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Aufgabe 1.
Let K be a field, and (V, f) a finite-dimensional K-vector space with an endomorphism, and
consider the induces K[X]-module structure on V. Prove that the following are equivalent:

1. there exist v € V such that {v, f(v), f?(v),...} generate V;
2. V as a K[X]-module is generated by one element;

3. there exist a monic polynomial P(X) € K[X], such that V = K[X]/P(X), and f
corresponds to the endomorphism of K[X]/P(X) induced by the multiplication by X.

Aufgabe 2.
Under equivalent conditions of Exercise 1, prove that x¢(X) = pus(X) = P(X).

Aufgabe 3.
Let R be a commutative ring and M an R-module. Define

annp(M):={a€ R|(a-): M - M isazeromap} ={a€ R|VYm e M am = 0}.

1. Prove that anng(M) is an ideal of R.

2. For a field K, R = K[X], and (V, f) a K-vector space with an endomorphism, consider
the corresponding K[X]-module structure on V', and prove that

anng(x](V, f) = (us(X))

as ideals in K[X].

Aufgabe 4.
Let K be a field, P(X) = Pi(X) - P,(X) € K[X], such that P;(X) and P»(X) are coprime,
and let (V, f) be a K-vector space with an endomorphism such that P(f) = 0. Prove that

V = Ker Pi(f) @ Ker Po(f) = Im Po(f) ® Im Py(f).



