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Characteristic classes are cohomological invariants for vector bundles. One derives
from them differential-topological invariants for manifolds (characteristic numbers)
which can for instance be used to detect exotic differentiable structures on manifolds;
a famous example is Milnor’s construction of exotic spheres.

There are different possible approaches to the theory. The topological one, based
on singular cohomology theory, where one constructs invariants for topological vector
bundles (Stiefel-Whitney classes, Chern classes, Euler class, Pontrjagin classes), as
in the famous book by Milnor, see also the book by Hatcher. And the differential-
geometric approach for smooth vector bundles over manifolds via Chern-Weil theory
where one takes advantage of the smoothness by working with de Rham cohomology
and equipping the bundle with extra geometric structure in form of a connection. From
its curvature (tensor) one then extracts differential forms representing characteristic
classes, thereby establishing a strong link between topology and differential geometry.

The current plan is to concentrate on the differential-geometric approach follo-
wing the books by Madsen-Tornehave and Tu. Depending on the interests of the
participants, the topological approach can be incorporated also.

Among the main topics of the seminar are:

• review of de Rham cohomology and classical applications

• construction of Chern classes and the Euler class

• cohomology of Grassmann manifolds

• general Gauß-Bonnet formula and other applications of characteristic classes

The seminar supplements the courses on differentiable manifolds and Riemannian
geometry.

References:

Madsen, Tornehave, From calculus to cohomology, 1997

Tu, Differential geometry, Springer 2017

Milnor, Stasheff, Characteristic classes, Princeton 1974

Hatcher, Vector bundles and K-theory, online version 2017

Prerequisites: basics on differentiable manifolds and Riemannian geometry

For students of mathematics or physics (Bachelor, Master, TMP)

Space-time: tuesday 14-16 in room A 027 (tentative)

If you are interested in participating, please write me email as early as possible. (I
would like to assign at least the first talks a few weeks before the semester starts.)


