]).

Note that the ground state Ψλ0 of H corresponding to ground state energy λ0, i.e.,

HΨλ0 = λ0Ψλ0 , (1.25)

has already been constructed, e.g., in [31, Theorem 1], [28, Theorem 1] and [3, Theorem
3.5]. Since H on H is a self-adjoint operator, λ1 should rather be thought of as a complex
eigenvalue of H on a bigger space than H. This prevents us from being able to calculate
the resonance energy directly by regular perturbation theory on H. The standard way to
nevertheless get access to such a resonance without leaving the underlying Hilbert space
is the method of complex dilation which will be introduced next. We start by defining
a family of unitary operators on H indexed by θ ∈ R.

Definition 1.3. For θ ∈ R, we define the unitary transformation

uθ : h → h, ψ(k) 7→ e− 3θ
2 ψ(e−θk). (1.26)

Similarly, we define its canonical lift Uθ : F [h] → F [h] by the lift condition Uθa(h)∗U−1
θ =

a(uθh)∗, h ∈ h, and UθΩ = Ω. This defines Uθ uniquely up to a phase which we choose
to equal one. With slight abuse of notation, we also denote 1K ⊗ Uθ on H by the same
symbol Uθ.

6
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Thereby, we define the family of transformed Hamiltonians, for θ ∈ R,

Hθ := UθHU
−1
θ = K +Hθ

f + gV θ, (1.27)

where

Hθ
f :=

∫
d3k ωθ(k)a∗(k)a(k), V θ := σ1 ⊗

(
a(f θ) + a(f θ)∗

)
(1.28)

and

ωθ(k) := e−θ|k|, f θ : R3 \ {0} → R, k 7→ e−θ(1+µ)e−e2θ k2
Λ2 |k|− 1

2 +µ. (1.29)

Eqs. (1.29), (1.28) and the right hand side of Eq. (1.27) can be defined for complex θ. If
|θ| is small enough, K +Hθ

f + gV θ is a closed (non self-adjoint) operator. However, the
middle term in Eq. (1.27) is not necessarily correct because although Uθ can be defined
for complex θ, it turns out to be an unbounded operator, and UθHU

−1
θ might not be

densely defined.
We say that Ψ is an analytic vector if the map θ 7→ Ψθ := UθΨ has an analytic

continuation from an open connected set in the real line to a (connected) domain in
the complex plane. In general we will not specify their domains of analyticity (it will
be clear from the context). It is well-known that there is a dense set of entire vectors
(they are analytic in C). This result has been proven in a variety of similar models, for
example, in [4, 32]. For the sake of completeness, we provide a proof in Appendix B.
Furthermore, we define the open disc

D(x, r) := {z ∈ C : |z − x| < r} x ∈ C, r > 0, (1.30)

and note that for θ ∈ D(0, π/16) we have
∥∥∥V θ (H0 + 1)− 1

2
∥∥∥ ≤

∥∥∥f θ
∥∥∥

2
+ 2

∥∥∥f θ/
√
ω
∥∥∥

2
(1.31)

which is guaranteed by the standard estimate (A.4) given in Appendix A, since (1.29)
together with the special choice θ ∈ D(0, π/16) imply that f θ, f θ/

√
ω ∈ h. Hence, for

θ ∈ D(0, π/16) the operators Hθ are densely defined and closed. Moreover, the analytic
properties of this family of operators in g and θ are known:

Lemma 1.4. The family
{
Hθ
}

θ∈R
of unitary equivalent, self-adjoint operators with

D(Hθ) = D(H) extends to an analytic family of type A for θ ∈ D(0, π/16).

The above result was proven for the Pauli-Fierz model in [4, Theorem 4.4], and with
small effort that proof can be adapted to our setting.

Lemma 1.5. Let θ ∈ C. Then, σ(Hθ
0 ) =

{
ei + e−θr : r ≥ 0, i = 0, 1

}
.
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We provide a proof in Appendix B. For sufficiently small coupling constants and for
θ ∈ S, where S is the subset of the complex plane defined in Eq. (3.2) below, it has been
shown that Hθ has two non-degenerate eigenvalues λθ

0 and λθ
1 with corresponding rank

one projectors denoted by P θ
0 and P θ

1 , respectively; see, e.g., [14, Proposition 2.1]. Note
that there the θ-dependence was omitted in the notation. For convenience of the reader,
we make it explicit in this paper. The corresponding dilated eigenstates can, therefore,
be written as

Ψθ
λi

:= P θ
i ϕi ⊗ Ω, i = 0, 1, (1.32)

where the eigenstates ϕi of the free atomic system are given in (1.20), and Ω is the
bosonic vacuum defined in (1.10). In our notation Ψθ

λi
is not necessarily normalized.

We know from [14, Theorem 2.3] that the eigenvalues λθ
i are independent of θ as long

as θ belongs to the set S, and therefore, we suppress it in our notation writing λθ
i ≡ λi.

Note that this is not true for the eigenstates Ψθ
λi

. In [14] (as well as in Eq. (3.2) below)
we choose an open connected set S that does not include 0 (the imaginary parts of the
points in this set are bounded from below by a fixed positive constant). We chose such a
set in order to have a single set S for the cases i = 0 and i = 1, because we want to keep
our notation as simple as possible (otherwise a two cases formulation would propagate
all over our papers). However, the fact that 0 is not contained in S is only necessary
for the case i = 1 (the resonance - due to the self-adjointness of H the state Ψθ

λ1
can

not even exist for θ = 0). For the case i = 0 (the ground state) we can choose instead
a connected open set containing 0. In this set, it is still valid that λθ

0 does not depend
on θ and, therefore, it equals the ground state energy, and Ψθ=0

λ0 = Ψλ0 - as introduced
above. This is explained in [14, Remark 2.4].

1.3 Scattering theory
Finally, we give a short review of scattering theory which will be necessary to state the
main results in Section 2.

The first obstacle in formulating a scattering theory of a second-quantized system
lies in the definition of the wave operators. Unlike in first-quantized quantum theory,
where one defines the scattering operator to be S := Ω∗

+Ω− with the wave operators
Ω± given by the strong limits Ω± := s- lim

t→±∞
eitHe−itH0 , in quantum field theory, the

corresponding wave operators do not exist in a straight forward sense. Instead, one
establishes the existence of the asymptotic annihilation and creation operators first,
which can then be used to define the wave operators.

Definition 1.6 (Basic components of scattering theory). We denote the dense subspace
of compactly supported, smooth, and complex-valued functions on R3 \ {0} in h by

h0 := C∞
c (R3 \ {0},C) ⊂ h. (1.33)

Furthermore, we define the following objects:

8
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(i) For h ∈ h0 and Ψ ∈ K ⊗ D(H1/2
f ), the asymptotic annihilation operators

a±(h)Ψ := lim
t→±∞

at(h)Ψ, at(h) := eitHa(ht)e−itH , ht(k) := h(k)e−itω(k).

(1.34)

The existence of this limit is proven in Lemma 4.1 (i) below. Moreover, we define
the asymptotic creation operators a∗

±(h) as the respective adjoints.

(ii) The asymptotic Hilbert spaces

H± := K± ⊗ F [h] where K± := {Ψ ∈ H : a±(h)Ψ = 0 ∀h ∈ h0} . (1.35)

(iii) The wave operators

Ω± : H± → H (1.36)
Ω±Ψ ⊗ a∗(h1)...a∗(hn)Ω := a∗

±(h1)...a∗
±(hn)Ψ, h1, ..., hn ∈ h0, Ψ ∈ K±.

(iv) The scattering operator S := Ω∗
+Ω−.

The limit operators a± and a∗
± are called asymptotic outgoing/ingoing annihilation

and creation operators. The existence of the limits in (1.34), their properties, especially
that Ψλ0 ∈ K± and Ω± are well-defined, are well-known facts (see e.g. [23, 22, 16, 25, 24,
17, 18, 19, 20, 12]). For the convenience of the reader, Lemma 4.1 collects all relevant
facts and we provide simplified proofs for our setting in Appendix C. We can thus define
the following two-body scattering matrix coefficients:

S(h, l) = ‖Ψλ0‖−2 〈a∗
+(h)Ψλ0 , a

∗
−(l)Ψλ0

〉
, ∀h, l ∈ h0, (1.37)

where the factor ‖Ψλ0‖−2 appears due to the fact that, as already mentioned above, in
our notation, the ground state Ψλ0 is not necessarily normalized. In addition, it will be
convenient to work with the corresponding two-body transition matrix coefficients given
by

T (h, l) = S(h, l) − 〈h, l〉2 ∀h, l ∈ h0. (1.38)

These matrix coefficients carry a ready physical interpretation as transition amplitudes
of the scattering process in which an incoming boson with wave function l is scattered
at the two-level atom into an outgoing boson with wave function h. Notice that the
transition matrix coefficients of multi-photon processes can be defined likewise but in
this work we focus on one-photon processes only.

It has been shown in [31] that the spectrum of H contains only one eigenvalue λ0
(and it is non-degenerate), namely the ground state energy, and the rest of the spectrum
of H is absolutely continuous. In case that asymptotic completeness holds, i.e.

K± = Ran (χpp(H)) , (1.39)
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all one-boson processes are of the form (1.37). Here, Ran (χpp(H)) denotes the states
associated with pure points in the spectrum of H.

Asymptotic completeness has actually been proven in [17, 18, 19] for the Hamiltonian
H defined in (1.7), however, with coupling functions f ∈ C 3

c (R3 \ {0},C), i.e., the func-
tions that are three times continuously differentiable and have compact support. In our
case, we need an analytic continuation of our Hamiltonian in order to study resonances.
This implies that the coupling function f cannot be compactly supported (see (1.5)),
however it belongs to the Schwartz space. We expect asymptotic completeness also to
hold in our case, although our results do not depend on it.

2 Main result
We are now able to state our main results. The corresponding proofs will be provided in
Section 4 after we review a list of necessary results of a previous work [14] in Section 3.

First, we state a definition that we use for our main result

Definition 2.1. Using solid angles dΣ,dΣ′, we define, for all h, l ∈ h0,

G : R → C, r 7→ G(r) :=
{∫

dΣdΣ′ r4h(r,Σ)l(r,Σ′)f(r)2 for r ≥ 0
0 for r < 0.

(2.1)

We recall the definition E1 = g−2 Imλ1 given in (1.2). It follows from Eqs. (3.11)
and (3.12) below that E1 = EI + ga∆ where a > 0, ∆ ≡ ∆(g) is uniformly bounded and
EI < 0 is the constant defined in (3.11). This implies that

E1 ≤ −c < 0, (2.2)

for some constant c that does not depend on g (for small enough g).
Our main result provides a relation between the scattering matrix element and the

complex dilated resolvent of the Hamiltonian.

Theorem 2.2 (Scattering formula). There is a constant g > 0 such that for every
g ∈ (0,g], θ in the set S defined in (3.2) below, and for all h, l ∈ h0, the two-body
transition matrix coefficients are given by

T (h, l) =TP (h, l) +R(h, l), (2.3)

where

TP (h, l) :=4πig2 ‖Ψλ0‖−2
∫

dr G(r)
(

Reλ1 − λ0(
r + λ0 − λ1

)(
r − λ0 + λ1

)
)

(2.4)

=M
∫

dr G(r)
( E1g2
(
r + λ0 − Reλ1 − ig2E1

)(
r − λ0 + λ1

)
)
,

10
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and there is a constant C(h, l) (that does not depend on g) such that

|R(h, l)| ≤ C(h, l)g3| log g|. (2.5)

Here, we use the notation

M := 4πi(Re λ1 − λ0)E−1
1 ‖Ψλ0‖−2 . (2.6)

TP (h, l) is the leading term in terms of powers of g for small g, and R(h, l) is regarded
as the error term. This is justified by Remark 2.3 below.

Our proof permits us to find an explicit formula for the dependence of C(h, l) on h
and l, see Remark 4.16 below.

Remark 2.3. The scattering processes described by the transition matrix in (2.3) clearly
depend on the incoming and outgoing photon states, l and h. This is well understood from
the physics as well as the mathematics perspectives. For example, it can be read from
(2.1) that if l is supported in a ball of radius t and h is supported in its complement, then
the principal term TP (h, l) vanishes and only higher order terms (with respect to powers
of g) contribute to the scattering process. The quantity TP (h, l) is the only one that might
produce scattering processes of order g2 since the remainder is of order g3| log g|. If an
experiment is appropriately prepared, then such an scattering process will be observed and
the term describing this is TP (h, l). This justifies why we call it the leading order (or
principal) term. In Appendix D give an example of a large class of functions h and l that
make TP (h, l) larger or equal than a strictly positive constant times g2. In particular,
we prove that this happens when the corresponding function G is positive and strictly
positive at Reλ1 − λ0.

Remark 2.4. By Eqs. (2.4) and (2.1), we can express the principal term TP (h, l) in
terms of an integral kernel:

TP (h, l) =
∫

d3kd3k′ h(k)l(k′)δ(|k| − |k′|)TP (k, k′), (2.7)

where

TP (k, k′) = Mf(k)f(k′)
(

E1g2
(|k′| + λ0 − Reλ1 − ig2E1

)(|k′| − λ0 + λ1
)
)
. (2.8)

Eq. (2.7) is important, because it allows us to calculate the leading order of the scattering
cross section. It is proportional to the modulus squared of TP (k, k′):

|TP (k, k′)|2 =
(

|M |2|f(k)|2|f(k′)|2
||k′| − λ0 + λ1|2

)
E2

1g
4

(|k′| + λ0 − Reλ1)2 + g4E2
1
. (2.9)

For momenta |k′| in a neighborhood of Reλ1 −λ0, the behavior in the expression above is
dominated by the Lorentzian function. As expected, there is a maximum when the energy
of the incoming photons is close to the difference of the resonance and the ground state
energies of the system and the width of this peak is controlled by the imaginary part of
the resonance Im λ1.
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A.5 Relation between the Resonance and the Scattering Matrix in the massless Spin-Boson Model207



Note that the Dirac’s delta distribution in (2.7) is to be understood as the expression
in (2.4). Notice that (2.8) is not defined for k = 0 or k′ = 0. However, since we take
h, l ∈ C∞

c (R3 \ {0},C), the expression (2.7) is well-defined. Similar distribution kernels
in a related model have been studied in [12, 7].

Remark 2.5. In this work we denote by C any generic (indeterminate) constant that
might change from line to line. This constants do not depend on the coupling constant
and the auxiliary parameter n introduced in Section 3.2.

3 Known results on spectral properties and resolvent esti-
mates

In this section we present results about the spectrum of the dilated Spin-Boson Hamil-
tonian and resolvent estimates proven in our previous paper [14]. Here, we do not repeat
proofs but give precise references for them. We collect only properties and estimates for
the model under consideration that are necessary for the proofs of our main theorems.

Throughout this paper we address the case of small coupling, i.e., we assume the
coupling constant g to be sufficiently small. The restrictions on the coupling constant
only stem from the requirements needed to prove the results reviewed in this section,
i.e., the ones considered in [14]. We do not explicitly specify how small the coupling
constant must be but give precise references from which such bounds can be inferred.
This issue is addressed by the next definition:

Definition 3.1 (Coupling Constant). Throughout this work we assume that g ≤ g,
where 0 < g satisfies Definition 4.3 and Eq. (5.58) in [14], the Fermi-golden rule (see
Eqs. (3.12) and (3.13) below) and Eq. (3.28) below.

We denote the imaginary part of the dilation parameter θ by

ν := Im θ (3.1)

and assume that θ belongs to the set

S :=
{
θ ∈ C : −10−3 < Re θ < 10−3 and ν < Im θ < π/16

}
, (3.2)

where ν ∈ (0, π/16) is a fixed number (see [14, Definition 1.4]).

3.1 Spectral estimates
We know from [14, Proposition 2.1] that the Hamiltonian Hθ has two eigenvalues λ0
and λ1 in small neighborhoods of e0 and e1, respectively. Loosely put, e0 turns into the
ground state λ0 and e1 tuns into the resonance λ1 once the interaction is tuned on. Both
λ0 and λ1 do not depend on θ provided that θ ∈ S and in the case of λ0 we can take θ
in a neighborhood of 0 and, therefore, infer that λ0 is real and gives the ground state
energy. This is proven in [14, Theorem 2.3] and [14, Remark 2.4].

12
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In [14, Theorem 2.7], we give a very sharp estimation of the location of the spectrum
of Hθ. We prove, among other things that, locally, in neighborhoods of λ0 and λ1, its
spectrum is contained in cones with vertices at λ0 and λ1. To make this statement more
precise we need to introduce some more concepts and notation. There are two auxiliary
parameters that play an important role in our constructions:

ρ0 ∈ (0, 1), ρ ∈ (0,min e1/4), (3.3)

which also satisfy the conditions in (3.31) below. In order to specify the spectral prop-
erties of Hθ we define some regions in the complex plane:

Definition 3.2. For fixed θ ∈ S, we set δ = e1 − e0 = e1 and define the regions

A : = A1 ∪A2 ∪A3, (3.4)

where

A1 : = {z ∈ C : Re z < e0 − δ/2} (3.5)

A2 : =
{
z ∈ C : Im z >

1
8δ sin(ν)

}
(3.6)

A3 : = {z ∈ C : Re z > e1 + δ/2, Im z ≥ − sin(ν/2) (Re(z) − (e1 + δ/2))} , (3.7)

and for i = 0, 1, we define

B
(1)
i :=

{
z ∈ C : | Re z − ei| ≤ 1

2δ,−
1
2ρ1 sin(ν) ≤ Im z ≤ 1

8δ sin(ν)
}
. (3.8)

These regions are depicted in Figure 1.

Figure 1: An illustration of the subsets of the complex plane introduced in Definition
3.2.

For a fixed m ∈ N, m ≥ 4, we define the cone

Cm(z) :=
{
z + xe−iα : x ≥ 0, |α− ν| ≤ ν/m

}
. (3.9)
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It follows from the induction scheme in [14, Section 4] that λi ∈ B
(1)
i , and moreover, [14,

Theorem 2.7] together with [14, Lemma 3.13] yields

σ(Hθ) ⊂ C \
[
A ∪ (B(1)

0 \ Cm(λ0)
) ∪ (B(1)

1 \ Cm(λ1)
)]
. (3.10)

As we mention above, we have λ0 ∈ R. The imaginary part of λ1 can be also estimated
(see [14, Remark 2.2] – Fermi golden rule): Recalling (1.5), we define

EI := −4π2(e1 − e0)2|f(e1 − e0)|2. (3.11)

Then, for g small enough, there are constants C, a > 0 such that
∣∣∣Im λ1 − g2EI

∣∣∣ ≤ g2+aC. (3.12)

This implies that, for g small enough, there is constant c > 0 such that

Imλ1 < −g2c < 0. (3.13)

3.2 Auxiliary (infrared cut-off) Hamiltonians
Some of the bounds in Section 4 employ a certain approximation of the Hamiltonian Hθ

by Hamiltonians with infrared cut-offs. The strategy will be the following: A mathemat-
ical expression that depends on Hθ is replaced by a corresponding one that depends on a
particular infrared cut-off Hamiltonian. We then analyze the infrared cut-off expression
and estimate the difference between both expressions. The construction of a sequence
of infrared cut-off Hamiltonians (H(n),θ) such that, as n tends to infinity, the cut-off is
removed is called multiscale analysis. In [14], we present the full details of this method
and derive several results. Here, we only use some of those results and only present the
notation necessary to review this part of [14]. The infrared cut-off Hamiltonians H(n),θ

are parametrized by a sequence of numbers (see also (3.3) and (3.31))

ρn := ρ0ρ
n, (3.14)

where the Hamiltonians H(n),θ are defined by

H(n),θ : = K +H
(n),θ
f + gV (n),θ =: H(n),θ

0 + gV (n),θ (3.15)

H
(n),θ
f : =

∫

R3\Bρn

d3k ωθ(k)a∗(k)a(k), ωθ(k) = e−θ|k| (3.16)

V (n),θ : = σ1 ⊗
∫

R3\Bρn

d3k
(
f θ(k)a(k) + f θ(k)a∗(k)

)
, (3.17)

f θ :R3 \ {0} → R, k 7→ e−θ(1+µ)e−e2θ k2
Λ2 |k|− 1

2 +µ, (3.18)

on the Hilbert space

H(n) := K ⊗ F [h(n)], h(n) := L2(R3 \ Bρn ,C), Bρn :=
{
x ∈ R3 : |x| < ρn

}
. (3.19)
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Additionally, we define

H̃(n),θ := Hθ
0 + gV (n),θ (3.20)

and fix the Hilbert spaces

h(n,∞) := L2(Bρn) and F [h(n,∞)], (3.21)

defined as in (1.9) with h(n,∞) instead of h, with vacuum states Ω(n,∞) and corresponding
orthogonal projections PΩ(n,∞) . Note that H ≡ H(n) ⊗ F [h(n,∞)].

In [14, Proposition 2.1] and [14, Theorem 4.5], we prove that, for each n ∈ N, H(n),θ

has isolated eigenvalues λ(n)
i in certain neighborhoods of ei, for i ∈ {0, 1}, respectively.

The fact that these eigenvalues are isolated permits us to define their corresponding
Riesz projections which are denoted by

P
(n)
i ≡ P

(n),θ
i . (3.22)

In [14, Proposition 2.1], we prove that this sequence of projections converges to the
projection associated to the eigenvalue λi, i.e.,

P θ
i ≡ Pi = lim

n→∞P
(n),θ
i ⊗ PΩ(n,∞) , (3.23)

and that the latter is analytic with respect to θ (see [14, Theorem 2.3]). Furthermore,
it follows from [14, Remark 5.11] that

∥∥∥P θ
i − P

(n),θ
i ⊗ PΩ(n,∞)

∥∥∥ ≤ 2g
ρ
ρµ/2

n ≤ ρµ/2
n . (3.24)

This together with [14, Lemma 3.6] implies that there is a constant C such that
∥∥∥P θ

i − Pϕi ⊗ PΩ
∥∥∥ ≤ Cg, (3.25)

and in addition, we know from [14, Lemma 4.7] that
∥∥∥P (n),θ

i

∥∥∥ ≤ 3, (3.26)

for every n ∈ N. Finally, [14, Lemma 5.1] yields that for all n ∈ N

|λi − λ
(n)
i | ≤ 2gρ1+µ/2

n . (3.27)

This together with [14, Lemma 3.10], which states that there is a constant C such that
|ei − λ

(1)
i | < Cg, proves that there is a constant C such that, for every n ∈ N and for g

sufficiently small, we have

|λ(n)
i − ei| ≤ Cg ≤ 10−3e1, |λi − ei| ≤ Cg ≤ 10−3e1. (3.28)
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3.3 Resolvent estimates
In [14], we derive bounds for the resolvent of Hθ in

[
A∪(B(1)

0 \Cm(λ0)
)∪(B(1)

1 \Cm(λ1)
)]

,
see (3.10). The region A is far away from the spectrum, and therefore, resolvent estimates
in this region are easy. In [14, Theorem 3.2], we prove that there is a constant C such
that

∥∥∥ 1
Hθ − z

∥∥∥ ≤ C
1

|z − e1| , ∀z ∈ A. (3.29)

Resolvent estimates in the regions B(1)
0 \ Cm(λ0) and B(1)

1 \ Cm(λ1) are much more com-
plicated because these regions share boundaries with the spectrum.

In [14, Theorem 5.5], we prove that, for i ∈ {0, 1}, B(1)
i \ Cm

(
λ

(n)
i + (1/4)ρne

−iν
)

\
{λ(n)

i } is contained in the resolvent set of H(n),θ and that there is a constant C such
that

∥∥∥∥
1

H(n),θ − z
P

(n),θ
i

∥∥∥∥ ≤ Cn+1 1
dist(z, Cm(λ(n)

i + (1/4)ρne−iν))
, (3.30)

for every z ∈ B
(1)
i \Cm

(
λ

(n)
i + (1/4)ρne

−iν
)
, where P (n),θ

i = 1−P
(n),θ
i . Here, the symbol

dist denotes the Euclidean distance in C. In [14], we select the auxiliary numbers ρ and ρ0
satisfying C8ρµ

0 ≤ 1, and C4ρµ ≤ 1/4. In this paper we assume the stronger conditions

C8ρµ
0 ≤ 1, C8ρµ ≤ 1/4, (and hence Cρ

1
2 ι(1+µ/4) ≤ 1), (3.31)

where

ι = µ/4
(1 + µ/4) ∈ (0, 1). (3.32)

The constant C is larger that 106, it is specified in Definition 4.1 and Eq. (5.58) in
[14], however, its precise form is not relevant in this paper (in [14], we do not intend to
calculate optimal constants, because this would make the work harder to read). From
the inequalities above and Eq. (3.3) we obtain that, for very n ∈ N:

ρn ≤ 10−6e1. (3.33)

Finally, we prove in [14, Theorem 5.9] that the set ∈ B
(1)
i \ Cm(λ(n)

i − e−iνρ
1+µ/4
n ) is

contained in the resolvent set of both Hθ and H̃(n),θ and for all z in this set there is a
constant C such that:

∥∥∥∥
1

Hθ − z
− 1
H̃(n),θ − z

∥∥∥∥ ≤ gCC2n+2 1
ρn
ρ

µ
2
n ≤ gC

1
ρn
ρ

µ
4
n , (3.34)

where we use (3.31). Notice that Eq. (3.30) implies that there is a constant C such that
∥∥∥∥

1
H(n),θ − z

P
(n),θ
i

∥∥∥∥ ≤ CCn+1 1
ρn
, (3.35)
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for every z ∈ B
(1)
i \Cm(λ(n)

i ). Moreover, [14, Theorem 2.6] implies that there is a constant
C such that

∥∥∥∥
1

Hθ − z

∥∥∥∥ ≤ CCn+1 1
ρ

1+µ/4
n

, (3.36)

for every z ∈ B
(1)
i \ Cm(λ(n)

i − ρ
1+µ/4
n e−iν) and

∥∥∥∥
1

Hθ − z

∥∥∥∥ ≤ CCn+1 1
dist

(
z, Cm(λi

) , (3.37)

for every z ∈ B
(1)
i \ Cm(λi − 2ρ1+µ/4

n e−iν).

4 Proof of the main result
In the remainder of this work we provide the proofs of the main result Theorem 2.2. This
section has three parts: In Section 4.1, we derive a preliminary formula for the scattering
matrix coefficients (see Theorem 4.3 below). This formula together with several technical
ingredients provided in Sections 4.2 and 4.3 will pave the way for the proofs of the main
results given in Section 4.4.

4.1 Preliminary scattering formula
In Theorem 4.3 below we derive a preliminary formula for scattering processes with one
incoming and outgoing asymptotic photon. A related formula was already employed in
[30]. In order to derive it rigorously we need several properties of the asymptotic creation
and annihilation operators. The necessary properties are collected in Lemma 4.1. They
have already been proven for a range of models in several works [23, 22, 16, 25, 24,
17, 18, 19, 20, 12]. For convenience of the reader we provide a self-contained proof of
Lemma 4.1 in the Appendix C.

Lemma 4.1. Let Ψ ∈ K ⊗D(H1/2
f ) and h, l ∈ h0. The asymptotic creation and annihi-

lation operators a∗
±, a± defined in Definition 1.6 have the following properties:

(i) The limits a#
±(h)Ψ = limt→±∞ a#

t (h)Ψ exist, where a# stands for a or a∗.

(ii) The next equalities holds true:

a+(h)Ψ = a(h)Ψ − ig

∫ ∞

0
ds eisH〈hs, f〉2 σ1e

−isHΨ, (4.1)

a−(h)Ψ = a(h)Ψ + ig

∫ 0

−∞
ds eisH〈hs, f〉2 σ1e

−isHΨ. (4.2)

We point out to the reader that the integrals above are convergent since it can
be shown by integration by parts that there is constant C such that |〈hs, f〉2| ≤
C/(1 + s2) for s ∈ R (see (C.7) below).
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(iii) The following pull-through formula holds true:

e−isHa−(h)∗Ψ = a−(hs)∗e−isHΨ. (4.3)

(iv) The equality a±(h)Ψλ0 = 0 holds true, i.e., Ψλ0 ∈ K±.

(v) The following commutation relation holds: 〈a±(h)∗Ψλ0 , a±(l)∗Ψλ0〉 = 〈h, l〉2‖Ψλ0‖2.

(vi) There is a finite constant C(h) > 0 such that for all t ∈ R
∥∥∥at(h)∗(Hf + 1)− 1

2
∥∥∥ ,
∥∥∥at(h)(Hf + 1)− 1

2
∥∥∥ ≤ C(h). (4.4)

Definition 4.2. Let S(R,C) denote the Schwartz space of functions with rapid decay.
For all u ∈ S(R,C), we define the Fourier transform of a function and its inverse

F[u](x) :=
∫

R
ds u(s)e−isx, F−1[u](x) := (2π)−1

∫

R
ds u(s)eisx. (4.5)

Note the factor (2π)−1 which is not the normalization factor of the standard definition
of the inverse Fourier transform. However, it is convenient in our setting (see e.g. [35]).

Theorem 4.3 (Preliminary Scattering Formula). For h, l ∈ h0, the two-body transition
matrix coefficient T (h, l) defined in (1.38) fulfills

T (h, l) = lim
t→−∞

∫
d3kd3k′ h(k)l(k′)δ(ω(k) − ω(k′))Tt(k, k′) (4.6)

for the integral kernel

Tt(k, k′) = −2πigf(k) ‖Ψλ0‖−2 〈σ1Ψλ0, at(k′)∗Ψλ0〉. (4.7)

The integral in (4.6) is to be understood as

T (h, l) = −2πig ‖Ψλ0‖−2
〈
σ1Ψλ0, a−(W )∗Ψλ0

〉
(4.8)

for W ∈ h0 given by

R3 ∋ k 7→ W (k) := |k|2l(k)
∫

dΣh(|k|,Σ)f(|k|,Σ) (4.9)

using spherical coordinates k = (|k|,Σ) with Σ being the solid angle.

Proof. Let h, l ∈ h0. Thanks to Lemma 4.1 (i) and the fact that the ground state Ψλ0

lies in D(H) = K ⊗ D(Hf ), c.f. [31, Theorem 1] and Proposition 1.1, the transmission
matrix coefficient given in (1.38), i.e.,

T (h, l) = S(h, l) − 〈h, l〉2 = ‖Ψλ0‖−2 〈a+(h)∗Ψλ0, a−(l)∗Ψλ0〉 − 〈h, l〉2 (4.10)

18

214 A Electronic reprints



is well-defined. Lemma 4.1 (iv) and (v) implies that

(4.10) = ‖Ψλ0‖−2 〈[a+(h)∗ − a−(h)∗]Ψλ0 , a−(l)∗Ψλ0〉. (4.11)

Using Lemma 4.1 (ii), we obtain

(4.10) = −ig ‖Ψλ0‖−2
∫ ∞

−∞
ds〈Ψλ0, e

isHσ1e
−isHa−(l)∗Ψλ0〉〈hs, f〉2. (4.12)

Finally, we use Lemma 4.1 (iii) to get

(4.10) = −ig ‖Ψλ0‖−2
∫ ∞

−∞
ds
〈
e−isHΨλ0 , σ1a−(ls)∗e−isHΨλ0

〉
〈hs, f〉2

= −ig ‖Ψλ0‖−2
∫ ∞

−∞
ds 〈σ1Ψλ0 , a−(ls)∗Ψλ0〉 〈hs, f〉2. (4.13)

We insert the definition of the asymptotic creation operator in (1.34) to find

(4.10) = −ig ‖Ψλ0‖−2
∫ ∞

−∞
ds lim

t→−∞
〈σ1Ψλ0 , at(ls)∗Ψλ0〉 〈hs, f〉2. (4.14)

Next, it is possible to interchange the ds integral and the limit t → −∞. This can be
seen as follows. A two-fold partial integration implies that there is a constant C such
that, for all s ∈ R, we get

|〈hs, f〉2| ≤ C
1

1 + |s|2 . (4.15)

By applying Lemma 4.1 (vi), we infer that there is a finite constant C(4.16)(l) > 0 such
that for all s ∈ R

|〈σ1Ψλ0, at(ls)∗Ψλ0〉| ≤ ‖σ1Ψλ0‖ ‖at(ls)∗(Hf + 1)− 1
2 ‖ ‖(Hf + 1) 1

2 Ψλ0‖
≤ C(4.16)(l)‖Ψλ0‖‖Ψλ0‖Hf

(4.16)

holds true. Both estimates, (4.15) and (4.16), give an integrable bound of the ds-
integrand in (4.14) that is uniform in t. Hence, by dominated convergence, we have
the equality

(4.10) = −ig ‖Ψλ0‖−2 lim
t→−∞

∫ ∞

−∞
ds 〈σ1Ψλ0 , at(ls)∗Ψλ0〉 〈hs, f〉2

= −ig ‖Ψλ0‖−2 lim
t→−∞

e−itλ0
∫ ∞

−∞
ds
〈
e−itHσ1Ψλ0, a(ls+t)∗Ψλ0

〉
〈hs, f〉2, (4.17)

where in the last step we have inserted definition (1.34) and exploited the ground state
property (1.25).

In order to rewrite this integral in form of (4.6)-(4.7), or more precisely, (4.8)-(4.9),
we shall use the following approximation argument. Let

H0 := K ⊗ Ffin[h0] (4.18)
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be the set of states with only finitely many bosons, i.e.,

Ffin[h0] :=
{

Ψ = (ψ(n))n∈N0 ∈ F [h]
∣∣ ∃N ∈ N0 :ψ(n) = 0 ∀n ≥ N, (4.19)

∀n ∈ N : ψ(n) ∈ C∞
c (R3n \ {0},C)

}
.

Note that H0 is a dense subset of H with respect to the norm in H and it is dense
in the domain of Hf with respect to the graph norm of the operator Hf defined by
‖·‖Hf

:= ‖Hf ·‖ + ‖·‖. Hence, for t ∈ R, there are sequences (Ψm)m∈N, (Φt
m)m∈N in H0

with ‖Ψm − Ψλ0‖Hf
→ 0, as m → ∞, and

∥∥∥Φt
m − e−itHσ1Ψλ0

∥∥∥ → 0, as m → ∞. Then,
Lemma A.1, applied in the same fashion as in (4.16), implies that

lim
m→∞

〈
Φt

m, a(ls+t)∗Ψm

〉
=
〈
e−itHσ1Ψλ0, a(ls+t)∗Ψλ0

〉
, (4.20)

uniformly in s. Thanks to the bound (4.15), we may apply dominated convergence
theorem to conclude that

lim
m→∞

∫ ∞

−∞
ds
〈

Φt
m, a(ls+t)∗Ψm

〉
〈hs, f〉2 =

∫ ∞

−∞
ds
〈
e−itHσ1Ψλ0 , a(ls+t)∗Ψλ0

〉
〈hs, f〉2.

(4.21)

Now, we study the integrals in the left hand side of Eq. (4.21). The advantage of the
sequences (Ψm)m∈N, (Φt

m)m∈N is that they allow to use point-wise annihilation operators
in the following manner:
∫ ∞

−∞
ds
〈
Φt

m, a(ls+t)∗Ψm

〉
〈hs, f〉2 (4.22)

=
∫ ∞

−∞
ds
∫
d3k′e−isω(k′)e−itω(k′)l(k′)

〈
a(k′)Φt

m,Ψm

〉 ∫
d3k h(k)f(k)eisω(k)

=
∫ ∞

−∞
ds
[( ∫ ∞

−∞
dr eisrΘ(r)u(r)

)( ∫ ∞

−∞
dr′ e−isr′Θ(r′)vt

m(r′)
)]
,

where Θ is the Heaviside function and we use spherical coordinates and the abbreviations

u(r) := r2
∫

dΣh(r,Σ)f(r,Σ) and vt
m(r′) := e−itr′

r′2
∫

dΣ′ l(r′,Σ′)
〈
a(r′,Σ′)Φt

m,Ψm

〉
.

By definition, vt
m and u belong to C∞

c (R \ {0}) so that the integrals with respect to r
and r′ above can be regarded as Fourier transform, introduced in Definition 4.2, i.e.,

(4.22) =
∫ ∞

−∞
dsF

[
Θu
]
(s)F

[
Θvt

m

]
(s) (4.23)

holds true. Plancherel’s identity yields for all t ∈ R

(4.22) = 2π
∫ ∞

−∞
dr′ ΘuΘvt

m(r′)

= 2π
∫ ∞

0
dr′ r′2

∫
dΣh(r′,Σ)f(r′,Σ)e−itr′

r′2
∫

dΣ′ l(r′,Σ′)
〈
a(r′,Σ′)Φt

m,Ψm

〉

= 2π
〈
a(Wt)Φt

m,Ψm

〉
= 2π

〈
Φt

m, a(Wt)∗Ψm

〉
(4.24)
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where we have used the definition of W in (4.9) and the definition (1.34), in particular,
the notation Wt(k) = W (k)e−itω(k). Using Lemma A.1, applied in the same fashion as
in (4.16), allows to carry out the limit m → ∞ which results in

(4.21) = lim
m→∞ (4.24) = 2π

〈
e−itHσ1Ψλ0, a(Wt)∗Ψλ0

〉
. (4.25)

This together with (4.17) and Lemma 4.1 guarantees

(4.10) = −ig ‖Ψλ0‖−2 lim
t→−∞

e−itλ02π
〈
e−itHσ1Ψλ0 , a(Wt)∗Ψλ0

〉
(4.26)

= −2πig ‖Ψλ0‖−2 lim
t→−∞

〈σ1Ψλ0, at(W )∗Ψλ0〉 (4.27)

= −2πig ‖Ψλ0‖−2 〈σ1Ψλ0 , a−(W )∗Ψλ0〉 , (4.28)

which concludes the proof.

4.2 Technical ingredients
Here, we derive some technical results which will be applied in the proof of the main
results in Section 4.4. The statements in this section will mostly be formulated without
motivation, however, their importance will become clear later in the proofs of the main
results.

4.2.1 General results

Lemma 4.4. For n ∈ N and θ ∈ S, we have

P
(n),θ
0 σ1P

(n),θ
0 = 0. (4.29)

The statement has already been proven in [3, Lemma 2.1].
Next, we prove a representation formula of the evolution operator similar to the

Laplace transform representation (see, e.g., [4]).

