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Aufgabe 1.
Consider the following commutative diagram of R-vector spaces

K—tya4-—1f ,p_2"

> C
o lw
> C'

K -1 A s B

where (K, i) (resp., (K’, ') is the kernel of f (resp., f’), and (C, p) (resp., (C', p')) is the
cokernel of f (resp., f').

(a) Prove that the square () is cartesian if and only if k is an isomorphism and c is a

monomorphism. B P]

(b) Prove that the square (*) is cocartesian if and only if %k is an epimorphism and c is a
isomorphism. [1P]

(c) Consider the following diagram of smooth real finite rank vector bundles over a smooth
finite dimensional manifold X

0 s A s B >

0 s A’ s B’ 5

with exact rows. Prove that A@ B’ = A’ @ B. [4P)
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Aufgabe 2. [12 Punkte]

For a smooth finite dimensional manifold X let N*(X) denote the unoriented real cobordism
rinf of X, i.e., the ring of cobordism classes of proper maps to X, and let pt denote a point.

(a) For a standard real d-dimensional sphere S¢ in R%*! compute N*(S%) as an algebra over

N*(pt). 5 P.]
(b) Prove that the natural inclusion i: §¢ < R does not admit a smooth retraction, i.e.,
a map r: R¥*! — S with the property r o ¢ = id does not exist. [2 P]
Remark: as a textbook corollary of the above result one can prove Brouwer’s fized point
theorem.
(c) Let T% = S' x ... x S* denote compact real d-dimensional torus. Compute N*(T%) as an
algebra over N * (pt). [5 P.]

In your solutions use the properties of N* proven in the Lectures, e.g., functoriality of pullbacks
and pushforwards, localization sequence, projective bundle formula, etc. However, avoid using
computations and properties of cohomology ring, which you might know from the other courses.
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Aufgabe 3. [10 Punkte]

For a smooth real finite rank vector bundle E over a smooth finite dimensional manifold X let
¢i(E) € N(X) denote (unoriented cobordism) Chern classes of E. Let Tx denote the tangent
bundle on X, and Ox the trivial line bundle on X. Let P? denote the real d-dimensional
projective space, and 7 the tautological line bundle on P4

(a) Compute the Chern classes c;(7g«) € N*(S?) of the tangent bundle on the d-dimensional
sphere S¢. [4P]
Remark: recall that by the classical hairy ball theorem Tg2 is non-trivial.

(b) Recall that after identification (x,v) ~ (—=z,—v) in the identity Tgs ® N; = §¢ x RéH!
(where N is the normal bundle of the embedding ¢ from Aufgabe 2), one obtains the
following isomorphism:

Tpa ® Opa =2 7@, (1)
Use (1) to compute (unoriented cobordism) Chern classes ¢;(7p<) as elements of N*(P%) =
N*(pt)[¢]/¢**, where = (7). (6 P.]
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Aufgabe 4. (10 Punkte]

Let X be a 4-dimensional smooth manifold, and F a smooth real rank 2 vector bundle over X.
(a) Compute ¢;(E ® E) € N}(X) in terms of Chern classes ¢;(E) € N(X). [4 P

(b) Let I' denote the polynomial ring ; (Z/2Z)]ay] in infinitely many independent polynomial
variables a;;, 0 < i,j < oo, let F(z,y) ==z +y + > 0Ty € I[[z,y]], and let by,
c; € T be defined via identities

F(F(z,4),7) - Fle, Fy,2) = Y bisa'y’2* € Tllw,v,7]

i,k

and F(z,z) = ¥, ciz* € T'[[z]]. Recall that the cobordism ring of a point N*(pt) can be
identified with the quotient ring

I'= f/(aij = G55 byiws €5

The image of F under this identification coincides with the formal group law of the
cobordism theory Fiv(z,y) € N*(pt)[[z, y]].

Using the identification N*(pt) = I, and the splitting principle, compute all (unoriented
cobordism) Chern classes ¢;(E ® E) € N*(X) in terms of (unoriented cobordism) Chern
classes of E. [6 P.]
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