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Aufgabe 1. [7 Punkte]

Let R be a commutative ring and I, J < R its ideals.

(a) Show that the diagram

0 y 1J y I » I®r R/J —— 0
] l (%)
0 y J > R » Rp R/J — 0
is commutative with exact rows. [2P)]

(b) Prove that
InJ

Torf(R/I, R/J) = 7
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Aufgabe 2. (4 x 4 Lemma) [7 Punkte]

Let R be a commutative ring and consider the following commutative diagram of R-modules.

0 0 0 0
0 A B > E’ D 0
0 Al B > 5” D’ 0
* )
NG TN SV T
0 > A" B" > é':” D" » 0
0 0 5 0

Assume that the rows of the diagram are exact, that three of the four columns are also exact,
and that the remaining column is a complex.
Prove that under these assumptions in fact all four columns are exact.
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Aufgabe 3. [11 Punkte]

Let R = Clz, y]/(z - y). For elements and ideals of C[z, y] denote by ~ their classes in R.
Recall that the maximal ideals of R have form (x — a, y — b) where either a = 0 or b = 0 by
Hilbert’s Nullstellensatz. Denote mg = (z, y) < R.

(a) Show that R, is regular for any m € Max(R) \ {mo}. [4P]
(b) Construct a free resolution for R/mg over R. (3 P]
(c) Compute p.d.z(R/mg) and gl.dim.(Ry,). Prove or disprove that R is regular. [4 P]
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Aufgabe 4. [11 Punkte]

Let R be a noetherian domain, K = Frac(R) its field of fractions.

(a) For I < R let I™!' = {z € K | I C R}. Assume that R is not a field, then there exists
a non-zero proper ideal I < R such that /7! # R (e.g., a principal ideal). Show that the
maximal ideal with this property (exists and) is prime. [2 P]

(b) Recall that an element « € K is called R-integral, if « is a root of a monic polynomial with
coefficients in R or, equivalently, if the ring R[z] is finitely generated as an R-module.
The ring R is integrally closed if all R-integral elements of K belong to R.

Assume that R is integrally closed and for I < R let R(I) = {z € K | I C I}. Prove
that R(I) = R. [1P]

(c) Assume that R is local, integrally closed, and that dim(R) = 1. Prove that the maximal
ideal of R is an invertible fractional ideal. B P]

(d) Assume that R is local, integrally closed, and that dim(R) = 1. Prove that R is regular.
3P)

(e) Assume that R is integrally closed and dim(R) = 1 (but R is not necessarily local). Prove
that R is regular. 2P]
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