Lemma 4.5. For ǫ > 0 and sufficiently large R > 0, we consider the concatenated
contour Γ(ǫ,R) := Γ−(ǫ,R) ∪ Γc(ǫ) ∪ Γd(R) (see Figure 2), where

Γ−(ǫ,R) := [−R,λ0 − ǫ] ∪ [λ0 + ǫ,R],

Γd(R) :=
{

−R− uei ν
4 : u ≥ 0

}
∪
{
R+ ue−i ν

4 : u ≥ 0
}
,

Γc(ǫ) :=
{
λ0 − ǫe−it : t ∈ [0, π]

}
. (4.30)

The orientations of the contours in (4.30) are given by the arrows depicted in Figure 2.
Then, for all analytic vectors φ,ψ ∈ H (analytic in a – connected – domain containing
0) and t > 0 the following identity holds true:

〈
φ, e−itHψ

〉
= 1

2πi

∫

Γ(ǫ,R)
dz e−itz

〈
ψθ,

(
Hθ − z

)−1
φθ
〉
. (4.31)
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Figure 2: An illustration of the contour Γ(ǫ,R) := Γ−(ǫ,R) ∪ Γc(ǫ) ∪ Γd(R).

Proof. Let t > 0 and ǫ > 0. We define a contour Γ̂(ǫ) := R + iǫ with a mathematical
negative orientation if the contour were closed in the lower complex plane. As an appli-
cation of the residue theorem closing the contour in the lower complex plane, we observe
for all E ∈ R

1
2πi

∫

Γ̂(ǫ)
dz e−itz

it(E − z)2 = e−itE (4.32)

holds true. Thanks to the spectral theorem we may write for all ψ ∈ H
〈
ψ, e−itHψ

〉
=
∫

σ(H)
〈ψ,dPEψ〉 e−itE = 1

2πi

∫

σ(H)

∫

Γ̂(ǫ)
dz 〈ψ, dPEψ〉 e−itz

it(E − z)2 .

(4.33)

Next, we may interchange the order of the integrals by the Fubini-Tonelli Theorem since
the following integral is finite:
∫

σ(H)
〈ψ, dPEψ〉

∫

Γ̂(ǫ)
dz
∣∣∣∣∣

e−itz

it(E − z)2

∣∣∣∣∣ ≤ etǫ

t

∫

σ(H)
〈ψ, dPEψ〉

∫ ∞

−∞
dx |x− iǫ|−2 < ∞.

(4.34)

Hence, after the interchange we may apply the spectral theorem again to find

(4.33) = 1
2πi

∫

Γ̂(ǫ)
dz
∫

σ(H)
〈ψ, dPEψ〉 e−itz

it(E − z)2 = 1
2πi

∫

Γ̂(ǫ)
dz e

−itz

it

〈
ψ,

1
(H − z)2ψ

〉
.

(4.35)

Exploiting the polarization identities we recover for all ψ, φ ∈ H the identity
〈
ψ, e−itHφ

〉
= 1

2πi

∫

Γ̂(ǫ)
dz e

−itz

it

〈
ψ,

1
(H − z)2φ

〉
. (4.36)

The fact that the family Hθ is an analytic family of type A implies that the operator
valued function

θ 7→ 1
Hθ − z

(4.37)
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is analytic for all z in the resolvent set of Hθ. A detailed and self-contained exposition
of this topic is presented in [14, Section 7]. It is straight forward to prove that for real θ

1
Hθ − z

= U θ 1
H − z

(U θ)−1. (4.38)

For complex θ, however, this expression is not necessarily correct (due to a problem of
domains of unbounded operators). Nevertheless, Eqs. (4.37) and (4.38) imply that the
function

θ 7→
〈
ψθ,

1
(Hθ − z)2φ

θ
〉
, (4.39)

where φθ = U θφ, ψθ = U θψ, is analytic and it coincides with
〈
ψ, 1

(H−z)2φ
〉

for real θ,
because in this case U θ is unitary. Hence, we conclude that

〈
ψθ,

1
(Hθ − z)2φ

θ
〉

=
〈
ψ,

1
(H − z)2φ

〉
(4.40)

for every θ in a connected (open) domain containing 0 such that (4.39) is analytic in
this domain. We obtain:

(4.36) = 1
2πi

∫

Γ̂(ǫ)
dz e

−itz

it

〈
ψθ,

1
(Hθ − z)2φ

θ
〉

(4.41)

Eqs. (3.10) and (3.13) imply that the only spectral point of Hθ on the real line is λθ
0 and

all other spectral points have strictly negative imaginary part. Therefore, the operator
valued function

A ∪ C+ ∋ z 7→ 1
Hθ − z

, (4.42)

where C+ = {x + iy|x ∈ R, y > 0}, is analytic. Moreover, for R ≥ e1 + δ = 2e1, Γd(R)
is contained in the region A, and hence, it follows from (3.29) that there is a constant
C such that

∥∥∥∥
1

Hθ − z

∥∥∥∥ ≤ C

|z − e1| ∀z ∈ Γd. (4.43)

Due to the analyticity, we may deform the integration contour from Γ̂(ǫ) to Γ(ǫ,R) which
gives:

(4.41) = 1
2πi

∫

Γ(ǫ,R)
dz e

−itz

it

〈
ψθ,

1
(Hθ − z)2φ

θ
〉
. (4.44)

Now we observe that the integrand on the right-hand side features an exponential decay
for large | Re z| thanks to the factor e−itz in the integrand and the definition of Γd(ǫ,R).
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In particular, the decay in |z| provided by the resolvent, i.e., bound (4.43), is not neces-
sary anymore to make the integral converge. We may therefore perform an integration
by parts. Note that, for z in A ∪ C+, we have

d

dz

〈
ψθ,

1
(Hθ − z)φ

θ
〉

=
〈
ψθ,

1
(Hθ − z)2φ

θ
〉

(4.45)

which is implied by the resolvent identity
〈
ψθ,

1
(Hθ − (z + u))φ

θ
〉

−
〈
ψθ,

1
(Hθ − z)φ

θ
〉

=
〈
ψθ,

1
(Hθ − (z + u))u

1
(Hθ − z)φ

θ
〉
.

(4.46)

Moreover, the boundary terms of the partial integration resulting from the piece-wise
concatenation of contours, i.e., Γ(ǫ,R) = Γ−(ǫ,R) ∪ Γc(ǫ) ∪ Γd(R), cancel and the ones
at | Re z| → ∞ vanish because of the exponential decay. In conclusion, the identity

(4.41) = 1
2πi

∫

Γ(ǫ,R)
dz e−itz

〈
ψθ,

1
Hθ − z

φθ
〉

(4.47)

holds true which proves the claim.

4.3 Key ingredients
The next definition is motivated by a simple geometric argument which we give in the
following for the convenience of the reader: take a cone of the form Cm(λ(n)

0 − xe−iν),
x > 0, where m is a fixed (arbitrary) number greater or equal than 4. Although m is
arbitrary, our estimates and constants depend on it. The distance between the vertex of
the cone and the intersection of the line λ(n)

0 − ix sin(ν) + R with the cone is
√( 2x sin(ν)

tan
(
(1 − 1/m)ν

)
)2

+ (2x sin(ν))2 ≤ 4x sin(ν)
sin
(
(1 − 1/m)ν

) ≤ 8x.

To obtain the last inequality we use the sum of angles formula for sin(ν), writing ν =
(ν − ν/m) + ν/m. Then, we have that the distance between λ

(n)
0 and the line segment

described above is smaller than 8x.
Definition 4.6. For every n ∈ N, we define

ǫn := 20ρ1+µ/4
n . (4.48)

It follows from (3.33) and (3.28) that for every n ∈ N

D(λ0, 2ǫn) ⊂ B
(1)
0 . (4.49)

The geometric argument given above together with |λ(n)
0 − λ0| ≤ 10−2ρ

1+µ/2
n (see Defini-

tion 3.1 and (3.27)) yields that, for all n ∈ N and a fixed (arbitrary) m ≥ 4,

Cm(λ(n)
0 − 2ρ1+µ/4

n e−iν) ∩
(
C+ + λ

(n)
0 − i2 sin(ν)ρ1+µ/4

n

)
⊂ D(λ0, ǫn) ⊂ D(λ0, 2ǫn) ⊂ B

(1)
0

(4.50)
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and

Cm(λ0 − 2ρ1+µ/4
n e−iν) ∩

(
C+ + λ0 − i2 sin(ν)ρ1+µ/4

n

)
⊂ D(λ0, ǫn) ⊂ D(λ0, 2ǫn) ⊂ B

(1)
0 .

(4.51)

Note that (3.27) and the fact that λ0 ∈ R imply that

Imλ
(n)
0 − 2 sin(ν)ρ1+µ/4

n ≤ 2gρ1+µ/2
n − 2 sin(ν)ρ1+µ/4

n < 0, ∀n ∈ N, (4.52)

for small enough g (see Definition 4.3 in [14]). Eq. (4.50) implies that for every n ∈ N

Γc(ǫn) ⊂ B
(1)
0 \ Cm(λ(n)

0 − 2ρ1+µ/4
n e−iν). (4.53)

Lemma 4.7. For all n ∈ N, a fixed (arbitrary) m ≥ 4 and θ ∈ S, there is a constant C
(that depends on m) such that

∥∥∥ 1
Hθ − z

σ1Ψθ
λ0

∥∥∥ ≤ CCn+1 1
ρn
, (4.54)

for every z ∈ B
(1)
0 \ Cm(λ(n)

0 − ρ
1+µ/4
n e−iν), and hence, for every z ∈ B

(1)
0 \ Cm(λ0 −

2ρ1+µ/4
n e−iν), see [14, Theorem 5.10].

Proof. We take z ∈ B
(1)
0 \Cm(λ(n)

0 −ρ1+µ/4
n e−iν) and recall the definition Ψθ

λ0 = P θ
0ϕ0⊗Ω.

Then, Eq. (3.24) yields

‖Ψθ
λ0 − P

(n),θ
0 ⊗ PΩ(n,∞)ϕ0 ⊗ Ω‖ ≤ ρµ/2

n . (4.55)

This together with Eqs. (3.34), (3.36), (3.31) and (3.26) implies that there is a constant
C such that (we use a telescopic sum argument)

∥∥∥ 1
Hθ − z

σ1Ψθ
λ0 − 1

H̃(n),θ − z
σ1P

(n),θ
0 ⊗ PΩ(n,∞)ϕ0 ⊗ Ω

∥∥∥

≤
∥∥∥∥

1
Hθ − z

− 1
H̃(n),θ − z

∥∥∥∥
∥∥∥P (n),θ

0

∥∥∥+
∥∥∥∥

1
Hθ − z

∥∥∥∥
∥∥∥Ψθ

λ0 − P
(n),θ
0 ⊗ PΩ(n,∞)ϕ0 ⊗ Ω

∥∥∥

≤ CCn+1 1
ρn
. (4.56)

The fact (see Remark (1.2)) that
( 1
H̃(n),θ − z

σ1
)(
P

(n),θ
0 ⊗ PΩ(n,∞)

)
ϕ0 ⊗ Ω =

(( 1
H(n),θ − z

σ1
)⊗ PΩ(n,∞)

)
P

(n),θ
0 ϕ0 ⊗ Ω

(4.57)

guarantees that there is a constant C such that
∥∥∥ 1
H̃(n),θ − z

σ1P
(n),θ
0 ⊗ PΩ(n,∞)ϕ0 ⊗ Ω

∥∥∥ ≤
∥∥∥
(
P

(n),θ
0

1
H(n),θ − z

)
⊗ PΩ(n,∞)

∥∥∥ ≤ C
Cn+1

ρn
.

(4.58)

Here, we use Eqs. (3.35), (3.26) and Lemma 4.4.
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Remark 4.8. Set c ≡ cg := Imλ1. Notice that there is a strictly positive constant c
(independent of g) with cg ≤ −g2c, for small enough g (see (3.13)). Then, for all real
numbers b > a and every x ∈ {0, 1},

∫ b

a
dr 1

|r − λ1|1+x
=
∫ b

a
dr 1

g2(1+x)
1

((r − Reλ1)/g2)2 + (c/g2)2)(1+x)/2 (4.59)

≤ 1
g2x

∫ (b−Reλ1)/g2

(a−Reλ1)/g2
dy 1

(y2 + c2)(1+x)/2

≤ 2 1
g2x

∫ 1

0
dτ 1

c1+x
+ 2 1

g2x

∫ 1+|b−Reλ1|/g2+|a−Reλ1|/g2

1
dτ 1

τ1+x

≤ C

{ 1
g2 , if x = 1,
| log(g)|, if x = 0,

where C does not depend on g (for small enough g).

Lemma 4.9. Set L := B
(1)
1 ∩ R. Then, for g > 0 sufficiently small and θ ∈ S,
∫

L
dr
∥∥∥∥

1
Hθ − r

σ1Ψθ
λ0

∥∥∥∥ ≤ C| log g|, (4.60)

where C is a constant that does not depend on g.

Proof. Let c be the constant introduced in (2.2), see Remark 4.8. The vertex of the cone
Cm(λ1 − 2ρ1+µ/4

n e−iν) belongs to the lower (open) half space of the complex plane if

−g2c + 2ρ1+µ/4
n sin(ν) < 0.

This is fulfilled if
n > log

( g2c

2 sin(ν)ρ1+µ/4
0

) 1
(1 + µ/4) log(ρ) .

We fix n0 > 0 to be the smallest integer number satisfying this inequality. Then

n0 ≤ log
( g2c

2 sin(ν)ρ1+µ/4
0

) 1
(1 + µ/4) log(ρ) + 1. (4.61)

For such n0, the cone Cm(λ1 − 2ρ1+µ/4
n0 e−iν) belongs to the lower (open) half space of

the complex plane and, therefore, L is contained in the complement of this cone. This
allows us to use (3.37) and estimate

∥∥∥ 1
Hθ − r

∥∥∥ ≤ CCn0+1 1
dist(r, Cm(λ1)) , (4.62)

for every r ∈ L. Eq. (4.61) implies that

Cn0 ≤ C exp
[

− log
( g2c

2 sin(ν)ρ1+µ/4
0

)]− log(C)
(1+µ/4) log(ρ) = C

(2 sin(ν)ρ1+µ/4
0

g2c

)− log(C)
(1+µ/4) log(ρ)

≤ Cg−ι, (4.63)
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where we use that Cρ
1
2 ι(1+µ/4) ≤ 1, see (3.31). This together with (3.37) lead us to

∥∥∥ 1
Hθ − r

∥∥∥ ≤ Cg−ι 1
dist(r, Cm(λ1)) , ∀r ∈ L. (4.64)

It is geometrically clear, because Imλ1 < −g2c < 0 - see (3.13), that there is a constant
C (that depends on ν and m, but not on g) such that, for every r ∈ L,

|r − λ1| ≤ Cdist(r, Cm(λ1)). (4.65)

Eqs. (4.64) and (4.65) yield
∥∥∥ 1
Hθ − r

∥∥∥ ≤ Cg−ι 1
|r − λ1| . (4.66)

Moreover, we observe from (3.25) that
∥∥∥P θ

1 σ1Ψθ
λ0

∥∥∥ =
∥∥∥(1 − P θ

1 )σ1P
θ
0ϕ0 ⊗ Ω

∥∥∥ ≤ ‖(1 − Pϕ1 ⊗ PΩ)ϕ1 ⊗ Ω‖ + Cg = Cg. (4.67)

Inserting P θ
1 + P θ

1 = 1 in the left hand side of (4.60) and using (4.66), we find
∥∥∥∥

1
Hθ − r

σ1Ψθ
λ0

∥∥∥∥ ≤ C

( 1
|λ1 − r| + g

∥∥∥∥
1

Hθ − r

∥∥∥∥
)
. (4.68)

This together with ι ∈ (0, 1) and (4.66) yields that
∥∥∥∥

1
Hθ − r

σ1Ψθ
λ0

∥∥∥∥ ≤ C
1

|λ1 − r| . (4.69)

From (4.69) and Remark 4.8, we obtain
∫

L
dr
∥∥∥∥

1
Hθ − r

σ1Ψθ
λ0

∥∥∥∥ ≤ C

∫

L

1
|r − λ1| ≤ C| log g|. (4.70)

Lemma 4.10. For every bounded measurable function h, there is a constant C such that
for all natural numbers n ∈ N and θ ∈ S

∫
(

(B(1)
0 ∪B

(1)
1 )∩R

)
\(λ0−ǫn,λ0+ǫn)

dz|h(z)|
∥∥∥ 1
Hθ − z

σ1Ψθ
λ0

∥∥∥ ≤ C| log g|‖h‖∞, (4.71)

where ‖h‖∞ denotes the supremum of |h|.

Proof. We set

h̃(z) = |h(z)|
∥∥∥ 1
Hθ − z

σ1Ψθ
λ0

∥∥∥. (4.72)
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For any natural number l ≥ 2, we set Il := B
(1)
0 ∩ [λ0 − ǫl−1, λ0 + ǫl−1] \ (λ0 − ǫl, λ0 + ǫl).

We define I1 := R ∩B
(1)
0 \ I2. Then, we compute
∫

(R∩B
(1)
0 )\(λ0−ǫn,λ0+ǫn)

dz h̃(z) =
n∑

l=1

∫

Il

dz h̃(z). (4.73)

Using Definition 4.6 and Lemma 4.7, we obtain that there is a constant C such that
n∑

l=1

∫

Il

dz h̃(z) ≤ C
n∑

l=2
C l+1 ǫl−1

ρl
‖h‖∞ + C‖h‖∞ (4.74)

≤ C
1
ρ

n∑

l=2
C l+1ρ

µ/4
l−1‖h‖∞ + C‖h‖∞ ≤ C‖h‖∞,

where we use (3.31). Eq. (4.74) and Lemma 4.9 imply (4.71).

Lemma 4.11. For every bounded measurable function h, there is a constant C such that
for all natural numbers n ∈ N and θ ∈ S

∫

Γc(ǫn)
dz|h(z)|

∥∥∥ 1
Hθ − z

σ1Ψθ
λ0

∥∥∥ ≤ ρµ/8
n C sup

z∈Γc(ǫn)
{|h(z)|}. (4.75)

Proof. This is a direct consequence of Lemma 4.7 and (3.31).

Lemma 4.12. There is a constant C such that (for s > 0)
∣∣∣
∫

Γd(R)∪Γ−(ǫn,R)\
((

B
(1)
0 ∪B

(1)
1

)
∩R
) dz e−isz

〈
P θ

1 σ1Ψθ
λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉 ∣∣∣ ≤ Cg
1
s
.

(4.76)

Proof. After an integration by parts, we obtain
∣∣∣
∫

Γd(R)∪Γ−(ǫn,R)\
((

B
(1)
0 ∪B

(1)
1

)
∩R
) dz e−isz

〈
P θ

1 σ1Ψθ
λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉 ∣∣∣

≤1
s

∫

Γd(R)∪Γ−(ǫn,R)\
((

B
(1)
0 ∪B

(1)
1

)
∩R
) dz

∣∣∣
〈
P θ

1 σ1Ψθ
λ0 ,
(
Hθ − z

)−2
σ1Ψθ

λ0

〉 ∣∣∣

+ 1
s

∑

z∈{e1+δ/2,e0−δ/2}

∣∣∣
〈
P θ

1 σ1Ψθ
λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉 ∣∣∣. (4.77)

Now, we recall (4.67)
∥∥∥∥P θ

1 σ1Ψθ
λ0

∥∥∥∥ =
∥∥∥∥P θ

1 σ1Ψθ
λ0 − Pϕ1 ⊗ PΩσ1ϕ0 ⊗ Ω

∥∥∥∥ ≤ Cg, (4.78)

where we use Eq. (3.25) and σ1ϕ0 = ϕ1. Eq (4.76) is a direct consequence of (4.77),
(4.78) and (3.29).
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Lemma 4.13. For real numbers 0 < q ≤ e−1 < 1 < Q < ∞ and θ ∈ S, the term (recall
(2.1))

R1(q,Q) :=
∫ Q

q
ds
∫
dr G(r)eis(r+λ0) (4.79)

×
∫

Γ(ǫn,R)
dz e−isz

〈
P θ

1 σ1Ψθ
λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉

fulfills

|R1(q,Q)| ≤Cg (| log(q)| + | log(g)|) . (4.80)

Notice that R1(q,Q) does not depend on ǫn and R, because a change in ǫn and R implies
a change in the contour of integration of the analytic function above.

Proof. First, we recall that (see (4.78))
∥∥∥∥P θ

1 σ1Ψθ
λ0

∥∥∥∥ ≤ Cg. (4.81)

A two-fold integration by parts together with the fact G ∈ C∞
c (R \ {0},C) (recall (2.1))

shows that there is a constant C such that
∣∣∣∣
∫
dr G(r)eis(r+λ0)

∣∣∣∣ ≤ C

1 + s2 , ∀s ∈ R. (4.82)

Lemmas 4.10, 4.11 and 4.12, an Eq. (4.81) imply that

|R1(q,Q)| ≤ Cg

∫ Q

q
ds

1
s2 + 1

(1
s

+ eǫnQρµ/8
n + | log g|

)
. (4.83)

Since R1(q,Q) does not depend on n, we can take n to infinity and obtain the bound

|R1(q,Q)| ≤ Cg

∫ Q

q
ds

1
s2 + 1

(1
s

+ | log g|
)
. (4.84)

Eq. (4.84) and the condition 0 < q < e−1 imply (4.80). Notice that
∫ Q

q
ds

1
(s2 + 1)s ≤

∫ 1

q

1
s

+
∫ ∞

1

1
s2 + 1 ≤ C| log(q)|, (4.85)

since
∫∞

1
1

s2+1 is a constant and | log(q)| ≥ 1.

Lemma 4.14. For real numbers 0 < q < 1 < Q < ∞ and θ ∈ S, the term

P1(q,Q) =
∫ Q

q
ds
∫
dr G(r)eis(r+λ0) (4.86)

×
∫

Γ(ǫn,R)
dz e−isz

〈
P θ

1 σ1Ψθ
λ0,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
.
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fulfills

P1(q,Q) = −2π
∫

dr G(r) 1
r + λ0 − λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉
+R2(q,Q), (4.87)

where

|R2(q,Q)| ≤ C
(
q + 1

Qg2

)
. (4.88)

Notice that P1(q,Q) does not depend on ǫn and R, because a change in ǫn and R implies
a change in the contour of integration of the analytic function above.
Proof. We have that

P1(q,Q) =
∫ Q

q
ds
∫
dr G(r)eis(r+λ0)

〈
σ1Ψθ

λ0, P
θ
1 σ1Ψθ

λ0

〉 ∫

Γ(ǫn,R)
dz e−isz

λ1 − z
. (4.89)

The residue theorem together with methods of complex analysis provides
∫

Γ(ǫn,R)
dz e−isz

λ1 − z
= 2πie−isλ1 , (4.90)

and hence, we obtain

P1(q,Q) = 2πi
∫ Q

q
ds
∫
dr G(r)eis(r+λ0−λ1)

〈
σ1Ψθ

λ0, P
θ
1 σ1Ψθ

λ0

〉

= 2π
∫

dr G(r)(eiQ(r+λ0−λ1) − eiq(r+λ0−λ1)) 1
r + λ0 − λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉

= −2π
∫

dr G(r) 1
r + λ0 − λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉
+ r1(Q) + r2(q), (4.91)

where

r1(Q) := 2π
∫

dr G(r)eiQ(r+λ0−λ1) 1
r + λ0 − λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉
(4.92)

and

r2(q) := 2π
∫

dr G(r)(1 − eiq(r+λ0−λ1)) 1
r + λ0 − λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉
. (4.93)

It follows from

|1 − eiq(r+λ0−λ1)| ≤ |q(r + λ0 − λ1)|, (4.94)

that there is a constant C such that |r2(q)| ≤ Cq. Applying the integration by parts
formula in Eq. (4.92), we obtain a factor 1

Q and the derivative of G(r) 1
(r+λ0−λ1) . We

obtain

|r1(Q)| ≤ C
1
Q

∫
dr
(

|G(r)| 1
|r + λ0 − λ1|2 + | d

dr
G(r)| 1

|r + λ0 − λ1|
)
|
〈
σ1Ψθ

λ0, P
θ
1 σ1Ψθ

λ0

〉
|

≤ C
1
Q

( 1
g2 + | log(g)|) ≤ C

1
Qg2 , (4.95)

where we use (4.59), with x = 1 and x = 0, and r + λ0 instead of r.
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Lemma 4.15. For real numbers 0 < q < 1 < Q < ∞ and θ ∈ S, we define the term

P̃1(q,Q) :=
∫ Q

q
ds
∫
dr G(r)eis(r−λ0) (4.96)

×
∫

Γ̃(ǫn,R)
dz eisz

〈
P θ

1 σ1Ψθ
λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
,

where Γ̃(ǫn, R) is a positively oriented curve obtained by conjugating the elements of
Γ(ǫn, R). It follows that

P̃1(q,Q) = 2π
∫

dr G(r) 1
r − λ0 + λ1

〈
P θ

1 σ1Ψθ
λ0, σ1Ψθ

λ0

〉
+ R̃2(q,Q), (4.97)

where

|R̃2(q,Q)| ≤ C
(
q + 1

Qg2

)
. (4.98)

Proof. This proof is very similar to the proof of Lemma 4.14: We have that

P̃1(q,Q) = − 2πi
∫ Q

q
ds
∫
dr G(r)eis(r−λ0+λ1)

〈
P θ

1 σ1Ψθ
λ0 , σ1Ψθ

λ0

〉
(4.99)

and hence, we infer

P1(q,Q) = − 2π
∫

dr G(r)(eiQ(r−λ0+λ1) − eiq(r−λ0+λ1)) 1
r − λ0 + λ1

〈
P θ

1 σ1Ψθ
λ0, σ1Ψθ

λ0

〉

=2π
∫

dr G(r) 1
r − λ0 + λ1

〈
P θ

1 σ1Ψθ
λ0 , σ1Ψθ

λ0

〉
+ R̃2(q,Q). (4.100)

We conclude the proof as in the proof of Lemma 4.14.

4.4 Proof of Theorem 2.2
In this section, we give the proof of the main theorem based on the previous results.

Proof of Theorem 2.2. Let h, l ∈ h0; c.f. (1.33). Recall the definition of W given in (4.9)
and the form factor f in (1.5). Since f ∈ C∞(R3 \ {0},C) we find

hf, lf,W ∈ h0. (4.101)

Theorem 4.3, i.e., equation (4.8), together with Lemma 4.1 (iv) yields

T (h, l) = −2πig ‖Ψλ0‖−2 〈a−(W )σ1Ψλ0,Ψλ0〉 = −2πig ‖Ψλ0‖−2 〈[a−(W ), σ1]Ψλ0 ,Ψλ0〉 ,
(4.102)

31

A.5 Relation between the Resonance and the Scattering Matrix in the massless Spin-Boson Model227



and furthermore, recalling ω(k) = |k|, equation (4.2) in Lemma 4.1 (ii) implies

T (h, l) = 2π(ig)2 ‖Ψλ0‖−2
∫ 0

−∞
ds 〈Ws, f〉2

〈[
eisHσ1e

−isH , σ1
]

Ψλ0 ,Ψλ0

〉

= 2πg2 ‖Ψλ0‖−2
∫ ∞

0
ds 〈f,W−s〉2

〈[
e−isHσ1e

isH , σ1
]

Ψλ0 ,Ψλ0

〉

= 2πg2 ‖Ψλ0‖−2
(
T (1) − T (2)

)
, (4.103)

where we used the abbreviations

T (j) := T (j)(0,∞) (4.104)

for j = 1, 2 with

T (1)(q,Q) :=
∫ Q

q
ds
∫

d3kW (k)f(k)eis(|k|+λ0)
〈
σ1Ψλ0, e

−isHσ1Ψλ0

〉
(4.105)

=
∫ Q

q
ds
∫

drG(r)eis(r+λ0)
〈
σ1Ψλ0, e

−isHσ1Ψλ0

〉

and

T (2)(q,Q) :=
∫ Q

q
ds
∫

drG(r)eis(r−λ0)
〈
σ1Ψλ0, e

isHσ1Ψλ0

〉
. (4.106)

We recall the definitions (4.9) and (2.1):

W (k) = |k|2l(k)
∫

dΣh(|k|,Σ)f(|k|,Σ), G(r) =
∫

dΣdΣ′ r4h(r,Σ)l(r,Σ′)f(r)2.

(4.107)

We observe that there is a constant C such that

|T (i)(q,Q) − T (i)(0, Q)| ≤ Cq. (4.108)

We start with analyzing the term T (1)(q,Q). Lemma 4.5 together with the identity
P θ

1 + P θ
1 = 1 allows us to write this term as

T (1)(q,Q) = 1
2πiP1(q,Q) + 1

2πiR1(q,Q) (4.109)

for all 0 < q < Q < ∞. Here, P1(q,Q) and R1(q,Q) are defined in (4.86) and (4.79),
respectively. Moreover, Lemma 4.14 implies

T (1)(q,Q) = −2π 1
2πi

∫
dr G(r) 1

r + λ0 − λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉

+ 1
2πi

(
R1(q,Q) +R2(q,Q)

)
, (4.110)
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where Lemmas 4.13 and 4.14 provide the estimates:

|R1(q,Q)| ≤ Cg (| log(q)| + | log(g)|) , |R2(q,Q)| ≤ C(q + 1
g2Q

) (4.111)

for 0 < q ≤ e−1 < 1 < Q. As explained in Lemmas 4.13 and 4.14, the terms P1(q,Q)
and R1(q,Q) do not depend on n and R because both are given by contour integrals of
analytic functions and a change of these parameters signifies a change in the contour of
integration only. Taking the limit Q to infinity and q = g, we obtain from Eqs. (4.108),
(4.110) and (4.111):

T (1)(0,∞) = i

∫
dr G(r) 1

r + λ0 − λ1

〈
σ1Ψθ

λ0, P
θ
1 σ1Ψθ

λ0

〉
+R3 (4.112)

and that there is a constant C such that

|R3| ≤ C| log(g)|. (4.113)

The term T (2)(0,∞) can be inferred by repeating the calculation with θ replaced by θ
and reflecting the path of integration Γ(ǫ,R) on the real axis when applying Lemma
4.5. In this case one has to consider the Hamiltonian Hθ. Notice that in this case the
factor 1

2πi in Eq. (4.31) is substituted by − 1
2πi , which is produced from the change of

orientation of the integration curve. Due to the similarity of the calculation, we omit the
proof and only state the result (it follows from Lemma 4.15 and similar computations)

T (2)(0,∞) = −1
2πi2π

∫
dr G(r) 1

r − λ0 + λ1

〈
σ1Ψθ

λ0 , P
θ
1 σ1Ψθ

λ0

〉
+R4 (4.114)

and that there is a constant C such that

|R4| ≤ C| log(g)|. (4.115)

The identities (4.103), (4.112) and (4.114), together with (4.113), (4.115) and (3.25)
imply

T (h, l) = 2πg2 ‖Ψλ0‖−2
(
T (1) − T (2)

)
+R (4.116)

= 2πig2 ‖Ψλ0‖−2
∫

dr G(r)
( 1
r + λ0 − λ1

− 1
r − λ0 + λ1

)
+R

= 4πig2 ‖Ψλ0‖−2
∫

dr G(r)
( Reλ1 − λ0(
r + λ0 − λ1

)(
r − λ0 + λ1

)
)

+R,

where |R| ≤ C| log(g)|.

Remark 4.16. The constant C(h, l) in Theorem 2.2 depends on h and l. From our
methods, this dependence can be made explicit. However, for the sake of simplicity and
clarity we do not present this analysis in this paper, but indicate instead how to do it.
The key ingredients are Eqs. (4.82) and (4.93) (notice that (4.92) does not play a role
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because the corresponding term vanishes when Q tends to infinity). These terms give a
contribution of the form

C

∫
dr
[
|G(r)| +

∣∣∣ d
dr
G(r)

∣∣∣+
∣∣∣ d

2

dr2G(r)
∣∣∣
]
, (4.117)

for a constant C that does not depend on h and l. Moreover, with respect to (4.82),
a minor change in the proof of Lemma 4.13 would make the second derivative term
unnecessary because we have an extra factor of the form s−1 in (4.76). This is essentially
the only necessary contribution that comes from h and l. However, in order to simplify
our final formula, we substituted the inner products in Eqs. (4.112) and (4.114) by the
constant 1 (using (3.25)). This produces (explicit) error terms that contribute differently
as (4.117), as we can see from our arguments below (4.115).

A Standard Estimates
In the following we shall use the well-known standard inequalities

‖a(h)Ψ‖ ≤ ‖h/√ω‖2 ‖H1/2
f Ψ‖

‖a(h)∗Ψ‖ ≤ ‖h/√ω‖2 ‖H1/2
f Ψ‖ + ‖h‖2 ‖Ψ‖

(A.1)

which hold for all h, h/
√
ω ∈ h and Ψ ∈ H such that the left- and right-hand side are

well-defined; see [40, Eq. (13.70)].

Lemma A.1. Let h, h/
√
ω ∈ h. Then, we have the following estimates:

∥∥∥a(h)∗(Hf + 1)− 1
2
∥∥∥ ≤ ‖h‖2 +

∥∥h/
√
ω
∥∥

2 , (A.2)
∥∥∥a(h)(Hf + 1)− 1

2
∥∥∥ ≤

∥∥h/
√
ω
∥∥

2 , (A.3)
∥∥∥V (Hf + 1)− 1

2
∥∥∥ ≤ ‖f‖2 + 2

∥∥f/
√
ω
∥∥

2 . (A.4)

Proof. Let Ψ ∈ F [h] with ‖Ψ‖H = 1. Applying (A.1) and the spectral theorem, we find

‖a(h)∗(Hf + 1)− 1
2 Ψ‖ ≤ ‖h‖2‖(Hf + 1)− 1

2 Ψ‖ + ‖h/√ω‖2‖H
1
2
f (Hf + 1)− 1

2 Ψ‖
≤ ‖h‖2 + ‖h/√ω‖2, (A.5)

‖a(h)(Hf + 1)− 1
2 Ψ‖ ≤ ‖h/√ω‖2‖H

1
2
f (Hf + 1)− 1

2 Ψ‖ ≤ ‖h/√ω‖2. (A.6)

The inequality (A.4) is implied by the boundedness of σ1 and the triangle inequality:
∥∥∥V (Hf + 1)− 1

2
∥∥∥ ≤

∥∥∥σ1 ⊗ a(f) (Hf + 1)− 1
2
∥∥∥+

∥∥∥σ1 ⊗ a(f)∗ (Hf + 1)− 1
2
∥∥∥

≤
∥∥∥a(f) (Hf + 1)− 1

2
∥∥∥+

∥∥∥a(f)∗ (Hf + 1)− 1
2
∥∥∥ ≤ ‖f‖2 + 2

∥∥f/
√
ω
∥∥

2 . (A.7)

This completes the proof.
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As preparation of the proof of Lemma 4.1 (in Appendix C below) we recall that the
Hamiltonians H, c.f. (1.7), as well as Hf , c.f. (1.3), are self-adjoint on the common do-
main D(H) = K ⊗D(Hf ) and bounded below by the constant b ∈ R; c.f. Proposition 1.1
and (1.22). By spectral calculus we can define the operators H1/2

f , (H − b + 1)1/2 and
(Hf + 1)−1/2, (H − b + 1)−1/2 which are closed and densely defined and the latter two
are even bounded by 1. For the proof Lemma 4.1 we shall need the following lemma.

Lemma A.2. The following operators are bounded:

H
1
2
f (H − b+ 1)− 1

2 , (A.8)

(H − b+ 1) 1
2 (Hf + 1)− 1

2 . (A.9)

Proof. Let Ψ ∈ H with ‖Ψ‖ = 1. The boundedness of (A.8) follows from the equality

‖H
1
2
f (H − b+ 1)− 1

2 Ψ‖2 = 〈(H − b+ 1)− 1
2 Ψ,Hf (H − b+ 1)− 1

2 Ψ〉
= 〈(H − b+ 1)− 1

2 Ψ, (H −K − gV )(H − b+ 1)− 1
2 Ψ〉 (A.10)

and the fact that K is bounded by |e1| and that for all ǫ > 0

|〈(H − b+ 1)− 1
2 Ψ, gV (H − b+ 1)− 1

2 Ψ〉| ≤ ‖(H − b+ 1)− 1
2 Ψ‖ ‖gV (H − b+ 1)− 1

2 Ψ‖

≤ g

ǫ
2‖f/√ω‖2 ǫ‖H

1
2
f (H − b+ 1)− 1

2 Ψ‖ + ‖f‖2‖Ψ‖

≤
(
g

ǫ
2‖f/√ω‖2

)2
+ ǫ2‖H

1
2
f (H − b+ 1)− 1

2 Ψ‖2 + ‖f‖2 (A.11)

holds, which is a consequence of (A.1). Choosing 0 < ǫ < 1 an explicit bound is

‖H
1
2
f (H − b+ 1)− 1

2 Ψ‖2 ≤ 1 + |e1| +
(g

ǫ 2‖f/√ω‖2
)2 + ‖f‖2

1 − ǫ2
< ∞. (A.12)

The boundedness of (A.9) is implied by

‖(H − b+ 1)
1
2 (Hf + 1)− 1

2 Ψ‖2 = 〈(Hf + 1)− 1
2 Ψ, (K +Hf + gV − b+ 1)(Hf + 1)− 1

2 Ψ〉
(A.13)

and, again as a consequence of (A.1),

|〈(Hf + 1)− 1
2 Ψ, gV (Hf + 1)− 1

2 Ψ〉| ≤ g2‖f/√ω‖2 ‖H
1
2
f (Hf + 1)− 1

2 Ψ‖ + ‖f‖2 (A.14)
≤ ‖f‖2 + 2‖f/√ω‖2.
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B Proofs for Section 1.2
It is well-known that there is a dense domain of analytic vectors; for example

D =
{
χ[−R,R](A)Ψ : Ψ ∈ H, R > 0

}

with A being the generator of Uθ and χ the corresponding spectral projection (c.f. [4, 32]).

Proof of Lemma 1.5. Let θ ∈ C. Definition in (1.3) implies thatHθ
0 = K⊗1F [h]+1K⊗Hθ

f

is a sum of commuting self-adjoint operators and σ(K) = {e0, e1}. As shown in [36],
we have σ(Hf ) = R+

0 and it follows from the definition of Hθ
f = e−θHf in (1.28) that

σ(Hθ
f ) =

{
e−θr : r ≥ 0

}
. The claim then follows from the spectral theorem for two

commuting normal operators.

