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Aufgabe 1.
For u, v € R™, prove that ||u 4 v|| = ||u|| + ||v]| if and only if 3 € R>g such that v =« - u.

Aufgabe 2.
Find an orthonormal basis for the subspace U < R* generated by (1,2,1,3), (4,1,1,1) and
(3,1,1,0).

Aufgabe 3.
Let V,(, ) be a Euclidean space and f: V — V an R-linear automorphism of V. Prove that
the following are equivalent:

1. f is an isometry (i.e., Vu, v € V one has (f(u), f(v)) = (u, v));
2. Yu € V one has || f(u)|| = [|u]|;

3. For any orthonormal Basis vy, ..., v, of V, the set f(v1),..., f(vy) is also an orthonormal
basis of V;
4. There exists an orthonormal Basis v1,...,v, of V, such that f(v1),..., f(v,) is also an

orthonormal basis of V.

Aufgabe 4.
Consider the Euclidean space R? with the standard scalar product

(75} V1
<< ),< >>:u1v1+uQv2.
u9 V2

Recall that the orthogonal group O2(R) is the group of isometries of R?:
02(R) = {f € GLa(R) | {f(u), f(v)) = (u,v) Yu,veR*}.

1. Prove that
02(R) = {4 € GL2(R) | AtA = E}.

2. For A € O2(R), prove that det(A) = £1.
3. Consider the special orthogonal group
SO2(R) = {A € O2(R) | det(A) = 1}.
Prove that each element of SO3(R) acts on R? as a rotation about the origin.

4. Prove that each element of O2(R) \ SO2(R) acts on R? as a composition of a rotation

1
about the origin followed by the reflection (? 0).