C Asymptotic creation/annihilation operators

Proof of Lemma 4.1. Let h, l ∈ h0 and Ψ ∈ K ⊗ D(H1/2
f ). Thanks to Lemma A.2 we

have K ⊗ D(H
1
2
f ) = D((H − b+ 1) 1

2 ). We prove claims (i)-(vi) separately:

(ii) The subspace of H0, defined in (4.18), is dense in the domain of (H − b + 1)1/2

w.r.t. the graph norm ‖ · ‖(H−b+1)1/2 of (H − b + 1) 1
2 so that there is a sequence

(Ψn)n∈N in K ⊗ Ffin[h0] with Ψn → Ψ in this norm as n → ∞. For all n ∈ N, the
definition in (1.34) together with the group properties (e−itH)t∈R, in particularly,
the strong continuous differentiability on D(H), justify

at(h)Ψn = eitHa(ht)e−itH = a(h)Ψn +
∫ t

0
ds

d

ds
eisHa(hs)e−isHΨn

= a(h)Ψn − ig

∫ t

0
ds 〈hs, f〉2e

isHσ1e
−isHΨn, (C.1)

where the last integrand was computed by observing the CCR (c.f. (1.19))

[V, a(hs)] = σ1 ⊗ [a(f) + a(f)∗, a(hs)] = −σ1 〈hs, f〉2 . (C.2)

We may now take the limit n → ∞ of identity (C.1) and find

at(h)Ψ = a(h)Ψ − ig

∫ t

0
ds 〈hs, f〉2 e

isHσ1e
−isHΨ (C.3)

because of the following two ingredients: First, by definition (1.34), the standard
estimate (A.1) and Lemma A.2, for all m ∈ h0, there is a finite constant C(C.4)
such that

‖at(m)(Ψ − Ψn)‖ = ‖a(mt)(H − b+ 1)− 1
2 e−itH(H − b+ 1)

1
2 (Ψ − Ψn)‖

≤ ‖m/√ω‖2 ‖H
1
2
f (H − b+ 1)− 1

2 ‖ ‖(H − b+ 1) 1
2 (Ψ − Ψn)‖

= C(C.4)‖Ψ − Ψn‖(H−b+1)1/2 , (C.4)
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and likewise

‖a(m)(Ψ − Ψn)‖ = ‖a(m)(H − b+ 1)− 1
2 (H − b+ 1) 1

2 (Ψ − Ψn)‖

≤ ‖m/√ω‖2 ‖H
1
2
f (H − b+ 1)− 1

2 ‖ ‖(H − b+ 1)
1
2 (Ψ − Ψn)‖

= C(C.4)‖Ψ − Ψn‖(H−b+1)1/2 . (C.5)

Second, the integrand in (C.1) is continuous in s and, for sufficiently large n, fulfills
an n-independent bound

‖eisHσ1e
−isH(Ψ − Ψn)‖ ≤ ‖σ1‖ ‖Ψ − Ψn‖ ≤ 1 (C.6)

so dominated convergence can be applied to interchanging the integral and the
n → ∞ limit to prove (C.3).
Finally, a stationary phase argument in ω(k) = |k| as well as the facts that h ∈ h0
and f ∈ C∞(R \ {0}), c.f. (1.5), provide the estimate

〈hs, f〉 = C
1

1 + |s|2 (C.7)

for all s ∈ R, thanks to a two-fold partial integration. Hence, me way finally carry
out the limit t → ±∞ to find

a±(h)Ψ = lim
t→±∞

at(h)Ψ = a(h)Ψ − ig

∫ ±∞

0
ds 〈hs, f〉2e

isHσ1e
−isHΨ (C.8)

as the indefinite integral exists thanks to (C.7) and the continuity of the integrand
in s. We omit the proof for the asymptotic creation operator a∗

± as the argument
is almost the same.

(i) This follows from (ii).

(iii) Next, we calculate

e−isHa−(h)∗ψ = lim
t→−∞

e−isHeitHa(ht)∗e−itHψ

= lim
t→−∞

ei(t−s)Ha(h(t−s)+s)∗e−i(t−s)He−isHψ

= lim
t′→−∞

eit′Ha(ht′+s)∗e−it′He−isHψ = a−(hs)∗e−isHψ (C.9)

which proves the pull-through formula in (iii).

(iv) First, for all t ∈ R we observe

‖at(h)Ψλ0‖ = ‖eitHa(ht)e−itHΨλ0‖ = ‖a(ht)Ψλ0‖ (C.10)
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due to the ground state property in (1.25). Second, for Ψ = Ψλ0 ∈ D(H) ⊂
K ⊗ D(H1/2

f ), we employ the same sequence (Ψn)n∈N as in (ii) to compute

‖a(ht)Ψn‖2 =
∑

l∈N

√
l + 1

∫
d3k1 . . . d

3kl

∣∣∣∣
∫
d3k eitω(k)h(k)ψ(l+1)

n (k, k1, . . . , kl)
∣∣∣∣
2
,

(C.11)

where we used the Fock vector representation Ψn = (ψ(l)
n )l∈N0 . We observe that

Ψn ∈ H0 implies ψ(l)
n ∈ K ⊗ C∞

0 (R3l \ {0}) and, by definition of H0, c.f. (4.18),
there is a constant L such that ψ(l)

n = 0 for l ≥ L . A stationary phase argument
in ω(k) = |k| and a partial integration in k gives

∣∣∣∣
∫
d3k eitω(k)h(k)ψ(l+1)

n (k, k1, . . . , kl)
∣∣∣∣

≤ 1
t

∫
d3k |k|−2|∂|k|(|k|2h(|k|,Σ)ψ(l+1)

n (|k|,Σ, |k1|,Σ1, . . . , |kl|,Σl))|, (C.12)

where we use spherical coordinates k = (|k|,Σ) and ki = (|ki|,Σi). Here, Σ and Σi

denote the solid angles. Then, we find

(C.11) ≤1
t

∑

0≤l<L

√
l + 1

∫
d3k1 . . . d

3kl (C.13)

×
(∫

d3k |k|−2|∂|k|(|k|2h(|k|,Σ)Ψ(l+1)
n (|k|,Σ, |k1|,Σ1, . . . , |kl|,Σl)|

)2

which converges to zero for t → ±∞. In conclusion, for all n ∈ R we have

lim
t→±∞

a(ht)Ψn = 0. (C.14)

Moreover, there is a t-independent, finite constant C(C.15)(h) such that

‖at(h)(Ψλ0 − Ψn)‖ = ‖eitHa(ht)e−itH (Ψλ0 − Ψn)‖
= ‖a(ht)(H − b+ 1)− 1

2 e−itH(H − b+ 1)
1
2 (Ψ − Ψn)‖

≤ ‖|h|/√ω‖2 ‖H
1
2
f (H − b+ 1)− 1

2 ‖‖Ψ − Ψn‖(H−b+1)1/2

= C(C.15)(h)‖Ψ − Ψn‖(H−b+1)1/2 (C.15)

and

‖a±(h)Ψλ0‖ ≤ lim
t→±∞

(‖at(h)(Ψλ0 − Ψn)‖ + ‖at(h)Ψn‖)

≤ C(C.15)(h)‖Ψ − Ψn‖(H−b+1)1/2 (C.16)

holds true for all n ∈ N, where we have use the standard inequalities (A.1),
Lemma A.2 and (C.14). Taking the limit n → ∞ proves the claim (iv).
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(v) We consider the same sequence (Ψn)n∈N as in (iv) and, for all n ∈ N, we observe
that, by (i) and definition in (1.34), it holds

〈a(h)∗
±Ψλ0 , a(l)∗

±Ψλ0〉 = lim
t→±∞

〈a(ht)∗Ψλ0 , a(lt)∗Ψλ0〉. (C.17)

Furthermore, using the CCR in (1.19), we find for all n ∈ N that

〈a(ht)∗Ψλ0 , a(lt)∗Ψn〉 = 〈Ψλ0 , a(ht)a(lt)∗Ψn〉 (C.18)
= 〈Ψλ0 , (a(lt)∗a(ht) + [a(ht), a(lt)∗]) Ψn〉 = 〈a(lt)Ψλ0 , a(ht)Ψn〉 + 〈Ψλ0 ,Ψn〉 〈h, l〉2

holds. We may control the limit n → ∞ of this identity by

|〈a(ht)∗Ψλ0, a(lt)∗(Ψλ0 − Ψn)〉| ≤ ‖a(ht)∗Ψλ0‖ ‖a(lt)∗(Ψλ0 − Ψn)‖ (C.19)
≤ (‖h‖2 + ‖h/√ω‖2)‖Ψλ0‖(H−b+1)1/2 (‖l‖2 + ‖l/√ω‖2)‖Ψλ0 − Ψn‖(H−b+1)1/2 ,

and likewise,

|〈a(lt)Ψλ0 , a(ht)(Ψλ0 − Ψn)〉| ≤ ‖a(lt)Ψλ0‖ ‖a(ht)(Ψλ0 − Ψn)‖ (C.20)
≤ (‖l‖2 + ‖l/√ω‖2)‖Ψλ0‖(H−b+1)1/2 (‖h‖2 + ‖h/√ω‖2)‖Ψλ0 − Ψn‖(H−b+1)1/2 ,

which are ensured by the standard estimates (A.1) and Lemma A.2. These bounds
allow to take the limit n → ∞ of identity (C.19) which yields

〈a(ht)∗Ψλ0, a(lt)∗Ψλ0〉 = 〈a(lt)Ψλ0 , a(ht)Ψλ0〉 + 〈Ψλ0,Ψλ0〉 〈h, l〉2

Finally, recalling (C.17) and exploiting (iv) that states a±(h)Ψλ0 = 0, we find

〈a(h)∗
±Ψλ0, a(l)∗

±Ψλ0〉 = lim
t→±∞

〈a(ht)∗Ψλ0a(lt)∗Ψλ0〉 = 〈Ψλ0 ,Ψλ0〉 〈h, l〉2

which concludes the proof of (v).

(vi) Let t ∈ R. Thanks to the standard estimate (A.1), we find

‖at(h)(Hf + 1)− 1
2 ‖ = ‖eitHa(ht)(H − b+ 1)− 1

2 e−itH(H − b+ 1)
1
2 (Hf + 1)− 1

2 ‖
≤ ‖a(ht)(H − b+ 1)− 1

2 ‖ ‖(H − b+ 1)
1
2 (Hf + 1)− 1

2 ‖

≤ ‖h/√ω‖2 ‖H
1
2
f (H − b+ 1)− 1

2 ‖ ‖(H − b+ 1)
1
2 (Hf + 1)− 1

2 ‖. (C.21)

Lemma A.2 ensures that the right-hand side of (C.21) is bounded by a finite
constant C(h) which depends only on h. This proves the first inequality of (vi).
The proof of the second is omitted here as it is almost identical.
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D The principle term Tp(h, l)
In the section, we prove that if G ≡ G(h, l) is positive and strictly positive at Reλ1 −λ0
then the absolute of the principal term TP (h, l) can be bounded by a strictly positive
constant times g2.

Lemma D.1. Suppose that G ≡ G(h, l) is positive and strictly positive at Reλ1 − λ0,
then, for small enough g (depending on G), there is a constant C(h, l) > 0 (independent
of g) such that

|TP (h, l)| ≥ C(h, l)g2. (D.1)

Proof. We set

I :=
∫

dr G(r)
(r + λ0 − Reλ1 − ig2E1)(r − λ0 + λ1)

, (D.2)

and take small enough g. Recalling (2.4), we observe that

TP (h, l) = g2E1MI. (D.3)

We recall from the discussion below Definition 2.1 that E1 = EI + ga∆, where a > 0,
∆ ≡ ∆(g) is uniformly bounded and EI is a strictly negative constant that does not
depend on g, see (3.11). Additionally, it follows from (3.25) together with ‖ϕ0 ⊗ Ω‖ = 1
that ‖Ψλ0‖ ≥ C > 0, for some constant C that does not depend on g. Moreover, we
conclude from (3.28) that Reλ1 − λ0 ≥ C > 0 for some constant C (independent of g).
Consequently, (2.6) guarantees that there is a constant C (independent of g) such that
|M | ≥ C > 0.

This together with (D.3) implies that it suffices to show that there is a constant
C(h, l) > 0 such that

|I| ≥ C(h, l), (D.4)

in order to conclude (D.1).
For α ≡ αg := Reλ1 − λ0 and recalling (1.2), we observe

I =
∫

dr G(r)
(r − α− ig2E1)(r + α− ig2E1) =

∫
drG(r)

(
r2 − α2 − g4E2

1 + 2ig2E1r
)

(r2 − α2 − g4E2
1)2 + 4g4E2

1r
2 .

(D.5)

Let c > 0 be such that G is supported in the complement of the ball or radius c and
center 0. Then, we have

| Im(I)| ≥ |E1|
∫

drG(r) 2g2r

(r2 − α2 − g4E2
1)2 + 4g4E2

1c
2 . (D.6)
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Substituting s = r2, yields

| Im(I)| ≥ |E1|
∫

dsG(
√
s) g2

(s − α2 − g4E2
1)2 + 4g4E2

1c
2 . (D.7)

Since G(α) 6= 0, then for small enough g there is a constant r0, that does not depend
on g and a constant C > 0 (independent of g) such that G(

√
s) ≥ C, for every s ∈

[α2 + g4E2
1 − r0,−α2 − g4E2

1 + r0]. We apply the change of variables u = s− α2 − g4E2
1

and obtain

| Im(I)| ≥ C|E1|
∫ r0

−r0
ds g2

s2 + 4g4E2
1c

2 . (D.8)

Finally, we change to the variable τ = s/g2 to obtain:

| Im(I)| ≥ C|E1|
∫ r0/g2

−r0/g2
dτ 1
τ2 + 4E2

1c
2 ≥ C|E1|, (D.9)

for small enough g (depending on G).

List of main notations
In this section we provide of list of main notations and their place of definition used in
this

Symbol Place of definition
E1 below (1.1)
H0, K, Hf (1.3)
e0, e1 below (1.3)
ω below (1.3)
V , σ1 (1.4)
f (1.5)
µ (1.6)
H (1.7)
g below (1.7), see also Definition 3.1, (3.31) and Definition 4.3 in [14]
H, K (1.8)
F [h], h (1.9)
⊙ below (1.9)
Ω (1.10)
F0 (1.11)
S(R3,C) below (1.11)
a(h) (1.12)
a(h)∗ (1.13)
a(k) (1.14)
a(k)∗ (1.15)
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ϕ0, ϕ1 (1.20)
D(•) below (1.20)
σ(•) below (1.20)
θ, uθ, Uθ Definition 1.3
Hθ (1.27)
Hθ

f , V θ (1.28)
ωθ, f θ (1.29)
D(•, •) (1.30)
λ0, λ1 below Lemma 1.5
Ψλ0 , Ψλ1 (1.32)
h0 (1.33)
a±(h) (1.34)
a±(h)∗ below (1.34)
K±, H± (1.35)
Ω± (1.36)
S(h, l) (1.37)
T (h, l) (1.38)
G (2.1)
ι (3.31) and (3.32)
TP (h, l) (2.4)
R(h, l) (2.5)
ν (3.1)
S (3.2)
ν below (3.2)
ρ0, ρ (3.3) and (3.31)
A (3.4)
B

(1)
0 , B(1)

1 (3.8)
Cm(z) (3.9)
EI (3.11)
ρn (3.14)
H(n),θ (3.15)
H

(n),θ
f (3.16)

V (n),θ (3.17)
H(n), h(n) (3.19)
H̃(n) (3.20)
h(n,∞) (3.21)
Ω(n,∞), PΩ(n,∞) below (3.21)
λ

(n)
0 , λ(n)

1 above (3.22)
P

(n),θ
0 , P (n),θ

1 (3.22)
P θ

0 , P θ
1 (3.23)

C below (3.32)
F, F−1 Definition 4.2
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W (4.9)
Σ below (4.9)
H0 (4.18)
Ffin[h0] (4.19)
‖•‖• below (4.19)
Γ(ǫ,R) above (4.30)
Γ−(ǫ,R) (4.30)
Γd(R) (4.30)
Γc(ǫ) (4.30)
ǫn (4.48)
R1(q,Q) (4.79)
P1(q,Q) (4.86)
P̃1(q,Q) (4.96)
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One-Boson Scattering Processes in the Massless
Spin-Boson Model – A Non-Perturbative Formula

Miguel Ballesteros∗, Dirk-André Deckert†, Felix Hänle‡

May 19, 2020

Abstract

In scattering experiments, physicists observe so-called resonances as peaks at cer-
tain energy values in the measured scattering cross sections per solid angle. These
peaks are usually associate with certain scattering processes, e.g., emission, absorp-
tion, or excitation of certain particles and systems. On the other hand, mathemati-
cians define resonances as poles of an analytic continuation of the resolvent operator
through complex dilations. A major challenge is to relate these scattering and res-
onance theoretical notions, e.g., to prove that the poles of the resolvent operator
induce the above mentioned peaks in the scattering matrix. In the case of quan-
tum mechanics, this problem was addressed in numerous works that culminated in
Simon’s seminal paper [33] in which a general solution was presented for a large
class of pair potentials. However, in quantum field theory the analogous problem
has been open for several decades despite the fact that scattering and resonance
theories have been well-developed for many models. In certain regimes these models
describe very fundamental phenomena, such as emission and absorption of photons
by atoms, from which quantum mechanics originated. In this work we present a first
non-perturbative formula that relates the scattering matrix to the resolvent opera-
tor in the massless Spin-Boson model. This result can be seen as a major progress
compared to our previous works [14] and [12] in which we only managed to derive a
perturbative formula.

Keywords: Scattering Theory; Resonance Theory; Spin-Boson Model; Multiscale Anal-
ysis

1 Introduction
In this work we analyze the massless Spin-Boson model which describes a two-level atom
interacting with a second-quantized massless scalar field. We derive a non-perturbative
expression of the scattering matrix in terms of the resolvent operator for one-boson
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processes, and thus, prove an analogous result that was obtained by Simon in [33] for
the N-body Schrödinger operator in this particular model of quantum field theory. More
precisely, we show that the pole of a meromorphic continuation of the integral kernel
of the scattering matrix is located precisely at the resonance energy. The objective
in this result is to contribute to the understanding of the relation between resonance
and scattering theory. In our previous works [14] and [12], we were already able to
derive perturbative results of this kind in case of the massless and massive Spin-Boson
models, respectively. However, both results are only given in leading order with respect
to the coupling constant. The present work can be seen as a major improvement of
these pertubative results because it provides a closed and non-perturbative formula that
connects the integral kernel of the scattering matrix elements for one-boson processes in
terms of the dilated resolvent.

Our results are based on the well-established fields of scattering and resonance theo-
ries and the numerous works in the classical literature of which we want to give a short
overview here. Resonance theory, in the realm of quantum field theory, has been devel-
oped in a variety of models; see, e.g., [6, 8, 7, 4, 9, 1, 26, 27, 32, 21, 15, 28, 29, 2, 3, 13]. In
these works, several techniques have been invented for massless models of quantum field
theory in order to cope with the absence of a spectral gap. Scattering theory has also
been developed in various models of quantum field theory (see, e.g., [23, 22, 16, 25, 24])
and in particular in the massless Spin-Boson model (see, e.g., [17, 18, 19, 20, 10, 14, 12]).
In [5], a rigorous mathematical justification of Bohr’s frequency condition was derived
using an expansion of the scattering amplitudes with respect to powers of the fine struc-
ture constant for the Pauli-Fierz model. In [10], the photoelectric effect has been studied
for a model of an atom with a single bound state, coupled to the quantized electromag-
netic field. A related problem is studying the time-evolution in models of quantum field
theory. In [11], this question has been addressed for the Spin-Boson model. A good
overview has been given in [34].

This work heavily relies on the multiscale analysis carried out in [13] as well as
on the results in [14]. We de not repeat any of those proofs here but rather focus on
the core argument to derive the above mentioned non-perturbative formula. However,
throughout this work, we give precise references to any of the utilized theorems and
lemmas which also contain all technical details.

1.1 The Spin-Boson model
In this section we introduce the considered model and state preliminary definitions, well-
known tools and facts from which we start our analysis. If the reader is already familiar
with the introductory Sections 1.1 until 1.3 of [13], these subsections can be skipped.

The non-interacting Spin-Boson Hamiltonian is defined as

H0 := K +Hf , K :=
(
e1 0
0 e0

)
, Hf :=

∫
d3k ω(k)a(k)∗a(k). (1.1)

We regard K as an idealized free Hamiltonian of a two-level atom. As already stated
in the introduction, its two energy levels are denoted by the real numbers 0 = e0 < e1.
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Furthermore, Hf denotes the free Hamiltonian of a massless scalar field having dispersion
relation ω(k) = |k|, and a, a∗ are the annihilation and creation operators on the standard
Fock space. For a precise defintion we refer to [14, Section 1.1]. Below, we sometimes
call K the atomic part, and Hf the free field part of the Hamiltonian. The sum of the
free two-level atom Hamiltonian K and the free field Hamiltonian Hf is named “free
Hamiltonian” H0. The interaction term reads

V := σ1 ⊗ (a(f) + a(f)∗) , σ1 :=
(

0 1
1 0

)
, (1.2)

where the boson form factor is given by

f : R3 \ {0} → R, k 7→ e−
k2
Λ2 |k|− 1

2 +µ. (1.3)

In our case, the gaussian factor in (1.3) acts as an ultraviolet cut-off for Λ > 0 being the
ultraviolet cut-off parameter and in addition the fixed number

µ ∈ (0, 1/2) (1.4)

yields a regularization of the infrared singularity at k = 0 which is a technical assumption
chosen such that we can apply the results obtained in [13]. Note that the form factor f
only depends on the radial part of k. To emphasize this, we often write f(k) ≡ f(|k|).

The full Spin-Boson Hamiltonian is then defined as

H := H0 + gV (1.5)

for some coupling constant g > 0 on the Hilbert space

H := K ⊗F [h] , K := C2, (1.6)

where

F [h] :=
∞⊕

n=0
Fn [h] , Fn [h] := h�n, h := L2(R3,C) (1.7)

denotes the standard bosonic Fock space, and superscript �n denotes the n-th symmetric
tensor product, where by convention h�0 ≡ C. Note that we identify K ≡ K⊗ 1F [h] and
Hf ≡ 1K ⊗Hf in our notation (see Notation 1.1 below).

An element Ψ ∈ F [h] can be represented as a sequence (ψ(n))n∈N0 of wave functions
ψ(n) ∈ h�n. The state Ψ with ψ(0) = 1 and ψ(n) = 0 for all n ≥ 1 is called the vacuum
and is denoted by

Ω := (1, 0, 0, . . . ) ∈ F [h] . (1.8)

Note that a and a∗ fulfill the canonical commutation relations:

∀h, l ∈ h, [a(h), a∗(l)] = 〈h, l〉2 , [a(h), a(l)] = 0, [a∗(h), a∗(l)] = 0. (1.9)

3
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Let us recall some well-known facts about the introduced model. It is well-known that
K,Hf , H0, H are self-adjoint and bounded below on the domainsK,D(Hf ),D(H0),D(H),
respectively (see, e.g., [14, Proposition 1.1]). The spectrum of K consists of two eigen-
values e0 and e1 and the corresponding eigenvectors are

ϕ0 = (0, 1)T and ϕ1 = (1, 0)T with Kϕi = eiϕi, i = 0, 1. (1.10)

The spectrum of Hf is σ(Hf ) = [0,∞) and it is absolutely continuous (see [31]). Con-
sequently, the spectrum of H0 is given by σ(H0) = [e0,∞), and e0, e1 are eigenvalues
embedded in the absolutely continuous part of the spectrum of H0 (see [30]).

Notation 1.1. In this work we omit spelling out identity operators whenever unambigu-
ous. For every vector spaces V1, V2 and operators A1 and A2 defined on V1 and V2,
respectively, we identify

A1 ≡ A1 ⊗ 1V2 , A2 ≡ 1V1 ⊗A2. (1.11)

In order to simplify our notation further, and whenever unambiguous, we do not utilize
specific notations for every inner product or norm that we employ.

1.2 Complex dilation
In this section we shortly introduce the method of complex dilation which is a key tool
for proving our main result. For a more detailed presentation we refer to [14, Section
1.2]. We start by defining a family of unitary operators on H indexed by θ ∈ R.

Definition 1.2. For θ ∈ R, we define the unitary transformation

uθ : h→ h, ψ(k) 7→ e−
3θ
2 ψ(e−θk). (1.12)

Similarly, we define its canonical lift Uθ : F [h]→ F [h] by the lift condition Uθa(h)∗U−1
θ =

a(uθh)∗, h ∈ h, and UθΩ = Ω. This defines Uθ uniquely. With slight abuse of notation,
we also denote 1K ⊗ Uθ on H by the same symbol Uθ.

We say that Ψ ∈ F [h] is an analytic vector if the map θ 7→ Ψθ := UθΨ has an analytic
continuation from an open connected set in the real line to a (connected) domain in the
complex plane.

We define the family of transformed Hamiltonians, for θ ∈ R,

Hθ := UθHU
−1
θ = K +Hθ

f + gV θ, (1.13)

where

Hθ
f :=

∫
d3k ωθ(k)a∗(k)a(k), V θ := σ1 ⊗

(
a(fθ) + a(fθ)∗

)
(1.14)

and

ωθ(k) := e−θ|k|, fθ : R3 \ {0} → R, k 7→ e−θ(1+µ)e−e
2θ k2

Λ2 |k|− 1
2 +µ. (1.15)
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Eqs. (1.15), (1.14) and the right-hand side of (1.13) can be defined for complex θ (see,
e.g., [14, Lemma 1.4]). For sufficiently small coupling constants and θ ∈ S, where S is a
suitable subset of the complex plane defined in (A.3) below, it has been shown that Hθ

has two non-degenerate eigenvalues λθ0 and λθ1 with corresponding rank one projectors
denoted by P θ0 and P θ1 , respectively; see, e.g., [13, Proposition 2.1]. Note that there the
θ-dependence was omitted in the notation. For convenience of the reader, we make it
explicit in this paper. The corresponding dilated eigenstates can, therefore, be written
as

Ψθ
λi := P θi ϕi ⊗ Ω, i = 0, 1. (1.16)

where the eigenstates ϕi of the free atomic system are given in (1.10), and Ω is the
bosonic vacuum defined in (1.8). In our notation Ψθ

λi
is not necessarily normalized. We

know from [13, Theorem 2.3] that the eigenvalues λθi are independent of θ as long as θ
belongs to S and, therefore, we suppress it in our notation writing λθi ≡ λi. In the case
that i = 1, it is necessary that 0 does not belong to S. This is not required if i = 0, and
in this situation we extend the set S, with the same notation, to an open connected set
that contains 0 (see [13, Definition 1.4 and Remark 2.4]). From this, it is easy to see
that Ψθ=0

λ0
= Ψλ0 - as introduced above.

1.3 Scattering theory
Finally, we give a short review of scattering theory which is necessary to state the main
result in Section 2. For a more detailed introduction we refer to [14, Section 1.3].

Definition 1.3 (Basic components of scattering theory). We denote by h0 the set of
smooth complex-valued functions on R3 with compact support contained in R3 \ {0}.

We define the following objects:

(i) For h ∈ h0 and Ψ ∈ K ⊗D(H1/2
f ), the asymptotic annihilation operators

a±(h)Ψ := lim
t→±∞

at(h)Ψ, at(h) := eitHa(ht)e−itH , ht(k) := h(k)e−itω(k).

(1.17)

Moreover, we define the asymptotic creation operators a∗±(h) as the respective ad-
joints.

(ii) The asymptotic Hilbert spaces

H± := K± ⊗F [h] where K± := {Ψ ∈ H : a±(h)Ψ = 0 ∀h ∈ h0} . (1.18)

(iii) The wave operators

Ω± : H± → H (1.19)
Ω±Ψ⊗ a∗(h1)...a∗(hn)Ω := a∗±(h1)...a∗±(hn)Ψ, h1, ..., hn ∈ h0, Ψ ∈ K±.
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(iv) The scattering operator S := Ω∗+Ω−.

The limit operators a± and a∗± are called asymptotic outgoing/ingoing annihilation
and creation operators. The existence of the limits in (1.17) and their properties (for
example that Ψλ0 ∈ K±) are well-known (see e.g. [23, 22, 16, 25, 24, 17, 18, 19, 20, 10]).
For a detailed proof we refer to [14, Lemma 4.1]. We can thus define the following
scattering matrix coefficients for one-boson processes:

S(h, l) = ‖Ψλ0‖−2 〈a∗+(h)Ψλ0 , a
∗
−(l)Ψλ0

〉
, ∀h, l ∈ h0, (1.20)

where the factor ‖Ψλ0‖−2 appears due to the fact that, as already mentioned above, in
our notation, the ground state Ψλ0 is not necessarily normalized. In addition, it will be
convenient to work with the corresponding transition matrix coefficients for one-boson
processes given by

T (h, l) = S(h, l)− 〈h, l〉2 ∀h, l ∈ h0. (1.21)

Physically, these matrix coefficients may be interpreted as transition amplitudes of the
scattering process in which an incoming boson with wave function l is scattered at the
two-level atom into an outgoing boson with wave function h. Notice that the transition
matrix coefficients of multi-boson processes can be defined likewise but in this work we
focus on one-boson processes only.

2 Main results
We are now able to state our main result which provides the precise relation between the
one-boson transition matrix elements and the resolvent of the complex dilated Hamilto-
nian. The corresponding proofs will be provided in Section 3.

Theorem 2.1 (Scattering Formula). For sufficiently small g, θ in a suitable subset
S ⊂ C (see (A.3)), and for all h, l ∈ h0, the transition matrix coefficients for one-boson
processes are given by

T (h, l) =
∫

d3kd3k′ h(k)l(k′)δ(ω(k)− ω(k′))T (k, k′) (2.1)

where

T (k, k′) = −2πig2f(k)f(k′) ‖Ψλ0‖−2
(〈

σ1Ψθ
λ0 ,
(
Hθ − λ0 − |k′|

)−1
σ1Ψθ

λ0

〉

+
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 + |k′|

)−1
σ1Ψθ

λ0

〉)
. (2.2)

The integral with respect to the Dirac’s delta distribution distribution δ in (2.1) is
to be understood as

T (h, l) =
∫ ∞

0
d|k|

∫
dΣdΣ′ h(|k|,Σ)l(|k|,Σ′)T (|k|,Σ, |k|,Σ′), (2.3)
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where we have introduced spherical coordinates k = (|k|,Σ) with Σ being the solid angle
and T (k, k′) ≡ T (|k|,Σ, |k|,Σ′) is given by (2.2). Notice that (2.2) is not defined for
k = 0 or k′ = 0. However, since we take h, l ∈ h0, the expression (2.1) is well-defined.
Representing such matrix elements in terms of a distribution kernel is convenient (in
our case, e.g., it makes the energy conservation apparent) and also frequently used in
the literature. In particular, similar distribution kernels in a closely related model have
been studied in [10, 14].

Remark 2.2. In a similar vein as in [14], we can apply perturbation theory together with
the spectral properties obtained in [13] in order to deduce a result as [14, Theorem 2.2]
from Theorem 2.1 above. Then, one can again see the Lorentzian shape of the integral
kernel which was explained in detail in [14].

In the remainder of this work we denote by C any generic (indeterminate), posi-
tive constant that might change from line to line but does not depend on the coupling
constant.

3 Proof of the main result
In the remainder of this work we provide the proof of Theorem 2.1. This section has
three parts: In Section 3.1, we recall a preliminary formula for the scattering matrix
coefficients; c.f. Theorem 3.1 below, which was proven in [14, Theorem 4.3]. This formula
together with several technical ingredients provided in Section 3.2 and 3.3 pave the way
for the proof of our main result given in Section 3.4.

3.1 Preliminary scattering formula
The following theorem has been proven in [14, Theorem 4.3].

Theorem 3.1 (Preliminary Scattering Formula). For h, l ∈ h0, the transition matrix
coefficient for one-boson processes T (h, l) defined in (1.21) fulfills

T (h, l) = lim
t→−∞

∫
d3kd3k′ h(k)l(k′)δ(ω(k)− ω(k′))Tt(k, k′) (3.1)

for the integral kernel

Tt(k, k′) = −2πigf(k) ‖Ψλ0‖−2 〈σ1Ψλ0 , at(k′)∗Ψλ0〉. (3.2)

The integral in (3.1) is to be understood as

T (h, l) = −2πig ‖Ψλ0‖−2
〈
σ1Ψλ0 , a−(W )∗Ψλ0

〉
(3.3)

for W ∈ h0 given by

R3 3 k 7→W (k) := |k|2l(k)
∫

dΣh(|k|,Σ)f(|k|,Σ) (3.4)

using spherical coordinates k = (|k|,Σ) with Σ being the solid angle.
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3.2 General ingredients for the proof of the main theorem
Here, we state some general results which are applied in the proof of our main result, see
Section 3.4. Most of the statements in this section are formulated without motivation.
However, their importance becomes clear later in Section 3.4. At first, we recall a
representation formula of the time-evolution operator similar to the Laplace transform
representation (see, e.g., [2]). This formula is an important ingredient for the proof of
the perturbative scattering formula in [14] and it plays a relevant role in the present
work. For a detailed proof we refer to [14, Lemma 4.5].

Lemma 3.2. For ε > 0, ν = Im θ > 0 and sufficiently large R > 0, we consider the
concatenated contour Γ(ε, R) := Γ−(ε, R) ∪ Γc(ε) ∪ Γd(R) (see Figure 1), where

Γ−(ε, R) := [−R, λ0 − ε] ∪ [λ0 + ε, R],

Γd(R) :=
{
−R− uei ν4 : u ≥ 0

}
∪
{
R+ ue−i

ν
4 : u ≥ 0

}
,

Γc(ε) :=
{
λ0 − εe−it : t ∈ [0, π]

}
. (3.5)

The orientations of the contours in (3.5) are given by the arrows depicted in Figure 1.
Then, for all analytic vectors φ, ψ ∈ H (analytic in a – connected – domain containing
0) and t > 0, the following identity holds true:

〈
φ, e−itHψ

〉
= 1

2πi

∫

Γ(ε,R)
dz e−itz

〈
ψθ,

(
Hθ − z

)−1
φθ
〉
. (3.6)

Figure 1: An illustration of the contour Γ(ε, R) := Γ−(ε, R) ∪ Γc(ε) ∪ Γd(R).

In this paper we use a non-standard definition of the Fourier transform and its inverse:

F[u](x) :=
∫

R
ds u(s)e−isx, F−1[u](x) := (2π)−1

∫

R
ds u(s)eisx, (3.7)

where u ∈ S(R,C) (the Schwartz space). We utilize the same symbols (and names)
for their dual transformation on S′(R,C) (the space of tempered distributions). We
identify, as usual, functions f ∈ Lp(R,C) (for some p ∈ [1,∞]) with their induced
tempered distributions in S ′(R,C) (f(u) =

∫
uf) and, similarly, we identify functions

f ∈ L1
loc(R,C) with their induced distributions in

(
C∞0 (R,C)

)′. We denote by Θ the

8

250 A Electronic reprints



Heaviside function (or distribution, or tempered distribution) and by δ the Dirac δ
distribution (or tempered distribution):

Θ(x) :=
{

1 for x ≥ 0
0 for x < 0

, Θ(u) =
∫ ∞

0
u(x)dx, δ(u) = u(0), (3.8)

for u ∈ S ′(R,C).

Lemma 3.3. We denote by (PV (1/•)) ∈ S′(R,C) the principal value:

(PV (1/•)) (ϕ) ≡ PV
∫

R
ds 1

s
ϕ(s) := lim

η→0+

∫

R\[−η,η]
ds 1

s
ϕ(s) ∀ϕ ∈ S(R,C). (3.9)

It follows that

F[Θ] = πδ − iPV (1/•) . (3.10)

The above result can be shown using methods from standard distribution theory.
However, for the sake of completeness, we present a proof in Appendix B.

3.3 Key estimates
In this section we establish two key estimates for the proof of the main theorem. We
point out to the reader that they strongly rely on the results obtained in [13]. However,
for simplicity and due to the fact that the important features have already been studied
in [14, Section 4.3], we omit the details related to the multiscale analysis carried out in
[13], and give precise references instead.

Definition 3.4. (c.f. [14, Definition 4.6]) For every fixed numbers ρ0 ∈ (0, 1) and
ρ ∈ (0,min(1, e1/4)) satisfying (A.13), we define the sequences

ρn := ρ0ρ
n, εn := 20ρ1+µ/4

n , ∀n ∈ N. (3.11)

Lemma 3.5. Set G ∈ C∞c (R \ {0},C), n ∈ N large enough and η > 0 small enough such
that G(x) = 0, for |x| ≤ 2(εn + η). We define

Tn,R(η) : =
∫

Γ−(εn,R)
dz u(z)

∫

R
dr G(r)

z − λ0 − r
(
1− 1Iη(z)(r)

)
, (3.12)

where 1Iη(z) is the characteristic function of the set Iη(z) := [z − λ0 − η, z − λ0 + η],
Γ−(εn, R) is defined in (3.5) and

u : C+ \ {λ0} → C, z 7→ u(z) :=
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
. (3.13)

Then, for sufficiently large R (independent of n and θ ∈ S), there is a constant C (that
does not depend on n, but it does depend on G, θ, e1 and m – see above (A.9) below)
such that

∣∣∣∣Tn,R(η)− πi
∫

R
dr G(r)u(r + λ0)

∣∣∣∣ ≤ C
(
ρµ/8n + 1

R
+ η

)
. (3.14)

9

A.6 One-Boson Scattering Processes in the Massless Spin-Boson Model – A Non-Perturbative
Formula 251



Proof. The integrand in (3.12) is absolutely integrable with respect to the variables z
and r because the singularity is cut off by the characteristic function. We apply Fubini’s
theorem to get

Tn,R(η) =
∫

R
dr G(r)

∫

Γ−(εn,R)
dz u(z) 1

z − λ0 − r
(
1− 1Iη(z)(r)

)
. (3.15)

Next, we analyze the inner integral above for r in the support of G. Set Γ(r) the half
circle in the upper half complex plane with center r + λ0 and radius η. Moreover, set
Γ(R) the half-circle in the upper half complex plane with center 0 and radius R. As

Figure 2: An illustration of the half circles Γc(εn) and Γ(r).

despicted in Figure 2, the two half circles Γc(εn) and Γ(r) do not intersect each other for
all r in the support of G. This is a consequence of the assumption that the support of
G does not intersect with the interval (−2(εn + η), 2(εn + η)). Moreover, we find that
both half circles Γc(εn) and Γ(r) are contained in Γ(R) for large enough R (the value of
R can be chosen uniformly with respect to n and θ ∈ S, but it depends on the support
of G independent of n and θ ∈ S, but dependent on the support of G).

Note that there is a constant C (that depends on the support of G, but not on n,
θ ∈ S, ρ and ρ0) such that (see (A.12))

∣∣∣u(z) 1
z − λ0 − r

∣∣∣ ≤ C

R2 , ∀z ∈ Γ(R). (3.16)

Moreover, there is a constant C (that depends on the support of G, but not on n, ρ and
ρ0) such that (see (A.15))

∣∣∣u(z) 1
z − λ0 − r

∣∣∣ ≤ CCn+1 1
ρn
, ∀z ∈ Γc(εn), (3.17)

where ρn = ρ0ρn and ρ0 > 0, 0 < ρ < 1 and C > 0 are specific numbers defined in [13,
Definition 4.1 and 4.2] and fulfilling (A.13). We know from (A.10) and (A.11) that the
only spectral point of Hθ in C+ is λ0. Hence, there is a constant C (that depends on
the support of G, but not on n) such that

|u(z)− u(λ0 + r)| ≤ Cη, ∀z ∈ Γ(r). (3.18)

10
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A direct calculation shows that
∫

Γ(r)
dz u(λ0 + r) 1

z − λ0 − r
= −u(λ0 + r)iπ. (3.19)

We choose the contour which follows the following set of points
(
Γ−(εn, R) \(r + λ0 −

η, r + λ0 + η)
)
∪Γ(R) ∪Γ(r) ∪ Γc(εn) along the mathematical positive orientation. This

is a closed contour where the function z 7→ u(z)
z−λ0−r is continuous, and an it is analytic

on its interior. Then, it follows from Cauchy’s integral formula that (notice that, for z
in the real numbers, 1Iη(z)(r) = 1[r+λ0−η,r+λ0+η](z))
∫

Γ−(εn,R)
dz u(z)

z − λ0 − r
(
1− 1Iη(z)(r)

)
=
∫

Γ−(εn,R)
dz u(z)

z − λ0 − r
(
1− 1[r+λ0−η,r+λ0+η](z)

)

=
∫

Γ−(εn,R)\(r+λ0−η,r+λ0+η)
dz u(z)

z − λ0 − r

=−
∫

Γ(R)∪Γ(r)∪Γc(εn)
dz

u(z)
z − λ0 − r

, (3.20)

which together with (3.15)-(3.19) imply the desired result, we additionally use Definition
3.4 and (A.13) to estimate the integral over Γc(εn).

Lemma 3.6. Let n ≥ 2 and R > 0 be large enough. For 0 < q < 1 < Q < ∞ and
ζ ∈ S(R,C), we define

A(Q,n,R) :=
∫ Q

q
ds ζ(s)

∫

Γ−(εn,R)
dz e−is(z−λ0)

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
. (3.21)

Then, the limits A(Q,∞,∞) := lim
n,R→∞

A(Q,n,R) and A(∞, n,R) := lim
Q→∞

A(Q,n,R)
exist and they are uniform with respect to Q and (n,R), respectively. Moreover, there is
a constant C (independent of n, q, Q and R) such that

|A(Q,n,R)−A(∞, n,R)| ≤ C/Q. (3.22)

Additionally, the limits

lim
Q→∞

lim
n,R→∞

A(Q,n,R), lim
n,R→∞

A(∞, n,R) (3.23)

exist and they are equal.

Proof. For 0 < q < Q <∞, n ∈ N and R ∈ R+ sufficiently large, we write

A(Q,n,R) = A(1)(Q,n,R) +A(2)(Q,n,R), (3.24)
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where

A(1)(Q,n) :=
∫ Q

q
ds ζ(s)

∫

In
dz e−is(z−λ0)

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
, (3.25)

A(2)(Q,R) :=
∫ Q

q
ds ζ(s)

∫

I1
dz e−is(z−λ0)

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
. (3.26)

Here, we split the the domain of integration Γ−(εn, R) = I1 ∪ In, where I1 := [−R,R] \
(λ0 − ε1, λ0 + ε1) and In := [λ0 − ε1, λ0 + ε1] \ (λ0 − εn, λ0 + εn). We analyze first
(3.26). We obtain from the integration by parts formula (in the variable s) together with
e−is(z−λ0) = i(z − λ0)−1∂se−is(z−λ0) that there is a constant C such that, for Q̃ > Q,

A(2)(Q̃, R)−A(2)(Q,R)

= i

∫ Q̃

Q
ds ζ(s)

∫

I1
dz (z − λ0)−1∂se

−is(z−λ0)
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
.

= i

∫

I1
dz
(
ζ(Q̃)e−iQ̃(z−λ0) − ζ(Q)e−iQ(z−λ0)

)
(z − λ0)−1

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉

− i
∫ Q̃

Q
ds (∂sζ(s))

∫

I1
dz (z − λ0)−1e−is(z−λ0)

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
. (3.27)

Since ζ ∈ S(R,C), there is a constant C such that, for all s ∈ R, |ζ(s)|, |∂sζ(s)| ≤
C/(1 + s2), and hence, there is a constant C such that
∣∣∣A(2)(Q̃, R)−A(2)(Q,R)

∣∣∣ ≤ CQ−1
∫

I1
dz |z − λ0|−1

∣∣∣∣
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣ .

(3.28)

It follows from (A.12) and (A.15) that there is a constant C (independent of n, R, q and
Q) such that

∣∣∣A(2)(Q̃, R)−A(2)(Q,R)
∣∣∣ ≤ C/Q. (3.29)

Similarly, using that ζ ∈ S(R,C), we find a constant C (independent of n, R, q and Q)
such that

∣∣∣A(1)(Q̃, n)−A(1)(Q,n)
∣∣∣ ≤ CQ−1

∫

In
dz
∣∣∣∣
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣

≤ CQ−1
n−1∑

j=1

∫

Ij,j+1
dz
∣∣∣∣
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣ , (3.30)

where Ij,j+1 := [λ0− εj , λ0 + εj ]\ (λ0− εj+1, λ0 + εj+1). We observe from (A.15) together
with Definition 3.4 that there is a constant C (independent of n, R, q and Q) such that

∣∣∣A(1)(Q̃, n)−A(1)(Q,n)
∣∣∣ ≤ CQ−1

∞∑

j=1

∫

Ij,j+1
dz C

j+2

ρj+1
≤ CQ−1

∞∑

j=1

Cj+2εj
ρj+1

. (3.31)
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From Definition 3.4 and (A.13), we obtain that
∣∣∣A(1)(Q̃, n)−A(1)(Q,n)

∣∣∣ ≤ C/Q. (3.32)

This together with (3.29) implies that there is a constant C such that
∣∣∣A(Q̃, n,R)−A(Q,n,R)

∣∣∣ ≤ C/Q. (3.33)

Consequently, the limit limQ̃→∞A(Q̃, n,R) exists and it converges uniformly with re-
spect to n and R. We denote the limit by A(∞, n,R) = lim

Q→∞
A(Q,n,R). It follows that

(3.22) holds true.
For fixed Q and ñ > n and R̃ > R, we have
∣∣∣A(Q, ñ, R̃)−A(Q,n,R)

∣∣∣ ≤
∣∣∣A(Q, ñ, R̃)−A(Q, ñ, R)

∣∣∣+ |A(Q, ñ, R)−A(Q,n,R)| .
(3.34)

For ñ and R̃ large enough, employing a similar calculation as in (3.28), we get from
(3.24), (3.25), (3.26) that there is a constant C (that does not depend on Q) such that

∣∣∣A(Q, ñ, R̃)−A(Q, ñ, R)
∣∣∣ =

∣∣∣A(2)(Q, R̃)−A(2)(Q,R)
∣∣∣

≤ C ′
∫

[−R̃,−R]∪[R,R̃]
dz |z − λ0|−1

∣∣∣∣
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣ ≤ C/R, (3.35)

and furthermore, similarly as in (3.31), we obtain that there is a constant C such that

|A(Q, ñ, R)−A(Q,n,R)| =
∣∣∣A(1)(Q, ñ)−A(1)(Q,n)

∣∣∣ ≤ C
ñ−1∑

j=n

Cj+2εj
ρj+1

, (3.36)

and consequently, it follows from Definition 3.4 together with (A.13) that there is a
constant C (that does not depend on Q) such that

|A(Q, ñ, R)−A(Q,n,R)| ≤ C/n. (3.37)

This together with (3.34) and (3.35) yields that there there is a constant C (that does
not depend on Q) such that

∣∣∣A(Q, ñ, R̃)−A(Q,n,R)
∣∣∣ ≤ C(R−1 + n−1). (3.38)

We conclude that the limit A(Q,∞,∞) := lim
n,R→∞

A(Q,n,R) exists (uniformly with
respect to Q). This completes the first part of the lemma.

Now we prove the second part of the lemma. At first, we show the existence of the
limit lim

n,R→∞
A(∞, n,R). For ñ > n and R̃ > R, we estimate

∣∣∣A(∞, ñ, R̃)−A(∞, n,R)
∣∣∣ (3.39)

≤
∣∣∣A(∞, ñ, R̃)−A(Q, ñ, R̃)

∣∣∣+
∣∣∣A(Q, ñ, R̃)−A(Q,n,R)

∣∣∣+ |A(Q,n,R)−A(∞, n,R)| .
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For ε > 0, we take Q0 > 0 such that for all Q ≥ Q0
∣∣∣A(∞, ñ, R̃)−A(Q, ñ, R̃)

∣∣∣ ≤ ε/3 and |A(∞, n,R)−A(Q,n,R)| ≤ ε/3. (3.40)

We obtain from (3.38) that, for ε > 0, there are constants n0, R0 > 0 such that, for all
n, ñ ≥ n0 and R, R̃ ≥ R0,

∣∣∣A(Q, ñ, R̃)−A(Q,n,R)
∣∣∣ ≤ ε/3. (3.41)

This together with (3.40) and (3.39) yields that, for ε > 0, there are n0 > 0 and R0 > 0
such that, for n ≥ n0 and R ≥ R0, we have

∣∣∣A(∞, ñ, R̃)−A(∞, n,R)
∣∣∣ ≤ ε. (3.42)

This implies the existence of the limit lim
n,R→∞

A(∞, n,R) =: A(∞,∞,∞). We fix ε > 0.
According to (3.42) we obtain that for large enough n,R, |A(∞,∞,∞)−A(∞, n,R)| <
ε/3. Since limQ→∞A(Q,n,R) = A(∞, n,R) uniformly with respect to n,R, then for
large enough Q (independently of n,R) |A(∞, n,R) − A(Q,n,R)| < ε/3. Moreover,
because A(Q,∞,∞) = lim

n,R→∞
A(Q,n,R) (uniformly with respect to Q), for large enough

n,R (independently of Q) we have that |A(Q,n,R)− A(Q,∞,∞)| < ε/3. We conclude
that there are n ∈ N, R > 0 and Q > 0 such that, for n ≥ n, Q ≥ Q and R ≥ R, we
have

|A(∞,∞,∞)−A(Q,∞,∞)| ≤|A(∞,∞,∞)−A(∞, n,R)|+ |A(∞, n,R)−A(Q,n,R)|
+ |A(Q,n,R)−A(Q,∞,∞)| < ε. (3.43)

This proves that limQ→∞A(Q,∞,∞) = A(∞,∞,∞) and completes the proof of the
second part of the lemma.

Remark 3.7. The absolute value of the integrand in the definition of A(Q,n,R) in
Lemma 3.6 is

|ζ(s)|
∣∣∣
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉 ∣∣∣, (3.44)

and since the norm of the resolvent operator behaves as
∣∣∣1/z

∣∣∣ for large |z|, it is expected
that the integral of (3.44) over Γ−(εn, R) diverges as R tends to infinity. A uniform bound
of the from (3.22) is possible because the oscillatory factor e−is(z−λ0)is being integrated:
we treat A(Q,n,R) as an oscillatory integral, and use the usual tools from this area (we
use a clever division of the integration domain, apply integration by parts in different
forms and interchange orders of integration). This is only possible if the variable s is
integrated (otherwise we loose the power of the oscillatory factor and we cannot perform
integration by parts in the way we do). This is the reason why do not differentiate with
respect to Q and utilize the fundamental theorem of calculus (which is called Cook method
in the context of scattering theory), since the derivative of A(Q,n,R) with respect to Q
does not contain an integration with respect to s.
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3.4 Proof of Theorem 2.1
Proof of Theorem 2.1. Let h, l ∈ h0; see Definition 1.3. Recall the definition of W given
in (3.4) and the form factor f in (1.3). Thanks to the fact that f ∈ C∞(R3 \ {0},C),
we find that

hf, lf,W ∈ h0. (3.45)

Theorem 3.1, i.e., Equation (3.3) together with (A.2) yields

T (h, l) = −2πig ‖Ψλ0‖−2 〈a−(W )σ1Ψλ0 ,Ψλ0〉 = −2πig ‖Ψλ0‖−2 〈[a−(W ), σ1]Ψλ0 ,Ψλ0〉 ,
(3.46)

and furthermore, recalling that ω(k) = |k|, and (A.1), we obtain that

T (h, l) = −2π(ig)2 ‖Ψλ0‖−2
∫ 0

−∞
ds 〈Ws, f〉2

〈[
eisHσ1e

−isH , σ1
]

Ψλ0 ,Ψλ0

〉

= 2πg2 ‖Ψλ0‖−2
∫ ∞

0
ds 〈f,W−s〉2

〈[
e−isHσ1e

isH , σ1
]

Ψλ0 ,Ψλ0

〉

= ig2 ‖Ψλ0‖−2
(
T (1) − T (2)

)
, (3.47)

where we use the abbreviations

T (j) := lim
q→0+

lim
Q→∞

T (j),q,Q (3.48)

for j = 1, 2 with

T (1),q,Q : = −2πi
∫ Q

q
ds
∫

d3kW (k)f(k)eis(|k|+λ0)
〈
σ1Ψλ0 , e

−isHσ1Ψλ0

〉

= −2πi
∫ Q

q
ds
∫

dr G(r)eis(r+λ0)
〈
σ1Ψλ0 , e

−isHσ1Ψλ0

〉
(3.49)

and

T (2),q,Q := −2πi
∫ Q

q
ds
∫

dr G(r)eis(r−λ0)
〈
σ1Ψλ0 , e

isHσ1Ψλ0

〉
. (3.50)

Here, we use the notation

G : R→ C, r 7→ G(r) :=
{∫

dΣdΣ′ r4h(r,Σ)l(r,Σ′)f(r)2 for r ≥ 0
0 for r < 0,

(3.51)

where we write spherical coordinates k = (r,Σ) and k′ = (r′,Σ′) in (3.1) and (3.4)
recalling the definition ofW and that f(k) ≡ f(|k|) only depends on the radial coordinate
r = |k|. Thanks to (3.45), we observe

G ∈ C∞c (R \ {0},C) ⊂ S(R,C). (3.52)
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Term T (1),q,Q: [13, Theorem 2.3] guarantees that Ψλ0 , and therefore, also σ1Ψλ0 is an
analytic vector (see Definition 1.2). As pointed out earlier, for the ground state, we can
take the set S to be a neighborhood of 0 which allows us to apply Lemma 3.2 and find

T (1),q,Q = −
∫ Q

q
ds
∫

dr G(r)eis(r+λ0)
∫

Γ(εn,R)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
.

(3.53)

Here, Γ(εn, R) = Γ−(εn, R) ∪ Γc(εn) ∪ Γd(R) is the contour defined in Lemma 3.2, i.e.,
(3.5), for sufficiently large R > 0 and n > 2. We split the term

T (1),q,Q = T
(1),q,Q
εn,R

+ T (1),q,Q
εn + T

(1),q,Q
R (3.54)

according to the different contours parts, see (3.5), in the dz-integrals:

T
(1),q,Q
εn,R

: = −
∫ Q

q
ds J(s)

∫

Γ−(εn,R)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
, (3.55)

T (1),q,Q
εn : = −

∫ Q

q
J(s)

∫

Γc(εn)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
, (3.56)

T
(1),q,Q
R : = −

∫ Q

q
ds J(s)

∫

Γd(R)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
, (3.57)

and we use the definition

J : R→ C, s 7→ J(s) =
∫

dr G(r)eis(r+λ0). (3.58)

We observe that, thanks to (3.52), we have J ∈ S(R,C) which implies

|J(s)| ≤ C(1 + |s|2)−1 (3.59)

for some constant C. Moreover, we have (see (A.12))
∣∣∣∣e
−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣ ≤ C‖Ψλ0‖2
es Im z

|z − e1|
, ∀z ∈ Γd(R). (3.60)

Contribution T
(1),q,Q
εn in (3.56): Using (3.59), we may start with the bound

|T (1),q,Q
εn | ≤ C sup

s∈[q,Q]

∣∣∣∣∣

∫

Γc(εn)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣∣ . (3.61)

It follows from (A.15) together with Definition 3.4 that there is a constant C such that,
for s ∈ [q,Q], we have
∣∣∣∣∣

∫

Γc(εn)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣∣ ≤ Ce
εnQ εn

ρn
Cn+1 ≤ CeεnQρµ/8n , (3.62)

where we use (A.13). In conclusion, we have that, for all 0 < q < Q <∞,

lim
n→0

T (1),q,Q
εn = 0. (3.63)
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Contribution T
(1),q,Q
R in (3.57): Using (3.59) again, we find

|T (1),q,Q
R | ≤ C

∫ Q

q
ds 1

1 + |s|2

∣∣∣∣∣

∫

Γd(R)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣∣ . (3.64)

For s ∈ [q,Q], we observe that there is a constant C such that (see (A.12))
∣∣∣∣∣

∫

Γd(R)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣∣ ≤
C

R

∫ ∞

0
du e−su sin(ν/4). (3.65)

Thereby, as in (3.65), we obtain the estimate

lim
R→∞

∫ Q

q
ds 1

1 + |s|2
∫

Γd(R)
dz
∣∣∣∣e
−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∣∣∣∣

≤ lim
R→∞

C

R

∫ Q

q
ds 1

1 + |s|2
1
|s| = 0. (3.66)

Then, we conclude for all 0 < q < Q <∞

lim
R→∞

T
(1),q,Q
R = 0. (3.67)

This together with (3.63) and (3.54) yields that for all 0 < q < Q <∞

T (1),q,Q = lim
n,R→∞

T
(1),q,Q
εn,R

. (3.68)

Note that J ∈ S(R,C). Therefore, we are in the position to apply Lemma 3.6 and find

T (1),q,∞ := lim
Q→∞

T (1),q,Q = lim
Q→∞

lim
n,R→∞

T
(1),q,Q
εn,R

= lim
n,R→∞

T
(1),q,∞
εn,R

, (3.69)

where

T
(1),q,∞
εn,R

:= lim
Q→∞

T
(1),q,Q
εn,R

= −
∫ ∞

q
ds J(s)

∫

Γ−(εn,R)
dz e−isz

〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
.

(3.70)

For fixed n and R, the function z 7→ e−isz
〈
σ1Ψθ

λ0
,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
is bounded in

Γ−(εn, R). Then, thanks to (3.59), we may apply Fubini’s theorem and find:

T
(1),q,∞
εn,R

= −
∫

Γ−(εn,R)
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∫ ∞

q
ds
∫

dr G(r)eis(r+λ0−z)

= −
∫

Γ−(εn,R)
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉∫
dsΘ(s− q)

∫
dr G(z)(r)e−isr. (3.71)

In the last step, we use the coordinate transformation r → z − λ0 − r and the notation

G(z) : R→ C, r 7→ G(z)(r) := G(z − λ0 − r) z ∈ R. (3.72)
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Then, it follows from (3.52) together with (3.7) that
∫

dsΘ(s− q)
∫

dr G(z)(r)e−isr =
∫

dsΘ(s)
∫

dr G(z)(r)e−iqre−isr

= Θ(F[G(z),q]) = F[Θ](G(z),q), (3.73)

where, for q > 0, we define

G(z),q(r) := G(z)(r)e−iqr. (3.74)

Thanks to (3.52), we have for z ∈ R and q ≥ 0

G(z),q ∈ C∞c (R \ {z − λ0},C) ⊂ S(R,C). (3.75)

It follows from Lemma 3.3 that for z ∈ R
∫

dsΘ(s− q)
∫

dr G(z)(r)e−isr = πδ(G(z),q)− i (PV (1/•)) (G(z),q). (3.76)

This together with (3.71) yields that

T
(1),q,∞
εn,R

= T
(1,1),q,∞
εn,R

+ T
(1,2),q,∞
εn,R

, (3.77)

where

T
(1,1),q,∞
εn,R

: = −π
∫

Γ−(εn,R)
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
G(z − λ0) (3.78)

T
(1,2),q,∞
εn,R

: = i

∫

Γ−(εn,R)
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
lim
η→0+

∫

R\[−η,η]
dr G(z − λ0 − r)e−iqr

r

(3.79)

In the following, we shall compute both contributions explicitly.

Contribution T
(1,1)
εn,R

(h, l): It follows from (3.52) that there are numbers M > κ > 0
such that supp G ⊂ [κ,M ]. Recall that everything so far holds for any choice of n,R > 0
large enough. For the rest of this proof we will restrict this choice to R > M and n > 0
large enough such that εn < κ/4. In this setting, we may turn the dz-integral in an
indefinite one, exploiting, the compact support of G and the definition of the contour
Γ−(εn, R). We thus obtain

T
(1,1),q,∞
εn,R

= −π
∫

Γ−(εn,R)
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − z

)−1
σ1Ψθ

λ0

〉
G(z − λ0)

= −π
∫

Γ−(εn,R)−λ0
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − z

)−1
σ1Ψθ

λ0

〉
G(z)

= −π
∫ ∞

0
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − z

)−1
σ1Ψθ

λ0

〉
G(z) (3.80)

18

260 A Electronic reprints



Contribution T
(1,2)
εn,R

(h, l): In order to calculate T (1,2)
εn,R

(h, l) we can now fall back to
Lemma 3.5. We recall Definition 3.4 and notice that 0 < εn < κ/4 for sufficiently large
n. Then, as a direct consequence of Lemma 3.5, we find (for sufficiently large R)

lim
n,R→∞

T
(1,2),q,∞
εn,R

= i lim
n,R→∞,η→0

Tn,R(η)

= −π
∫

R
dr G(r)e−iqr

〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − r

)−1
σ1Ψθ

λ0

〉

= −π
∫ ∞

0
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − z

)−1
σ1Ψθ

λ0

〉
G(z)e−iqz, (3.81)

where Tn,R(η) is defined in (3.12).
Collecting the contributions of (3.77), i.e, (3.80) and (3.81), we establish the identity

T (1) = lim
q→0+

lim
n,R→∞

T
(1),q,∞
εn,R

(3.82)

= −π lim
q→0+

∫ ∞

0
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − z

)−1
σ1Ψθ

λ0

〉
G(z)(1 + e−iqz)

= −2π
∫ ∞

0
dz
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − z

)−1
σ1Ψθ

λ0

〉
G(z)

= −2π
∫

d3kd3k′ h(k)l(k′)f(k)f(k′)δ(|k| − |k′|)
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 − |k′|

)−1
σ1Ψθ

λ0

〉
.

In the third line we applied the dominated convergence theorem which is justified by
(3.52). Moreover, we have inserted the definition of G using the symbolic notation of
the Dirac-delta distribution in the last step.

Term T (2): The second term T (2) can be inferred by repeating the calculation with θ
replaced by θ and reflecting the path of integration Γ(εn, R) on the real axis when ap-
plying Lemma 3.2. In this case one has to consider the Hamiltonian Hθ whose spectrum
is given by mirroring the spectrum of Hθ at the real axis. Due to the similarity of the
calculation, we omit a proof but only state the result

T (2) = 2π
∫

d3kd3k′ h(k)l(k′)f(k)f(k′)δ(|k| − |k′|)
〈
σ1Ψθ

λ0 ,
(
Hθ − λ0 + |k′|

)−1
σ1Ψθ

λ0

〉
.

(3.83)

The relative sign in comparison with (3.82) is due to the the opposite mathematical
orientation of the contour. Inserting (3.82) and (3.83) in (3.47) completes the proof.

A Collection of previous results used in this work
In this section we collect the relevant results of [14] and [13] which are used in the proofs
contained in this work.
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A.1 Scattering Theory

Let Ψ ∈ K ⊗D(H1/2
f ) and h, l ∈ h0. Then, we recall from [14, Lemma 4.1] that

a−(h)Ψ = a(h)Ψ + ig

∫ 0

−∞
ds eisH〈hs, f〉2 σ1e

−isHΨ. (A.1)

It can be shown by integration by parts that there is constant C such that |〈hs, f〉2| ≤
C/(1 + s2) for s ∈ R (see [14, Eq. (C.7)]). Hence, the integral above is convergent.
Moreover, it is proven in [14, Lemma 4.1 (iv)] that

a±(h)Ψλ0 = 0. (A.2)

A.2 Spectral Properties
We define

S :=
{
θ ∈ C : −10−3 < Re θ < 10−3 and ν < Im θ < π/16

}
, (A.3)

where ν ∈ (0, π/16) is a fixed number (see [13, Definition 1.4]).
In order to specify some of the spectral properties of Hθ we define certain regions in

the complex plane:

Definition A.1. (c.f. [14, Definition 3.2]) For fixed θ ∈ S, we set δ = e1− e0 = e1 and
define the regions

A : = A1 ∪A2 ∪A3, (A.4)

where

A1 : = {z ∈ C : Re z < e0 − δ/2} (A.5)

A2 : =
{
z ∈ C : Im z >

1
8δ sin(ν)

}
(A.6)

A3 : = {z ∈ C : Re z > e1 + δ/2, Im z ≥ − sin(ν/2) (Re(z)− (e1 + δ/2))} , (A.7)

and for i = 0, 1, we define

B
(1)
i :=

{
z ∈ C : |Re z − ei| ≤

1
2δ,−

1
2ρ1 sin(ν) ≤ Im z ≤ 1

8δ sin(ν)
}
. (A.8)

These regions are depicted in Figure 3.

For a fixed m ∈ N, m ≥ 4, we define the cone

Cm(z) :=
{
z + xe−iα : x ≥ 0, |α− ν| ≤ ν/m

}
. (A.9)
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Figure 3: An illustration of the subsets of the complex plane introduced in Definition
A.1.

It follows from the induction scheme in [13, Section 4] that λi ∈ B(1)
i , and moreover, [13,

Theorem 2.7] together with [13, Lemma 3.13] yields

σ(Hθ) ⊂ C \
[
A ∪ (B(1)

0 \ Cm(λ0)
) ∪ (B(1)

1 \ Cm(λ1)
)]
. (A.10)

For g small enough, we recall from [14, Eq. (3.13)] that there is constant c > 0 such that

Imλ1 < −g2c < 0. (A.11)

In the following we collect some important resolvent estimates. The region A is far away
from the spectrum, and therefore, resolvent estimates in this region are easy. In [13,
Lemma 3.2], we prove that there is a constant C (that does not depend on n, g, ρ0 and
ρ) such that

∥∥∥ 1
Hθ − z

∥∥∥ ≤ C 1
|z − e1|

, ∀z ∈ A. (A.12)

As in [14, Eq. (3.31)], we select the auxiliary numbers ρ

C8ρµ0 ≤ 1, C8ρµ ≤ 1/4, (and hence Cρ
1
2 ι(1+µ/4) ≤ 1), (A.13)

where

ι = µ/4
(1 + µ/4) ∈ (0, 1). (A.14)

In [14, Lemma 4.7] we show that for all n ∈ N, a fixed (arbitrary) m ≥ 4 and θ ∈ S,
there is a constant C (that depends on m) such that

∥∥∥ 1
Hθ − zσ1Ψθ

λ0

∥∥∥ ≤ CCn+1 1
ρn
, (A.15)
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for every z ∈ B(1)
0 \ Cm(λ0 − 2ρ1+µ/4

n e−iν), where the cone Cm is defined in (A.9). It can
be seen from [14, Lemma 4.7] that C does not depend on n, ρ0 and ρ. Here, we recall
from [14, Eq. (4.51)] that

Cm(λ0 − 2ρ1+µ/4
n e−iν) ∩

(
C+ + λ0 − i2 sin(ν)ρ1+µ/4

n

)
⊂ D(λ0, εn) ⊂ D(λ0, 2εn) ⊂ B(1)

0 .

(A.16)

B Proof of Lemma 3.3
Proof of Lemma 3.3. For α > 0, we define gα ∈ S ′(R,C) by

gα : S(R,C)→ C, ϕ 7→ gα(ϕ) =
∫ ∞

0
dx e−αxϕ(x). (B.1)

It follows from (3.7) that for ϕ ∈ S(R,C)

F[gα](ϕ) = gα (F[ϕ]) =
∫ ∞

0
dx e−αxF[ϕ](x) =

∫ ∞

0
dx e−αx

∫

R
dsϕ(s)e−isx. (B.2)

The integrand on the right-hand side of (B.2) is absolutely integrable because of ϕ ∈
S(R,C), and hence, the Fubini-Tonelli theorem yields that

F[gα](ϕ) =
∫

R
dsϕ(s)

∫ ∞

0
dx e−x(α+is). (B.3)

This together with
∫ ∞

0
dx e−x(α+is) = 1

α+ is
= α

(α2 + s2) − i
s

(α2 + s2) (B.4)

implies that

F[gα](ϕ) = G(1)
α (ϕ)− iG(2)

α (ϕ), (B.5)

where

G(1)
α (ϕ) =

∫

R
ds α

(α2 + s2)ϕ(s) (B.6)

and

G(2)
α (ϕ) =

∫

R
ds s

(α2 + s2)ϕ(s). (B.7)

Using the coordinate transformation s→ αs we obtain that

lim
α→0+

G(1)
α (ϕ) = lim

α→0+

∫

R
ds ϕ(αs)

1 + s2 = ϕ(0)
∫

R
ds 1

1 + s2 = πϕ(0) = πδ(ϕ), (B.8)
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where the second step follows from the dominated convergence theorem together with
the continuity of ϕ. Moreover, we have

G(2)
α (ϕ) = G(2,1)

α (ϕ) +G(2,2)
α (ϕ), (B.9)

where

G(2,1)
α (ϕ) :=

∫

R\[−α8,α8]
ds s

(α2 + s2)ϕ(s) (B.10)

and

G(2,2)
α (ϕ) :=

∫ α8

−α8
ds s

(α2 + s2)ϕ(s). (B.11)

We treat these two terms separately. At first, we obtain
∣∣∣G(2,2)

α (ϕ)
∣∣∣ ≤

∫ α8

−α8
ds
∣∣∣∣

s

(α2 + s2) (ϕ(s)− ϕ(0))
∣∣∣∣+ |ϕ(0)|

∣∣∣∣∣

∫ α8

−α8
ds s

(α2 + s2)

∣∣∣∣∣

≤ 2α14 sup
s∈[−α8,α8]

|ϕ(s)− ϕ(0)|+ |ϕ(0)|
2

∣∣∣∣∣

∫ α16

−α16
ds 1
α2 + s

∣∣∣∣∣ (B.12)

where we have used the coordinate transformation s′ = s2 for the second term in the
last line. Then, we obtain

∣∣∣G(2,2)
α (ϕ)

∣∣∣ ≤ 2α14 sup
s∈[−α8,α8]

|ϕ(s)− ϕ(0)|+ ϕ(0)
2

∣∣∣ln(1 + α8)− ln(1− α8)
∣∣∣ . (B.13)

Note that ln(·) is continuous close to 1 and sups∈[−α8,α8] |ϕ(s)− ϕ(0)| < ∞ since a
continuous function has a maximum on a compact set. We conclude

lim
α→0+

G(2,2)
α (ϕ) = 0. (B.14)

Finally, for some R > 0, we obtain

G(2,1)
α (ϕ) =

∫

[−R,R]\[−α8,α8]
ds s

(α2 + s2) (ϕ(s)− ϕ(0)) +
∫

[−R,R]\[−α8,α8]
ds s

(α2 + s2)ϕ(0)

+
∫

R\[−R,R]
ds s

(α2 + s2)ϕ(s). (B.15)

Due to symmetry, the second term vanishes independently of R, and moreover, the mean
value theorem implies that

|ϕ(s)− ϕ(0)| ≤ |s|
∥∥ϕ′
∥∥
∞ . (B.16)

Altogether, this yields that
∣∣∣ s

(α2 + s2) (ϕ(s)− ϕ(0))χ[−R,R]\[−α8,α8](s)
∣∣∣ ≤

∥∥ϕ′
∥∥
∞ χ[−R,R](s), (B.17)

∣∣∣ s

(α2 + s2)ϕ(s)χR\[−R,R](s)
∣∣∣ ≤
∣∣∣φ(s)
s
χR\[−R,R](s)

∣∣∣, (B.18)
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where χA is the characteristic (indicator) function of the set A. This allows us to apply
the dominated convergence theorem in order to find

lim
α→0+

G(2,1)
α (ϕ) = PV

∫

R
ds 1

s
ϕ(s) = (PV (1/•)) (ϕ). (B.19)

This together with (B.14), (B.9), (B.8) and (B.5) implies that

lim
α→0+

F[gα](ϕ) = πδ(ϕ)− i (PV (1/•)) (ϕ) ∀ϕ ∈ S(R,C). (B.20)

We conclude the proof by (3.7) which yields

lim
α→0+

F[gα](ϕ) = lim
α→0+

gα(F[ϕ]) = Θ(F[ϕ]) = F[Θ](ϕ) ∀ϕ ∈ S(R,C). (B.21)
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Abstract

In light of the conference Quantum Mathematical Physics held in Regensburg in
2014, we give our perspective on the external field problem in quantum electrodynamics
(QED), i.e., QED without photons in which the sole interaction stems from an external,
time-dependent, four-vector potential. Among others, this model was considered by
Dirac, Schwinger, Feynman, and Dyson as a model to describe the phenomenon of
electron-positron pair creation in regimes in which the interaction between electrons
can be neglected and a mean field description of the photon degrees of freedom is
valid (e.g., static field of heavy nuclei or lasers fields). Although it may appear as
second easiest model to study, it already bares a severe divergence in its equations
of motion preventing any straight-forward construction of the corresponding evolution
operator. In informal computations of the vacuum polarization current this divergence
leads to the need of the so-called charge renormalization. In an attempt to provide a
bridge between physics and mathematics, this work gives a review ranging from the
heuristic picture to our rigorous results in a way that is hopefully also accessible to
non-experts and students. We discuss how the evolution operator can be constructed,
how this construction yields well-defined and unique transition probabilities, and how
it provides a family of candidates for charge current operators without the need of
removing ill-defined quantities. We conclude with an outlook of what needs to be done
to identify the physical charge current among this family.

1 Heuristic introduction

We begin with a basic and informal introduction inspired by Dirac’s original work [9] to
provide a physical intuition for the external field QED model. Specialists among the readers
are referred directly to Section 1.1. As it is well-known, the free one-particle Dirac equation,
in units such that ~ = 1 and c = 1,

(i/∂ −m)ψ(x) = 0, for ψ ∈ H = L2(R3,C4), (1)

∗deckert@math.lmu.de
†merkl@math.lmu.de
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was originally suggested to describe free motion of single electrons. Curiously enough, it
allows for wave functions in the negative part (−∞,−m] of the energy spectrum σ(H0) =
(−∞,−m] ∩ [+m,∞) of the corresponding Hamiltonian H0 = γ0(−iγ · ∇ + m). As the
spectrum is not bounded from below, physicists rightfully argue [17] that a Dirac electron
coupled to the electromagnetic field may cascade to ever lower and lower energies by means
of radiation; the reason for this unphysical instability is that the electromagnetic field is
an open system, which may transport energy to spacial infinity. Other peculiarities stem-
ming from the presence of a negative energy spectrum are the so-called Zitterbewegung first
observed by Schrödinger [29] and Klein’s paradox [20]. As Dirac demonstrated [9], those pe-
culiarities can be reconciled in a coherent description when switching from the one-particle
Dirac equation (1) to a many, in the mathematical idealization even infinitely many, parti-
cle description known as the second-quantization of the Dirac equation. Perhaps the most
striking consequence of this description is the phenomenon of electron-positron pair creation,
which only little later was observed experimentally by Anderson [1].

In order to get rid of peculiarities due to the negative energy states, Dirac proposed to
introduce a “sea” of electrons occupying all negative energy states. The Pauli exclusion
principle then acts to prevent any additional electron in the positive part of the spectrum
to dive into the negative one. Let us introduce the orthogonal projectors P+ and P− onto
the positive and negative energy subspaces H+ and H−, respectively, i.e., H+ = P+H and
H− = P−H. Dirac’s heuristic picture amounts to introducing an infinitely many-particle
wave function of this sea of electrons, usually referred to as Dirac sea,

Ω = ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ . . . , (ϕn)n∈N being an orthonormal basis of H−, (2)

where ∧ denotes the antisymmetric tensor product w.r.t. Hilbert space H. Given a one-
particle evolution operator U : H ý, such a Dirac sea may then be evolved with an operator
LU according to

LUΩ = Uϕ1 ∧ Uϕ2 ∧ Uϕ3 ∧ . . . . (3)

Such an ansatz may seem academic and ad-hoc. First, the Coulomb repulsion between the
electrons is neglected (not to mention radiation), second, the choice of Ω is somewhat arbi-
trary. These assumptions clearly would have to be justified starting from a yet to be found
full version of QED. For the time being we can only trust Dirac’s intuition that the Dirac
sea, when left alone, is so homogeneously distributed that effectively every electron in it feels
the same net interaction from each solid angle, and in turn, moves freely so that it lies near
to neglect the Coulomb repulsion; see also [3] for a more detailed discussion. Since then none
of the particle effectively “sees” the others, physicists refer to such a state as the “vacuum”.
A less ad-hoc candidate for Ω would of course be the ground state of a fully interacting the-
ory. Even though the net interaction may cancel out, electrons in the ground state will be
highly entangled. The hope in using the product state (2) instead, i.e., the ground state of
the free theory, to model the vacuum is that in certain regimes the particular entanglement
and motion deep down in the sea might be irrelevant. The success of QED in arriving at
predictions which are in astonishing agreement with experimental data substantiates this
hope.
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As a first step to introduce an interaction one allows for an external disturbance of the
electrons in Ω modeled by a prescribed, time-dependent, four-vector potential A. This turns
the one-particle Dirac equation into

(i/∂ −m)ψ(x) = e /A(x)ψ(x). (4)

The potential A may now allow for transitions of states between the subspaces H+ and
H−. Heuristically speaking, a state ϕ1 ∈ H in the Dirac sea Ω may be bound by the
potential and over time dragged to the positive energy subspace χ ∈ H+. For an (as we
shall see, oversimplified) example, let us assume that up to a phase the resulting state can
be represented as

Ψ = χ ∧ ϕ2 ∧ ϕ3 ∧ . . . (5)

in which ϕ1 is missing. Due to (4), states in H+ move rather differently as compared to
the ones in H−. Thus, an electron described by χ ∈ H+ will emerge from the “vacuum”
and so does the “hole” described by the missing ϕ1 ∈ H− in the Dirac sea (5), which is left
behind. Following Dirac, the hole itself can be interpreted as a particle, which is referred to
as positron, and both names can be used as synonyms. If, as in this example, the electrons
deeper down in the sea are not affected too much by this disturbance, it makes sense to
switch to a more economic description. Instead of tracking all infinitely many particles, it
then suffices to describe the motion of the electron χ, of the corresponding hole ϕ1, and of
the net evolution of Ω only. Since the number of electron-hole pairs may vary over time,
a formalism for variable particle numbers is needed. This is provided by the Fock space
formalism of quantum field theory, i.e., the so-called “second quantization”. One introduces
a so-called creation operator a∗ that formally acts as

a∗(χ)ϕ1 ∧ ϕ2 ∧ . . . = χ ∧ ϕ1 ∧ ϕ2 ∧ . . . , (6)

and also its corresponding adjoint a, which is called annihilation operator. The state Ψ from
example in (5) can then be written as Ψ = a∗(χ)a(ϕ1)Ω. With the help of a∗, one-particle

operators like the evolution operator UA generated by (4) can be lifted to an operator Ũ on
F in a canonical way by requiring that

ŨAa∗(f)(ŨA)−1 = a∗(UAf). (7)

This condition determines a lift up to a phase as can be seen from the left-hand side of (7).
Since the operator a∗(f) is linear in its argument f ∈ H, it is commonly split into the sum

a∗(f) = b∗(f) + c∗(f) with b∗(f) := a∗(P+f), c∗(f) := a∗(P−f). (8)

Hence, b∗ and c∗ and their adjoints are creation and annihilation operators of electrons
having positive and negative energy, respectively. In order to be able to disregard the
infinitely many-particle wave function Ω in the notation, one introduces the following change
in language. First, the space generated by states of the form b∗(f1)b

∗(f2) . . . b
∗(fn)Ω for

fk ∈ H+ is identified with the electron Fock space

Fe =
⊕

n∈N0

(H+)∧n. (9)
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Second, the space generated by the states of the form c(g1)c(g2) . . . c(gn)Ω for gk ∈ H− is
identified with the hole Fock space

Fh =
⊕

n∈N0

(H−)∧n. (10)

Note that this time the annihilation operator of negative energy states is employed to gen-
erate the Fock space. To make this evident in the notation, one usually replaces c(g) by a
creation operator d∗(g). However, unlike creation operators, c(g) is anti-linear in its argu-
ment g ∈ H−. Thus, in a third step one replaces H− by its complex conjugate H−, i.e., the
set H− equipped with the usual C-vector space structure except for the scalar multiplication
·⋆ : C×H− → H− which is redefined by λ ·⋆ g = λ∗g for all λ ∈ C and g ∈ H−. This turns
Fh into

Fh =
⊕

n∈N0

(H−)∧n, (11)

and the hole creation operator d∗(g) = c(g) becomes linear in its argument g ∈ H−. To
treat electrons and holes more symmetrically, one also introduces the anti-linear charge
conjugation operator C : H → H, Cψ = iγ2ψ∗. This operator exchanges H+ and H−, i.e.,
CH± = H∓, and thus, gives rise to a linear map C : H− → H+. A hole wave function g ∈ H−

living in the space negative states can then be represented by a wave function Cg ∈ H+

living in the positive energy space. Our discussion of the Dirac sea above may appear to
break the charge symmetry as Ω is represented by a sea of electrons in H−. However, an
equivalent description that makes the charge symmetry explicit is possible by representing
the vacuum Ω through a pair of two seas, one in H+ and one in H−. Nevertheless, as the
charge symmetry will not play a role in this overview we will continue using Dirac’s picture
with a sea of electrons in H−.

By definition (6) it can be seen that b, b∗ and d, d∗ fulfill the well-known anti-commutator
relations:

{b(g), b(h)} = 0 = {b∗(g), b∗(h)},
{d(g), d(h)} = 0 = {d∗(g), d∗(h)},

{b∗(g), b(h)} =
〈
g, P+h

〉
idFe ,

{d∗(g), d(h)} =
〈
g, P−h

〉
idFh

.
(12)

The full Fock space for the electrons and positrons is then given by

F = Fe ⊗ Fh. (13)

In this space the vacuum wave function Ω in (2) is represented by |0〉 = 1 ⊗ 1 and the pair
state Ψ in (5) by a∗(χ)d∗(ϕ1)|0〉. Thus, in this notation one only describes the excitations of
the vacuum, i.e., those electrons that deviate from it. The infinitely many other electrons in
the Dirac sea one preferably would like to forget about are successfully hidden in the symbol
|0〉. Here, however, the story ends abruptly.

1.1 The problem and a program for a cure

For a prescribed external potential A, one would be inclined to compute transition probabil-
ities for the creation of pairs, as for example for a transition from Ω to Ψ as in (2) and (5),
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right away. Given the one-particle Dirac evolution operator UA = UA(t1, t0) generated by
(4) and any orthonormal basis (χn)n of H+, the first order of perturbation of the probability
of a possible pair creation is given by

∑

nm

∣∣〈χn, U
Aϕm

〉∣∣2 = ‖UA
+−‖I2, (14)

where I2(H) denotes the space of bounded operators with finite Hilbert-Schmidt norm ‖·‖I2,
and we use the notation UA

±∓ = P±UAP∓. For quite general potentials A = (A0,A), it turns
out that:

Theorem 1.1 ([26]). Term (14) <∞ for all times t0, t1 ∈ R ⇔ A = 0.

In view of (14), the transition probability is thus only defined for external potentials A
that have zero spatial components A. Even worse, the criterion for the well-definedness of a
possible lift Ũ of any unitary one-particle operator U according to (7) is given by:

Theorem 1.2 ([30]). There is a unitary operator Ũ : F ý that fulfills (7) ⇔ U+−, U−+ ∈
I2(H).

Applying this result to the evolution operator UA, (14) and Theorem 1.1 imply that the
criterion in Theorem 1.2 is only fulfilled for external potentials A with zero spatial compo-
nents A. Even more peculiar, the given criterion is not gauge covariant (not to mention the
Lorentz covariance). Although the free evolution operator UA=0 has a lift, in the case that
some spatial derivatives of a scalar field Γ are non-zero, the gauge transformed UA=∂Γ does
not. This indicates that an unphysical assumption must have been made.

What singles out the spatial components of A? Mathematically, they appear in the
Hamiltonian, HA = γ0(−iγ · ∆ + m) + A0 − γ0γ · A, preceded by the spinor matrix γ0γ
whereas A0 is only a multiple of the identity. Heuristically, if A is non-zero then the γ0γ
matrix transforms the negative energy states ϕn in spinor space to develop components in
H+. There is no mechanism that would limit this development, not even smallness of |A|,
so there is no reason why the infinite sum (14) should be finite – and in general this is also
not the case as Theorem 1.1 shows. In other words, for A 6= 0, instantly infinitely many
electron-positron pairs are created from the vacuum state Ω. Therefore, the picture is not
nearly as peaceful as suggested by example state (5). However, if A is switched off at some
later time one can expect that almost all of these pairs disappear again, and only a few
excitations of the vacuum as in (5) will remain (hence, the name virtual pairs that is used
by physicists). Assuming that at initial and final times A = 0, it can indeed be shown that
the scattering matrix SA fulfills the conditions of Theorem 1.2. The physical reason why the
spatial components are singled out is due to the use of equal-time hyperplanes and will be
discussed more geometrically in Section 2; see Theorem 2.8 below.

In conclusion, the problem lies in the fact that even the “vacuum” Ω consists of infinitely
many particles. In the formalism of the free theory this fact is usually hidden by the use
of normal ordering. Without it the ground state energy of Ω would be the infinite sum
of all negative energies, or the charge current operator expectation value 〈Ω, aγµaΩ〉 of the
vacuum would simply be the infinite sum of all one-particle currents ϕnγ

µϕn – both quantities
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that diverge. The rational behind the ad-hoc introduction of normal ordering of, e.g., the
charge current operator is again the assumption that in the vacuum state these currents are
effectively not observable since the net interaction between the particles vanishes.

The incompatibility of Theorem 1.2 with the gauge freedom however shows that, although
the choice of Ω may be distinguished for A = 0 by the ground state property, it is somehow
arbitrary when A 6= 0, and so is the choice in the splitting of H into H+ and H−, which
is usually referred to as polarization. As a program for a cure of these divergences, one
may therefore attempt to carefully adapt the choice of the polarization depending on the
evolution of A instead of keeping it fixed. Several attempts have been made to give a
definition of a more physical polarization, one of them being the Furry picture. It defines
the polarization according to the positive and negative parts of the spectrum of HA given a
fixed A. Unfortunately, none of the proposed choices are Lorentz invariant as it is shown in
[10] since the vacuum state w.r.t. one of such choices in one frame of reference may appear
as a many-particle state in another. This is due to the fact that the energy spectrum is
obviously not invariant under Lorentz boosts.

Although a fully developed QED may be able to distinguish a class of states that can be
regarded as physical vacuum states, simply by verifying the assumption above that the net
interaction between the particles vanishes, the external field QED model has no mathematical
structure to do so. Nevertheless, whenever a distinction between electrons and positrons by
means of a polarization is not necessary, e.g., in the case of vacuum polarization in which
the exact number of pairs is irrelevant, it should still be possible to track the time evolution
ŨAΩ and study the generated dynamics – not only asymptotically in scattering theory but
also at intermediate times. The choice in admissible polarizations can then be seen to be
analogous to the choice of a convenient coordinate system to represent the Dirac seas. Since
the employed Fock space F depends directly on the polarization of H into H+ and H−,
see (9)-(10) and (13), the standard formalism has to be adapted to allow the Fock space to

also vary according to A, and the evolution operator ŨA must be implemented mapping one
Fock space into another. While the idea of varying Fock space may be unfamiliar from the
non-relativistic setting, it is natural when considering a relativistic formalism. A Lorentz
boost, for example, tilts an equal-time hyperplane to a Cauchy surface Σ which requires
a change from the standard Hilbert space H = L2(R3,C4) to one that is attached to Σ,
and likewise, for the corresponding Fock spaces. Hence, a Lorentz transform will naturally
be described by a map from one Fock space into another [5]. In the special case of equal-
time hyperplanes, parts of this program have been carried out in [21, 22] and [4]. In the
former two works the time evolution operator is nevertheless implemented on standard Fock
space F by conjugation of the evolution operator with a convenient (non-unique) unitary
“renormalization” transformation. In the latter work it is implemented between time-varying
Fock spaces, so-called infinite wedge spaces, and furthermore, the degrees of freedom in the
construction have been identified. These latter results have been extended recently to allow
for general Cauchy surfaces in [5, 6] and are presented in Section 2. All these results ensure
the existence of an evolution operator by a quite abstract argument. Therefore, we review
a construction of it in Section 3 based on [4]. It utilizes a notation that is very close to
Dirac’s original view of a sea of electrons as in (2). Though it is canonically equivalent to
the Fock space formalism, it provided us a more intuitive view of the problem and helped
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in identifying the degrees of freedom involved in the construction. In Section 4 we conclude
with a discussion of the unidentified phase of the evolution operator and its meaning for the
charge current in. Beside the publications cited so far, there are several recent contributions
which also take up on Dirac’s original idea. As a more fundamental approach we want to
mention the one of the so-called “Theory of Causal Fermion Systems” [11, 12, 13], which is
based on a reformulation of quantum electrodynamics from first principles. The phenomenon
of adiabatic pair creation was treated rigorously in [24]. Furthermore, there is a series of
works treating the Dirac sea in the Hartree-Fock approximation. The most general is [16]
in which the effect of vacuum polarization was treated self-consistently for static external
sources.

2 Varying Fock spaces

In order to better understand why the spatial components of A had been singled out in
the discussion above, it is helpful to consider the Dirac evolution not only on equal-time
hyperplanes but on more general Cauchy surfaces.

Definition 2.1. A Cauchy surface Σ in R4 is a smooth, 3-dimensional submanifold of R4

that fulfills the following two conditions:

(a) Every inextensible, two-sided, time- or light-like, continuous path in R4 intersects Σ in
a unique point.

(b) For every x ∈ Σ, the tangent space TxΣ of Σ at x is space-like.

To each Cauchy surface Σ we associated a Hilbert space HΣ.

Definition 2.2. Let HΣ = L2(Σ,C4) denote the vector space of all 4-spinor valued mea-
surable functions φ : Σ → C4 (modulo changes on null sets) having a finite norm ‖φ‖ =√

〈φ, φ〉 <∞ w.r.t. the scalar product

〈φ, ψ〉 =
∫

Σ

φ(x)iγ(d
4x)ψ(x). (15)

Here, iγ(d
4x) denotes the contraction of the volume form d4x = dx0 ∧ dx1 ∧ dx2 ∧ dx3 with

the spinor-matrix valued vector γµ, µ = 0, 1, 2, 3. The corresponding dense subset of smooth
and compactly supported functions will be denoted by CΣ.

The well-posedness of the initial value problem related to (4) for initial data on Cauchy
surfaces has been studied in the literature; e.g., see [18, 31] for general hyperbolic systems
and more specifically for wave equations on Lorentzian manifolds [8], [2], [25], [14], and [7].
For the purpose of our study we furthermore introduced generalized Fourier transforms for
the Dirac equation in [5] and extended the standard Sobolev and Paley-Wiener methods in
Rn to the geometry given by the Cauchy surfaces and the mass shell of the Dirac equation.
These methods were required for the analysis of solutions. They play along nicely with
Lorentz and gauge transforms and allow for the introduction of an interaction picture. As a
byproduct, these methods also ensure existence, uniqueness, and causal structure of strong
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solutions. Since we avoid technicalities in this paper, we assume A is a smooth and compactly
supported (although sufficient strong decay would be sufficient), and the following theorem
will suffice to discuss the one-particle Dirac evolution.

Theorem 2.3 (Theorem 2.23 in [5]). Let Σ,Σ′ be two Cauchy surfaces and ψΣ ∈ CΣ the
initial data. There is a unique strong solution ψ ∈ C∞(R4,C4) to (4) being supported in the
forward and backward light cone of suppψΣ such that ψ|Σ = ψΣ holds. Furthermore, there
is an isometric isomorphism UA

Σ′Σ : CΣ → CΣ′ fulfilling ψ|Σ′ = UA
Σ′ΣψΣ. Its unique extension

to a unitary map UA
Σ′Σ : HΣ → HΣ′ is denoted by the same symbol.

Similarly to the standard Fock space (13) we define the Fock space for a Cauchy surface
on the basis of a polarization.

Definition 2.4. Let Pol(HΣ) denote the set of all closed, linear subspaces V ⊂ HΣ such
that V and V ⊥ are both infinite dimensional. Any V ∈ Pol(HΣ) is called a polarization of
HΣ. For V ∈ Pol(HΣ), let P

V
Σ : HΣ → V denote the orthogonal projection of HΣ onto V .

The Fock space attached to Cauchy surface Σ and corresponding to polarization V ∈
Pol(HΣ) is defined by

F(V,Σ) :=
⊕

c∈Z
Fc(V,HΣ), Fc(V,Σ) :=

⊕

n,m∈N0
c=m−n

(V ⊥)∧n ⊗ V
∧m
. (16)

Note that the standard Fock space is included in this definition by choosing Σ = {0} × R3

and V = H−.
Given two Cauchy surfaces Σ and Σ′, polarizations V ∈ Pol(HΣ) and V ′ ∈ Pol(HΣ′),

and the one-particle evolution operator UA
Σ′Σ : HΣ → HΣ′ , we need a condition analogous

to (7) that allows us to find an evolution operator ŨA
V ′,Σ′;V,Σ : F(V,Σ) → F(V ′,Σ′). For

the discussion, let a∗Σ and aΣ denote the corresponding creation and annihilation operators
on any F(W,Σ) for W ∈ Pol(HΣ); note that the defining expression of a∗ in (6) does not
depend on the choice of a polarization W . In this notation, the lift requirement reads

ŨA
V ′,Σ′;V,Σ a

∗
Σ(f)

(
ŨA
V ′,Σ′;V,Σ

)−1

= a∗Σ′(UA
Σ′Σf), ∀ f ∈ HΣ. (17)

The condition under which such a lift of the one-particle evolution operator UA
Σ′Σ exists can

be inferred from a slightly rewritten version of the Shale-Stinespring Theorem 1.2:

Corollary 2.5. Let Σ,Σ′ be Cauchy surfaces, V ∈ Pol(HΣ), and V
′ ∈ Pol(HΣ′). Then the

following statements are equivalent:

(a) There is a unitary operator ŨA
V ′Σ′;V,Σ : F(V,Σ) → F(V ′,Σ′) which fulfills (17).

(b) The off-diagonals P V ′⊥
Σ′ UA

Σ′ΣP
V
Σ and P V ′

Σ′ UA
Σ′ΣP

V ⊥
Σ are Hilbert-Schmidt operators.

Note again that if such a lift exists, its phase is not fixed by (17) and the corollary above
does not provide any information about it. Therefore, we will discuss a direct construction
of the lifted operator ŨA

V ′Σ′;V,Σ in Section 3, which makes the involved degrees of freedom
apparent.
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Coming back to the question which polarizations V ∈ Pol(HΣ) and V ′ ∈ Pol(HΣ′)

guarantee the existence of a lifted evolution operator ŨA
Σ′Σ : F(V,Σ) → F(V ′,Σ′), one

readily finds a trivial choice. Let us pick a Cauchy surface Σin in the remote past fulfilling:

Σin is a Cauchy surface such that suppA ∩ Σin = ∅. (18)

When transporting the standard polarization along with the Dirac evolution we get

V = UA
ΣΣin

P−
Σin

HΣin
∈ Pol(HΣ), V ′ = UA

Σ′Σin
P−
Σin

HΣin
∈ Pol(HΣ′), (19)

which automatically fulfills condition (b) of Theorem 2.5 as then the off-diagonals (UA
ΣΣin

)±∓
become zero. This choice is usually called the interpolation picture. Its drawback is that
the polarizations V and V ′ depend on the whole history of A between Σin and Σ and Σ′.
Moreover, such V and V ′ are rather implicit. Luckily, there are other choices. Statement
(b) in Theorem 2.5 allows to differ from the projectors P V

Σ and P V ′
Σ′ by a Hilbert-Schmidt

operator. Hence, all admissible polarizations can be collected and characterized by means
of the following classes:

Definition 2.6. For a Cauchy surface Σ we define the class

CΣ(A) :=
{
W ∈ Pol(HΣ)

∣∣W ≈ UA
ΣΣin

H−
Σin

}
(20)

where for V,W ∈ Pol(HΣ), V ≈W means that the difference of the corresponding orthogonal
projectors P V

Σ − PW
Σ is a Hilbert-Schmidt operator.

As simple implication of Corollary 2.5 one gets:

Corollary 2.7. Let Σ,Σ′ be Cauchy surfaces and polarizations V ∈ CΣ(A) andW ∈ CΣ′(A).

Then up to a phase there is a unitary operator ŨA
Σ′Σ : F(V,HΣ) → F(W,HΣ′) obeying (17).

We emphasize again that any other possible polarization than the choice in (19) is com-
prised in the respective class CΣ(A) as Corollary 2.5 only allows for the freedom encoded
in the equivalence relation ≈. Although the polarization (19) depends on the history of the
evolution it turns out that the classes CΣ(A) are independent thereof. The sole dependence
of the classes CΣ(A) is on the tangential components of A, which can be stated as follows.

Theorem 2.8 (Theorem 1.5 in [6]). Let Σ be a Cauchy surface and let A and Ã be two
smooth and compactly supported external fields. Then

CΣ(A) = CΣ(Ã) ⇔ A|TΣ = Ã|TΣ, (21)

where A|TΣ = Ã|TΣ means that for all x in Σ and all vectors y in the tangent space TxΣ of

Σ at x, the relation Aµ(x)y
µ = Ãµ(x)y

µ holds.

This theorem is a generalization of Ruijsenaar’s result [27] and helps to understand why
on equal-time hyperplanes the spatial components of A appeared to play such a special role.
The spatial components A are the tangential ones w.r.t. such Cauchy surfaces. Furthermore,
the classes CΣ(A) transform nicely under Lorentz and gauge transformations:
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Theorem 2.9 (Theorem 1.6 in [6]).

(i) Consider a Lorentz transformation given by L
(S,Λ)
Σ : HΣ → HΛΣ for a spinor transfor-

mation matrix S ∈ C4×4 and an associated proper orthochronous Lorentz transforma-
tion matrix Λ ∈ SO↑(1, 3), see for example [5, Section 2.3]. Then:

V ∈ CΣ(A) ⇔ L
(S,Λ)
Σ V ∈ CΛΣ(ΛA(Λ

−1·)). (22)

(ii) Consider a gauge transformation A′ = A + ∂Γ for some Γ ∈ C∞
c (R4,R) given by the

multiplication operator e−iΓ : HΣ → HΣ, ψ 7→ ψ′ = e−iΓψ. Then:

V ∈ CΣ(A) ⇔ e−iΓV ∈ CΣ(A+ ∂Γ). (23)

As an analogy from geometry one could think of the particular polarization as a particular
choice of coordinates to represent the Dirac sea. Corollary 2.5 and Theorem 2.9 explain why
gauge transformations that introduce spatial components in the external fields do not comply
with the condition to the Shale-Stinespring Theorem 1.2 in which the “coordinates” H+ and
H− were fixed.

The key idea in the proofs of Theorem 2.8 and 2.9 is to guess a simple enough operator
PA
Σ : HΣ ý depending only on the restriction A|Σ so that

UA
ΣΣin

P−
Σin
UA
ΣinΣ

− PA
Σ ∈ I2(HΣ), and (PA

Σ )
2 − PA

Σ ∈ I2(HΣ). (24)

The claims about the properties of the polarization classes CΣ(A) can then be inferred
directly from the properties of PA

Σ . This is due to the fact that (24) is compatible with
the Hilbert-Schmidt operator freedom encoded in the ≈ equivalence relation. The intuition
behind the guess of PA

Σ used in the proofs presented in [6] comes from the gauge transform.
Imagine the special situation in which an external potential A could be gauged to zero,
i.e., A = ∂Γ for a given scalar field Γ. In this case e−iΓP−

Σ e
iΓ is a good candidate for

PA
Σ . Now in the case of general external potentials A that cannot be attained by a gauge

transformation of the zero potential, the idea is to implement gauge transforms locally at
each space-time point. For example, if p−(x, y) denotes the informal integral kernel of the
operator P−

Σ , one could try to define PA
Σ as the operator corresponding to the informal kernel

pA(x, y) = e−iλA(x,y)p−(x, y) for the choice λA(x) = A(x)µ(y − x)µ. The effect of λA(x, y)
on the projector can be interpreted as a local gauge transform of p−(x, y) from the zero
potential to the potential Aµ(x) at space-time point x. A careful analysis of PA

Σ , which was
conducted in Section 2 of [6], shows that PA

Σ fulfills (24).
Finally, given Cauchy surface Σ, there is also an explicit representative of the polarization

class CΣ(A) which can be given in terms of the bounded operator QA
Σ : HΣ ý defined by

QA
Σ := P+

Σ (PA
Σ − P−

Σ )P−
Σ − P−

Σ (PA
Σ − P−

Σ )P+
Σ . (25)

With it, the polarization class can be identified as follows:

Theorem 2.10 (Theorem 1.7 in [6]). Given Cauchy surface Σ, CΣ(A) =
[
eQΣ(A)H−

Σ

]
≈.
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The implications of these results on the physical picture can be seen as follows. The
Dirac sea on Cauchy surface Σ can be described in any Fock space F(V,HΣ) for any choice
of polarization V ∈ CΣ(A). The polarization class CΣ(A) is uniquely determined by the
tangential components of the external potential A on Σ. When regarding the Dirac evolution
from one Cauchy surface Σ to Σ′, another choice of “coordinates” V ′ ∈ CΣ′(A) has to be

made. Then one yields an evolution operator ŨA
Σ′Σ : F(V,HΣ) → F(V ′,HΣ′) which is unique

up to an arbitrary phase. Transition probabilities |〈Ψ, ŨA
Σ′ΣΦ〉|2 for Ψ ∈ F(V ′,HΣ′) and

Φ ∈ F(V,HΣ) are well-defined and unique without the need of a renormalization method.
Finally, for a family of Cauchy surfaces (Σt)t∈R that interpolates smoothly between Σ and
Σ′ one can also infer an infinitesimal version of how the external potential A changes the
polarization in terms of the flow parameter t; see Theorem 2.6 in [6].

We remark that the kernel of the orthogonal projector corresponding to a polarization
in CΣ(A), which can be interpreted as a distribution, is frequently called two-point function.
Two kernels belonging to two polarizations in the same class CΣ(A) may differ by a square-
integrable kernel. This stands in contrast to the so-called Hadamard property (see, e.g., [19])
which allows changes with C∞ kernels as freedom in two-point functions.

3 An explicit construction of the evolution operator

The argument in Section 2 that ensures the existence of dynamics on varying Fock spaces is
quite abstract. In this section we present a more direct approach that is also closer to Dirac’s
original picture in describing infinite particle wave functions like in (2). As discussed, the
infinitely many particles are also present in the usual Fock space formalism but commonly
hidden by use of normal ordering. But since the very obstacle in a straight-forward con-
struction of the evolution operator is due to their presence, it seems to make sense to work
with a formalism that makes them apparent. One such formalism, introduced in Section 2
of [4], employs so-called infinite wedge spaces and will be used in the following.

To leave our discussion general, let H be a one-particle Hilbert space (e.g., H = HΣ as
in Section 2) and let V ∈ Pol(H) be a polarization thereof. The Dirac sea corresponding
to that choice of polarization can be represented, using any orthonormal basis (ϕn)n∈N that
spans V , by the infinite wedge product

ΛΦ = ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ . . . , (26)

i.e., the anti-symmetric product of all wave functions ϕn, n ∈ N. Slightly more general, it
suffices if (ϕn)n∈N is only asymptotically orthonormal in the sense that the infinite matrix
(〈ϕn, ϕm〉)n,m∈N has a (Fredholm) determinant, i.e., that it differs from the identity only by
a matrix that has a trace. The reason for this property will become clear when introducing
the scalar product of two infinite wedge products.

In order to keep the formalism short, we encode the basis (ϕn)n∈N by a bounded linear
operator

Φ : ℓ→ H, Φ en = ϕn (27)
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on a Hilbert space ℓ. The role of ℓ is only that of an index space, and one example we have in
mind is ℓ = ℓ2(N), i.e., the space of square summable sequences where the vectors en, n ∈ N,
denote the canonical basis. In this language, the asymptotic orthonormality requirement
from above can be rewritten as Φ∗Φ ∈ idℓ+I1(ℓ), where I1(ℓ) is the space of bounded linear
maps ℓ→ ℓ which have a trace, the so-called trace class. We will also write ΛΦ = ϕ1∧ϕ2∧. . .
which denotes the infinite wedge product (26) and refer to all such Φ as Dirac seas.

Given another Dirac sea Ψ with ψn = Ψen, n ∈ N, the pairing that will later become a
scalar product

〈ΛΨ,ΛΦ〉 = 〈ψ1 ∧ ψ2 ∧ . . . , ϕ1 ∧ ϕ2 ∧ . . .〉 = det(〈ψn, ϕm〉)nm = detΨ∗Φ (28)

is well-defined if Ψ∗Φ has a determinant, which is the case if Ψ∗Φ ∈ idℓ+I1(ℓ). Thus, it
makes sense to build a Fock space, referred to as “infinite wedge space FΛΦ”, based on a
basis encoded by Φ. It is defined by the completion w.r.t. the pairing (28) of the space of
formal linear combinations of all such Ψ; see Section 2.1 in [4] for a rigorous construction.
This space consists of the sea wave function ΛΦ, its excitations ΛΨ that form a generating set,
and superpositions thereof. An example excitation analogous to (5) representing an electron-
positron pair with electron wave function χ ∈ V ⊥ and positron wave function ϕ1 ∈ V is given
by

ΛΨ = χ ∧ ϕ2 ∧ ϕ3 ∧ ϕ4 ∧ . . . . (29)

Note, however, that mathematically Φ is not distinguished as “the one vacuum” state as it
turns out that FΛΦ = FΛΨ if and only if Ψ∗Φ has a determinant, i.e., if the scalar product
〈ΛΨ,ΛΦ〉 in (28) is well-defined. This is due to the that fact Ψ ∼ Φ :⇔ Ψ∗Φ ∈ idℓ +I1(ℓ) is
an equivalence relation on the set of all Dirac seas; see Corollary 2.9 in [4].

Next, let us consider another one-particle Hilbert space H′ und a one-particle unitary
operator U : H → H′ such as the one-particle Dirac evolution operator UA

Σ′Σ. To infer from
this a corresponding evolution of the Dirac seas, we define a canonical operation from the
left as follows

LU : FΛΦ → FΛUΦ, LU ΛΨ := ΛUΨ = (Uψ1) ∧ (Uψ2) ∧ . . . . (30)

Here, Ψ is taken from the generating set of Dirac seas fulfilling Ψ∗Φ ∈ 1+I1(ℓ); see Section 2.2
in [4]. That the range of LU is FΛUΦ is due to the fact that Ψ∗Φ has a determinant if and
only if (UΨ)∗(UΦ) does. Such a map LU represents an evolution operator from one infinite
wedge space into another that in the sense of (6) also complies with the previously discussed
lift condition (7).

Nevertheless, the construction of the evolution operator for the Dirac seas does not end
here because the target space FΛUΦ in (30) is completely implicit, and hence, LU alone is not
very helpful. On the contrary, relying on the observations made in Section 2, physics should
allow us to decide beforehand between which infinite wedge spaces the evolution operator
should be implemented. Consider the example situation of

an evolution operator U = UA
Σ′Σ from Theorem 2.3,

H = HΣ, V ∈ Pol(HΣ), Φ : ℓ→ HΣ such that rangeΦ = V,

H′ = HΣ′ , V ′ ∈ Pol(HΣ′), Φ′ : ℓ′ → HΣ′ such that rangeΦ′ = V ′.

(31)
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In this situation one would wish for an evolution operator of the form Ũ : FΛφ → FΛΦ′

instead of Ũ : FΛφ → FΛUΦ. If we are not in the lucky case FΦ′ = FΛUΦ, there are two
ways in which the equality may fail. First, Corollary 2.5 suggests that polarization V and
V ′ must be elements of the appropriate polarization classes, more precisely, V ∈ CΣ(A)
and V ′ ∈ CΣ′(A). However, there is a more subtle obstacle as for FΦ′ = FΛUΦ to hold we
need to ensure that 〈Φ′, UΦ〉 is well-defined, which even for ℓ = ℓ′ and admissible V and
V ′ does need not to be the case. Thus, in general UΦ and Φ′ belong to entirely different
infinite wedge spaces as the choice of orthonormal bases encoded in Φ and Φ′ was somehow
arbitrary. However, let Ψ : ℓ → H′ be another Dirac sea with rangeΨ = V ′, then there is
a unitary R : ℓ′ → ℓ such that Φ′ = ΨR. The action of R gives rise to a unitary operation
from the right RR characterized by

RR : FΛΨ → FΛΨR, RR ΛΨ̃ = Λ(Ψ̃R) (32)

for all Ψ̃ : ℓ → H′ in the generating system of FΛΨ, which connects the infinite wedge
spaces FΛΨ and FΛΦ′. The spaces FΛΨ and FΛΦ′ coincide if and only if ℓ = ℓ′ and R
has a determinant. Slightly more generally, it suffices if R is only asymptotically unitary
in the sense that R∗R has a non-zero determinant. Then the operation from the right
det(R∗R)−1/2RR is unitary. Whether there is a unitary R : ℓ′ → ℓ in the situation of
example (31) above such that FΛUΦR = FΛΦ′ is answered by the next theorem. It can be
seen as yet another version of the Shale and Stinespring’s Theorem:

Theorem 3.1 (Theorem 2.26 of [4]). Let H, ℓ,H′, ℓ′ be Hilbert spaces, V ∈ Pol(H) and
V ′ ∈ Pol(H′) polarizations, Φ : ℓ → H and Φ′ : ℓ′ → H′ Dirac seas such that rangeΦ = V
and rangeΦ′ = V ′. Then the following statements are equivalent:

(a) The off-diagonals P V ′⊥
UP V and P V ′

UP V ⊥
are Hilbert-Schmidt operators.

(b) There is a unitary R : ℓ′ → ℓ such that FΛΦ′ = FΛUΦR.

Coming back to the example (31) from above, in the case V ∈ CΣ(A) and V
′ ∈ CΣ′(A),

i.e., that the chosen polarization belong to the admissible classes of polarizations, condition
(a) of Theorem 3.1 is fulfilled, which implies the existence of a unitary map R : V ′ → V
such that the evolution operator

ŨA
V,Σ;V ′Σ′ : FΛΦ → FΛΦ′ , ŨA

V,Σ;V ′Σ′ = RR ◦ LUA
Σ′Σ

(33)

is well-defined and unitary. An immediate question is of course how many such maps exist,
and it turns out that any other operation from the right RR′ for which RR′ ◦ LU : FΛΦ →
FΛΦ′ is well-defined and unitary fulfills ŨA

V,Σ;V ′Σ′ = eiθ RR′ ◦ LU for some θ ∈ R; see [4,
Corollary 2.28]. Now Φ and Φ′ are Dirac seas in which all states in V and V ′ are occupied,
respectively. A canonical choice for their representation is to choose ℓ = V , ℓ′ = V ′, and to
define the inclusion maps Φ : V −֒→ HΣ, Φv = v for all v ∈ V , and Φ′ : V ′ −֒→ HΣ′ , Φ′v′ = v′

for all v′ ∈ V ′. In this case there is a canonical isomorphism between the spaces FΛΦ and FV,Σ

as well as between FΛΦ′ and FV ′,Σ′. Hence, we are again in the situation of Corollary 2.5.
We can identify the evolution of the Dirac seas only up to a phase θ ∈ R. However, now we
have a more direct construction at hand which identifies the involved degrees of freedom:

13
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(a) The choice of particular polarizations V ∈ CΣ(A) and V
′ ∈ CΣ′(A).

(b) The choice of particular bases encoded in Φ and Φ′.

The restriction of the polarizations to polarization classes in (a) has been discussed in Sec-
tion 2. Moreover, choice (b) can be given a quite intuitive picture coming from Dirac’s
original idea that the motion deep down in the sea should be irrelevant when studying the
excitations on its “surface”. Clearly, when a sea wave function ΛΨ ∈ FΛΦ, which could
represent an excitation w.r.t. ΛΦ, is evolved from Σ to ΛΨ′ on Σ′, clearly also the particles
deep down in the sea will “move”. Since there are infinitely many it will be impossible to
directly compare Ψ′ with Ψ in general. Writing U = UA

Σ′Σ in matrix notation

U =

(
U++ U+−
U−+ U−−

)
=

(
P V ′⊥
Σ′ UP V ⊥

Σ P V ′⊥
Σ′ UP V

Σ

P V ′
Σ′ UP V ⊥

Σ P V ′
Σ′ UP V

Σ

)
, (34)

the motion deep down in the sea is governed by U−−. Now, if according to Dirac’s original
idea the motion deep down in the sea can be considered irrelevant for the behavior of the
excitations on its surface one should still be able to compare ΛΨ′ to ΛΨ when reversing the
motion deep down in the sea with (U−−)−1. If U is for example sufficiently close to the
identity this can be done explicitly since then U−− has an inverse R = (U−−)−1. As we shall
see now, the inversion of the motion deep down in the sea can be implemented by means of
an operation from the right RR. For R to induce an operation from the right it has to be
asymptotically orthonormal, i.e., R∗R must have a determinant. Recall that condition (a)
in Theorem 3.1 states that the off-diagonals U+− and U−+ are Hilbert-Schmidt operators.
Thanks to U∗U = idH the identity

U∗
−−U−− = idV −(U∗)−+U+− (35)

holds, and since the product of two Hilbert-Schmidt operators has a trace, one finds U∗
−−U−− ∈

idV +I1(V ). Thus, U∗
−−U−− and then also R∗R have determinants. Note that in general

det(R∗R) 6= 1, which implies that RR may fail to be unitary up to the factor det |R|. By
definition one finds

RR ◦ LUFΛΦ = FΛUΦR = FΛΦ′ (36)

because Φ′∗UΦR = P V ′
(U+− + U−−)R = idV ′, and therefore, has a determinant. In conse-

quence, we yield the unitary Dirac evolution

ŨA
V,Σ;V ′Σ′ : FΛΦ → FΛΦ′, ŨA

V,Σ;V ′Σ′ = det |(UA
Σ′Σ)−−| R[(UA

Σ′Σ)−−]−1 ◦ LUA
Σ′Σ
, (37)

which implements both the forward evolution of the whole Dirac sea and the backward
evolution of the states deep down in the sea.

4 The charge current and the phase of the evolution

operator

Although the construction of the second-quantized evolution operator according to the above
program is successful, it fails to identify the phase. This short-coming has no effect on the
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uniqueness of transition probabilities but it turns out that the charge current depends directly
on this phase. One way to see that is from Bogolyubov’s formula of the current

Jµ(x) = i ŨA
Vin,Σin;VoutΣout

δ

δAµ(x)
ŨA
Vout,Σout;Vin,Σin

, (38)

where Σout is a Cauchy surface in the remote future of the support of A such that Σout ∩
suppA = ∅. Changing the evolution operator by an A-dependent phase generates another
summand on the right hand side of (38) by the chain rule. Until some phase is distinguished,
(38) has no particular physical meaning as charge current. Nevertheless, all possible currents
can be derived from (38) given an evolution operator and a particular phase. Therefore, the
situation is better than in standard QED. There, the charge current is a quantity whose
formal perturbation series leads to several divergent integrals which have to be taken out
by hand until only a logarithmic divergent is left, which in turn is remedied by means
of charge renormalization. On the contrary, here, the currents are well-defined and in a
sense the correct one only needs to be identified by determining the phase of the evolu-
tion operator. As already envisioned in [28] and discussed by [22, 15], this may be done
by imposing extra conditions on the evolution operator. One of them is clearly the follow-
ing property. For any choice of a future oriented foliation of space-time into a family of
Cauchy surfaces (Σt)t∈R and polarization Vt ∈ CΣt(A), t ∈ R, the assigned phase of the

evolution operator ŨA(t1, t0) = ŨA
Σt1 ,Vt1 ;Σt0 ,Vt0

constructed in Section 3 should be required to

fulfill Ũ(t1, t0) = Ũ(t1, t)Ũ(t, t0). Other constraints come from the fact that Jµ(x) must be
Lorentz and gauge covariant, and its vacuum expectation value for A = 0 should be zero.
The hope is that the collection of all such physical constraints restrict the possible currents
(38) to a class which can be parametrized by a real number only, the electric charge of the
electron. In the case of equal-time hyperplanes one possible choice of the phase was given by
Mickelsson via a parallel transport argument [23]. On top of the nice geometric construction
and despite the fact that there are still degrees of freedom left, Mickelsson’s current agrees
with conventional perturbation theory up to second order. The aim of this program is to
settle the question which conditions are required to identify the charge current upon changes
of the value of the electric charge.
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[2] C. Bär, N. Ginoux, and F. Pfäffle, Wave Equations on Lorentzian Manifolds and Quan-
tization. European Mathematical Society, 2007.

[3] D.-A. Deckert, Electrodynamic Absorber Theory – A Mathematical Study, Der Andere
Verlag, 2010.

15

A.7 A Perspective on External Field QED 283
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Regulated Dirac Vacuum in Electromagnetic Fields. Archive for Rational Mechanics
and Analysis 208:2 (2013), 603–665.

[17] W. Greiner and D.A. Bromley, Relativistic Quantum Mechanics. Wave Equations.
Springer, Berlin; New York, 3rd edition, 2000.

[18] F. John, Partial Differential Equations. Springer, New York, 1982.

[19] B. S. Kay and R. M. Wald, Theorems on the uniqueness and thermal properties of
stationary, nonsingular, quasifree states on spacetimes with a bifurcate killing horizon.
Physics Reports 207:2 (1991) 49–136.

16

284 A Electronic reprints



[20] O. Klein, Die Reflexion von Elektronen an einem Potentialsprung nach der relativistis-
chen Dynamik von Dirac. Zeitschrift für Physik 53:3-4 (1929), 157–165.

[21] E. Langmann and J. Mickelsson, Scattering matrix in external field problems. Journal
of Mathematical Physics 37:8 (1996), 3933–3953.

[22] J. Mickelsson, Vacuum polarization and the geometric phase: gauge invariance. Journal
of Mathematical Physics 39:2 (1998), 831—837.

[23] J. Mickelsson, The phase of the scattering operator from the geometry of certain infinite-
dimensional groups. Letters in Mathematical Physics 104:10 (2014), 1189–1199.

[24] P. Pickl and D. Dürr, Adiabatic pair creation in heavy-ion and laser fields. Europhysics
Letters 81:4 (2008), 40001.

[25] H. Ringström, The Cauchy problem in general relativity. European Mathematical Soci-
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[29] E. Schrödinger, Über die kräftefreie Bewegung in der relativistischen Quantenmechanik.
Berliner Ber. (1930), 418–428.

[30] D. Shale and W. F. Stinespring, Spinor representations of infinite orthogonal groups.
Journal of Mathematics and Mechanics 14 (1965), 315–322.

[31] M.E. Taylor, Partial differential equations III. Springer, New York, 2011.

17

A.7 A Perspective on External Field QED 285



286 A Electronic reprints



ar
X

iv
:1

50
5.

06
03

9v
2 

 [
m

at
h-

ph
] 

 1
3 

O
ct

 2
01

5

External Field QED on Cauchy Surfaces
for varying Electromagnetic Fields

D.-A. Deckert and F. Merkl
Mathematisches Institut der Ludwig-Maximilians-Universität München

Theresienstr. 39, 80333 München, Germany

deckert@math.lmu.de, merkl@math.lmu.de

July 16, 2018

Abstract

The Shale-Stinespring Theorem (1965) together with Ruijsenaar’s criterion (1977)
provide a necessary and sufficient condition for the implementability of the evolution
of external field quantum electrodynamics between constant-time hyperplanes on stan-
dard Fock space. The assertion states that an implementation is possible if and only
if the spatial components of the external electromagnetic four-vector potential Aµ are
zero. We generalize this result to smooth, space-like Cauchy surfaces and, for general
Aµ, show how the second-quantized Dirac evolution can always be implemented as a
map between varying Fock spaces. Furthermore, we give equivalence classes of polar-
izations, including an explicit representative, that give rise to those admissible Fock
spaces. We prove that the polarization classes only depend on the tangential compo-
nents of Aµ w.r.t. the particular Cauchy surface, and show that they behave naturally
under Lorentz and gauge transformations.

1 Introduction and Setup

We consider the external field model of quantum electrodynamics (QED) or no-photon QED
which describes a Dirac sea of electrons evolving subject to a prescribed external electromag-
netic four-vector potential Aµ. To infer the evolution operator of this model one attempts
to implement the one-particle Dirac evolution

pi{B ´ {Aqψ “ mψ (1)

in second-quantized form. Here, m ą 0 denotes the mass of the electron; the elementary
charge of the electron e (having a negative sign in the case of an electron) is already absorbed
in A; units are chosen such that ~ “ 1 and c “ 1. The employed relativistic notation is
introduced with all other notations in Section 1.3. For sake of simplicity we will restrict us
to smooth and compactly supported Aµ, i.e.,

A “ pAµqµ“0,1,2,3 “ pA0,Aq P C8
c pR4,R4q, (2)

1
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although this condition is unnecessarily strong.
It is well-known [21, 18] that, on standard Fock space and for equal-time hyperplanes, a

second quantization of the one particle Dirac evolution (1) is possible if and only if A “ 0,
i.e., the spatial components of the external field vanish – a condition that appears strange
in view of gauge invariance. In physics the ill-definedness of the evolution operator and its
generator for general vector potentials A is usually ignored at first which later manifests
itself in the appearance of infinities in informal perturbation series. Those infinities have to
be taken out by hand or, as for example in the case of the vacuum expectation value of the
charge current, absorbed in the coefficient of the electron charge. Nevertheless, since the
sole interaction arises only from a prescribed four-vector field one may rather expect that it
should be possible to control the time evolution non-perturbatively. One way to construct
a well-defined second-quantized time evolution operator, as sketched in [6], is to implement
it between time-varying Fock spaces. Such constructions have been carried out, e.g., in
[14, 15, 2]. While the idea of changing Fock spaces might be unfamiliar as seen from the
non-relativistic setting, in a relativistic formulation it is to be expected. A Lorentz boost for
instance may tilt an equal-time hyperplane to a space-like space-like hyperplane Σ, which
requires a change from standard Hilbert space L2pR3,C4q to one attached to Σ, and likewise,
for the corresponding Fock spaces.

In this work we extend the existing constructions in [14, 15, 2], which deal exclusively
with equal-time hyperplanes, by implementing the second-quantized Dirac evolution from
one Cauchy surface to another. The resulting formulation of external field QED has several
advantages: 1) Its Lorentz and gauge covariance can be made explicit; 2) as it treats the
initial value problem for general Cauchy surfaces it allows to study the evolution in the
form of local deformations of Cauchy surfaces in the spirit of Tomonaga and Schwinger, e.g.,
[22, 20]; 3) it gives a geometric and more general version of the implementability condition
A “ 0 that was found in the special case of equal-time hyperplanes.

Before presenting our main results in Section 1.1 we outline the construction of the evolu-
tion operator for general space-like Cauchy surfaces. Given a Cauchy surface Σ in Minkowski
space-time (see Definition 1.9 below), the states of the Dirac sea on Σ are represented by
vectors in a conveniently chosen Fock space, here, denoted by the symbol FpV,HΣq. In
this notation HΣ is the Hilbert space of C4-valued, square integrable functions on Σ (see
Definition 1.10 below) and V P PolpHΣq is one of its polarizations:

Definition 1.1. Let PolpHΣq denote the set of all closed, linear subspaces V Ă HΣ such
that V and V K are both infinite dimensional. Any V P PolpHΣq is called a polarization of
HΣ. For V P PolpHΣq, let P V

Σ : HΣ Ñ V denote the orthogonal projection of HΣ onto V .

The Fock space corresponding to polarization V on Cauchy surface Σ is then defined by

FpV,HΣq :“ à
cPZ

FcpV,HΣq, FcpV,HΣq :“ à
n,mPN0
c“m´n

pV Kq^n b V
^m
, (3)

where
À

denotes the Hilbert space direct sum, ^ the antisymmetric tensor product of
Hilbert spaces, and V denotes the conjugate complex vector space of V , which coincides
with V as a set and has the same vector space operations as V with the exception of the
scalar multiplication, which is redefined by pz, ψq ÞÑ z˚ψ for z P C, ψ P V .

2
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Each polarization V splits the Hilbert spaceHΣ into a direct sum, i.e., HΣ “ V K‘V . The
so-called standard polarizations H`

Σ andH´
Σ are determined by the orthogonal projectors P`

Σ

and P´
Σ onto the free positive and negative energy Dirac solutions, respectively, restricted

to Σ:

H`
Σ :“ P`

Σ HΣ “ p1 ´ P´
Σ qHΣ, H´

Σ :“ P´
Σ HΣ. (4)

Loosely speaking, in terms of Dirac’s hole theory, the polarization V P PolpHΣq indicates
the “sea level” of the Dirac sea, and electron wave functions in V K and V are considered
to be “above” and “below” sea level, respectively. However, it has to be stressed that the
mathematical structure of the external field problem in QED does not seem to discriminate
between particular choices of polarizations V . Hence, unless an additional physical condition
is delivered, the V -dependent labels “electron” and “positron” are somewhat arbitrary, and
V should rather be regarded as a choice of coordinate system w.r.t. which the states of the
Dirac sea are represented. To describe pair-creation on the other hand it is necessary to
have a distinguished V , and the common (and seemingly most natural) ad hoc choice in
situations when the external field vanishes is V “ H´

Σ . Nevertheless, it is conceivable that
only a yet to be found full version of QED, including the interaction with the photon field,
may distinguish particular polarizations V in general situations.

Given two Cauchy surfaces Σ,Σ1 and two polarizations V P PolpHΣq and W P PolpHΣ1q
a sensible lift of the one-particle Dirac evolution UA

Σ1Σ : HΣ Ñ HΣ1 (see Definition 1.13)

should be given by a unitary operator rUA
Σ1Σ : FpV,HΣq Ñ FpW,HΣ1q that fulfills

rUA
Σ1Σ ψV,Σpfq p rUA

Σ1Σq´1 “ ψW,Σ1pUA
Σ1Σfq, @ f P HΣ. (5)

Here, ψV,Σ denotes the Dirac field operator corresponding to Fock space FpV,Σq, i.e.,
ψV,Σpfq :“ bΣpP V K

Σ fq ` d˚
ΣpP V

Σ fq, @ f P HΣ. (6)

Here, bΣ, dΣ̊ denote the annihilation and creation operators on the V K and V sectors of
FcpV,HΣq, respectively. Note that P V

Σ : H Ñ V is anti-linear ; thus, ψV,Σpfq is anti-linear

in its argument f . The condition under which such a lift rUA
Σ1Σ exists can be inferred from a

straight-forward application of Shale and Stinespring’s well-known theorem [21]:

Theorem 1.2 (Shale-Stinespring). The following statements are equivalent:

(a) There is a unitary operator rUA
ΣΣ1 : FpV,HΣq Ñ FpW,HΣ1q which fulfills (5).

(b) The off-diagonals PWK
Σ1 UA

Σ1ΣP
V
Σ and PW

Σ1 UA
Σ1ΣP

V K
Σ are Hilbert-Schmidt operators.

Note that the phase of the lift is not fixed by condition (5). Even worse, as indicated
earlier, depending on the external field A this condition is not always satisfied; see [18]. On
the other hand, the choices made for the polarizations V and W were completely arbitrary.
We shall see next that adapting these choices carefully will however yield an evolution of the
Dirac sea in the corresponding Fock space representations.

There is a trivial but not so useful choice. Pick a Σin in the remote past of the support
of A fulfilling

Σin is a Cauchy surface such that suppA X Σin “ H. (7)

3
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Then the choices V “ UA
ΣΣin

H´
Σin

and W “ UA
Σ1Σin

H´
Σin

fulfill (b) of Theorem 1.2 as the
off-diagonals are zero. The drawback of these choices is that the resulting lift depends on
the whole history of A between Σin and Σ,Σ1. Moreover, such V and W are rather implicit.
But statement (b) in Theorem 1.2 also allows to differ from the projectors P V

Σ and PW
Σ1 by a

Hilbert-Schmidt operator. Hence, it lies near to characterize polarizations according to the
following classes:

Definition 1.3 (Physical Polarization Classes). For a Cauchy surface Σ we define

CΣpAq :“ “
UA
ΣΣin

H´
Σin

‰
« , (8)

where for V, V 1 P PolpHΣq, V « V 1 means that P V
Σ ´P V 1

Σ P I2pHΣq, i.e., is a Hilbert-Schmidt
operator HΣ ý.

The equivalence relation « can be refined to give another equivalence relation «0 de-
scribing polarization classes of equal charge; c.f. [2] and Remark 1.8. As a simple corollary
of Theorem 1.2 one gets:

Corollary 1.4 (Dirac Sea Evolution). Let Σ,Σ1 be Cauchy surfaces. Then any choice V P
CΣpAq and W P CΣ1pAq implies condition (b) of Theorem 1.2 and therefore the existence of

a lift rUA
Σ1Σ : FpV,HΣq Ñ FpW,HΣ1q obeying (5).

Consequently, any choice V P CΣpAq andW P CΣ1pAq gives rise to a lift of the one-particle
Dirac evolution between the corresponding FpV,HΣq and FpW,HΣ1q that is unique up to a
phase. The crucial questions are: 1) On which properties of A and Σ do these polarization
classes depend? 2) How do they behave under Lorentz and gauge transforms? 3) Is there an
explicit representative for each class? These question will be answered by our main results
given in the next section. The next important question is about the unidentified phase.
Although transition probabilities are independent of this phase, dynamic quantities like the
charge current will depend directly on it. We briefly discuss this in Section 1.2 and give
an outlook of what needs to be done to derive the vacuum expectation of the polarization
current.

1.1 Main Results

The definition (8) of the physical polarization classes involves the one-particle Dirac evolution
operator and is therefore not very useful in finding an explicit description of admissible Fock
spaces for the implementation of the second-quantized Dirac evolution. In our main results
Theorems 1.5-1.7 we give a more direct identification of the polarization classes classes CΣpAq
and state some of their fundamental geometric properties.

The first one ensures that the classes CΣpAq are independent of the history of A, instead
they depend on the tangential components of A on Σ only.

Theorem 1.5 (Identification of Polarization Classes). Let Σ be a Cauchy surface and let A

and rA be two smooth and compactly supported external fields. Then

CΣpAq “ CΣp rAq ô A|TΣ “ rA|TΣ (9)

where A|TΣ “ rA|TΣ means that for all x P Σ and y P TxΣ we have Aµpxqyµ “ rAµpxqyµ.
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Ruijsenaar’s result, see [18], may be viewed as the special case of this theorem pertaining

to rA “ 0 and, for t fixed, Σ “ Σt “ tx P R4| x0 “ tu being an equal-time hyperplane.
Furthermore, the polarization classes transform naturally under Lorentz and gauge trans-

formations:

Theorem 1.6 (Lorentz and Gauge Transforms). Let V P PolpHΣq be a polarization.

(i) Consider a Lorentz transformation given by L
pS,Λq
Σ : HΣ Ñ HΛΣ for a spinor transfor-

mation matrix S P C4ˆ4 and an associated proper orthochronous Lorentz transformation
matrix Λ P SOÒp1, 3q, cf. [3, Section 2.3]. Then:

V P CΣpAq ô L
pS,Λq
Σ V P CΛΣpΛApΛ´1¨qq. (10)

(ii) Consider a gauge transformation A ÞÑ A ` BΩ for some Ω P C8
c pR4,Rq given by the

multiplication operator e´iΩ : HΣ Ñ HΣ, ψ ÞÑ ψ1 “ e´iΩψ. Then:

V P CΣpAq ô e´iΩV P CΣpA` BΩq. (11)

As we are mainly interested in a local study of the second-quantized Dirac evolution,
we only allow compactly supported vector potentials A, and therefore, have to restrict the
gauge transformations e´iΩ to compactly supported Ω as well. Treating more general vector
potentials A and gauge transforms e´iΩ would require an analysis of decay properties at
infinity which is not our focus here.

Finally, given Cauchy surface Σ, there is an explicit representative of the equivalence
class of polarizations CΣpAq which can be given in terms of a compact, skew-adjoint linear
operatorQA

Σ : HΣ ý, as defined in (56) below. With it the polarization class can be identified
as follows:

Theorem 1.7. Given Cauchy surface Σ, we have CΣpAq “
”
eQ

A
ΣH´

Σ

ı
«
.

Other representatives for polarization classes CΣpAq beyond the “interpolating represen-
tation” UA

ΣΣin
H´

Σin
, as used in Definition 1.3, can be inferred from the so-called Furry picture,

as worked out for equal-time hyperplanes in [6], and from the global constructions of the
fermionic projector given in [11, 10]. In contrast to global constructions, the representation
given in Theorem 1.7 uses only local geometric information of the vector potential A at Σ;
cf. (56), (39), and Lemma 2.3 below.

The implications on the physical picture can be seen as follows. The Dirac sea on Cauchy
surface Σ can be described in any Fock space FpV,HΣq for any choice of polarization V P
CΣpAq. The polarization class CΣpAq is uniquely determined by the tangential components of
the external potential A on Σ. This is an object that transforms covariantly under Lorentz
and gauge transformations. The choice of the particular polarization can then be seen as
a “choice of coordinates” in which the Dirac sea is described. When regarding the Dirac
evolution from one Cauchy surface Σ to Σ1 another “choice of coordinates” W P CΣ1pAq
has to be made. Then one yields an evolution operator rUA

Σ1Σ : FpV,HΣq Ñ FpW,HΣ1q
which is unique up to an arbitrary phase Corollary 1.4. Transition probabilities of the kind
|xΨ, rUA

Σ1ΣΦy|2 for Ψ P FpW,HΣ1q and Φ P FpV,HΣq are well-defined and unique without
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the need of a renormalization method. Finally, for a family of Cauchy surfaces pΣtqtPR
that interpolates smoothly between Σ and Σ1 we also give an infinitesimal version of how
the external potential A changes the polarization in terms of the flow parameter t; see
Theorem 2.8 below.

Remark 1.8 (Charge Sectors). Given two polarizations V,W P PolpHΣq such that P V
Σ ´PW

Σ

is a compact operator, e.g., as in the case V «W as defined in (8), one can define their
relative charge, denoted by chargepV,W q, to be the Fredholm index of PW

Σ |V ÑW ; cf. [2].
The equivalence relation « in the claim of Theorem 1.7 can then be replaced by the finer
equivalence relation «0, which is defined as follows: V «0 W if and only if V « W and
chargepV,W q “ 0. This is shown as an addendum to the proof of Theorem 1.7.

1.2 Outlook

As indicated at the end of the introduction the current operator depends directly on the
unspecified phase of rUA

Σ1Σ. This can be seen from Bogolyubov’s formula

jµpxq “ irUA
ΣinΣout

δ rUA
ΣoutΣin

δAµpxq (12)

where Σout is a Cauchy surfaces in the remote future of the support of A such that Σout X
suppA “ H. Hence, without identification of the derivative of the phase of rUA

Σ1Σ the physical
current is not fully specified. Nevertheless, now the situation is slightly better than in the
standard perturbative approach. As for each choice of admissible polarizations in CΣ1pAq
and CΣpAq, identified above, there is a well-defined lift rUA

Σ1Σ of the Dirac evolution operator
UA
Σ1Σ and therefore also a well-defined current (12). Now it is only the task to select the

physical relevant one. One way of doing so is to impose extra conditions on the (12), and
hence, the phase, so that the set of admissible phases shrinks to one that produces the
same currents up to the known freedom of charge renormalization; see [5, 19, 15, 12]. In
the case of equal-time hyperplanes a choice of the unidentified phase was given by parallel
transport in [16]. On top of the geometric construction and despite the fact that there are
still degrees of freedom left, Mickelsson’s current is particularly interesting because it agrees
with conventional perturbation theory up to second order. Yet the open question remains
which additional physical requirements may constraint these degree of freedoms up to the
one of the numerical value of the elementary charge e fixed by the experiment.

The issue of the unidentified phase particularly concerns the so-called phenomenon of
“vacuum polarization” as well as the dynamical description of pair creation processes for
which only a few rigorous treatments are available; e.g., see [13] for vacuum polarization in
the Hartree-Fock approximation for static external sources, [17] for adiabatic pair creation,
and for a more fundamental approach the so-called “Theory of Causal Fermion Systems”
[7, 8, 9], which is based on a reformulation of quantum electrodynamics by means of an
action principle.

1.3 Definitions, Constants, Notation, and previous Results

In this section we briefly review the notation and results about the one-particle Dirac evo-
lution on Cauchy surfaces provided in a previous work [3]. The present article, dealing with
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the second-quantization Dirac evolution, is based on this work.
Space-time R4 is endowed with metric tensor g “ pgµνqµ,ν“0,1,2,3 “ diagp1,´1,´1,´1q,

and its elements are denoted by four-vectors x “ px0, x1, x2, x3q “ px0,xq “ xµeµ, for eµ
being the canonical basis vectors. Raising and lowering of indices is done w.r.t. g. Moreover,
we use Einstein’s summation convention, the standard representation of the Dirac matrices
γµ P C4ˆ4 that fulfill tγµ, γνu “ 2gµν, and Feynman’s slash-notation {B “ γµBµ, {A “ γµAµ.
When considering subsets of space-time R4 we shall use the following notations: Causal :“
tx P R4| xµxµ ě 0u and Past :“ tx P R4| xµxµ ą 0, x0 ă 0u.

The central geometric objects for posing the initial value problem for (1) are Cauchy
surfaces defined as follows:

Definition 1.9 (Cauchy Surfaces). We define a Cauchy surface Σ in R4 to be a smooth,
3-dimensional submanifold of R4 that fulfills the following three conditions:

(a) Every inextensible, two-sided, time- or light-like, continuous path in R4 intersects Σ in
a unique point.

(b) For every x P Σ, the tangential space TxΣ is space-like.

(c) The tangential spaces to Σ are bounded away from light-like directions in the following
sense: The only light-like accumulation point of

Ť
xPΣ TxΣ is zero.

In coordinates, every Cauchy surface Σ can be parametrized as

Σ “ tπΣpxq :“ ptΣpxq,xq | x P R3u (13)

with a smooth function tΣ : R3 Ñ R. For convenience and without restricting generality of
our results we keep a global constant

0 ă Vmax ă 1 (14)

fixed and work only with Cauchy surfaces Σ such that

sup
xPR3

|∇tΣpxq| ď Vmax. (15)

The assumption (c) in Definition 1.9 and (15) can be relaxed to |∇tΣpxq| ă 1 for all x P R3

due to the causal structure of the solutions to the Dirac equation, although this is not worked
out in this paper.

The standard volume form over R4 is denoted by d4x “ dx0 dx1 dx2 dx3; the product of
forms is understood as wedge product. The symbols d3x and d3x mean the 3-form d3x “
dx1 dx2 dx3 on R4 and on R3, respectively. Contraction of a form ω with a vector v is
denoted by ivpωq. The notation ivpωq is also used for the spinor matrix valued vector γ “
pγ0, γ1, γ2, γ3q “ γµeµ:

iγpd4xq “ γµieµpd4xq. (16)

Furthermore, for a 4-spinor ψ P C4 (viewed as column vector), ψ stands for the row vector
ψ˚γ0, where ˚ denotes hermitian conjugation.
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Smooth families pΣtqtPT of Cauchy surfaces, indexed by an interval T Ď R and fulfilling
(15), are denoted by

Σ :“ tpx, tq| t P T, x P Σtu. (17)

Given the external electromagnetic vector potential A P C8
c pR4,R4q of interest, we assume

that the set tpx, tq P Σ| x P supppAqu is compact. This condition is trivially fulfilled in the
important case of a compact interval T “ rt0, t1s with Σ interpolating between two Cauchy
surfaces Σt0 and Σt1 . The compactness condition is also automatically fulfilled in the case
that T “ R with Σ being a smooth foliation of the Minkowski space-time R4.

We assume furthermore that the family pΣtqtPT is driven driven by a (Minkowski) normal
vector field vn : Σ Ñ R4, where n : Σ Ñ R4, px, tq ÞÑ ntpxq, denotes the future-directed
(Minkowski) normal unit vector field to the Cauchy surfaces and v : Σ Ñ R, px, tq ÞÑ vtpxq,
denotes the speed at which the Cauchy surfaces move forward in normal direction. For
technical reasons, in particular when using the chain rule, it is convenient to extend the
“speed” v and the unit vector field n in a smooth way to the domain R4 ˆ T . In the case
that Σ is a foliation of space-time, we may even drop the t–dependence of v and n. In this
important case, some of the arguments below become slightly simpler.

Definition 1.10 (Spaces of Initial Data). For any Cauchy surface Σ we define the vector
space CΣ :“ C8

c pΣ,C4q. For a given Cauchy surface Σ, let HΣ “ L2pΣ,C4q denote the vector
space of all 4-spinor valued measurable functions φ : Σ Ñ C4 (modulo changes on null sets)
having a finite norm }φ} “ axφ, φy ă 8 w.r.t. the scalar product

xφ, ψy “
ż

Σ

φpxqiγpd4xqψpxq. (18)

For x P Σ, the restriction of the spinor matrix valued 3-form iγpd4xq to the tangential
space TxΣ is given by

iγpd4xq “ {npxqinpd4xq “
˜
γ0 ´

3ÿ

µ“1

γµ
BtΣpxq

Bxµ
¸
d3x “: Γpxqd3x on pTxΣq3. (19)

As a consequence of the (15), there is a positive constant Γmax “ ΓmaxpVmaxq such that

}Γpxq} ď Γmax, @x P R3. (20)

The class of solutions to the Dirac equation (1) considered in this work is defined by:

Definition 1.11 (Solution Spaces).

(i) Let CA denote the space of all smooth solutions ψ P C8pR4,C4q of the Dirac equation (1)
which have a spatially compact causal support in the following sense: There is a compact
set K Ă R4 such that suppψ Ď K ` Causal.

(ii) We endow CA with the scalar product given in (18); note that due to conservation of
the 4-vector current φγµψ, the scalar product x¨, ¨y : CA ˆ CA Ñ C is independent of the
particular choice of Σ.

8
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(iii) Let HA be the Hilbert space given by the (abstract) completion of CA.
Theorem 2.21 in [3] ensures:

Theorem 1.12 (Initial Value Problem and Support). Let Σ be a Cauchy surface and χΣ P
C8
c pΣ,C4q be given initial data. Then, there is a ψ P CA such that ψ|Σ “ χΣ and suppψ Ď

suppχΣ`Causal. Moreover, suppose rψ P C8pR4,C4q solves the Dirac equation (1) for initial

data rψ|Σ “ χΣ, then rψ “ ψ.

This theorem gives rise to the following definition in which we use the notation ψ|Σ P CΣ
to denote the restriction of a ψ P CA to a Cauchy surface Σ.

Definition 1.13 (Evolution Operators). Let Σ,Σ1 be Cauchy surfaces. In view of Theo-
rem 1.12 we define the isomorphic isometries

UΣA : CA Ñ CΣ,
UAΣ : CΣ Ñ CA,
UA
Σ1Σ : CΣ Ñ CΣ1 ,

UΣA φ :“ φ|Σ,
UΣA χΣ :“ ψ,

UA
Σ1Σ :“ UΣ1AUAΣ,

(21)

where χΣ P CΣ, φ P CA, and ψ is the solution corresponding to initial value χΣ as in Theo-
rem 1.12. These maps extend uniquely to unitary maps UAΣ : HΣ Ñ HA, UΣA : HA Ñ HΣ

and UA
Σ1Σ : HΣ Ñ HΣ1 .

Here we differ from the notation used in Theorem 2.23 in [3] where UA
Σ1Σ was denoted by

FA
Σ1Σ. Furthermore, it will be useful to express the orthogonal projector P´

Σ in an momentum
integral representation over the mass shell

M “ tp P R4| pµpµ “ m2u “ M` Y M´, M˘ “ tp P M| ˘ p0 ą 0u; (22)

cf. Lemma 2.1 and the definition of FMΣ in [3]. We endow M with the orientation that
makes the projection M Ñ R3, pp0,pq ÞÑ p positively oriented. One finds that

ippd4pq “ m2

p0
dp1 dp2 dp3 “ m2

p0
d3p on pTpMq3. (23)

General Notation. Positive constants and remainder terms are denoted by C1, C2, C3, . . .
and r1, r2, r3, . . ., respectively. They keep their meaning throughout the whole article. Any
fixed quantity a constant depends on (except numerical constants like electron mass m and
charge e) is displayed at least once when the constant is introduced. Furthermore, we classify
the behavior of functions using the following variant of the Landau symbol notation.

Definition 1.14. For lists of variables x, y, z we use the notation

fpx, y, zq “ Oy pgpxqq , for all px, y, zq P domain (24)

to mean the following: There exists a constant Cpyq depending only on the parameters y, but
neither on x nor on z, such that

|fpx, y, zq| ď Cpyq|gpxq|, for all px, y, zq P domain, (25)

where |¨| stands for the appropriate norm applicable to f . Note that the notation (24) does
not mean that fpx, y, zq “ fpx, yq, i.e., that the value of f is independent of z. Rather, it
just means that the bound is uniform in z.

9
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2 Proofs

The key idea in the proofs of our main results Theorem 1.5, 1.6, and 1.7 is to guess a simple
enough operator PA

Σ : HΣ ý so that

UA
ΣΣin

P´
Σin
UA
ΣinΣ

´ PA
Σ P I2pHΣq. (26)

It turns out that all claims about the properties of the polarization classes CΣpAq above can
then be inferred from the properties of PA

Σ . This is due to the fact that (26) is compatible
with the Hilbert-Schmidt operator freedom encoded in the « equivalence relation that was
used to define the polarization classes CΣpAq; see Definition 1.3.

The intuition behind our guess of PA
Σ comes from gauge transforms. Imagine the special

situation in which an external potential A could be gauged to zero, i.e., A “ BΩ for a given
scalar field Ω. In this case e´iΩP´

Σ e
iΩ is a good candidate for PA

Σ . Now in the case of general
external potentials A that cannot be attained by a gauge transformation of the zero potential,
the idea is to implement different gauge transforms locally near to each space-time point. For
example, if p´py´xq denotes the informal integral kernel of the operator P´

Σ , one could try to

define PA
Σ as the operator corresponding to the informal kernel pApx, yq “ e´iλApx,yqp´py´xq

for the choice λApxq “ 1
2
pApxq ` Apyqqµpy ´ xqµ. Due to this choice, the action of λApx, yq

can be interpreted as a local gauge transform of p´py ´ xq from the zero potential to the
potential Aµpxq at space-time point x. It turns out that these local gauge transforms give
rise to an operator PA

Σ that fulfills (26).

Section Overview In Section 2.1 we define the operators P´
Σ and PA

Σ and state their main
properties. Assuming these properties we prove our main results in Section 2.2. The proofs
of those employed properties are delivered afterwards in Sections 2.3 and 2.4.

2.1 The Operators P´
Σ and PA

Σ

As described in the previous section, the central objects of our study are the operators P´
Σ

and operators which are derived from them like the discussed PA
Σ . Lemma 2.1 describes the

integral representation of the orthogonal projector P´
Σ . For this we introduce the notation

rpwq :“ a´wµwµ for w P domainprq :“ tw P C4| ´ wµw
µ P CzR´

0 u. (27)

The square root is interpreted as its principal value
?
r2e2iϕ “ reiϕ for r ą 0, ´π

2
ă ϕ ă π

2
.

We note that for a Cauchy surface Σ fulfilling (15) and 0 ‰ z “ y ´ x with x, y P Σ one has
a
1 ´ Vmax

2|z| ď rpzq ď |z| ď |z| ď
a

1 ` Vmax
2|z|. (28)

To deal with the singularity of the informal integral kernel p´py´xq of the projection operator
P´
Σ at the diagonal x “ y, we use a regularization shifting the argument y ´ x a little in

direction of the imaginary past.

Lemma 2.1. For φ, ψ P CΣ and any past-directed time-like vector u P Past one has

@
φ, P´

Σ ψ
D “ lim

ǫÓ0

ż

xPΣ
φpxq iγpd4xq

ż

yPΣ
p´py ´ x ` iǫuq iγpd4yqψpyq, (29)
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where

p´ : R4 ` iPast Ñ C4x4, p´pwq “ 1

p2πq3m
ż

M´

{p ` m

2m
eipw ippd4pq “ ´i{B ` m

2m
Dpwq, (30)

D : R4 ` iPast Ñ C, Dpwq “ 1

p2πq3m
ż

M´
eipw ippd4pq “ ´m3

2π2

K1pmrpwqq
mrpwq , (31)

K1 : R` ` iR Ñ C, K1pξq “ ξ

ż 8

1

e´ξs
?
s2 ´ 1 ds. (32)

K1 is the modified Bessel function of second kind of order one. The functions D and p´ have
analytic continuations defined on domainprq. The corresponding continuations are denoted
by the same symbols.

The proof is given in Section 2.3. It is based on the momentum integral representation
given in Theorem 2.15 in [3]. In the following we define several candidates for PA

Σ fulfilling
the key property (26) as discussed in the beginning of Section 2. We will denote these
operators by P λ

Σ : HΣ ý where the superscript λ denotes an element out of the following
class of “local” gauge functions:

Definition 2.2. For A P C8
c pR4,R4q let GpAq denote the set of all functions λ : R4ˆR4 Ñ R

with the following properties:

(i) λ P C8pR4 ˆ R4,Rq.
(ii) There is a compact set K Ă R4 such that supp λ Ď K ˆ R4 Y R4 ˆ K.

(iii) λ vanishes on the diagonal, i.e., λpx, xq “ 0 for x P R4.

(iv) On the diagonal the first derivatives fulfill

Bxλpx, yq “ ´Byλpx, yq “ Apxq for x “ y P R4. (33)

Given a “local” gauge transform λ P GpAq we define the corresponding operator P λ
Σ using

the heuristic idea behind PA
Σ we discussed in the beginning of Section 2.

Lemma 2.3. Given A P C8
c pR4,R4q and λ P GpAq there is a unique bounded operator

P λ
Σ : HΣ ý with matrix elements

@
φ, P λ

Σψ
D “ lim

ǫÓ0

A
φ, P λ,ǫu

Σ ψ
E

with (34)

A
φ, P λ,ǫu

Σ ψ
E
:“

ż

xPΣ
φpxq iγpd4xq

ż

yPΣ
e´iλpx,yqp´py ´ x` iǫuq iγpd4yqψpyq. (35)

for any given φ, ψ P CΣ and any past-directed time-like vector u P Past. In particular, the
limit in (34) does not depend on the choice of u P Past. For ∆P λ

Σ :“ P λ
Σ ´P´

Σ , ψ P HΣ, and
almost all x P Σ it holds

`
∆P λ

Σψ
˘ pxq “

ż

yPΣ
pe´iλpx,yq ´ 1qp´py ´ xq iγpd4yqψpyq, (36)

and furthermore:
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(i) The operator norm of P λ
Σ is bounded by a constant C1pVmax, λq; cf. (15);

(ii) ∆P λ
Σ is a compact operator;

(iii) |∆P λ
Σ|2 is a Hilbert-Schmidt operator.

(iv) If λpx, yq “ ´λpy, xq for all x, y P Σ, then P λ
Σ is self-adjoint.

This lemma is proven in Section 2.3. Two important examples of elements in GpAq are:

• The choice λpx, yq “ Ωpxq ´ Ωpyq for Ω P C8
c pR4,Rq fulfills λ P GpBΩq. Such a λ

delivers a good candidate for the operator PA
Σ fulfilling (26) if the external field A can

be attained from the zero field via a gauge transform A “ 0 ÞÑ A “ BΩ. We observe
for any path Cy,x from y to x

λpx, yq “
ż

Cy,x

Aµpuq duµ “ 1

2
pAµpxq ` Aµpyqqpxµ ´ yµq ` OAp|x´ y|3q. (37)

• For an arbitrary vector potential A P C8
c pR4,R4q also

λApx, yq :“ 1

2
pAµpxq ` Aµpyqqpxµ ´ yµq (38)

fulfills λA P GpAq. This choice is motivated by the special case (37). It will be partic-
ularly convenient for our work. Note that it has the symmetry λApx, yq “ ´λApy, xq;
cf. part (iv) in Lemma 2.3. In particular, the operator PA

Σ from the discussion will be
given by

PA
Σ :“ P λA

Σ . (39)

We shall show that for λ P GpAq the operators P λ
Σ obey the key property (26). Our first

result about P λ
Σ for a λ P GpAq is that, up to a Hilbert-Schmidt operator, it depends only

on the restriction of the 1-form A to the tangent bundle TΣ of the Cauchy surface Σ.

Theorem 2.4. Given A, rA P C8
c pR4,R4q and λ P GpAq, rλ P Gp rAq, the following is true:

P λ
Σ ´ P

rλ
Σ P I2pHΣq ô A|TΣ “ rA|TΣ. (40)

This theorem is also proven in Section 2.3. From our next result we can infer that the
operators P λ

Σ obey the key property (26).

Theorem 2.5. Given A P C8
c pR4,R4q, λ P GpAq, and two Cauchy surfaces Σ,Σ1, one has

UAΣ1P λ
Σ1UΣ1A ´ UAΣP

λ
ΣUΣA P I2pHAq, (41)

where UAΣ and UΣA are the Dirac evolution operators given in Definition 1.13.

12
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Instead of proving this theorem directly we prove it at the end of Section 2.4 as con-
sequence of Theorem 2.8 below. The latter can be understood as an infinitesimal version
of Theorem 2.5. To state Theorem 2.8 we consider a family pΣtqtPT of Cauchy surfaces en-
coded by Σ, see (17), such that Σ “ Σt0 and Σ1 “ Σt1 . In addition we need the following
helper object sAΣ defined in Definition 2.6 below as well as the following notation. Given an
electromagnetic potential A P C8

c pR4,R4q and a Cauchy surface Σ with future-directed unit
normal vector field n, we define the electromagnetic field tensor Fµν “ BµAν ´ BνAµ and

Eµ :“ Fµνn
ν (42)

referred to as the “electric field” with respect to the local Cauchy surface Σ. In the special
case n “ e0 “ p1, 0, 0, 0q, this encodes just the electric part of the electromagnetic field
tensor.

Recall from the paragraph preceding Definition 1.10 that we extended the unit normal
field n on the Cauchy surface to a smooth unit normal field n : R4 ˆ T Ñ R4 and velocity
field v : R4 ˆT Ñ R, which induces the “electric field” E to be defined on R4 ˆT as well. In
particular, after this extension, the partial derivative BEµpx, tq{Bt “ Fµνpxq Bnt

νpxq{Bt then
makes sense.

Definition 2.6. Recall the definitions of rpwq and Dpwq given in (27) and (31), respectively.
For ǫ ą 0, u P Past, and x, y P R4, we define the integral kernel

sA,ǫu
Σ px, yq :“ 1

8m
{npxq {Epxqrpwq2 {BDpwq, where w “ y ´ x ` iǫu. (43)

Furthermore, for x ´ y being space-like (in particular x ‰ y), we also define the integral
kernel

sAΣpx, yq “ sA,0
Σ px, yq :“ lim

ǫÓ0 s
A,ǫu
Σ px, yq “ 1

8m
{npxq {Epxqrpy ´ xq2 {BDpy ´ xq. (44)

We remark that restricted to x and y within a single Cauchy surface Σ, the value of the
kernel sA,ǫu

Σ px, yq depends only on Σ through its normal field n : Σ Ñ R4. In this case the
definition makes sense without specifying neither the velocity field v nor the extension of n
and v to R4 ˆ T . In particular, sA,ǫu

Σ px, yq depends only on the Cauchy surface Σ but not
on the choice of a family pΣtqtPT . This stands in contrast to the derivative BsA,ǫu

Σt
{Bt, which

makes sense everywhere only given a family pΣtqtPT and the extended version of n.
Exploiting the properties of Dpwq given in Lemma 2.1 and in Corollary A.1 in the ap-

pendix we shall find:

Lemma 2.7. Let u P Past.

(i) The integral kernels sA,ǫu
Σ , ǫ ě 0, give rise to Hilbert-Schmidt operators

SA,ǫu
Σ : HΣ ý, SA,ǫu

Σ ψpxq :“
ż

Σ

sA,ǫu
Σ px, yq iγpd4yqψpyq for almost all x P Σ,

(45)

SA
Σ :“ SA,0

Σ , with the property that }SA
Σ ´ SA,ǫu

Σ }I2pHΣq
ǫÓ0ÝÑ 0.

13
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(ii) Similarly, for t P T , the integral kernels BsA,ǫu
Σt

{Bt, ǫ ě 0, give rise to Hilbert-Schmidt
operators

9SA,ǫu
Σt

: HΣ ý, 9SA,ǫu
Σt

ψpxq :“
ż

Σt

BsA,ǫu
Σt

Bt px, yq iγpd4yqψpyq for almost all x P Σt,

(46)

9SA
Σt

:“ 9SA,0
Σt

, with the property that suptPT } 9SA
Σt

}I2pHΣt q ă 8 and } 9SA
Σt

´ 9SA,ǫu
Σt

}I2pHΣt q
ǫÓ0ÝÑ

0 for all t.

With this ingredient our infinitesimal version of Theorem 2.5 can be formulated as follows;
for technical convenience, we phrase it only for the special choice λA P GpAq defined in (38).

Theorem 2.8. Given A P C8
c pR4,R4q, any smooth family of Cauchy surfaces Σ, cf. (17),

and t0, t1 P T , and one has

UAΣt1

´
PA
Σt1

` SA
Σt1

¯
UΣt1A

´ UAΣt0

´
PA
Σt0

` SA
Σt0

¯
UΣt0A

“
ż t1

t0

UAΣtRptqUΣtA dt (47)

for a family of Hilbert-Schmidt operators Rptq, t P T , with suptPT }Rptq}I2pHΣt q ă 8. The
integral in (47) is understood in the weak sense.

Note that for the choice λ P GpAq, Σt1 “ Σ, Σt0 “ Σin one has P λ
Σin

“ P´
Σin

, and the
restriction of (41) to Cauchy surface Σ yields property UA

ΣΣin
P´
Σin
UA
ΣinΣ

´ P λ
Σ P I2pHΣq, i.e.,

the key property (26). The proof of Theorem 2.8 given in Section 2.4 is the heart of this
work.

2.2 Proofs of Main Results

In this section, we prove the main results under the assumption that the claims in Section 2.1
are true. The proofs of these assumed claims are then provided in Sections 2.3-2.4. The
connection of how to infer the properties of CΣpAq from the properties of the operators P λ

Σ

is given by the following lemma.

Lemma 2.9. Let A P C8
c pR4,R4q, Σ be a Cauchy surface, and λ P GpAq. Then for every

polarization V in HΣ, we have

V P CΣpAq ô P V
Σ ´ P λ

Σ P I2pHΣq. (48)

Proof. By Definition 1.3, V P CΣpAq is equivalent to

P V
Σ ´ UA

ΣΣin
P´
Σin
UA
ΣinΣ

P I2pHΣq. (49)

On the other hand, Theorem 2.5 implies

P λ
Σ ´ UA

ΣΣin
P´
Σ U

A
ΣinΣ

P I2pHΣq. (50)

Thus, statement (49) is equivalent to P V
Σ ´ P λ

Σ P I2pHΣq.

14
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Proof of Theorem 1.5. CΣpAq “ CΣp rAq holds true if and only if there are V P CΣpAq and

W P CΣp rAq such that

P V
Σ ´ PW

Σ P I2pHΣq. (51)

Let λ P GpAq and rλ P Gp rAq. In view of Lemma 2.9, statement (51) is equivalent to P λ
Σ ´P

rλ
Σ P

I2pHΣq. Due to Theorem 2.4 the latter is equivalent to A|TΣ “ rA|TΣ, which proves the
claim.

Proof of Thorem 1.6. Claim (i): Is is sufficient to prove that there exist V P CΣpAq and
W P CΛΣpΛApΛ´1¨qq such that LpS,Λq P V

Σ pLpS,Λqq´1 ´PW
ΛΣ P I2pHΛΣq. We remark that for the

linear form A, ΛA stands for the linear form with coordinates Λµ
νAν , while for a vector x,

the term Λx stands for the vector with coordinates Λµ
νx

ν . We take λ P GpAq, e.g., λ “ λA

from (38). Thanks to Lemma 2.9, for all V P CΣpAq we have P V
Σ ´ P λ

Σ P I2pHΣq. First,
let us discuss how such a P λ

Σ behaves under the Lorentz transforms LpS,Λq. For ǫ ą 0 and
u P Past, the integral kernel pλ,ǫuΣ px, yq “ e´iλpx,yqp´py´x` iǫuq of P λ,ǫu

Σ , cf. (35), transforms

as follows: The integral kernel of L
pS,Λq
Σ P λ,ǫu

Σ pLpS,Λq
Σ q´1 is given by

Spλ,ǫuΣ pΛ´1x,Λ´1yqS˚ “ e´iλpΛ´1x,Λ´1yq S p´pΛ´1py ´ xq ` iǫuqqS˚

“ e´iλpΛ´1x,Λ´1yqp´py ´ x ` iǫΛuq “ pλ,ǫΛuΛΣ px, yq, (52)

where λpx, yq “ λpΛ´1x,Λ´1yq. We claim λ P GpΛApΛ´1¨qq. Indeed, λ clearly fulfills condi-
tions (i)-(iii) of the Definition 2.2 of GpΛApΛ´1¨qq. It also fulfills condition (iv) since

B
Bxµλpx, yqˇ̌

y“x
“ B

BxµλpΛ´1x,Λ´1yqˇ̌
y“x

“ pΛ´1qνµ
B

Bzν λpz,Λ´1yqˇ̌
z“Λ´1x,y“x

“ Λµ
νAνpΛ´1xq (53)

and similarly By
µλpx, yqˇ̌

x“y
“ ´Λµ

νAνpΛ´1xq, where we have used pΛ´1qνµ “ Λµ
ν . This

shows L
pS,Λq
Σ P λ,ǫu

Σ pLpS,Λq
Σ q´1 “ P λ,ǫΛu

Σ , which implies L
pS,Λq
Σ P λ

ΣpLpS,Λq
Σ q´1 “ P λ

Σ in the limit as
ǫ Ó 0; recall from Lemma 2.3 that the limit does not depend on the choice of u,Λu P Past.

Again by Lemma 2.9, there is a W P CΛΣpΛApΛ´1¨qq such that PW
ΛΣ ´P λ

ΛΣ P I2pHΛΣq. We
conclude

L
pS,Λq
Σ P V

Σ

´
L

pS,Λq
Σ

¯´1 ´ PW
ΛΣ “ L

pS,Λq
Σ

`
P V
Σ ´ P λ

Σ

˘ ´
L

pS,Λq
Σ

¯´1 ´
´
PW
ΛΣ ´ P λ

ΛΣ

¯
P I2pHΛΣq.

(54)

Claim (ii): The integral kernel of e´iΩP λ,ǫu
Σ eiΩ for λ P GpAq, ǫ ą 0 and u P Past equals

e´iΩpxqpλ,ǫuΣ px, yqeiΩpyq “ e´iΩpxqe´iλpx,yqp´py ´ x ` iǫuqeiΩpyq “ pλ,ǫuΣ px, yq, (55)

where λpx, yq “ Ωpxq `λpx, yq ´Ωpyq, which clearly fulfills λ P GpA` BΩq; cf. Definition 2.2.
Taking the limit as ǫ Ó 0, the claim follows from the same kind of reasoning as in part (i).

Finally, one can also use the self-adjoint operator PA
Σ from (39) to construct a unitary

operator eQ
A
Σ : HΣ ý which adapts the standard polarization H´

Σ to one corresponding to

A|TΣ, more precisely, eQ
A
ΣH´

Σ P CΣpAq. It is defined as follows:

15
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Definition 2.10. We set

QA
Σ :“ rPA

Σ , P
´
Σ s “ P`

Σ pPA
Σ ´ P´

Σ qP´
Σ ´ P´

Σ pPA
Σ ´ P´

Σ qP`
Σ . (56)

Proof of Theorem 1.7. In this proof, we use a 2 ˆ 2-matrix notation for linear operators of
the type HΣ ý. This matrix notation always refers to the splitting HΣ “ H`

Σ ‘ H´
Σ . In

particular, we set

ˆ
∆`` ∆`´
∆´` ∆´´

˙
“ ∆P λA

Σ “ PA
Σ ´ P´

Σ , (57)

cf. (36) for λ “ λA. Using this matrix notation, we write

QA
Σ “

ˆ
0 ∆`´

´∆´` 0

˙
. (58)

In the following we use the notation X “ Y mod I2pHΣq to mean X ´ Y P I2pHΣq. By (iii)
of Lemma 2.3 we know that p∆P λA

Σ q2 P I2pHΣq, and therefore

pPA
Σ q2 “ pP´

Σ ` ∆P λA

Σ q2 “ PA
Σ `

ˆ´∆`` 0
0 ∆´´

˙
mod I2pHΣq. (59)

Furthermore, Lemma 2.9 implies for all V P CΣpAq that the corresponding orthogonal pro-
jector P V

Σ fulfills PA
Σ ´ P V

Σ P I2pHΣq. However, this means also that pPA
Σ q2 ´ PA

Σ P I2pHΣq,
and therefore, ∆``,∆´´ P I2pHΣq; see (59). In conclusion, we obtain

PA
Σ “ P´

Σ ` ∆P λA

Σ “
ˆ

0 ∆`´
∆´` idH´

Σ

˙
mod I2pHΣq. (60)

Since p∆P λA

Σ q2 P I2pHΣq we have ∆´`∆`´,∆´`∆`´ P I2pHΣq and hence pQA
Σq2 P I2pHΣq;

cf. (58). Defining

ΠA
Σ :“ eQ

A
ΣP´

Σ e
´QA

Σ , (61)

we conclude

ΠA
Σ “ pidHΣ

`QA
ΣqP´

Σ pidHΣ
´QA

Σq “
ˆ

0 ∆`´
∆´` idH´

Σ

˙
“ PA

Σ “ P V
Σ mod I2pHΣq. (62)

Furthermore, we observe that eQ
A
Σ is unitary because QA

Σ is skew-adjoint, so that ΠA
Σ is an

orthogonal projector. Summarizing, we have shown eQ
A
ΣH´

Σ “ ΠA
ΣHΣ P CΣpAq, which proves

the claim of Theorem 1.7.

As an addendum we prove the refinement of Theorem 1.7 described in Remark 1.8. For
this it is left to show that chargepUA

ΣΣin
H´

Σin
,ΠA

ΣHΣq “ 0. We choose a future oriented
foliation pΣtqtPR of space-time such that Σ0 “ Σin and Σ1 “ Σ. Recall the choice of Σin

described in (7). The operators QA
Σt

are compact because they are skew-adjoint and pQA
Σt

q2 P

16
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I2pHΣtq. Hence, the operators e´QA
Σt are compact perturbations of the identity operators

idHΣt
. Translating this fact to an interaction picture, the operators

Qt :“ U0
ΣinΣt

e´QA
ΣtU0

ΣtΣin
(63)

are as well compact perturbations of the identity operator idHΣin
. We define the evolution

operators in the interaction picture

Ut :“ U0
ΣinΣt

UA
ΣtΣin

, (64)

which are continuous in t P R w.r.t. the operator norm; this follows from Lemma 3.9 in [3].
Moreover, using V « W ô P V

Σ P
WK
Σ , P V K

Σ PW
Σ P I2pHΣq, the just proven Theorem 1.7 implies

eQ
A
ΣH´

Σ « UA
ΣΣin

H´
Σin

ñ P˘
Σ e

´QA
ΣUA

ΣΣin
P¯
Σin

P I2pHΣq (65)

ñ U0
ΣinΣ

P˘
Σ e

´QA
ΣUA

ΣΣin
P¯
Σin

P I2pHΣq (66)

ñ P˘
Σin
QtUtP

¯
Σin

“ P˘
Σ U

0
ΣinΣ

e´QA
ΣUA

ΣΣin
P¯
Σin

P I2pHΣin
q. (67)

Since Qt ´ idHΣin
is compact, the operator P˘

Σin
pQt ´ idHΣin

qUtP
¯
Σin

is compact as well. Taking

the difference with the compact operator in (67) yields that P˘
Σin
UtP

¯
Σin

is compact so that
ˆ
P`
Σin
UtP

`
Σin

0
0 P´

Σin
UtP

´
Σin

˙
“ Ut ´

ˆ
0 P`

Σin
UtP

´
Σin

P´
Σin
UtP

`
Σin

0

˙
(68)

deviates from the unitary operator Ut by a compact perturbation, and hence, is a Fredholm
operator. This implies that P´

Σin
UtP

´
Σin

ˇ̌
H´

Σin
ý is a Fredholm operator. We note that the

Fredholm index of P´
Σin
Ut“0P

´
Σin

ˇ̌
H´

Σin
ý “ idH´

Σin

equals zero. The map t ÞÑ P´
Σin
UtP

´
Σin

is

continuous in the operator norm which implies that the Fredholm index is constant, and
hence,

0 “ indexP´
Σin
Ut“1

ˇ̌
H´

Σin
ý “ indexP´

Σin
U0
ΣinΣ

UA
ΣΣin

ˇ̌
H´

Σin
ý

“ indexP´
Σ U

A
ΣΣin

ˇ̌
H´

Σin
ÑH´

Σ

“ indexP´
Σ

ˇ̌
UA
ΣΣin

H´
Σin

ÑH´
Σ

“ indexP´
Σ e

´QA
Σ

ˇ̌
UA
ΣΣin

H´
Σin

ÑH´
Σ

“ index eQ
A
ΣP´

Σ e
´QA

Σ

ˇ̌
UA
ΣΣin

H´
Σin

ÑΠA
ΣHΣ

“ chargepUA
ΣΣin

H´
Σin
,ΠA

ΣHΣq, (69)

where in the fifth equality we have used that e´QA
Σ is a compact perturbation of the identity.

This concludes the proofs of the main results under the condition that the claims in
Section 2.1 are true. The proofs of these claims will be provided in the next two sections.

2.3 Proof of Lemma 2.1, Lemma 2.3, and Theorem 2.4

Proof of Lemma 2.1. Given φ, ψ P CΣ, we set pφ “ FMΣφ and pψ “ FMΣψ where FMΣ is the
generalized Fourier transform

pFMΣψqppq “ {p ` m

2m
p2πq´3{2

ż

Σ

eipx iγpd4xqψpxq for ψ P CΣ, p P M, (70)
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introduced in Theorem 2.15 of [3]. This theorem ensures that pφppq pψppq ippd4pq is integrable
on M´. Let u P Past. With justifications given below, we compute the following.

@
φ, P´

Σ ψ
D “ lim

ǫÓ0

ż

pPM´

e´ǫpupφppq pψppq ippd4pq
m

(71)

“ 1

p2πq3m lim
ǫÓ0

ż

pPM´

e´ǫpu

ż

xPΣ
φpxq iγpd4xq e´ipx

ˆ {p ` m

2m

˙2 ż

yPΣ
eipy iγpd4yqψpyq ippd4pq (72)

“ 1

p2πq3m lim
ǫÓ0

ż

pPM´

ż

xPΣ
φpxq iγpd4xq {p ` m

2m

ż

yPΣ
eippy´x`iǫuq iγpd4yqψpyq ippd4pq (73)

“ 1

p2πq3m lim
ǫÓ0

ż

xPΣ
φpxq iγpd4xq

ż

yPΣ

ż

pPM´

{p ` m

2m
eippy´x`iǫuq ippd4pq iγpd4yqψpyq (74)

“ lim
ǫÓ0

ż

xPΣ
φpxq iγpd4xq

ż

yPΣ
p´py ´ x` iǫuq iγpd4yqψpyq. (75)

The interchange of the p-integral and the limit ǫ Ó 0 in (71) is justified by dominated con-

vergence since pφppq pψppqippd4pq is integrable on M´ and by |e´ǫpu| ď 1 for ǫ ą 0, p P M´.
In the step from (71) to (72) we have used (70) and that γ0pγµq˚γ0 “ γµ, from (72) to
(73) that {p2 “ p2 and that p2 “ m2 for p P M´. In the step from (73) to (74) we have
used Fubini’s theorem to interchange the integrals. This is justified because φ and ψ are
bounded and compactly supported, and because for any given ǫ ą 0, |eippy´x`iǫuq| “ e´ǫpu

tends exponentially fast to 0 as |p| Ñ 8, p P M´. This proves the claim (29).

Now we prove the claimed properties of D and p´. For any w P R4 ` iPast, the modulus
|eipw| “ e´p Imw tends exponentially fast to 0 as |p| Ñ 8, p P M´. Consequently, exchanging
differentiation and integration in the following calculation is justified:

p´pwq “ 1

p2πq3m
ż

M´

´i{Bw ` m

2m
eipw ippd4pq

“ 1

p2πq3m
´i{Bw ` m

2m

ż

M´
eipw ippd4pq “ ´i{B ` m

2m
Dpwq. (76)

To show the second equality in (31), we proceed as follows: First, we show that w P R4`iPast
implies ´wµw

µ P CzR´
0 “ domainp?¨q. We take w “ z ` iu with z P R4 and u P Past,

and assume ´wµw
µ P R. Then 0 “ Impwµw

µq “ 2zµu
µ, i.e., z is orthogonal to u in the

Minkowski sense. Because u is time-like, we conclude that z is space-like or zero. We
obtain wµw

µ “ Repwµw
µq “ zµz

µ ´ uµu
µ ă 0, i.e., ´wµw

µ P domainp?¨q. It follows that?´wµwµ P R` ` iR “ domainpK1q. In particular,

rD : R4 ` iPast Q w ÞÑ ´m3

2π2

K1pm?´wµwµq
m

?´wµwµ
(77)
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is a well-defined holomorphic function. Because |eipw| decays fast as |p| Ñ 8, p P M´,
uniformly for w in any compact subset of R4 ` iPast,

D : R4 ` iPast Q w ÞÑ 1

p2πq3m
ż

M´
eipw ippd4pq (78)

is also a holomorphic function. We need to show D “ rD. By the identity theorem for
holomorphic functions, it suffices to show that the restrictions of D and rD to iPast coincide.
Given w “ iu P iPast, we choose a proper, orthochronous Lorentz transform Λ P SOÒp1, 3q Ď
R4ˆ4 that maps u to the negative time axis:

Λu “ ´te0 “ p´t, 0, 0, 0q with t “ a
uµuµ “ a´wµwµ ą 0. (79)

By Lorentz invariance of the volume-form ippd4pq on M´, we know

ż

M´
eipw ippd4pq “

ż

M´
eipΛw ippd4pq (80)

and
?´wµwµ “ a´pΛwqµpΛwqµ. Summarizing, we have reduced the claim D “ rD to its

special case Dpwq “ rDpwq for w “ ´ite0, t “ ?´wµwµ ą 0. This special case is proven as
follows. Using

ippd4pq “ m2

p0
d3p on pTpMq3, (81)

rotational symmetry, and the substitution

s “
?
k2 ` m2

m
, k “ m

?
s2 ´ 1, m2s ds “ k dk, (82)

we obtain with the abbreviation Eppq “ a
p2 ` m2:

ż

M´
eipw ippd4pq “ ´m2

ż

R3

e´Eppqt d
3p

Eppq
“ ´4πm2

ż 8

0

exp
´

´t?k2 ` m2
¯ k2 dk?

k2 ` m2

“ ´4πm4

ż 8

1

e´mts
?
s2 ´ 1 ds “ ´4πm4K1pmtq

mt
, (83)

using the definition of K1 in (32), and hence, the claim Dp´ite0q “ rDp´ite0q.
The representation (77) of D shows also that D can be analytically extended to all

arguments w P C4 with ´wµw
µ P domainp?¨q “ CzR´

0 . The same holds true for p´ “
p2mq´1p´i{B ` mqD. To sum up, p´ has an analytic continuation p´ : domainprq Ñ C4ˆ4,
which also concludes the proof of Lemma 2.1.
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Proof of Lemma 2.3. We remark that most of the arguments in this proof are valid without
regularization, i.e., also in the case ǫ “ 0. This is in contrast to Section 2.4 below, where the
regularization with ǫ ą 0 turns out to be very useful.

Let A P C8
c pR4,R4q, λ P GpAq, and Σ be a Cauchy surface. Before proving the claim

(34)-(35) it will be convenient to introduce the operators ∆P λ,ǫu
Σ , ǫ ě 0, which shall act on

any ψ P HΣ as

´
∆P λ,ǫu

Σ ψ
¯

pxq “
ż

yPΣ
pe´iλpx,yq ´ 1qp´py ´ x ` iǫuq iγpd4yqψpyq, (84)

where the fixed vector u P R4 is past-directed time-like. We remark that the special case
ǫ “ 0 is included in the form ∆P λ,0

Σ “ ∆P λ
Σ; cf. (36).

We show now that ∆P λ,ǫu
Σ : HΣ ý is well-defined. Recall the parametrization πΣpxq of

Σ as stated in (13) and the identity iγpd4xq “ Γpxq d3x on pTxΣq3 given in (19). We use the
abbreviation x “ πΣpxq, y “ πΣpyq in the following. Line (84) can be recast into

´
∆P λ,ǫu

Σ ψ
¯

pxq “
ż

R3

∆pλ,ǫuΣ px,yqΓpyqψpyq d3y for (85)

∆pλ,ǫuΣ px,yq :“ `
e´iλpx,yq ´ 1

˘
p´py ´ x` iǫuq. (86)

To show at the same time that the right-hand side of (85), i.e., (84), is well-defined for
ψ P HΣ and almost every x P Σ, and that ∆P λ,ǫ

Σ ψ P HΣ, it suffices to prove that for every
φ P HΣ, we have

ż

xPR3

ż

yPR3

ˇ̌
ˇφpxqΓpxq∆pλ,ǫuΣ px,yqΓpyqψpyq

ˇ̌
ˇ d3y ď C2}φ}}ψ} (87)

with some constant C2pu, Vmaxq. We collect the necessary ingredients:

• As λ is smooth and vanishes on the diagonal, there is a positive constant C3pλq such
that

|e´iλpx,yq ´ 1| ď C3|x ´ y|r1Kpxq _ 1Kpyqs for x, y P R4. (88)

Note that this bound holds globally, not only locally close to the diagonal, because
e´iλ ´ 1 is bounded and vanishes outside K ˆ R4 Y R4 ˆ K for some compact set K.

• The bounds (28) from the appendix, cf. (15), show that for all x, y P Σ and pz0, zq “
z “ y ´ x we find |z| ď |z| ď

a
1 ` Vmax

2|z|.
• Formula (238) in Corollary A.1 of the Appendix ensures for all ǫ ě 0 that for all
z “ pz0, zq such that z “ y ´ x for x, y P Σ and z ‰ 0 that

}p´pz ` iǫuq} ď Ou,Vmax

ˆ
e´CD |z|

|z|3
˙
. (89)
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Thanks to these ingredients we find the estimate

}∆pλ,ǫuΣ px,yq} ď C4
e´CD |y´x|

|y ´ x|2 r1Kpxq _ 1Kpyqs (90)

for all x, y P Σ such that y ´ x ‰ 0 and ǫ ě 0 with some constant C4pu, Vmax, λq. Conse-
quently, using the bound for Γ from (20), we have the dominating function

sup
ǫě0

ˇ̌
ˇφpxqΓpxq∆pλ,ǫuΣ px,yqΓpyqψpyq

ˇ̌
ˇ ď C4Γmax

2|φpxq|e
´CD |y´x|

|y ´ x|2 |ψpyq|, (91)

which is integrable, as the following calculation shows:

C4Γmax
2

ż

xPR3

ż

yPR3

|φpxq|e
´CD |y´x|

|y ´ x|2 |ψpyq| d3y d3x (92)

“ C4Γmax
2

ż

zPR3

e´CD |z|

|z|2
ż

xPR3

|φpπΣpxqq||ψpπΣpx ` zqq| d3x d3z (93)

ď 4πC4Γmax
2

ż 8

0

e´CDs ds }φ ˝ πΣ}2}ψ ˝ πΣ}2 (94)

ď C2}φ} }ψ}, (95)

for a constant C2pu, Vmax, λq. In the step from (93) to (94) we use the Cauchy-Schwarz
inequality, and in the step from (94) to (95), we use that the norms }¨ ˝ πΣ}2 and }¨} are
equivalent. On the one hand, this proves claim (87), which implies that the operators
∆P λ,ǫu

Σ : HΣ ý described in (85) and (86) are well-defined for all ǫ ě 0 and bounded by

sup
ǫě0

}∆P λ,ǫu
Σ }HΣý ď C2. (96)

On the other hand, we use again the integrable domination from (91) together with the
point-wise convergence

lim
ǫÓ0

p´py ´ x` iǫuq “ p´py ´ xq (97)

for x, y P Σ with x ‰ y; cf. the analytic continuation of p´ described in Lemma 2.1. Using
these ingredients, the dominated convergence theorem yields the following convergence in
the weak operator topology:

A
φ,∆P λ,ǫu

Σ ψ
E

ǫÓ0ÝÑ @
φ,∆P λ

Σψ
D

for φ, ψ P HΣ. (98)

The next argument needs this fact only restricted to φ, ψ P CΣ. Using the notation (35) and
Lemma 2.1, we get for φ, ψ P CΣ

A
φ, P λ,ǫu

Σ ψ
E

“ @
φ, P 0,ǫu

Σ ψ
D `

A
φ,∆P λ,ǫu

Σ ψ
E

ǫÓ0ÝÑ @
φ, P´

Σ ψ
D ` @

φ,∆P λ
Σψ

D
. (99)

Because P´
Σ ,∆P

λ
Σ : HΣ ý are bounded operators and CΣ is dense in HΣ, this implies that

P λ
Σ :“ P´

Σ ` ∆P λ
Σ : HΣ ý (100)
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is the unique bounded operator that satisfies (34), together with the bound

}P λ
Σ}HΣý ď }P´

Σ }HΣý ` }∆P λ
Σ}HΣý ď 1 ` C2pu, Vmax, λq (101)

coming from (96). Note that we may take any fixed u P Past, e.g., u “ p´1, 0, 0, 0q, in this
bound and in the bounds below.

Next, we show that Kλ :“ |∆P λ
Σ|2 is a Hilbert-Schmidt operator. It is the integral

operator (here written in 3-vector notation)

Kλψpxq “
ż

R3

kλpx,yqΓpyqψpyqd3y (102)

for ψ P HΣ and almost all x P Σ with the integral kernel

kλpx,yq “
ż

R3

γ0∆pλ,0Σ px, zq˚γ0Γpzq∆pλ,0Σ pz,yq d3z. (103)

We remark that under the symmetry assumption λpx, yq “ ´λpy, xq, we have

γ0∆pλ,0Σ px, zq˚γ0 “ ∆pλ,0Σ pz,xq; (104)

cf. formula (110) below. Thanks to the estimate (90) we find

››kλpx,yq›› ď ΓmaxC4
2

ż

R3

e´CD |x´z|

|x ´ z|2
e´CD |z´y|

|z ´ y|2 p1Kpxq _ 1Kpzqqp1Kpzq _ 1Kpyqq d3z. (105)

Next, we use the bound

e´CD |x´z|e´CD|z´y|p1Kpxq _ 1Kpzqqp1Kpzq _ 1Kpyqq ď C5e
´CDp|y´x|`|x|q{2 (106)

with the constant C5pλ, Vmaxq “ supzPK eCD |z|{2. Substituting this bound in (105) and carry-
ing out the integration yields

}kλpx,yq} ď ΓmaxC4
2C5e

´CDp|y´x|`|x|q{2
ż

R3

d3z

|x ´ z|2|z ´ y|2 “ C6
e´CDp|y´x|`|x|q{2

|y ´ x| (107)

for a finite constant C6pλ, Vmaxq. We can therefore bound the Hilbert-Schmidt norm of Kλ

as follows:

}Kλ}2I2pHΣq “
ż

R3

ż

R3

tracerγ0kλpx,yq˚γ0Γpxqkλpx,yqΓpyqs d3x d3y

ď 4Γmax
2

ż

R3

ż

R3

}kλpx,yq}2 d3x d3y

ď 4Γmax
2C6

2

ż

R3

ż

R3

e´CDp|y´x|`|x|q

|y ´ x|2 d3x d3y ă 8. (108)

This proves thatKλ “ |∆P λ
Σ|2 is a Hilbert-Schmidt operator, and therefore, ∆P λ

Σ is compact.
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To prove part (iv) of Lemma 2.3, we assume λpx, yq “ ´λpy, xq for all x, y P Σ. From the
symmetries Dpw˚q “ Dpwq˚ and Dp´wq “ Dpwq for all w P domainprq and pγµq˚ “ γ0γµγ0,
we conclude

p´p´w˚q “ γ0p´pwqγ0, (109)

and hence, using the assumed symmetry of λ,

γ0
`
e´iλpy,xqp´py ´ x` iǫuq˘˚

γ0 “ e´iλpx,yqp´px ´ y ` iǫuq (110)

for x, y P Σ, ǫ ą 0 and u P Past. Substituting this in the specification (34)-(35) of P λ
Σ, it

follows that P λ
Σ is self-adjoint and concludes the proof.

Proof of Theorem 2.4. To show the equivalence we need to control of the kernel of P λ
Σ ´ P

rλ
Σ

from above and from below. Let ∆A : R3 Ñ R3 be the vector field on R3 with

∆Apxq ¨ z “ pAµpxq ´ rAµpxqqzµ (111)

for any x “ px0,xq P Σ and z “ pz0, zq P TxΣ. Then for any x “ px0,xq P Σ, Apxq|TxΣ “
rApxq|TxΣ holds if and only if ∆Apxq “ 0. From λ P GpAq and λ P Gp rAq, see Definition 2.2,
we get the Taylor expansions

e´iλpx,yq “ 1 ` iAµpxqpyµ ´ xµq ` Oλp|x´ y|2qp1Kpxq _ 1Kpyqq, (112)

e´irλpx,yq “ 1 ` i rAµpxqpyµ ´ xµq ` Orλp|x´ y|2qp1Kpxq _ 1Kpyqq, (113)

y0 ´ x0 “ ∇tΣpxq ¨ py ´ xq ` OΣp|x ´ y|2q (114)

for y, x P Σ from which we conclude

e´iλpx,yq ´ e´irλpx,yq “ i∆Apxq ¨ py ´ xq ` r1px,yq (115)

with an error term r1 that fulfills for any x, y P Σ

|r1px,yq| ď Oλ,rλ,Vmax
p|x ´ y|2q p1Kpxq _ 1Kpyqq , (116)

where we used |x ´ y| “ OVmaxp|x ´ y|q due to (15). Note that the bound (116) holds not

only locally near the diagonal but also globally for x, y P Σ because e´iλ ´ e´irλ is bounded
and λ and rλ vanish outside K ˆ R4 Y R4 ˆK for some compact set K Ă R4. For φ, ψ P HΣ

formula (36) from Lemma 2.3 implies

A
φ, pP λ

Σ ´ P
rλ
Σqψ

E

“
ż

xPΣ
φpxq iγpd4xq

ż

yPΣ
pe´iλpx,yq ´ e´irλpx,yqqp´py ´ xq iγpd4yqψpyq

“
ż

xPR3

ż

yPR3

φpxq˚γ0Γpxqrt1px, yq ` t2px, yqsγ0Γpyqψpyq d3y d3x (117)
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with

t1px, yq “ i∆Apxq ¨ py ´ xqp´py ´ xqγ0, (118)

t2px, yq “ r1px,yqp´py ´ xqγ0, (119)

where we use the abbreviations x “ πΣpxq, y “ πΣpyq again, and Γ is defined in (19). We
have introduced two extra factors γ0 in (117) in order to have a positive-definite weight γ0Γ.

We claim that the kernel t2px, yqγ0 gives rise to a Hilbert-Schmidt-operator T2. Indeed,
using the bound (20) for Γ, the bound (238) from Corollary A.1 in the appendix for p´, and
the bound (116) for r1, we have

}T2}2I2pHΣq “
ż

xPR3

ż

yPR3

tracert2px, yq˚γ0Γpxqt2px, yqγ0Γpyqs d3y d3x

ď C7

ż

xPR3

ż

yPR3

ˇ̌
ˇ̌
ˇ
e´CD |y´x|2

|y ´ x|

ˇ̌
ˇ̌
ˇ

2

p1Kpxq ` 1Kpyqq d3y d3x ď C8 ă 8 (120)

for some constants C7 and C8 that depend on Σ, λ, λ̃.

If A|TΣ “ rA|TΣ then ∆A “ 0. This implies t1 “ 0 and therefore P λ
Σ ´ P

rλ
Σ “ T2 is a

Hilbert-Schmidt operator. This proves the “ð” part of the claim (40).

Conversely, let us assume that A|TΣ “ rA|TΣ does not hold. Then we can take some
x0 P R3 with ∆Apx0q ‰ 0. By continuity of ∆A, we have infxPU |∆Apxq| ą 0 for some
neighborhood U of x. Furthermore there is a constant C9pVmaxq such that γ0Γpxq ´ C9 is
positive-semidefinite for all x “ px0,xq P Σ. Consequently, we get the following bound for
all x P U and y P R3:

trace
”
t1px,yq˚γ0Γpxqt1px,yqγ0Γpyq

ı
ě C9

2 trace
”
t1px,yq˚t1px,yq

ı

ě C10|∆Apxq ¨ py ´ xq|2}p´py ´ xq}2 ě C11|∆Apxq ¨ py ´ xq|2
ˆ
e´m|y´x|

|y ´ x|3
˙2

. (121)

with two positive constants C10 and C11 depending on Vmax. In the last step, we have used
the lower bound (239) for }p´} from Corollary A.2 in the appendix. Because the lower bound
given in (121) is not integrable over px,yq P U ˆ R4, we conclude that T1 is not a Hilbert-

Schmidt operator. Because T2 is a Hilbert-Schmidt operator, this implies that P λ
Σ ´ P

rλ
Σ

cannot be a Hilbert-Schmidt operator. Thus, we have proven part “ñ” of the Theorem.

2.4 Proof of Theorem 2.8

This section contains the centerpiece of this work. The proof of Theorem 2.8 will be given
at the end of this section. To show that the claimed equality (47) holds, we analyze the
difference of matrix elements

A
φ, pPA

Σt1
` SA

Σt1
qψ

E
´

A
φ, pPA

Σt0
` SA

Σt0
qψ

E
(122)
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for ψ, φ P CA. This is done in two steps. First, using Stokes’ theorem, we provide a formula
for the derivative w.r.t. the flow parameter of the family of Cauchy surfaces pΣtqtPT in
Lemma 2.11 and Corollary 2.12. Second, we give the relevant estimates on this derivative in
Lemmas 2.13-2.15 which are summarized in Corollary 2.16, and conclude with the proof of
Theorem 2.8.

For the first step, the following notations for the Dirac operators acting from the left and
from the right, respectively, are convenient:

DAψpxq “ DA
x ψpxq :“ pi{Bx ´ {Apxq ´ mqψpxq, (123)

φpyq ÐÝ
DA “ φpyq ÐÝ

DA
y :“ φpyqp´iÐÝ{By ´ {Apyq ´ mq “ DA

y φpyq, (124)

where fpyqÐÝ{By “ fpyqÐÝ{B :“ Bµfpyqγµ.
Lemma 2.11. Let k : R4 ˆ R4 Ñ C4ˆ4 be a smooth function. Let φ, ψ P CA. Then for any
t P T we have

d

dt

ż

xPΣt

ż

yPΣt

φpxq iγpd4xq kpx, yqiγpd4yqψpyq

“ ´i
ż

xPΣt

ż

yPΣt

φpxq iγpd4xqDA
t kpx, yqiγpd4yqψpyq (125)

with

DA
t kpx, yq :“ vtpxq{ntpxqDA

x kpx, yq ´ kpx, yqÐÝ
DA

y vtpyq{ntpyq. (126)

Proof. Assume that φ1, ψ1 : R4 Ñ C4 are smooth functions with suppφ1 X suppψ1 Ď K `
Causal for some compact set K Ă R4.

We set

Σt0t1 :“ tpx, tq P Σ| t0 ď t ď t1u (127)

for any real numbers t0 ď t1. By Stokes’ theorem, we have:

˜ż

Σt1

´
ż

Σt0

¸
φ1pxq iγpd4xqψ1pxq “

ż

Σt0t1

drφ1pxq iγpd4xqψ1pxqs. (128)

We calculate:

drφ1pxqiγpd4xqψ1pxqs “ Bµpφ1pxqγµψ1pxqq d4x
“ pBµφ1pxqqγµψ1pxq d4x ` φ1pxqγµBµψ

1pxq d4x
“ {Bφ1pxqψ1pxq d4x` φ1pxq{Bψ1pxq d4x
“ iDAφ1pxqψ1pxq d4x ´ iφ1pxqDAψ1pxq d4x, (129)
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see also the calculation from (17) to (20) in [3]. Integration yields
˜ż

Σt1

´
ż

Σt0

¸
φ1pxq iγpd4xqψ1pxq

“ i

ż

Σt0t1

rDAφ1pxqψ1pxq ´ φ1pxqDAψ1pxqs d4x

“ i

ż t1

t0

ż

Σt

rDAφ1pxqψ1pxq ´ φ1pxqDAψ1pxqs ivtntpd4xq dt. (130)

Differentiating this with respect to the upper boundary t1, we conclude

d

dt

ż

Σt

φ1pxq iγpd4xqψ1pxq

“ i

ż

Σt

rDAφ1pxqψ1pxq ´ φ1pxqDAψ1pxqs ivtntpd4xq

“ i

ż

Σt

rφ1pxq ÐÝ
DAvtpxq{ntpxqiγpd4xqψ1pxq ´ φ1pxqiγpd4xqvtpxq{ntpxqDAψ1pxqs, (131)

using (19). In the special case φ1 P CA this boils down to

d

dt

ż

Σt

φ1pxq iγpd4xqψ1pxq “ ´i
ż

Σt

φ1pxq iγpd4xq vtpxq{ntpxqDAψ1pxq, (132)

while in the special case ψ1 P CA it boils down to

d

dt

ż

Σt

φ1pxq iγpd4xqψ1pxq “ i

ż

Σt

φ1pxq ÐÝ
DAvtpxq{ntpxq iγpd4xqψ1pxq. (133)

We consider the function

F : T ˆ T Ñ C, F ps, tq :“
ż

xPΣs

ż

yPΣt

φpxq iγpd4xq kpx, yq iγpd4yqψpyq. (134)

We apply (132) to φ1 “ φ and ψ1pxq “ ş
yPΣt

kpx, yqiγpd4yqψpyq to get

B
BsF ps, tq “ ´i

ż

xPΣs

ż

yPΣt

φpxq iγpd4xq vspxq{nspxqDA
x kpx, yq iγpd4yqψpyq. (135)

Similarly, we apply (133) to φ1pyq “ ş
yPΣt

φpxq iγpd4xq kpx, yq and ψ1 “ ψ to get

B
BtF ps, tq “ i

ż

xPΣs

ż

yPΣt

φpxq iγpd4xq kpx, yqÐÝ
DA

y vtpyq{ntpyq iγpd4yqψpyq. (136)

From the chain rule, claim (125) follows:

d

dt
F pt, tq

“ ´i
ż

xPΣs

ż

yPΣt

φpxq iγpd4xqrvtpxq{ntpxqDA
x kpx, yq ´ kpx, yqÐÝ

DA
y vtpyq{ntpyqs iγpd4yqψpyq.

(137)

26

312 A Electronic reprints



From formula (125) and the chain rule, we immediately get the following corollary.

Corollary 2.12. For any smooth function k : R4 ˆ R4 ˆ T Ñ C4ˆ4, px, y, tq ÞÑ ktpx, yq, any
φ, ψ P CA, and any t P T we have

d

dt

ż

xPΣt

ż

yPΣt

φpxq iγpd4xq ktpx, yqiγpd4yqψpyq

“
ż

xPΣt

ż

yPΣt

φpxq iγpd4xq
„

´iDA
t kpx, yq ` Bkt

Bt px, yq

iγpd4yqψpyq. (138)

This completes step one, and next, we turn to the relevant estimates. In the following
calculations for fixed t P T , we drop the index t in v “ vt and n “ nt. Also, the t–dependence
of the remainder terms r... is suppressed in the notation below, as we have uniformity in t of
the error bounds. Recall from equation (42) that Eµ “ Fµνn

ν denotes the “electric field” of
the electromagnetic field Fµν “ BµAν ´ BνAµ with respect to the local Cauchy surface Σ.

Lemma 2.13. For u P Past, ǫ ą 0, and x, y P R4, let

pA,ǫupx, yq :“ e´iλApx,yqp´py ´ x ` iǫuq (139)

with λA defined in (38). Then for t P T , x, y P Σt, z “ pz0, zq “ y ´ x, and w “ z ` iǫu we
have

DA
t p

A,ǫupx, yq
“1

2
vpxq{npxqγνFµνpxqzµpA,ǫupx, yq ` 1

2
pA,ǫupx, yqγνFµνpyqzµvpyq{npyq ` r2px, y, ǫuq (140)

“ ´ i

2m
vpxqzµEµpxq{BDpwq ` r3px, y, ǫuq ` r4px, y, ǫuq (141)

with error terms

r2 “ OA,u,Σ

ˆ
e´CD|z|

|z|
˙

r1Kpxq _ 1Kpyqs, (142)

r3 “ OA,u,Σ

ˆ
e´CD|z|

|z|
˙

r1Kpxq _ 1Kpyqs, (143)

r4 “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
r1Kpxq _ 1Kpyqs (144)

for any compact set K containing the support of A. For any two different points x ‰ y in
Σt, the limit r3px, y, 0q :“ limǫÓ0 r3px, y, ǫuq exists.

Proof. We calculate for x, y P Σt, u P Past, and ǫ ą 0:

DA
x re´iλApx,yqp´py ´ x` iǫuqs

“ r{Bx
λApx, yq ´ {Apxqse´iλApx,yqp´py ´ x ` iǫuq ` e´iλApx,yqpi{Bx ´ mqp´py ´ x ` iǫuq

“ r{Bx
λApx, yq ´ {ApxqspA,ǫupx, yq, because pi{Bx ´ mqp´py ´ x ` iǫuq “ 0. (145)
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Using the definition (38) of λA, we get

{Bx
λApx, yq ´ {Apxq “ 1

2
γνrAνpyq ´ Aνpxq ` pxµ ´ yµqBx

νAµpxqs

“ 1

2
rγνFµνpxqpyµ ´ xµq ` r5px, yqs (146)

with the Taylor rest term

r5px, yq “ γνrAνpyq ´ Aνpxq ´ pyµ ´ xµqBx
µAνpxqs “ OAp|x´ y|2qr1Kpxq _ 1Kpyqs

“ OAp|z|2qr1Kpxq _ 1Kpyqs with z “ y ´ x; (147)

cf. formula (28) in the appendix, which compares |z| with |z|. Recall that K denotes a
compact set containing the support of A. Similarly, we find

re´iλApx,yqp´py ´ x ` iǫuqsÐÝ
DA

y

“ e´iλApx,yqp´py ´ x` iǫuqr´{By
λApx, yq ´ {Apyqs ` p´py ´ x` iǫuqp´iÐÝ{By ´mqe´iλApx,yq

“ pA,ǫupx, yqr´{By
λApx, yq ´ {Apyqs. (148)

Using the symmetry λApx, yq “ ´λApy, xq and interchanging x and y, equation (146) can be
rewritten in the form

´ {By
λApx, yq ´ {Apyq “ 1

2
r´γνFµνpyqpyµ ´ xµq ` r5py, xqs . (149)

Combining this with the definition (126) of DA
t , we find for x, y P Σt, z “ y ´ x

DA
t p

A,ǫupx, yq
“ 1

2
vpxq{npxqrγνFµνpxqzµ ` r5px, yqspA,ǫupx, yq

` 1

2
pA,ǫupx, yqrγνFµνpyqzµ ´ r5py, xqsvpyq{npyq

“ 1

2
vpxq{npxqγνFµνpxqzµpA,ǫupx, yq ` 1

2
pA,ǫupx, yqγνFµνpyqzµvpyq{npyq ` r2px, y, ǫuq (150)

with the error term

r2px, y, ǫuq “ 1

2
vpxq{npxqr5px, yqpA,ǫupx, yq ´ 1

2
pA,ǫupx, yqr5py, xqvpyq{npyq

“ OA,u,Σ

ˆ
e´CD |z|

|z|
˙

r1Kpxq _ 1Kpyqs, (151)

for t P T , x, y P Σt, ǫ ą 0, u P Past. Here we used the bound (238) in Lemma A.1 in
the appendix for p´, the quadratic bound (147) for r5px, yq, and the fact that |vn|, being
continuous, is bounded on compact sets. This proves the claim given in (140) with the error
bound (142).
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It remains to prove the claim given in (141) with the bounds (143) and (144). Recall the
definitions of pA,ǫu and p´ given in (139) and (30), respectively. We have

pA,ǫupx, yq “ ´ i

2m
{BDpwq ` r6px, y, ǫuq (152)

with the error term

r6px, y, ǫuq “ 1

2
e´iλApx,yqDpwq ` pe´iλApx,yq ´ 1qp´pz ` iǫuq “ OA,u,Σ

ˆ
e´CD |z|

|z|2
˙

(153)

using the bounds (232), (238) from the appendix and the Taylor bound

|e´iλApx,yq ´ 1| “ OAp|z|q ď OA,Σp|z|q, (154)

which follows from λA P GpAq, cf. Definition 2.2 and, once more, from the estimate (28) in
the appendix. Hence we get from (150)

DA
t p

A,ǫupx, yq ´ r2px, y, ǫuq
“ 1

2
vpxq{npxqγνFµνpxqzµpA,ǫupx, yq ` 1

2
pA,ǫupx, yqγνFµνpyqzµvpyq{npyq

“ ´ i

4m
vpxq{npxqγνFµνpxqzµ {BDpwq ´ i

4m
{BDpwqγνFµνpyqzµvpyq{npyq ` r7px, y, ǫuq (155)

with the error term

r7 “ 1

2
vpxq{npxqγνFµνpxqzµr6 ` 1

2
r6γ

νFµνpyqzµvpyq{npyq “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙

r1Kpxq _ 1Kpyqs.
(156)

We employ estimate (236) for BD from the appendix and the fact suppFµν Ď K to find

vpxq{npxqFµνpxqγνzµ {BDpwq “ vpxq{npxqFµνpxqγνwµ {BDpwq ` r8px, y, ǫuq (157)

{BDpwqγνFµνpyqzµvpyq{npyq “ {BDpwqγνFµνpyqwµvpyq{npyq ` r9px, y, ǫuq (158)

with the error terms

r8 “ ´vpxq{npxqFµνpxqγνiǫuµ {BDpwq “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpxq, (159)

r9 “ ´{BDpwqγνFµνpyqiǫuµvpyq{npyq “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpyq. (160)

Substituting this in (155), we conclude

DA
t p

A,ǫupx, yq “ ´ i

4m
vpxq{npxqγνFµνpxqwµ {BDpwq ´ i

4m
{BDpwqγνFµνpyqwµvpyq{npyq

` pr2 ` r7 ` r10qpx, y, ǫuq (161)
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with the additional error term

r10 “ ´ i

4m
pr8 ` r9q “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
r1Kpxq _ 1Kpyqs. (162)

The following “Lorentz symmetry relation” will be used several times in the calculations
below.

wνBµDpwq “ wµBνDpwq for w P domainprq. (163)

Equation (163) can be seen as follows. UsingD “ f˝r with fpξq “ ´m3p2π2q´1K1pmξq{pmξq
from (31) and Bµrpwq “ ´ wµ

rpwq , we obtain wνBµDpwq “ ´wνwµ

rpwq f
1prpwqq “ wµBνDpwq.

Using the anticommutator relation tγµ, γνu “ 2gµν for the Dirac-matrices three times
and the Lorentz symmetry relation (163), we calculate

vpxq{npxqFµνpxqγνwµ{BDpwq “ r{npxqγν {wsvpxqFµνpxqBµDpwq
“r2nνpxq {w ´ 2γνnσpxqwσ ` 2wν {npxq ´ {wγν {npxqsvpxqFµνpxqBµDpwq
“2nνpxq {wvpxqFµνpxqBµDpwq (164)

´ 2γνnσpxqwσvpxqFµνpxqBµDpwq (165)

` 2wν {npxqvpxqFµνpxqBµDpwq (166)

´ {wγν {npxqvpxqFµνpxqBµDpwq. (167)

For the first term (164), using the Lorentz symmetry (163) again, we get

(164) “ 2nνpxq {wvpxqFµνpxqBµDpwq “ 2vpxqwµEµpxq{BDpwq
“ 2vpxqzµEµpxq{BDpwq ` r11px, y, ǫuq (168)

with the error term

r11 “ 2vpxqiǫuµEµpxq{BDpwq “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpxq, (169)

where in the last step we have used estimate (236) once more. For the second term (165),
we use nσpxqzσ “ OΣp|z|2q, which holds because of x, y P Σt and npxq K TxΣt, to get

(165) “ ´2γνnσpxqwσvpxqFµνpxqBµDpwq “ r12px, y, ǫuq ` r13px, y, ǫuq (170)

with the error terms

r12 “ ´2γνnσpxqzσvpxqFµνpxqBµDpwq “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙
1Kpxq, (171)

r13 “ ´2γνnσpxqiǫuσvpxqFµνpxqBµDpwq “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpxq. (172)

We have used the estimates (234) and, once more, (236). The contribution of the third term
(166) is zero, i.e.

(166) “ 2wν {npxqvpxqFµνpxqBµDpwq “ 0, (173)
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because of symmetry wνBµDpwq “ wµBνDpwq, cf. (163), and antisymmetry Fµν “ ´Fνµ. To
express the fourth term (167), we use the Lorentz symmetry relation (163) again and replace
x by y up to the following error term:

r14px, yq “ Fµνpxqvpxq{npxq ´ Fµνpyqvpyq{npyq “ OA,Σp|z|qr1Kpxq _ 1Kpyqs. (174)

We obtain for the fourth term (167):

(167) “ ´ {wBµDpwqγν {npxqvpxqFµνpxq “ ´wµ {BDpwqγνFµνpxqvpxq{npxq
“ ´{BDpwqγνFµνpyqwµvpyq{npyq ` r15px, y, ǫuq (175)

with the error term

r15 “ wµ {BDpwqγνr14 “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙

r1Kpxq _ 1Kpyqs. (176)

We have used estimate (235) from the appendix and the bound (174). The expressions (168),
(170), (173) and (175) of the four terms (164)-(167) give

vpxq{npxqFµνpxqγνwµ {BDpwq “ (164) ` (165) ` (166) ` (167) (177)

“r2vpxqzµEµpxq{BDpwq ` r11s ` rr12 ` r13s ` 0 ` r´{BDpwqγνFµνpyqwµvpyq{npyq ` r15s,
which can be rewritten in the form

vpxq{npxqFµνpxqγνwµ {BDpwq ` {BDpwqγνFµνpyqwµvpyq{npyq
“ 2vpxqzµEµpxq{BDpwq ` r16px, y, ǫuq ` r17px, y, ǫuq (178)

with the error terms

r16 “ r12 ` r15 “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙

r1Kpxq _ 1Kpyqs, (179)

r17 “ r11 ` r13 “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
r1Kpxq _ 1Kpyqs. (180)

We have used the estimates (171) and (176) to bound r16 and the estimates (169) and (172)
to bound r17. Substituting this result in equation (161) together with the error bounds (151),
(156) and (162), we infer

DA
t p

A,ǫupx, yq
“ ´ i

4m
vpxq{npxqFµνpxqγνwµ {BDpwq ´ i

4m
{BDpwqγνFµνpyqwµvpyq{npyq ` r2 ` r7 ` r10

“ ´ i

2m
vpxqzµEµpxq{BDpwq ` r3 ` r4 (181)

with the error terms

r3px, y, ǫuq “ r2 ` r7 ´ i

4m
r16 “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙

r1Kpxq _ 1Kpyqs, (182)

r4px, y, ǫuq “ r10 ´ i

4m
r17 “ OA,u,Σ

ˆ?
ǫ
e´CD|z|

|z|5{2

˙
r1Kpxq _ 1Kpyqs. (183)
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This proves the claim given in (141) with the bounds (143), (144). Recall that despite
the uniformity in ǫ of the bound given in (182), r3 “ r3px, y, ǫuq depends on ǫ. To ensure
existence of the limit limǫÓ0 r3px, y, ǫuq for two different points x, y P Σt from the explicit form
of r3, we observe that z “ y ´ x is space-like, and hence z P domain r. As a consequence,
the functions D and BµD are continuous at z, cf. Lemma 2.1, which implies the claim.

In the following, we abbreviate Bµ “ B{Bwµ. Recall the notation rpwq “ ?´wµwµ from
(27).

Lemma 2.14. For w P domainprq and µ “ 0, 1, 2, 3, one has

Bµrrpwq2{BDpwqs “ 2wµ{BDpwq ´ γµw
νBνDpwq ` {wwµm

2Dpwq. (184)

Proof. The function D fulfills the Klein-Gordon equation

pl ` m2qDpwq “ 0, w P domainprq. (185)

Indeed, for w P R4 ` iPast, this can be seen from the definition (31) of D as follows:
Because of the fast convergence of eipw to 0 as |p| Ñ 8, p P M´, we can interchange the
Klein-Gordon-operator with the integral in the following calculation:

pl ` m2qDpwq “ p2πq´3m´1

ż

M´
plw ` m2qeipw ippd4pq

“ p2πq´3m´1

ż

M´
p´p2 ` m2qeipw ippd4pq “ 0. (186)

By analytic continuation, the Klein-Gordon equation (185) follows for all w P domainprq.
Equation (184) is proven by the following calculation:

Bµrrpwq2 {BDpwqs “ ´Bµrwνwν {BDpwqs
(163)“ ´Bµrwν {wBνDpwqs
“ ´ {wBµDpwq ´ wνγµBνDpwq ´ wν {wBµBνDpwq
“ ´ {wBµDpwq ´ wνγµBνDpwq ´ {wBνpwνBµDpwqq ` {wpBνw

νqBµDpwq
“ 3 {wBµDpwq ´ wνγµBνDpwq ´ {wBνpwνBµDpwqq

(163)“ 3 {wBµDpwq ´ wνγµBνDpwq ´ {wBνpwµBνDpwqq
“ 2 {wBµDpwq ´ wνγµBνDpwq ´ {wwµlDpwq

(163),(185)“ 2wµ {BDpwq ´ γµw
νBνDpwq ` {wwµm

2Dpwq. (187)

Recall the definition of the helper object sA,ǫu
Σ px, yq “ rp{n {Eqpxqsrpr2 {BDqpwqs{p8mq intro-

duced in Definition 2.6. The properties of sA,ǫu
Σ px, yq claimed in Lemma 2.7 follow analo-

gously to the arguments used in (92)–(95), i.e., from the bound (233) given in Corollary A.1
in the appendix, the compact support of E, boundedness of Bp{nt {Etq{Bt, and the dominated
convergence theorem.

32

318 A Electronic reprints



Lemma 2.15. For t P R, x, y P Σt, z “ y ´ x, u P Past, and ǫ ą 0 we have

DA
t s

A,ǫu
Σ px, yq “ i

2m
vtpxqzµEµpxq{BDpwq ` r18px, y, ǫuq ` r19px, y, ǫuq, (188)

DA
t ppA,ǫu

Σ ` sA,ǫu
Σ qpx, yq “ r20px, y, ǫuq ` r21px, y, ǫuq (189)

with error terms that fulfill the bounds

r18 “ OA,u,Σ

ˆ
e´C12|z|

|z|
˙
1Kpxq, r19 “ OA,u,Σ

ˆ?
ǫ
e´C12|z|

|z|5{2

˙
1Kpxq, (190)

r20 “ OA,u,Σ

ˆ
e´C12|z|

|z|
˙

r1Kpxq _ 1Kpyqs, r21 “ OA,u,Σ

ˆ?
ǫ
e´C12|z|

|z|5{2

˙
r1Kpxq _ 1Kpyqs

(191)

with some positive constant C12pΣq. Furthermore, for x ‰ y the following limit exists:

r20px, y, 0q :“ lim
ǫÓ0 r20px, y, ǫuq (192)

Proof. In this proof, we abbreviate w “ y ´ x` iǫu “ z ` iuǫ. Moreover, we suppress the w
dependence of rpwq, Dpwq, Bw and again also the t-dependence of v, n, and of the remainder
terms r... in the notation. Using the definition of DA

t given in (126) of Lemma 2.11, we get

8mDA
t s

A,ǫu
Σt

px, yq
“ vpxq{npxqDA

x r{npxq {Epxqr2 {BDs ´ r{npxq {Epxqr2 {BDsÐÝ
DA

y {npyqvpyq
“ vpxq{npxqi{Bxr{npxq {Epxqr2 {BDs ´ r{npxq {Epxqr2 {BDsÐÝ{Byp´iq{npyqvpyq ` r22px, y, ǫuq
“ ivpxq{npxqγµ{npxq {EpxqBx

µrr2 {BDs ` i{npxq {EpxqBy
µrr2 {BDsγµ{npyqvpyq ` r23px, y, ǫuq

“ ´ivpxq{npxqγµ{npxq {EpxqBµrr2 {BDs ` i{npxq {EpxqBµrr2 {BDsγµ{npxqvpxq ` r24px, y, ǫuq, (193)

where the remainder terms are defined and estimated as follows:

(i) Recalling the definitions (123) and (124) of the Dirac operators DA and
ÐÝ
DA and the

fact that A is compactly supported, the estimate (233) of Corollary A.1 in the appendix
ensures

r22 “ vpxq{npxqp´m ´ {Apxqqr{npxq {Epxqr2 {BDs ´ r{npxq {Epxqr2 {BDsp´m´ {Apyqq{npyqvpyq
“ OA,u,Σ

ˆ
e´CD |z|

|z|
˙
1Kpxq (194)

for some compact set K containing the support of E.

(ii) Using once more that E has compact support and using the bound (233) again we have
the analogous estimate

r23 “ r22 ` ivpxq{npxqγµ `Bx
µr{npxq {Epxqs˘ r2 {BD ` i

`By
µr{npxq {Epxqs˘ r2 {BDγµ{npyqvpyq

“ OA,u,Σ

ˆ
e´CD |z|

|z|
˙
1Kpxq (195)
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(iii) Using the signs coming from inner derivatives: ´BxDpwq “ ByDpwq “ BDpwq and the
Taylor expansion

{npyqvpyq “ {npxqvpxq ` r25px, yq with r25 “ OΣp|z|q (196)

for x, y P Σt with x P K we find with the help of bound (237) in the appendix:

r24 “ r23 ` i{npxq {EpxqBµrr2 {BDsγµr25 “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙
1Kpxq. (197)

In the following calculations, we drop the argument x; thus, v, n, and E stand for vpxq,
npxq, and Epxq, respectively, but r “ rpwq and D “ Dpwq. Using Lemma 2.14, we get

´ i
´
8mDA

t s
A,ǫu
Σ px, yq ´ r24

¯
“ ´v{nγµ{n {EBµrr2 {BDs ` {n {EBµrr2 {BDsγµ{nv

“ ´v{nγµ{n {Er2wµ{BD ´ γµw
νBνDs ` v{n {Er2wµ{BD ´ γµw

νBνDsγµ{n ` r26px, y, ǫuq
“ T1 ` T2 ` T3 ` T4 ` r26 (198)

with the four terms

T1 “ ´2v{n {w{n {E {BD,
T3 “ 2v{n {E {BD {w{n,

T2 “ v{nγµ{n {EγµwνBνD,

T4 “ ´v{n {Eγµγµ{nwνBνD,
(199)

and the remainder term

r26 “ ´v{nγµ{n {E {wwµm
2D ` v{n {E {wwµm

2Dγµ{n “ OA,u,Σ

`
e´CD |z|˘ 1Kpxq, (200)

where the bound comes from (231) of Corollary A.1 in the appendix and from suppE Ď K.
We evaluate the four terms Tj separately. Using the anticommutation rules tγµ, γνu “ 2gµν

for the Dirac matrices and {n2 “ 1, we get

T1 “ ´2v{nr2wνnν ´ {n {ws {E {BD
“ ´4v{nwνnν {E {BD ` 2vr2wµEµ ´ {E {ws{BD
“ ´4v{nwνnν {E {BD ` 4vwµEµ {BD ´ 2v {EwµBµD, (201)

where in the last step we used the Lorentz symmetry (163) to compute

{w{BD “ γµγνwµBνD “ 1

2
pγµγνwµBνD ` γµγνwνBµDq

“ 1

2
pγµγν ` γνγµqwµBνD “ wµBµD. (202)

Using the anticommutation rules again, the fact γµγµ “ 4, the definition Eµ “ Fµνn
ν given

in (42), and the antisymmetry Fµν “ ´Fνµ, we get

γµ{n {Eγµ “ p2nµ ´ {nγµqp2Eµ ´ γµ {Eq “ 4nµEµ ´ 4{n {E ` {nγµγµ {E
“ 4nµEµ “ 4nµFµνn

ν “ 0 (203)
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and therefore T2 “ 0. Using the same argument that was used to derive (202) we also find
{BDpwq {w “ wµBµD, and hence,

T3 “ 2v{n {EwµBµD{n. (204)

Finally, we have

T4 “ ´4v{n {E {nwνBνD, (205)

which yields

T3 ` T4 “ ´2v{n {E {nwµBµD “ 2v{n2 {EwµBµD “ 2v {EwµBµD. (206)

We have used that {n and {E anticommute because of nµEµ “ nµFµνn
ν “ 0. Together with

the expression (201) for T1 and T2 “ 0, we conclude

T1 ` T2 ` T3 ` T4 “ 4vwµEµ {BD ` r27px, y, ǫuq. (207)

with the error terms

r27 “ ´4v{nwνnν {E {BD “ r28px, y, ǫuq ` r29px, y, ǫuq, (208)

where using w “ z ` iǫu

r28 “ ´4v{niǫuνnν {E {BD, r29 “ ´4v{nzνnν {E {BD. (209)

Inequality (236) from the appendix and the fact suppE Ď K provide the bound

r28 “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpxq. (210)

For the next estimate, we observe p∇tΣtpxq ¨ z, zq P TxΣt K npxq; recall the parametrization
(13) of Σt. We obtain the Taylor expansion

zνnν “ n0pxqrtΣtpyq ´ tΣtpxqs ´ npxq ¨ z “ n0pxq∇tΣtpxq ¨ z ´ npxq ¨ z ` OΣp|z|2q “ OΣp|z|2q
(211)

uniformly for x in the compact set K. Using (234) from the appendix and the support
property of E again, this implies

r29 “ OA,u,Σ

ˆ
e´CD |z|

|z|
˙
1Kpxq. (212)

Finally, we have from equation (207)

T1 ` T2 ` T3 ` T4 ´ r27 “ 4vwµEµ {BD “ 4vzµEµ {BD ` r30px, y, ǫuq (213)

with the error term

r30 “ 4viǫuµEµ {BD “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpxq, (214)
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where once again we have used the bound (236) from the appendix and the fact suppE Ď K.
Let us summarize: We use the equations (198), (213), and (208) to get the claimed formula

DA
t s

A,ǫu
Σt

px, yq “ i

2m
vzµEµ {BD ` r18 ` r19 (188)

with the remainder terms

r18 :“ r24
8m

` i

8m
pr26 ` r29q “ OA,u,Σ

ˆ
e´CD |z|

|z| ` e´CD |z|
˙
1Kpxq “ OA,u,Σ

ˆ
e´C12|z|

|z|
˙
1Kpxq
(215)

r19 :“ i

8m
pr28 ` r30q “ OA,u,Σ

ˆ?
ǫ
e´CD |z|

|z|5{2

˙
1Kpxq “ OA,u,Σ

ˆ?
ǫ
e´C12|z|

|z|5{2

˙
1Kpxq (216)

with any positive constant C12pΣq ă CDpΣq. We have applied the error bounds (197), (200),
and (212) for the first remainder term r18, and the bounds (210) and (214) for the second
remainder term r19. Finally, we have weakened the bounds slightly to get a simpler notation.
This shows the claimed error bounds in (190).

Combining this with Lemma 2.13 and setting r20 “ r3 ` r18, r21 “ r4 ` r19, equation
(189) together with the corresponding error bounds (191) are immediate consequences.

To ensure existence of the limit of r20px, y, ǫuq as ǫ Ó 0 for x, y P Σt with x ‰ y, we
use the existence of the limits limǫÓ0 r3px, y, ǫtq and limǫÓ0 r18px, y, ǫuq. The existence of the
former limit was proven in Lemma 2.13, and existence of the latter limit follows by the same
argument, i.e., from the fact that the functions D and BµD are continuous at z, and that r18
is explicitly given in terms of D and its derivative. This yields the claim.

Corollary 2.16. The error terms r20p¨, ¨, ǫuq and r21p¨, ¨, ǫuq in (189) give rise to bounded
linear operators R20

ǫuptq, R21
ǫuptq : HΣt ý with matrix elements

xφ,R20
ǫuptqψy “

ż

xPΣt

ż

yPΣt

φpxq iγpd4xq r20px, y, ǫuq iγpd4yqψpyq, ψ, φ P HΣt (217)

and similarly for r21px, y, ǫuq, R21
ǫuptq. They fulfill:

(i) The operators R20
ǫuptq, ǫ ě 0, are Hilbert-Schmidt operators. There is a constant

C13pA, u,Σq such that suptPT,ǫą0 }R20
ǫuptq}I2pHΣt q ď C13. Furthermore,

lim
ǫÓ0 }R20

ǫuptq ´ R20
0ptq}I2pHΣt q “ 0. (218)

(ii) suptPT }R21
ǫuptq}HΣtý ď OA,u,Σp?

ǫq.
Proof. (i) For ψ, φ P HΣt , using the bound (191) for r20, we find uniformly for ǫ ą 0 and
t P T that

}R20
ǫuptq}2I2pHΣt q “

ż

xPR3

ż

yPR3

trace
“
γ0r20px, y, ǫuq˚γ0Γpxqr20px, y, ǫuqΓpyq‰

d3yd3x (219)

ď C14

ż

xPR3

ż

yPR3

„
e´CD|y´x|

|y ´ x|
2

p1Kpxq _ 1Kpyqq d3yd3x ă 8. (220)
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for some constant C14pA, u,Σq. The limit R20
ǫuptq ǫÓ0ÝÑ R20

0ptq in the I2pHΣtq norm is im-
plied by the point-wise convergence (192) stated in Lemma 2.15 and the point-wise bound
(191), using dominated convergence.

(ii) For ψ, φ P HΣt , using the bound in (191) for r21 and the Cauchy-Schwarz inequality,
we find analogously to the calculation (92)–(95):

| xφ,R21
ǫuptqψy | ď OA,u,Σp?

ǫq
ż

xPR3

ż

yPR3

|φpxq| |Γpxq| d3x e
´CD |y´x|

|y ´ x|5{2 |Γpyq| d3y |ψpyq| (221)

ď OA,u,Σp?
ǫq

ż

zPR3

e´CD |z|

|z|5{2 d3z }φ} }ψ}, (222)

which is finite and uniform in t.
The existence of the bounded linear operators R20

ǫuptq, R21
ǫuptq : HΣt ý follows.

Finally, we prove the Theorem 2.8 with the collected ingredients.

Proof of Theorem 2.8. With justifications given below, we find that for φ, ψ P CA
A
φ|Σt1

, pPA
Σt1

` SA
Σt1

qψ|Σt1

E
´

A
φ|Σt0

, pPA
Σt0

` SA
Σt0

qψ|Σt0

E
(223)

“ lim
ǫÓ0

˜ż

xPΣt1

ż

yPΣt1

´
ż

xPΣt0

ż

yPΣt0

¸
φpxq iγpd4xq ppA,ǫu ` sA,ǫu

Σt
qpx, yqiγpd4yqψpyq (224)

“ lim
ǫÓ0

ż t1

t0

ż

xPΣt

ż

yPΣt

φpxq iγpd4xq
«

´iDA
t ppA,ǫu ` sA,ǫu

Σt
q ` BsA,ǫu

Σt

Bt

ff
px, yqiγpd4yqψpyq dt (225)

“ lim
ǫÓ0

ż t1

t0

ż

xPΣt

ż

yPΣt

φpxq iγpd4xq
«

´ir20px, y, ǫuq ´ ir21px, y, ǫuq ` BsA,ǫu
Σt

Bt px, yq
ff

¨ iγpd4yqψpyq dt (226)

“ lim
ǫÓ0

ż t1

t0

”
´i xφ|Σt, R20

ǫuptqψ|Σty ´ i xφ|Σt , R21
ǫuptqψ|Σty `

A
φ|Σt, 9SA,ǫu

Σt
, ψ|Σt

Eı
dt (227)

In the first step from (223) to (224) we expressed the matrix elements of the operators P λA
Σ

and SA
Σ in terms of the respective integral kernels pǫu,λA and sǫu,AΣ given in Lemma 2.3 and part

(i) of Lemma 2.7. The step from (224) to (225) follows from Corollary 2.12. The step from
(225) to (226) is a consequence of equation (189) in Lemma 2.15. Finally, in the step from
(226) to (227) we have used that the integral kernels r20p¨, ¨, ǫuq, r21p¨, ¨, ǫuq, and BsA,ǫu

Σt
{Bt

give rise to bounded operators R20
ǫuptq, R21

ǫuptq, and 9SA,ǫu
Σt

as ensured by Corollary 2.16 and
part (ii) of Lemma 2.7.

Claim (ii) of Corollary 2.16 implies that R21
ǫuptq converges to zero in operator norm

as ǫ Ó 0, uniformly in t P T . Furthermore, claim (i) of Corollary 2.16 and part (ii) of
Lemma 2.7 guarantee that ´iR20

ǫuptq ` 9SA,ǫu
Σt

converges in the I2pHΣtq norm to a Hilbert-

Schmidt operator Rptq :“ ´iR20
0ptq ` 9SA,0

Σt
such that suptPT }Rptq}I2pHΣt q ă 8. Calculation
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(223)–(227) can now be rewritten in the form of claim (47):

A
φ|Σt1

, pPA
Σt1

` SA
Σt1

qψ|Σt1

E
´

A
φ|Σt0

, pPA
Σt0

` SA
Σt0

qψ|Σt0

E
“

ż t1

t0

xφ|Σt , Rptqψ|Σty dt (228)

at first for φ, ψ P CA, but then extended by a density argument to φ, ψ P HA. Since the
operators UAΣ are unitary, we get the estimate

›››UAΣt1
pPA

Σt1
` SA

Σt1
qUΣt1A

´ UAΣt0
pPA

Σt0
` SA

Σt0
qUΣt0A

›››
I2pHAq

(229)

ď
ż t1

t0

}Rptq}I2pHΣt q dt ă 8. (230)

This proves the claim.

Proof of Theorem 2.5. As a consequence of Theorem 2.8 and Lemma 2.7 claim (41) holds
for the special case λ “ λA. For general λ P GpAq, Theorem 2.4 implies PA

Σ ´ P λ
Σ P I2pHΣq

which concludes the proof for the general case.

A Appendix

In this appendix we provide auxiliary estimates for the covariant functions D, its derivatives,
and p´ needed in the proofs of the main results.

Lemma A.1 (Upper bounds). Let u be a time-like four-vector. For all space-like z P R4

with |z0| ď Vmax|z| and ǫ ě 0 with w “ z ` iǫu ‰ 0 we have the following bounds with the

constant CDpVmaxq “ m
2

a
1 ´ Vmax

2, reading 1{0 as `8:

|wµwνDpwq| ď Ou,Vmax

`
e´CD|z|˘ , (231)

|Dpwq| ď OVmax

ˆ
e´CD |z|

|z|2
˙
, (232)

ˇ̌
rpwq2BµDpwqˇ̌ ď Ou,Vmax

ˆ
e´CD |z|

|z|
˙
, (233)

|BµDpwq| ď Ou,Vmax

ˆ
e´CD |z|

|z|3 _ ǫ3

˙
, (234)

|wνBµDpwq| ď Ou,Vmax

ˆ
e´CD|z|

|z|2 _ ǫ2

˙
, (235)

|ǫuµBνDpwq| ď Ou,Vmax

ˆ?
ǫe´CD |z|

|z|5{2

˙
, (236)

ˇ̌Bν

“
rpwq2BµDpwq‰ˇ̌ ď Ou,Vmax

ˆ
e´CD |z|

|z|2
˙
, (237)

››p´pwq›› ď Ou,Vmax

ˆ
e´CD |z|

|z|3
˙
. (238)

38

324 A Electronic reprints



For ǫ “ 0 one may take, e.g., u “ p´1, 0, 0, 0q. In this case the u-dependence of the constants
in (231)-(238) drops out.

Lemma A.2 (Lower Bound). For all space-like z P R4zt0u one has the lower bound

››p´pzq›› ě C15
e´m|z|

|z|3 (239)

with a positive numerical constant C15.

The proofs have been carried out in [4]. However, they can also be inferred from the
asymptotic behavior of the modified Bessel function K1 and its derivative given in [1, Chap-
ters 9.6 and 9.7].
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